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TECHNICAL NOTE NO. 1690

THEORETICAL AND EXPERIMENTAL WING—TIP ACCELERATTONS
OF A SMALL FLYING BOAT DURiNG LANDING IMPACTS

By Daniel Savitsky
SUMMARY

A simplified analytical method for predicting the time history of
the accelerations along the wing of an airplane during landing impact
1s presented and compared with wing-tip-acceleration dats obtained from
full-scale landing tests of a small seaplane. The structural properties
of the seaplane were such that only the fundamental wing bending mode
of vibration had an important effect on the wing—tip accelerations and
the over—all structural properties had little effect on the hydrodynamic
impact force. For these conditions, the theoretical and experimental
time histories of wing-tip acceleration show very good agreement.

A sine curve is used as an approximation for the force—time
variation of the measured impact force and agrees fairly closely
with the experimental impact—force time histories up to and somewhat
beyond the time, of maximum impact load.

Where the most gevere impacts of the tested seaplane occurred
subsequent to the initial impact of a particular landing, the seaplane
bounce that preceded this severe impact was usually sufficiently high
and of long enough duration to stop the wing vibrations excited by
the prior impact.

INTRODUCTION

The construction of large flexible airplanes has increased the
importance of evaluating the effects of airframe elasticity in producing
critical design loads in the structure during landing impact. In order
to enable the designer to calculate these dynamic inertia loads without
having to employ the lengthy and tedious calculations required for an
exact solution of the problem, various theoretical methods for a
relatively simple and quick solution of the structural elasticity
problems have been developed. Several of these solutions are,described
in references 1 and 2. Although each of these gimplified methods is
based on advanced vibration theory, the resultant final solutions
presented in each have certain limitations so that they are not generally
applicable to all phases of the structural regponse problem.
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Measurements were made of the resulting wing-tip accelerations
during impact for a series of full-scale landing tests of a small
seaplane. A comparison of these experimental wing—tip accelerations
with calculated values obtained by application of a simplified
theoretical solution was desired. Direct application of the existing
theoretical methods (references 1 and 2) for the analytical evaluation
of the wing-tip accelerations of the test seaplane was not feasible,
however, for several reasons. Two of the reasons are: First, although
reference 1 proposes detailed methods for evaluating the stress distri—
bution throughout an airframe subjected to landing impact, this refer—
ence does not treat specifically the problem of determining the acceler—
ation distribution throughout the structure, which may be critical in
the local structural design. Second, although reference 2 presents a
solution for the evaluation of accelerations that considers the effect
of structural elasticity in altering the impact force, the scale of
the plots of the generalized results presented in this reference is
such that inaccurate answers are obtained when there is only a small
difference between the acceleration of the nodal point of a wing
bending mode and the acceleration of the hull, as was the case for the
tested seaplane. Thus, since the final results of the existing
solutions were not directly applicable to the prediction of acceler—
ations for the tested seaplane, the basic theories of vibration as
discussed in references 1 and 2 were considered in this paper, and a
simplified method based on these theories was developed for the
evaluation of the time history of the acceleration distribution
throughout an airplane structure subJjected to landing impact when the
impact—force time history can be defined by a simple mathematical
curve.

This paper presents the development of the simplified method and
illustrates its application to the determination of the wing—tip
accelerations during landing impacts of the tested seaplane. A
comparison of the computed and the measured wing—tip—aecceleration
time histories is presented for the severe lending impacts of the
seaplane, and a comparison of the computed and the measured maximum
wing—tip accelerations is given for the light impacts. The calcu—
lations concerned with the determination of the transient—oscillatory-—
acceleration response of an airframe to sine-—curve forcing functions
are given in an appendix.

SYMBOLS
tn time required for one—fourth of a cycle of natural
vibration, seconds
1o time between initial water contact and maximum

hydrodynamic force, seconds
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time elapsed after initial water contact, seconds

time coefficient t(%igég%>

tn
increment of weight, pounds

maximum impact acceleration normal to water surface in
multiples of the acceleration due to gravity

increment of mass,pound—eeoond2 per foot (w/g)

total mass of seaplane, pound—-second2 per foot

total weight of seaplane, pounds

acceleration due to gravity, feet per second per second

natural circular frequency of wing bending mode,

radians per second <<—£—r—> 21>

equivalent circular frequency '‘of applied force, radians
per second @/2tg

time variation of applied impact force

maximum value of applied impact force, pounds

proportionality factor defining wing deflection curve for
fundamental bending mode in terms of unit deflection of

wing tip

proportionality factor defining wing deflection curve for
secondary bending mode o

spring constant of single-mass oscillator, pounds per foot
effective spring constant at any wing station, pounds per foot
translational displacement of wing nodal point, feet

wing—tip displacement with respect to nodal point, feet

resultant displacement of any point on wing, feet

effective mass (Z m¢2)

distance along wing outboard from center line, feet



It NACA TN No. 1690

Subscripts
X any wing station
) point of application of impact force

METHOD OF ANALYSTS

When an airplane lands, the resultant displacement y,, of any

point on the wing may be considered to be composed of two parts, as is
shown in the simplified representation in figure 1. One component of
motion is that resulting from the translation of the airplane as a

rigid body (fig. 1(b)). The other is the motion of that point resulting
from the transient oscillatory motion of each of the natural modes of
vibration of the wing structure excited by the impact force (fig. We)k).
Thus:

