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SUMMARY 

A structural-efficiency evaluation of titanium including compari-
sons with several other materials is given for compressive loading with-
out buckling, for column buckling, and for the buckling of long plates 
in compression or shear. The methods of evaluation, based upon the use 
of stress-strain curves and structural indexes, are fully described. 
The comparisons indicate that the high-strength aluminum and magnesium 
alloys are generally more efficient on a unit-weight basis at normal 
temperatures than commercially pure titanium sheet having a compressive 
yield stress of about 106 ksi. For short-time loading conditions at 
temperatures beginning somewhat above 40O F, titanium sheet is more 
efficient than the aluminum alloys. 

INTRODUCTION 

As a result of extensive development programs in the last few years, 
titanium, a nonstrategic material, has become available. Titanium is 
a high-strength, corrosion-resistant, light-weight metal having favor-
able elevated-temperature properties and a density intermediate between 
that of steel and aluminum (references 1 and 2). These desirable char-
acteristics have aroused extensive interest in the possibility of using 
titanium for aircraft structural applications. Some of the titanium 
alloys which are just becoming available loqk even more promising. 

In order to indicate the potentialities of this new material, a 
structural-efficiency evaluation of titanium is given for compressive 
loading without buckling, for column buckling, and for the buckling of 
long plates in compression or shear. The evaluation includes compari-
sons with several materials at normal temperature (80° F) and with two 
high-strength aluminum alloys at elevated temperatures up to 600° p.
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EVALUAT ION 

A structural-efficiency evaluation of titanium is given for com-
pressive loading without buckling, for column buckling, and for the 
buckling of long plates loaded in compression as well as in shear. The 
evaluation includes comparisons with various materials. The materials 
and sources of data are titanium sheet (reference 3), extruded 
ZK6OA magnesium alloy (unpublished), extruded 75S-T6 aluminum alloy 
(reference Ii. ), 211$-T3 aluminum alloy (reference li. ), and Stainless W 
(reference 5). The comparisons are extended to elevated temperatures 
for titanium and the two aluminum alloys for which compressive stress-
strain data are available. The evaluations at elevated temperatures are 
considered to be valid only for short-time loading and exposure condi-
tions and do not apply to long-time loading conditions, where creep or 
exposure effects may be important. 

In order to determine the structural efficiency on a unit-weight 
basis, the density as well as the stiffness and strength of the material 
has been taken into account. The efficiency is measured by the stress-
density ratio, and the loading conditions and type of structure are 
covered by a structural parameter. Methods of analysis and principles 
involved at normal and elevated temperatures are described in the appen-
dix, which includes derivations for the structural indexes for columns 
and for plates loaded in compression or In shear. 

Compressive loading without buckling. - The efficiencies of the 
various materials for compressive loading without bucking are 0 shown on 
a unit-weight basis in figure 1 for temperatures of 80 F, 11.00 F, and 

--600° F by plots of the stress-density ratio a/d against the strain. 
Because of the marked anisotropy of titanium sheet in compression, indi-
vidual curves are showi for loading this material in both the longitu-
dinal (L) and the transverse (T) grain directions; the curves for the 
other materials are for loading In the longitudinal direction. 

If the compressive strength of the structure is the criterion and 
buckling does not occur, the ratio of compressive yield stress to den-
sity may be taken as a measure of the efficiency of the material. On 
this basis, 75S-T6 is the most efficient of the materials at normal tem-
perature, with titanium (T)and Stainless W next best (fig. 1). 
At 14OO° F, 2)4S-T3 is the most efficient and is followed closely by 
titanium (T) and 75S-T6. At 6000 F, titanium Is considerably more 
efficient than the aluminum alloys. 

If, on the other hand, the stiffness of the structure is the 
criterion and buckling does not occur, the modulus-density ratios, 
given by the initial slopes of the curves of figure 1, can be taken as 
the measure of the efficiency. On this basis, all the materials have
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about the same efficiency at 800 F. At 600° F, however, titanium is 
more efficient with regard to stiffness than the aluminum alloys and is 
less affected by temperature. 

If, however, a certain amount of distortion of the structure is 
the criterion and buckling does not occur, the curves of figure 1 can be 
taken directly as a measure of the efficiencies of the materials. On 
this basis, the material having the greatest value of the stress-density 
ratio for a given value of strain will be the most efficient. At 80° F, 
extruded 75S-T6 is the most efficient of these materials (fig. 1), with 
titanium (T) next best. At 4000 F, 24S-T3 sheet is slightly more eff i-
dent than titanium (T) and appreciably more efficient than extruded 
75S-T6. At 6000 F, however, titanium is markedly more efficient on this 
basis than the aluminum alloys. 

