NACA 1IN 19U0

NATIONAL ADVISORY COMMITTEE
FOR AERONAUTICS

TECHNICAL NOTE 1908

GENERAL ALGEBRAIC METHOD APPLIED TO CONTROL
ANALYSIS OF COMPLEX ENGINE TYPES
By Aaron S. Boksenbom and Richard Hood

Lewis Flight Propulsion Léboratory
Cleveland, Ohio

Washington
July 1949




NATIONAL ATDVISORY COMMITTEE FOR AERONAUTICS

- TECHNICAL NOTE 1908

GENERAL ALGEERAIC METHOD APPLIED TO CONTROL
ANALYSIS OF COMPLEX ENGINE TYPES

By Aaron S. Boksenbom and Richard Hood

‘

SUMMARY

A general algebraic method of attack to the problem of con-
trolling gas-turbine engines having any number of independent
variebles was utllized employing operationgl functions to describe
the assumed linear characteristics for the engine, the control,
‘and the other units in the system. Matrices were used to describe
the various units of the system, to form a combined system show-
ing all effects, and to form a single condensed matrix show1ng the
principal effects. This method directly led to the conditions on
the control system for noninteraction so that any setting dis-
turbance would affect only its corresponding controlled variable.
The response-action characteristics were expressed in terms of the
control system and the engine characteristics. The ideal control-
system characteristics were explicitly determined in terms of any
desired response action.

INTRODUCTION

The current development of gas-turbine engines indicates a
future trend toward a wide variety of engine types. As new
engines are developed or built by combining basic components of
~existing engines, the control problem presented by each engine

type will be different. Control systems satisfactory for one
engine type could not be expected to operate for another engine
type. Even engines of the same type but of different size or
operated under radically different conditions may have different
engine characteristics that require special control character-
istics. The current fluid and indeterminate state of gas-turbine
development -indicates a need for a general control analysis that
could be applied to any of the new engine types as they are
developed.

The control problem for engines differs from that for many
plants, servomechanisms, or electric networks, because the control
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of more than one variable is desired. At least those variables
that may cause failure should be controlled. For gas-turbine
engines, failure may be caused by excessive temperature, speed, or
torque. Exceeding specified burner operating limits may cause
burner blow-out. Thus, the problem of controlling more than one
variable is basic for gas turbines.

In control design, limitations may be placed on such char-
acteristics as time of response, maximm undershoot or overshoot,
dead-band, or steady-state error. This problem is the subject of
much of the control literature to date and various methods of exact,
approximate, and graphical means of solution have been developed
(reference 1).

Controlling more than one variable generally introduces an
interaction among the controlled variables. Making a new setting
for one variable may cause, during the transient state, changes
in the other controlled variables. If these other variables are
operating at or near a maximum point, this interaction may cause
excessive values and possible damage to the engine. It would
therefore be desirable that each new setting of a controlled .
variable affect only the variable being set, thus giving separate
noninteracting control of all the variables‘being controlled.

A general algebraic epproach to control problems of multi-
variable engines developed at the NACA Lewis laboratory is pre-
sented herein. This method leads to the conditions on the control
characteristics to eliminate interaction between control variables

and to an explicit solution for control characteristics to yield
any desired response action.

SYMBOLS
The following symbols are used in this report: |

a,b,c,e constants

C or C(p) control function to which engine-dependent-variable
errors are applied

C' or C'(p) control function to which engine-independent-variable
errors are applied

" E or E(p) engine-characteristic function

Ex* square matrix using first i1 columms of engine
matrix
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determinant of E¥ matrix

cofactor of Ejk element of E¥* matrix

general operational function

number of engine-dependent variables being controlled
instrument-characteristic function

engine speed

measured value of engine speed

number of engine-independent variables

operational symbol

response function for controlled engine-dependent
variables '

response function for controlled engine-independent
variables

servo-characteristic function
engine temperature
measured value of engine temperature

uncontrolled transient disturbance in engine-
independent variable

engine fuel flow

measured value of enginelfuel flow

signal to engine fuel-flow servo

setting of engine-independent variable
engine-independent variable

measured value of engine-independent variable

signal. to engine-independent variable servo



4 NACA TN 1908

Y setting of.enginefdependenﬁ variable

Yy engine-dependent variabie

§ measured value of engine-dependent variable
8 propeller-blade angle

B signal to propeller-blade-angle servo

4 engine-interaction factor < = %§>

T engine time constaht

Subscripts:

Jk,r,t,v,u indices

s setting of specific engine varisble

ANALYSIS

The systém considered herein is essentially that shown in

.figure 1. This block diagram describes a typicel engine and con-

trol system. The general system configuration chosen is the one
employing negative feedback in which error in the controlled
variable is fed back into the control. The engine is represented
as a box with a characteristic function E the input of which is
the engine-independent variable x and the output is the engine-
dependent variable y. The characteristics of the instrument
measuring the.value of the controlled variable is denoted as 1.
for which the input -is the variable itself and the output is the
measured value F. This error is the difference between the
setting Y and the measured value of the variable ¥F. The char-
acteristics of the control are denoted as a function C. for which
the input is the error and the output is a signal X to a servo
unit, which is the device that actually changes the engine-
independent variasble and completes the loop. The servo character-
istic is denoted as the function S and may be considered as a
part of the control or as a separate entity, as shown in figure 1.

