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NATI ONAL ADVI SORY COMMI TTEE FOR AERONAUTICS 

TECHNI CAL NOTE 3346 

PREDICTION OF DOWNWASH BEHIND SWEPT-WING AI RPLANES 

AT SUBSONI C SPEED 

By J ohn DeYoung and Walter H. Bar l i ng, J r . 

SUMMARY 

A r api d method f or esti mati ng t he downwash behind swept -wing air
planes i s presented . The basi c assumpti on i s that of a flat horizontal 
sheet of vor t ices t r a iling behind t he wi ng . The integrations for the 
downwa sh are ha ndled i n a manner s i mil a r to both Multhopp's and 
We i ssinger ' s a pproxi mate integr ations i n t heir span- loading calculations . 
The pri ncipal effects of r olli ng -up of t he wake are treated as correc 
t i ons to t he flat - sheet wake . A s i mpl e approximate correction for the 
eff e ct of t he f u se l age i s applied . The agreement with available experi 
mental data taken b ehind a irpl ane mode l s i s good . Computing forms are 
included t ogether with charts of per t i nent functions , so as to enable 
s imple di rect a pplica t i on . 

I NTRODUCTI ON 

The downwash i nduced by a lift i ng wing has , in the past , been pre 
di ct ed by conSi dering t he wing a s a l ift i ng l i ne with a vortex sheet 
t r a iling af t of t he wing i n a hori zontal plane . I t was assumed that 
s panwi se di stribut i on of vor ticity did not change with downstream posi 
t i on a nd that t he sheet did not r oll up behi nd t h e wing . With these 
assumptions , a procedure for de t ermi ni ng downwash is given in refer 
ences 1 and 2 . I n r eferences 1 and 2 , t he wing span loading is approxi
mated by sever a l hor sesh oe vortices . The total downwash is the sum of 
t he downwashes of t he h orseshoe vortices . I t is apparent that such a 
pr ocedure can b e extended to swept wi ngs by u sing swept horsesh oe vor
ti ces . The ari thmetic of t hi s procedure i s , however, rather tedious 
and l aboriou s . I n r efer ence 3, a mor e r api d method in the form of an 
i nfl uence - coeffi c i ent approach i s presented for the downwash at the 
cente r of t he wake . References I and 2 also i nvestigated the limitati ons 
of r e present ing t he lift i ng surf ace by a l ifti ng line , and of the effects 
of the r ol ling-up of the t r a i l ing sheet . I t was concluded that both 
effect s wer e negli gible f or t he t hen conventi onal a i rplane configurati ons . 

At the pre sent time , t he u se of low-aspect - ratio pl an forms and 
occas ionally of furthe r r ear ward positi ons of t he tail has made neces 
sary a re -examination of t he assumpti on tha t the trailing vortex sheet 
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2 NACA TN 3346 

can be considered nonrolling-up . An analysis of the rolling- up process 
is gi ven in reference 4 which reveals that the trailing sheet becomes 
roll ed-up at shorter distances behind the wing as (1) aspect ratio 
decr eases , (2) l ift coeffi cient increases , and (3) span l oading increases 
outboard and decreases i nboard . It is apparent that the downwash fields 
determined on the assumption of the f l at trailing vortex sheet or a com
plet ely rol led-up sheet (the simplified cases) omi t wings of aspect 
ratio of about t wo to four at moderate or high GL l s . 

The purposes of this report are , (1) to make available an influence 
coefficient type of method of computing t he downwash behind swept wings 
havi ng arbitrary spanwise loading , a procedure t hat will be qui cker and 
s impler to use than methods summing up the downwash due to elemental 
horseshoe vortices , (2) to estimate the principal changes in the down 
wash field due to the r olling-up process, and (3) to suggest a simple 
first approxi mati on to the downwash at the tail due to a fuselage . The 
effect upon t he downwash fi e l d due to substituting a lifting line for 
surface loadi ng wi ll also be inve s tigated and an approximate method f or 
taking thi s effect i nto account will be presented f or wings of l ow aspect 
ratio . 

A 

b 

c 

PRI NC I PAL NOTATION 

b 2 
aspect rati o , S 

i nfluence coeffi cients for a swept load line plus a swept trail 
i ng vortex sheet 
(These coeffic i ents act a s integration factors of the wing load 
i ng at station n to obtain downwash at position ( T, ~ , n) . ) 

influence coefficients , similar t o asn , but f or only an unswept 
t r ai l ing vortex sheet ( no bound vortex) 

wi ng span measur ed perpendicular to the plane of symmetry , ft 

local wi ng chord measur ed parallel t o the plane of symmetry, ft 

average wing chord, ~, ft 

mean aerodynami c chord, 
l J c d~ 
-l 

local lift local lif t coeff icient , qc 
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f 

Kn 

o 110 ft ffo 0 t lift Wlng coe 1c1en,-qs-

lif t-curve slope, per radian or per deg 

integration factor for interpolating downwash in the vertical 
direction 

empirical relation giving the effect of sweep upon the rolling -up , 
f = 1 - 0.0075 (A

o
TE + 70

) 

fc 
strength factor of the tip vortices, f(~ = 0) 

strength factor denoting loss of vorticity of the trailing sheet 
at span station n 

spanwise loading coefficient or dimensionless circulation along 

wing quarter-chord line, cI ~b or ~ 

G(~) at span station nn 
~ = cos 8 

spanwise loading coefficient for unit 

2A Gn where n refers to the span 
CL 

lift, ( clc '\ or 
CL cav)n 

nn station ~ = cos 13 

Mo free-stream Mach number 

q free-stream dynamic pressure , Ib/sq ft 

Rf radius of fuselage, ft 

S wing area, sq ft 

V free-stream velocity, ft/sec 

w downwash, positive downward, ft/sec 

x,y,z right -hand Cartesian coordinate system with x positive down
stream and y positive to the starboard with the origin at 
the apex of the wing quarter -chord line (See fig. 1.) 

Z vertical distance in wing semispans measured from extended chord 
plane, positive upward 

a inclination of wing from zero-lift attitude, deg 
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aTE s lope of camber line at trailing edge relative to free stream, deg 

f3 JI-Mo
2 

r circulation, ft 2 /sec 

€ angle of downwash , positive downward , radians or deg 

A sweep angle of the wing quarter - chord line, positive for sweep-
back , deg 

A f3 tan- 1 
( ta~ A), deg 

T 

cp 

av 

c 

f 

n ,V 

s 

TE 

taper rat io, 
tip chord 

root chord 

x y z 
dimensionless Cartesian coordinates, b/2' b/2 ' b/2 

l ongitudinal position at which sheet i s essentially rolled-up 
into wing tip vortices 

Yc lateral position of center of wing-tip vortex, ---I 
b c 

dimensionless longitudinal coordinate, measured from the lifting 
line (s - TJ tan A) 

trigonometric spanwise coordinate (cos- 1 TJ), radians 

height above trailing sheet, S - s s 

height above wing tip vortices, S - Sc 

Subscripts 

average 

t ip vortices 

fuselage 

integers corresponding to span stations given by TJ = cos nli, 
8 

or TJ = cos V
8

T( (For n or V = 1, 2 , 3, or 4j TJv or TJ n = 0.9239, 

0.7071, 0.3827, or 0.) 

pertaining to downwash at the sheet or displacement of the sheet 

wing traili ng edge 
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PHYSICAL PROBLEM AND BASIC ASSUMPTIONS 

The physical picture is one of a lifting surface shedding a trail
ing sheet of vortices . As the trailing vortices are left farther behind 
the wing, the sheet of vortices is displaced downward in varying amounts 
depending upon the span station considered, that is, it assumes a curved 
shape . While this displacement is going on, the vorticity in the sheet 
is conti nually shifting from the sheet toward the tips or edges of the 
sheet . The lifting surface and the trailing vortex sheet are inclined 
with respect to the free - stream direction. 

z 
y 

Sketch (a) 

The fir s t assumption for the analysis will be that all of the chord
\flSe lift is concentrated at the chordwise center of pressure which will 
be taken as the wing quarter - chord line . Second, it will be assumed that 
the flow on the wing is not separated . - Third, it will be assumed that the 
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downwash due to a symmetrical sheet can be approximated by a horizontal 
flat sheet passing t hrough the symmetrical sheet at the lateral station 
where the downwash is to be computed . It should be noted that at 

~ __ T-...:r_~ A<M'a,y 'ha~::;tt"te flat ,heet 

Sketch (b) 

each ~ station, the horizontal flat sheet is given a different vertical 
location and thus some allowance is made for the shape of the sheet . 
Fourth , it will be assumed that the ver tical - longitudinal inclination of 
the system has no effect upon t he downwash. Hence , the real system will 
be approxi mated by a hor izontal flat system passing through the real 
system at the downstr eam station, x , at which downwash is to be computed, 
as is shown below. The coor dinates of the real and substitute systems 

<0 
______ Approxim ate syste~m 

___ ___ _ R:a l syst em ~ 

~>--------------~=~~---~--~~----~--------------- - -- --
~r--------x --------~·I ---- -------

Sketch ( c) 

are shown in figure 1 . I t should be noted that these four assumptions 
are identi cal wi th t hose made by Silver stein and Katzoff in references 1 
and 2 . The fi r st two assumpti ons are common in aerodynamics and the 
limitations are fairly well known for t he higher aspect ratios . The 
first assumpti on will now be f urt her investigated for wings of fairly 
low aspect r atio . 

Two wings havi ng taper rati os of ° and 1.0, aspect ratio equal to 
2.0 , and sweep angle of 560 wer e investi gated . Each wing was assigned 
both cotangent - type chor d loadi ng and uniform chord loading. The span
wise loadi ngs were obtai ned from r eference 5. For each wing and chord
wise loading , the downwash in the wake , E s ' was computed with each of 
three alterna tive approximationsj namely, the chordwise loading was 
replaced, respect i vel y , by a s i ngle lif ting line, by three lifting lines, 
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and by five lifting lines . The strength and chordwi se positions of the 
lifting lines were set by di vi ding the chord i nto equal segments and 
finding the lift and center of lift of each segment . Each lifting line 
was treated as a flat7 horizontal vortex system in the n = 0 plane . 
The downwash angles of the lifting-line systems were added and the sums 
a r e plotted in figure 2 for four spanwi se stations. 

Figure 2 indicates that the single lifting line does not give 
accurate downwash pr edictions just aft of t he t r ailing edge of the wing . 
The downwash fields for t he wings of equal A are essentially the same 
one mean chord (one semi span ) aft of the wing trailing edge. This con
currence at one mean wing chord aft agrees with the two - dimensional 
example of reference 1 . For cotangent chord 10ading7 the five - lifting
line method ver y nearly pr edicts E/a equal to unity at the wing trail
ing edge . This can be considered as a check to the appr oximation since 
the flat - plate downwash must be equal to a at the trailing edge. 
Examination of figure 2 shows t hat the curve of downwash obtained by 
u sing one lifting line i s translated forward a nearly constant longitu 
dinal di stance from the curve of downwash obtained by using five lifting 
lines . In figure 2 (a ) 7 thi s di stance i s one e i ghth the mean wing chord. 

In reference (1 ) 7 contours of downwash angles due to a two 
dimens i onal Clark Y airfoil secti on are compared to contours of down
wash angles computed for a lifting line at the c/4 point . I f the lift
ing line is shifted back to the (3/ 8)c point7 the shifted field agrees 
well with t hat of the airfoil secti on even very near the trailing edge . 
Fr om t his 7 i t would appear that the downwash field due to surface loadi ng 
mi ght be well approximated for all wings by using a single lifting line 
wi t h all l ongitudinal distances r educed by (1/8)cav 7 or replacing T by 
T - (1/4 )( c/b )av . It should be noted that this correction i s of s ignifi
cance only in vicinity of the trailing edge. 