Column buckling. - The efficiencies of the various materials for 
column buckling are shown on a unit-weight basis in figure 2 for tem-
peratures of 800 F, 4000 F, and 6000 F by plots of the ratio of buck-
ling stress to density acr/d against the structural index for 
columns Pcrcf/L2 . In this index, cr is the buckling load equal to 
the applied load, L is the distance over which the load is transmitted, 
c is the coefficient of end fixity, and f is a nondimensional shape 
factor for the column cross section. The material having the greatest 
value of the stress-density ratio for a given value of the structural 
index will have the least weight. The analysis is restricted to columns 
having cross sections of such proportions that local or torsional 
instability does not occur. 

At 80° F, extruded 75S-T6 (fig. 2) is the most efficient material 
except for small values of the structural index where extruded ZK6OA mag-
nesium alloy is slightly more efficient. Titanium (T) is second best to 
extruded 75S-T6 for large values of the index. At 4000 F, 24S-T3 sheet 
is the most efficient material with titanium (T) next in order for large 
values of the index. At 6000 F, titanium is far more efficient than the 
aluminum alloys. 

Plate buckling. - The efficiencies of the various materials for the 
buckling of long plates loaded in compression or shear are shown on a 
unit-weight basis in figure 3 for temperatures of 80° F, 4000 F, and 
6000 F by plots of the ratios of the buckling stress to the density acrid 
or 1 •737cr/d against the structural indexes for plates Pcrkc1/2/b2 

or 228Qcrks1/2/b2 . In these indexes, cr and %r' respectively, 

are the buckling loads in compression and in shear equal to the applied 
loads, b is the plate width, and k and k 5, respectively, are non-
dimensional plate-buckling coefficients for compression and shear loading 
which are dependent only upon the edge conditions for a long plate. The
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material having the highest value of the ratio of buckling stress to 
density for a given value of the structural index will be the most 
efficient azid have the least weight. 

At 80° F, extruded ZK6OA magnesium alloy is the most efficient of 
the materials for values of the index up to about 3 ksi. For larger 
values of the index, extruded 75S-T6 is the most efficient with tita-
nium (T) next in order. At 1400° F, 214-S-T3 sheet and extruded 75S-T6 
are both more efficient than titanium. At 600° F, however, titanium 
shows up to much better advantage than the aluninum alloys. 

CONCLUDING REMARKS 

An evaluation of titanium including comparisons with several other 
materials ha$ been given for compressive loading without buckling, for 
column buckling,, and. for the buckling of long plates in compression or 
shear. The procedure, based upon the use of structural indexes, pro-
vides a general method for determining the structural efficiency of a 
material for a particular structural application by means of a single 
curve. The comparisons indicate that the high-strength aluminum and 
magnesium alloys are generally more efficient on a unit-weight basis at 
normal temperatures than commercially pure titanium sheet having a cam-
pressive yield stress of about 106 ksi. For short-time loading condi-
tions at temperatures somewhat above 14.QQ F with an exposure time of 
about 1 hour, titanium is more efficient than the aluminum alloys. 
Longer or shorter exposure conditions would be expected to alter the 
results somewhat, particularly f or the aluminum alloys. 

If the compressive yield stress of titanium, or titanium alloys, 
should be increased to about 130 ksi, then for a given permissible 
strain, titanium would compare more favorably at normal temperatures 
with the high-strength lighter alloys for compressive loading without 
buckling. Such an increase in strength, however, would still not make 
titanium as efficient in genera]., as the lighter alloys for column and 
plate buckling applications. For plate buckling, particularly, a sub-
stantial increase in the initial modulus-density ratio of titanium would 
be required in order to obtain efficiencies comparable to those f or the 
lighter alloys. Because such an increase is improbable, the lighter 
high-strength alloys can be expected to be more efficient than titanium
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at normal temperatures except perhaps for cases in which the ratios of 
buckling stress to density for titanium are well above the ratios of 
yield stress to density for the lighter alloys. 

Langley Aeronautical Laboratory 
National Advisory Committee for Aeronautics 

Langley Field, Va., November 8, 1950



NACA TM 2269 

APPEND DC 

METHODS OF ANALYSIS 

Methods of analysis for determining the efficiency of a material 
for column buckling and for the buckling of long plates loaded in com-
pression or shear are described. Derivations of the structural indexes 
for column and plate buckling are included. The same methods are used 
for the analysis at elevated temperatures; the basis for this extension 
is discussed in the last section of this appendix. 

Column Buckling 

The efficiency of a material for use in a column subject to buck-
ling can be determined on a unit-weight basis by plots of the ratio of 
buckling stress to density against the structural index for columns. 
(See references 6 to 8.) 

