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SUMMARY 

Methods are presented that use general correlative time-
response input and output data for a linear system to determine 
the frequency-response function of that system. These methods 
give an exact description of any linear system for which such 
transient data are available. 

• 1rRmples are shown of application of a method to both an 
underdainped and a cz:itically damped exact second-order system, and 
to an exact first-order system with and without dead time. Experi-
mental data for a turbine-propeller engine showing the response of 
engine speed to change in propeller-blade angle are presented and 
analyzed.

INTRO]XJcTION 

A basic problem confronting the designer of engine controls 
is that of determining the behavior of the complete engine and 
control system under varying conditions of operation. This ques-
tion becomes particularly acute when various engine parameters, 
for example, shaft torque or turbine-inlet temperature, must be 
closely controlled in order to prevent engine damage or even fail-
ure. The problem then becomes one of matching transient behavior 
of the control to that of the engine in order to attain a desired 
system response. 

General methods do not exist for the solution of the equa-
tions of motion of nonlinear systems. As a result, the analysis 
of such systems may be Impracticably difficult, if, indeed., a 
solution can be found at all. Because the behavior of many non-
linear systems may be satisfactorily approximated by the assump-
tion of system linearity and because genera]. mathematical methods 
and techniques for the analysis of linear systems are readily 
available and (in comparison with present nonlinear methods) rela-
tively simple. to apply, the assumption is generally made that the
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system being studied is linear. The methods of this report are 
based on such an assumption. 

Approaches utilized in the analysis of linear systems (refer-
ence 1, pp. 17-18) are: (1) transient analysis, in which the char-
acteristic time response of the system is determined for standard 
inputs such as step and. impulse functions, or (2) frequency anal-
ysis, in which system behavior is characterized by the steady-state 
amplitude and phase relations of the system input and output for 
sinusoidal inputs of various frequencies. 

For inputs such as step or impulse functions, the inherent 
system characteristics might be obtained by fitting an equation to 
the output function and from it deriving the differential equation 
of the system. If the input and output functions were of any gen-
eral form, fitting differential equations to the data might still 
be possible, but for systems of inherently high order the accuracy 
of such a procedure would be low. In general, use of the time-
response form of system description involves dealing with convolu-
tion integrals (reference 2, p. 54) when the unit so described is 
to be combined with other units. For complex systems, this descrip-
tive form is not readily adapted to mncpulation. 

A linear system is known to be characterized by its steady-
state response to all frequencies of sinusoidal inputs. The 
frequency-response form is useful tor the description of linear 
systems because of the ease with which various system character-
istics can be minipulated in dealing with combinations of units. 
For example, the over-all amplitude ratio of output to input for 
any frequency of input to a system consisting of several units in 
series is obtained by a simple multiplication of the amplitude 
ratios for the several units. A possible difficulty in the applica-
tion of this method to analysis of engines is the necessity for 
maintaining a sinusoidal input of constant amplitude and. frequency 
for a length of time sufficient toinaure disappearance of transient 
effects in the output. 

The nature of real physical systems may make actual imposi-
tion or measurement of step or impulse inputs impossible; In addi-
tion, sinusoidal inputs may prove Impracticable. The need thus 
arises for feasible methods capable of handling data of any general 
form. Such methods that use general correlative time-response data 
for system input and. output to determine the frequency-response 
characteristics of the system have been developed at the NACA Lewis 
laboratory and are presented in this report. These methods give an 
exact description of any linear system for which such data are 
available.
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Three exact methods of obtaining the frequency-response func-
tion of a system are shown for system-equilibrium final, conditions. 
A grahica1 approximation to one of the methods is also given. 
Modification of one of the exact methods to account for oscilla-
tory final conditions is shown and treatment of dead time is pre-
sented. As an illustration of one of the methods, three examples 
are given, two based on analytically determined system-response 
curves and. one on experimental data obtained at this laboratory 
for a turbine-propeller engine. 

