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By Wilbur L. Mayo
‘SUMMARY

Solutions of impact of a rigid prismatic float connected by
a massless gpring to a rigid upner mass are presented. The
solutions are based on hydrodynamic theory which has been experi-
mentally confirmed for a rigld structure.

Equations are glven for defining the.sprihg constant and
the ratio of the sprung mass to the lower mass so that the two-
mass system provides representation of the fundamental mode of
an airplane wing. The forces calculated are more accurate than
the forces which would be predicted for a rigid airframe since’
the effect of the fundamental mode on the hydrodynamic force is
taken into account. The response of the two-mass gystem gives'
the response of the represented mode and, although no provision
is made for teking into account the’ effect of secondary modes on
the hydrodynamic force, means are indicated whereby the results
may bs used to approximate the response of modes other than the
fundamental mode

Time histories of the hydrodymamic force and structural.
response are given for wide ranges of mass distribution and ratio
of natural period to the neriod of the impact. By use of non-
dimensional coefficients these results are made applicable to
different combinations of veleocity, weight, angle of dead rise,
and filuid density. Although the eguations permit solutions for
different combinations of flight-path angle and trim, an approxima-
tion is given for correcting:the results for the combination for
which solutions are given to other conditions within a narrow
range indicated to be of:primary interest to the design engineer.

In a comparison of the theoretical data with data for a
severe flight-test landing impact, the effect of the fundamental
mode on the hydrodynamic force is considered and response data
are compared with experimental data. Consideration of the
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fundamental mode alone fails to account for the fact that during the
impact partial failure of the inboard-engine mounts occurred but

use of the theoretical solutions to -approximate the effects of
further wing torsion leads to substantial agreement.

INTRODUCTION
In recent ycars the development of large airplanes has céused
. the elastic behavior of airframe structures during landing impact
to become important. The work which has been done on this problem
has been handicapped by lack of proper knowledge of the time
history of applied grownd reaction. This situation has been
particularly acute for seaplanes because of difficulties in

measuring the hydrodynamic force, the seavay, and the manner of
contact with the seaway. .

In order to facilitate the interpretation of flight data and
to lead to the prediction of design loads on a raticnal bagis, a
theoretical hydrodynamic study was made and tests of a rigid float
were conducted at the Langley impact basin. Since the results of
these tests agree with the theoretical results for wide ranges of
the pertinent variables in numerous force time histories (refer-
ence 1), it is assumed that the theory may also be used in con-
sidering the effect of the upper-structure elasticity of a seaplane-
on the motion and force characteristics of the hull proper, which
is assumed to be rigid

The bending of wings during impact, which for modern flying
boats 1s the primary structural action, is considered in the
present paper by reducing the fundamental mode to an equivalent
two-mass system. The results are presented in a form suited to
general avplication and are compared with experimental results
for a particular case. The equations showing the method of
solution are included in appendix A and a sample data sheet is
given as table I. o

SYMBOLS
tn - time required for one-fourth cycle of naturalcvibration ‘
ty . time between initial contact and maximum hydrodynamic

force for rigid structure

t " time elapsed after initial contact
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my  lower, or hull, maes of two-mass eystem‘
mg  eprung mass of two-mass system
m  gross mass (W/g or mg + mL)
W gross weight
acceleration of gravity

X spring constant of spring connecting ms and my,, force
. per unit deflection

‘ny acceleration normal to water surface of nodal point of
elastic system, multiples of acceleration of gravity;
- for two-mase system, acceleration of center of gravity
n, oscillatory acceleration of hull about center of grevity
-of two-mass system or nodal point of represented mode,
multiples of the acceleration of gravity
v i"resultant velocity at instant of contact with wate surface
p- mass density of fluid

7. angle of trim; angle of hull keel with respect to plane of ‘
‘water surfacei

y flight-path angle; angle between flight path and plane of
water surface

B angle of dead rise
Cy nondimensional time coefficient Gv(pg,)l/ 3)
1l
Cq nondimensionel load-factor coefficient (i (%_{) /%)

Cq nondimeneional draft. coefficien+ ( (.>l/%>
yamnx draft at 1nstant of . maximum acceleration
£ " natural bending frequency

Where units are not given any coneistent eyetem of unite may be
uged.
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THEORY

H‘;{drodynamic _

The hydrodynamic theory used in the present paper is the same
as that developed in references 1 and 2.. A basic differential
equatlon vhich givee the instantaneous force in terms of the
instantaneous position and motion of the float.is given in refer-
ence 2. This equation in the present paper 1s used to determine

" the effect of airframe slasticity in altering the motion and force
time history (appendix A). The golution 1s based on the assumption
that the float does not change trim during impact. In this connec-
tion the pliching moment may be large, but the time of the
impact 1s short enough to warrant (at the present stage) neglect
of the resulting angular veloclties and displacements.

The. solution presented herein is for a prismatic float with
such beam loading that the chines do not immerse during impact.
For waves that give the severs design condition of full-length-
impact, ccnventional beam loadings are small enough to cause the:
maximm force. to occur at drafts sufficiently emall to make the
effects of finite width and chine flare secondary._ Reference 1

~ indicates that for a conventional float neglect of the pulled-up
bow 18 Justified when the trim 1s 3° or greater. Although for
high-trim landings initial contact by the afterbody may sub-
stantially change the trim Vefore the main forebody impact, the-.
neglect of afterbody loads is justified because, during the” main
impact, the shielding of the aftérbody by the forebody due  to 3

; depth of the step and to keel angle is such as to minimize the

| : impov'tance of a.fter‘body loads. ‘

Structural

A simplified represen’c.atmn of primary elasticity of an
: airframe is shown in figure 1. A rigid lover mass my, 1s considered
| ‘ to be connected by a massless spring to a rigid upper mass me .
- In determining the fundamental bending ‘of airplane wings part of
the wing mass must be’ included in my and part of the wing 1lift
| should be applied to oy . - In the present paper the gravity force
| on each mase ie agsumed to be balanced by wing lift.