Yp = Vo + Wyt (1)

The term y_ in equation (1) is the rigid-body displacement of the

airplane, which is also the displacement of the nodal points of any wing
mode. The term ¢yt represents the displacement relative to the nodal

point of any point on the structure when the wing is deflected in a
normal mode shape, where ¢ is the space function defining that normal
mode shape. For convenience, in this paper ¢ is defined in terms of

a unit deflection of the extreme wing tip relative to the nodal point,
although it could be defined in terms of the deflection of any other
point on the deflected wing. The term y{ is the deflection of the
extreme wing tip in a normal mode. A separate value of ¢yt is included
in equation (1) for each of the wing modes concerned; however, for
simplicity, the effect of only one mode will be discussed. The evaluation
of the effects of other modes follows an identical procedure and the
deflections associated with each mode are superposed.to obtain resultant
deflections.

From equation (1) the resultant acceleration of any point on the
wing is readily seen to be:

Jr = Yo + Pt (2)
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The translational acceleration yo is obtained from Newton's second law
of motion and is equal to

Yo = P(t) /M (3)

The transient oscillatory component of acceleration yt is obtained from

the Lagrangian equation defining the motion of the wing structure when
the wing oscillates in a natural mode. A derivation of this equation is
included in reference 1. This equation of motion is written as:

My + Mmh vt = P(t) ¢ (4)

where M 1is equal to Zm¢2 and ¢ is the deflection of the point of

application of the impact force relatlve to the nodal point for a unit
wing—tip deflection.

Rearranging equation (4) and substituting Zm¢2 for M results
in the equation:

2 2
iy v %‘Z—yt - B(t) (5)

Equation (5), the solution of which yields the transient oscillatory
component of acceleration at the extreme wing tip, is the differential
équation of motion of an undamped, single—mass, linear oscillator. Thus,
the evaluation of the oscillatory component of acceleration for the wing
tip has been reduced to the relatively simple solution of the equation
of motion of a single-mass oscillator, the natural frequency of which is
equal to the frequency w, of the mode belng considered and the spring

constant of which is equal to the term Wy —ag— appearing in equation (5).
2 £mg®
This spring—constant term w, 7 for the extreme wing tip will be shown
1Y

to be physically equal to the ratio of the force causing the wing beam

to deflect in one of its natural modes to the resultant wing—tip deflection
relative to the nodal point. Equating the work done by the external force
in deflecting the wing beam in a natural mode to the internal strain energy
of the wing expressed in terms of the kinetic energy in the wing when it
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is released from its position of maximum deflection corresponding
to Pp,x @and passes through a position of zero deflection, results

in the expression

Pmax¢pyt ¥ wh25m(¢y§>2 (6)

2 2

Equation (6) can be rearranged to result in the value of the effective
spring constant at the extreme wing tip ketip as defined previously:

P oF QE
k ) _ max - m
etlp yt ®n v (7)

The last term in equation (7) is equal to the multiplying factor of yi
in equation (5). An equivalent constant ¥k,  for any other point x on
X

the wing can readily be found from a knowledge of the proportionality

factor ¢x at that station and kg . Thus:
tip
ke
ke - —tip (8)
St
X

Since the vibratory characteristics of any point on the wing have been
defined in terms of k, and w,, the vibratory characteristics of the

equivalent linear single-mass oscillator for that point are also known.
The mass of this equ%valent oscillator is a fictitious or "effective"
mass equal to keﬁnn . Thus, substituting the terms Just defined in the

differential equation of motion of a single—mass oscillator results in
the equation of motion for the equivalent single-mass oscillator at any
point x along the wing

Ee—’éjr'x + Koy = P(t) (9)
25)

Solving the equations of motion of the equivalent oscillator
for ix’ the transient oscillatory acceleration at any wing station x,
and adding this component of acceleration to the translational acceleration
as defined by equation (3) gives the total acceleration at any point x on
the wing. Although the preceding discussion was limited to the evaluation
of the effects of but one mode, higher modes are treated in a similar
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manner. That is, an equivalent linear oscillator is found for each
normal mode and the oscillatory accelerations associated with each
oscillator are superposed.

The forcing function P(t) 1in equations (3) and (5) is the time
history of the external impact force applied to the airplane during
landing. In the case of a seaplane subjected to landing impact, this
forcing function is the time history of the hydrodynamic impact force,
which, when expressed in terms of gross weight of seaplane,is equal
to the translational or nodal acceleration. If this forcing function
can be expressed by a simple mathematical curve, the solution of the
equation of motion of the single-mass oscillator for the oscillatory
acceleration can be simply obtained. The calculations included in the
appendix illustrate the derivation of the transient—oscillatory-—
acceleration response of a single—mass oscillator to a sine——curve
variation of the forcing function. The sine curve is used in this
derivation since, as is shown in a subsequent section of this
paper, it could be used as a close approximation to the time history
of experimentally obtained hydrodynamic impact forces. The response
to other gimplified mathematical curves can be treated 1n a similar
fashion.