In addition to the intentional disturbance made on the con-
trol setting, inadvertent transient disturbances may appear in
any part of the system. One possible source of such transient
disturbances has been included as an uncontrolled change in
engine-independent variable. The variable x is thus the sum
of a controlled part and of an uncontrolled part V.
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The characteristic functions used to describe the various
units of the system are operational functions or Laplace transforms.
The dynamic characteristics of gas-turbine engines, controls, and
servos can be approximated by such operational functions at least
for the small deviations of variables in which the linear assumption
is valid. These operational functions can be used without refer-
ence to the initial conditions of operation before disturbances
occur, if the initial condition is a steady-state condition and the
values of all variables are their deviations from the initial steady-
state condition. 1In general, the unit can be described by a general
operational or transfer function as follows:

y=F(p) - x (1)

The block diagram for this unit can be shown as a box containing
the function F(p) for which the input is x and the output is .

One method of deriving the operatlional function for a unit
that approximately follows a linear differentiasl equation is as
follows for the equation given by

\

} + ay + by = CX + ex (2)

where the dots above symbols indicate derivatives with respect to
time. This equation can be algebraically represented in terms of
the differential operator or in terms of the Laplace transform

variable (reference 2). If the differential operator p is sub-

stituted for é%, equation 2 can be written

p%y + apy + by = cpx + ex (3)

If this equation is solved for y, an explicit expression for the
output can then be obtained as a function of p operating on the
input x as follows:

/

y:JI-"’L.x:‘F(p).x . (4)

p2 +ap + b

For each unit of the system, an equation similar to equation (4)
can be written in terms of the input, the transfer function, and
the output. A set of simultaneous algebraic equations is then
obtained that can be combined or manipulated in any desired menner.
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The resulting transfer functions can then be interpreted from the
domain of the variable p to the real time domain as time responses
of a variable to some specified disturbance. ~

For the system of figure 1, the following equations can be '
written:

Engine characteristic: \}

y=E-x

Control characteristic: |

=C « (Y-3)
(5)

Instrument characteristic:
Y=Ly

Servo and transient disturbance: '

Equations (5) can be combined for the effect of the disturbances Y
and V on the controlled variable y as follows:

ESC E
=—-—-——-—0Y+——-—————OV 6‘
v ESCL + 1 ESCL + 1 (6)
The previous procedure is, in general, followed herein. Equa-
tions, such as equations (5), are written for each unit in the
system and are then combined, as in equation (6), to obtain the
effects of the disturbances.

General representation of engine, - If the engine has more
than one independent variable, there are additional degrees of
freedom in control. The engine-characteristic function must be
expanded to show how each dependent variable of interest is
affected by all the engine inputs as follows:

yp=E 1° %+ Elz * Xyt e 0o + B0 x, \w
Y2=E21_-x1+E22'x2+...+E2n°x.n $
L[] [ e [ ] (7)
Y5_=E11'x1+Ei2'x2+...+Ein'_xn )
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In equations (7) each dependent variable y is expressed as a
linear sum of effects due to each independent variable x. For n
independent variables, there are n terms in each equation. There
is an equation for each dependent variable of interest. For i ‘
dependent variables, where i £ n, there are i equations.

The number of degrees of freedom of the entire system cannot
be greater than the number of degrees of freedom of the engine
alone. For continuously acting controls (excluding such controls
as limiters), the total number of engine variables being controlled
should not be greater than the number of engine-independent vari-
ables. Equations (7) can be written in the following index form:

n

vy = EE: By * % (8)

k=1

where

J=1,2’.ooi

The functions EJk represent engine characteristics whereby each
input separately affects each output. .

