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SUMMARY

Methods are presented that use general correlative time-
response input and output data for a linear system to determine
the frequency-response function of that system. These methods
give an exact description of any linear system for which such
transient data are available.

. Examples are shown of application of a method to both an
underdamped and a critically damped exact second-order system, and
to an exact first-order system with and without dead time. Experi-
mental data for a turbine-propeller engine showing the response of
engine speed to change in propeller-blade angle are presented and
analyzed. -

INTRODUCTION

A basic problem confronting the desigmner of engine controls
is that of determining the behavior of the complete engine and
control system under varying conditions of operation. This ques-
tion becomes particularly acute when various engine parasmeters,
for example, shaft torque or turbine-inlet temperature, must be
closely controlled in order to prevent engine damage or even fail-
ure. The problem then becomes one of matching transient behavior
of the control to that of the engine in order to attain a desired
system response. : ' '

General methods do not exist for the solution of the equa-
tions of motion of nonlinear systems. As a result, the analysis
of such systems may be impracticably difficult, if, indeed, a
solution can be found at all. Because the behavior of many non-
linear systems may be satisfactorily epproximated by the assump-
tion of system linearity and because general mathematical methods
and techniques for the analysis of linear systems are readily
available and (in comparison with present nonlinear methods) rela-
tively simple to apply, the assumption is generally made that the
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system being studied is linear. The methods of this report are
based on such an assumption.

Approaches utilized in the analysis of linear systems (refer-
ence 1, pp. 17-18) are: (1) transient analysis, in which the char-
acteristic time response of the system is determined for standard
inputs such as step and impulse functions, or (2) frequency anal-
yeis, in which system behavior is characterized by the steady-state
amplitude and phase relations of the system input and output for
sinusoidal imputs of various frequencies.

For inputs such as step or impulse functions, the inherent
system characteristics might be obtained by fitting an equation to
the output function and from it deriving the differential equation
of the system. If the input and output functions were of any gen- .
eral form, fitting differential equations to the data might still
be possible, but for systems of inherently high order the accuracy
of such a procedure would be low. In general, use of the time-
response form of system description involves dealing with convolu- -
tion integrals (reference 2, p. 54) when the unit so described is
to be combined with other units. For complex systems, this descr:lp-
tive form is not readily adapted to manipulation.

A linear system is known to be characterized by its steady-
state response to all frequencies of sinusoidal inputs. The
frequency-response form is useful for the description of linear
systems because of the ease with which various system character-
istics can be manipulated in dealing with combinations of units.
For example, the over-all amplitude ratio of output to input for
any frequency of input to a system consisting of several units in
series is obtained by a simple multiplication of the amplitude
ratios for the several units. A possible difficulty in the applica-
tion of this method to analysis of engines is the necessity for
maintaining a sinusoidal input of constant amplitude and frequency
for a length of time sufficient to.insure disappearance of transient
effects in the output.

The nature of real physical systems may make actual imposi-
tion or measurement of step or impulse inputs impossible; in addi-
tion, sinusoidal inputs may prove impracticable. The need thus
arises for feasible methods capable of handling data of any general
form. Such methods that use general correlative time-response data
for system input and output to determine the frequency-response
characteristics of the system have been developed at the NACA Lewis
laboratory and are presented in this report. These methods give an
exact description of any linea.r system for which such data are
"available.
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Three exact methods of obtaining the frequency¥response func-
tion of a system are shown for system-equilibrium final conditioms.
A graphical approximation to one of the methods is also given.
Modification of one of the exact methods to account for oscilla-
tory final conditions is shown and treatment of dead time is pre-
sented. As an illustration of one of the methods, three examples
are given, two based on analytically determined system-response
curves and one on experimental data obtained at this laboratory
for a turbine-propeller engine.