The problem of determining the properties of the two-mass -
*" gyestem so that it 1s representative of the primeary -elastic action
- of the alrplane is rather simple if it is assumed that during '
the impact the structure deflects with the shape of its. fundamen‘bal
mode of vibration. - The requirements are:
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(1) The total mass of the simpiified system must equal the
total mass of the airplane in order that the proper nodal or
center-of-gravity accelerations can be obtained

. (2) The energy of vidbration for the same amplitude of the

. hull and lower mass (rolative to the nodal point) must be the same.
for the two-mass system as fOr the considered mode of the air-

- plane structure.

-+ (3) The natural frequency of the two-mass eystem must be the
same as the-frequency of the considered mode of airplane vibration.

Equations which permit determination-of Thée messes ard spridg -
constent of the simplified system so that it meets these require-
ments are given in appendix B. These equations and the' foregoing
requirements are applicable for”both landplanes and seaplanes.

- In the present paper the represented structural mode is censidered
to be devoid of vibration prior to the iinstant of impact. Thus,-
the computations may represent either a first impact or a subsequent

- impact resulting from a bounce sufficiently high to cause aero-
dynamic and structural damping to stop the vibration during the
time the seaplane is in the air. The present paper does not give
a representation of successive impacts, such as might occur in _
seaway, which lead to accumulative or resonant effects. Available-

' flight data indicate that a single heavy impact, such as that

considered herein is the primary cause'of structural failures.

The response of the twc-mass system is obtained in connection

with the calculation of the time hlstory of . the hydrodynamic
force, and from this result the complete response of the repre-
 sented mode can be obtained by -the simple procedure given in -

eppendix B and demonstreted in the section entitled "COMPARISON

WITH EXPERIMENT.” The response of other modes to the force . _
" computed on the basis of the fundamental mode can be separateLy -
determined and superposed (reference 3) In order to minimize '
the complexity'of the solution, however, the present investigation
does not provide for teking into account the effect of the other
modes on the hydrodynamic force. Although the other modes may.
have a substantial effect on the local loads in the structure, .
the effect of these modes on: ‘the hydrodynemic¢ force is considered
to be secondary as compared with the effect of the fundamental
mode.

If a large number of solutious for the two-msse system have
been made in order to determine the effect of the fundamental
‘mode of different wings on the hydrodynemic force, the response -
of modes other than the fundamental can be approximated from
~the use of a solution for a mass ratio and retio of the time
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period of the impect force to the natural period of the two-'mass
system representetive of the considered mode. An example of such -
use to epproximate the effects of wing torsion is given in the
present investigation in a comparison of results of. computations .
with experimental results. . .

If the response of more then one mode is considered, the -
structural and aerodynamic demping, which are not congidered in .
the present paper, ere important factors in determining the extent’
to which the meximu response of the different modes should be
superposed without regard to phase relationship. It 1s expected
that the effect of the damping will be most importent for the
higher modes and that a result leading.to conservative design will
be obtained if demping is not considered and the maximums of the
first two or three modes-are superposed without regard to phase
relationship. :

: RESULTS

Solutions of the equations in appendix A were made for wide
ranges of the pertinent variables. Time histories of. the calculated
nodal acceleration, or throdynamic force in texrms of the weight,
are given in flgures 2, 3, I, eand 5 for ratios of the sprung mass
to the lower mass equa.l t0 0.25, 0 .60 1.00, .and 1.36, respectively.
Each figure is three-dimensicnalj the third dimension is - t;/ty

which is & ratio of the period of natural vibration to the speed of-
the impact. In representing the period of natural vibration, 4,

is teken as the time required for one -fourth of a cycle. The speed
of the impact is represented by ma.hmg ti equal to the time between

initial contact and maximum acceleration for a rigid structure. If
the time to reach maximum force for the eélastic structure should be.
used in defining ti,'discontmuities in the time to reach meximum

force would. ceuse d:.scon‘bmuitles in the time~ratio scales of the
plote. (See figs. 2 to 5¢) :

_‘ An expression‘for Ty may be oﬁtained from the relation
ty = % 7fn end equation (Ak) in appendix A. The equation for 4 '
is &8 follows: : .

C't ' ' 1 : . '
v \eg
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where ’ i

C " time coefficient at iﬁétant of maximm dcceleration fdr'
tamax rigid body (0.678 for B = 22.50, y = 140, and 7T = 3°)

The expressions for tn, and ti may be used to determine
that . :

2 - (msmL)l/e 1/3 gr5/6 (2)

amax ‘

The oscillatory acceler tion 18 given in figures 6 to 9.
These figures are the same &8 the figures giving the nodal
acceleration (figs. 2 to %), except that the acceleration plotted
i1s the difference between the hull acceleration and the nodal
acceleration. The time histo*y of the hull acceleration can be
obtained by swming. the.tw@ plokg f@r 4 particular mass ratio.
On the basis of the assumption {hat during impact the airframe .
structure deflects in a partiewlar mode, a time history of the
acceleration of any point in the structure is obtained from the
results for the equivalent two-mass system by the following
procedure

(1) From the deflection'curve of the represented mode obtain
the ratio of the deflection of the point of .interest to the
deflection: of the hull. Both deflections are_taken relaﬁivg to
the nodal Boint. - ) o e JEE

(2) Mnltiply this ratio by the oaéillatory acceleration
given either by figure 6 T, 8 or 9 or by interpolation between
these figures for the mass ratio of the equivalent two—mass system.

(3) Add resalt to the rodal acdeleration given by figures 2
to 5.

Time histories of the acceleration given in figures 2 to 9
-are on a nondimensional basis. The nondimensional coefficients,
vhich contain velocity, weight, fluild density, and acceleration
of gravity, were used in reference 1 in a comparison of theoretical
data vith impact data for a float having an angle of dead rise

19
of 222 .

Application to othg; angles of dead rise.- The function of
the angle of dead rise can alseo be included in the nondimensional
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coefficients, but in the present investigation this function 13
1s0lated and treated as a factor for correcting the results

presented for angle of dead rise of 22% to other dead-rise angles.

