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NATTONAL ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL NOTE 3725

AEﬁODYNAMIC INTERFERENCE OF SLENDER WING-TAIL
COMBINATIONS

By Alvin H. Sacks

SUMMARY

Mathematical expressions are derived for the interference forces
and moments acting on the tails of slender plane and cruciform wing-tail
combinations of general plan form in steady straight flight at combined
angles of attack and sideslip. The derivations are made within the limi-
tations of slender-body theory under the assumption that the vortex sheet
leaves the wing as a flat sheet and becomes fully rolled up ahead of the
tail. The derived expressions are used to calculate the steady lifts,
side forces, pitching moments, and rolling moments of a number of wing-
tail combinations. The effects of changes in tail height, tail length,
ratio of tail span to wing span, tail incidence, and tail thickness are
calculated. The resulting curves, and particularly their nonlinearities,
are discussed at some length in connection with static stability. In
general, the most dramatic effects are noted when the vortices shed from
the wing strike the tips of the tail trailing edge.

An expression is developed for the 1lift of a plane wing-tail combina-
tion which is pitching and plunging, and the associated stability deriva-
tives are calculated as functions of the angle of attack. Discontinuities
in lift-curve slope Cr, and the stability derivative CL& are noted

for plane wing-tail combinations with high tails if the span of the tail
is slightly greater than the span of the vortices shed by the wing.

Photographs of the wake of the wing in the presence of the tail, as
observed in a water tank, are presented for a plane triangular wing-tail
combination with a high tail. The measured variation of the lateral
spacing of the wing vortices with distance in the presence of the tail is
presented and discussed in connection with the assumptions of the analysis.
The tail was found to cause an appreciable inboard shift of the wing vor-
tices for the case investigated.

INTRODUCTION

It is now generally recognized that for wing-tail combinations
involving low-aspect-ratio wings and moderate tail lengths it is not
permissible to neglect the rolling up of the vortex sheet in calculating
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wing-tail interference effects. Since such cases are often encountered
in connection with high-speed airplane and missile designs, some effort
has been devoted in recent years to the calculation of wing-tail inter-
ference, accounting in some manner for the rolling up of the vortex sheets.

Except for some numerical work in tracing the rolling-up process
itself (e.g., refs. 1, 2, and 3), the distortion of the vortex sheet is
usually accounted for simply by assuming the sheet to be fully rolled up,
and the emphasis has generally been on obtaining expressions for the
forces on the tail in terms of the positions of the vortices shed by the
wing (e.g., refs. 4, 5, 6, and 7). In 1948, however, Graham (ref. 8)
actually calculated the variation of tail 1ift with angle of attack for
some planar wing-tail combinations. This was done by expressing the
vortex positions as a function of the angle of attack under the two alter-
native assumptions of a flat vortex sheet and a fully rolled-up vortex
sheet shed by the wing. Graham's results, which for the slender tail
case were only approximate, showed some interesting departures from the
usually assumed linear variations. In 1952 Morikawa (ref. 9) investi-
gated the "maximum" wing-body-tail interference (which occurs when the
rolled-up vortices lie in the plane of the tail) by restricting the
analysis to angles of attack near zero and at the same time assuming that
the vortex sheets are fully rolled up. This avoids any consideration of
the nonlinear variation of tail 1lift with angle of attack.

In the present paper, the emphasis is placed on calculating the
variations of total forces and moments with angles of attack and sideslip
for a number of slender plane and cruciform wing-tail combinations and
for some airplane-type arrangements of a plane wing and a horizontal and
vertical tail. Significant nonlinearities are found, and these will be
discussed in some detail with regard to their effects on the static
stability of the various combinations. The lift of a plane wing-tail
combination which is pitching and plunging will also be determined and
the variation of pertinent stability derivatives with angle of attack
will be calculated.

The primary assumption in the present analysis will be that the
vortex sheet leaves the slender wing as a flat sheet and becomes fully
rolled up ahead of the tail. It will also be assumed, as is customary,
that the tail does not influence the positions of the vortices shed by
the wing. The validity of both of these assumptions has been investi-

gated experimentally by means of a water tank, and these results will
also be presented and discussed.

SYMBOLS

A aspect ratio

b local semithickness of horizontal tail
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Cr,

Cy

Cm e

acL]

CL, =

% dc. a=q=0

CrLs -————aCL ]

@ 3(ae/Uy) s g0

ocr, ]

CLq ———————

e maximum chord of wing

&1 distance from wing apex to pivot point

et maximum chord of tail

d tail length, l-c

e distance behind wing trailing edge at which vortex sheet is essen-
tially rolled up

hm height of trailing edge of horizontal tail above wing chord plane

iT incidence of horizontal tail relative to wing chord plane, radians
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force in the 2z direction (approximately 1lift)

rolling moment about x axis

over-all length of wing-tail combination

number of external (free) vortices

pitching moment about pivot point x = c;

yawing moment about pivot point x = c;

angular rolling velocity about the x axis, radians/sec

angular pitching velocity about the pivot point x = c,,
radians/sec

V + iW

angular yawing velocity about the pivot point x = c,, radians/sec

radius of transformed circle corresponding to wing or tail cross

section
local semispan of wing or tail
airplane cross-sectional area
plan-form area of wing (area of one wing of cruciform)
c)
1)

maximum semispan of wing (at x

maximum semispen of tail (at x

time, sec

maximum span of vertical tail panel

local span of upper vertical tail panel

local span of lower vertical tail panel

component of flight velocity along the negative x axis

component of flight velocity along the positive y axis
(Vg = UgB if p =0)

Vo - r(x - cy)

component of flight velocity along the positive axis

(W = -Uga if p =0)

N
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wo = Q(X e cl)

distance from wing apex to position immediately behind wing
trailing edge

Cartesian coordinates fixed in the tail as illustrated in
figure l(a-)

distance behind the wing trailing edge

distance behind apex of the tail, x; - d + c!
force in the y direction (side force)

Yy and z coordinates of starboard rolled-up vortex
angle of attack, radians

angle of attack at which the rolled-up wing vortices intersect
the line containing the trailing edge of the horizontal tail

time rate of change of angle of attack, radians/sec
angle of sideslip, radians
strength of one rolled-up vortex shed from the wing

circulation of kth external (free) vortex, positive counter-
clockwise

y + iz p

position of kth external (free) vortex, Y + iz

5o

fluid mass density

complex coordinate in transformed circle plane

position of kth external vortex in transformed circle plane

position of kth external vogtex relative to its image in the
To

transformed circle, o) - T
k

horizontal-tail thickness ratio (constant for conical tails treated
herein)
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SUBSCRIPTS
4 due to vortex interference
1 tail trailing edge
2k tail (when used on forces and moments indicates isolated tail)
TE wing trailing edge
W wing
SPECIAL NOTATIONS
j[ contour integral taken once round the cross section in the positive
(counterclockwise) sense
R real part
I imaginary part
(M) complex conjugate of ( )
ANALYSIS

The present report is concerned with the calculation of the total
aerodynamic forces and moments exerted on some plane and cruciform slender
wing-tail combinations in steady and maneuvering flight. The calculations
will be made within the limitations of slender-body theory and will employ
the techniques developed in references 10 and 1l. TInasmuch as it was
shown in the former reference that the forces and moments are linear in
the potential (although not in the motions), it is permissible to calculate
the forces and moments due to vortex interference alone and add them to
those of the isolated wing and tail. Consequently, the major portion of
this report will be concerned with the calculation of the forces and
moments due to wing-tail interference.