SYOLS 

The following symbols are used in this report: 

A	 amplitude of system steady oscillation 

a,b	 constants 

F(iu) system frequency-response function 

F(p)	 system transfer function 

f(t)	 general function of time 

f'(t) first time derivative of f(t) 

G(p)	 system transfer function including dead time 

L	 Laplace transform 

p	 complex number 

B	 amplitude ratio of F(10) 

t	 time, seconds 

x	 general time-dependent input 

y	 general time-dependent output 

t(t)	 th time derivative of y 

frequency of system steady oscillation, radians per second 

system dead time, seconds 

damping ratio
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e	 phase angle of F(iCü), radians 

system time constant, seconds 

0	 phase angle of system steady oscillation, radians 

(0	 frequency of system sinusoidal Input, radians per second 

Subscripts: 

o	 last term of differential equation 

f	 final value 

k	 general term of series 

m	 dsgree of differential equation of input 

n	 degree of differential equation of output 

r	 last term of series

ANALYSIS 

The system considered In the following derivation is assumed 
to be linear. In particular, behavior of the system is assumed 
representable by a linear differential equation with constant 
coefficients. The block diagram of a system having an input x 
and a corresponding output y is shown in fIgure 1. The sym-
bol F(p) inside the box represents the system operator which, 
acting on the input x, yields the output y. The linear differ-
ential equation relating x and. y may be written as 

+	
dn- + • . . + a = 

bm	 + brn..l + . . . .+ bx 
dtt1	 dtn-1 dtm-

(1) 

If the system is initially at rest (or in equilibrium), term-
wise application to equation (1) of the Laplace transformation 
(reference 2, pp. 51 to 56), .efined as 

L[f(t)] =f f(t)e_Pt dt	 (2)
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and factoring of the result give 

(ap + an_lp	 + . . . + 80) L(y) = (bmpm +	 1m_l + • . . + b)L(x) 

or

bmpm + bmlpm_l + . . . + bc 
L(y) =	 L(z)	 (3) npn + a1pI1l + . . . 

+ 80 

Equation (3) may be formally written as 

L(y)	 F(p) L(x)	 (4)


where

bpm + bm_ipm + . . . + 
F(p) =

apT1 + anlp	 + . . . + a0 

The transfer function of the system F(p) is detined as the ratio 
of the Laplace. transform of any normal response of the system to 
the Laplace transform of the input producing that response. Normal 
response is the response of the system when initially at rest 
(reference 2, p. 26). 

From equations (2) and (4), the system transfer function may 
be written as

= ___ 

or	 fY&Ptdt

(5) 

xe	 dt 

Equilibrium Final Conditions 

Derivation of frequency-response function. - The frequency-
response function F(iW) is formally obtained directly from equa-
tion (5) by replacing p by io (reference 1, pp. 96-98). Then, 
for a sinusoidal input x of frequency (&), the output y
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ultimately is sinusoidal at the same frequency but with a relative 
magnitude and phase angle equal to the magnitude aM the phase 
angle of the complex mimber r( i(&)). The frequency-response func-
tion Is defined as

d.t 

F(Iw) =	 (6) 

r 
Jo 

The term	 is oscillatory aM the integrals of equation (6) 

may not converge unless f IYI	 and f	 converge. 
These conditions impose a severe restriction on the types of func-
tion that may be used in equation (6) because of the implied 
requirement that x and y vanish as t increases without limit. 

As will be shown, the previous restriction on x and y may 
be removed by suitable modification of equation (6). A much wider 
selection of input and output functions is thus permitted. 

For a system initially at rest, 

L[f t (t)] =pL[f(t)]	 (7) 

An alternate expression for the transfer function then is 

F(p) = L(y 
L(xt) 

or, from equations (2) and (8), 

F(p) 

f yte_Pt dt 

J 
The frequency-response function then becomes

(8)
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I° y'e	 dt 

F(iw) =	 (9) I x'ei(t dt 

when p is replaced by 1(0. 

For any input or output function ending in equilibrium, x' 
and y' become and remain zero for t equal to or greater than 
some time tf . The integrals of equation (9) therefore converge. 