The third assumption has been considered by comparing the re sults 
obtained by using the assumption against re sults calculated for an ellip
tically shaped sheet whose r atio of minor to major axes was 0 .4. At 
~ = 0 , 0.383, and 0 . 707, the difference of t he results was l ess than the 
differences found in t he examinat i on of the first assumption. At 
~ = 0 . 924, u se of the above third assumption did not compare well with 
the re sults for t he elliptically shaped shee t . However, at low angles 
of attack , since the distortion of t he sheet is small the downwash can 
still be computed at ~ = 0 . 924 . The fourth assumption has been checked 
by numerical computation for a 600 sweptback wing of aspect ratio equal 
to 3 . 5 . It was found that pr ovi ded that E of the nonincli ned system 
i s taken as ,,/v rat her than tan- lew/V), the dif ference between the 
downwashes was less than the differences noted in examination of t he 
first assumption . This appears to hold true up to about a = 20° . 
Thus , throughout this report, E will be taken as w/V and the subject 
i s thus treated as if only small angles were involved . 
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It should also b e noted that these four assumptions are commonly 
used in the calculati on of wi ng span loading . As a result , the "non
rolling -up" l system can be treated in a manner analogous to Multhopp ' s 
(ref . 5) or Weissinger ' s (given i n ref . 6) approximate integrations in 
their calculations of span loading . However, a principal problem not 
encountered in span- loading work is the downwash at arbitrary vertical 
locations . 

Generally, t he amount of roll ing-up present is so small that the 
foregoing assumptions are sufficient for good answers. However , as 
cL/A increases , an increasing amount of r olling -up appears and a cor 
r ection must be made for this effect . The principal f eatures of a 
trailing-vortex syst em where the r olling -up is conspicuous are, (1) the 
vorticity becomes ver tically di splaced and shifts outboard from the 
plane of symmet ry , and (2) the wing t i p vortices trail back approximately 
i n a horizontal plane which i s parallel to the free stream . The center 
of the sheet , however , is still displaced downward . As the vortex sheet 
is left fart he r behind the wing , the tips of the sheet roll up and form 
concentrated tip vortices . An outward motion of the vorticity in the 
sheet between t he tip vortices results in less vorticity in the mid
semispan regi ons . These t wo changes in vorticity configuration can (in 
the main) be taken into account by maki ng a fifth a ssumption , (1) a 
vertically displaced traili ng flat sheet having a reduced amount of 
vorticity, and (2 ) a pair of t i p vortices which 'lie in a horizontal plane 
and whose strength i s drawn from t he sheet . With this arrangement , the 
sheet can be handled in mu ch t he same fashion as the flat sheet, that 
is , by u s ing the first f our assumptions . The tip vortices can then be 
handled a s a separat e computation . 

Tip v o rtex 

Subst it ute syste m- -,-__ _ 

Weakened flat sheet 

Sketch (d ) 

At variou s di stances behind t he wi ng , the r olli ng -up is in various 
s t ages of development. To obt a i n an accurate approximation, one should 

l Nonrolling -up syst em assume s that the trailing vortex shee t ha s 
the same lateral dist r i bution of vorticity at all distance s behind the 
wing as at the wing t railing edge . However , it need not be flat although 
for det ermining downwash it i s assumed flat . 
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consider the trailing system in longitudinal segments, each segment 
having a different amount of rolling-up. The downwash would then be the 
sum of the downwashes of all the segments . However, this involves an 
exorbitant amount of work and to obtain a practical solution, a sixth 
assumption will be made. It will be assumed that the entire trailing 
system behind the wing is of one form, namely, the form which the real 
system has at the selected downstream location s. The substitute 
rolling -up system i s then pictured as shown in sketch (e). 

\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
~ 
/ 

/ 

Sketch (e) 

This sixth assumption was examined by numerical computations for a 600 

sweptback wing of A = 3. 5 using the segment approximation. It was found 
that the results of the use of this assumption were within the accuracy 
of the theory for this case. 

While the foregoing assumptions aid in simplifying the physical 
picture, additional information is necessary in order to calculate the 
effect of the rolling -up process . The relative strengths of the vortex 
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sheet as well as t he tip vortex and also the position of the tip vortex 
for various distances behind. the wing must be obtained . From an analysis 
of the downwash behind a series of swept -wing plan forms obtained from 
large - scale wind- tunnel data , an empi rical relationship was developed 
giving the approximate lateral position of the tip vortex . From this, a 
method is developed for obtaining the relative strengths of the tip vortex 
and flat sheet . 

As wi l l be shown i n the text , the use of such a simplified substi 
tute system enables one to express the downwash due to a rolling -up 
system as being the flat - sheet results plus an additive correction 
(generally , fairly small ) which , for the case checked, predicted the 
downwash well and goes to the right limit as the rolling-up becomes 
complete . 

ANALYSIS AND DEVELOPMENT OF METHOD 

The first part of the analysis is concerned with the flat - sheet 
procedure , that i s , evaluating the downwash using the first four assump
tions . The location of the wake relative to the tail will be considered 
and some assessment of the effects of the fuselage upon the downwash is 
to be made . In the second part of the analysis, the rolling -up of the 
trailing vortex sheet is cons i dered . 

Flat -Sheet Procedure 

Gener al calculation of downwash .- The downwash at a point (x ,y , z) 
due to a swept -vortex system (assumed for the present at Zs = 0) is 
equal to t he sum of t hat due to the swept - load vortex (or bound vortex) 
and that due t o t he t r aili ng vortex sheet . 

- ------- -----------------~------~ 
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(X,y, z) 

Sketch (f ) 

Troi1ino vortex 
sheet 

11 

The induced velocity due to an arbitrary elemental trailing vortex 
extending to i nfinity downstream ( see sketch (f)) is given by Glauert 
(ref. 7). 

where e2~O . The vertical induced velocity at (x,y,z) due to the 
small element ds of the load vortex (see sketch (g)) is given by 

rh ds cos \jib 
dw = ---:---~ 

4:rrr3 

(1) 

(2 ) 
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(x, y, z) 

Sketch (g) 
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The total downwash due t o the entire vortex system is equal t o the 
integration over the wing span of the sum of equations (1) and (2) (which 
are converted t o r ectangular coordi nates by the relations i ndicated i n 
the re spective sketches ) . Further, the i ntegral of equation (2) i s inte 
grated by parts such that the new i ntegrand contains the factor dr/d~ . 
Then in t erms of dimens i onle ss relations , the t otal downwash can be 
writt en as : 

w = ~!1 (11-~) G ' (ij)dfj 1 Jl dn 
V Jl " 2 ( -) 2 + 21t Ls I-L G I ( 1) ) ' \ 

-1 " + 11-11 -1 



where for n ~ 0 , 

( 1) - ~ ) [T + (11) 1 - I ~ I )tan A ] [T + (11) I - 1) ) tan A ] (~ -1) - 11) I tan 
2 

A - T tan A' cos A ) 

_ n2 + (1) - ~ ) 2 [ T + ( 11) i-1)) tan A] 2 + n2
/(cos2A) Ls~ - ----------~~----------------~--~~~--~------------------j [T + (11) I- I ~ I )tan A] 2 + (1) - ~ ) 2 + .0

2 

1) - i'i 

n2 + (T] _ T1 ) 2 

( 4) 
and for i'i:::: 0 , 

(1)-~) [T + (11)1-1~I) tan A] [T+ (11)1+1)) tan A] ( ~ -1)+ 11)ltan2 A + T tan A) 
c os2A 

n2 + (1) _~) 2 [T + (11)1+1)) tan A] 2 + n2 / (cos2A) 
LSI-l 

+ 
j (T + (11) 1 - 1 ~ I) tan A] 2 + (1) - ~) 2 + n 2 

[T + (11) 1-1) )tan A]( T tan A + 11) 1 tan2 A + 1)) 

[T + (11) 1 -1))tan A]2 + n2 /(cos2A) 
+ 

[T + ( 11) I + T]) tan A J( T tan A + 1111 tan2 A -11) 

[T + (1111 + 11)tanA]2+n2/(cos2A) 

J (T + 11) 1 tan A) 2 + 112 + .0 2 

T] - ~ 
(5) n 2 + (11 _ ~) 2 

s; 
(") 

~ 

8 
~ 

lJJ 
lJJ 
+-
0'\ 

f-' 
lJJ 
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Both i ntegr als of e qu ation (3) a r e , in general , difficult to i nte 
grate by analytical means . The numerical i nt egration method used here i n 
is t hat employed by both Multh opp and Weissi nger . I n fact, equati on (3) 
appears i n ref erence 6 f or the case of 0 = O. As was done i n ref er -
ence 6, t he downwash i ntegr a l s can be written as a summati on of pr oducts 
of mathematical coeffi ci ent s , asn (avn in refs . 3 and 6), and t he span
wise loadi ng , Kn = (CIC/CL cav)n . As i s shown i n Appendi x A, t he numeri
cal integration of equation (3) can be put into the form (using a four 
term express i on) 

E 
w 

(6) v 
n =l 

where for n = 1, 2, 3, and 4, the Kn l s correspond to values of 
CzC/CLCav at ~ = 0 . 924 , 0 . 707 , 0 . 383 , and 0 , respectively . The asn ' s , 
like the Ls~ i n equat i on (3) , are solely dependent , for a given sweep 
angle , upon the locatioo of a poi nt (T , ~, O) . Thu s , aft er the asn ' s 
have been evaluat ed , one may compute t he downwash u s i ng any desired span 
loading . To f aci l itat e computations , the asn ' s (from general equations 
of Appendi x A) have been computed for point s at ~ = 0 , 0 . 383 , 0 . 707 , and 
0 .924 lying behind the quart e r - chord l i ne and for two vertical locations 
relative t o the vortex sheet , 0 = 0 and 0 = ±0 . 5 , that is, at the sheet 
and one -half semispan above or below t he sheet. The computed values have 
be eo plotted in figur es 3 and 4. Thus , given a plan form , span loading , 
and t he desir ed longi t udi nal position , one obtains values of asn from 
figures 3 and 4 and appli es equation (6) to obtai n t he downwash . 

It is obvi ou s t hat t h e accuracy of a summation depends upon how many 
terms are cons i dered . For t he f our - term summation used herein, accept 
ably accurate answer s a r e ob tai ned i n most cases without an unreasonable 
expenditure of labor . However , for cases in which the spanwise loading 
differs f rom that express i ble by a four-term sine series , the four - term 
summation may not be acceptably accurate as it would tend to gloss over 
such changes i n span loadi ng . The deri vati on of the asn ' s in Appen
dix A has been l eft in a f a irly general form so as to allow the reader 
to compute the asn ' s for summat i ons involving more points across the 
span . 

Choice of ver t ical coor di nates .- Three possible vertical coordinates 
are t he parameter s 0, S, and Z. The vertical pos i tion of the downwash 
point for these thr ee i s measured respectively from (1 ) the trailing 
sheet , (2 ) a hori zontal plane (parallel to free stream) through the apex 
of t he load l ine, and ( 3) the extended chord plane . Each has some advan
tages . Wi th 0, t he downwash field i s symmetric about the value 0 = 0 
(for a f lat shee t ), or ab out t he trai ling sheet . Also , computations are 
simplified with this parameter and t he downwash varies linearly with CL. 
On the other hand, with ~, the downwash field is referred to a fixed 
coordi nate system, i ndependent of a ngle of attack and sheet position. 
With Z, the downwash field i s referred to the coordinate system (extended 
chord plane ) of t he airplane bu t is dependent on angle of attack . Thus, 
with Z, the downwash field is descr ibed relative to the tail plane. 
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The relations between n, ~, and Z are: 

n S Ss (1')) 

z n + Ss ( 1')) + S tan a 

S + stan a 

S + (T + 1') tan A)tan a 

When the downwash has been computed for various nls and the dis 
placements , ~ s (1')), have been evaluated, the field can be plotted against 
a choice of n, ~, or Z. 

Lateral interpolation of downwash .- The asn values of figures 3 
and 4 allow a direct evaluation of downwash at four span stations . Some 
times it i s of value to know the downwash at other span positions or to 
plot a more accurate lateral variation of downwash. For these purposes 
a lateral interpolation formula is convenient. 

The product E(~) sin ~ can be expanded in a Fourier series, the 
coeffi c i ents of which can be numerically evaluated in terms of the four 
known values of En . Then (for symmetri c distribution of downwash) 

7 7 

d~) sin ~ L sin ~l~ L 4 
(8) 

~ l=l, odd n=l 

where ~ = cos - 1 1') . Then the downwash at a given 1') position can be 
expressed as the sum of products of tabulated numbers and values of the 
known downwash . Thus 

where the HIS are tabulated in table I for 1') = 0.098 , 0.195, 0.290 , 
0. 556, 0.831, and 0 .981 , and En are the known values of downwash at 
1') = 0 .924, 0 .707, 0. 383 , and o. 

