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SUMMARY 

A simplified analytical method for predicting the time his tory of 
the accelerations along the wing of an airplane during landing impact 
is presented and compared with wing-tip-acceleration data ob t ained from 
full-scale landing tests of a small seaplane . The structural properties 
of the seaplane were such that only the fundamental wing bending mode 
of vibrat ion had an important effect on the wing-tip accelerat ions ant 
t he over-all structural properties had li t tle effect on the hydrodynamic 
impact force. For these conditions , the theoretical and experimental 
time histories of Wing-t ip acceleration show very good agreement . 

A sine curve is used as an approximat i on for t he force- time 
variation of the measured impact force and agree s fairly closely 
with the experimental impact-force time histories up t o and somewhat 
beyond the tim~ of maximum impact load . 

Where the most severe impacts of the t es t ed s eaplane occurred 
subsequent to the initial impact of a part i cular landing, t he seaplane 
bounce that preceded this severe impact was u sually suffic iently high 
and of long enough duration to s top the wing vibr at ions excited by 
the prior impact . 

INTRODUCTION 

The cons truct i on of l arge flexible airplane s has increased t he 
importance of evaluating the eff ec t s of airframe elastici t y in produc ing 
critical design loads in t he struc t ure during landing impact . I n or der 
to enable the designer t o calculat e t hese dynami c iner t ia loads wi t hout 
having to empl oy t he lengthy and ted i ous cal culat ions required for an 
exac t s olut i on of t he pr oblem, var i ous theoret i cal methods for a 
relat i vely simple and quick solut i on of the structural elast i c i t y 
problems have been developed . Sever al of t he3e solutions are. described 
in r ef er ences 1 and 2 . Although each of t hese simplif ied methods is 
based on ad,anced ,ibration theory , the r esultant final solutions 
pr esented in each have cer tain limitat ions so t hat t hey are not enerally 
applicable to all phases of the s t ructurul r e Jpons e problem. 
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Measurements were made of the resulting wing-tip accelerations 
during impact for a series of full-scale landing tests of a small 
seaplane. A comparison of these experimental wing-tip accelerations 
with calculated values obtained by application of a simplified 
theoretical solution was desired. Direct application of the existing 
theoretical methods (references 1 and 2) for the analytical evaluation 
of the wing-tip accelerations of the test seaplane was not feaSible, 
however, for several reasons. Two of the reasons are: First, although 
reference 1 proposes detailed methods for evaluating the stress distri­
bution throughout an airframe subjected to landing impact, this refer­
ence does not treat specifically the problem of determining the acceler­
ation distribution throughout the structure, which may be critical in 
the local atructural design. Second, although reference 2 presents a 
solution for the evaluation of accelerations that considers the effect 
of structural elasticity in altering the impact force, the scale of 
the plots of the generalized results presented in this reference is 
such that inaccurate answers are obtained when there is only a small 
difference between the acceleration of the nodal point of a wing 
bending mode and the acceleration of the hull, as was the case for the 
tested seaplane . Thus, since the final results of the existing 
solutions were not directly applicable to t he prediction of acceler­
ations for the tested seaplane, the basic theories of vibration as 
discussed in references 1 and 2 were considered in this paper, and a 
simplified method based on these theories was developed for the 
evaluation of the time history of the acceleration distribution 
throughout an airplane structure subjected to landing impact when the 
impact-force time history can be defined by a simple mathematical 
curve. 

This paper presents the development of the simplified method and 
illustrates its application to the determination of t he wing-tip 
accelerations during landing impacts of the tested seaplane. A 
comparison of the computed and the measured wing-tip-acceleration 
time histories is presented for the severe landing impacts of the 
seaplane, and a comparison of the computed and the measured maximum 
wing-tip accelerations is given for the light impacts. The calcu­
lations concerned wi th the determination of the transient-oscillatory­
acceleration response of an airframe to sine-curve forcing functions 
are given in an appendix. 

SYMBOIS 

time re~uired for one-fourth of a cycle of natural 
vibration, seconds 

time between initial water contact and maximum 
hydrodynamic force, seconds 

-- .---------------------------------
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time elapsed after initial water contact, seconds 

t.t 1(9 . °tn52~~ time coefficient \ \ ! 
increment of weight, pounds 

maximum impact acceleration normal to water surface in 
multiples of the acceleration due to gravity 

increment of mass,pound-se cond2 per foot (wig) 

total mass of seaplane , pound-second2 per foot 

total weight of seaplane , pounds 

acceleration due to gravity, fee~ per second per second 

natural circular frequency of wing bending mode , 

radians per second ~~~ 2~ 
equivalent circular frequency '.of applied force, radians 

per second r/2t~ 

time variation of applied impact force 

maximum value of applied impact force , pounds 

proportionality factor defining wing deflection curve for 
fundamental bending mode in terms of unit deflection of 
wing tip 

proportionality factor defining wing deflection curve for 
secondary bending mode • 

spring constant of single-mass oscillator, pounds per foot 

3 

effective spring constant at any wing station, pounds per foot 

translational displacement of wing nodal point, feet 

Yt wing-tip displacement with respect to nodal point, feet 

Yr resultant displacement of any point on wing, feet 

M effective mass \l:m¢2) 

x distance along wing outboard from center line, feet 
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Subscripts 

x any wing station 

p point of application of impact force 

METHOD OF ANALYSIS 

When an airplane lands~ the resultant displacement Yr of any 

point on tbe wing may be considered to be composed of two parts~ as is 
shown in the simplified representation in figure 1. One component of 
motion is that resulting from the translation of the airplane as a 
rigid body (fig. l(b)). The other is the motion of that point resulting 
from the transient oscillatory motion of each of the natural modes of 
vibration of the wing structure excited by the impact force (fig. l(c)). 
Thus : 