APPARATUS AND TEST PROCEDURE

Seaplane

The seaplane used in the tests was a twin—engine amphibian
having an angle of dead rise of 20° at the step. A three—view sketch
of the seaplane together with pertinent dimensions is given in figure 2.
The wing was attached to the hull by means of support struts and tie
rods mounted on the outboard side of each of the engine mounts. The
vertical pylon between the center of the wing and the hull i1s a non-—
gtructural fairing and does not transmit any of the wing inertia loads
to the hull. The gross weight of the seaplane during the landing tests
was approximately 19,000 pounds. A detailed tabulation of the weight
distribution along the seaplane wing, as obtained from data supplied
by the manufacturer, is given in table I.

The natural frequencies and mode shapes of the seaplane were obtained
from ground vibration tests. The amphibian was supported on its landing
gear and the wing was vibrated by means of an electromagnetic vibrator
connected to the main gpar near the left wing tip (fig. 3). In order to
investigate the effect that the method of seaplane support has on the
wing frequencies and mode shapes, several vibration surveys were con-—
ducted over a range of tire pressures and with the oleo strut locked
and unlocked. All methods of support resulted in substantially identical
wing frequencies and mode shapes. Figure 4 presents a sketch of the
first and second mode shapes. A tabulation of the mode—shape factors
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for wing deflection relative to the nodal points based on unit tip
deflection is given in table I.

Instrumentation

Time histories of the impact accelerations normal to the keel were
measured by three induction—type accelerometers which were installed
as follows: one at the seaplane center of gravity, another Jjust inboard
of the right engine, and a third near the right wing tip (figs2) o In
the following discussion, the accelerometer at the center of gravity will
be referred to as the hull accelerometer and the accelerometer near
the wing tip will be designated the wing—tip accelerometer. The
accelerometers had an undamped natural frequency of 60 cycles per second,
"were oil—damped to approximately 0.6 critical, had an accuracy of approxi-—
mately iO.Eg, and were simultaneously recorded on a multichannel oscil-
lograph.

Test Procedure

The landing—impact tests were made in smooth water. Since the
primary purpose of these tests was to determine the hydrodynamic impact
loads on the hull, landings were made over a range of trims and flight—
path angles. For the purpose of this paper, however, only those impacts
were considered wherein the forebody made contact with the water first
and the wing was substantially free of extraneous vibrations Just prior
to impact. In the case of initial afterbody contacts, the seaplane
usually rotated forward to result in superposed forebody  impact and
thus made impractical an exact mathematical definition of the primary
hydrodynamic forcing function.

RESULTS AND DISCUSSION

Experimental

A tabulation of the values of maximum hull acceleration, time to
maximum hull acceleration (impact period), and maximum wing—tip
acceleration recorded during the various test runs is presented in
table II. The impact accelerations measured in the vicinity of the
right engine are not presented herein since this accelerometer had a
considerable amount of high—frequency hash superposed and so made a
reliable estimate of the record deflection very difficult. The wing—
tip accelerations were always larger than the hull accelerations by an
amount that varied approximately inversely as the impact period. (See
table II.)
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A plot of the recorded time histories of the hull and corresponding
wing—tip accelerations is presented in figure 5 for the three most severe
impacts. (Tests 2, 3, and 7.) A considerable amount of irregularity
is seen to exist in the record traces of the hull accelerations. As an
attempt to define the time history of the hull accelerations by a simple
mathematical expression, a sine curve was plotted over the record trace
with the peak acceleration as maximum ordinate and the impact period as
the time for one—quarter cycle. Figure 5 presents a comparison between
the assumed sine curves faired through all three record traces and the
measured impact force and shows that the sine curve can be used as a
satisfactory approximation up to and somewhat beyond the time of maximum
hull acceleration. Although the results are not included in this paper,
a comparison was also made between the sine curve and measured hull-
acceleration time histories for the other test runs listed in table II.
This comparison showed that the sine curve could be used as a close
approximation for the other runs also. Although the sine—curve approxi—
mation can be used for the impact conditions encountered with the test
seaplane, for airplanes wherein the structural elasticity has an
appreciable effect on altering the impact force or in landings wherein
the flight path is very shallow or steep a sine—curve approximation
may not be suitable. Theoretical time histories of the hydrodynamic
forcing function for a range of landing. conditions and airplane elasti—
cities are given in references 2 and 3.

The wing—tip—acceleration time histories are plotted directly below

the corresponding hull accelerations and indicate that the wing tip
reaches a peak acceleration at some time subsequent to peak impact
load. During the first part of the impact, the tip acceleration 1is
slightly positive as a result of the superposition of the transient
oscillatory acceleration upon the impact translational acceleration.
In comparison with tests 2 and 3, the record trace of tip acceleration
for test 7 is somewhat irregular since at the time of this impact some
extraneous wing vibrations were present in the wing structure prior to
initial impact. Nevertheless, the general pattern of that time history
is readily distinguishable.

As shown in table II some of the wing~tip—acceleration data were
obtained from the second, third, and fourth impacts of any particular
landing. For most of these subsequent impacts the wing vibrations
excited by the preceding impact were sufficiently diminished between
impacts by the structural and aerodynamic damping to consider the
oscillations of the structure set up by one impact to be almost com—
pletely independent of the oscillations set up by any preceding impact.
If, during the seaplane rebound from the water surface that is usually
associated with a hydrodynamic impact, the seaplane was not completely
airborne for a sufficient length of time, the wing oscillations were
not completely damped out. For most of the severe smooth—water impacts,
however, the rebound that preceded the impact was high enough and of
long enough duration to allow almost complete damping out of the
wing vibrations. The data from those light impacts in which the
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vibrations were not materially reduced during the preceding rebound are
not presented herein.