From Eulerts relation, 

-1-cot 
e	 =coswt-lsincot 

equatIon (9) may be written 

/	 y'coscotdt-i / y'sIn(otdt 
dO	 dO w	

x' cos cot dt - if x' sin(0t dt	

10 

This form of the frequency-response function can be used with any 
data for which the input and the output begin and end in a steady 
state. 

The integrals of equation (10) can be evaluated in various 
ways. One theoretically exact method, which has been used at the 
NACA Lewis laboratory, utilizes a rolling-sphere harmonic analyzer. 
This type of analyzer, the same in operating principle as the 
device described In reference 3, was designed to obtain the Fourier 
coefficients from cyclic data, but the tniier in which the coeff 1-
cients are determined results in evaluation of integrals of exactly 
the form of those in equation (10). The frequency-response func-
tion can thus be obtained for any frequency by operating the 
analyzer over the output curve to evaluate the integrals in the - 
numerator and over the input curve to determine the integrals in 
the denominator of equation (io) without replotting the data in 
any other form. 

The frequency spectra for nonperiodic phenomena are determined 
in reference 4 by evaluating Fourier integrals with a rolling-sphere
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harmonic analyzer in a manner similar to that followed in this 
report in connection with equation (10). The method of reference 4, 
however, differs from that of this report in being restricted to 
functions that begin and end at zero. In addition, the concepts 
of a system transfer or a system frequency-response function are 
untreated. 

Modifications of frequency-response derivation. - The frequency 
response may, at times, be desired directly in terms of the Input 
and output functions themselves rather than their time derivatives. 
For example, if an electronic device were used for analysis, the 
avoidance of the added complexity and attendant inaccuracy of dif-
ferentiating circuits might be desirable. 

If both x and y come to a steady state by or before some 
time ti., equation (9) may be rewritten as 

	

y'e	 dt 

P()

	

	 (11) 
- icot 

	

f x'e	 dt 

because for t ? t the integranda of equation (ii) are zero. 

Integrating equation (11) by parts gives 

F(i(&)) = 

or

fltf	 tf 
/	 _icot	 - Io,t 10),'	 ye	 dt+ye 

Uo	 0 
ptt	 Itf 

	

iWt	 -i0)tI 1(0 I	 xe	 dt+xe	 I 
Jo	 lo 

tf	
sin COtf\	

/	
cos 

i( 1 y sinWt dt-yf 
F(i)	

y COB wt dt - Yf -	
-) - o	 I 

t	 sin cot\	
/ fltf	

cos (Otf 
i( / x sino,t dt-xf (I xcostdt-xf

(12)
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An alternate procedure, leading to a somewhat simpler expres-
sion, employs the principle of superposition. For example, y may 
be considered the linear combination of a step function whose 
ordinate is Y and. a second function whose ordinates are those 
of y displaced. dovnward by the value of Yf. Such a Separation 

of y into Its component functions is shown in figure 2. An ana-
lytical expression of the process may be derived as follows: 

The transfer function of the system is 

yet dt 

	

F(p) =
	

(5) 
xet at 

Because of the linearity of the transformation 

floD 

)e pt
	 -pt 

+	 Yfe	 at 
*

-pt 
(x-xf )e 	 at +	 xe	 d.t f -pt

Jo 

-
(y y)e	

Y 
-	 dt+-10.	 p =

-pt	 Xf 
/ (x-xf )e 	 dt + - 

Jo	 p 

Setting p = 1u then gives

	

-iC)t	 Yf f (y-yf)e	 at + 

	

F(ICt)) = fla	 Xf 
/	 (x-x)e	 dt + Jo. 

or
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(ico)	

(YYf) COB (ot dt - i	 (yy) Bifl Wt dt + 

f . (xx) COB cot tt - rf (x-x) sin cot at +
(13) 

equation (13) defines F(iW) for all frequencies except (0 =0 and. 
F(o) can readily be shown to be Yf/Xf. 

pproxination of freguency-response function. - If the input 
and output functions are approximated. by a series of straight-line 
segments, as shown in figure 3, then the integrals of equation (10) 
may be evaluated by expansion in finite sine and cosine series 