Equations (7) or (8) can be visualized in the matrix form of
figure 2. The engine functions are set up in a rectangular array
where Ejk represents the element in the Jth row and the kth

column. The x inputs enter the matrix in the columms and the
¥y outputs are attached to the rows. Each input multiplies all the
elements in its column and each output is the linear sum of the
resulting products in its row. Thus the effects shown by equa- .
tions (7) and (8) can be pictorially traced in figure 2. For later
use, a square matrix obtained by using only the first i columns
in figure 2 is denoted by E*,

General representation of control. - The control system is
generalized to this extent: (1) Inasmuch as the engine has n
independent variables, there are n degrees of freedom for the
entire system. If only a limited number i of engine-dependent
variables are to be controlled, the difference n-1 of the engine-
independent variables can be controlled. (2) The control system
employs negative feedback where only errors are applied to the
control. (3) Each error is to affect every engine-independent
variable. '
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The control equations are written:where each control output x
is expressed as a linear sum of effects due to the errors in the
controlled variables as follows:

x5 =0y ¢ (7)) + Cp ¢ (Tp32) + -+ - v Oy (Y4-33) )
. + C'1(1+1) * (xi+1-_ii+l) + ¢ o o+ C'ln (%-%) }(9)
_%n = Cnl ’,(Yl-.il) + an * (Y2-§2) + o o o + Cni ® (Yi-.;i)
+C'n(141) * (Rg41-%141) + - o« + C'nn * (Xp-Zp) )

There are a total of n controlled quantities, n errors, and

n terms in each equation. There are also n engine-independent
variables and therefore n equations., Those independent variables
to be controlled are given subscript numbers from i+l to n and
‘those controls to which the corresponding errors are applied are
denoted by C'.

The control characteristics of equations (9) can be written
in the following equation in index form:

-

i ' n
x =ch; (1T + E C * (F) (20)
v=l u=i+l

where

k=],,2,ooon

Equations (9) and (10) can be visualized in the matrix form of
figure 3. The control functions are set up in a square arrange-
ment where Cy. represents the element ih the ktB row and

vth -column, The error inputs, Y-y and X-x, enter the matrix

in the columns and the x outputs are attached to the rows. Each
input multiplies all the elements in its columm and each output is-
the linear sum of the resulting products in its row. Thus, the

effects shown by equations (9) and (10) can be pictorially traced
in figure 3.

Representation for Instrument and servo functions. - The char-
acteristics of the instrument measuring the value of the controlled
variasble has been denoted as L in equations (S5), the input of
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which is the variable itself and the output is the measured value.
These characteristics_can be written as’

: 55 =Ly ° Yy qj
where '
v = 1,2, e o o i $
: (11)
T Luu’ Y
where 4
H = 1+1 . ;/o n ')

The general assumption is made that each engine-independent
variable would require a servo, which would vary the variable in
accordance with its corresponding signal x. A source of transient
disturbance is included that may vary any of the engine-independent
variables outside of the controlled variation in these variables.
Thus, the expressions for the engine-independent variables can be
expressed by '

e = S " K+ Vg
where
k=1,2’ e o« o I (12)I

Each variable x 1is thus the sum of a controlled part and an uncon-
trolled part.

Analysis of complete system. - The determining characteristic
equations for all the units in the system are repeated.
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Engine: n
yj =z§:jEJk * Xy
k=1
where
J=212, . s .1
Control:
i - n
X =z€::ckv * (TyFy) + Zg::
v=1 p=i+l
vhere ‘
k=12, .. .n
’Instrument:
Yy = va~° v
where
v=1,2, .. . 1
| ENERLE
where
p=1+1 .. .n
Servo and transient:
T = S " X+ Vi
vhere

k =.1,2’ s« o o I

Cly * (X,-x)) (10)

)
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N
(8)

5(13)

(11)

(12)

y

These equations can be visualized in the matrix form of,
figure 4. This figure represents, by block diagram, the general
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system considered herein. This figure specifically is for an
engine having five independent variables for which three dependent
and two independent engine variables are controlled. The engine
- matrix is shown for the five inputs and the three outputs to be
controlled. The control matrix is shown for the three y error
inputs, the two x error inputs, and the five outputs to the
engine servos. The measuring devices, the servos, and the tran-
sients are also included. The entire system is enclosed except
for the outside disturbances, which can be imposed on the system.
These gre the five settings of controlled varisbles Y and X
and the five transient disturbances that have been included.

All the properties of the system can be obtained from this
block-diagrem representation. The effect of any outside disturb-
ance or any internal disturbance can be easily traced on figure 4.
For specific effects, the equations of each unit of the system,
equations (13), are most productive of results.

When equations (13) are combined to give the effects on the

controlled variables of the outside disturbances the following
equations are obtained:

n i : :
Rs =:§::425:Ejk Sk Cry (TyIygdy) +

k=1 v=l

Z Z B Sk Ol (BT, %) +

k=1 p=i+l
n .
ZEJk vy | (14)
k= ' '
where

J=1,2, ... 1
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n . . .
X, =:§{::Skk Cv(Ty-Lyvyy) + :E{:: Ska'ku(Xh-Luu xh) + Vi

Cw=l =i+l ' (15)
where
k =l1,2, e o« o N

Equation (15) is valid for the effects on eny (k = 1,2, . . . n)
independent engine variable. For the effects on the controlled
independent engine variables, equation (15) is used for k = 141
to n. A more condensed form of the matrix representation of the
system, shown in figure 5, is indicated by equations (14) and (15).
A single-system matrix is used in which the inputs are the errors
in controlled variables and the outputs are the controlled vari-

ables. The ESC matrix is a matrix in which the element in .J
n

row and vtR colum is Z E 3k Sxk Cxye Similarly, an ESC' matrix

k=1
is & matrix in whiqp the element in the Jth row and uth colum
n ‘ ) ,
is g Ejk Sk C'kye An SC matrix is defined as Skx Cxy and an
k=1

SC' matrix is defined as Sy c'ku‘ An additional matrix is
included showing the effects of the transient disturbances.