Calculated

Application of the analytical procedures described in the section
entitled "Method of Analysis" is illustrated in the following paragraphs
for the determination of the translational component, the transient
ogcillatory component, and the resultant of the wing—tip aeccelerations
of the tested seaplane during landing impact. Calculated and experimental
wing—tip accelerations referred to in this paper are for the wing station
at which the outboard accelerometer is located (450 in. from center line)
unless otherwise specified. Time histories of the resultant wing—tip
accelerations were calculated for the three most severe impacts (tests 2,
3, and 7) but only the maximum resultant accelerations were calculated
for the remaining impacts. These calculated values are compared with
the experimental data obtained from full-scale landings of the test
gseaplane.

Trangslational component of acceleration.— The time history of the

translational acceleration of the seaplane i1s equal to the time history
of the hydrodynamic impact force expressed in multiples of the gross
weight of the seaplane. Since the experimental data did not provide

a direct measurement of the hydrodynamic impact forcé as such, the
measured hull accelerations were used as a close approximation for the
hydrodynamic impact force. Although, as discussed in reference 2, the
hull acceleration may not be equal to the hydrodynamic impact acceler—
ation because of elastic effects, for the tested seaplane, in which the
rigid hull-support struts were attached to the wing in the immediate
vicinity of the fundamental and secondary flexural nodal points, the
effect of wing elasticity on the hull accelerations was minimized.
Thus, the measured hull accelerations presented in table II and

figure 5 can be considered as being a very close approximation to the
actual applied landing reaction and so are considered to be the
translational component of wing—tip accelerations for the test seaplane.
Since the sine curve has been shown to be a good approximation for the
measured hull accelerations of the test seaplane this curve is used to
define the time history of the translational component of acceleration
and also, as shown in the following section, to calculate the transient
oscillatory component of acceleration.

Transient ogcillatory component of acceleration.— As shown by

equation (9), the evaluation of the transient oscillatory component of
acceleration for any point on the wing associated with the vibration
of any particular wing bending mode has been reduced to the solution
of the differential equations of motion of an equivalent single—mass
oscillator of frequency equal to the natural frequency of the wing
bending mode being considered and of effective spring constant k

as defined by equations (7) and (8). The time history of the
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acceleration y of this single-mass oscillator when subjected to a
forcing function of sine—curve variation is derived in the appendix
for the case of no damping. Substituting k, for k in equation (A6)
results in the expression

¥ = Piax__n_ sin <2t> <t1;1) l:— sin ayt — sin ( (10)

The use of equation (8) gives the following expression for J¥:

ma.xmn _2 B3,
¢x = sin 2ti sin oyt — sin 5, ) (aL)

ICRL

This expression for the transient oscillatory component of acceleration
at any point x on the wing correspondis to the term ¢;';;t of equation (2).

Thus,
2
P 1%
= “max®n o T e = it o,t — sin LI N (12)
ketip < > ty 2ty

-1

The sine—curve function is used for P(t) because it agrees closely with
the measured hydrodynamic—force time history, as shown in figure 5.

In equation (lO), Pmax and ti are characteristics of the forcing
function. Both quantities are given in table II where Pmax is expressed
as acceleration in multiples of the gross weight of the seaplane. The values
of the terms w, and t, are also readily known since they are dependent
upon the frequency of the wing bending mode being considered. The spring
constant k. is derived from equations (7) and (8). Values of e
the fundamental bending mode of vibration of the wing, are shown in table III
for many stations along the wing. In particular, the value of k, at the

wing—tip—accelerometer station is shown to be —336,400 pounds per foot.
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An effective spring constant can also be found for the secondary wing
bending mode by following a procedure similar to that illustrated in
table III, using values of @f* given in table I. This constant was
not calculated in this paper, however, since the strut—support point
on the wing coincides almost exactly with the inboard nodal point of
the secondary mode. This location results in extremely small deflec—
tions of this mode and consequently minimizes the contribution of this
mode to the total wing—tip accelerations.

An examination of equation (10) shows that the term Pmaf”nz/ke is
the acceleration of the effective mass (?eﬁ9n2> for the point on the
wing corresponding to ke if this effective mass is considered to be a

springless mass subjected to a force Pmax' The expression in braces

represents the transient—acceleration response to a sine curve of the
linear single—mass oscillator expressed in terms of @, and in terms

of the ratio of natural period to impact period tn/ti- Solutions of
equation (10) were made for a unit value of Pmaimng/ke’ for a value

of w, equal to the natural frequency of the fundamental mode of the
wing of the test seaplane, and for values of the ratio t,/t; ranging

from 0.1 to 0.7. This range of values of t,/t; includes all the
landings listed in table IT.

Shown in figure 6 are half cycles of the sine—curve time histories
of Impact forces of various assumed impact periods, expressed in terms
of values of tn/ti, and also shown are the solutions of equation (10)
which are the resulting time histories of the transient—acceleration
response referred to thereon as transient—oscillatory acceleration factor.
A time scale is included in this figure in order to make the results
generally applicable to other values of w,. This form of presentation

of results illustrates the phase relation between both components of
acceleration for different values of tn/ti. The sine—curve time

histories are representative of the time—history variation of the
translational component of the resultant acceleration whereas the
time histories in the lower plot define the transient—oscillatory
component of resultant acceleration. Application of these graphical
results to the calculation of the resultant acceleration at the wing—
tip—accelerometer station is discussed in the following section on
resultant wing—tip accelerations.