The pertinent relationships between results for different angles
of dead rise may be expressed as follows:

1/3 .
| —te
Eormi (3)
« o) 2a]3 o

, where

£(B) function repreeenting variation of virtual mags for two-
dimensional flow with angle of dead rise :

£(Aa) aepect~ratio factor including effect of angle of dead rise on
aspect ratio; ratio of virtual mass for three-dimensional
flow to virtual mass for two- dimensional flow

np acc:l:rition at any point, either oscillatory, nodal, or
ota

' The shape of the force and acceleration curves for a given
value -of tn/ti is independent of angle of dead rise, but the

effect of angle of desd rise on t4, as given by relation (3),

"~ does enter into the determination of the value of tn/t for a
particular solution. After the velue of t,/t; for a particular '
solution has been determined the acceleration and time values

for an angle of dead rise of 22% are proportioned by means of

relations (3) and (k) to the corresponding values for the angle
of dead rise used in determining tn/t{ 1n order to obtain the
proper acceleration history._

Although adequate impact data have not been availsble for
checking .the theoretical equations for anglés.of dead rise ather

10
than 22§ y the theory is equally applicable to planing floats.

Study of planing data has shown that the functions of angles of
dead rise used in equations herein are approximately correct for
angles of dead rise ranging from 15° to 30°. The functions are:

, f(B‘) . @E - >2 ., | " (5)
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P(A) =1 - ten T N
(A) 2 tan B . (6)

Until improved functions of angles of dead rise are obtained
functions (5) and (6) should be substituted in egquations (l)

and. (2) and in relation .(4) to correct for angles of dead rise
within the range from 159 to 30° Rough approximation can be -
obtained by use of functions (5) and (6) for angles of dead rise
greater than 30° but not for angles of dead rise much less than 15°.
In reference 2 there is e discussion of the inadequacy of f(A)
for aspect ratios which normally occur for emall dead-rise angles.
For very large angles of dead rise and moderate velocity the
static forces, which are not considered in the present investiga-
tlon, becoms of greater importance.

. Approximate correctionuto other flight paths and trims.-
The flight-path and trim conditions of primary interest to: the
designer tend tc be independent of the. variables in ssaplane. _
design and constitute a limited range within which approximate- » .
correction of results to different angles of flight path and -
trims c¢an be made without necessity for repeated time—hlstorj
"solutions.  For any particular combination of horizontal speed
- .rate of descent, and trim, the most severe impact load for most
of the. structure occurs when the seaway 1s such that the keel
. contacts a wave slope approximately parallel to it. The effective
" angle of flight path end trim for such an impact are defined’
relative to the inclined wave slope; therefore, the trim which
gives maximum force is zero. .The largest flight path angle,
relative to the keel and to the critical wave slope, is also .
associated with the most severe force. The value of the lergest
flight-path angle ies not so definite as the critical trim but
tends to be independent of variations in size and wing loading.
The velocity of the wave should be considered in determining
the contact speed and flight path angle..'

The equations and method’ of solution given in appendix A:
permit solution for different flight-path angles and trims;
‘however, approximate correction of the results in figures 2 to 9
to other positive contact angles can be made by ‘assuming that
the proportionate effect of the structural elasticity on the
. hydrodynamic force 'is solely dependent on the ratio tn/t .
Curves given in reference 1 show values of Ct ‘for different

flight-path angles and . trims, which may be subs%?%uted in:

'equation (2) to obtain the value of . tn/ti for different contact
angles. In making the approximate correction, +the: solution :
presented herein for the obtained.value of the ratio . tn/t should
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be used to epproximate the shape of the curve giving the desired
time history. The load or acceleration scale should be corrected
to the different contact angles by multiplying the present result
by the ratlo, determined froam curves givén in both references 1
and 2, of the load-factor coefficient for the different contact o
condition to the load-factor coefficient for the conditions of 3
trim and 14° flight-path angle considered herein. Correction of -
the time scale involves a sﬁmilar.procedure in vhich the time
coefficient is used rather than the load-factor coefficient, -

. . Since the force curves for a rigid body are approximately the
seme shape for different angles of flight path end trims (reference l),
the approximate method of correcting to different angles of flight
path end trims would be-almost correct if the structural elasticity
did not affect the hydrodynamic-force'curve. The percentage change
in the force cn the float due to elasticity is a function of the
percentage change in draft caused by the elastic ccumpression for a
given center-of-gravity position. An indication of the validity of
the approximete correction is obtained by studying the extent to which
the ratio of the spring deflection to the draft is constant for impacts
of the same values of tn/ty at different angles of flight path end
trims. ‘From the expressions for t,/t;, C;, Cq, and Cy with the:
spring deflection assumed to be proportiohal to the hydrodynamic force,
this ratio may be represented by the expression. C;Cy /Ca, in which:

all values are for the instant of maximum acceleratioh,A The variation
of this expression with flight path for en impact of a rigld float

-at 3% and 12° trim is given in flgure 10, Values.of C, and Cy

used in obtaining thie figure are given in reference 1; values of Cy
were obtained in conjunctlon with the data of reference 1 but have
not been published. . ' o

In the present paper the nurerical values of ‘ClC£2/Cd have no
significance and they are of interest only because of the extent to
which they are constant. Figure 10 indicates that for large flight-
path angles and small trims the ratio 1s approximately constent.

The deviation from .a constent value of this ratio is due to planing
forces which exist in an oblique.impact and become more important for -
low flight-path angles and high trims. The conditions of large flight- -
peth angle and small trim previonsly edjudged to be of primary interest
to the designer ocnstitute the renges in which the deflectlon retio is
feirly constant and the approximate method of correction should give

a fair degree of accuracy. The present solutions are considered to

be for conditions sulted to correction of the results to other conditions
of greatest practical interest; they represent a moderately severe
combination of flight-path angle, wave slope, and trim chosen to
facilitate correlation of the theory with an impact which resulted in

svbstantial damage to a well-instrumented flying boset during flight
tests. . :
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The equations presented herein are not valid for zero trim;
an agsumption that the float is prismatic gives solutions of
infinite wetted length and infinite force for zero trim. Solution
for 39 trim and a prismatic float is much simpler than a correct
solution for C° trim because necessity for consideration of
bow ehape is eliminated. The solution for 3° trim may be taken
as an approximation of the critical dcsign lcad or, as illustrated
in the following section in a comparison of theory with experiment,
ag an empirical factor, which includes bow effects, may be used to
convert values of acceleration and time for 3° trim to values for
0° trim. ' , :

COMPARISON WITH EXPERIMENT

Impact-basic deta have not been obtained for suitable models,
and most flight landing data have been inadequate for the present
study. The only data which appeared suitable for this. ccmparison
are those which were obtained with a four-engine flying boat, the
data for which heve not. been published. Data were obtained for a
large number of test lendings, but only one of the impacts is
very vell suited to the vreseat analysis.  This impact geve loads.
sufficlently high %o cause larse effects of elasticity of the
vings: The impact occurred against the flank of a sizable wave
(4 £t) end thus facilitated the use of results based on a planar
water surface. The present comparison of theory with experiment
will be restricted to this impact since other impacts involved
more complex contact with seaway and gave less force, .