Noninteraction conditions. - Several types of noninteraction
may be specified as follows:

(1) A specific controlled varisble, such as Y3, 1is to be
affected only by its own setting YJ and is not to be affected

by any other setting, which means that in figure 5 the J row
of the system matrix contains only the diagonal element and the
other elements must be zero,

(2) Any specific setting, such as Yy, 1is to affect only its
corresponding controlled variable Yy end not any of the other

controlled variables. In figure 5 the tth column of the system
matrix contains only the diagonal element and ‘the other elements
must be zero:,
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(3) Every controlled variable is to be affected by its corre-
sponding setting only or every setting is to affect its correspond-
ing controlled variable only. This complete noninteraction means
that in figure 5 the system matrix is a diagonal matrix., In gen-
eral, the effect of the setting on the system is of primary inter-
est and a condition such as (1) is of secondary interest. The
interaction effects defined in terms of the effects of the settings,
such as (2) and (3), will thus be considered herein. .

For any setting such as Y; to affect only p 29 it is suf-
ficient from figure 5 that for all J from 1 to i when J # t

n :

Z Ejkskkckt =0 ' _ (16)
k=1

and for all u froﬁ i+l to n

SuuCut = O (17)

or

Cpt=0

Equation (17) states that the i+l to n elements of’ gt columm
of the C matrix (fig. 3) are to be zeroed. Along with this con-
dition, equation (16) becomes

i ' /

ZEJkSkakt =0 (18)

k=1

for a1l j from 1 to i where Jj # t. Equation (18) expresses
i-1 homogeneous equations in the 1 unknown C's and therefore
specifies the ratios between any two elements in the t'B colum

of the C matrix. This result becomes

Sj3 Cat _ IE*tjl
va cvt IE*tvl

- (19)
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as shown in the appendix. The notation E* refers to the square

engine matrix using only the first i columns, The notation IE*tj|

indicates the cofactor of the EtJ element of the E* matrix.
The necessary and sufficient conditions for any setting Iy to
affect only y, are
Cut = O . (173)
for all p from i+l to n and
S;: C Ex
JJ ~jt l tdl (19)

va Cvt - 'E*tvl
as shown in the appendix.

Now, for any setting X, to affect only x, it is sufficient
from figure 5 that

n

5 Egy Sgk Clir = O (20)°
k=1
for all jJ from 1 to i and forall pu from i+l to n where
ufr
Sy Clur =0 | (21)
or ’
C'ur =0

Equation (21) states that the i+l to n elements of the r'D
colum of the C' matrix contains only the diagonal term. With
this condition, equation (20) becomes

i
§ (Bgx S C'yer) + Bjp Sppp C'yp = 0 (22)

k=1
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for 811 J from 1 to i. Equation (22) expresses 1 homo-
geneous equations in the i+l unknown (C')’s and therefore
specifies the ratios between any two elements in the rth column
of the C' matrix., This result becomes

i
o Z IE*kjl Ber
39 ° g k=l (23)
v ¢ vr 1
2{: lE*kv, Ekr
N k=1
forany jJ and v frém 1 to i or
i
S,.C'. Z IE*kJ’ Ter
JJ 'Jr = k=1 (24)
Spr Clrr x|

as shown in the appendix., The necessary and sufficient condition
for any setting X,. to affect only x,. are:

C'lJ-r =0 ' ‘ (21&)

for all u from i+l to n when pfr and

= (24)

"as shown in the appendix.

For complete noninteraction, where every setting is to affect
its corresponding variable only, the conditions can be sumarized
as follows:

Cpt =0 (17a)
where

u=i+l..on

"o
1

1,2,. . .1
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Clyr =0 . (21a)

where

i+l . . . n (ufr)

k=
]

r=i+1ao.n

833 Cat _ IE*tJI
svv Cvt IE*tvl

where

J’t,v = 11,2, e o o i
i

. EEZ |E*k3| Ber

Sj3 C'yr k=1

= B (24)

where

Cae
]

1,2, « . .1
I‘=‘1+1 .o o I

Equations (17a) and (2la) state that the i+l to n rows of the
control matrix contain only diagonal elements. Equation (19) gives
the required ratios between any two elements of any columm of the