Examination of table I shows that in the range of 1') from 0 through 
0. 556, Hl is very small , less than 4.5 percent of the sum of H2 , Hs ' 
and H

4
• For this range of 1') , one can simplify the calculations by 

letting El = E2 , then equati on (9) reduces to , for 0 ~ 1') ~ 0. 556, 

(10) 

This method of interpolation, in effect , puts a curve of the form 
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(where the e ' s are constants ) through the known values of E at the 
four r egular span stations . Of course , equation (10) goes through only 
three of the four known values . 

The lateral interpolation formula applies for a given n along an 
arbitrary s(~) curve (e . g . , at constant s or at a constant T) . 

Vertical interpolation of downwash.- The asn values of figures 3 
and 4 allow a di rect evaluation of downwash at n = 0 and ±O. 5 . To 
present asn charts for many n values is too cumbersome . However, 
wi th only two values of n available , an interpolation procedure is a 
prime necessity . 

Reference 8 presents a s imple method in which downwash, for small n, 
is expressed as a Taylor series of Inl . Reference 7 contains a simple 
equation of downwash as a function of n for large n values . With 
the se functions of n and the computed value of downwash at n = ±0 . 5, 
a fitted function of n is developed in Appendix B that approaches the 
correct functions at low and high values of n and fairs through t he 
computed value at n = ±0 . 5 . 

The vertical interpolation function i s given as 
4 

E = C l E ( T , ~, o ) + C 2E ( T , ~, ~ ) + ~~ L DnKn 

n= l 

(11) 

where Cl , C2 , and Dn are tabulated in table II for several ±n values; 
E( T, ~,O ) and E(T , ~ ,± 1/2 ) are t he value s of downwash computed by equa 
tion (6 ) at n = 0 , and ±1/2 , re spectively . 

Vertical displacement of the sheet .- The vertical displacement of 
the sheet i s given by the integration in the longitudinal direction (for 
constant ~ ) of the downwash i n the sheet from the wing trailing edge to 
the T and ~ position of the downwash point . Thus, for a given ~, 

(12 ) 

where Ss is the vertical displacement of the sheet , TT is a dummy 
variable of integration , and ~TE is the vertical displacement of the 
wing trailing edge . Now n is defi ned as ~ - ~s, then ~ s (TT) in the 
integrand corresponds t o the value n = O. With the flat - sheet a ssump
tions , Es (the downwash angle at the sheet , i . e ., n = 0 ) i s independent 
of any vertical paramet er and can be i ntegrated t o evaluate ~ S (T). 
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The integration in equati on (12) can be simplified considerably by 
approxi mating ES with an i ntegr able f unction of TT' An analytical 
s tudy of figure 2 indicates that the downwash behind the surface-loaded 
wing varies closely as 1/T2 , also that the s i ngle - load- line method 
under estimates the downwash near the wing . The simplicity of the 1/T2 

behavi or suggests a very convenient curve -fitting function for downwash 
t hat can i n additi on be made t o correspond with the downwash near the 
wing as predicted by surface -loadi ng methods. Thus it will be assumed 
that the downwash is given by the follOwing function (n = 0, and u s i ng 
the dummy variable TT) 

(13) 

where E1 , E2 , and j are undetermi ned coefficients. For the determina 
t i on of El and E2 , two conditions are given by 

at TT TTE' Es(TT) aTE 

at TT T , Es(TT) E s ' known downwash at the ( 14) 
position at which dis-
placement is to be 
computed 

With El and E2 determined it remains to evaluate j . Comparison of 
the results of several values of j with the downwash fields given in 
f i gure 2 shows that for j = c/2b very good agreement is obtained even 
with Es taken at a distance of two semispans aft of the wing trailing 
edge . 

With the value j = c/2b and the determined values of El and E2 , 
equation (13) becomes 

1 (T _ ~)2 E _ (T _ ~)2 
2b s TE 2b 

(15) 

Inser t i ng equati on (15 ) into equation (12 ) evaluates the vertical ~! 
displacement . 

~--. 
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(16) 

where Es is computed at any T , ~ position but with n O. 

For a wi ng havi ng an airfoi l section such that the load line is at 
the one - quarter chord and with aTE = a , e quation (16) simplifies to 

It should be noted that the l a st term of equation (17) i s negligibly small 
for many practical cases . 

Equation (16) expressed as vertical displacement of the trailing 
sheet or wake from the extended - chord plane is given by ( see eq . (7)) 

T - T TE 
Zs = --------------~~-------

(T -~ ) + (T 
2b TE 

(18) 

For a wing having an airfoil section such that the lifting line i s 
at the one - quarter chor d and f or aTE = a , equation (18) simplifies to 

- ----- -- ---------------' 
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3c 
T -

Zs 
2b 

T + c 
2b 

For many practi cal cases , the last term of equation (19 ) can be 
neglected . 

Correction for the Effect of t he Rolling -Up of the Sheet 

19 

General analysis . - If the vorticity shed from the wing is now con
sidered to make up a weakened sheet and two tip vortices, as discussed 
earlier , then the correction, E, to be added to the downwash calculated 
in the foregoing sections can be written as 

where EWS is the downwash due to a weakened vortex sheet; Ec is the 
downwash due to a pair of tip vortices . The weakened sheet and the tip 
vortices extend from a longitudinal position corresponding to the 
quarter - chord point of wing tip, downstream to infinity . The quantity , 
ETS ' is the downwash due to the portion of the flat sheet aft of the 
quarter chord of the tip . Letting 

D.E becomes 

D.E (20 ) 

which gives D.E equal to the downwash due to the tip vortices minus the 
downwash due to the loss of vortex strength in the trailing vortex sheet . 

The downwash due to only a t r ailing sheet extending from the quarter 
chord of the rearmost wing section can be deduced from equation (1) by 
considering an unswept wing . Replacing ~ by (~ - tan A) then refers 
the coordinates to the quarter chord of the wing tip. Following the 
same mathemati cal procedures as in Appendix A, it is shown in Appendix C 
that the downwash due to such a trailing sheet can be reduced to 
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4 

I (21) 

n=l 

The diff erence be tween Eflat sheet and €weakened sheet ' ET, can be con
sidered as the loss of downwash due to the weakening of t he sheet . This 
weakeni ng can be taken into account by multiplying Kn in equati on (21) 
by a term called a strength factor . 

Thus , €T reduce s t o 

(22 ) 

n= l 

where Fsn will be called the strength factors of the sheet and denotes 
a l oss of strength i n the trailing vortex sheet . Thus , 1 - F sn is the 
proportion of vortic i ty left in the sheet . The aTn ' s are plotted as 
a function of (£ - tan A) /r,3 in figure (5) . 

The downwash due to a pair of t i p vortices i s equivalent to the 
downwash due to a t rai l i ng sheet behind a uniformly loaded wing of span 
~cb . Thus , Ec can be derived from the preceding work. The circulation 
of the t i p vortices i s FcCL/~cA where Fc denotes t he proportion of 
wing vorticity in t he t i p vortices . Expressions for E C~GA/FcCL are 
derived in Appendix C and value s are pre sented in figure b . Thi s param
eter is plotted as a function of ( 1 / ~~9)(£ - tan A) for various values 
of ~/~c and nc /~c . The quanti ty, nc ~ vertical height relative to t he 
tip vortices ), i s equal to S - a tan A or n + Ss - a tan A, where 
-a tan A i s the ver tical location of the tip vortex which will be pre 
sented shortly . 

As yet , Fsn and Fc have not been determined and, as was stated 
earlier, one must determine t he locations of the tip vortices before 
proceedi ng to find the strength factors . 

Location of tip vortices .- Reference 4 presents an approximate 
(curve -fitting ) equation for t h e l ateral positi on of the t ip vortices. 
Thi s equati on i s given by 

( 
£ _ £ )2/3 

1 - (1 - ~ ) tanh 0 
c~ £c - £0 

(2 3) 

----------- -
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where 

(24) 
G (cp) 

- cos cp 

where ~coo = 1/K4 and represents the asymptotic position of ~c' and ~o 
indicates the start of the rolling -up process. In the last part of 
Appendix C, SC is reduced to the more convenient form 

(25) 

It should be noted that equations (23) a nd (24) were derived for a wi.ng 
having an unswept trailing edge. 

It has been found from experiment that, for a swept wing, the inward 
movement of the tip vortices is much slower than is indicated by equa
tion (23). The reasons for this slowness are not clear. However, the 
lateral positions of the tip vortices appear to be strongly dependent 
upon the sweep of the wing trailing edge. 

The following two considered opinions of the actions of the air flow 
behind such a wing are given here . First, in the region between the two 
swept wing panels, the vortex sheet (principally near the plane of sym
metry) is above both the load vortex of the wing and the wing tip vor
tices and thus is subjected to an inward velocity component. This inward 
velocity tends to keep the vorticity in the midspan region out of the tip 
vortices and thereby increases the roll -up distance. A second action 
concerns the wing tip. For a sweptback wing, an outward velocity over 
the wing tips is generated due to the lateral pressure gradient resulting 
from the staggering of wing sections. This flow over the wing tip is here 
assumed the primary action that results in a further outboard location of 
the tip vortex relative to that of an unswept wing. Similar reasoning 
leads to converse effects for sweptforward wings. The velocities involved 
in the above phenomena are difficult to determine . A problem remains , 
however, in that an expression for ~c (compatible with experiment) must 
be found . 

The problem of theoretically determining ~c 

trailing edges is even more difficult than for an 
fore, an empirical equation will be used herein. 
that takes into account the effect of the initial 

for a wing with swept 
unswept wing . There 
One approximate method 
outward lateral 
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location of the tip vortices (due to the sweep ) i s to multiply (1 - ~c oo ) 
of equation (23) by 

f + (1/10 ) ( S - tan A) 

1 + (1/10) (S - tan A) 

wher e f i s a function of t he sweep of the wing trailing edge . At 
large value s of s - tan A, t hi s factor approaches unity and ~c 
appr oaches 1 / K4 . I n the midspan region as mentioned previously, there 
is an inward veloc i ty imposed upon the trailing vortex sheet which results 
in a longer roll -up di stance . I t is found that this can be taken into 
account by multiplying the argument of tanh in equation (23) by f 2 
wher e f here i s the same a s t he pr evious f for convenience of empiri 
cal evaluation . The effect of thi s multiplication i s to increase the 
roll -up distance by a factor of (1/f)3 . Then, assuming the tip vortex 
to start at t he quarter chord of the wing tip2 (S o = tan A), equation (23) 
becomes 

1 _[ f + (1 / 10) (s - tan A) J (1 

1 + (1/10) (s - tan A) 

1 ) tanh [ f 2 ( t; - tan A )2/3J 
K4 SC - tan A 

(26) 

wher e Sc - tan A i s given by equation (25) f or So = tan A. 

Equation (26) can be solved f or f , s ince , for small values of the 
argument in tanh , the argument itself can be taken . A cubic equation 
results from which f can be determi ned from experimental measurements 
of ~c . Five wings with sweep angles of the trailing edge ranging from 
- 41 . 30 to 51 . 90 were used in determining f . To the preci sion of the 
experi ments , f is given by, 

(27) 

I t has been assumed that f is independent of aspect ratio . It 
should be noted that f does not qui te reach unity at AO

TE = O. Thus 
equation (26) does not quite reduce t o equation (23) f or wings with 
unswept trailing edges . The difference , however , i s small and i s not 
considered important . 

2This is in contradis tinction from reference 4 which assumes the tip 
vortex to s tart at the wing trailing edge . 
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I t should be realized that other expressions for ~c can be 
ob tai ned . Si nce only t he numer ical value of ~c is important, the use 
of other expr ess i ons of ~c will not affect the material following . 
Later i n t he discussi on section, i t i s shown that values of ~c from 
equation (26) compare well wi t h the l i mi ted available experimental 
results . 

The vertical position of t.he t i p vortices can be determined by using 
the fif t h assumpti on i n the pr evious section . Then, since the tip vor 
tices a r e assumed to start at t he quarter chord of the wing tip, the 
vertical di splacement of t he two tip vor tices is approximately given by 
the ver t i ca l position of the quar ter chord of the wing tip , or 

(28) 

It should be noted that far behind the wing, after the rolling-up 
process i s essentially completed, t he i nfluence of one tip vortex on the 
other cau ses a displacement t hat var ies linearly with s. The use of 
equati on (28 ) therefore is restri cted to locations near the wing. 