The horizontal speed, rate of descent, and trim were recorded.
A -large number of presswre instruments distributed in the hull
permitted detexmination of the water surface relative to the hull.
Data recorded by these instruments indicated thet the wave slope in
contact with the hull was approximately planar, that the trim
relative to the wave slope vas 0°, that the resultant velocity,
considering the speed of the wave, was 85 feet per second, and that
the flight-path angle relative to the wave slope was 14°.

Structural data available for the test flying boat are not
adequate for the present analysis. Since this flyirg boat has the
same number of engines and spproximately the same gross welght and
horsepover as a landplane for which & large amount of structural
data is available,_assumption,iS'made that the flying-boat wing has
the same mode shape and mass’distridution as the wing of this land- -
plane. Use in equation (BG) in appendix B of data for the landplane
given. in reference 3 leads to the following mass ratio of the two- '
mess systen representing the fundamental mode: '

b

e
T
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Based on. study of the accelerations at several. points in the test
flying boat during periods of relatively free vibration in which the
fundamental wing bending mode appeared to be predominant, a natural
frequency of -3. 6 cycles per second was selected for use in the
present example The fundamental mode frequency of the Wing of the
landplanc is 3.4 cycles per second. (See reference 3.) -

Since the mass ratlo is equal to 0.25, figures 2 and 6 are
used to approximate the action of the fundamental mode. Further,
substitution of values for conditions for this impact in equation (2)

results in use of the specific .time history given for E_ = 1.2,

Substitution of the ‘contact conditions in the load and time coef-
ficients fixes the load and time scales in an absolute sense-.
Corrcction from 3° trim to 0° trim may be made by assuming that
the shape of the time history is approximately the same for both
conditions. - Empirical correction of the curves from 3° trim to 0o
trim may be seen from refsrence 2 to raqulire a 10-psrcent reduction
in the acceleration. An andlysis of data obtained at the

Langley impact basin. for impact at 0° trim indicates that correc-
tion of the time scale from 3° trim to 0° +rim requires a 10- -percent
reduction in the tlme leues.

Eydrodynamic force.- The nodal-point acceleration n4, obtained
by the procedure discussed herein, represents the hydrodynamis force,
in multiples of the weight, applied to the flying boat. ' Since the
experimental data do not provide measurement of the hydrodynamic
force as such, direct comparison of the theoretical force-curve
results with experimental results is not permitted. Instead, a
compariscn of the theoretical response of the structure with the
experimental response 1s necessary, and, if the agreement is
adequate, it may be concluded :that both the throdynamic and the

structural actions are adequatelv represgented.

Before a study of the,response of the structure 1s mads, the
theoretical effect of the response on the hydrodynamic force should

- be.observed. This observation ig made by comparing the force curve

obtained for a mass ratio of 0.25 with the force curve for a rigid

structure. Both curves are included in figure 11. The curve for

o _ : -/
the case of a rigid structure Ei = 0 was obtalned from reference 1
for 3° trim and corrected to the conoitione of the present example
as prev1cuely indicated. Comparison cf the curves for mass ratios
of 0 and 0.25 shows %that in the present example the theoretical
effect of the structural olasticity on the mzximum hydrodymamic
force is to reduce it 15 percent. For the hypothetical condition
of a concentrated wing mass located at a point in each semispan
of ‘a massless wing structure, the conditions of the present
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example would give theoretical reduction in the maximum hydrodynamic
force due to structursl elasticity of Lk percent. This result is
indicated by comparison of the maximum of the curve in figure 11 for
'a mass ratio of 1.36 with the maximum of the curve for mass ratio

of 0.

The curves in figure 11 show only reduction of the hydro-
dynamic force because of structural elasticity. It should not
be concluded, however, that the effect is always in this direction.
Figures 2 to 6 show thaet in some cases the hydrodynamic force is
increased; the maximum increase which was calcvlated was of the
order of 12 percent. '

Hull acceleration.- By combining the results for the two-mass
case with approximation of the pitching action on the basis of a

rigid structurs, the following equation may be obtained for the
hull acceleration at different longitudinal stations:

ny = ngf o+ ng ] (7)

vhere
ny, hull acceleration

f=1+-—-

12

distance from station to center of gravity

L]

k radius of gyration’(lZ f% in present example)

o~

distance from resultant hydrodynamic force to ce_nter of gravity

: The forebody length of the flying boat is 31.75 feet. Because
of bow effects, a length of 25 feet is assumed to have a rectangular
loading for this zero-trim impact and the resultant force is.
located 12.5 feet forward of the step which leads to & value. of

1 equal to 8 feet. Use of the foregoing procedure .to calculate
time histories of the accelération for two stations in the hull
-at which accelerometers were located gives the curves in flgure 12.
The maximum accelerations recorded at these stations are also shown;
agreement with the computed maximum acceleration is good. The

full experimental time history is not included because the film
speed was not great enough to permit accurate determination of the
shape of the time history.. .This. factor, together with some
uncertainty in defining the exact instant of contact, prevents exact
check of the time to reach maximum acceleration; thus, the experi-

mental points in figure 12 are located at the theoretical time of
maximum acceleration.
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Although the sgreement of calculation with experiment in
figure 12 is good, this agreement can be interpreted as confirmation
of the elastic action of the structure.only to the extent that
disagreement ‘of hull accelerations computed on the basis of a rigid
structure can be shown. Values of meximum accelerations computed
for a rigid structure are included in figure 12. The disegreement
with experiment is greater than for computetions in which the
elasticity of the structure is considered. The difference is small,
however, because the effeet of elasticity in increasing the hull
acceleration for e given force ig largely offset by the effect of
elesticity in reducing the hydrodynemic force. Since the probable
accuracy of avalleble data must be considered, experimental proof of
" the theoreticel effect of the. elasticity on tne hull acceleration
cannot'be claimed. Support for a conclusion in this respect, however,
can be obtained by comparing the theoretical response of the wing
with the experimental response. ~If the wing responds ag agsumed,
the basic equations require that the hydrodynamic force and hull
accelerations be as calculated.