The derivation of the structural index for columns can be obtained 
by simultaneously satisfying equations (1) and (2): 

- cit2Etan 

cr - (L\2 

p1 

-	 cr	 () 

Equation (1) is the generally accepted tangent-modulus column formula 
in which Etan is the tangent modulus, c is the coefficient of end 

fixity (equal to 1 for pin-ended and 4 for fixed-ended columns), 0cr is 
the buckling stress, L is the column length, and p is the radius of 
gyration. Equation (2) is the elementary formula relating the buckling 
stress ocr' the buckling load cr (equal to the applied load), and the 

cross-sectional area A. 

The desired relationship between acr, cr' and L can be obtained 

by multiplying and dividing the right-hand side of equation (1) by A, 
grouping the terms as follows

(p2\/A \ 
acr = ct2Etan__)_)	 (3) 

(1)
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and recognizing that p2/A is a nondixnensional shape factor f for 
the column cross section. Eliminating the A in the second parentheti-
cal term of equation (3) by means of equation (2) gives 

/	 1/2 
- 1/2 E
	 i/2f1/2(cr	 14. acr-c	 tan	 '\L2 

Two structural indexes are evident from equation (14.). The first 
is the usual index Pcr/L2 defined by 

p	 a2 cr	 cr 

L	 ct Etanf 

which is used chiefly for comparing the efficiencies of columns having 
a given shape factor and end-f ixity coefficient. The second, which is 
a function only of stress, is Pcrcf/L2: 

Pcrcf - ______ 

L2 - i(2Etan	
(6) 

and is used herein for comparing the efficiencies of materials for 
column applications. The advantage of this latter index is that a 
single curve can indicate the efficiency of a material, whereas if the 
usual index Pcr/L2 is used, the index varies with the shape factor 

and the end-fixity coefficient, and families of curves are required for 
each material. When such a curve of the ratio of buckling stress to 
density against the structural index is constructed, values of the 
structural index are calculated by means of equation (6) for assumed 
values of stresses, the corresponding tangent moduli being determined 
from the stress-strain curve. 

Certain restrictions should be considered in the use of this struc-
tural index for columns. Any combination of values of cr, c, f, 
and L can satisfy an index value given by equation (6). In the actual 
column, however, certain load and length requirements must be met, and 
the cross-sectional shape will be determined by various structural and 
design requirements. The type of column instability which develops will 
depend upon this cross-sectional shape because a thin-walled column or 
one having an open-type section may develop local or torsional insta-
bility rather than bending instability. The column-index relations 
covered herein apply only to instability in bending.
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Plate Buckling 

The efficiency of a material used in long plates subject to buck-
ling in compression or shear can also be determined on a unit-weight 
basis by plots of the ratio of buckling stress to density acrid or 

Tcr/d against the structural index applicable for the type of loading 

(reference 6). 

The derivation of the indexes for buckling in. compression or shear 
parallels that for columns. The two equations that must be satisfied 
simultaneously are: 

For compression,

a = kcErc (t 2 
cr

12(1 - 2)	
(7) 

acr =
	 (8) 

For shear,

ks1Ers ft 2 
Tcr = 12(1 - 2))	 (9) 

Tcr - cr
	

(10) 

In equations (7) to (10), acr and Tcr are, respectively, the buck-
ling stresses in compression and shear, kc and k5 are the plate 
buckling coefficients for compression and shear, E, 	 and	 are 

the reduced moduli for compression and shear, Pcr and cr are the 

critical buckling loads in compression and shear which are equal to the 
corresponding applied loads, t and b are the plate thickness and 
plate width, and 1.1 is Poisson's ratio. In. the case of long plates, 
the important design quantities are the stress, the load, and the plate 
width b over which the load is distributed; the length is not a factor 
as the strength is independent of the length for a long plate. 

After t is eliminated from equations (7) and (8) for compression 
and from equations (9) and (10) for shear, the resulting expressions 
for	 aIid Tcr are
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	 T kcT 11/3 

acr = L12(1 - 2j

2/3 
1/3/'cr\ Erc	 (U) 

r k8n2 —11/3	 1/3	
2/3 

Tcr = [2(1 - 2)j	 Ers (_)	 (12) 

Inspection of equations (ii) and (12) shows that, for each type of 
loading, the structural index may be defined in either of two ways. 