1Lt derived as follows: From figure 2, the integral I y'e	 at 
may be approximated by

-ib,t 
y' e0t at = E f 

tk+1

k^1 e	 dt Jo	 k tk 

=	
k+l (e'
	 e0t1) 

or

/ yte0t at =	 'k^1 
0-iCotk -
	 y	 e_0tk+1) 

Jo
(14) 

If the firat term of the first sununation in equation (14) is evalu-
ated and the index on the second summation is shifted to k-1, the 
expression becomes 

Iy'e 1 at =	 (y'1 
+	

e1	 -	 'k e) Jo k=l 

k=].	
Y'k+l)° 

t]j
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for y' 1 = 0. 

If the t's are evenly apaced, 

tk+ltktl 

Hence,

1 

or	 -

- (Yk ...1 + Yk+1) 
7 k - ti 

Then

r	 - E 2 k - k-1 + k+1 etk] 
I	 y'e	 dt= 

Jo	 k=l 

	

=	 - E [k -	 + k+ 
k=l

(15) 

Euler' B relation,

	

e	 =cosCiYt-isinCOt 

applied to both members of equation (15), gives 

	

I y'cosCotdt-i I	 y'sintOtdt= 
Jo	 Jo 

k 
k=l

[ - k-1 + Yk+]j sin
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from which

cos wt dt	
k-1 + k+l] sin Cokt1 (.16) 

fyi sin Wt ' dt =	 f	 k - k-1 + k+1 coB Wkt 
(17) 

where ktl=tk. 

A similar pair of expressions Is obtained for the input func-
tion, with x merely replacing y throughout. 

Oscillatory Final Conditions 

The procedures thus far described apply only when the system 
comes to rest at some new equilibrium condition. If the output 
does not reach equilibrium but continues to oscillate about some 
mean value, a modification in the method is necessary in order to 
account for the oscillatory component. 

System linearity permits resolution of the output y into 
two components y1 and y2, whose algebraic sum is the original 
output, as shown in figure 4 • The block diagram equivalent to this 
resolution of y into components Is given in figure 5. The dashed 
outline indicates the over-all transfer function of figure 1. From 
figure 5, F(p) nay be represented as the linear sum of two trans.. 
fer functions, F1(p). and F2 (p), operating in parallel. 

The following equation may then be written: 

7(p) =F1(p) +72(p) 

or

L(y1')	 L(y2') 
F.(p) 

= L(x'. )	 L(x') 

L(y1 ') + p L(y2)	
.	 (18) =	 L(x')
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If the steady oscillation is simple harmonic, the oscillatory com-
ponent of the output may be expressed as 

y2 = A sin (t+Ø) 

for t>O. Then 

p L(y2)=	 ( COB Ø+p sin 0) 
p +g 

and.

I y1' e	 dt + Ap	 cos Ø+p sin 0) 
F(p) Jo	 p2+2	 (19) 

.IP 
x'e	 dt 

Jo 

When p is replaced by 1(t) in equation (19), the frequency-
response function becomes

F(ico)= 

)	 I.p 
cos Cot dt - MO2	 - ii 

B2-w2 	 U0 y1' s1.n Cot d.t -	 cos 0 

X' COB COt dt - 1 I	 x' sin Cot dt

(20) 

Treatment of Dead Time 

Dead time in a linear system is the time difference between 
the initiation of a disturbance to the system and the beginning 
of a response to that disturbance. The mathematical equivalent of 
dead time then Is a translation of the output function along the 
time axis in a positive direction; that is, if, 

L[y(t)]	 P(p) L[x(t)]	 (4)


for a system without dead time, then for the 'system with dead. time 

L[y(t_t)] = G(p) L[x(t)]	 -	 (21)
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where G(p) is different from F (p). The relation between G(p) 
and F(p) is readily determined by an expansion In a Taylor's 
serlesof y(t-At) in the neighborhood of t: 

y(t-At) y(t) - Aty'(t) +	 y"(t) -
	

y'"(t) + 

Then 

	

L[y(t_At)] = L[y(t)] - ht L[y'(tJ +
	

L[y"(t)] - j! L[y"(t)]+ . . 