Elastic. axig.- Use of the nodal and oecillatory accelerations
of the representative tvo-mass system to predict accelerations along
"the elastic axis of the wing requires consideration of the fact that
the olastic axis of the wing is not at the center of gravity of the
flying boat, An approximate correction may be obtained by multiplying
the results for the two-mass case by the factor f which is used in
equation (7). This correction is not entirely consistent with that
given by equation (7), but each approximation is considered more
accurate for its particuler case. An improvement to the present
correction vhich would change the results 2 to 3 percent might be made,
but the complication is not considered to be warranted. :

In the present example the value of f 1s 0.86. Application
of this factor, of equation (B7) of apnendix B, and - of pertlnent

- structural data given in reference 3 gives the curves. in figure 13

in representation of the acceleration time histories of the elastic.
axis of the wing for the hull inboard-engine nodal outboard-engine,
and tip stations. o . -
Wing torsion.- The tor81on of the wing during 1mpact may have
substantial effect on the acceleration of engine and nagelle
masses forward of the wing. Use of the procedure which gave the
accelération time histories in Tigure '13. to calculete the accelera=
tion at the engine gives a maximum acceleration of 3g at the -
inboard engines and & maximum acceleration of 5.6g at the
outboard engines. The relative magnitude of these values is in

" strong disagreement with the fact that during this impact partial
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failure of the'inboard-engine mounts occurred, but- the outboard-
engine mounts were not damaged.

Since the structural data used in the preceding computation
are for the actual fundamental mode, their use in impact calcula—.
tions involves assumption that the coupling between the torsion .
and bending corresponds to the coupling which exists in natural
vibration. Actually, the torsional deflections in impact are
determined not merely by the bending deflections. but also by the .
large nodal acceleration, which does not exist in natural
vibration.

In the present example the results which have been calculated
for impact of a two-mass elastic system will be used to predict the
responge of the engines. The. proceduré for doing this is to select:
the proper solution and then to adjust the acceleration and time
scales of the two-mass solution so that the maximum acceleration of
the nodal point corresponds to the maximum acceleration of the elastic
axis at the engine station. The acceleration' of the upper mass of
the two-mass system then represents the responsge .of the -engines;
however, because of the eccentr101ty of the impact, an increment
must be added

Data obtained from Guggenheim Aeronautical Laboratory, California
Institute of Technology include the torsional deflection of a station
inboard of the outboard engine for a given moment applied at the wing
tip. For a flying boat the absence of cut—out for the landing gear
tends to give a stiffer wing; therefore, in the present example,
deflection measured on the wing of the landplane slightly inboard of
the outboard engine is considered applicable to tlhie outboard—engine
station. Relative deflections between the inboard and outboard
engines are estimated as follows: ‘

(1) Torslonal deflection at inner engine equal to 1 unit due
to each engine, or 2 units total

(2) Torsional deflection between inboard and outboard engines
equal to 2 units because of greater distance of flexure, boosted -
to 3 units because of increased flexiblllty of structure .

On the basis of data from Callfornla Institute of Technology
the average of the static moments of the inboard and.outboard engines
is taken as 22,000 foot-pounds. - After determination of the:torsienal
deflection at the outboard engine for this average moment applied at
the wing tip, multiplication by the ratio 1/2 gives a value for the
static deflection of the inboard engine and multiplication by the
ratio 5/4 gives a value for the stdatic deilection of the outboard

englne
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An approximation to the calculation of the response of the
engines to the total acceleration of the elastic axis is to.
neglect dynamic interaction between the engines and treat each
engine as a single-mass oscillator having a netural frequency
determined by its static deflection. Such a procedure gives
values of 7.6 cycles per second for the inboard engine and.

5.1 cycles per second for the outboard engine. Use of those
frequencies to dotermine t, and division of tn by t; (%4

equal in this case to the time to reach mayimum acceleration of
the curves in figure 13 for the station in question) leads to -
valucs of: tn/ti for the inboard and outboard engines. The

next step is to select a mass ratio which for these values of
tp/t1 has a shape of the nodal acceleration time history,

which approximates the shape of the acceleration time history

for the elastic axis at the station in question. In the present
example the mass ratio of 0.25 1s used._ Scale factors for both
the load and time scales are determined so that the maximum.

nodal acceleration for the two-mass solution will agree with the
maximum acceleration and time to reach maximum acceleration of
the elastic axis at the station in question. After these factors
are applied to both the nodal and oscillatory curves for the
solected mass ratio and time-period ratio, use of the results

and equations (B7), (B5), and (B2) in appendix B to calculate the
acceleration of the sprung mass of the two-mass system gives
accelerations of the engines. Approximation and superposition ‘
of the pitching action on the basis of a rigid structure leads to-
the solid-line curves given 1n figuro 14 for the accelerations of
" the engines. :

Also included in figure 14 1s the design ultimate acceleration
for the engine mounts. Comparison of the calculated engine
accelerations with this value shows agreement of the calculation
with the fact that partial failure of the inboard-engine mounts
occurred but the outboard-engine mounts were not damaged.

During the impact an accelerometer was located at the
outboard-engine station intermediate between the elastic axis
and the engine. A calculated time history of the acceleration
~ at the accelerometer location is given in figure 1l; this time
history 1s based on linear interpolation between the computed
accelerations at‘the engine and the elastic axis at this station
in accordance with the proportionate distances involved. The '
figure also includes the recorded maximum acceleration at this
point and shows good agreement of the computed acceleration
therewith.