It was shown in reference 11 that the components of force and moment
due to vortex interference can be expressed as

m m
YI = iLI = -ion zrkﬁkr = Zrkﬁkr -
k=1 _ k=1 B
o=l —XTE+

Tkl

1 m
o - -
ipf = Equkr ax + ppf Zrkckrdx (1)
TE =1

TE k=1
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[ - ; &
3 Ny - iMp = 1onf (x - Cl)a— Z I‘k&kr dx +
‘ lo=1
|
0 3 m 1 m
mf (x - e1) 5¢ ZFkakr dx - ppf (X-cl)szﬁkrdx
= k=1 TE k=1
(2)
I1' = 2 pUORf Fla(tt) - 2 oU R Frast) +
x=1 X=X R4
1 .
Lom [ a2 fracd - R [ B ) Doy (3)
TE TES k=1

where R denotes the real part, p is the rate of roll about the x
axis, F' is the complex potential due to the wing vortices and their
images in the tail, and Ok, represents the (complex) distance between

the kth shed vortex and its image in the transformed circle plane.

¢ Evidently, the two essential quantities to be determined before equa-
tions (1) to (3) can be applied are the additional complex potential F'

and the sum chkr representing the impulse of the shed vortices and

k=1
| their images.

Although the analyses of references 10 and 11 employed a coordinate
system whose Xx axis passes through the airplane nose, it can be shown
that the results of those analyses are unaffected by a normal translation
of the x axis provided that the cross-sectional area satisfies the condi-
tion S = (dS/dx) = 0 at the airplane nose. This condition is satisfied
by all the wings of the wing-tail combinations to be treated in the present
analysis, and it is convenient for our purpose here to use a coordinate
system fixed in the tail as illustrated in figure l(a).

It can be seen from equation (1) that for steady straight flight
[p =(3/3t) = 0] the interference lift and side force are independent of
the plan forms of the wing and tail. Consequently, the calculated curves
B of steady 1lift and side force presented in this report are for slender
wings and tails of arbitrary plan form except that their trailing edges
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must lie in planes normal to the x axis. On the other hand, equa-
tions (1), (2), and (3) show that the lift and side force in unsteady
flight and the moments in steady flight require integrations over speci-
fied plan forms. The calculations of steady moments and of unsteady
1ift presented in this report have been carried out for triangular plan
forms only.

STEADY STRAIGHT FLIGHT

In this portion of the analysis we shall specialize equations (l)
and (2) to steady straight flight by setting p = (3/dt) = 0. The last
two terms of each of these equations are thus eliminated.

Plane Wing and Cruciform Tail

For most of the wing-tail combinations to be treated here, the wing
is taken as a planar, slender, pointed thin wing having its maximum span
at the trailing edge which is assumed straight. In all cases, the tail
is considered rigidly attached to the wing. It is also assumed that the
vortex sheet leaves the wing as a flat sheet at the trailing edge and
becomes fully rolled up into two discrete line vortices somewhere ahead
of the tail.

It is further assumed that the tail does not influence the vortex
positions. The validity of this assumption has been investigated experi-
mentally and will be discussed in a later section of this report. For

Qg

Rolled-up vortices
€
Uo-‘x l /

——

Sketch (a)

such cases, then it can be seen from sketch (a) that the vertical posi-
tion z; of both vortices relative to the horizontal tail is given by

zy = (@ - €)x3 = hp - (d - x3)ip (L)

where the angle € 1is easily computed by calculating the velocity of a
two-dimensional vortex pair placed at the centroids of vorticity of the
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wing. Since this procedure places the vortices (n/2)sO apart, due to

the elliptic circulation distribution (which is unaffected by sideslip)
the angle e is found to be equal to (2/x%)ay. It should be mentioned
that the positions calculated in this way are in good agreement with
those observed experimentally behind a wing alone, as pointed out in
reference 12, even though the details of the rolling up have been ignored.
The lateral positions (in body axes) are evidently

yl=ﬁso~BX1,‘ Y2=--ESO-BX1 (5)

where the subscripts 1 and 2 on y refer to the starboard and port vor-
tices, respectively. Thus the positions of the two rolled-up vortices
at a distance x; behind the wing are completely defined by

€, =y, + iz, = I’:— So - i(hT + dip) - xl{B-i[oow<l - .;22.> + iT:]}
(6)
2 = vz + 12, ="]ij' so - 1(hp + diT)'Xl{B-i[Otw<l = ;22- + iT]}

The magnitude of the strength I' of each of the rolled-up vortices
is obtained by equating the impulse of the vortex pair to the 1lift of
the wing, that is,

T 2
pULT 5 So = Ly = npUy B
or

I = 2UgaySe (7)

It is noted that for the fully rolled-up vortex pair m = 2 and
I, = Iy = -T (see sketch (b)). Finally, in order to calculate the

t
R *
S Qrﬂ
A 1
-S S ro
-t2

Sketch (b)
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sum }:chkr: the transformation of the tail cross section to a circle
k=1

(leaving the flow field at infinity unchanged) is required. Such a

transformation for the class of cross sections shown in sketch (v) is
given in reference 10 as

5.2
= i h+f
SR TP 0
160
and
' h+f
where
h =& + £, ; f=dsg+‘%2

so that the inverse transformation relatlng the vortex positions in the
two planes is

°k=-% i<~/s2+t12—~/s2+t22>-2 ti> - 2 +

/[ (ﬁﬂ;l? f2+t2> 2Jr] [Js2+t2+Js +1to ]2

(9)

In writing the transformation in this form, we require that square roots
of complex quantities be evaluated in the manner of the appendix. The
proper signs are thus automatically taken care of.

The sum }:chkr can now be determined from equations (7) and (9)
k=1
if it is recalled that
E5s

Gkr =0k - -?k— (lO)

With the expression for this sum, then, all the force and moment compo-
nents except the rolling moment can be calculated directly from equa-
tions (1) and (2) for the wing-tail combinations discussed above. It
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m
will be noted that the above expressions for the sum E:chkr have been

k=1
developed only for the fully rolled-up vortices. However, between the
m

wing and tail, since there is no body, the impulse dk)}jrkckr is inde-

k=1
pendent of the wake shape, being always equal to the 1ift of the wing.
Therefore, it has only been assumed that the vortices become fully rolled
up somewhere ahead of the tail.

The following paragraphs will be concerned with the actual calcula-
tions relating to the longitudinal, directional, and lateral stability of
several wing-tail combinations falling into the category discussed in the

foregoing analysis. The determination of the integral quF'd(gE) will be

carried out in the discussion of lateral stability since it arises only
in the calculation of the rolling moments.

Longitudinal stability.~ Since the vertical tail has no effect on the
purely longitudinal (B = O) aerodynamic characteristics of the wing-tail
combination, we can for this discussion set t; = t2 = 0, thereby simpli-
fying the calculations. 1In fact, since equation (8) then reduces to the
Joukowsky transformation, the addition of elliptical thickness to the
horizontal tail offers no difficulty and will be incorporated. Thus the
expression for 0y to be used for calculating the longitudinal charac-
teristics will be (see sketch (c))
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O = % [gk +j§f - (s® - bz)] (11)
and
s + b
I‘O = >

The thickness of the tail will be kept small in the calculations, in view
of the assumption that the tail does not affect the vortex positions.

The wing-tail combinations treated in this section will have the general
appearance shown in figure 1(b). The wing is shown as a triangular flat
plate and the horizontal tail is shown as a thin elliptic cone since these
assumptions will be made in the calculation of the pitching moments.
However, they will not be made for the calculation of the steady lift
since equation (1) shows that the interference lift and side force in
steady straight flight are independent of plan form.