Strength factors of the traili ng sheet and wing tip vortices.- The 
rolling -up t railing -vortex syst em is greatly simplified ,vi th the vortex 
sy st em divi ded into t wo parts , (1) a pai r of r olled-up wing tip vortices, 
and (2 ) a vortex sheet stretching laterally between the two wing tip vor -· 
t i ces ( see sket ch (d) ) . The problem is t o determine what pr oportion of 
t he total vortex s t rength each should have . A method attributed t o Lotz 
and Fabri ciu s in reference 4 (gi ven originally i n ref . 9) is readily 
applicable for unswept wings . A modified and somewhat simplified pro 
cedure of t hi s method i s developed here for swept wings. 

The basis of the method depends on two vortex laws applied to the 
rolling -up trailing-vortex system extending downstream from each half of 
t he wing . These laws will apply aft of the quarter-chord point of the 
rearmost wing section where the trailing system may be considered free 
and two- dimensional . These laws are: 

(1 ) The total vortex strength shed from each half of the wing is 
i nvariant with distance downstream . 

(2 ) The total lateral moment of the trailing vortices shed from each 
half of the wing (or the total lift impulse) is invariant with distance 
downstream . 

. Let Fs ( ~ ) denote a proportional loss of strength in the trailing 
vortex sheet, then 1 - Fs(~ ) i s the proportion of strength remaining in 
the sheet . Also let Fc denote the proportion of strength in the trail
ing tip vortex . 
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The vor tex laws yi el d two r esults . First , since the total vor ticity 
is constant , t h e amount of vor t i c i ty i n t he t i p vor tices equals t he total 
amount lost by t he sheet , or 

J1 d [ K( T) ) ] Fc == - Fs ( T) ) -- dT) == F (0) 
dT) K( o ) s 

o 

Second, t he moment gained by t he t i p vor tices equals that lost by the 
sheet , or 

(30 ) 

Equations (29) and (30) ar e not sufficient to determine Fc and 
Fs (T) ). However, t he f orm of Fs ( T) ) can be se l ected so as to represent 
the physical a ctions of the rolling -up sheet to a r easonable approxi ma 
t i on . In any ro l ling -up problem i nvolvi ng two mai n vorti ces , t he vortex 
shee t in the outer s pan r egions i s acted on by the tip vortices mor e t han 
by t hose in the inner regions . The outer vortex sheet r olls up at a 
faste r rate tha n the inner . For these r easons the decr ease of vor t i city 
in t he sheet , denoted by Fs ( T) ) should become larger a s T) becomes 
lar ger . A s imple expressi on f or Fs ( T) ) whi ch appr oxi mates these phenomena 
i s 

Fs ( T) ) at T) == cos ~n can be written a s Fsn ' thus 

where FS4 i s evaluat ed by equation (29) . The par ameter , A, can be 
evalua t ed by u s i ng equation (30). Thus 
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The integral can be evaluated numerically by use of equation (C23) and 
has the value 

JlT) 2 K (T) ) dT) 
o K(o) 

(34) 

Combining equations ( 32 ), (33), and (34) results in 

(n;) ] 
0 . 1283 Kl + 0 .1388 K2 + 0.0531 Ks 

( 35) 

The strength factor of the wing tip vortices is assumed t o be 
dependent upon the wing loading distribution and the lateral position of 
the tip vortices , T)c . The latter gives a measure of the extent the sheet 
is rolled-up. Near the wing, the tip vortex would (at least) equal the 
wing circulation at T) = T)c ' the center of the tip vortex. At most, the 
tip vortex would equal the wing circulation at the span station corre
sponding to the inner edge of the tip vortex. The inner edge, here, is 
roughly estimated as twice the distance from the tip to T)c' thus located 
at T) = 2T)c - 1. 

Now, in the derivation of the sheet strength factors, some sheet 
strength is left in these outer regions . Therefore, ~he strength of the 
tip vortices will not be taken as the larger of the above two values, 
but will be taken as the sum of the vortices inboard to T) = (3T)c-l) /2 
which is midway between T)c and 2T)c - 1. Thus (again, near the wing) ', 

d( ~) 
K(o) 

----- dT) 
dT) 

Far downstream, when the rolling-up is completed 

Between the above asymptotic values , assume Fc to vary as the 
product of wing loading at (3T)c - l ) /2 and a linear function of T)c . 

(36) 
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Then 

Fc := (38) 

The two constants , k l and k2 ' are evaluated by the two conditions given 
by equations (36) and (37 ). The resulting equation for Fc is 

where 

and 

K( 3Tl
2C
-l) 

K(o) - 1 
K ( 311~ - 1) 

1 + ---"-------''----
1 - 11c

oo 

is the value of at 

(
311 -1 ) 

K ~oo is the value of at 

1 
Tlcoo = K(o) 

It should be recognized that other procedures that might determine 
the strength factors more accurately can be used in the present calcula
tions . However , it should be borne i n mind that a fair amount of approxi 
mation in t he strength factors can be tolerated s ince a small percentage 
change in the factors results in an even smaller percentage change in the 
computed downwash. In a later discussion, it is shown for an example 
wing that experiment and the above theory compare well with regard to the 
vortex str ength i n the tip region . The expre ssions presented also have 
the merit of being computationally simple. 

Vertical l ocation of the sheet during the rolling-up process. - When 
the sheet i s rolling up, both the downwash induced at the sheet (n = 0 ) 
and the location of t he sheet, ss ' will be different from the flat - sheet 
results . As an approximation f or the rolling -up sheet , the downwash due 
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to the rolling -up sheet is computed at n = 0 us i ng the Ss value given 
by t he flat - sheet method . Substitution of this value of downwash in the 
displacement equation evaluates t he Ss for the rOlling-up sheet. This 
value of Ss is used throughout the balance of the rolling -up computa
tion , replac i ng also the Ss in the flat - sheet downwash; that i s , n 
for the flat sheet is then the same as n for the rolling-up sheet. 

The rolling -up correction procedure , including the recomputation of 
Ss , is illustrated in a computing form to be presented shortly. The 
change in location of the vortex sheet is generally quite small in the 
inboard region, becoming larger in the outboard region . 

Special loadings .- Span loadings which have maximum values at span 
stations other than at the plane of symmetry cause the equations for the 
strength factors to break down and in some cases to predict the lateral 
tip vortex location as being outboard of the wing tips. Such span load
ings would have complicated rolling -up characteristics since each change 
in sign of the slope of a loading distribution indicates the possibility 
of a rolled -up vortex eventually appearing . At the wing - tip region the 
loading gradient is very large , approaching infini ty at the wing tip; 
hence, the rolling -up is more pronounced at the tips. The loading gradi
ent in the wing region between two maximum values of loading in general 
never becomes comparable to that at the tips, or even large. Hence, the 
rolling -up in this region will be very slow as compared to that at the 
wing tips . Thus it can be assumed for these special loadings that only 
the vortex sheet outboard of the maximum loading positions will roll up . 