The evaluation of the acceleration response factor was not carried
beyond time Eti since, if the equations as set up in the appendix were
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extended to times longer than 2t;, the results would not correspond to

a sine pulse but, rather, to a contlnuous application of the sine—curve
forcing function. For values of tn/ti equal to or less than approxi-—
mately 0.7 the maximum oscillatory acceleration occurs prior to 2t; so
that the plots in figure 6 are applicable to all runs of the tested
gseaplane. Further, for most present-day seaplanes, the maximum design
impact loads are usually applied at such a rate that the ratio tn/ti

rarely exceeds values of O0.7. In cases where the value of the
ratio tn/ti is such that the maximum oscillatory component occurs at

times later than 2ti, the response curves in figure 6 may be extended

to cover the case of a sine pulse by considering the single-—mass
oscillator to start vibrating freely from initial condition of displace—
ment and velocity corresponding to time 2ty. In any case, if the

maximum oscillatory acceleration occurs at times substantially later
than the occurrence of maximum impact load, a check on the agreement
between the assumed sine curve and the measured—hydrodynamic—force
since curve should be made since, as shown in this paper, the assumed
and actual time histories were in disagreement at times substantially
later than t4

Resultant wing—tip acceleration.— For the tested seaplane, addition

of the time histories of the translational component of acceleration,
equation (3) and transient oscillatory component of acceleration
associated w1th the vibration in the fundamental wing bending mode,
equation (11), gives the resultant time history of acceleration for

any point x on the wing. This is expressed by the following equation:

5 2
iz sin w w,
Iy = s o i =F ¢x ™ sin wit
etip
5
- ——%— [—tﬁ gin mnt — gin a)it]
EE 2 3. i (13)
ty

The acceleratlon computed from equation (13) is in units of displacement
per second?. In order to compute the acceleration in multiples of the
acceleration due to gravity, as was done throughout this paper, each
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term of equation (13) must be divided by the quantity g. Equation (13)
then becomes

. 2
¥ Poax Pt
= sin w3t + Py B sin w;t
©tip

ty

' G
- ——%—— = sin a.snt — gin a)it
<fn> 4 ty (1k)

where W 1is the total weight of the airplane.

The force applied to the wing at the strut—support point Pmax '

is most conveniently expressed in multiples of airplane weight. That
3z

Pob. = u (15)

where ny = maximum impact acceleration in multiples of the acceleration
due to gravity. Equation (14) then becomes

. 2 .
ol ny; sin w3t + @gny " sin wyt
g gEetip

al tn
- —~& gin @,t ~ ain wit
o Uy (16)
— ] =1
t1

which is the equation evaluated by the tabulations given in table IV
and table V.

The calculations concerned with the evaluation of the resultant—wing-—
tip-acceleration time histories are given in table IV. The translational
and oscillatory acceleration factors used in these calculations were
interpolated from figure 6. The value of t in seconds is directly
equal to the value of Cy in figure 6, since, for the fundamental

frequency, the value of 0.0525/tn is unity. The values of translational
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acceleration were obtained by multiplying the maximum impact acceleration
by the translational acceleration factor. The values of oscillatory
acceleration were obtained by multiplying the maximum impact acceleration
by the oscillatory acceleration factor and by the factor —1.56 which is

2
Woop,
the term @y EE;E;_ in equation (16). The value of W in this term
P

is 19,200 pounds, @, is equal to 4.67(2x) radians per second, and ketip

is the effective spring constant for the actual wing tip in the fundamental
wing bending mode, shown in table III to be equal to —252,300 pounds per
foot.

As an alternative for carrying out a time-history solution like
those for runs 2, 3, and 7, the peak acceleration can be approximated
by carrying out the calculation for resultant acceleration by use of
the values of the acceleration factors corresponding to the time of
maximum negative transient—oscillatory—acceleration factor as shown in
figure 6. Maximum wing—tip accelerations for all test runs calculated
by this method are presented in table V. As a check on the adequacy of
this approximate method, it will be seen that the maximum accelerations
for runs 2, 3, and 7, as obtained by the time—history solution (table IV),
agree closely with the maximum values of acceleration listed in table V.

It is interesting to note from figure 6 that as the ratio tn/ti

attains large values the maximum transient—oscillatory-acceleration
factor occurs at reduced values of the translational acceleration
described by the sine curve. Methods of determining maximum acceler-—
ations that suggest the addition of peak acceleration values in each
mode without regard to phase may thus lead to resultant accelerations
that are unduly conservative for these large values of tn/tis The
peak oscillatory components of acceleration for small values of ol o

occur at very nearly the time of maximum translational acceleration.