If it is noted that, due to symmetry (see sketch (c)) 05 = -0,, the

2
sum }:Fkgkr over the tail can be written directly as
k=1

2

}:Fkokr =T,0,,. + F2°2r=:r<%lr + 61%) =2IR (61€> (12)

la=1¢

But from equations (10) and (11) we have

Q
=
|
Q
o
1

o=

%{gl +.J8.°% - (82 - b3) - (: - E)[El - 4% - (s2 - bz)]} (13)

so equation (12) becomes

2

i, = TR {8, + 87 - 7 -0 - (E2B)f6, - VT - o - ) |}

k=1
(1k)

£ d
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Returning now to equation (1) we have for steady straight flight

m m
Y1 - ily = -ipU, §jfk5kr - }jrkakr (15)
k=1 4 k=1

X=XTg4
and, by virtue of symmetry for B = O, the interference side force Yr
vanishes. (This also follows from eq. (14) which shows that the above
sums are real.) The interference lift Lt is given by the negative of
the imaginary part of equation (15).

m m
LI = DUOR Zrkckr = Zrkokr (16)
k=1 %=1 k=1 o

which can now be evaluated from equations (6), (7), and (14). That is,
from equation (6), R({,) = (x/4)sg for all x and we note that imme-
diately behind the wing s = b = 0. Thus it follows from equations (7),
(14), and (16) that

N 2 4/ 2 2( b2 5t
L - U - l-_ - — l
I ITTE;7;;; PUo ayso | R gll S, =3 L S0 (17)

where s, 1is the semispan of the tail at its trailing edge. The quan-
tity glz gives the position of the starboard vortex at x = 1 and is

eveluated from equation (6) by setting B = O and x, = d. The total lift
of the wing-teil combination is obtained by adding to equation (17) the
lifts of the wing and tail alone as given by slender-body theory (see

eq. (7)). The resulting expression for the lift coefficient, based on
the area of the wing, is

2

s 2Ayany §1 5.2 2
L = %.Aw(éw + ap 1:) + R L. s (1 - EE -
1- (b/S)z 502 50 S

(18)

and it can be seen that, to the order of the present analysis, tail
thickness affects the 1ift only if the tail has a blunt trailing edge.
The procedure for calculating the real part of the square root without
ambiguity has been discussed in Appendix B of reference 11.
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By making use of the same substitutions in equation (2) as were used
in equation (l) for the interference side force and lift, one finds simi-
larly that the interference yawing moment vanishes (for B = 0) and that, &
after integration by parts, the interference pitching moment about the
pivot point x = ¢, can be expressed as

2

My = - . PUoZ oS0 (7, -cy Rﬁlzz - 512< -5 -
1- (v/s) B=/y

Cl
% So(} - ¢y - c'> -L/1 R §12 - s2 <é = g;) dx! (19)
o

provided that b/s is constant over the tail.® 1In this expression c'
is the chord of the tail and x' 1is distance along the X axis measured
from the apex of the tail. Now let us choose the pivot point to be

c, = 2/3 ¢ and the plan forms of wing and tail to be triangular. Then
the triangular wing contributes no pitching moment, and if we add the
known pitching moment of the conical tail alone as given by

Mp = -LT<d+% = 53'-> = - pU " aps 12 <d+-§- - %l> (20)

the resulting expression for the total pitching-moment coefficient, based
on the wing area sgc and the wing chord c¢ is

)-
e | e [ 22 (5. 2.

1T 512 (a al

wlH

c'
= 2
Ay 5o €y s2
2oLl o & 2
L R 502 sO S0 ( l)
o

The integration indicated in equation (21) is most easily carried out if
the real part is taken after the integration. With this in mind, then,
we observe that the variable x' is related to x; by (see fig. 1(b))

1The corresponding expression for arbitrary chordwise thickness -
distribution (b/s # const.) can just as easily be obtained in the same
way, but the calculated results will depend on the particular shape chosen
and the integrals will in general have to be evaluated by numerical or »
graphical methods for each case.
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X, =xtid - cf (22)
and that for the conical tail s/s, = (AT/h)(x'/so) and b/s is constant.

Hence, by means of equation (6), the complex square root in the integrand
can be expressed as

¢,” 2
23 L BF <} - E?) =\/134-C <§%> +'D (g;)
82 82 s2 o o

X (23)

where

(e G- 2) ) ()T

2 L x 2\ (d-c’ + ipe!
@ = [C},W<l - ;§> + lT](:l E = 2GJw 1 - ;I-Z-> o >+2<h—lr—so——> ] > (2’4-)
= 2
2 ; A b2
D=—[Gwl—;(5>+llll:' ‘1—6— l—;)

and the integral in equation (21) can be expressed in the form
]

)

c!

fsoRJidg
()

LRD - o2
%R[(EDE, + C)NK + —';% m(ﬁ + &D +

_ hl_D[R(eng + CQ)RNE - L(2Dt+C) INE +

uBD-CZ> C
%R<—Jﬁ Rln(VX+§VD+2m>-
cl

=) ]g (25)

where & = (x'/sg). Now if any of the terms in this expression has a
discontinuity within the interval of integration the integral must be
divided at that point. Such discontinuities will in fact occur if the
rolled-up vortex passes through the horizontal tail. This occurrence

: 2
Ll<ﬁlc__>lln <~/§+ eND +
2 ND
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will be discussed later from the physical point of view, but for the
moment we need only to recognize that the mathematical expression of this
situation is (for a triangular tail)

1 1
2= NG o r it R (26)
i = =
Ap = s5 < 5o

where 1z, is given by the imaginary part of equation (6). The variations
of RWX and INX for a typical case in which equation (26) is satisfied
are shown in sketch (d) and it can be seen that at & = €o (the value of

x'/so at which z; is zero) the real part of the square root vanishes
and the imaginary part has a discontinuity.

Sketch (d)

Thus, making use of the continuity of the real part of the square
root at £ = § o and writing out the real and imaginary parts of the




logarithm, we can finally write equation (25) in the form

e 2 <
f RJ“d§=f Rﬁd§+f R VX dt
(@] (@] §O
-1 0 1 4BD - C
uD[G]§=_ci uD[G]§=O+l|.—D R( > in X+§J_+—J—]3
So Eo-
1 Da— - T(2Dt + C (1& - 1% )
AR +2~/13 N X( # e Eom I £+
O

I(»«/E+§~/5+L> I<J'5(_+ END + CD>
I(hBD e tan™t 2D - tan~t 2D + 2nn
L e
n<~/3c'+g~/5+2@> R(«/’i+§«/5+2@
go" §O+
(26a)

where G is identical with the quantity in the brackets of equation (25) and the subscripts

Eo- and E,+ refer, respectively, to values immediately before and after the discontinuity. The value
of n (an integer or zero) is determined by the fact that the resulting expression for the integral
must be a continuous function of o since B, C, and D are continuous functions of ax.

Calculations have been carried out by means of equation (18) and equations (21) through (26a) to
determine the total 1ift and pitching-moment coefficients of a number of wing-tail combinations of the

G2LE NI VOVN

LT
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type shown in figure 1(b). It can be seen from equations (18) and (21)
(recalling eq. (6)) that the theoretical 1ift and pitching moment are p
nonlinear functions of the angle of attack oy In view of this fact,

it seems appropriate to postpone temporarily the calculation of stability
derivatives and to calculate instead the actual variations of forces and
moments with angle of attack. For the present calculations, the aspect
ratio of both wing and tail was chosen as 2 in all cases, and the effects
of horizontal tail height hp, tail-span-to-wing-span ratio sl/so, tail
incidence ip, horizontal-tail thickness ratio b/s, and tail length 4
have been investigated. The calculated results are presented in figures 2
to 6 and the lift coefficients are divided by (n/E)AW since equation (18)
shows the lift coefficient to be linear2 with respect to the wing aspect
ratio Ay. The pitching moments are nonlinear in Ay since equation (21)
contains products of Ay with d/c and c'/c which are themselves propor-
tional to Ay since all guantities are specified in terms of the wing
semispan sg.