Yo + r!Y t (1) 

The term Y o in equation (1) is the rigid-body displacement of the 

airplane ~ which is also t he displacement of the nodal points of any wing 
mode . The term ¢Yt represents the displacement relative t o the nodal 
point of any point on the structure when t he wing is deflected in a 
normal mode shape~ where ¢ is the space function defining that normal 
mode shape . For convenience~ in this paper ¢ is defined in t erms of 
a unit deflection of the extreme wing tIP relative t o the nodal point~ 
although it could be defined in t erms of the deflection of any other 
point on the deflected wing . The term Yt is the deflection of t he 
extreme wing tip in a normal mode. A separate value of ¢Yt is included 

in equation (1) for each of the wing modes concerned; however ~ for 
implicity~ the effect of only one mode will be discussed . The evaluation 

of t he e~fects of other modes follows an ident i cal procedure and t he 
deflect ions associated with each mode are superposed .to obtain resultant 
doflections . 

From equqtion (1) the r esultant acceleration of any point on the 
'"ing is readily seen to be : 

., 
Yr ( 2) 
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The translational acceleration 
of motion and is e~ual to 

,-

Yo is obtained from Newton's second law 

p(t)jM 

" The transient oscillatory component of acceleration Yt is obtained from 

the Lagrangian e~uation defining the motion of the wing structure when 
the wing oscillates in a natural mode . A derivation of this e~uation is 
included in reference 1. This e~uation of motion is written as: 

- 2 
MYt + ~ Yt (4 ) 

where M is e~ual to ~m¢2 and ¢p is the deflection of the point of 

application of the impact force relative to the nodal point for a unit 
wing-tip deflection. 

Rearranging e~uation (4) and substitut ing ~m¢2 for M results 
in the e~uation : 

2 rl.2 
~¢p¢ Yt 2 ~m)l' 

+~ ~t p(t) 

E~uation (5), the solution of which yields the transient oscillatory 
component of acceleration at the extreme wing tip, is the differential 
e~uation of motion of an undamped, single-mass, linear oscillator. Thus, 
the evaluation of the oscillatory component of acceleration for the wing 
tip has been reduced to the relatively simple solution of the e~uation 

• 

of motion of a single-mass oscillator, the natural fre~uency of which is 
e~ual to the fre~uency run of the mode being considered, and the spring 

constant of which is e~ual to the t erm run 2 ~ifl2 appearing in e~uation (5). 
2 ~~n2 p 

This spring-constant term mn ~ for the extreme wing tip will be shown 

to be physically e~ual to the ratio of the force causing t he wing beam 
to deflect in one of its natural modes to t he resultant wing-tip deflection 
relative to the nodal pOint. E~uating the work done by the ext ernal force 
in deflecting the wing beam in a natural mode to the internal str ain energy 
of the wing exp~essed in terms of the kineti c energy in the wing when it 
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is released from its position of maximum ieflection corresponding 
to Pmax and passes through a position of zero deflection, results 
in the expression 

( 6) 

Equation (6) can be rearranged to result in the value of the effective 
spring constant at the extreme wing tip k as defined previously: 

etip 

ket, lP 
Pmax = fin 2 L.if/2 

Yt p 

The last term in equation (7) is equal to the multiplying factor of Yt 

in equation (5). An equivalent constant ke for any other point x on 
x 

the wing can readily be found from a knowledge of the proportionality 
factor ¢x at that station and ke Thus: 

tip 

( 8) 

• Since the vibratory characteristics of any point on the wing have been 
defined in terms of ke and fin, the vibratory characteristics of the 

equivalent linear single-mass oscillator for that point are also known. 
The mass of this equ~valent oscillator is a fictitious or "effective" 
mass equal to ke/run. Thus, substituting the terms just defined in the 

differential equation of motion of a single-mass oscillator results in 
the equation of motion for the equivalent single-mass oscillator at any 
point x along the wing 

Solving the equations of motion of the equivalent oscillator 
for Yx' the transient oscillatory acceleration at any wing station x, 
and adding this component of acceleration to the t ranslational acceleration 
as defined by equation (3) gives the total acceleration at any point x on 
the wing. Although the preceding discussion was limited ~o the evaluation 
of the effects of but one mode, higher modes are treat ed in a similar 
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manner. That is, an equivalent linear oscillator is found for each 
normal mode and the oscillatory accelerations associated with each 
oscillator are superposed. 

The forcing function p( t) in equations ( 3) and (5) is the time 
history of the external impact force applied to the airplane during 
landing. In the case of a seaplane subjected to landing impact, this 
forcing function is the time history of the hydrodynamic impact force, 
which, when expressed in terms of gross weight of seaplane, is equal 
to the translational or nodal acceleration . If this forcing function 
can be expressed by a simple mathematical curve, the solution of the 
equation of motion of the single-mass oscillator for the oscillatory 
acceleration can be simply obtained. The calculations included in the 
appendix illustrate the derivation of the transient-oscillatory­
acceleration response of a single-mass oscillator to a sine-curve 
variation of the forcing function. The sine curve is used in this 
derivation Since , as is shown in a subsequent section of this 
paper, it could be used as a close approximation to the time history 
of experimentally obtained hydrodynamic impact forces. The response 
to other simplified mathematical curves can be treated in a similar 
fashion. 