Then, when determining a rolling -up correction, the loading di stri
bution to be used will be that with a straight faired line connecting 
the two maxi mum values of loading . The ordinates of the entire curve 
are then proportionately reduced so that the area under the curve i s 
equal to the original unit area, as is illustrated below. 

~~~ 

K. 
f?OLL 

o 
Sketch (h ) 

The area under the new faired loading is made a unit area by divid-
6~ 

ing the loading distribution by 1 + f 6K d~ . The lift coefficient 
o 
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used f or the r olling -up method increases to the value 

( 

.6Tj 

CLroll = 1 + J .b. K dTj ) 
o 
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( 40) 

where the subscript , r oll, indicates t he value of lift coefficient and 
loading used to compute the rolling -up correction . 

Effect of Fuselage 

While a large part of the downwash at the tail is due to the wing , 
the presence of a fuselage will alter the downwash to a sufficient degree 
so t hat downwash due t o the fuselage should be considered . For computa
tional purposes , downwash due t o a fuselage at t he tail of an airplane 
can be separated into two parts : that due to the fuselage at an angle 
of attack and t hat due to the fuselage at zero angle of attack. Two 
effects are present f or t he fuselage at an angle of attack . The span 
loading f or t he wing -body combination will be somewhat different than 
for the wi ng alone . This altered loading , together with the correspond
ing distribut i on of rr image rr vortices wi ll affect the downwash in the 
region of the tail . If t he fuselage di ameter is not too large, t he load
ing can often be approximated by the wi ng -alone span loading . However , 
in vi ew of the pronounced effect of span loadi ng upon the downwash , it 
would be preferable to u se the span loading corresponding to a wi ng -plus 
fuselage combination . The other effect of the fuselage at angle of 
attack is that r esulti ng from the rrcrossflowrr component normal to the 
axi s of t he fuselage in t he region of the tail . The importance of these 
eff ects depends largely on the ratio of fuselage di ameter to wing span . 
A further di scu ssion i s gi ven in r ef erence 10 . At zero angle of attack , 
ther e i s a disturbance of the f low field due to tapering of the fuselage . 
The infl uence of the fuselage on t he downwash is further complicated by 
flow separation on the after portion of the fuselage , but this effect 
will not be considered . 

The relative importance of t he above effects depends largely on the 
particular configurati on be i ng investi gated and t he spanwise region of 
interest . For the experimental data available for the present investiga
tion , a calculation of the influence of the fuselage at zero angle of 
attack appeared adequate . 

Si nce the fuselage diameters of most airplanes are small compared 
to the length , slender -body theory will be used to approximate the flow 
near t he fuselage . Equation (10 ) of reference 11 gives the complex 
potential in the cross plane (normal to the longitudinal axis of the 
fuselage) of a slender body at an angle of attack . For a body of . . 
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r evolution at zer o angle of attack , t he real part of this equation 
reduces t o 

where ao == Rf(dRf/dx). The radial velocity is then given by 

== -
r r 

The downward vertical component gives the downwa sh . 

wf 
V 

29 

(41 ) 

where y and z are measured from the center line of the body . It should 
be noted that a t the after part of t he body dRf /dx is negative for a 
tapering body and that the equations are fo r bodies of revolution. 

Effects of Compressibility 

The effect of compressibility on downwash is taken into account by 
u se of the Prandtl-Gl auer t rule . That is , the longitudinal coordinates 
are simply stretched by a factor l /~ and c 1 is replaced by ~cI. 

The compre ss ible and i ncompr ess ible parameters are listed below . 

Incompr essible 

S or T 

T) 

c (chord) 

Compressible 
(replace the incompressible values by:) 

~cI' ~CL' or ~CLa 

~A 

A~ tan-1[(tan A)/~] 

s/~ or T /~ 

T) 

1; 

c/ ~ 

(42) 
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The displacement values ) Ss or Zs ) are not affected by S except 
insofar as Es i s affected by compressibility. This ES can be calcu
lated by maki ng t he above subs t i tutions . The T values in the ~s or Zs 
equations are then not replaced by Tis . The downwash for the case of 
sonic speeds is calculated by taking the limit as s~o . The resulting 
simplified downwash equati ons are given i n the rear portion of Appendix A. 
The value s of downwash when S = 0 are not here represented as the true 
downwash but rather as a s imple limit po i nt that aids in fairing a Mach 
number curve of downwash . 

Computation Forms 

I t is expedi ent to summarize t he present calculations in a simple 
computation form . The forms f or the computation of downwash angle due 
to a flat sheet ) and the correction due to a rolling -up sheet , are pre 
sented as follows : 

Flat - sheet procedure . -

Aat - sheet downwash Vertical displacement 

"' = r = 
Column no. I 2 3 4 5 6 7 8 9 10 
~mn definition n °,1 °12 013 °'4 E /CL A, A2 A2~ ZS/CL C,/eL 

Operation to From f igures 3 a 4 for I 4 

be performed 
given A. r . '" . n iA Ia•nKn 

n' l 

Eq. Eq. 
@-

below below ®® ®.® (T+'1'on .Ill 

CL/tana 

0 

~0.5 

Span loading I 
coefficients L--_~_--L __ -'--_~ 

For a = aTE and r measured from ~ ; AI and A2 are : 

A = (r- ~)(r- ft,) ton a 
I CL (r+

2
C

b
) 

tan a 
For a# aTE see equation ( 18) 
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Vertical interpolation of flat - sheet downwash 

II 12 13 14 15 16 17 IS 19 20 21 

n 0 1 O2 03 04 CI C2 E /CL Z/CL 

®£1 From Table IT I 4 Constant 17-
~+@ @+fl uLOnKn .CL il.'o 

+ cE J for \liven 7J n'l with 7J :®l Cc. !l '.5 
- CL 

Fror<'~ 
0 X X X X X X X X X (from (5)-

±O.I 
±o.2 
!0.3 
"to. 5 X x x X x x X x x (from @)-
±O.S 

Rolling-up correction procedure .-

Required information Trailing - sheet loss 

cLa=----
CL= ___ _ 

a (rodions)= __ _ 

~=----
t-tanA= __ 

equation (26 ) 7]c=--

~c(~- tan A) =_ 

Equat ion (39) Fc = __ _ 

Equat ion (35) 

FSJ=--
FS2=-__ 

FS3=---

FS4=---

7]=-- 7]= 
7]c 

23 24 25 26 
n °TI an an °T4 

From figure 5 for 

given 1],!- tonA, !l 

0.5 
0 .2 

0 
-0.2 It It It It It (same as 0.2 )...., 

-0.5 It It It It It (same as 0.5)-

F"K1 FUK2 F.3 K3 F. 4K4 

For span loadings with maximums not at 7]E 0, see "Special LoadIngs" 

Corrected vertical displacement 
28 29 30 31 32 33 

n nc !lc/TJc 
TJcAfc 

fc €, ~~ 
@el'" ft ®ClFc 

@CL+ 

* a tan A TJc TJc A @ +@ 
0 

* Interpolated from figure 6 for given 

!!... 1 1.. (! - tan A), 11. 
1]c TJc .ac 

34 ~ 
€s At ~6 

~ 
AI+@) 

!tona 

31 

22 
C / CL 

@)+,(l 
- CL 

27 

€T 

~4 
-u IOrnFsn Kn 

n' l 
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Tip-vortex contri bution Total downwosh 
36 37 38 39 40 41 42 43 

D. D.c nc/7Jc 
7JcA~c €c ~€T 

€ Total Z CcFc fl at downwalh 
@. @ @ CLFC @i(§) 

@cL -
Q lanA * @CL @t@ 
.. n 7Jc 7JcA (@Cc@ 

0.5 

0 .2 
0 

-0.2 
-05 

DISCUSSION 

This secti on evaluates the prediction of downwash due to wings 
alone, due to wi ng -fuselage combinations, and due to rolling-up of the 
vortex sheet by comparison with experiment . Also, for a pair of plan 
forms , downwash contours predicted by flat - sheet theory are compared 
with the flat - sheet theory corrected f or rolling-up effects . 

Compari son With Experiment 

Wing alone .- Comparison of estimations from flat - sheet theory with 
som~ measured values of downwash from r eference 12 for a swept -wing plan 
form i s given i n figure 7. For thi s wing , t he computed r olling-up cor 
rection was very small; hence, only the flat - sheet r esults are presented. 
The computed value s make u se of the calcula ted wing loading di stribution 
obtained from reference 6 and also of the experiment al loadi ng distribu
tion ,S which was somewhat different. The comput ed downwash di s tributions 
due t o both l oadings are presented and t he t wo span loadings are shown 
in figure 8 . The general conclus i on i s that t he downwash predi ction at 
the plane of symmetry i s criticall y dependent upon the local loading 
distribution . Thi s is because the downwash contributions of the vor
ticity on either s i de of the plane of symmet ry are additive f or a sym
metrical span loading . At outboar d stations , the downwash is not so 
dependent on the l ocal loadi ng since the vorticity t o the inboar d side 
results i n an upwash which tends t o cancel the downwash from the out
boar d s ide. It i s noted that at the outboar d s tations the experimental 
and theoretical vorticity (or l qading) distributions are more nearly 
similar. The effects of loading di stribution are most prominent at the 
sheet. Figure 7 shows the experimental downwash f r om cont our plots and 
the downwash computed u sing the experimental span loading t o be i n good 
agr eement . The experimental and computed locations of the wake center 
are also shown t o be i n good agreement. 

SThi s "experimental" span loading was estimat ed from consi deration 
of experimental re sults of numerous wings . 
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Wing plus fuselage.- In figure 9 a comparison of the computed down
wash (wing-alone flat-sheet results plus the fuselage "taper" correction) 
and of experimental downwash is presented for a particular configuration . 
The wing is characterized by an aspect ratio of 2.88, taper ratio of 
0 .625, and the quarter-chord line was swept back 500

• The wing was set 
at 20 incidence relative to the fuselage which had a length of 3.02 wing 
semispans and a maximum diameter of 0 .297 wing semispans. The downwash 
is given at 1.239 wing semispans behind the quarter chord of the c. 
The fuselage taper (dRf/dx) was about -0 .2. In figure 9, it is shown 
that the downwash due to this wing-fuselage combination is predicted with 
reasonable accura~y by the results of the flat-sheet method plus the dOwn
wash due to the fuselage taper . At ~ = 0, the computed and measured 
downwash above the fuselage are in good agreement at the lower angles of 
attack . Below the fuselage, t he maximum difference is of the order of 10. 
The poorer agreement at a = 130 may be due (in part) to a change in span 
loading from that which existed at the lower angles of attack. 

At ~ = 0 .383, the computed and measured downwash is in similar 
agreement . At a = 130

, the possible change in span loading results in 
some discrepancy. However, as was pointed out in the comparisons of 
wing -alone downwash , this change in span loading does not result in as 
large a change in downwash at ~ = 0.383 as occurs at ~ = O. At 
~ = 0 .383, the fuselage correction is quite small. 

In summary, in figure 9 it is shown that good predictions can be 
made by adding the downwash due to fuselage taper with the downwash due 
to wing alone. 

Rolling-up correction.- In figure 10 are presented measured values 
of downwash from reference 13 together with three methods of prediction 
for a wing with A = 600

, A = 3. 5, A = 0.25, and CL ~ 0.5. The three 
methods are: flat - sheet theory, rolling-up corrected flat-sheet theory, 
and a completely rolled-up theory . The latter is simply the downwash 
due to the swept bound portion plus two concentrated tip vortices located 
at ~c = 0 .864 . It is seen that the rolling-up method agrees well with 

00 

experiment and that the agreement is best at the more outboard and at 
the more rearward positions. It is interesting to note that only the 
rolling -up correction method agrees well with experiment. For ~ equal 
to 2.71 and 3. 43, neither the flat-sheet results nor the results for the 
completely rolled-up vortex yield maximum downwash angles within 10 per