SYMBOLS

The following symbols are used in this report:
A amplitude of system steady oscillation
a,b constants 4
F(iw) system frequency-response function
F(p) system transfer function
£(t) general function of time
£'(t) <first time derivative of #£(t)

G(p)  system transfer function including dead time

L Laplace transform

P complex number

R amplitude rafiolof F(iw)

t time, seconds

x general time-dependent input
& general time-dependent output

72(t) 0 time derivative of y
B frequency of system steady oscillation, radians per second

At - system dead time, seconds

¢ damping ratio
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) phase angle of | F(iw), radians
T system time constant, seconds
¢ phase angle of systém steady oscillation, radians
(0] frequency of sys?:em sinusoidal input, radia.ng per secoﬁd
Subscripts: _
o - last term of differenti_al equation
f final value
k general term of series
m degree of d_:l.fferex;tial equation of in.put
n degree of differentiél equation of output
r last term of series
ANALYSIS

The system considered in the following derivation is assumed
to be linear. In particular, behavior of the system is assumed
representable by a linear differential equation with constant
coefficients. The block diagram of a system having an inmput x
and a corresponding output y is shown in figure 1.  The sym-
bol F(p) inside the box represents the system operator which,
acting on the input x, ylelds the output y. The linear differ-
ential equation relating x and y may be written as

on X By vy ety &,y &l '
andtnfan_ldtn_lf. + agy bmdtm+bm_1dtm_1+...+box

(1)
If the system is initially at rest (or in equilibrium) ’ term-

* wise application to equation (1) of the Laplace transformation
(reference 2, pp. 51 to 56), defined as .

L]e(t)] ;f £(t)e P at | (2)
0
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and factoring of thé result give

(app® + ep 0% L + . . .+ 8p) L(y) = (bp® + by 0%t ..+ bo)L(x)

or
m m-1 :
Ly) - B tTmlf T T Pe g, (3)
apP + &, 1P+ . . . + 8
Equation (3) may be formally written as
L(y) = F(p) L(x) (4)
where

bmpm + bm_lpm“l + o o o + bo

n n-1
ap +a P + .. .+ 8,

F(p) =

The transfer function of the system F(p) is defined as the ratio
of the Laplace. transform of any normal response of the system to
. the Laplace transform of the input producing that response. Normal

response is the response of the system when initially at rest
(reference 2, p. 26).

From equations (2) and (4), the system transfer function may

be written as
. L
F(p) = ﬁg—

' o
or : f ye Pt at
. 0

F(p) = 53 (5)
f ze Pt at ‘
O R

Equilibrium Final Conditions

Derivation of frequency-response function., - The frequency-
response function F(iw) is formally obtained directly from equa-
tion (5) by replacing p by 1w (reference 1, pp. 96-98). Then,
for a sinusoidal input x of frequency ®, the output y
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ultimately is sinusoidal at the same frequency but with a relative
magnitude and phase angle equal to the magnitude and the phase
angle of the complex mumber F(iw). The frequency-response func-

tion is defined as
m .
f ye'iwt dt
0

(- -
f xe~ iwt at
o A

The term e'iwt is oscillatory and the integrals of equation (6)

- -] [- -}
may not converge unless f |y|dt and f |x|dt converge.
0 : 0 -

These conditions impose a severe restriction on the types of func-
tion that may be used in equation (6) because of the implied
requirement that x and y vanish as t increases without limit.

FP(iw) =

(8)

As will be shown, the previous restriction on x and y may
be removed by suitable modification of equation (6). A much wider
selection of input and output functions is thus permitted.

For a system initially at rest,

Lle*(t)] = pL[2(t)] (7)
An alternate expression for the transfer function thén is
_ Ly
F(p) = L—é—% (8)

or, from equations (2) and (8),

(- -]
_ f y'e"pt dat
o .
) F(p) = =57
f x'e Pt gt
) (0] .

The frequency-response function then becomes




NACA TN 1935 7

F10) =S (9)
f x'e 10t 4¢
0

when p -is replaced by 1iw.

For any input or output function ending in equilibrium, x'
and y' become and remain 2ero for t equal to or greater than
some time t,. The integrals of equation (9) therefore converge.