APPARATUS AND TEST PROCEDURE 

Seaplane 

The seaplane used in the tests was a twin-engine amphibian 

7 

having an angle of dead rise of 200 at the step. A three-view sketch 
of the seaplane together with pertinent dimensions is given in figure 2. 
The wing was attached to the hull by means of support struts and tie 
rods mounted on the outboard side of each of the engine mounts. The 
vertical pylon between the center of the wing and the hull is a non­
structural fairing and does not transmit any of t he wing inertia loads 
to the hull. The gross weight of the seaplane during the landing tests 
was approximately 19,000 pounds. A detailed tabulation of the weight 
distribution along the seaplane wing, as obtained from data supplied 
by the manufacturer, is given in table I. 

The natural frequencies and mode shapes of the seaplane were obtained 
from ground vibration tests . The amphibian was supported on its landing 
gear and the wing was vibrated by means of an electromagnetic vibrator 
connected to the main spar near the left wing tip (fig. 3). In order to 
investigate the effect that the method of seaplane support has on the 
wing frequencies and mode shapes, several vibration surveys were con­
ducted over a range of tire pressures and with the oleo strut locked 
and unlocked. All methods of support resulted in substantially identical 
wing frequencies and mode shapes. Figure 4 presents a sketch of the 
first and second mode shapes. A tabulation of the mode-ehape factors 
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for wing deflection relative to the nodal points based on unit tip 
deflection is given in table I . 

Instrumentation 

Time histories of the impact accelerations normal to the keel were 
measured by three induction- type accelerometers which were installed 
as follows : one at the seaplane center of gravity , another just inboard 
of the right engine , and a third near the right wing tip (fig . 2). In 
the following discussion, the accelerometer at the center of gravity will 
be referred to as the hull accel erometer and the accelerometer near 
the wing tip will be designated the wing- tip acceler ometer . The 
accelerometers had an undamped natural fre~uency of 60 cycles per second, 

' were oil-damped to approximately 0 . 6 critical , had an accuracy of approxi­
mately ±o . 2g, and were simultaneously recorded on a multichannel oscil­
lograph . 

Test Procedure 

The l anding- impact tests were made in smooth water . Since the 
primary purpose of these tests was to determine the ~drodynamic impact 
loads on the hull, landings were made over a range of trims and flight­
path angles . For the purpose of this paper, however , only those impacts 
were considered wherein the forebody made contact with the water first 
and the wing was substantially free of extraneous vibrations just prior 
to impact . In the case of initial afterbody contacts , the seaplane 
usually rotated forward to result in superposed for ebody impact and 
thus made impractical an exact mathematical definition of the primary 
hydrodynamic forcing function . 

RESULTS AND DISCUSSION 

Experimental 

A tabulation of the values of maximum hull acceleration, t ime t o 
maximum hull acceleration ( impact period), and maximum wing-t ip 
acceleration recorded during the various test runs is present ed in 
table II . The impact ac celerations measured in the vicini t y of the 
right engine are not present ed herein since this accelerometer had a 
cons iderable amount of high-fre~uency has h superposed and so maie a 
reliable estimate of t he re or d deflec tion very difficult . The wing­
t ip accelerations were alwsys larger t han t he hull accelerat i ons by an 
amourlt t ha varied approxima~ely i nversely as t he impact period. (See 

able II.) 

J 
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A plot of the recorded time histories of the hull and corresponding 
wing-tip accelerations is presented in figure 5 for the three most severe 
impacts. (Tests 2, 3, and 7.) A considerable amount of irregularity 
is seen to exist in the record traces of the hull accelerations. As an 
attempt to define the time history of the hull accelerations by a simple 
mathematical expression, a sine curve was plotted over the record trace 
with the peak acceleration as maximvm ordinate and the impac t period as 
the time for one-quarter cycle. Figure 5 presents a comparison between 
the assumed sine curves fa ired through all three record traces and the 
measured impact force and shows that the sine curve can be used as a 
satisfactory approximation up to and somewhat beyond the time of maximum 
hull acceleration . Although the results are not included in this paper, 
a comparison was also made between the sine curve and measured hull­
acceleration time histories for the other test runs listed in table II. 
This comparison showed that the sine curve could be used as a close 
approximation for the other runs also . Although the sine-curve approxi­
mation can be used for the impact conditions encountered with the test 
seaplane, for airplanes wherein the structural elasticity has an 
appreciable effect on altering the impact force or in landings wherein 
the flight path is very shallow or steep a sine-curve approximation 
may not be suitable. Theoretical time histories of the hydrodynami c 
forcing function for a range of landing . conditions and airplane elasti­
cities are given in references 2 and 3. 

The wing-tip-acceleration time histories are plotted directly below 
the corresponding hull accelerations and indicate that the wing tip 
reaches a peak acceleration at some time subse~uent to peak impact 
load. During the first part of the impact, the tip acceleration is 
slightly positive as a result of the superposition of the transient 
oscillatory acceleration upon the impact translational acceleration. 
In comparison with tests 2 and 3, the record trace of tip acceleration 
for test 7 is somewhat irregular since at the time of this impact some 
extraneous wing vibrations were present in the wing structure prior to 
initial impact. Nevertheless, the general pattern of that time history 
is readily distinguishable. 

As shown in table II some of the wing- tip-acceleration data were 
obtained from the second, third, and fourth impacts of any particular 
landing. For most of these subse~uent impacts the wing vibrations 
excited by the preceding impact were sufficiently diminished between 
impacts by the structural and aerodynamic damping to consider the 
oscillations of the structure set up by one impact to be almost com­
pletely independent of the oscillations set up by any preceding impact. 
If, during the seaplane rebound from the water surface that is usually 
associated with a hydrodynamic impact, the seaplane was not completely 
airborne for a sufficient length of time , the wing oscillations were 
not completely damped out. For most of the severe smooth-water impacts, 
however, the rebound that pregeded the impact was high enough and of 
long enough duration to allow almost complete damping out of the 
wing vibrations. The data from those light impacts in which the 
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vibrations were not materially reduced during the preceding rebound are 
not presented herein. 