For compression,

=

1 
12(1	 - i.t21 

[

1/2
acr3/'2 

]
1[2 ('3) 

or

11/2	 3/2 
12(1 - l.L2 )I 	 acr 

= [ 

_______ 
b2 2	

] cch/2
(lJi) 

•	 For shear,

cr
1/2	 3/2 

L2(l -	 cr 
k 2 1/2 

E5 

or

Qcrksh/'2 _______
11/2 

T	 3/2 12(1 - i 2 )J	 cr 

[ 
b2

=
2	 J 1/ (16) 

The structural indexes	 Pcr/b2	 and	 Qcr/b2 (equations (13) and (i)) 
are useful chiefly for determining the efficiency of a plate structure
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having given loading and edge conditions. The structural indexes 

crkc '2/b2 and Qcrks 2/b2 (equations ( 1)4-) and (16)) include the 

plate buckling coefficients and are comparable to the structural index 
for columns Pcrcf/L2 (equation (6)) in that they are also functions 

only of stress these indexes are used herein for comparing the eff i-
ciencies of materials for plate applications. 

For both compressive and shear loading of long plates, the secant 
modulus is the major factor in establishing the reduced modulus for 
plate buckling, according to Stowell's theory, regardless of type of 
edge condition for the plate (references 9 and 10). This theory, which 
gives approximately the same result as Bijlaard's (reference ii) and 
flyushin t s (reference 12), has had experimental verification for buck-
ling in compression of hinged flanges and simply supported plates 
(references 9 and 13), and for buckling in shear of clamped plates 
(reference 10). In view of the fact that the secant modulus is the 
major factor in the determination of the reduced modulus and that an 
approximation for the modulus is sufficiently accurate for comparative 
evaluations of materials, the secant modulus Esec is substituted for 

Erc and Ers in equations ( l14) and (16). Then 

P ku/2	 1/2	 3/2 
__________	 _____________	 cr crc - ______ ____ 

b2	
- r
	 2i	

E 1/2	
(17) 

sec 

and

Qcrksl/2	 [2l - 2) 1/2
	 3/2 I	 Tcr	 (18) 
E 1/2 b2	 L	 2	 sec 

A comparison of equations (17) and (18) shows that the structural 
indexes for compression and shear have the same form and that the right-
hand sides are identical except that Tcr replaces crcr . As acr/i 
may be substituted for T cr (reference 10), the indexes have the same 

numerical value except for a factor of kJ. Thus 

QcrksV2 - 1 Pcrkc]12 

b2	 b2	
(19) 

Consequently, the efficiency of a material for both compressive and 
shear loading can be measured by the same curve in a plot of the
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stress-density ratio against the structural index. The ordinate is 

or 1.73Tcr/d and the abscissa Pcrkc]/2/b2 or 2.28crksV2/b2. 
Such curves are constructed from values of the structural index calcu-
lated by means of equation (17) for assumed values of stresses, the 
corresponding secant inoduli being determined from the stress-strain 
curve. In these indexes, values of 1 c may vary from Ii. for a simply 
supported plate to about 7 for a clamped edge condition; values of k5 
vary from about 7.3 to 9 for corresponding conditions. 

Analysis at Elevated Temperatures 

The methods described for determining the efficiency of a material 
for application to structures that develop instability at normal tem-
peratures have also been used for the analysis of structures at elevated 
temperatures. Research on the buckling of plates has shown that methods 
of calculating buckling stresses at normal. temperatures can also be 
applied at elevated temperatures provided that the stress-strain curve 
used for the calculation is obtained under loading, temperature, and 
exposure conditions identical to those under which the plate is loaded 
(reference 11i). 

The stress-strain data used herein were obtained from short-time 
compressive stress-strain tests, the material being exposed to the test 
temperature approximately 1 hour before being loaded at a strain rate 
of about 0.002 per minute. The evaluations are considered valid only 
for such loading and exposure conditions and do not apply to long-time 
conditions, where creep or exposure effects may be important factors. 

The increase in Poisson's ratio with temperature was considered to 
be negligible for titanium for the temperature range covered but was 
taken into account for the aluminum alloys by using values assumed in 
reference 1i-.
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Figure 1.- Modified compressive stress-strain curves for titanium sheet, 
extruded 75S-T6 aluminum alloy, 2 118-T3 aluminum-alloy sheet, extruded 
ZK6OA magnesium alloy, and Stainless W sheet at 80°, 1.iOO°, and 600° F. 
(Compressive yield stress, 0.2 percent offset.) 
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Figure 2.- Structural efficiencies of titanium and various other materials 
for column buckling at 80°, 4O0°, and 600° F. (Tab indicates the ratio 
of compressive yield stress to density.) 
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Figure 3.- Structural efficiencies of titanium and various other materials 
for the buckling of long plates loaded in compression or shear. (Tab 
indicates the ratio of compressive yield stress to density.) 
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