From Euler's relation,

e-iwt = cos wt - 1 8in Wt

equation (9) may be written

-3 [« -]
f y' cos Wt dt - 1 f ¥' sin wt 4t
0 0
-} [}
f x' cos Wt 4t - .if x' sin Wt 4t
0 0

This form of the frequency-response function can be used with any
data for which the input and the output begin and end in a steady
state.

F(iw) = (10)

The integrals of equation (10) can be evaluated in various
ways. One theoretically exact method, which has been used at the
NACA Lewvis laboratory, utilizes a rolling-sphere harmonic analyzer.
This type of analyzer, the same in operating principle as the
device described in reference 3, was designed to obtain the Fourier
coefficients from cyclic data, but the manner in which the coeffi-
cients are determined results in evaluation of integrals of exactly
the form of those in equation (10). The frequency-response func-
tion can thus be obtained for any frequency by operating the
analyzer over the output curve to evaluate the integrals in the -
numerator and over the input curve to determine the integrals in -
the denominator of equation (10) without replotting the data in
. any other form.

The frequency spectra for nonperiodic phenomena are determined
in reference 4 by evaluating Fourier integrals with a rolling-sphere
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harmonic analyzer in a mamner similar to that followed in this
report in connection with equation (10). The method of reference 4,
however, differs from that of this report in being restricted to
functions that begin and end at zero. In addition, the concepts

of a system transfer or a system frequency-response function are
untreated.

Modifications of frequency-response derivation. - The frequency
response may, at times, be desired directly in terms of the imput
and output functions themselves rather than their time derivatives.
For example, if an electronic device were used for analysis, the
avoldance of the added complexity and attendant inaccuracy of dif-
ferentiating circuits might be desirable.

If both x and y come to a steady state by or before some
time t,, equation (9) may be rewritten as

% (11)
f xe % at , :
0 :

because for t 2 tf the integrands of equation (11) are zero.
Integrating equation (11) by parts gives

k& S 1wt 't
10 ye dt + ye
0 .

F(iw) =

F(iw) = 0
te it tf
iw xo 1% 3t 4 xe”
o . 0
or ,
te  sin Wty "[te cos wte
y.coswtdt-yf——a—)—— -1l - y sin 0wt 4t - Ve — o
F(1w) =322 V0

tr sin Wty te | cos Wty
xcoswtdt-xfT-i' xsinwtdt-xfT
0 . 0 :

(12)
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An alternate procedure, leading to a somewhat simpler expres-
sion, employs the principle of superposition. For example, y may
be considered the linear combination of a step function whose
- ordinate is yp and a second function whose ordinates are those
of y displaced downward by the value of yp. Such a separation

of y into its component functions is shown in figure 2. An ana-
lytical expression of the process may be derived as follows:

The transfer function of the system is

F(p) =~ | (5)

Because of the linearity of the transformation

. -]
f (3-7¢)e " at + f ypo 2" at
F(p) =2
| f (x'xf)e Pt gt +fm xfe *at
0

- o :
-pt I
- e at + —
l (5-7¢) P

f (x-xf)e-pt at + 4
o ; P

Setting p = iw then gives

‘ i o
f (v yf)e dt + 16

;[- (x-xf)e dt + ;g-)

F(iw) =

or .
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. o -
f (y-7¢) cos wt at - iU (y-7¢) sin wt at + Ff
f (x-xf) cos Wt dt - iU (x-xf) gin Wt dt + iﬂ

" (13)

F(i&)) =

Equation (13) defines F(iw) for all frequencies except ¥ =0 . and
F(0) can read.ily be shown to be :,rf/xf

Approximation of frequency-response function. - If the input
and output functions are approximated by a series of straight-line
segments, as shown in figure 3, then the integrals of equation (10)
may be evaluated by expansion in finite sine and cosine series

-}
derived as follows: From figure 2, the integral y'o Wt gy
may be approximated by (0] o

® Y41 |
‘ - =iwt
f y'e WE gt =i/ T'ee1 © at
0 k=0 Jty

: ‘1“’tk+1)
= Z: V'en < -®

or : _ ‘
7w 1 (<5 ot S 100ty
te = - ' -1Wlk _ ' ~+Vk+l
o T ¥ ""C;oyk*le gyk*‘le |
(14)

If the first term of the first summation in equation (14) is evalu-
ated and the index on the second summation is shifted to k-1, the
expression becomes )

R R
- °'w.tk]

k=1
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for y'na =0.