C matrix, Equation (24) gives the required ratios in any column
of the C' matrix of any element to the diagonal element. 1

Response equations. ~ The use of the operational functions to
characterize each unit in the system allows algebraic representa-
tions of the relations among the variables of the system. With
complete noninteraction specified, the system matrix of figure S
becomes a diagonal matrix and\each circuit acts as follows:

i ' n

f =§ By S Oy (TyLysvy) +§ B Ve ()

k=1 k=i
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and

X, = Spp rr(Zp-Irrxy) + Vo (286)

When these equations are solved for the contrdlled variables as a
function of the settings and the transient disturbances, the fol-
lowing equations are obtained:

' i : n
E.E,jkskkck.j: ‘ g Epe Vi
- k=1 » k=1
Y5 =71 cI5+ 3
k=1 k=1
(27)
Spr C'yr ' Vr ‘
Sr S O Ty vl Xt e, Oy ip 1 (%)

If the operational response function of Y3 to YJ is defined as

RJJ and the operational response function of X, to X, as
R'.., equations (27) and (28) become

| ¥y =Ry Y 'Z(Raa L3y 1) Eg Vi (29)
k=1
. =Ry c X = (Rlyp Lpp = 1) Wy ' (30)

where
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i

S

Ryg = 5 (31)

z (g S Oy Lyg) + 1

k=

and

Spr C'rr

' =
Rrr Spp Clop Lpr + 1

(32)

The response of any y, to Yj insofar as the control matrix
is concerned depends only on the elements in the Jth' column of
the control matrix (fig. 3). Inasmich as for complete noninteraction
only the ratios of the elements of that column of the control matrix
are specified, the response can be independently set by choosing any
one element of that columm. If the conditions for noninteraction are
used, Rjy4 1s a function of any Cyj.

| = | svy Cvy ' ’
R 33
" T S &g L3g + [Pyl (33)

Equations (32) and (33) show the response of any controlled variable
to its setting as determined by the control functions. The response
of a controlled-engine-independent variable does not depend on

engine characteristics (equation (32)). The response of a controlled-
?ngine-dependsnt variasble depends on the square engine matrix E¥

fig. 2)

An 1mportant result is obtained when equations similar to (29)
and (30) are written for the errors in controlled quantities as
_follows: .
n
T35y = (1 - RyyLyy) | Ty - Ly E Ege Vi (34)
A )
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X, - Xp = (1 - R'yp Lop) (% - Ly Vi) (35)

The errors in controlled quantities respond in the same manner
to both setting and transient disturbances and the control con-
figuration chosen can act both as a control to setting disturbances
and a regulator to transient disturbances, at least with the tran-
sient disturbances assumed.,

Ideal control functions. - The control-design problem is one
of fitting a control system to a particular plant or engine in
order to control certain variables in some specified manner. The
nature of the final system is characterized by the desired response
of controlled quantities to outside disturbances. These responses
may be exactly specified or given in general qualitative terms.

. The nature of the engine or plant to be controlled must be known
in its static and dynamic states. Any method of explicitly solving
exactly for the control functions for any given plant and corre-
sponding desired response action would give an exact answer to this
problem.

The use of the operational functions to describe the engine,
control, and response functions and the algebraic methods employed
herein leads directly to an explicit solution for the ideal control
functions., Equations (32) and (33), which give the response actions
in terms of the control functions, can be solved for the control
functions in terms of the response functions as follows: .

S

R |E* |

JJ Jv
Coys = 36
vJ (l—RJJLJJ) |E*| (36)

AA'

R'
Irr .
Spr Clrr = 77 R'yp Lpp : - B

It is therefore theoretically possible to choose any desired
response characteristics and to solve for the required control
functions to achieve this response. The use of these equations as
vell as the noninteraction conditions previously given for control
design have certain limitations that preclude the use of this
method in its most general sense, These limitations arise from
the inability of exactly incorporating in a control the engine
characteristics that the control is to match. A simple first-order
response can be called for in equation (36) in spite of the higher-
order transfer functions of engine and servo. This type of
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response is possible only if the control function can reduce the
order of the transfer function by allowing factoring of the numer-
ator and denominator of equation (33) 'into exactly the same terms.

The control functions found from equations (36) and (37) for
responses that are very stable would be expected to give satis-
factory results for small changes in characteristics and in the
engine characteristics the control function is to match. Special
cases of engine characteristics mey require that an unstabilizing
term in the engine functions be factored out by the control, In
this case, variations in engine or control characteristics would
unstabilize the system. In such cases, equations (36) and (37)
should be used with the proviso that the control does not decrease
the order of the response function and the response functions mst
be chosen accordingly.

The algebraic methods used in dealing with operational func-
tions can be further generalized in terms of equivalent relations
when the engine, the control, and the other unit characteristics
are expressed in other forms. For instance, if the frequency-
response characteristics are graphically known from tests or anal-
ysis, all the results described herein can be graphically performed
in terms of the frequency-response characteristics in place of the
operational functionms. .