Calculated 

Application of the analytical procedures described in the section 
entitled "Method of Analysis" is illustrated in the following paragraphs 
for the determination of the translational component, the transient 
oscillatory component, and the resultant of the wing-tip accelerations 
of the tested seaplane during landing impact. Calculated and experimental 
wing-tip accelerations referred to in this paper are for the wing station 
at which the outboard accelerometer is located (450 in. from center line) 
unless otherwise specified. Time histories of the resultant wing-tip 
accelerations were calculated for the three most severe impacts (tests 2, 
3, and 7) but only the maximum resultant accelerations were calculated 
for the remaining impacts. These calculated values are compared with 
the experimental data obtained from full-scale landings of the test 
seaplane . 

Translational component of acceleration.- The time history of the 
translational acceleration of the seaplane is e~ual to the time history 
of the hydrodynamic impact force expressed in multiples of the gross 
weight of the seaplane. Since the experimental data did not provide 
a direct measurement of the hydrodynamic impact forc~ as such, the 
measured hull accelerations were used as a close approximation for the 
hydrodynamic impact force. Although, as discussed in referenoe 2, the 
hull acceleration may not be equal to the bydr~amic impact acceler­
ation because of elastic effects, for the tested seaplane, in which the 
rigid hull-support struts were attached to the wing in the immediate 
vicinity of the fundamental and secondary flexural nodal points, the 
effect of wing elasticity on the hull accelerations was minimized. 
Thus, the measured hull accelerations presented in table II and 
figure 5 can be considered as being a very close approximation to the 
actual applied landing reaction and so are consider~d to be the 
translational co~ponent of wing-tip accelerations for the test seaplane. 
Since the sine curve has been shown to be a good approximation for the 
measured hull accelerations of the test seaplane this curve is used to 
define the time history of the translational component of acceleration 
and also, as shown in the following section, to calculate the transient 
oscillatory component of acceleration. 

Transient oscillatory component of acceleration.- As shown by 
equation (9), the evaluation of the transient oscillatory component of 
acceleration for any point on the wing associated with the vibration 
of any particular wing bending mode has been reduced to the solution 
of the differential equations of motion of an equivalent single-mass 
oscillator of frequency equal to the natural frequency of the wing 
bending mode being considered and of effective spring constant ke 
as defined by equations (7) and (8). The time history of the 
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accelerat ion y of this single-mass oscillator when subjected to a 
forcing function of sine-curve variation is derived in the appendix 
for the case of no damping. Substituting ke for k in equat ion (A6) 
results in the expression 

~~ sin ant - sin (2~)~ 

The use of equation (8) gives the following expression for y: 

.. 
Yx 

Pma.:x:'% 
2 

¢x -;;;k=-=-
etip 

sin 

This expression for the transient oscillatory component of acceleration 

(10) 

(11) 

at any point x on the wing corresponQs to the term ¢.Y t of equation (2). 
Thus, 

.. 
Yt = 

The sine-curve function is used for p(t) because it agrees closely wi t h 
the measured hydrodynamic-force time history, as shown in figure 5. 

( 12) 

In equation (10), Pmax and ti are characteristics of the forcing 
function. Both quantities are given in table II where Pmax is expressed 
as acceleration in multiples of the gross weight of the seaplane. The values 
of the terms run and tn are also readily known since they a~e dependent 
upon the frequency of the wing bending mode being considered. The spring 
constant ke is derived from equations (7) and (8). Values of ke' in 

the fundamental bending mode of vibration of the wing, are shown in t able III 
for many stations along the wing. In particular, the value of ke at the 
wing-tip-ac~elerometer station is shown to be -336,400 pounds per foo t . 

, 
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An effective spring constant can also be found for the secondary wing 
bending mode by following a procedure similar to that illustrated in 
table III, using values of ¢t given in table I. This constant was 
not calculated in this paper, however , sin0e the strut -support point 
on the wing coincides almost exactly with the inboard nodal point of 
the secondary mode . This location results in extremely small deflec­
tions of this mode and consequently minimizes the cont ribution of this 
mode to the total wing-tip accelerations . 

An examination of equation (10) shows that the term p~2/ke is 

the acceleration of the effective mass (ke/run2) for the point on the 
wing corresponding to ke if this effective mass is considered to be a 

springless mass subjected to a force Pmax ' The expression in braces 

represents the transient-acceleration response to a sine curve of the 
linear single-mass oscillator expressed in terms of ffin and in t erms 
of the ratio of natural period to impact period tn/ti ' Solutions of 

equation (10) were made for a unit value of p~n2/ke' for a value 

of ffin equal to the natural frequency of the fundamental mode of the 
wing of the test seaplane, and for value8 of the ratio tn/ti ranging 

from 0.1 to 0.7 . This range of values of tn/ti includes all the 
landings listed in table II. 

Shown in figure 6 are half cycles of the sine-curve time histories 
of impact forces of various assumed impact periods, expressed in terms 
of values of tn/ti ' and also shown are the solutions of equation (10) 
which are the resulting time histories of the trans ient-acceleration 
response referred to thereon as transient-oscillatory acceleration factor. 
A time scale is included in this figure in order to make the results 
generally applicable to other values of ffin. This form of presentation 

of results illustrates the phase relation between both components of 
acceleration for different values of tn/ti . The sine-curve time 
histories are representative of the time-history variation of t he 
translational component of the resultant acceleration whereas t he 
time histories in the lower plot define the transient-oscillatory 
component of resultant acceleration. Application of these graphical 
results to the calculation of the resultant acceleration at the wing­
tip-accelerometer station is discussed in the following section on 
resultant wing-tip accelerations. 