cent of the experimental values . At s = 2.02 and ~ = 0.383, the experi
mental downwash angles appear questionable because the rolling-up method 
gave virtually exact agreement with experiment at CL = 0.25. 

In applying the rolling-up correction, it is important that the 
lateral position of the tip vortices be closely approximated. In fig 
ure 11 is presented a comparison of measured (refs. 12, 13, and 14) and 
computed locations of the tip vortices. The computed locations of the 
tip vortices are based on empirical equation (26). Figure 11 shows good 
agreement for a number of downstream positions for several swept wings. 
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The agreement is within t he precision of the experiments . It should be 
noted t hat t hese ar e t he same wings which were used in determining the 
empir ical constant , f , at one -half semispan behind the quarter chord of 
the wing tip . 

It is also important that the method yield a reasonable estimate of 
the strength factor of t he tip vortices . It is difficult to determine 
the precise strength of the tip vortex from experiment because the vortex 
sheet is connected to the tip vortex . An approximate check can be 
obtained by determini ng the total vorti city in the region of the tip vor
tex . The experimental total can then be compared to the theoretical 
total . To check the totals for the 600 swept wing , the downwash contour 
plots of refer ence 13 were used . 

Very near the tip vortex (just outside of the maximum E values 
where the sheet contributes little), the downllash due to the tip vortex 
is approximately given by 

Let 

w "" Gvortex 
V rr(T)c - T)) 

Gvortex 
p 

Values of p ranging from 0 . 57 to 0 . 63 were obtained from the experi 
mental downwash contour plots for ~ = 3.43 and a = 120 by using various 
T)'s . 

The theoreti cal total is taken as the theoretical Fc plus the 
theoretical amount of vortic i ty left i n the weakened flat sheet in the 
region between T) = ( 3T)c - l )/2 and 1 . 0 . At ~ = 3 . 43 and a = 12

0
, the 

computed Fc is 0 . 48 and the computed total in the weakened sheet from 
T)= ( 3T)c - l )/2 to 1.0 is 0 .136 . Thi s theoretical total of 0 . 616 is com
patible wi th the experimental total and is considered a reasonably good 
check on thi s phase of the method . 

Comparison of the Downwash Due to a Flat Sheet 
and That Due to a Rolling-Up Vortex Sheet 

The foregoing has indicated that the rolling -up correction method 
gives an accurate picture of the downwash fields behind swept wings . As 
is shown in reference 4, CL and A are important parameters in the 
rolling-up . Hence , it would be of interest to compare the flat - sheet 
results and t he rolling-up resul t s for a few combinations of CL and A. 
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For thi s comparison the following wing-tail combinations were 
selected . 

2c 

location 1 Tail 

---- ~ ---
A= 2.0 

A= 40 0 

A= 0.5 
Sketch (i) 

A= 4.0 

A= 40 0 

A=0.5 

35 

Contoured downwash fields at the tail location as predicted by flat-sheet 
theory and by the rolling -up corrected flat- sheet theory are shown in 
figure 12 for two values of CL, 0 . 4 and 0 . 6 . 

In figure 12(a) (A = 2 . 0 ) , the rolling-up is promi nent and three 
principal effects are noteworthy : (1) in general, there is an upward 
shift of the downwash field in the more outboard areas; (2) the magni 
tude of the downwash around ~ = 0 is reduced; (3) in the mid-semispan 
region (around ~ = 0 . 5), the vertical di stribution of downwash is more 
uniform than for the flat sheet . In general, the maximum values of t he 
downwash for the two systems are not greatly different , but their loca
tions do di ffer appreciably . 

In figure 12(b) (A = 4 . 0 ) , it i s apparent t hat the amount of rolling
up present is quite small and the three effects mentioned above are 
scarcely discernible . In fact , these two cases , CL = 0 . 4 and 0 . 6, could 
be considered as bor derline cases . I t i s realized, of course, that near 
the tips (viz , ~ = 0.9), the rolli ng -up may have a s izable effect. The 
discussion here i s limited to the more inboard locations as shown in the 
figure . 
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For other wi ngs with the same CL, sweep , tail position , and taper 
ratio, calculations i ndi cat e that for aspect ratios about one (or less), 
the trailing -vort ex system i s , i n effect, rolled-up into two tip vortices . 
For aspect ratios larger than four, the rolling -up present is even less 
than that present i n figure 12(b ) . 

Thus , the general range of aspect r atios for which the rolling-up 
correction should be computed i s roughly bounded by A = 1. 0 and A = 4 . 0 
at CL = 0 . 6; that i s , (3 / 2) « A/CL) < 6. 

CONCLUDI NG REMARKS 

An influence-coeffici ent - type me thod is presented for the rapid 
estimation of the nonrolling -up downwash fields behind swept-wing air 
planes . Us i ng s i mi lar t echnique s , an additive correction for the effects 
of rolling-up i s also presented . For the cases compared , the downwashes 
predicted by the above procedures agreed well with experiment . 

To facilitate computations , charts and graphs of pertinent functions 
are presented t ogether with tested computing forms . I t is believed that 
the procedures set forth will require les s time than procedures employ
ing horseshoe vortices or di scr ete vor t i ces . To obtain a sim~le and 
rapid method, a number of approximati ons and assumptions were made . Each 
approximation and assumption was investigated by various means and the 
range of applicability is di s cussed . Some findings of the present 
research ar e as f ollows . 

By approximating the longitudinal variation of downwash behind 
surface -loaded wings by a s i mple function, a very simple express i on has 
been derived for t he verti cal locati on of the wake center. It is shown 
that the location of the wake can then be written as a linear function 
of the downwash at the center of t he wake . This downwash is easy to 
determine and thus the wake location can be determined very rapidly. A 
compari son of experimental wake locations and computed locations indi
cates that satisfactory predictions are made . 

In the mid-wing region (around ~ = 0), it is found that the com
puted downwash near the wake i s cr itically dependent upon the span load
ing used in t he calculations . Thus, one should obtain the best available 
span loadi ng before computing the downwash at the tail . 

The experimentally determined paths of the tip vortices trailing 
behind several wings have been consider ed. It has been found that wing 
sweep had an apprec i able effect upon the mechanics of t he rolling-up 
and slowed the inward motion of the tip vortices to a cons i derable 
extent . An empirical correction has been developed which allows one to 
determine the tip vortex locations with due allowance for the effect of 
wing sweep . 
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Aside from an effect of t he fuselage upon the wing span loading, it 
appears that an important effect of the fuselage upon the downwash at 
the tail can be considered as an additive correction to the wing-alone 
downwash for wing -fuselage combinati ons . This effect (due to the taper
ing of the rear portion of the fuselage) appears to be valid for combina
tions wherein the diameter of the fuselage is fairly small compared to 
both the length of the fuselage and the span of the wing. The correction 
(obtained by slender -body theory) is expressed in a simple form and has 
been shown to be in good agreement with experimental results on one air
plane model . 

Ame s Aeronautical Laboratory 
Nati onal Advisory Committee for Aeronautics 

Moffett Field, Calif . , Sept . 16) 1954 
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APPENDIX A 

INTEGRATI ON OF EQUATI ON ( 3) TO OBTAIN DOWNWASH 

A general equati on for the flat - sheet downwash is presented in the 
section "ANALYSI S AND DEVELOPMENT OF METHOD ." The purpose of the present 
section is to reduce t he downwash integrals of equation ( 3) to the form 
of equation (6). It wi ll be shown in the later part of this secti on that 
in the special case of sonic speeds , the downwash integrals simplify con
siderably . The downwash due to a completely rolled-up vortex system can 
be considered as a special case of the flat sheetj namely, that of a 
wing with rectangular span loadi ng . Thus , the fir s t portion of Appendix A 
is concerned with t he general flat - sheet system, whereas the second por
tion considers spec i fic cases . 

Gener al Solution 

Representi ng the arbitrary loading distribution by a series and 
replacing the later al integrati on variable by a trigonometric variable 
allows the first integral of equation ( 3) to be evaluated analytically. 
However , the second integral of equation ( 3) can only be evaluated numeri
cally and may be evaluated in the same manner as that of r eference 6. 
The first porti on of the following will be concerned with the analytical 
integration of the first integral of equation (3). 

It can be shown that G '( ~) can be represented as 

2 G ' (~ ) = m+l 

m m 

I G
n I 

n=l f-i l=l 

Then, the first integral becomes 

wher e 

b sn 

(cos ~ - ~ ) G ' (~ ) d~ 

.(22 + (cos ~ - TJ )2 

m 

I 2bsn Gn 

n=l 

(cos ~ - TJ) cos f-il~ d~ 

.(22+ (co s ~ - TJ )2 

(AI) 

(A2 ) 

(A3) 
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Equation (A2) gives the integration to the same degree of accuracy as 
t he vorticity distribution i s given by the series of equation (AI). It 
remains to evaluate the integral of equation (A3 ). Define 

With the relation for odd ).J. l 

(cos cP - TJ)cos ).J.1CPdcp 

n 2 + (co s cp- T))2 

III -1 

2 

cos ).J.l cp 
III -1 III = 2 cos cp - L 

7,=1 

equation (A4) can be written as a recursion formula. Thus 

2 

I 
7,=1 

where 

COS).J.lcp dcp 

(A4) 

(A5) 

(A6) 

Now J ).J.l can be expressed in a recursion formula, by dividing the denomi 
nator of the integrand into t he numerator, then 

where nCr are binomial coefficients where 

n = ).J.1 - 2 

and 

r = 
).J.1-2 

2 
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The integrations represented by J o and J 1 are found as follows: 

Let 
CjJ 

then l -u2 2du With these substitutions, u == tan - cos CjJ == --, dCjJ == 1+u2 • 2 1+u2 

equation (A6 ) for 1-11 == 0 takes the form 

These definite integrals are tabulated in reference 15 and give the value 
for J o as 

where 

A similar procedure gives 

p == n 2 + (1 - T))2 

q == 2 (n 2 + T)2 - 1) 

r == n2 + (1+T))2 

(l /.;p) - (1/ Jr) 
J == --;==:::::::::::::::=--

l J q+2JPr 

(A8 ) 

where the pIS and q l s and r l s are the same as those in equation (A8). 

With tabulated values of JI-11 (from eqs . (A7) through (A9)), the 
application of the recursion formula of equation (A5) evaluates the 
desired integral of equation (A4). For symmetric loading, values of 
11-11 for odd 1-11 are given in the following equations: 
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11. = 1 - (.\1 2 + 1'] 2 )JO + 1']J 1. 

IS = - (1 - 41']2 + 4.\12 ) - (1']2 + .\12 ) (-3 + 41']2 - 4.\12 )Jo + 1']( - 3 + 41']2 - 12.\12)J1. 

15 [1 - 121']2 + 1 61']4 + (12 - 961']2).\12 + 16.\14 ] -

(1']2 +.\12) [5 - 201']2 + 161']4+(20 - 961'] 2 ).\12 + 16.\14 ] J o + 

1'][ 5 - 20T] 2 + 16T]4 + (60 -1601']2 ).\1 2 + 80.\14 ] J1. 

[-1 + 241']2 - 801'] 4 + 641']6 - (24 - 4801']2 + 9601']4).\12 + 

(-80 + 9601']2).\14 - 64.\16] - (1'] 2 +.\12 ) [-7+ 56T]2-1121']4+ 

64T]6 - (56 - 6721'] 2 + 9601']4 ).\1 2 + (-112 + 960T]2).\14 - 64.\16] J o + 

1'][ - 7+ 561']2 - 1121']4 + 641']6 - (168 - 11201']2 + 13441']4).\12 + 

( - 560 + 22401']2 ).\14 - 448 .\16 ] J1. 
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(AlO) 

For numerically evaluating I~l for high ~l' it may be simpler to 

use equation (A5) directly; that i s , to tabulate numerical values of J~l 