Summary of basic theory and results. - For an engine having
n- engine-independent variables and for which i engine-dependent
variables are to be set and controlled (i £ n) and for which
n -~ 1 engine-independent variables are to be set and controlled,
engine, control system, instrument characteristics, servo, and
- transient disturbances are

Engine:

n

BERE zleak r (8)

! k=1
where

J=1’2,Q'.i
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Control: i n )
R = g Chv * (Yy=3y) + ) C'y, * (X,-X) (20)
v=1 p=i+l
where
k = 1,2’ e o o N
Instruments:
Iy = va ) yv
_ (11)
=kt
where
v = 1,2, o o o i
'J. = i+l e o o 11
Servo and transient disturbance:
xk=Skk'_§k+Vk (12)

where

k=1,2,ooon

The necessary and sufficient conditions for any setting Y
to affect only y; are . : ‘

Cyg = O . (17a)

for all p from i+l to n

S14 Ct IE*t

(19)
Svv Cyt |E*tv

The necessary‘and sufficient conditions for any setting X
to affect only X, are
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c' =0 (21)
for all p from 1+l to n when pfr .

i

- ZE:iIE*kJI Eier

Ss: C _ :
ol (20)

'
1
rrcrr

| For complete noninteraction, equations (17) and (19) must be true
‘ for all values of t from 1 to 1 and equations (21) and (24)
must be true for all values of r from i+l to n.

With complete noninteraction specified, the response of the
controlled variables and their measured error signals to setting
and transient disturbances are

n

k=1
Zp = R'py X - (R'yp Lppl) Vy (30)

and
. n
Ty = (oRyy Lyy) YJ'LJJZEJII Vi (34)
k=1 -

Loy = (LR Lpp) (Xp-Lpp V) (35)

where
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i
§ Tk S Oy
— k=1 ) |E*] Sgy Cyy
Jd 71 [E*| Syv Cyg Ly + |B* x|
E (Egx Siac Cig Lyg) + 1
k=1 (31) and (33)
and
Spp C* :
R! = rr Irr (32)

T Spr Clypp Ly + 1

With complete noninteraction specified, the explicit expression
for the ideal control functions in terms of the desired response
functions are

R B, | |
JJ __1‘1_,
Syv Cyt = (386)
- - vJ _(1-RJJLJJ) 'E*l
Rl
rr
S.. C* = (37
T U TIE 1 - Rlpp Lyr )
SPECIFIC EXAMPLE
— If the turbine-propeller engine is considered, which has the

two independent variebles, fuel flow and blade angle, the defining
differential equations obtained by linearizing the general func-
tionsl forms of engine torque as a function of speed and tempera-
ture, propeller torque as a function of speed and blade angle,; and
temperature as a function of speed and fuel flow are

Q

N+ TN =- aB + bw, (38)
T = cwp - eN : (39)
When these equations are placed in operational form and speed

and temperature are solved for in terms of fuel flow and blade
angle,
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a )
"1+ Tp B+ 37 e (40)
__ae_ g c(l-y+p) |
T—1+TP B+ l+Tp' Vf (41)
where
_ e
7=
Case 1

Controlling N and we. - For the case where n=2 and i=1
the engine matrix of figure 2 is obtained from equation (40) and

-8

By =13 TP B2 = 1+ Tp
% =8 X = Vg
y1=N b

The general control system is

B = Cy1(Ng-N) + C'qp(wpg-wp)

From equation (17a), the conditionslfof‘complete noninteraction
give :

Cop =0

and from equation (24) for complete noninteraction,

S11 €12 -[B*a] B, By

Spz C'zz || ) By

plo
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where the determinant of a single element matrix written as
|B*| = |E*11| Ey; allows the use of the equations used herein

for this case.
The c¢ontrol-system equations thus become

- S
b Y22 -
B = O (WgF) +3 5= C'pp (Vea~Ve)

¥e = C'op (W -vp)

The responses of speed and fuel flow to their settings become
from equation (33)

R - W o Easnln
ol sien I + [P PFaSnCnln+?

a 517 C11
a 813 Cyq I11 - (1+7p)

and from equation (32)

R = Sa2 B'22
22 Spp Claplgp+ 1

The expressions for the ideal control functions then become from
equation (36) '

. | 1=l . R 1 __ B (1)
11 "11 7 1-Ryy Iny  [B*¥] (1-Ryy In3) By (T-Rpy Iny) e

and from equation (37)

R'
Spa Clop = 22
T-Fo

Loo
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Case II

Controlling N and T. - For the case where n=2 and 1i=2,
~ the engine matrix is obtained from equations (40) and (41) and