The evaluation of the acceleration response fac tor was not carried 
beyond time 2ti since , if the equations as set up in the appendix were 
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extended to times longer than 2ti , the results would not correspond to 

a sine pulse but, rather, t o a continuous application of the sine-curve 
forcing function. For values of tn/ti equal to or less than approxi­
mately 0.7 the maximum oscillatory acceleration occurs prior to 2ti so 
that the plots in figure 6 are appli cable to all runs of the tested 
seaplane. Further, for most present-day seaplanes, the maximum design 
impact loads are usually applied at such a rate that the ratio tn/ti 

rarely exceeds values of 0.7. In cases where the value of the 
ratio tn/ti is such that the maximum oscillatory component occurs at 

times later than 2ti , the response curves in figure 6 may be extended 

to cover the case of a sine pulse by considering the single-mass 
oscillator to start vibrating freely from initial condition of displace­
ment and velocity corresponding to time 2ti. In any case, if the 
maximum oscillatory acceleration occurs at times substantially later 
than the occurrence of maximum impact load, a check on the agreement 
between the assumed sine curve and the measured-hydrodynamic-force 
since curve should be made since, as shown in t his paper, the assumed 
and actual time histories were in disagreement at times substantially 
later than t i . 

Resultant wing-tip acceleration.- For the t ested seaplane, addition 
of the time histories of the translational component of acceleration, 
equation (3), and transient oscillatory component of acceleration 
associated with the vibration in the fundamental wing bending mode, 
equation (11), gives the resultant time history of acceleration for 
any point x on the wing. This is expressed by the following equation: 

Yr 
Pmax sin (J.)it 

M + ¢x 

-F ~ J [~~ sin '"nt - sin roi~ 
LG~) -1 

The acceleration computed from equation (13) is in units of displacement 
per second2 • In order to compute the acceleration In multiples of the 
acceleration due to gravity, as was done throughout this paper, each 



14 NACA TN No. 1690 

term af e~uation (13) must be divided by the ~uantity g. E~uation (13) 
then becomes 

(14) 

where W is the total weight of the airplane. 

The force applied to the wing at the strut-eupport point Pmax 
is most conveniently expressed in multiples of airplane weight. That 
is, 

where n i = maximum impact acceleration in multiples of the acceleration 
due to gravity. E~uation (14) then becomes 

-~ 1 G: Bin '"nt - Bin (J)i~ 
~:~/ -1 

which is the e~uation evaluated by the tabulations given in table IV 
and table V. 

( 16) 

The calculations concerned with th~ evaluation of the resultant-wing­
tip-acceleration time histories are given in table IV. The translational 
and oscillatory acceleration factors used in these calculations were 
interpolated from figure 6. The value of t in seconds is directly 
e~ual to the value of Ct in figure 6, Since, for the fundamental 
fre~uency, the value of 0.0525/tn is unity.. The values of translational 
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acceleration were obtained by multiplying the maximum impact acceleration 
by the translational acceleration factor. The values of oscillatory 
acceleration were obtained by multiplying the maximum impact acceleration 
by the OSCillatory acceleration factor and by the factor -1.56 which is 

Willn2 
the term ~ in equation (16). The value of W in this term 

x gketip 
is 19~200 pounds~ run is equal to 4.67(2rr) radians per second~ and ketip 
is the effective spring constant for the actual wing tip in the fundamental 
wing bending mode~ shown in table III to be equal to -252~300 pounds per 
foot. 

As an alternative for carrying out a time-history solution like 
those for runs 2~ 3~ and 7~ the peak acceleration can be approximated 
by carrying out the calculation for resultant acceleration by use of 
the values of the acceleration factors corresponding to the time of 
maximum negative transient-oscillatory-acceleration factor as shown in 
figure 6. Maximum wing-tip accelerations for all test runs calculated 
by this method are presented in table V. As a check on ·the adequacy of 
this approximate method, it will be seen that the maximum accelerations 
for runs 2, 3, and 7, as obtained by the time-history solution (table IV)~ 
agree closely with the maximum values of acceleration listed in table V. 

It is interesting to note from figure 6 that as the ratio tn/t i 
attains large values the maximum transient-oscillatory-acceleratiqn 
factor occurs at reduced values of the translational acceleration 
described by the sine curve. Methods of determining maximum acceler­
ations that suggest the addition of peak acceleration values in each 
mode without regard to phase may thus lead to resultant accelerations 
that are unduly conservative for these large values of tn/tie The 
peak oscillatory components of acceleration for small values of tn/ti 
occur at very nearly the time of maximum translational acceleration. 

Comparison of Experimental and Calculated Results 

A comparison between the calculated wing-tip-acceleration time 
histories given in table IV and the experimentally obtained wing-tip 
accelerations is presented in figure 5. The agreement between theory 
and experiment is good insofar as the negative values of the acceleration 
are concerned but a slight discrepancy is noticed in the positive values 
during the initial stages of the impact. The exact cause of this dis­
crepancy is unknown, but it may be due to the fact that the true hydrody­
namic forcing function is actually applied at a slower rate at the time 
of impact than that represented by the assumed sine-curve variation. The 
time-history solutions of tip acceleration were not extended very much 
beyond the time of maximum acceleration since the assumed sine curve 
deviates appreciably from the measured forcing function in this range. 
This general agreement between the experimental acceleration and the 
theoretical acceleration calculated by considering only the effect of 
the fundamental bending mode subs~antiates the assumption that, for the 
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tested seaplane, the effects of the secondary and higher bending modes 
on the resultant acceleration were small. 