Acceleration time histories for the pngines, computed on the’
basis of a rigid structure, are included in figure 14. The maximum
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'accelerations computed on this basis do not agree with the
structural failures which occurred. -Furthermore, the fact that
the curves computed on the basis of a rigid structure reach a
maximum at the same instant of time 1sin strong disagreement

"with experiment, which in this respect is in approximate agree-
ment with the computations for an elastic structure. '

Difference between the ratio tn/ti for the inboa:d engine
and outboard-engine stations is primarily responsible for
difference in the calculated response of the engines. Most of
the difference. in this ratio for the two stations is not due to
difference in the spruno-engine frequency dut is due to the
greatly differcnt time to reach maximum acceleration t; of

. the elastic axlis. Agreéement with experiment of the response
fcalculated at these. etations provides indirect confirmation of
the acceleration time htstories predicted for the elastic axis
at these locations by the normal-mode method.

For the impact, experimental data are not available for
checking the tip acceleration, which is predicted on the basis -
of the normal-mode method, but the initial downward acceleration
and. the 12g nmaximum acceleration shown in figure 13 for this’
station are In general agreement with results recorded in severe
impacts of other airplanes. Agreement of the computed hull
acceleration with experiment has alreedy been shown; in an
indirect manner all the curves in figure 13 exhibit satisfactory.
agreement with available experimental data. Although the response
of the engines is different from the response assumed in
- calculating these curves, it appears that in practical use ‘the
two-mass solutions given herein can be interpreted -on the basis
of the normal-mode method to obtain both the response of the
elactic .axis and the hydrodynamic force. Further, it appears
that in practical problems modification of these. two resuvlts is
not required when accelerations of the engine different from the
accelerations ‘predicted by the normal-mode method esre determined;
the merit of this statement should be independent of whether such
modification 1s made by the method used heérein or by another method.

In the forogoing comparison agreement of calculation with
experiment is obtained without consideration of the response of -
modes higher than the fundamental mode. If, when more data are
available, it is shown that the response of the highor modes can
be determined by treatment parallel to that given the fundamental
mode, the two-mass solution given herein can be used to predict
their response by selecting a solution, for a mass ratio and
natural frequency representative of the higher mode, vhich Las a
nodal acceleration curve of approximately the seme shape a8 the
hydrodynamic~force curve.
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CONCTUSTONS -

TheoreticaJ solution of nydrodynamic 1mpact of -a hull mass

t-connected by & spring to an upper. mass, :the. results of calculations

for.vide. ranges -of mass ratio. and, natural frequency, and .the-‘use

. of theseé results in a:comparison.of theoretical data. With test
.data for a 91ight test landing impact indicated that' Lo

1. In flying-boat impact the effect of the 8 ructural response

. -on the -hydrodynemic force -might be subgtantial, the shape of the

force time ‘history might be considerably changed -and ,the maximum
.hydrodynamic force might be either reduced or increased.,gﬁ»A R

2. The greatest reduction in. throdynamic force occurred
for -the condition of la‘ge mass ratio and - ]ow value of spring
constant. . . .

5 3 The normal~mode method wae a. practical means for determining
the. equivalent two-mags. gystem which represented the maJor elastic
action of the airframe, for predicting the effect -of this action.

of . the Jhydrodynamic force, -and for approximating accelerations

along the elastic axis of the wing.; . B

, h The acceleration of engines contained in nacelles forward
. of the wing could not be computed on' the basis of coupling between
,torsion and bending as in the fundamental mode,:but simple treat-
ment of their response to the combined translation and oscillation
...of the elastic axis gave agreements with experimental accelerations
.and gave an explanation of partial failure of . the inboard engine
mounts during impact. i . .

!

Langley Memorial Aeronautical Laboratory
National Advisory Committee for - Aeronautics co
. Langley Field, Va., March 17, 1947 -+~
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APPENDIX A

MATHEMATICAL EQUATIONS AND METHOD OF SOLUTION

Equations of-Motigﬂ

- The following equations of motion, which were derived from
equation (30) in reference 2, are for fixed-trim impacts of a -
- rigid prismatic float connected by a massless spring to a rigid .
upper mass: ' c :

The acceleration of lower mass normal'to water surface in
feet per second per second .can be expressed by the equation

1 . k.. ,
BAYL?(yL + Ky COSII)Q +~ES [5%%‘_+ (ms + mL) (YL-' ?Lot)

t ‘ bt : '
+ QKlA'CQS T f yL3 dt + '3AK12 COSQT f f .ngdt dt ‘—’_"l‘““'"
¢] . 0 Y0 '

¥y =

\

The acceleration.of sprung mass normel to water surface in
feet per second per second is expressed by the equation

¥g = m..% (AyL3 + mL)"'yL.+ 3AyL2(yI; + Xy cos T )2] \ (A2)

The acceleration of nodal point normel to water surface in
feet per second per second is given by the equation

o _ D¥p + mglg . _
Jp. ® ————— ” _
' LmL'+vm$ I : . . (A3)
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The spring constant in pounds per foot of deflection can be
expressed by the equation

W mmg)es?
K5 — (nfLmS) n . (Ak)
my, +
wheré ‘
T oo ein?T
Ky =2, 810 7~ 1, oo w

T ban TN/ e\

' (26 ) (\ 2 tan @) % sin T coseé)

¥y, veloc*ty of lower mass normal to water sur¢ace, ft/sec_
¥, draft normal to water eurface, ft

B engle of dead rise, radians

| T 4angle of trim, deg .

iLo initial velocity normal to water eurface, ft/sec‘
i1, initial velocity parellel to water surface, ft/sec
mg - SPrung mass, slugs . . | |

my, lower mﬁss} slugs

fn natural bending frequency, cycles/sgq

p  mess density of water, slugs/ cu ft

‘Computing Directions

A sample data sheet is gliven as table I. In this table the
numbers in circles refer to rows; the circled numbers under the.
row headings refer to computed values t6 be used for the cemputa-

. tions. In the first column the time is equal to zero, in the
second column the time 1s At, and in successive columns the time
1s 2 A%, 3‘A$,‘ and so forth. Fach row is computed in sequence for
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ény'givon column-before'én&:rdﬁfié‘Edmpute&.foﬁ‘the?hextfbolumn;
except for the first colum. 'In the first colum the assumed
value of ¥y, 1s the given valwe of . Jy.. All other values are