The effect of horizontal-tail height on the 1lift and pitching moments
is illustrated in figure 2 for zero tail incidence and zero tail thickness.
It can be seen from equation (17) that for b/s = 0, the interference 1lift

becomes equal and opposite to the lift of the wing if R /lez - 5,% = 0.
This condition is satisfied if glz is real and less than s,, that is,

if the rolled-up vortices from the wing just intersect the trailing edge
of the tail. In figure 2, the tail heights have been chosen so that this
situation occurs at simple values of ay, and it can be seen that, in
each case, at that angle of attack the total 1ift is equal to the lift of o
the tail alone which is equal to the 1ift of the wing since the tail span

is equal to the wing span. It would appear from figure 2 that unless the
horizontal tail is placed either low (hT < 0) or very high, the 1lift and
pitching-moment curves are apt to be highly nonlinear, even in the rela-

tively low positive angle-of-attack range. Severe static instability

precedes the "critical" angle of attack (the angle of attack at which the

wing vortices intersect the tail trailing edge) and abrupt changes in

both lift-curve slope and static stability are observed at the critical

angle.

While the sharp breaks in the 1ift and pitching-moment curves indi-
cated by the theory will no doubt be smoothed out somewhat in actual
flight through a real fluid, it might be well to consider the signifi-
cance of the critical angle of attack described above. First, the
existence of such a well-defined critical angle is predicated on the
assumption that the vortices shed from the wing lie in a horizontal line
when viewed in planes x = const., that is, that the vortex sheet either
remains flat or is fully rolled up ahead of the tail. In such a case,
the tail experiences a maximum download when the line containing its

2Tt must be noted that the equations also show the 1lift and pitching
moment to be nonlinear with respect to all of the parameters investigated .
in the calculations. The calculated effects of the separate parameters

are therefore not additive.
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trailing edge intersects the vortices, as the tail is then in a maximum
downwash field. Such a critical angle might be thought of as a local
stall angle for the airplane and will be predicted by the theory for all
slender plane wing-tail combinations whose wing and tail do not lie in
the same plane. It might be said that if the wing and tail lie in the
same plane, the critical angle is zero, but since the downwash is then
also zero, the angle has little significance.

The critical angle of attack can be calculated directly from equa-
tion (6) by setting =z; (i.e., the imaginary part of £, or £5) to zero
at x, = d. Thus one finds

_ hT/So
(a/so)l1 - (2/x2)]

for the combinations treated in this section. Evidently, then, acp
depends on the ratio of tail height to tail length and will be positive

if the tail is above the plane of the wing and negative if the tail lies
below the plane of the wing. For the former case (high tail), the tail
will experience a maximum download, causing a peak positive pitching
moment, while for the latter case (low tail), the tail will experience a
maximum upload, causing a peak negative pitching moment. These two types
of cases are clearly seen in figure 2. The critical angle of attack can
of course be made larger than the stall angle of the wing itself by
placing the tail very high. In figure 2 for hT/so = 1.9137, for example,
the 1ift and pitching-moment curves remain fairly linear up to an angle

of attack of about 10°. It should be mentioned with regard to the above
discussion that, if the vortex sheet is only partially rolled up at the
tail location, the vortices do not lie in a horizontal line there, the
critical angle of attack loses definition, and the lift and moment curves,
although nonlinear, will not exhibit the sharp breaks discussed above.

(27)

Aer

In figure 3, the ratio of tail span to wing span is varied for a
given tail height. It can be seen that the lift and pitching-moment
curves exhibit sharp peaks when the ratio of tail span to wing span
becomes equal to or slightly greater than n/h (the ratio of vortex span
to wing span). That is, once again, the curves have sudden changes in
slope if the wing vortices strike the tail trailing edge near the tips.
Thus, it might be said that there is a critical ratio of tail span to
wing span as well as a critical angle of attack. However, it should be
pointed out that the specific value of n/h is a consequence of several
assumptions; namely, (l) that the vortices are fully rolled up ahead of
the tail, (2) that the tail has no influence on the vortex positions,
and (3) that the trailing-edge cross section of the tail is fully effec-
tive in destroying the downwash field of the wing, even though the chord
of the tail vanishes at the tips. This last assumption is associated
with the slender-body assumption that the flow in planes x = const.
is essentially two-dimensional.

The sign of the pitching moment at the critical angle of attack can
be determined from the ratio of tail span to wing span, provided this
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ratio is equal to or greater than the critical ratio. It has already
been pointed out that the 1ift of the plane wing-tail combination at the
critical angle of attack is equal to the 1lift of the tail alone at its
geometric angle of attack, if the tail span is at least as great as the
vortex span. Therefore, the 1ift on the tail of the combination is equal
to the difference between the lifts of the isolated tail and wing at
their geometric angles of attack. But, according to slender-wing theory,
these lifts depend only on the maximum spans of the wing and tail. Hence,
it can be concluded that if the span of the tail is less than the span of
the wing, the 1lift on the tail at the critical angle of attack is negative
and the pitching moment of the combination is therefore positive. Since
it was stipulated above that the ratio of tail span to wing span was

greater than the critical value, the conclusion is that for % 5-%1 < by

the pitching moment at the critical angle of attack 1s positive. the
other hand, if the tail span is greater than the wing span, the 1ift on
the tail is positive at a = acr, so the pitching moment of the combina-
tion is negative. Finally, if sl/so = 1, the 1lift on the tail, and
hence the pitching moment of the combination, vanishes at the critical
angle of attack.

The above conclusions may be summarized schematically as shown in
sketch (e). It can be seen that in the first case there are three trim

+ + +
Cm Cm Cm
2\
\\\<m a a
- L W] 2 ] 2 519
kL = sqo 8o So
Sketch (e)

points, two stable, and one unstable; in the second case there is only
one trim point, which is stable; and in the third case there are two trim
points, one stable and one neutrally stable. In the above discussion,
the tail incidence has been assumed to be zero. It has also been assumed
that the pitching moment of the wing alone is zero, which is the case for
all the combinations treated in this paper.

The effect of changes in tail length on the 1ift and pitching-moment
curves is shown in figure 4 for two tail heights with the tail at zero
incidence and the tail span equal to the wing span. For zero tail height
(fig. 4(a)), the predominant effect of increasing the tail length is
apparently the larger pitching moments due to the increased lever arm.
However, the lift on the tail at a given angle of attack is also seen to
increase with the tail length. This is due to the greater vertical dis-
tance between the tail and the wing vortices, which results in a reduction
of wing-tail interference.
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For the case of a given nonzero tail height (fig. 4(b), hp/so=0.9568),
the most obvious effect of a change in tail length is a corresponding
change in the critical angle of attack. It can be seen that reducing the
tail length ratio d/s, from 6 to 4 increases dey from 0.20 to 0.30,
as predicted by equation (27). Now it is interesting to compare fig-
ure 4(b) with figure 2 in which Q. Was changed by a change in tail
height with a fixed tail length. Let us say, for example, that we start
with a wing-tail combination having d/sO = 6 and aepr = 0.2, and we wish
to shift aey to 0.15. A comparison of figures h(bg and 2 shows that,
if this shift is accomplished by increasing the tail length ratio to 8,
the resulting pitching moments are about 50 percent larger than if it is
accomplished by lowering the horizontal tail.