Figure 7 presents a comparison between the computed maximum negative 
wing-tip accelerations given in table V and the corresponding experimental 
maximum wing-tip accelerations given in t able II. Although there is some 
scatter of test points, the agreement between theory and experiment 
is satisfactory. 

I t should be remembered that the agreement obtained between the 
theoret ical and experimental acceleration t ime histories and the peak 
values of wing- tip acceleration are, in the case of the tested seaplane , 
for an airframe wherein only the primary bending mode was import ant and 
wherein the structural elasticity has a small effect on the hydrodynamic 
load. Although the method used may be extended to incl ude an evaluat ion 
of the combined effects of several bending modes, the small contribution 
of the higher bending modes of the test seaplane to total wing- tip 
acceleration pr ecluded the inclusion of these higher modes. 

CONCLUSIONS 

Experimental wing- tip-acceleration data obtained from full-scale 
landing tests of a small seaplane were compared with the analytical 
wing-tip accelerations calculated by application of a simplified method 
of analysis. The structural characteristics of the seaplane were 
such that only the fundamental wing bending mode had an important 
effect on the wing- tip acceleration and the over-all s tructural 
proper t ies had a small effect on altering the hydrodynamic load . The 
results of the comparison indicate that, for the tested seaplane and 
for the conditions of impact encountered, the following conclusions 
may be drawn: 

1. The method of calculating the acceleration response at any wing 
station by using an e~uivalent single-mass linear oscillator to repre sent 
the vibrat ory propert ies of that station gave good agreement between the 
measured and calculated time histories of wing- tip accel eration . 

2. For the impacts encountered, the assumed sine-curve variation of 
hydrodynamic impac t force showed good agreement with the experimentally 
determi ned variation up to and somewhat beyond the time of maximum 
impact load . 

3. With large ratios of natural vibratory period to impac t period 
the maximum transient-oscillatory-acceleration component occurs subse~uent 
to the time of maximum translational acceleration so that phase relations 
should be used in computing the distribution of maximum accelerations in 
the wing. 
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4. When the most severe impacts of the tested seaplane occurred 
subsequent to the initial impact of a particular landing, the seaplane 
bounce that preceded this severe impact was usually sufficiently high 
and of long enough duration to stop the wing vibration excited by t he 
prior impact. 

Langley Aeronautical Laboratory 
National Advisory Committee for Aeronautics 

Langley Field, Va., April 2, 1948 
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APPENDIX 

EQUATION OF TRANSIENT ACCELERATION OF A SINGLE-MASS LINEAR OSCILLATOR 

WHEN SUBJECTED TO A SINE-CURVE FORCING FUNCTION 

An elastic, single-mass system having only one degree of freedom 
and no damping can be schematically represented by the following sketch: 

II/I!~I I 1 / 1 

The dynamics of this system when subjected to a force of sine­
curve time-history variation can be expressed as the following 
differential e~uation: 

where 

y displacement due to applied force 

m mass of system 

k spring constant 

maximum value of applied force 

(Al) 

.,. 
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t 

equivalent circular frequency of applied force, 
radians per second (rr/2ti) 

time elapsed after initial water contact, seconds 

time between initial water contact and maximum 
hydrodynamic force, seconds 

19 

The time history of the displacement of a single-mass system, as 
shown in the sketch, due to any arbitrary forcing function F(T) can be 
evaluated by the integral 

(A2) 

where T is the variable of integration . This integral will be reorgan­
ized to be the Duhamel integral, the derivation of which is given in 
reference 4. Replacing the arbitrary forcing function F(T) in the 
Duhamel integral by the sine-curve variation of the forcing func·-
tion Pmax sin miT and substituting this value of displacement in 
equation (Al) gives the solution for acceleration y of the mass as 

Carrying through the integration of equation (A3) results in 

(A4) 
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Expressing 
.. 

in terms of tn and ti and replacing wi by (1(/2t~ y 

and m by k/fin 
2 gives 

Pmax fin 2 sin ~~vt Pmax ill:n 2 

~~;)~ -J [~ 
,. 

sin illn t y 
k k 

- sin ~~i)~ (A5) 

Simplifying equation (A5) reduces the expression for y to 

y sin 

(A6) 
The acceleration expressed by equation (A6) is used to define the 

oscillatory components of the total acceleration at any point in the wing 
structure when the natural-vibration characteristics of that wing station 
are replaced by an equivalent single~ss oscillator as described in the 
body of the paper. It will be seen from this equation that when the 
ratio tn/ti approaches zero (corresponding to an extremely slow rate of 
application of the impulsive load) the acceleration y defined by 
equation (A6) approaches zero. This fact indicates that the oscillatory 
effects are negligible. For airplanes subjected to such a very slowly 
applied load, the acceleration of all points on the s tructure is nearly 
the same and nearly equal to the translational acceleration. Equation (A6) 
is plotted in the lower set of curves of figure 6 of this paper for values 

P ill:n2 
of tn/ti ranging from 0.1 to 0.7 and for IDaX

k 
= 1, and is identified 

thereon as the "transient-oscillatory acceleration factor." A time-acale 
correction factor is included in figure 6 to make the results generally 
applicable for all values of fin. 
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TABLE I 

WEIGHT DISTRIBUTION AND MODE-8HAPE FACTORS OF WING SEMISPAN 

Increment of 
Mode-shape factor 

Distance from weight, 
center line First mode Second mode 

(in. ) 
'W (4.76 cps), (13.00 cps) , 

(lb) ¢ ¢' 