-zero except tho values for rows (), @ and € which in thts
cagse are also"yLo. prér-dasew:p‘ és a subscript on a rov
number refers to the computed value in the indicated row of the
~preceding column. T : IR

Fach row héading indicates the general operafion to be _
performed. When the data sheet is .set vp numerical values should
be substituted in the row headings for the expressions that are.
constant for a specific case. The constants for the sampl
computation, given in table II, are as follows: )

K & 4 & ¢ 0 0 2 s 4 46 4 s e e 9 o ¢ o € o+ o s e ¢ o ¢ e o . 10766h

Kl . . . . . . . l L] . . . . . '0 . . . . . . . . . * . [ ] ¢’ h.?.h-Sl?
A L e R I I e e I R a ¢ o e o o o 133 0919
B, deg . 0 L A I e R Y R N T S S S S e ¢ e v s o o 22 05
T, deg ¢ 0 e o o v o e e o o e * o f e & 0 0 4 0 e .. 3
yLo, ft/sec L O e R e A I I T ‘« o o e o. ¢ o+ 20 06673
x‘Lo’ ft/sec ¢« 0 c‘ ¢ ¢ o o e o . e o o o o * ¢ s s @ 82 01585 :
ms . - s o * ¢ . [ ] LI ] ' ¢ e o o o s @ . e e . . . . LI ) 715 0217
mIJ 0‘ ¢ o o 4 8 ¥ e ¢ e e 6 6 8 o & e o 6 ® o e * 0 o e ¢ 525 0776 )
fn, CYCleS/SeC 0' . . . [ ] . . . . . . . . . . -ll . L * * . 3
p, slugS/cu ft ¢ 0 ¢ 8 s e. s 8 e s s s o @ P e + e e & e » 1 0938
At, sec * . . . . L] . . . ] [ ] . . -. . . ' . . * . . . . . . O 0005

For most solutions a time increment At of 0.005 second 1is
satisfactory. (The value of - At may be varied by considering the
time for = given mass to reach a maximum acceleration.)

The number of significant figures to be used should be chosen
on the basis of the computing equipment available and the accuracy
desired. Comparison of.a solution computed with four significant
figures with results which had been obtained with six significant g
figures gave a difference of about 1 percent in the maximm
acceleration.

8 the computations proceed, the lower-mass acceleration
(row @), the eprung-masg acceleration (row ), and the nodal-
point acceleration (row , all in g units, should be plotted
against time (row @) in seconds. Each time a column is completed
the new points should be added to the plot. This plot is the
only brief method of checking on the accuracy of the computation
until sufficient solutions are obtained to permit cross-plotting.
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' If tho poiniss do not 11e on a. amooth ciitve.-an. error Has been made

in the: computations.~ If an- error ig’ ‘made: every valuo computed I
thercafiter. conta.ins the exror and therefore great care: must: ‘be e
taken. T T Ry e

The number of columns roqu:lred for the anputa.ti s"'dcﬁeﬁd,s Puns
on tho- numbor of colums required for rows and’ @ 0" pasa
their rospective maximums. At least thres éolums should<be:::.
com’guted beyond the colum in which row @ reaches its maximum
va-l.u.e . . o -. N ’ s ” ‘\' -i..'.'-.’
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APPENDIX B

RELATIONS BETWEEN TWO-MASS SYSTEM AND REPRESENTED

STRUCTURAL. MODE

The sum of the messes uy and 'ms showvn in figure 1 must
equal the gross mass of the represented airplane in order to
obtain the proper nodal acceleration. For the hypothetical limit
condition in vhich the wing mass is concentrated at a single
point in each semispen, my 1s the actual hull mass and mg is
the actual wing mass. In order to take into account the more
complex nature of the structural action for a perticular mode
the determination of the ratio of these masses is necessary so
that the vibrational energy of the simplified and represented
systems are equal for the same vibrational awplitudesof ny, and
the actual hull or point of force application.

On the basis of the theory of vibrations, for which equations
are included in reference 3, the vibration energy E of the two-
mass system 13 given by the equation

E 110241 nod -

;E = 3 mPL” + 3 WP . (B1)

" where

@1, vibrational amplitude of mL relative to nodal point of
system

s vibrational amplitude of ms relative to nodal point of
system

w natural frequency

Since for the two-mass system the node is at the center of
gravity

Mm@ = Mg | - (B2)

Combining equation (Bl), equation (B2), and the fact that the
total mass m 1s equal to the sum of the masses mg and my  the

£
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following equation can be obtained for the vibrational energy E
of the two-mass system:

o? 2 mg oL ) ‘

The vibrational energy of the represented mode is a function
of the spanwise mass distribution and mode shape. On the basis
that the semispan of the airplane is divided into J sections or
stations, the vxbrational energy of the mode can be written as
follows:

N,

f% = % <%l¢12 + mgwee + m3¢32 e+ m3¢52\ (BY4)

where

'mj mass of Jjth spanWiseAseotion; value for semispan doubled to
) represent the entire span ' : '

@1 deflection of mass at Jth spanw*se section relative to
. ~nodal point (h J) -

h'j deflection of elastic axis at jth spanwise deflection relative
. to nodal point

x chordwise distance from elastic axié to effective mass center
aj torsional deflection at jth spanwise station

Equality of the vibrational amplitude of the lower mass of
the simplified system to the vibrational amplitude of the hull or
fuselage of the flying boat or airplane relative to the nodal
point of the represented mode is expressed by . the equation

oL =0 | ()
where '

@h deflection of hull or fusélége of flying boat or airplane
relative to nodal point of represented mode

The requirement of equal enerzy of the simplified'and represented
systems for the condition expressed by equation (B5) gives combination

»



of cquations (B3), (Bh), and (B5) to obtain the following equation
for the mass ratio of the two-mass system:

2

L 2
% - 5 mcphé 5 v (36)
nh?l_ + m 9, f‘?3?3 R mij._ '