If the t's are evenly spaced,

el - % =%
Hence,

y' = Zg;yk——l

x T
or
t _ gt = 2y - (yk-l* yk-i—l)
Ve T ke %
Then i .
® r
f y'e-iwt at = 1 |71 Z 2y - (yk-l + Yk+1) e-imtk
0 | Wit &= t)

oty -1 £ Eykv - (g1 + Yk+1i| °

(15)
Euler's relation,

e = cos Wt - 1 sin Wt

applied to both members of equation (15), gives

(-] L) )
fy'coswtdt-if y' sin wt dt =
0 A 0
-1

r
oty {1 -t g; Eyk - (g + 7k+1£| cos Wiy > +

: [
}: 2y, - (o q + ¥ i]sinw
oty L4 |7 k-1 g+1 ™
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from which

e r :
] = .._1_. . - I §
[ y' cos wt dt‘ @ty é Eyk (yk-l + ’MZ, si:? Wkt . (16)

and

4 ® o r - ’
1l
[ y' sin Wt 4t = o (N -'kE-l Eyk - (yk-l + yk#lﬂ cos Wkt,|

1

(17)

~ wvhere k1:.1 = ty.

A similar pair of expressions is obtained for the input func-

‘tiom, with x merely replacing y throughout.

Oscillatory Final Conditions

The procedures thus far described apply only when the system
cames to rest at some new equilibrium condition. If the output
does not reach equilibrium but continues to oscillate about some
mean value, a modification in the method is necessary in order to
account for the oscillatory component.

System linearity permits resolution of the output y into -
two components Y1 &and Yo, whose algebraic sum is the original

output, as shown in figure 4. The block diagram equivalent to this
resolution of y into components is given in figure 5. The dashed
outline indicates the over-all transfer function of figure 1. PFronm
figure S, F(p) may be represented as the linear sum of two trans-
fer functionms, Fl(p). and Fz(p) , - operating in parallel. '

The following equation may then be written:
F(p) = ¥ (p) + Fyp(p)
or

L(yy') L(yp")
F(p) = L(xl‘T + L(X'T

L(yy') + p L(yp)
= L(x') ‘ (18)
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If the steady oscillation is simple harmonic, the oscillatory com-
ponent of the output may be expressed as

Y5 = A sin (Bt+f)
for t > 0. Then

P L(yz)‘.=‘ —ZAP_Z (8 cos ¢+p sin @)
P +B

and

a -
f ' ep at +—P—(B cos ¢+p sin ¢)
0 p2+B
(19)

. -]
-pt
f x'ep at
(o}

When p 1is replaced by iw in equation (19), the frequency-
response function becomes

F(p) =

F(iw) =

«® 2 e
AW ABW
¥,' cos Wt At - 5—5 sin @] - 1 ¥,' sin Wt dt - 5— cos @
_/(; . Bz-wz 0 1 pw?

® R [+
f x' cos Wt dt - if x' s8in Wt 4t
0 0

Treatment of Dead Time

(20)

Dead time in a linear system is the time difference between
the initiation of a disturbance to the system and the beginning
of a response to that disturbance. The mathematical equivalent of
dead time then is a translation of the output function along the
time axis in a positive direction; that is, if.

L[3(t)] = 2(p) L[x(+)] (4)
for a system without dead time, then for the system with dead time

’ L[y(e-at)] = a(p) Lfx()] - ()
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where G(p) is different from ¥(p). The relation between G(p)
and F(p) is readily determined by an expansion in a Taylor's
series of y(t-At) in the neighborhood of t:

F(t-8t) = 3(8) - a3t (6) + A2 gr(e) AL gy oL L

Then
L[y(t-8t)] = L[y(¢]] - ot L[y'(til‘r%%gl.[y"(;ﬂ- ég-r,[}'f'(t):h “o

For initial conditions of equilibrium

L[;rn(f):l = p® L[3(t]]

Hence,

22 | 33
L[y(t-8t)] = Ly(¢)] - atp Ly(t])]+ 2 Lfy(s]] - L& Lfp(e)]+ . . .

x_=<1'- Atp + A—“;ff . “f.vs P ) L [3(+)]

= ¢4 1 [3(+)] - (22)
From equations (21) and (22) .