Comparison of Experimental and Calculated Results

A comparison between the calculated wing—tip—acceleration time
histories given in table IV and the experimentally obtained wing—tip
accelerations is presented in figure 5. The agreement between theory
and experiment 1s good insofar as the negative values of the acceleration
are concerned but a slight discrepancy is noticed in the positive values
during the initial stages of the impact. The exact cause of this dis—
crepancy is unknown, but it may be due to the fact that the true hydrody—
namic forcing function is actually applied at a slower rate at the time
of impact than that represented by the assumed sine—curve variation. The
time—history solutions of tip acceleration were not extended very much
beyond the time of maximum acceleration since the assumed sine curve
deviates appreciably from the measured forcing function in this range.
This general agreement between the experimental acceleration and the
theoretical acceleration calculated by considering only the effect of
the fundamental bending mode substantiates the assumption that, for the
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tested seaplane, the effects of the secondary and higher bending modes
on the resultant acceleration were small.

Figure T presents a comparison between the computed maximum negative
wing—tip accelerations given in table V and the corresponding experimental
maximum wing—tip accelerations given in table II. Although there is some
gscatter of test points, the agreement between theory and experiment
is satisfactory.

It should be remembered that the agreement obtained between the
theoretical and experimental acceleration time histories and the peak
values of wing-tip acceleration are, in the case of the tested seaplane,
for an airframe wherein only the primary bending mode was important and
wherein the structural elasticity has a small effect on the hydrodynamic
load. Although the method used may be extended to include an evaluation
of the combined effects of several bending modes, the small contribution
of the higher bending modes of the test seaplane to total wing-—tip
acceleration precluded the inclusion of these higher modes.

CONCLUSIONS .

Experimental wing—tip-acceleration data obtained from full-scale .
landing tests of a small seaplane were compared with the analytical
wing—tip accelerations calculated by application of a simplified method
of analysis. The structural characteristics of the seaplane were
such that only the fundamental wing bending mode had an important
effect on the wing—tip acceleration and the over-all structural
properties had a small effect on altering the hydrodynamic load. The
results of the comparison indicate that, for the tested seaplane and
for the conditions of impact encountered, the following conclusions
may be drawn:

1. The method of calculating the acceleration response at any wing
station by using an equivalent single-mass linear oscillator to represent
the vibratory properties of that station gave good agreement between the
measured and calculated time histories of wing—tip acceleration.

2. For the impacts encountered, the assumed sine—curve variation of
hydrodynamic impact force showed good agreement with the experimentally
determined variation up to and somewhat beyond the time of maximum
impact load.

3. With large ratios of natural vibratory period to impact period
the maximum transient—oscillatory-acceleration component occurs subsequent
to the time of maximum translational acceleration so that phase relations
should be used in computing the distribution of maximum accelerations in
the wing.
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L, When the most severe impacts of the tested seaplane occurred
subsequent to the initial impact of a particular landing, the seaplane
bounce that preceded this severe impact was usually sufficiently high
and of long enough duration to stop the wing vibration excited by the

prior impact.

Langley Aeronautical Laboratory
National Advisory Committee for Aeronautics

Langley Field, Va., April 2, 1948
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APPENDIX

EQUATION OF TRANSTENT ACCELERATION OF A SINGLE-MASS LINEAR OSCILLATOR

WHEN SUBJECTED TO A SINE—CURVE FORCING FUNCTION

An elastic, single—mass system having only one degree of freedom
and no damping can be schematically represented by the following sketch:

Ly

{ B

lly ¢ P sin mit

max

The dynamics of this system when subjected to a force of sine—
curve time—history variation can be expressed as the following
differential equation:

my + ky = Ppoy sin wst (A1)
where
y displacement due to applied force
m mass of system
k spring constant
P maximum value of applied force
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W equivalent circular frequency of applied force,
radians per second  (m/2t4)

t time elapsed after initial water contact, seconds

ti time between 1nitial water contact and maximum
hydrodynamic force, seconds

The time history of the displacement of a single-mass system, as
shown in the sketch, due to any arbitrary forcing function F(t) can be
evaluated by the integral

it
y = a)rleL/‘ F(T) sinEnn(t - T}) ar (A2)

where T 1is the variable of integration. This integral will be reorgan—
ized to be the Duhamel integral, the derivation of which is given in
reference 4. Replacing the arbitrary forcing function F(T) in the
Duhamel integral by the sine—curve variation of the forcing func-—

tion Pp,y sin w;T and substituting this value of displacement in

equation (Al) gives the solution for acceleration ¥ of the mass as

P sin wst t
= =28 1 —%‘fo T sinEx)iT(t —1'] dr (A3)

m

Carrying through the integration of equation (A3) results in

P gin w;t P w
o max it max il al
¥ - ey R ¥ <— sin w,t — sin a)11> (AL)
®n
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Expressing y in terms of t, and t4 and replacing wy by (n/?tj)
and m by kﬁmn gives

e (T \ ¢ :
05 Pmax ®n” sin <2tj) Prax ‘Dn
V= " 'E— sin w,t

@
— sin (2-—;‘?>t] ‘ (5)

Simplifying equation (A5) reduces the expression for ¥ to

2
P. [\ 7
o SMAX Tt i3 1 n £ LS
b s o7 o gin <————2ti t 2T |:t—- sin w,t gin <-é-——ti>1]

ty

(A6)