For initial conditions of equilibrium 

L [?(t )] =pL[y(t)] 

Hence, 

L[y(t-At)]= Ly(t)] - Atp Ltr(t)]+ 
22 

L[y(t1 - t3p3 L[y(t)]+ . . 3! 

2 8t3p3	 "I 

	

=(l - tp + M	 - 3t + • • •, L[y(t)] 

e	 L[y(t)]
	

(22)


From equations (21) and (22) 

L[y(t)]	
tp 

= e	 G(p) L [x(t)]	 (23) 

Comparison of equations (4) and (23) shows that 

eA G(p) = 7(p) 

G(p) =e_tPp(p) 

from which the corresponding frequency-response ftnictional relation 
is

-	 G(iCo) =	 F(i(i))	 (24)
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It can easily be shown that the effect of dead time on the 
frequency-response function is to decrease the phase angle alge-. 
braically by the amount Ato leaving the amplitude ratio unchitnged. 
In general, F(iCU) is a complex number and may be expressed as 

F(i(i)) = Re10 

From equation (24)

- iAtUL 10 G(1Cz)) = e 

or

G(iW) = Re8t) 

Examples of the application of the method of this report to 
determination of the frequency-response function of several sys-
tems are found in figures 6 to 8. The use of the funct1on thus 
found has not been covered because the detail with which such use 
has been treated elsewhere (for example, in references 1 aM 2) 
makes extensive treatment in this report unwarranted. 

1l1rRmples 1 and. 2 illustrate the types of frequency response 
obtained from several different types of time function. A method 
of this report was used. with the specified time functions to deter-
mine the points shown in figures 6 and 7. Frequency-response func-
tions determined directly from the known transfer functions of the 
systems used were also plotted for comparison. Example 3 presents 
data for a turbine-propeller engine and shows the type of frequency 
response obtained, using a method of this report. 

mple 1 

A second-order system having the transfer function 

1 
F(p) = 2

	

	 (25) 
+ 2p + 1 

is shown in figure 6 for both the underdamped. and critically damped 
cases. The frequency-response function of the system is ohtaind 
directly from equation (25) by replacing p by i. For • =



D 

16
	

NACA TN 1935 

7(1w) =	 1• 

-Ct + iw + 1 

	

lCO2	 (I) 

i_w2+ci1i_w2+co4	
(26) 

andfor	 =1

•1 

+ 21w + 1 

_l-W2 	 2w 
- (1J)2 - (j)2	

(27) 

System response to a unit step input is given for 	 = by 

y=ie2sin(t+)	 (28) 

andfor	 =1 by

y = 1 _e_t (1 + t)	 (29) 

Frequency-response curves calculated from equations (26) and (27) 
are shown in figures 6(c) and. 6(d). The rolling-sphere analyzer 
was used on the transient-response curves determined from equa-
tions (28) and. (29) to obtain from equation (10) the points shown 
on the frequency-response curves of figure 6. Because a unit step 
input was used, the denominator of the right-hand. side of equa-
tion (10) is equal to 1 for all values of frequency and F(iw) can 
be obtained by operation of the analyzer over the output curves 

• only.	 -

xinple 2 

A first-order system is shown in figure 7. If the system has 
no dead time, the transfer function is 

1 
1 + T
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said the corresponding frequency-response function is 

F(iW) = 1 

-	 1	 TOY 

1+T2W21+T2W2	
(31) 

For a unit step input the output is

t 

	

y=1_eT	 (32) 

If the system has a dead time At, the transfer function becomes 

-Atp 
G(p) = +	 (33) 

and.