\

1= - 1o F12 = T3 7p
___ae _ c(1-y+Tp)
By = 1+ Tp Bz = 1+ Tp
xl'=B xZ=wf
y1=N ) ] yzzT

The general control system is

R
1

= C11(Ng-N)+ Cy5(Tg-T)

Cpy (Ng-N) + Con(Tg-T)

¥e

The conditions for complete noninteraction give from equation (19)

SnCn _ [Pl _ 2. b
= 4 = = =T . — (]-
S22 G [Pr2|  FPa @ (1-7+7e)
511 C1z _ [Pz | Bip _»
S22 Co2  |[P*22] En e

. The control-system equations thus become

: S
- = b 22 m

. S,
- . ay 11 R T
¥r = - 5{yTT) 5o Cy1 (Ng-F) + Cpn(T-T)

The responses of speed and fuel flow to their settings become
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|B*| 53 0y S11 ‘1
IE*l St ln * [Pl s, ¢y 1y, - ZHR)

a

or

S22 C2y

Ry =
Sap Cp3 Iy ¢

|B*| 5,5 Cpp Sy Cop

Re2 = T9¥[ 5,, C,, L, + [B,0] — 1
=] *|®22| sy cop Lpp + 3

22 22 22

The expressions for the ideal control functions then become

Ry [Py I R ¢ 20,5
1-F Iy [B¥] 1-BpylIyn e

S11 Gy =

S G o 22 |20 ) Raz 1
22722 "1 -Tpp Lpp |B¥| (T -Fpp Lpp) ©

SUMMARY OF RESULTS

The control of gas-turbine engines was limited to the linear
- assumptions for the engine, control system, and other units in the
system, Operational functions were used for these units, the 5ys-
tem was generalized to allow for complex engine types having any
degree of freedom, and algebraic methods were employed in setting
up the characteristics of the engine, the control, the servo, and
the measuring instruments. These algebraic methods were employed
to combine the various separate ynits into a system showing how
various effects are transmitted throughout the entire system. A
condensed matrix form was used to illustrate the principal effects
on controlled variables.

By use of either the index or matrix form of the algebraic
equations of the system, the following principal conditions were
explicitly expressed: . .
(a) The conditions that must be imposed on the control func-

tions so that any setting disturbance will affect only

. the variable being set
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(b) The conditions that must be imposed on the control func-
tions for complete noninteraction so that every setting
disturbance will affect only its corresponding variable

(c) The response functions, which characterize the controlled-
system response action, in terms of the control-system
functions

(d) The ideal control-system characteristics in terms of any
desired response action

A specific example using the turbine-propeller engine haviné
two degrees of freedom was given to illustrate the use of the
previous results. : '

Lewls Flight Propulsion Laboratory,
National Advisory Committee for Aeronautics,
Cleveland, Ohio, April 25, 1949.
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APPENDIX - CALCULATION CONDITIONS
Conditions on C Matrix
Necessary condition. - The general equations for the response

of the controlled variables are given by equations (Al) and (A2),
(equations (14) and (15), respectively, in the text) as follows:

n i
Yy =ZZEJk Skk Cxv (TyLoyyy) +

k=1 v=1
ZZ Ege Sgx Clig (X,- Ly %, ) +ZEJK Vi (A1)
k=1 pu=141 k=1
where
J=12, . . . 1
i n
v= ‘ p=i+l
(A2)
where .

k=1’2,o..n

If the effects of any setting Y, are separated, equations (41)

and (A2) become
ZZ Eix Six Ciev (Yolyy Ty) +

k=1 v=1
vit

- ZZ gk S Oy (BT %) +

k=1 p=i+l

o8 . n .
Z B Vi + Z Egx Skk Ckt (Tt~ Tt) _ (a3)
k=1 k=1 ’
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e Z%%(Y%wh Z e O B 30

v=1l =i+l
vit

\ Vi + Spx Crt (T - Ly vt) (ae)

If any setting Y, 1s to affect only yg, then any 3 is né%
affected by Y. (J#t) and any comtrolled x, (k=i+l to n) is not
affected by Y. If equation (A3) is comsidered for any J#t, then

the only term that can be a function of Y4 is the last one.
Because of the arbitrary nature of the ingtrument function,
YtﬁLttyt so that :

. n .
§' By S Ckt =0 ) (a5)
‘ k=1
where . . \

JEt
If equation (A4) is comsidered for k=i+l to n, the only temm
that can be a function of Y; 1is the last one. Therefore,

Sk Ckt = O _ (a8)

k=1i+1ton
If equation (A7) is used, equation (A5) becomes
i i

g Bk Sac Ckt = § 85t Etk Sik Cit

k=1 : k=
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where
J=1}2,0001
and .
SJt=O
when
JEt
and ,
§Jt=1
when
J=t

The solution of this set of i equations in the 1 unknown Sy Cit
gives

i 1 _ , '
Z Z |E*;;J | Bpt Etk Skx Ckt
Sy Oy = = i
and because |
Bpt = 0
-when
pEt
Opt = 1 |
when
p=t
i -
|E*tJ|ZEtk Sk Okt
S35 Cat = k=l|m*| (a8)
where ‘ |
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Because J is any number (1,2, . . . i1 ), a similar expression
for any other S, Cyy is

|E*tv| Ftk Sk Ckt

The ratio of equations (A8) and (A9) becomes

Sy5 Cyt _ |B*ey| _
| il e

where

V=l,2,...i

Equatlons (A7) and (A10) thus follow necessarily from the noninter-
action condition specified.