In figure 5, the tail incidence is varied at two different tail
heights for a fixed tail length (d/so = 6) and a fixed span ratio
(s1/so = 1). It can be seen that for hp = 0 (fig. 5(a)), the lift and
Pitching-moment curves are shifted linearly up and down with tail inci-
dence. Since the curves are slightly nonlinear in the angle of attack,
however, the result is a slightly nonlinear variation of trim 1ift coef-
ficient with control setting (for an all-movable tail). Now if the tail
does not lie in the plane of the wing, (hp/s, = 0.9568, fig. 5(b)), the
nonlinearities in the 1ift and pitching-moment curves, and hence in
control effectiveness, become more pronounced. It can be seen in fig-
ure 5(b) that the change in trim angle of attack from ip = O to ip = -0.1
is more than twice that from ip = +0.1 to ip = 0. Also, there are evi-
dently incidence settings between O and -0.1 for which there will be three
trim angles of attack, as in the preceding discussion.

The effect of tail thickness is shown in figure 6 and the effect on
the 1lift and pitching moment for zero tail height (fig. 6(a)) is seen to
be small for the configuration chosen. However, there is a consistent
decrease in tail 1lift associated with the increase of tail thickness.

For the high-tail case (fig. 6(b)), this effect is magnified at positive
angles of attack, with the result that the nonlinearities due to tail
height increase with tail thickness. It should be recalled that the tail
thickness introduced here is of a very special type (elliptic cone tail)
and incorporates a blunt trailing edge. The present theory would predict
no effect of thickness on the 1ift and only a small effect on the pitching
moment if the tail trailing edge were sharp. On the other hand, ordinary
slender-body theory (i.e., with no wing-tail interference) would predict
no effect of elliptic thickness on either the lift or the pitching moment,
regardless of whether the trailing edge is blunt or sharp (see ref. 10).

Directional stability.- In this portion of the analysis, the empha -
sis will be on the effectiveness of the vertical tail, and we turn to a
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somewhat more special class of wing-tail combinations as shown in
sketch (f) although the plan forms need not be triangular. Thus we let

Sketch (f)

ts = b/s = 0. The inverse transformation of equation (9) then gives the
vortex positions in the o plane as

g % i<A/52 + tlz - s) - E(Ckz -85+

2

[i(m : s> . efg?.—s_zr + [fs?it—lz + s] (28)

and ¢, 1is again given by equations (6). Now, by direct substitution
into equation (10) with the auxiliary formulas of egquation (8), it can
be shown that®

3The actual evaluation of the imaginary part of the square root
indicated in equation (29) is not entirely straightforward if ambiguities
are to be avoided. Consequently the procedure is given in the appendix.
Taking the real part of the simpler square root has been discussed in
Appendix B of reference 1ll.

-
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R<°kr> = R 4 - s
I("kr) -3 1 P(W - s> : 2ﬁk2-s2] +[J?+t12+ s]

<

:

J
(29)

and with these expressions one can easily write the real and imaginary
2

parts of the sum j{:chkr from which the interference lift and side

k=1
force can be obtained directly by means of equation (15). It can be
seen from equation (29) that the real part of the above sum is independ-
ent of t,, so it follows from equation (15) that the interference lift
is independent of the size of the vertical tail, even for B ¥ O

The 1ift of the wing alone is given by equation (7) and the side
force and lift of the tail alone are given by (see ref. 10)

Eae i
p Yp - iLp = nonz[-g- (s12 = -g— - 51 512 + t02> = stlz] (30)

L This side force and lift when added to equation (7) and to the interfer-
ence forces calculated by means of equations (15) and (29) yield the
total side force and 1lift on wing-tail combinations of arbitrary plan
form of the type shown in sketch (f) at combined angles of attack and
sideslip.

Calculations have been carried out in this manner to obtain the
variations of side force and 1ift coefficients, based on wing area, with
angle of attack and sideslip for several vertical tail sizes with zero
tail height and tail incidence (hT = ip = 0). These calculations were
made only for one ratio of tail span to wing span (sl/sO = 1) and one
tail length ratio (d/sO = 6) inasmuch as the effects of these parameters
may be surmised from the previous discussion on longitudinal stability.
The results are presented in figures 7 and 8 in the form of force coef-
ficients against sideslip angle for various angles of attack. It can be
seen from figure 7 that at the very small angles of attack, the side
force is linear with respect to the angle of sideslip. In fact the values
of the slopes there are given by ordinary slender-body theory for the
tail alone. At somewhat larger angles of attack, however, the curves are

e quite nonlinear and it will be noticed that the angle of attack at which
the curve is most nonlinear increases with the tail size. It can in fact
be shown that the most severe nonlinearities occur at such an angle of

o attack and sideslip that one of the rolled-up vortices from the wing
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strikes the tip of the vertical tail, since in that situation the vertical
fin experiences a maximum side force due to the vortex. The angles of
attack and sideslip corresponding to this condition are given, according
to the present theory, by equations (6) if we set ¢, or {, equal to

ity at x; = d. Thus we find

_ /b . (5ol (hp/s;)
B == 3 a =
/5o (a/s0) (1 - 2/2)

(31)

In order to facilitate the fairing of the curves in figure 7, the
angle of sideslip given by equation (31) was calculated for the cases
shown in the figure, and the corresponding side forces were computed.

It will be noted that if the angle of attack is less than that of equa-
tion (31), then one vortex strikes the trailing edge of the vertical tail
at the angle of sideslip indicated in equation (31), thus causing a sharp
peak in the variation of C with B. On the other hand, at angles of
attack higher than that of equation (31), the vortex passes above the
vertical tail and the variation of side force with angle of sideslip is
smooth although nonlinear. In figure 7(b) we see a very sharp peak in
the curve for a = 0.20 which corresponds almost exactly to the angle of
attack indicated by equation (31) for the vertical tail size to/sl = 1.0.

Another important point regarding figure 7 can be seen by observing
the variation of the slope (BCY/BB)B=O with angle of attack, since this

quantity gives a measure of the directional stability; that is, since
the vertical tail lies behind the probable center of gravity of the air-
plane, a positive Cy, corresponds to a negative CnB which is unstable.

Thus it can be seen from the slopes through the origin in figure 7 that
increasing the angle of attack has a destabilizing effect for angles of
attack below the value given in equation (31). It should be mentioned
here that, according to slender-body theory (no interference), the sta-
bility derivative (BCY/BB)B=O is independent of the angle of attack.

The varistion of 1lift coefficient with angle of sideslip is given in
figure 8 for various angles of attack. As was mentioned earlier, the 1ift
is independent of the size of the vertical tail. It is observed that the
lift is a minimum at B = O due to the fact that the horizontal tail is
then in a maximum downwash field. Again, the effect of sideslip is felt
only at the tail, so it can be concluded that at B = O the pitching
moment has a positive maximum; hence sideslipping produces a nose-down
pitching moment.