- lAto) 
G(iO) = e	 F(iW)	 (34) 

The response to a unit step input then Is 

_t-At 
T 

y=1-e	 (35) 

for t ' At. The frequency-response curves in figures 7(d) and 
7(e) were calculated from equations (31) and (34). The func-
tion F(iu)) was found from equation (31) and G(i()) 'was then 
determined from F(iO)) . by increasing the phase angle of F(iw) 
negatively by the amount AtCO, leaving 

I 
F(ico) unchanged. The 

rolling-sphere analyzer was used on the output curves of equa-
tions (32) and (35) to obtain from equation (10) the points shown 
on the frequency-response curves of figure 7. The use of a unit 
step input to the system makes the denominator of the right-hand. 
side of equation (10) equal to 1 for aU values of frequency. The 
frequency-response function can therefore be obtained by operation 
of the analyzer over the output curves only.
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Example 3 

Experimental transient data obtained at this laboratory for 
the speed response of a turbine-propeller engine to changes in 
propeller-blade angle are shown in figure 8(a). Because the 
frequency-response function is expressed as a ratio,, units of the 
variables involved are unimportant and the ordinate of the data 
curves has been calibrated in relative values, the differende 
between Initial and final values of the curves being set equal to 
unity. 

• The frequency-response function F( i) of this engine for 
response of engine speed to changes in propeller-blade angle was 
found from equation (10). The rolling-sphere analyzer was used 
on the data. in figure 8(b), F(1XO) is shown as a frequency-
locus plot in the complex plane; fIgure 8(c) is a plot of ampli-
tude i-atlo and phase angle against frequency. The closeness with 
which the data approach a semicircle in the complex plane indicates 
that the response of the system is substantially first-order. This 
inference is further borne out by the amplitude-ratio plot. The 
asymptotes and the solid curve were calculated for an exact first-
order system.

SUWABY OF RESULTS 

Methods are presented for the determination of the frequency-
response function of any linear system from general correlative 
time-response data for input and output of that system. Equations 
were developed for system equilibrium and oscillatory final condi-
tions and for the effect of system dead. time on the frequency-
response function. 

For illustrative purposes, a method of this report was applied 
to several linear systems for which the frequency-response functions 
were known. 

Experimental data obtained at this laboratory for the speed 
response' of a turbine-propeller engine to change In propeller-blade 
angle are presented and analyzed. 

Lewis Flight Propulsion Laboratory, 
National Advisory Committee for Aeronautics, 

Cleveland, Ohio, AprIl 11, 1949.
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x	 4()J	 y 
Figure 1. - Block diagram of linear system. 

t 

(a) System-output time function. 

(b) Components of system-output time function. 

Figure 2. - Separation of system-output time function into 
components for equilibrium final conditions.
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Tine function	 - 

to t 1 t2 t3 t4	 tk_1 tk tk+1	 tr_1 tr tr+1 

Figure 3. - Approximation to time function.
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(a) System-output time function. 

(b) Components of system-output time function. 

Figure 4. - Separation of system-output time function into corn-
ponents for oscillatory final conditions.
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r:

-	 1 

j1I 
x
	

y 

L:e:tJ 
F() 

Figure 5. - Block-diagram representation of 
linear system for oscillatory final con-
ditions.



24
	

NACA TN i935 

__ 1 

I__ 
X	 p2+2p+1 V 

(a) Second-order system representation. 

1.2

2 

0	 2	 4	 6	 8	 10	 12 

t, see 

(b) Response of system to unit step input. 

Figure 6. - Frequency-response function for second-order system.
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(c) Frequency-response function in complex plane. 
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(d) Amplitude ratio and phase angle of 
frequency-response function against o. 

Figure 6. - Concluded. Frequency-response

function for second-order system. 
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____ •1 I 
I,
1+'rp	 7 

(a) Representation of exact first-order 
system with no dead time. 

ri 

L1i 
(b) Representation of exact first-order 
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(c) System response to unit step input. 

Figure 7. - Frequency-response function for first-order 

system.
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Figure 7. - Concluded. Frequency-response 
function for first-order system.
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(a) Input and output data for turbine-propeller engine. 
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(b) Frequency-response function of turbine-
propeller engine plotted in complex plane. 

Figure 8. - Fiequency-response function of turbine-propeller 

engine. 
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(c) Amplitude ratio and phase angle of turbine-
propeller frequency-response function against Co. 

Figure 8. - Concluded. Frequency-response function of 

turbine -propeller engine. 
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