Ly(t)] = "™ a(p) L [x(t)] (23)

Comparison of equations (4) and (23) shows that

P g(p) = F(p)

or

" 6(p) = o A% p(p)

from which the corresponding frequency-response functional relation
is :

-1AtWw

G(iw) = e F(iw) , (24)
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It can easily be shown that the effect of dead time on the
frequency-response function is to decrease the phase angle alge-
braically by the amount Atw, 1leaving the amplitude ratio unchanged.
In general, F(iw) is a complex number and may be expressed as

P(iw) = Rel

From equation (24)

G(iw) =>e'iAtQReie
or
6(1w) = Re1(e-zn;w)
EXAMPLES

Examples of the application of the method of this report to
determination of the frequency-response function of several sys-
tems are found in figures 6 to 8. The use of the function thus
found has not been covered because the detail with which such use
has been treated elsewhere (for example, in references 1 and 2)
makes extensive treatment in this report unwarranted.

Examples 1 and 2 illustrate the types of frequency response
obtained from several different types of time function. A method
of this report was used with the specified time functions to deter-
mine the points shown in figures 6 and 7. Frequency-response func-
.tions determined directly from the known transfer functions of the
systems used were also plotted for comparison. Example 3 presents
data for a turbine-propeller engine and shows the type of frequency
response obtained, using a method of this report.

Example 1
A second-order system having the transfer function

1
2
p.+2p+1

F(p) = (25)

is shown in figure 6 for both the underdamped and critically damped
- cases, The frequency-response function of the system 1is obtained
directly from equation (25) by replacing p by iw. For ¢ = 3
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1-..

F(1w) - -mz + iw+ 1

1 - 2
1~-w2+w45

(26)

and for {=1

-1

F(iw) =
(10) - 4 210 + 1

1.

) (1+(1)2)2 i

20

{ —L—
(1+68)2

(27)

o)+
>4
<

System response to a unit' step input is given for §=

y=1--2—%/-geasin'<—%-§t+-;-> (28)

and for { =1 by

y=1 -e't (1 +t) ' -~ (29)

Frequency-response curves calculated from equations (26) and (27)
are shown in figures 6(c) and 6(d). The rolling-sphere analyzer
was used on the transient-response curves determined from equa- -
tions (28) and (29) to obtain from equation (10) the points shown
on the frequency-response curves of figure 6. Because a unit step
input was used, the denominator of the right-hand side of equa-

- tion (10) is equal to 1 for all values of frequency and F(iw) can
be obtained by operation of the analyzer over the output curves

" only. ’

/

Example 2

A first-order system is shown in.figure’7. If the system has
no dead time, the transfer function is :

1

F(p) = 1l +7Tp
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and the corresponding frequency-response function is

: 1
F(iw) = 1+ Tiw
- 122-1 e (31)
l+7T O l+T W .
For a unit step input the output is

t

T
y=1-e (32)

If the system has a dead time At, the transfer function becomes

-At
eAp

I+7p (33)

G(p) =

and

it

.G(i(o) = o 2% i) (34)

The response to a unit step input then is

_t-At
T ’ )
y=1l-e o (35)

for t 2 At. The frequency-response curves in figures 7(d) and
7(e) were calculated from equations (31) and (34). The func-

tion F(iw) was found from equation (31) and G(iw) was then
determined from F(iw) by increasing the phase angle of F(iw)
negatively by the amount Atw, leaving |F(iw)| unchanged. The
rolling-sphere analyzer was used on the output curves of equa- '
tions (32) and (35) to obtain from equation (10) the points shown
on the frequency-response curves of figure 7. The use of a unit
step input to the system makes the denominator of the right-hand
side of equation (10) equal to 1 for all values of frequency. The
frequency-response function can therefore be obtained by operation
"~ of the analyzer over the output curves only.
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Example 3

Experimental transient data obtained at this laboratory for
the speed response of a turbine-propeller engine to changes in
propeller-blade angle are shown in figure 8(a). Because the
frequency-response function is expressed as a ratio, units of the
variables involved are unimportant and the ordinate of the data
curves has been calibrated in relative values, the difference
between initial and final values of the curves being set egual to
unity.