In order to see a little more clearly the effect of angle of attack
on directional stability, approximate calculations have been made of the
derivative (dC,/dB) _o &t various angles of attack. It can be seen from

equation (2) that a detailed calculation of the yawing-moment variation
and subsequent differentiation with respect to B would be virtually
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impossible by analytical means in view of the complicated expression of
equation (29). Consequently, rather than performing laborious numerical
calculations and measuring slopes graphically, we shall simply assume

that the center of pressure of the tail is unaffected by the wing vortices
and lies always at the 2/3-root chord of the tail.# Hence, since the
flat-plate wing experiences no side force, the derivative Cn is given
approximately (for c'/c = 1 and d/s, = 6) by "

bny, = (3Ca/3B) g = - (d/255)(3Cy/3B) g = -3(3C1/3B) gy (32)

where the yawing-moment coefficient is based on the wing span 2s, and
the slopes (dCy/dB) _o &re measured on figure 7. The resulting varia-
tions of Cp, with angle of attack are shown in figure 9 and it can be
seen that an"increase in vertical tail size provides substantial increases
in directional stability but that the directional stability diminishes
considerably with increasing angle of attack. For the cases calculated
(Sl/so = 1), it is observed that at about 10° angle of attack the sta-
bility contributed by a vertical tail the same size as one panel of the
horizontal tail (to/sl = 1.0) is equal to the stability contributed by

a8 vertical tail only half that size at o = O.

As was mentioned earlier, a negative value of Cp_ indicates direc-
tional instability, but in no case has a negative value been shown in the
above figures. It might be well to consider now the likelihood of such
an instability. First it will be recalled that the strengths and posi-
tions of the rolled-up vortices were calculated under the assumption that
the circulation distribution at the wing trailing edge is elliptic, as
predicted by slender-body theory for low angles of attack. In order to
gain some idea of the effect of changes in circulation distribution, it
was assumed that the circulation distribution tends toward a triangle at
the higher angles of attack, as does the span loading at f = O according
to low-speed experiments on triangular wings. Thus, keeping the same
lift on the wing as before (eq. (7)), with a triangular circulation dis-
tribution, the lateral spacing of the vortices becomes equal to sy and
the strengths then become in the same manner as equation (7),

I' = nUgas, (33)

“As a rough check on this approximation, the pitching moments were
calculated in this manner for several span ratios with hT/so = 0.9568,
d/so = 6 and were compared with those shown in figure 3. The average
error for these cases was of the order of 10 percent for the angle range
calculated. For shorter tail lengths, the error will of course be larger.
It should be noted that with this approximation the dependence of the
moments upon plan form is contained in the choice of the center of pres-
sure of the tail. The choice of the 2/3-root chord implies a triangular
tail.
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Using this strength and spacing, then, the variations of Cy and Cp
with B for to/s1 = 1 were recalculated at a = 0.24 and the results
are given in figures 7(b) and 8. It can be seen that this change in
circulation distribution has magnified the effects of sideslip and has
produced a decidedly unstable side force slope at B = 0. The effect on
the variation of 1lift, however, is small.

On an actual airplane or missile, a long fuselage whose nose is well
ahead of the wing would further reduce the directional stability, although
no calculations of this effect can be made here because of the complicated
influence of the fuselage on the positions of the vortices at the tail.
Thus it can be seen that the curves presented in figures 7, 8, and 9 are
probably not unduly pessimistic.

As was mentioned previously, the greatest loss of directional sta-
bility due to wing-tail interference is suffered when the angle of attack
is such that at some angle of sideslip one vortex strikes the tip of the
vertical tail. The sign of this angle of attack can be reversed simply
by inverting the tail assembly as shown in sketch (g). With this arrange-
ment, the loss of directional stability can more easily be moved out of

Sketch (g)

the flight range of angle of attack. The calculated curves of CnB

against angle of attack are shown in figure 9 and are seen to be reflec-
tions about the o = O axis of the curves obtained with the vertical tail
above the horizontal. The arrangement shown in sketch (g) has obvious
disadvantages in other respects, of course, as for example a negative
dihedral effect and complications of the practical landing gear problem.
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Lateral stability.- In this portion of the analysis we shall be
concerned with the variation of rolling moment with sideslip angle at
various angles of attack. According to equation (3), the interference
rolling moment in steady straight Flightiis

17 m
LI' = % DUOR, f F'd(cg) = '12; onR f F'd(cg) - DR E Zrkckr dx
x=1 X=Xy TE k=1

(34)
and it is seen that the real part of the integral Lj[\F'd(QE) is to be

evaluated at x =1 and at X = Xpp,. It must be noted here, however,
that the contour integral is to be performed round a contour enclosing not
only the airplane cross section but also the stream surfaces forming the
vortex sheets. This is because of the development in references 10 and 11
where (a) the boundary condition required that the contour of integration
be composed of stream surfaces and (b) it was decided to enclose all the
external vortices within the contour in order to simplify the treatment of
the analytic integrals. Here, since the nonanalytic integrand contains
logarithmic singularities outside the body, there will be a contribution
to the integral along the branch cuts representing the vortex sheets.

To illustrate the application of equation (34), we shall confine our
attention to flat-plate wings and symmetric cruciform tails, as shown in
sketch (h)° The plan forms, however, need not be triangular. In the
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present case, since the external vortices arise from a separate wing,
there is a vortex sheet common to both vortices and across which the
potential differs by a_constant, namely the circulation TI. Therefore,
since the sign of d({f) is opposite on the two sides, the contribution
to the nonanalytic integral along this cut, regardless of its shape, is
found to be '

¢=t,
R {riat) - R [ - ra@e + 23
vortex =
sheet ¢ §2
= -I(y,2 + 2,2 - ¥.2 - 2.2) = -I(y,2 - y.,2) (35)
since from equations (4) and (6) 2z, = z

2k 2°

As for the remaining contour integration round the airplane cross
section, it will be convenient to perform that in the transformed o
plane where on the circle oG = ro2. The transformation for the symmetric
cruciform tail of sketch (h) is obtained from equation (8) by setting
t; = t; = s so that

o
o e (36)
g2
and rg = s/Jﬁ. It follows, then, that on the circle where o = roeie
- af - dg
d =f{—=d5 + { — ad
(¢8) =t 2 dv + § 2 do
= *hro2 sin 26 a6 (37)

Now, recalling that F' is the additional complex potential due
to the shed vortices and their images, we can write F' 1in the o plane
as (see sketch (b), page 9)
2

- ro? _ 0
F —-g{ln(c-cl) -1n< -%—l—>-1n(0 02)+lnG--8—2- }

(38)
and it is seen from equations (37) and (38) that the contribution of the
starboard vortex and its image to the real part of the contour integral
round the tail cross section is made up of integrals of the type

orr 2 2
ZO L/\I [Zn(y = c;> - Zn(ﬁ - %gi{)} sin 26 dé
. (39)

or, since the real and imaginary parts of o on the circle are given by
T = rocos O and N = rosin 6, it is found that

R fF'd(ci) =1, =%
tail
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Ton
2I'ro2 -1 ot ;i -1 i b r ;.
I, =% “0 M/ﬂ tan ————————tﬁ% ~tan - 11 sin 26 d6 (L40)
il L X0
cos @ To cos 6 r12

‘where T3 = ricos €1 and 1, = rysin 6; are the coordinates of the star-
board vortex in the ¢ plane., The entire integral round the circle is
made up by choosing the proper sign of equation (37) and therefore of I,
appropriate to each half-quadrant and combining the resulting definite
integrals. Since each half-quadrant of the circle corresponds to a partic-
ular surface of the cruciform tail, the signs are easily chosen by observ-
ing that d(¢f) = a(y® + z2) and deciding whether this quantity is positive
or negative in each half-quadrant as the contour of the cruciform tail is
circumscribed in the counterclockwise sense in the physical plane., The
resulting expression for the real part of the integral round the tail due
to both vortices is found in this manner, after integration by parts, to be
4