from equation (A7 ), then with a numerical value of 11. to tabulate suc 
cessive I~l. 

With I~l defined, equation (A3) becomes 

bsn 
1 

m+l ~ "1 sin "'~nI", 
~1=1. 

(All) 

The coefficients b sn can be found for arbitrary .\1 and 1']. The value 
of the integrals of equati on (A2) is the summation of the arbitrary 
loading , Gn , and the b sn values . The integral of equation (A2) gives 
the downwash due to a continuous trailing vortex sheet at an infinite 
distance aft of any wing and also twice the downwash at the load line 
for unswept wings . For the case of elliptic loading, the downwash is 
given directly by 11. alone, a result derived by other procedures in 
the past (e.g., see ref. 7). For symmetric loading (Gm+1.-n = Gn , and 
only odd ~l)' equation (A2) becomes 

( cos cp - 1]) G I (cp) dcp 

.\1 2 + (cos cP - 1'])2 

m+1. 
~ L 2BsnGn 

n=1. 

(Al2) 
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where with ~1 odd 

Bsn f m+l n --
2 

m+l 
n 

2 
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The numerical i ntegration of the second integral of equation ( 3) is 
obtained from the appendix of reference 6 by substituting Ls~ given by 
equations (4) and (5) f or L (~, ~ ) in reference 6. 

In summary, for symmetric loading , the downwash integral of equa
t ion (3 ) becomes 

where 

B m+l 
s,~ 

E = W 
V 

-1 
2Bsn + 

2 (M+l ) 

Bsn 
2 

for 

M-1 
;r 

I fnl-lMs~ 
1-1=0 

" 1 sin "cp III, ,... .... 1 n ""1 

m+l 
n = 

2 

and I I-l1 is given by equations (Ala) and (A5) 

fn~ 2fllj..l' for n f m+l, 
2 

fnl-l 
m+l , n 2' 

= fn ~ , n f m+l , 
2 

fn~ m+l 
2 

n = -- , 
2 

~ m+l n r --
2 

~ > a 

IJ. > a 

IJ. a 

IJ. a 

(Al4) 

_ .... _- -----~---' 
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where 
n11 ~11 

~n - 1 ' and ~" - 1 -m+ ~ m+ 

fn~ 
2 

m+l 

.. 

m 

~ ~l sin ~l~n cos ~l~~ 
~l:::l,odd 

Table III lists values of fn~ for several values of M and m_ 

(T)-~~) [T + ( '1) -~~) tan1\.] T(T)-~~ + T sin 1\. cos 1\.) 
+----!--------

n 2 + ( T) -~ ) 2 n 2 + T2 cos2 1\. 
6Ls~ ~ ~ 

J [T + (T)-~~)tan 1\. ] 2 + (T)-~~) 2 + n2 

(T)+~~)[T+(T]-~~)tan1\.] (T+ 2T] tan1\. )(T]-~~+T sin1\. cos 1\.- 2T] cos21\.) 

n2+ (T]+~~) 2 [2 2 + (T+ 2T] tan 1\.) 2 cos 21\. 

~[T + (T]-~~)tan 1\.J 2 + (T]+~~)2 + n 2 

T(T] +T sin 1\. cos 1\.) (T+2T] tan 1\.)('1) +T sin A cos A - 2T] cos21\.) 
+ 

[22 + T 2cos2 1\. 2 ( )2 2 [2 + T + 2T] tan 1\. cos A '1) - T]~ T) + fi~ 
+ 

j 2 2 2 
(T + T] tan A) +T] +[2 

n 2 + (T)-~)2 [22 + (T)+~ )2 
IJ. IJ. 

where 

~~ 
~11 

cos -- cos~" 
M+l ~ 

s; 
~ 
1-3 
~ 

w 
w 
t;. 

+0-
w 
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A conveni ent closed f orm of fn~ i s gi ven by : 

_2 ( _1 )n s i n CPn 
fnl-l = --------~:-=---- [ s i n CP I-l sin (m+l ) cpl-l (2 + cos 2CPn + cos 2<P~) -

(m+l ) (cos 2CPn - cos 2CPI-l ) 2 

for 

- 1 

for 

M m 

( )
n+1-l 

2 -1 s in CPn cos CPI-l 

cos 2CPn - cos 2CPl-l 

Spec ial Cases 

Compressibili ty considerati ons and downwash at sonic speeds . - The 

effects of compressibility) subject to the limitations of the linearized 

compressible flow equation ) can be included in the previous work by the 

substi tution of the parameters t and Ai?> = tan- l ( ta~ A ), for S and A) 

respectively . It can be seen that since the Bsn coefficients ar e inde 

pendent of S and A) they are unaffected by compressibility and that only 

the LSI-l function is affected by compressibility . 

The limit value of the downwash at sonic speeds can be found by sub 

stituting into equations (3)) (4) ) and (5) the parameters T/i?> and Ai?> 

which replace T and A) respectively ) then determining the limit as i3~O . 

Wi th the limi t 

l i m i3 
i3-70 -- ---7 tan A 

cos Ai3 
(A15) 

• 



equati on ( 3) at sonic speeds becomes 

w 1 (J 1 [ T + (I T) I - I ~ I ) tan A ] 
V == 2 J1 -1 1 + IT + (I T) 1- I ~ I ) tan A I 

T) - II 
[2 2 + (Tl_~) 2 G ' (~) d~ -

[T + (I ~ I - ~) tan A 1 tan A J 1 [ T + I ~ I tan A T + (1~1-1~I) tan A ] _ _ 
G' ( ll ) dll + 

[T + (I T) I - ll) tan AJ2 + [22 t an2 A 0 IT + I II I tan A I I T + (I II I - I ~ I ) tan A I 

[T + (I~I +~ )tan Altan A JO
[ T+ I~I tan A 

[T + (illi +ll) tan A] 2 +[2 2 t an2A -1 IT+ I ll l t an A I 

T + (hl-I~I) tan A }'(~) d~ 
I T + (I III -/ ~ I ) t an A , ) (A16) 

The f orm of equat i on (A16) can be s i mplified by cons i dering t hree longitudinal r egi ons of 
downwash. These r egi ons can be pi ctured as follows : 

o 
Region I 

I'\. 
/ , 

------r~-------

/ 
/ 

/ 

/ 
/ 

/ Region II 

-- -- "'flt+-t-"-+- ~~-------

T 

sweptback 
wIng 

Region III 

Sket ch ( j ) 

D 

/ 
/ -.A 7, / ,/' 

'\../ r 

Swept forward 
wIng 

s; 
o 
~ 

~ 
w 
W 
+=" 
0'\ 

+=" 
\Jl 
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For the three regi ons , equation (A16) gives 

Region I: 

':!.. = 0 
V 

Regi on II (for sweepback ): 

w 1 
- =-
V 2rc 

I T+ I TJ I tan A I J tan A 

-I T + I TJ I tan A I 
tan A 

2 [T + (I TJ I - TJ) tan A] tan A G ( I T + ~:~ t~n A I) 
+ 

2 [T + (iTJ I + TJ ) tan A ]tan A G (- I T + ~:~ t~n A I) 
[T + (ITJI +TJ)tan 11.] 2 + n2 tan2 A 

NACA TN 3346 

• 

(Al7) 

-- ----,---



NACA TN 3346 47 

Region II (for sweepforward): 

w 1 
- =-

_IT+'TJ ' tan AI J tan A 
V 2n 

-l 

1 

f /T + ITJ Itan A I 
tan A 

2 [T + (hl- TJ)tan A] tan A G( IT+I~l~a~ AI) 

+ 

2 [T + (I TJ I + TJ )tan A] t an A G (-I T+ I ~~:a~ A I ) 
h + (I TJ I + TJ )tan 11.]2 + n2 tan2 A 

Region III: 

(Al8) 

The symbol 
span station . 

( I T + I TJ I tan A I) G ± tan A denote s the value of Gat that 
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For symmetric loading, Region II given by equation (Al6) simplifies 
(since G( -11) = G(T))) to: 

Region II (for sweepback): 

w 1 
V 11 

1 

T+l1 tanAI 

J 
tan A 

_I T + " tan A I 
tan A 

Region II (for sweepforward): 

w 
V 

1 
11 

_\T+l1 tan A \ J tan A 

-1 

/IT+T) tan A I 
tan A 

11 - 11 G '(~)d~ + 
.02 + (11_~) 2 

+ T + 211 tan A ] 

(T + 21) tan A) 2 + .02 tan2A 

(A19) 

+ 

+ 

+ T + 21) tan A ] 

(T + 21') tan A) 2 + .02 tan2A 

(A20) 
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For the Region II f or t he case of sweptback wi ngs , t he downwash can be 
wri tten as ( symmetric loading ) 

w 
v 

~ JI:+~ tan 1\ I 
t a n I\. 

T + 2~ tan I\. ] 
+ (T + 2~ tan 1\.) 2 + n2 tan2 1\. 

(A21) 

The t wo inte grals can be approxi mated by replacing the loading distri bu 
t i on near t he wi ng t i p by a single vortex having strength given by 

G ( I T + t:nta~ I\. I) and laterally located so that the downw'ash a t ~ = n = 0 

due t o elli ptic loadi ng at the wi ng tip equals that of a single vortex . 
Then the l ate r al location of a s ingle vortex is at 

1) 

1 _ (T +~ tan A)2 
tan I\. 

_l(T+Tl tan I\. ) cos 
tan I\. 

'" j ! (1 + I T +~ t an I\. I ) 
2 . tan A 

(A22) 

J 
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Then the downwash becomes 

w 

V 
1 
T( 

+ 1'1+1) tan A I) + 1) 
tan A G (I T

+1) tan A I ) + 

1) r tan A 
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(A23) 

The downwash in Region I II can be evaluated from equation (Al2 ) , 
then 

(A24) 

For symmetric loading 

where the value of 2Bsn is the value of asn at T = 00 gi ven by 
equation (A14 ) . 

(A25) 

Downwash due to rectangular span loading.- For rectangular span load
ing the equations f or determining downwash simplify cons iderably. Since 
the loading is constant across the wing span, then in equations (3), (4), 
and (5) one can substitute -JlG ' (~) d~ = G(o), and plus and minus values 

o 

- -----



of unity f or ~. The downwash equati on becomes 

T [T tan A - ...:.(=..l_--..!Tj"-!...) ] 
( l - 1'] )[T-( l -Tj) tan A] cos 2

A 
w/V 1 ) 1 - Tj 1+ 1'] .12 2 + (1 _Tj) 2 T2 + n 2 / cos2 A 

2G (o ) = 4n 1.122 + (1 -1']) 2 + .122 + (1+Tj) 2 + j [T - (l-Tj)tan A] 2 + (1 - 1') ) 2 + .12 2 + 

( l+Tj ) [T-( l - Tj ) tan A] (T + 2Tj tan A)[ T tan A - 2 Tj - (l - Tj ) /cos2 1\.] + 
.12 2 + (1+Tj ) 2 (T + 2 Tj tan A) 2 + n 2 /cos 2 A 

+ j [T - ( l -Tj) tan A) 2 + (1+Tj ) 2+ n 2 

T(T tan A + Tj/cos2 A) (T + 2 Tj tan A) (T tan A - 2 1'] + Tj/cos2A ) ----------~~----~ + --------------~------------~------T2 + n2 /cos '2.A (T + 2Tj tan A) 2 + n 2 /cos 2A 

j (T + Tj tan A) 2 + Tj 2 + .12 2 

For .12 = 0 equation (A26 ) simplifies to 

w/v 
2G(o ) 

= ~ (~ + ~ + j[T - (l-Tj)tan A] 2 + (1_Tj) 2 ~[T - (l-Tj)tan A]2 + (1+Tj ) 2 + + 4n I - Tj l+Tj T(l - Tj) 

2 tan Aj (T+Tj tan A) 2 + 

T(T + 2Tj tan A) ~ l 

(T + 2 Tj tan 1\.)(1 + Tj) 

(A26 ) 

(A27) 

~ 
~ 

f-3 
~ 

LA> 
W 
-I=" 
0'\ 

\Jl 
f-J 
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Compressibility i s taken into account in the same manner as in the 
previou s section . At sonic speeds for the same regions as before, equa 
tion (A26 ) reduces to 

Region I: 

Regi on II (for sweepback): 

w/v 
2G (o ) 

o 

T + 21) tan A ] 

(T + 21) tan A)2 + n2 tan2 A 

(A28 ) 

Region II (for sweepforward): 

(A29 ) 

Region III: 

(A30) 

If the trailing vortices due to rectangular loading are not at the 
wing tip (1) = 1) but laterally located at 1)c' then the downwash is 

obtained by substituting G(o), ~, ~, and iL, for G(o), T, 1), and n, 
1)c 1)c 1)c 1)c 

respectively, in the previou s equations. 
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APPENDIX B 

VERTICAL INTERPOLATION OF DOWNWASH 

An approximate vertical interpolation of downwash can be f ound by 
using the method of reference 8 for small values of n. In the present 
report , the interpolation formula for other values of n will be based 
on a fitted function of n that fairs through the two known values of 
downwash (n = 0 and ±O. 5), approaches the function given by reference 8 
f or small values of n, and approaches the correct function for high 
values of n (e . g ., ref. 7) . 

In refer ence 8 the downwash function is expanded in a Taylor series 
starting from the vortex sheet : 

(Bl) 

where the subscript , 0 , indicates evaluation at n = O. Assuming the 
trailing sheet extends fore and aft to infinity, the following relations 
are derived in reference 8 : 

(B2) 

Now, for large values of n, if T is small relative to n, the 
downwash for any loading distribution is given by 

n2 _ T]2 
E(n) = --- -- (B3) 

As n becomes very large (compared to T]), equation (B3) becomes 

The deri vative of equation (B4) gives 

dE 1 CL 
dO = - 03 rrA 

It is desired t o curve -fit a function of n 
tion (Bl ) for small n, gives the known value of 

(B4) 

(B5) 

that approaches equa
E at n = ±O. 5, and 
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approaches equations (B3 ), (B4), and (B5 ) f or large n. Assume the 
following function : 

E( a) + c: (lE2) + c2* (1£) + A, (}£2) + 

A2~) +A3~)+A4(J!n~ (B6) 

Where the variable ~l~~ is chosen since downwash can be shown (by 

using eq . (A10)) to be proportional to t h is parameter f or elliptic load
ing at T] = O. 

The coefficients 
and second derivatives 
n = 0 , give t he value s 

C
1
* and C2 * are evaluated by taking t he first 

with respect to n of equation (B6), which , at 
of equati on (B2 ) , that is, 

C * 1 
(B7) 

The four remaInIng coefficients of equation (B6) can be found by 
using four conditions which the equation must sati sfy . One condition is 
that it pass thr ough the known value of E at n = 1/2. Another i s 1that 
it pass t hrough the value of E at n = 2.0 given by equation (B3) . A 
third condition i s that at very large values of n, the downwash must be 
the value given by equation (B4). A fourth condition is that the slope 
of the curve at very large n be that given by equation (B5). The four 
coeffic i ents (A1 , A2 , A3 , and A4) so determined will be in terms of Eo , 

E (! ), d2c- , d
2
E, and CL . The next step i s to evaluate t he two deriva-

2 dT]2 d T] 2 nA 

tives and CL 
A 

To find 

Now 
dG ( cp) 

dCP 
(B8) 

lIt should be noted that at t wo semi spans from the sheet the down
wash i s essentially independent of span l oadi ng (e . g ., ref . 7, p . 165) ; 