The acceleration expressed by equation (A6) is used to define the
oscillatory components of the total acceleration at any point in the wing
structure when the natural—vibration characteristics of that wing station
are replaced by an equivalent single-mass oscillator as described in the
body of the paper. It will be seen from this equation that when the
ratio tn/ti approaches zero (corresponding to an extremely slow rate of

application of the impulsive load) the acceleration f defined by

equation (A6) approaches zero. This fact indicates that the oscillatory

effects are negligible. TFor airplanes subJected to such a very slowly

applied load, the acceleration of all points on the structure is nearly

the same and nearly equal to the translational acceleration. Equation (A6)

is plotted in the lower set of curves of figure 6 of this paper for values
P mhe

of tp/t; ranging from 0.1 to 0.7 and for —Qﬁxi——— =1, and is identified

thereon as the "transient—oscillatory acceleration factor." A time—scale
correction factor is included in figure 6 to make the results generally
applicable for all values of wy.
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TABLE T

NACA TN No. 1690

WEIGHT DISTRIBUTION AND MODE—SHAPE FACTORS OF WING SEMISPAN

LT e Mode—shape factor
Distance from weight
center line 2 First mode Second mode
(in.) i (4.76 cps), (13.00 cps),
(lb) ¢ L]

0 —_——— -0.045 -0.061
31 881 —.0k4l —.0L47
5 2057 —.026 —.017
87.7 5076 —.022 —.005

119 881 —.00L4 (0
170 116 053 122
210 102 .110 .19k
250 88 .190 .238
290 181 270 .242
330 64 .370 .184
370 93 490 .0kl
410 43 .625 —-.177
L4ho 18 730 —.388
Wr7.7 40 .860 —.681
516 -——-- 1.000 —1.000
Total 9600
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TABIE IT

EXPERIMENTAL MAXTMUM ACCELERATIONS DURING LANDING IMPACT

23

Tost Max. hull Time to max. Max. wing—
Impact | acceleration | hull acceleration, ti tip acceleration
un
() (sec) (&)

1 third -1.15 0.270 -1.75

2 gecond -1.52 150 —2.75

3 | second -1.90 .085 —4.25

4 | second -.92 <270 -1.30

5 third - .143 —1.45

6 | fourth -84 .120 -1.75

T first -1.85 .190 —2.60

8 | second -1.25 .195 -2.35

9 second -.95 .300 -1.52
10 | second —-1.00 .120 -1.68
Il third -.92 150 -1.40
12 | fourth -.85 125 -1.45
13 | second -.95 s2:30 -1.40
1k third —.60 .290 —.70
15 first -.85 .120 -1.68
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EFFECTIVE SPRING CONSTANTS ALONG WING SEMISPAN IN FUNDAMENTAL MODE

13
TABLE III
Distance fram Increment of Effective
center line, weight, M?iz;iﬁgae ef£222?::nze?£ht, spring con—
x W ¢ wa2 stant, k
(&in2) (1v) (1b/ft)
0 ———- S0S0058 o il i e 5,606,670
31 881 —.04Y4 12707 5,734,090
75 2057 —:026 1.39) 9,703,850
87.7 5076 —-.022 2.460 11,468,180
} 119 881 —.004 .014 63,075,000
170 116 .053 .329 —4,760,0L40
210 102 .110 15235 —2,293,6L0
250 88 .190 3.1 -1,327,890
290 181 .20 13.230 —93L4 kLo
330 64 .370 8.769 —681,890
370 53 490 12.789 -514,890
k1o 43 .625 16.813 —403,680
Lho 18 .730 9.563 —345,620
Mg 40 .860 29.58) —£93,370
516 R IR OCORSENEE (===~ 252,300
Total 9600 101.054

8For unit tip deflection with respect to nodal point, see figure L.
Sample calculations for effective spring constant

(a) For wing tip l< 516 >

4—87-7—>’ Pp = —0.022

/_N

¢

From equation (7):

i whz Eug® _ (4.76 x 2x)2 (2 x 101.05k) b

K
°tip % —0.022 32.2

—252,300 1b/ft

(b) For point of location of wing—-tip acceleromster
Effective spring constant at 450 inches from center line is obtained by application of

equation (8); thus:
NACA

k
- _Stip _ =292300 _ _33¢ Loo
kehso Beso 075 336, 1b/ft




TABLE IV

CALCULATED TIME HISTORIES OF RESULTANT WING-TIP (STATION 450) ACCELERATIONS FOR SEVERE IMPACTS

[oniy tue effect of the fundementel bending mode of vibration (tn = 0.0525 sec) is included]

Test run 2 Test run 3 Test run 7

“T::: ny = —1.52g; t; = 0.150 sec; ft'lil = 0.35 ny = -1.90g; ty = 0.085 sec; {’? = 0.61 ny = -1.85g; t; = 0.190 sec; ;111 = 0.28

contect, i ok | Gaos Y intimy M srar s ObsLlatars Bogultant Translational |Oscillatory Translational| Oscillatory Rosultant Translational |Oscillatory MFanhlationsl e Oactl1at

(sec) scceleration | acoleration  acceleration®| acceleration® | acceleration aoceloratlon |2000Lorat o acceleration® |acceleration® (accelerationd | 2°°9LOTat R |acceleration| ) oty ond P sl el