Sufficient condition. - If equation (A10) holds,

i

1 i , E’ Erj lE*tjl
| g 0303t 3L
rd Syv Cyt |E*tv|

3=l

where
r=12,2, .. .1

From the theory of determinants, the expression

i' . o
> Eeg [ =0
.J=1.
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when
rfét
o |
ZErJ (2] = 12
1 |
when | ~
r=t
Therefore,
1 :
Z Erj S33 Cyt = 0 (A11)
93
when ’
| . Gt A

If equation (A7) also holds, then equation (All) becomes

n .

§ Ery 835 Cse = O \ (a12)
J=1 , : .

r # t

r=1,2,u.ooi

where

If equations (Al2) and (A7) hold, then any setting Y will affect
only ¥, (fig. 5). Equations (A7) and (Al0) thus are sufficient
for the noninteraction condition specified.
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Conditions on C' Matrix

Necessary condition. - When the general equations for the
response of the controlled variables (equations (Al) and (A2)) are
written separating the effects of any setting X,, these equations
become

yJ ZZEJKS&CM(Y vayv) +ZZ EJkSka ku(x Luuxu) +

k=1 v=1 k=1 u-i+1
nfr

‘n n . .
ZEkak +ZEJkSka'kr(Xr'I‘rrxr) - (A13) .
k=1 k=1

. i .

X ;Z'Skk Cv (X Lwyv) + Z Sk €'y (xu Hup) +

=1 p=i+1
u#r

Vi + Sk C'yr (Xp-Lppxy) (a14)

If any setting X. 1is to affect only x,, then any Yy is not
affected by X, and any controlled Xy (k=i+1 to n) is not
affected by X, for kfr. In equation (Al3) the only term that
can be a function of X, 1is the last one. Because of the arbi-
trary nature of the instrument function, X, # LyrX, and

) | A
o % Ejk i C'kr = © (a15)
kel | ST o

where
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If equation (Al4) is considered for any k(i+l to n) where kfr,
the only term that can be a function of Xr is the last one and
therefore

Skk C'kxr = O (A1s)
and

Clyp = O ' (A17)

where

If equation (Al7) is used, equation (Al5) becomes
i
;g:jEjk Suk C'kr = - Ejr Srr Clrr
k=1 |
where
J=1.. .1

The solution of this set of i equations in the i ‘unknown
Skx C'kr &ives

or

S C! = .
e (a18)
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where

J=1,2,.ooi

\

Equations (A17) and (A18) thus follow necessarily from the non-
interaction condition specified.

Sufficient condition. - If equation (A18) holds,

ZZEVJ IE*pJ| Epr

ZEU_SH_L p=l j=1 a0

E*

From the theory of determinants applied to the second term

Ev! SII C'lr
S 0 +Ep =0
rr .
- J=1

-
§ EvJ SJJ C'Jr + Efr Sfr Clyyr =.0
J=1 ‘

If equation (A17)'also holds, the previous equation becomes

n
E EVJ SJJ C'Jr =0 (AL9)
=1

. It can be seen from figure 5 that if equations (A17) and (A19)
hold, then any setting X,. will affect only x,. Equations (A17)

and (A18) thus are sufficient for the noninteraction conditions
specified to hold. .

and



NACA TN 1908 37

REFERENCES

1. Brown, Gordon S., and Campbell, Donald P.: Principles of Servo-
mechanisms, John Wiley & Sons, Inc., 1948,

2. Gardner, Murray F., end Barnes, John L,: Transients in Linear
Systems. Vol. 1. John Wiley & Sons, Inc., 24 ed., 1942.



1908

NACA TN

38

*uoljeandy Juod wﬁﬁwc?cwﬂonpco.o o«ww_m - *7 aJaudty

jJusunJagsuys autdug
Bui333s |le d d)ydg
ToJd3uo) — A . £ —=— (d)1 £ - (d)
£-zxy
XA
(d)o X - (d)s
OAJXd3g . \_,
ToJa3uo) :
juajsuedqy,

R P p =y



NACA TN 1908 39
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Figure 2. - General representation of complex engine types.
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Figure 3.

'
- General representation of control system.
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