0 ---- -0.045 -0.061 
31 881 -.044 -.047 

75 2057 -.026 -.017 
87.7 5076 -.022 -.005 

119 881 -.004 .037 
170 116 .053 .122 
210 102 .110 .194 
250 88 .190 .238 
290 181 . 270 .242 

330 64 .370 .184 

370 53 .490 .041 
410 43 .625 -.177 
440 18 ·730 -.388 
477.7 40 .860 -.681 
516 ---- 1.000 -1.000 

Total 9600 
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TABLE II 

EXPERThfENTAL MAXIMUM ACCELERATIONS DURING LANDING IMPACT 

Test Max. hull Time to max. Max. wing-
Impact acceleration hull acceleration, ti tip acceleration run ( g) (sec) (g) 

1 third -1.15 0.270 -1.75 
2 second -1.52 .150 -2.75 
3 second -1.90 .085 -4.25 
4 second -.92 . 270 -1.30 
5 third - .90 .143 -1.45 
6 fourth -.84 .120 -1.75 
7 first -1.85 .190 -2.60 
8 second -1.25 .195 -2.35 
9 second -.95 .300 -1.52 

10 second -1.00 .120 -1.68 
11 third -.92 .150 -1.40 
12 fourth -.85 .125 -1.45 
13 second -.95 .130 -1.40 
14 third -.60 .290 -.70 
15 first -.85 .120 -1.68 
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TABLE III 

EFFECTIVE SPRING CONSTANTS ALONG WING SEMISPAN IN FUNDAMENTAL MODE 

Distance fram Increment of Mode--{!hape Increment of center line, weight, factora • effective weight, x w 9 w92 
(in. ) (lb) 

0 ---- -<).045 ------
31 881 -.044 1.707 
75 2057 -:026 1.391 
87.7 5076 -. 022 2.460 

119 881 -.004 .014 
170 116 .053 .329 
210 102 .llO 1.232 
250 88 .190 3.173 
290 181 .270 13.230 
330 64 .370 8.769 
370 53 .490 12.789 
410 43 . 625 16.813 
440 18 .730 9.563 
477.7 40 .860 29.584 
516 ---- 1.000 ------

Total 9600 101.054 

~or unit tip deflection wi th respect to nodal pOint, see figure 4. 

Sample calculations for effective spring constant 

(a) For wing tip I~ 

I 

Fram equation (7): 
¢. 

(4.76 x 2~)2 (2 x 101.054) 
-<).022 32.2 

516 ) 

¢p :; -0.022 
t 

t 

- 252,300 Ib/ft 

(b) For point of location of wing-tip accelerometer 

Effect lve 
oprlng con-
etant, ke 
(lb /ft) 

5,606,670 
5,734,090 
9,703,850 

ll,468,lBo 
63,075,000 
--4,760,040 
-2,293,640 
-1,327,890 

-934,440 
--681,890 
--514,890 
--403,680 
-345, 620 
-293,370 
-252,300 

Effective spring constant at 450 inches from center line is obtained by application of 
equation (8); thus: 

= ~ = - 252300 = -336,400 Ib/ft 
ke450 ¢450 0.75 



TABLE IY 

CALClJLAXI!D TlMI! I!IS'l'ORIES 01' R!SULTAlIT WIlIG-'l'IP (STATION 450) ACCELERATIONS FOR SKVXRJ! lMl'AC'll! 

~ the eff.ct of the tund8mento.l 1>.nd1llg mext. of vibration (tn = 0.0525 •• c) i. 1nC1ud~ 

Teet run 2 Teet run 3 
Time ni = -1.528; ti = 0.150 •• c; ~ = 0 . 35 ~ - -1.908; t1 - 0.085 •• c ; ~ = 0.61 

after 1 
contact, 

Translational Oscillatory t Translational Osc illatory Translational. Oscillatory Ro.ultant 
(.oc) acceleration acceleration acceleratlonb acceleratlonc acceleraUond acceleration acceleration 

factorS factorS factorS f actors 

0.01 0.10 0 .10 -<l.15 0.24 0.09 0 .18 0.18 

.02 .20 .19 - ·30 .46 .16 .36 .34 

.03 ·30 .24 -.46 .58 .12 ·52 .45 

.04 .40 · 31 -. 61 .75 .14 .67 ·51 

.05 .49 .33 - .74 .80 .06 ·79 ·50 

.06 .57 . 30 -.87 ·73 -.14 .89 .42 

.07 .66 . 24 -1.00 .58 - .42 .95 .29 

.08 ·72 .16 -1.09 .39 - ·70 .99 .05 

.09 .79 .05 -1.20 .12 -1.08 .99 - .18 

.10 .85 -.07 -1.29 -.17 -1.46 .96 -.44 

.il .90 -.20 -1. 37 -.48 -1.85 .89 -.68 

.12 .92 -· 32 -1.40 -.77 ....,.17 .80 -.92 

.13 .96 -.42 -1.46 -1.02 ....,.48 .66 -1.08 

.14 .97 -. 49 -1.47 -1.18 ....,.65 .54 -1.17 

.15 .98 - .54 -1. 49 -1. 31 ....,.80 .36 -1.16 

.16 .99 - . 55 -1.50 -1.33 ....,.88 

.17 .98 - .52 -1.49 -1.26 ....,·75 

.18 .94 ~.44 -1.43 -1.06 ...., .49 

.19 .90 - .35 -1.37 -.85 ....,.22 

.20 .84 -.23 - 1.28 - .56 -1.84 

e.rranelatlonal and o8c1.11atory acceleration factors interpolated from figure 6. 
b.rranelatlonal acceleration -= (Translat1onal accelerat10n factor) (Maximum impact accelerat1on). 
cOec111atory acceleration = (Oec1.l.lator:r accelerat10n factor ) (Marlmum 1l:ltpact acceleration) (-1. 59). 
dReeu1 tant acceleration -= Translational acceleration + Oac1lla.tol'1 acceleration. 