Ty
Sl

- 2Pres <%o€> 1 <ﬁ12‘715> ( ri4 -1 ro%
Fta — = 14— 2 tan e ———— -3 -
Rf (EC) - T4 2 roz ro4 2<T] 12_1.12>

tail

o
76l 3
R 123
Til, (} ry* s To o _
To To 1 T2t ) Taly
ro4 r02
4
le——vr
21-'1'02 I'()4 l T]22— T2 1 I'24 B b q ro% e _
gl |y s\ "= Py an = 37
ro To To 2<ﬁ22 T2%>
r02
r24 T2T]
iy ——z +J+-——§‘é
T275 ro% Yo Iro
—(1- in - (k1)
1‘02 ro4 i Tro - T2T]2
ro4 I'02

where

T1 = R(01); 13 = I(01); T2 = R(o2); 1, = I (o2)
r1® = [R(01)]® + [ X(01)]3; 122 = [R(02)]2 + [ I(02)]2

]

and the arctangents are taken to lie between O and 2n. Note that the
expressions of equations (35) and (41) both vanish at X=Xqm, S0 that

]lJ%ﬁ F'd(gg) = 0; also, at x =1, y12 - yo2 = -n8oBd from equation (5).
X=X
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Turning now to the last term of equation (34), if we rewrite the
transformation of equation (36) in the form

o2\
SRR (1)

since rOZ = 82/2, it follows directly that the vortex positions in the

o plane are given by
10 [ (
= §< Ckz - 32 + §k2 + 52> (""3)

Hence the quantity Ok, appearing in the summation of equation (34) is

Ok, = Ok - %f:%(./gk ./Qk + 5% ./ / >
=R [;kz -2+ il | Ckz TNE= (44)

so that the sum is given by

2
zrkakr = Flclr e Fzgzr = F <Ulr - 02r>
k=1l
F (R.klz - g2 4+ il /{,12 + s2 -RJCZZ =8 = iL/ng + s2>

(¥5)
Thus if we consider only zero tail incidence_ ip so that ay = ap = a,

and recall that for steady straight flight R = UoB + iUpa, the last
integral of equation (34) can be written in the form

7 m c!
= B0, ¢.2 2 = 2
R R dek dx = UOB SQZP R f (@] ; _ S_ _ i _ _S__ a }i }
& ] 5,2 2 52 2

50

c_ 2
S s2 C 2 ]
UOG’SO T I f e —12' k _2‘ = 'iz + —S—E <2C-_ +
2 S0 So So So So
d - c!
UoBso-T 5 —sg—> (46)

The last term of this expression is the contribution of the integral between
the trailing edge of the wing and the apex of the tail; that is, where

s = 0. The vortex positions €, and {- and the circulation I' are given
by equations (6) and (7), respectively.

1
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The integrals appearing in equation (46), which is valid for any
plan form with straight trailing edge, are of precisely the same form as
those encountered in equation (21) for the pitching moment and may be
treated in an analogous manner (for triangular plan forms) by making use of
the Appendix. In the present case the second integral of equation (46)
has a discontinuity of the real part of the square root, and the imaginary
part vanishes, when the vortex passes through the vertical tail. Thus
sketch (d), page 16, is applicable to such cases if we interchange the
labels on the two curves. The condition for the vortex passing through
the vertical tail is y; = O for z3 < S < s; where y; and z; are given
by equation (6). Thus if hp = ip = O, this condition becomes (for trian-

gular plan forms )
5 ) i 2 d-c'>
Y all-— e
A‘T 2 So . -
ek (%7)
N o o S0
1.—KE a g

If equation (47) is satisfied, then the second integral of equation (46)
must be divided in a manner exactly analogous to that shown in equa-
tions (23) to (26a).

|N

y1 = O for

0

Finally, the interference rolling moment for the wing-tail combination
of sketch (h) is obtained by substituting equations (35), (%1), and (46)
into equation (34). The coefficient Cj. based on the wing span 2s5 is
given by this result divided by pUp2SwSoe Now, since the rolling moment
of the symmetric cruciform tail alone is zero (see ref. 3), and the rolling-
moment coefficient of the isolated triangular wing is (see ref. 10)
1T

Clw = "§ af (48)

the total rolling-moment coefficient for the combination of sketch (h) is
found by adding this to the above result for CzI.

Calculations have been carried out to determine the rolling moments
for a wing-tail combination of triangular plan form having zero tail height,
a tail-length ratio d/sq of 6, and a span ratio s3/s, of 1. The varia-
tion of C; with B was calculated at two angles of attack and the result-
ing curves are presented in figure 10. It can be seen that at both angles
of attack the variation of rolling moment with angle of sideslip is quite
nonlinear and has a sharp peak at the angle of sideslip at which the star-
board wing vortex strikes the vertical tail according to equation (31).
However, the peaks are in opposite directions so that the curves cross one
another. The reason for this behavior lies in the vertical location of the
impinging vortex relative to the axis of the tail. At o« = 0.1, the vortex
striking the tail lies close to the tail axis and therefore, due to its
direction of rotation, induces a large negative rolling moment at the
critical sideslip angle. On the other hand, at a = 0.2, the vortex strikes
the vertical tail near its upper tip and therefore induces a positive roll-
ing moment because of the velocity gradient associated with the vortex.
For purposes of comparison, the rolling moments of the wing alone from
equation (48) are also shown on figure 10 and it can be seen that the
rolling moments are heavily influenced by wing-tall interference.
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Cruciform Wing and Cruciform Tail

The method used in the foregoing analysis of wing-tail combinations
having plane wings could equally well be applied to those having cruciform
wings if one had analytical expressions for the positions of the rolled-up
vortices behind such wings. For the special case of an equal-span cruci-
form wing in steady straight flight at 45° angle of bank, these vortex
Positions have been determined analytically in reference 13. Consequently,
the longitudinal characteristics of a wing-tail combination of the type
shown in sketch (i) (the so-called "interdigitated" arrangement) can be
studied in exactly the same way as was the arrangement shown in fig-
ure 1(b), if equations (6) are replaced by the expressions of reference 13
or reference 3 for the positions of the four rolled-up vortices.

Sketch (i)

(Note, however, that ref. 13 uses wind axes.) It has been shown in
reference 3 that the four vortices are of equal strength given by

I = N2 Ugs (49)

Now, if we recognize once again that the vertical tail has no influ-
ence on the purely longitudinal characteristics, a comparison of the base
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cross section shown in sketch (j) with that of sketeh (c), page 11, will
show that equations (11) to (14) are directly applicable to the present

case. Thus by simply extending the sum-
mation of equation (12) over four rather
than two symmetrically placed vortices,
we find, since 0, = -G, and 0, = -Og

that C

- So. 2l

}:chkr = r<%1r + 04, +'0a,. £ 63%>

r

ok

k=1

TR (01, + 03r> (50)

Hence the counterpart of equation (1L4)
is found to be, after simplification

2k b =

g

Sketch (Jj)

D D

(51)

The interference lift and side force can now be obtained directly from
equation (15) from which it follows that the interference side force
vanishes since the above sum is real. At this point it should be noted
that the quantity R(¢, + {5) is a constant behind the wing, being equal
to the lateral distance between the centroids of vorticity of the two
halves of the wake. In fact, since the circulation distributions on the
two component wings of a cruciform wing banked 450 are identical ellipses

(see ref. 3), it follows that

TS

R(L, +83) = eV

(52)

With this relation, if we note that immediately behind the wing s=b=0,
we can substitute directly into equation (16) for the interference lift.

i iy
Py
B
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Thus , making use of equation (51), we find

oN2 ' 2
i (b/s)l ]