however , the downwash still has enough magnitude to make it useful in the 
curve f itting . 
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where 

cP cos - 1 T] 

dCP 1 d2CP cos cP (B9) - - - , 
dT]2 sin3 cp dT] sin cp 

Then 

cos cP dG ( CP) + 1 d2G(CP) 
sin3 cp dCP sin2 cp dCP2 

(B10) 

The derivati ves of G(cp) are obt ained f r om equation (Al) . Then equa
tion (BB ) becomes 

where 

Iy = n 

m(m+2 ) sin2 CPy - 3 cos2 CPy 

3 sin4 cpy 

For symmetric loading , 

d2G(CP ) 
dT] 2 = 

(Bll) 

(B12) 

n y 

m+ l 
~ 

L -I v Gn n (B13) 
n=J. 
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wher e 

?'''n + ?'''m+l - n ' n f m+l 
2 

2Vn m+ l 
2v n -

n 2 

For m 7, the 'ivn values are given as f ollows : 

~ 0 

1 -1. 7934 
2 5.6568 
3 -25 .2346 
4 21 .0000 

?' V n 

0. 383 

3. 5149 
-16. 5757 
27.2308 

-13 · 5139 

0.707 0·924 

-26. 5029 100 .7692 
40 .0000 -19.1087 

-19.6374 -20 . 4839 
2.8284 11. 7199 

NACA TN 3346 

(B14) 

With d2G /d~2 evaluated, the next step is to evaluate d2E/d~2 . 
The downwash of t he two - di mensional trailing vortex sheet i s given by 
equation (A2 ). For it =0 , e quations (A2) and (A3) simplify and become 
(e . g ., r ef. 6, eq . (A19) ) 

m 

E( cp) \' G 2 L n m+l 
n=l I-ll =l 

Then similar to equati on (B10) 

d2E cos cp dE 1 d2E 
d~2 = - s i n3 cp dcp + s in2cp dcp2 

(B15) 

(B16) 

The derivatives occur r ing i n equation (B16) are obt ained by diffe r 
entiating e quation (B15)j then after summing up several r esulting 
summations , equation (B16) becomes 

(B17) 

----- ------

". 
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where 

E V = n 
n:fV 

m + 1 

4 sin5 CPv 

- 3 sin CPn 

(m+l) sin2 cp-v(cos Cfh - cos 

For symmetric loading 

where 

EV = n 

-

1 

n 

For m 7, the £ . values are given a s f ollows '-'Vn 

~ 0 0. 383 0.707 0.924 
1 19.945 -48 .262 241. 673 1174.743 
2 -67. 883 128. 450 -237.586 -1791. 706 
3 173. 641 -174 .776 81. 739 1890 .134 
4 -120.000 89 .112 0 -929·163 

+ 

The lift coefficient can also be given as a summation of Gn• 

57 

(B18) 

(B20 ) 
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Thus 

m+l 2n sin Cj)n n f. m+l 
~ 

, 

~L = L m+l 2 

Gn (B21) 

n=l ---1L n = m+l 
m+l 2 

For m 7, the factors of Gn i n equation (B21) are as follows: 

n 1 2 3 4 

!fa ctor 0 . 3006 0 . 5554 0 . 7256 0 · 3927 

As mentioned before , t he coefficients of equation (B6) ( A~A2' As, 
and A4) are in terms of E( O), E(1/2 ), d2G/d~2, d2E/d~ 2 , and CL/nA . It 
has just been seen that d2G /d~2 , d2E/d~2 , and CL / nA can be expressed 
in terms of summations with Gn • Thus , equation (B6 ) can be written in 
terms of Jn 2/1+n2, E( O), E( 1/2), and summations of Gn . The equation 
can now be algebraically rewritten i nto the form 

m+l 

C1 E( O) + C2 « ~) + I DnGn (B22) 

n=l 

where the constants C1 , C2, and Dn contain the ~n2/1+n 2 terms and 
the integration coeffic i ents of d2G /d~2 , d2E/d~2, and CL /A. Letti ng 
X = Jn2/l+if, the constants are : 

1 _ 172+111 J5 Xs + 539+282 J5 x5 610+231 ./5 X5 + 235+60 J5 x6 
8 8 8 8 

(B23 ) 

C2 = i? ( 5 + 3 J5) X
s

+ ~5 (35+17./5)X
4

+ 25 ( 5 +2j5)X
5

_ i (15 + 5.f5)X6 

(B24 ) 



! 
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2 sin Cj)n 

m+l ' 

1 

m+l 
, 

~ m+l 
n r-

2 

m+l 
n =-

2 
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For m = 7, values of Cl , C2 , and Dn are presented in table II for 

various values of n. 
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APPENDIX C 

DEVELOPMENT OF EQUATI ONS PERTAINING TO 

THE ROLLING-UP CORRECTION 

This appendix includes the downwash due to a flat trailing sheet 
alone, downwash due to a pair of trailing wing-tip vortices, and a 
reduction to more convenient form of the "rolling-up distance " of refer 
ence 4 . 

Downwash Due t o a Flat Trailing Vortex Sheet Extending 
From the Quarter Chord of the Wing Tip to Infinity 

The downwash can be obtained from equation (1) by setting 

x - (b/2) tan A 

In dimensionless coordinates , the downwash becomes 

w 
V 

1 J1 
2n 

-1 

1) - Tj 

(Cl) 

(C2) 

The first integral i s integrated analytically in Appendix A, and is given 
by equation (Al2). 

The numerical integration of the second integral can be performed 
by following the procedure of Appendix A. Let 

• 



NACA TN 3346 

then the second integral of equation (C2 ) becomes (~ 
m+l 

where 

&rn 

M-l 
2 

1 \' fnlJ.( LTf..l - LT
7
M+l-f..l) 

2 (M+l) L 
f..l=o 

where fnf..l values are given under equation (A14). 

61 

cos <P11 cos !~) 

(c4 ) 

For the case of ~ = n = OJ the second integral of equation (C2) 
can be handled in much the same fashion as equation (A2) and with the 
same limitations. The vorticity distribution is given by equation (Al) 
which f or symmetrical loadings becomes 

dG(cp) 

dCP 
2 

m+l 
[ 

m ~l-l) 
G( m+l ) I III ( - 1) 2 cos 111<P + 

\. 2 f..l l =lJodd 

Wi th equation (C 6)J the second integral can be written as 

(~) rr 

III (-1) J ~11 
o 

m 
-1 \' 

(m+l)rr L 

(c6) 

+ 



- ._- -_._--------------
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Now, for n T) = 0 

[
1 - s - tan II. J cos 

J (s - tan 11.)2 + cos2 cp 

( ) I n: cos ~lCP dcp 
n: s in ~ l ~ - (s - tan 11.) 

o cos cpj(s - tan 11.) 2 + cos2 cp 

The integral r emaini ng in equation (c8) can be written as l 

2k J n:/2 

o 

where 

k 
1 

This integral i s evaluated by a recursion method . 

For odd values of ~l 

Hence , 

cos ~l CP 

cos cp 

lThe i ntegr ati on of equation (C9) was obtai ned with the aid of 
reference 16 . 

(C8 ) 

(C10) 

(Cll) 

------------------------------____ ~J 
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where 

(C12 ) 

3, equat i on (C13 ) integrates di rectl y to 

(c14) 

wher e K and E are complete elliptic i ntegrals of the first and second 
ki nd, r espectively . Hi gher t erms of R(~12-1) can now be obtained from the 
recurs i on formula : \ 

With values of R(~~-l) determi ned, the values of D~l 

from t he recursion formula of equation (Cll ). Then 

are obtained 

where 

2kK 

2 2 - -[ (4 - k )K-4E] 
k 

- 2-[ (512 - 6oBk2 + 216k 4 - 15k6)K - (512 - 352k2 + 72k 4)EJ 
15k 5 

k f ollows e quation (C9). 

------------------- ---_. ----

(c16) 
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Thus the second integral is evaluated exactly for n = ~ = 0 and, 
in summary, is gi ven by 

J( 

-~ J UrflG' (cp) dCP 
2 :rr 

o 

- 1 

(m+l ) :rr 

m 

+ 

- 2 I :rr 
s i n fll2" (C17) 

n=l 

where the Dfl l values are gi ven by equation (c16) and for higher values 
of fll by the recurs i on formula of equation (Cll) . 

Si milar to the work of Appendi x A t he downwash , given by equa 
tion (C3) , can be expressed as the sum of the products of influence 
coeffi ci ents and values of the loadi ng di s tribution , or 

where 

m+ l 
~ 

w =L aTnGn 
V 

n=l 

- 1 
2Bsn + - --

2 (M+l ) 

M-l 
2 

L fnfl~fl 
fl=O 

(CIS) 

The coeffi cient , Bsn , f ollows equation (A14). Similarly, fnfl also 
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follows equation (Al4) 

cos 
m+l 

~ - tan A 

J (~ ' -tan 1\) 2 + (11-~J.l)2 

s- tanA 

~( ~ -tan 1\) 2 + (11+~J.l) 2 
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For 11 n 0 , the analytical integration which evaluates aTn is 

Bsn + 

2(g-tan 1\) 

(m+l)rc 

m I J.l1DJ.l l sin J.ll cP, 

J.ll=odd 

m J.ll-l 
~-tan A L ( )-2-

J.l1DJ.l - 1 , 
(m+l)rc 1 

J.ll=odd 

where DJ.ll values are given in equation (c16). 

TIownwash Due to Two Trailing Vortices 

-.l m+l 
n r--

2 

m+l 
n =--

2 

(C19) 

Let the lateral positi on of the two vortices be at ~ = ±l1c where 
l1c is the fraction of wing semi span from mid-wing to the center of the 
wing t ip vortex . The downwash equation i s obtained by substituting 

l1c -f G' (~) d~ = G(O) 
o 

l1c f or ~,and l1cb for b in equation (C3) • 

(C20) 
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Now, T]c can be absorbed into coordinate parameters , then 

w/v 
2 G(O) 

T] c 

1 
41t 

T] 
1 --

T] 
1 +

T] c 

T]c 

1 + 
(s -t~: A ) 

/' -t~: A J + (1 + ~: J + 

Roll -Up Di stance, ~ c - So 

( C21) 

The longitudinal di s tance at which the vortex sheet i s essentially 
rolled-up i s a function of wing loading, lift coefficient, aspect ratio , 
and sweep . The roll-up di stance given in reference 4 i s given by (when 
the coordinates are changed t o the present notation), 

3 / 2 5.05 (1 - T]c ) 
00 

lim G(cp) 

cp~o J 1 - cos cp 

where So represents the start of the rolling-up process . 

( C22) 

A s imple numerical method for evaluating the denominator of equa 
tion (C22) i s as f ollows . The loading distributi on i s given by the 
serie s 

G(cp) 2 
m+l 

n=l 

" 



I 

'. 
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With equation (C23), the denomi nator of equation (C22 ) becomes 

G(qJ) 
m m 

sin l.l qJ ) lim 2 L L ( lim Gn s in 1-11CPn cp~o J 1 - c~s qJ cp~ o J l - COSqJ m+l 
n=l l.ll=l 

m 
2J2 

m 

I L s in l.l1 qJn G - - l.l1 n m+l 
(c24) 

n=l l.l l= 1 

For symmetric loading for which Gn = Gm+1- n and 1-11 
equation (c24) become s 

is only odd, 

m 
lim 

cp~ o ./1 ~(:L ~ "0m~ I l.llsin VG l.l12 (m;l) 
+ 

l.l l =odd 

m- l 

2 ( m \' 4J2\, 
L m+l L 

n=l l.ll=odd 

l.l1 sin (C25) 

m 

The summation, L l.l1 s i n l.llqJn' in equation (C25) can be evaluated as 

follows : l.l l =l 

let 

then, 

m L l.ll sin l.llqJn 

l.l l =odd 

imaginary 
part of 

l.l1 
Z 

- (m+l) ( - 1) 

2 sin CIln 

n 

(c26) 
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With equati on (c26), equati on (C25) becomes 

• 
m-l 

2 n 
lim G(cp ) 

= - fi G( )- 2J2 I ( - 1) Gn 
cp---::;.o J 1 - cos m+l 

sin CPn cP -"2 D=l 

Equation (C27) i nserted i nto equation (C22) gives 

~c - So (c28) 

For m 7 equation (c28) s implifies to the f ollowing: 

where the subscripts perta in t o s pan s t ations' n = 1, 2, 3, and 4; or 
n rt 8 ~ = cos 1\ = 0 .9239, 0 .7071, 0 .3 27, and 0 , re spectively . 
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TABLE I. - LATERAL INTERPOLATION FACTORS 

~ 0.098 0 .195 0 .290 0.556 0.831 0 .981 

HJ. 0.0030 0.0089 0 .0102 -0.0449 0 ·3378 1.6982 
H2 - .0178 -. 0538 - .0645 . 4365 .9777 -1.3604 

Hs .1086 .3916 .7361 .8790 -.5861 1·3155 
H4 .9061 .6533 .3182 - .2706 .2706 -.6533 

H1+H2 - .0148 -. 0449 -. 0543 ·3916 --- ---

TABLE II. - VERTI CAL INTERPOLATION FACTORS 

I~ ±0.1 ±0 .2 ±0·3 ±0 .8 1\ ±0.1 ±0.2 ±0.3 ±0.8 

For all T\ n Dn, T\ = 0·707 

CJ. 0.9611 0 .7819 0·5005 -0 .1947 1 1.5928 1·7007 1.1502 -0 .4075 
C2 .0522 .2784 .5986 .9978 2 -2.7584 -3·2636 -2·3921 1.0580 

n Dn, 1] = 0 3 1.4504 1.7888 1.3447 -.6115 
4 -.2506 -.3236 -.2566 .1384 

1 .0973 .0932 .0559 -. 0029 Dn, T\ = 0.924 n 
2 - .2957 - .2788 - .1699 .0591 
3 1.6725 1.9224 1·3752 -. 5490 1 -11. 8776 -17. 8814 -15.0373 8.4886 
4 - 1. 4618 -1. 7412 -1.2816 .5816 2 6 .6138 11.9406 10.8359 -6.7796 

Dn, T\ = 0.383 
3 -3.5043 -7.9690 -7.7815 5·3097 

n 
4 -2.5254 1.5814 3.7283 3.6751 

1 -.1667 - .1392 -. 0734 .0125 ~ 
2 1.0587 1.1846 .8303 - ·3137 
3 -1 .8423 -2.1540 -1.5653 .6952 
4 .9066 1.0512 .7570 -. 8976 
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TABLE III. - f h l-.U FOR SEVERAL VALUES OF m AND M 

j..l(for m = 7) 

M = 7 M =15 M= 31 n = 1 n= 2 n = 3 n = 4 

0 0 0 2.6131 -1. 4142 1. 0824 -0 ·5000 
--- --- 1 4.5889 -2.1053 1·5663 - ·7193 
- -- 1 2 2.8844 -. 2363 .0751 -. 0253 
--- --- 3 .6573 2 .0046 -1. 5402 .7109 
1 2 4 -1. 4142 3 .6955 -2 . 4142 1.0824 

-- - - -- 5 -2 .7625 4.1506 -2.0037 .8553 
--- 3 6 -3·1207 3.1958 - .3621 .1005 
--- --- 7 -2.5843 1. 2224 1.8601 - .8209 
2 4 8 -1. 5307 -1. 0000 3.6955 -1. 4142 

--- --- 9 -. 4383 -2.6609 4.2950 -1. 2844 
- -- 5 10 ·3114 -3·2465 3·3216 - ·3367 
-- - --- 11 .5651 -2.7288 1.1207 1.1492 
3 6 12 . 4142 -1.5307 -1. 4142 2.6131 

--- --- 13 .1016 -. 2939 -3.2260 3. 4397 
-- - 7 14 -. 1258 .4372 -3· 5579 3· 2212 
--- --- 15 -. 1444 . 4635 -2. 2904 1.9416 

m = M = 15 

j..l n := 1 n = 2 n = 3 n = 4 n := 5 n = 6 n = 7 n = 8 
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