Translational Oscillatory 
acceleratlonb acceleratlonc 

-<l.34 0. 54 

-. 65 1.03 

- .99 1.35 

-1.27 1.54 

-1.50 1.51 

-1.69 1.27 

-1.81 .88 

-1.88 .15 

-1.88 - . 54 

-1.82 -1.33 

-1.69 ....,.05 

-1. 52 ....,.78 

-1. 25 - 3.26 

-1.03 - 3. 53 

-.68 - 3.50 

Tranela t1ona1. 
Reeu1tant acceleration acceleratlond 

factors . 

0 . 20 0.08 

.38 .17 

.36 .24 

·27 ·31 

.01 .38 

-.42 . 46 

-. 93 .54 

-1.73 .61 

....,.42 .67 

-3.15 ·73 

-3.74 .78 

-4 . 30 .83 

-4 .51 .88 

-4. 56 .91 

-4.18 .94 

.96 

·97 

.98 

.98 

.99 

Teat run 7 

0 i - -1.858; t1 • 0.190 •• c; ? _ 0. 28 
1 

Oecl11atoZ7 
accelerat10n Translat iono.l Oac1.11atoZ'7 

acceleratlonb acceleratfonC factorS, 

0. 08 -<l.15 0.24 

.16 -.31 .47 

.21 -.44 .62 

.25 -.57 .74 

. 26 - ·70 .76 

.25 -.85 .74 

.21 -1.00 . 62 

.14 -1.13 .41 

.04 -1.24 .12 

-.02 -1.35 - .06 

- .il - 1.44 -.32 

- .21 -1.54 -.62 

-.28 -1. 63 -.82 • 
-.34 - 1.68 -1.00 

-.38 -1.74 -1.12 

- . 38 -1.78 -1.12 

-·37 -1.79 -1.08 

-·33 -1.81 -.97 

-. 25 -1.81 -.74 

-.16 -1.83 -.47 

BsauJ.tant 
acceleratlond 

0.09 

.16 

.18 

.17 

.06 

- . il 

-.38 

-.72 

-1.12 

-1.41 

-1.76 

...., . 16 

....,.45 

....,.68 

....,.86 

....,.90 

....,.87 

....,.78 

....,. 55 

....,·30 

~ 
(') 

~ 

~ 
~ o 

f-' 
0\ 
\0 o 

f\) 
Vl 



TABLE V 

CALCULA'l'ED MAXIMUM WING--1I'IP ACCELERATIONS FOR ALL TEST RUNS 

~nly the effect of the fundamental mode of vibration (tn = 0.0525 sec) is incIUde~ 

Maximum hull Maximum Translational Maximum Translational Result ant Test acceleration, n1 tn/ti oscillatory 
acceleration 

oscillatory 
accelerationc acceleration run (g) acceleration factora accelerationb 

(g) (g) factor ( g) • 

1 -1.15 0.19 -0.24 0.79 -0.44 -0.91 -1. 35 
2 -1. 52 .35 -.54 . 96 -1. 31 -1.46 -2.77 
3 -1.90 . 61 -1.14 .56 -3.44 -1.06 -4.50 
4 -. 92 .19 -.24 ·79 -. 35 -.73 -1.08 
5 -.90 .37 -.57 .96 , -.81 -.86 -1.67 
6 -.84 .44 -.76 .90 -1.02 -.76 -1.78 
7 -1.85 .28 -. 38 . 94 -1.12 -1.74 -2.86 
8 -1. 25 .27 -.37 .95 -.74 -1.19 -1. 93 
9 -. 95 .18 -. 21 .88 -. 32 -.84 -1.16 

10 -1.00 .44 -.76 . 90 " -1.20 -.90 -2.10 
11 -. 92 . 35 -.54 .96 -·79 -.88 -1.67 
12 -.85 .42 -.73 .92 -. 99 -.78 -1.77 
13 -. 95 .40 -.66 .94 -1.00 -.89 - 1.89 
14 -. 60 .18 -.21 .75 -.20 -.45 -.65 
15 -.85 .44 -.76 .90 -1.03 -·77 -1.80 

-------- ------ - --- ----I- --

~aken at time of maximum oscillatory acceleration factor in figure 6. 
bMaximum oscillatory acceleration = (Maximum oscillatory acceleration factor) (Maximum hull acceleration) (-1.59). 
CTranslational acceleration = (Translational acceleration factor) (Maximum hull acceleration) . 

~ 

-

f\) 
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~ 
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e o 
(a) Simplified r-epresenfa1tOh of Olrplane 

wing and fuse lage . 

x 

,,-, ,' - , 

~-- ---- --" -f~:: I -- - ':t~~:~ -----~ ~ f O 
(b) Trons/ofJonol morlon of airplane WIng 

and fuselage as rigid body . 

I 

x 

27 

(c) OSClllafory mohon of nafural m ode of 
wing and f'use/Qge comblnotlon superposed 
on frans /of/onal mol/on of aIr p/ane . 

~ 

Figure 1. - Simplified representation of translational and oscillatory 
components of motion of points along wing. 
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Figure 2. - General arrangement of seaplane and accelerometers. 
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Figure 3. - Setup of seaplane during ground vibration tests. 
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Figure 4. - Symmetrical bending-mode shapes of wing semispan. w 
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Figure 6. - Time histories of acceleration factors for sine-curve 
tn forcing function of unit load and various values of -t· . 
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Figure 7. - Comparison of maximum experimental and analytical. 
wing-tip accelerations. 