The frequency-response function F(iw) of this engine for
response of engine speed to changes in propeller-blade angle was
found from equation (10). The rolling-sphere analyzer was used
on the data. In figure 8(b), F(iw) is shown as a frequency-
locus plot in the complex plane; figure 8(¢c) is a plot of ampli-
tude ratio and phase angle against frequency. The closeness with
which the data approach a semicircle in the complex plane indicates
that the response of the system is substantially first-order. This
inference is further borne out by the amplitude-ratio plot. The
asymptotes and the solid curve were calculated for an exact first-
order system,

SUMMARY OF RESULTS

Methods are presented for the determination of the frequency-
response function of any linear system from general correlative

- time-response dats for input and output of that system. Equations

were developed for system equilibrium and oscillatory final condi-
tions and for the effect of system dead time on the frequency-
response function. .

For illustrative purposes, a method of this report was applied
to several linear systems for which the frequency-response functions
were knowm.

Experimental data obtained at this laboratory for the speed
response of a turbine-propeller engine to change in propeller—blade
angle are presented and analyzed.

Lewis Flight Propulsion Laboratory,
National Advisory Committee for Aeronautics,
Cleveland, Ohio, April 11, 1949.
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x ——{F(p)

+—y

Figure 1. - Block diagram of linear system.

e — 5 — >

.t

(a) System-output time function.

e I=¥V¢

Y

~*‘ﬂﬂ!!"

"(b) Components of system-output time function.

Figure 2. - Separation of system-output time function into
components for equilibrium final conditions.
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Time function

—--— Approximation to time function
' | '
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Figure 3. - Approximation to time function.
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lt ’

(a) System-output time function.

71 . ' Jo

A
, : ‘ : ¢
. = )
t —-|¢<— t
(b) Components of system-output time function.

Figure 4. - Sepafationlof system=-cutput time function into com-
' ponents for oscilllatory final conditions.
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e ]
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Lo )

AT

Figure 5. - Block-dlagram representation of
linear system for oscillatory final con=-
ditions.

23
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1
p° 4+ 20p + 1

(a) Second-order system representation.

1.2
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./
N

.8

o 2 4 : 6 8 10 12
t, sec ‘

(b) Response of system to unit step input.

- PFlgure 6. - Frequency-response function for second-order system.




NACA TN 1935 25

Imaginary part of F(iw)

Amplitude ratio

Phase angle, deg

- Real part of F(iw)
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Pl j
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(c) Frequency-response function in complex plane.
2.0
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(d) Amplitude ratio and phase angle of
frequency-response function against w.

s

Figure 6. - Concludsd. Frequency-response
function for second-order system.
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1
1+Tp

(a) Representation of exact first-order
- system with no dead time,
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Figure 7. - Concluded. Frequency-response
function for first-order system.

A - * A Without dead time

v With dead time

27



28

0

NACA TN 1935

O Blade angle; system input
Vv Engine speed;

system output,

%
[
[
I
{
2
i
i

==

b o= gy e P =
A )

I

4

t, se

6

conds

8 10

{(a) Input and output data for turbine-propeller engine.

Real part of F(iw)

o 2 o4 +6 8 1,0
¢
o
3
s .
3 ‘.21 Q)
Haord
o R
S -041
B8 | T~
g Al
= -,61
(b) Frequency-response function of turbine-

propeller engine plotted in complex plane.

Figure 8. - Frequency-response function of turblne-propeller
engine. ’
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