'Computa ion of the natural frcquency of wing modes has received
a great deal of attention in connection with study of wing flutter
and need not be treated herein. Incidental to calculation of the
natural frequency, a mode shape is attained which, together with
knowledge of the mass distribution, permits use of equation (B6).
In cases in which the wing has been constructed, the mode shape
and natural frequency may be determined experimentally., Equation (AlL)
in appendix A of the present paper permits computation of the spring .
constant which for a given mess ratio of the simplified system gives
the required natural frequency. ¢

After the accelerations of the two masses of the eimplified
system have been computed, equation (A3) of appendix A fixes the
magnitude of the nodal acceleration. The differcnce between the
nodal acceleration and the hull, fuselage, or float acceleration
can be taken as a measure of the oscillatory acceleration. On
the basis that the structure deflects in the mode used in determining
the equivalent two-mass system, the acceleration at any point is
given by the equation

94
= —J B
np =0y + 1, o - (BT)

The foregoing equations, with consideration of rotatory
inertia and energy, may be applied to the case of a tip float
attached to a flexible wing if the stiffness and mass distribution
are. nown and a manner of structural deflection is assumed.
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TABLE I.— DATA SHEET -~ CENBRAL TERMS

Column

®

o - o)

ONCICEORCNCRGRONONBOICICNE, @@6@@@@@@@@@5’

Bow heading 1 2 3
Time, seo 7
@p;-jx', asoumed
(@pX&)"’@p"L’ n
ONEE

@3fy3-3

OREE"
(@;chos1->2®x3a
®xt

(m+m) (@ -3, x D)
(© O] @, [
2K1Aeoe-rx®

(® @8]+ @, - [ 5o

38K, %000 x @3
@0 +®
@)
(Ax@)+mL

= ¥y, £4/asc?
(@« @)%
@® + @,
VL, + )
®. .2

@ @ yL assumed for next interxval

53 = 'js, g units
%Qé = .’:LJ g units
(mg, %2 “s(’”s X @D) = ¥, g unlts

(®+ @Q%—]+ @D-L/:Kyl‘edtdt

RATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS
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TABLE II.- SAMPLE COMPUTATIOR

| [Conetants ere from appendix A

Colum §
Rov! . Rov heading N 2 3 . . p - . a .
(DlTme at, sec (0.005) 0 0.005 | 0.0l0 | 0.005 | 0.2 | 0.025 [ 0.030 | 0.0%3
‘ (@ @Qp 20.6673| 20.6673 | 20.6420 | 20.5287 | 20.2688 [ 19.8250 | 19.196h 18,1859
@(@pxo.oos') ¢©p . o ]0.103337 {0.206579 |0.309380 |0.b11128 J0.511025 }0.608174 |0.701700
@ @2 0 |0.000679 |0.082675 10.095716 [0.169026 |0.26111k7}0.369876 |0.4923683
Q) @3 o lo.00110% {0.008816 10.020613 |0.069491 |0.133453 {0.22k0k9 10.345505
\ @ @" o lo.00011b |0.001821 [0.009162 |0.028570 {0.068198 [0.136808 j0.2k2kh1
@ (@»h.z;‘r}.é)?- (%) x bo1.757 0 2661.07 | 10612.5 | 23586.5 |W0782.0 | 60767.4 | 81602.9 | 101246
| @) ©) x 3345798 o lo.003807 [0.060067 |0.3067h2 0.956518 | 2.28326 | 4.5803% | £.11668
@ 1240.99 @ - (20.6673 x @)] (] (] -0.116653| -0.781828 | -2.75252 [-7.0”152 |-14.8095 |-26.87ha
) [(@ +@p)o.oo'5] + @, o |0.000003 |0.000028 [0.000124 |0.000373 |0.000879 10.001775 }0.003201
@ 1135.92 % [¢] 0.003405 0,03_1778 0.150730 |0.522190 [0.99T595 | 2.01448 3.63288
@ [(® + ®,) 00055] + @), o |0.000027 [0.000160 |0.000506 |0.001168 0002243 {0.003821 {0.005977
- B [(@ + @) 0.0025} + @, ) 0 o {0.000002 |0.000006 [0.000015 {0.000030 |0.00005k
@ T213.62 x Q3 0 o Y 0.015427 [0.083282 [0.108204 |0.216L09 [0.389525
| BE+@+@ +® o |o.001202 |-0.023903-0.319925-0.133053-3.63246 |-7.88831 |-14.7356
‘ @9 (150.533x @) +@ 0 2662.16 | 10608.9 | 23538.3 | 50581.7 | 60270.6 | 80k15.5 | 99028.0
@ | (133.929 x () + 55.776 o |50 | 56957 529.T42 | 535.082 | 543.648 | 55.901 | 572.946
-@/@ [ -5.06187 |-20.1324 [-44.4335 |-75.8420 {-110.TT1 -144,658 [-173.112
| (@ + @) 0.0 o |-0.017655{-0.062986|-0.161415|-0.300690 | -0 466533 -0 638573 -0.79kU25
| @ (@ + @p 0 -0.012655 | -0.075641 {-0.237056|-0.537T46 -1.00428 }-1.6b205 |-2.43728
‘ @ 22,6673 + () 20.6673] 20.6546 20.5917. 20.4302 | 20.1296 | 19.6630 | 19.0245 | 18.2300
@@ @) + 20.6673| 20.6483 | 20.5602 | 20.3495 | 19.9793 | 19.4297 | 18.7052 | 17.8328
: ® @+ 20.6673] 20.5420 | 20.5267 | 20.2688 | 19.8200 | 19.1964- | 18.3859 | 17.4355
\ @ | [-0-001398 @ - Q@)]/yez o l0.000087 |-0.000156|-0.002093{-0.008696-0.0237k0|-0.051552] -0 096297
® @/32.2 0 1-0.157201{-0.625230|-1.37992 |-2.3553% |-3.4k009 [-b.bgak8 |-5.37615
@ (525.776 x ®1l.h%‘g15'2” x @) o |-0.066575|-0.261083]-0.5858 | -1.00201 |-1.67116 |-1.93306 |-2.33323

HWATTONAL ADVISORY
COMMITTER FOR ARRONAUTICS
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Fig. 9
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Fig. 11
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Fig. 12
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