0.01 0.10 0.10 -0.15 0.24 0.09 0.18 0.18 ~0.34 0.5k 0.20 0.08 0.08 -0.15 0.24 0.09
.02 .20 .19 -.30 46 .16 .36 .3k —-.65 1.03 .38 17 .16 -31 A7 .16
.03 .30 .2k -6 .58 .12 .52 U5 -99 1335 .36 .2k 21 —.kk 62 18
.0k ko .31 —-.61 Aiee) 14 .67 51 -1.27 1.54 .27 .31 25 -.57 T4 A7
.05 49 .33 —.Th .80 .06 .19 .50 -1.50 351 .01 .38 .26 -0 .76 .06
.06 57 .30 -.87 03 -1k .89 42 -1.69 1.27 -2 k6 .25 - LT =53
.07 .66 .2k -1.00 .58 -2 .95 .29 -1.81 .88 -.93 .5k .21 -1.00 .62 =
.08 e .16 -1.09 .39 =70 .99 .05 -1.88 15 -1.73 .61 14 -2.13 b1 -T2
.09 .19 .05 -1.20 2 -1.08 .99 -.18 -1.88 —.54 —2.k2 .67 ok Lvo 12 .12
.10 .85 -.07 -1.29 -7 -1.46 .96 =k -1.82 -1.33 -3.15 .13 -.02 -1.35 —-.06 G
kL .90 -.20 -1.37 -8 -1.85 .89 —-.68 -1.69 -2.05 3.7k .78 -11 ~1.bk -.32 -1.76
s12 .92 -.32 -1.40 —.T7 -2.17 .80 -.92 -1.52 -2.718 —4.30 .83 -.21 -1.54 -.62 -2.16
.13 .96 -2 -1.46 -1.02 —2.48 .66 -1.08 -1.25 —3.26 4,51 .88 -28 -1.63 -.82 -2.45
1k .97 —.k9 —1.47 -1.18 —-2.65 .54 -1.17 -1.03 —3.53 .56 91 -3k -1.68 -1.00 —2.68
15 .98 —.54 -1.49 -1.31 -2.80 .36 -1.16 -.68 -3.50 -4.18 .9k -.38 .74 .12 .86
.16 .99 -.55 -1.50 -1.33 —2.88 .96 -.38 -1.78 -1.12 -2.90
3K .98 -.52 -1.49 -1.26 -2.75 .97 =37 -1.79 -1.08 -2.87
.18 9k -k -1.43 -1.06 —2.49 .98 -.33 -1.81 -97 -2.78
.19 .90 -.35 -1.37 -.85 -2.22 .98 -.25 =18 -7 -2.55
.20 .8k -.23 -1.28 —.56 -1.84 .99 -.16 -1.83 —.h7 -2.30

®Translational and oscillatory acceleration factors interpolated from figure 6.
Prranslational acceleration = (Translational acceleration factor) (Maximum impact acceleration).

C0scillatory acceleration = (Oscillatory acceleration factor) (Maximum impact acceleration) (-1.59).
dResultant acceleration = Translational acceleration + Oscillatory acceleration.
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CALCULATED MAXIMUM WING-TTIP ACCELERATIONS FOR ALL TEST RUNS

TABLE V

EJnly the effect of the fundamental mode of vibration (tn = 0.0525 sec) is includecﬂ

e Maximm hull os’;ﬁﬂfgﬂ Translational osrgﬁi?tlgry Translational Resultant
acceleration, ny4 tn/ty acceleration b acceleration® acceleration
run () acceleration Pactor® acceleration (&) o (&)
factor (g)
1 -1.15 0.19 -0.24 0.79 0.4 -0.91 -1.35
2 -1.52 335 -5k .96 -1.31 —1.46 —2.77
3 -1.90 .61 —1.1k <56 —3.544 -1.06 —4.50
i -.92 .19 —.2h .79 -.35 -3 -1.08
5 -.90 .37 -.57 .96 -.81 - -1.67
6 -84 ik —-.76 .90 -1.02 () -1.78
7 -1.85 228 -.38 .94 -1.12 —1.74 —2.86
8 -1.25 27 -.37 .95 -7k -1.19 -1.93
9 -.95 .18 -.21 .88 -.32 —.84 -1.16
10 —-1.00 Lk -.76 .90 . —1.20 -.90 -2.10
Ikl -.92 =35 —.5h .96 -.79 -.88 -1.67
12 -85 A2 -.73 250 -.99 -.78 -1.77
13 -.95 RiTo) —.66 .9k —1.00 -.89 -1.89
14 —.60 .18 —.21 ) —.20 -.45 -.65
15 -.85 R -.76 .90 —-1.03 -.77 -1.80

@Taken at time of maximum oscillatory acceleration factor in figure 6.
bMax {mum oscillatory acceleration =

CTranslational acceleration = (Translational acceleration factor) (Maximum hull acceleration) ,

(Maximm oscillatory acceleration factor) (Maximum hull acceleration) (-1.59).

92

069T °ON NI VOVN



NACA TN No. 1690 o7

e ey

S e

@) Simplified representation of airplane
wing and fuselage.
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(b) Translational motion of airplane wing
and fuselage as rigid body.
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©) Oscillatory motion of natural mode of
wing and fuselage combination Ssuperposed
on trans/ational motion of airplane.

NACA

Figure 1.- Simplified representation of translational and oscillatory
components of motion of points along wing.
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Figure 2.- General arrangement of seaplane and accelerometers.
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Figure 3.-

Setup of seaplane during ground vibration tests.
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Figure 4.- Symmetrical bending-mode shapes of wing semispan.
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Figure 5.- Time histories of hull and wing-tip accelerations for test runs 2, 3, and 7.
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Figure 7.- Comparison of maximum experimental and analytical
wing-tip accelerations.