R/gszz = 512<l - :_2 = ﬂg S (53)

and the positions ¢ 55 and € s can be obtained directly from
ll o 31 (e}

figure 2 of reference 3 for any given tail length. Now since the 1lift
of the cruciform wing alone is the same as the 1lift of a plane wing of
the same span (see ref. 3), it follows that the total 1lift coefficient,
based on the area of the wing, for the cruciform wing-tail combination
of sketch (i) is, for any plan form with straight trailing edge,

512 N2 Ay 1 Sy b2
Cr = XA + + —_— - — (1 -=) +
2
802 502 82/ N2

Calculations have been carried out to determine the 1lift curves for
several combinations having zero tail height, zero tail incidence, and
zero tail thickness using equation (54). Furthermore, the aspect ratio
of the wing was taken as 2, so that the only parameters investigated here
are the tail-span-to-wing-span ratio sl/so and the tail-length ratio
d/so. The resulting lift curves are presented in figure 11 for a fixed
tail length with several values of sl/sO and in figure 12 for a fixed
ratio sl/sO with several tail lengths. It can be seen that the general
character of the lift curves is very similar to that of the plane wing-
tail combinations with tail heights different from zero. Here again
there is a critical angle of attack at which the vortices strike the tail
trailing edge, as can be seen by examining sketch (i), page 32. There
are several important differences in this respect, however, between the
characteristics of the plane and cruciform combinations. Due to the
orientation of the vortices at the wing trailing edge with respect to
the tail of the cruciform combination, a., depends on sl/so as well
as on hT/so and d/so and no tail height is required for the existence
of a critical angle of attack. On the other hand, the change in lift-
curve slope at the critical angle is not so great for the cruciform since
only half of the wing vortices strike the tail there. Also, in figure 11
since hqp = O, there is complete symmetry with respect to angle of attack
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and we find a negative critical angle equal to the positive one. At the
negative critical angle, the upper two vortices strike the horizontal
tail whereas at the positive critical angle it is the lower two vortices.

A final point that seems worthy of mention in this discussion con-
cerns the existence of a so-called "leapfrog" distance for the cruciform
wing at 45° bank. This is the distance behind the wing at which the upper
two vortices pass between the lower two due to their mutual induced
effects. It is clear that if the tail location and span are such that
the vortices strike the tail trailing edge at the leapfrog distance d=4j,,
a maximum effect may be expected. According to equation (60) of refer-
ence 3, the tail length for this condition is

SIS e v (55)
(e} CLW Ty

Hence the critical angle of attack for this maximum effect is given by

.328
L (56)

T x(a/s,)

Also from figure 2 of reference 3 it is found that if all four vortices
are to strike the tail, the ratio of tail span to wing span Sl/so would
have to be not less than 0.9 and the tail height ratio hT/sO would be
equal to about 1.9. It should be pointed out that for the cruciform
wing~tail combinations for which most of the calculations were made here
(d/sq = 6) the value of a., predicted by equation (56) is probably well
beyond the range of validity of the present theory (aer = 28°). However,
for the case d/so = iz (see fig. 12) if the tail were raised so that
hT/So = 1.9, we should expect that the gentle dip in the 1lift curve shown
at a = 0.06 would be replaced by an abrupt dip at a = 0.247 = 14.2°.

Due to the complexity of the expressions given in reference 3 for
the vortex positions €, and {5, a direct application of equation (2)
to obtaein analytical expressions for the pitching moment appears to be
virtually impossible. Consequently, rather than to embark on a program
of numerical calculations, it was decided to approximate the pitching-
moment variations by assuming that the center of pressure of the tail
remains at its 2/3-chord Position in spite of the vortices. Hence,
since the pitching moment of the wing alone about its 2/3-chord point is
zero, the total pitching-moment coefficient of the wing-tail combination
about that point is given approximately by (see footnote 4, page 25)

o -CLT(g 1 §cc_) (57)

where the pitching-moment coefficient is based on the wing area and wing
chord and the coefficient CLT’ refers to the 1ift on the tail in the
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presence of the wing wake. The resulting pitching-moment variations are
presented in figures 13 and 14 and it is seen that they are comparable
with the variations for the plane wing-tail combinations having varying
tail span. The above discussion of the 1lift curves can in fact be
extended to the pitching-moment curves in comparing the characteristics
of the cruciform interdigitated wing-tail combinations with those of the
plane wing-tail arrangements with high tails.

The influence of tail length on the value of the critical angle of
attack and on the values of the pitching moment at that angle are clearly
shown in figure 13. It can be seen that doubling the tail length reduces
the critical angle of attack by one half, but does not change the value
of the pitching moment at the critical angle. As a matter of fact, it
can be shown that, for given values of sl/so, hT/so, and iT, the pitching
moment of equation (57) is a function of the parameter «(d/sy) only.
Hence, if we plot Cp vs. a(d/so), all the points calculated for
figure 13 will fall on a single curve; therefore, figure 14 is plotted
in this manner. Figure 14 shows the effect of span ratio s;/s, and
it is noted that the maximum effect at the critical angle is experienced
for sl/so = 0.6. Howevér, due to the change in relative vortex posi-
tions with distance behind the wing, the value of the critical span ratio
will depend on the tail length for cruciform wing-tail combinations. It
can be seen from figure 14 that if the ratio of tail span to wing span is
sufficiently large (see sl/sO = 2), the nonlinearity associated with the
critical angle of attack is diminished substantially and the pitching-
moment curve becomes practically linear with angle of attack. The same
statement can of course be made in regard to the plane wing-tail combina-
tions treated earlier since the 1lift of a large tail surface overshadows
the interference effects.

PITCHING AND PLUNGING FLIGHT

So far the cases considered in the present report have been confined
entirely to steady straight flight. However, the expressions of equa-
tions (1), (2), and (3) are directly applicable to quasi-stationary
motions (i.e., to unsteady motions whose frequencies are small compared
with the flight velocity divided by the length of the body). In this
section, we shall consider longitudinal motions of this type with the
purpose of calculating the forces and moments acting on a plane triangular
wing-tail combination which is pitching and plunging at an angle of
attack ay. The term pitching refers to an angular pitching velocity
(q % 0); the term plunging refers to a time rate of change of angle of
attack (& # 0).

It can be seen from equations (l) and (2) that the time derivative

3 .
St E:chkr is required for the calculation of the desired forces and
k=1
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moments, so we must now express the positions and strengths of the wing
vortices as functions of both x and t for the motions just described.
In order to do this, we will first assume that the strength I' of each
rolled-up vortex at a distance x; behind the wing is equal to the value
of TI' that existed at the trailing edge when the trailing edge occupied
that position in space. That is to say,

r
o) TE 5,
ot

where t, is the time required for the wing to advance a distance 3t
Hence t; = x;/U, and we have

r - rmg - < (52) el

Now T'mg is given by the jump in potential AQ at the wing trailing edge
which depends only on the angle of attack at the trailing edge. Thus for
the pitching and plunging case, since ¢ does not depend on &,

I = 2so[Ugayy + qc - c;)] (59)

where c; 1is the distance from the wing apex to the pivot point of the
pitching motion. Note that this expression reduces to equation (7) if
q = 0. Now, substituting equation (59) into equation (58) we find that
the strength of the rolled-up wing vortex is given by

I'(x,t) = 2so[Ugosr + q(c - cp) - ax;] (60)

It has been assumed here that ¢ = O.

The vortex position remains to be expressed as a function of
x and t, but this can be done in a manner parallel to that for the steady
case. Thus the slope le/ax is given by the velocity of a two-
dimensional vortex pair of strength I(x,t) spaced (n/2)s, apart. The
vertical position 2z, of both rolled-up vortices relative to the tail is
therefore (see sketch (k))

Qyr /////,Rolled-up vortices
B
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X
1
7
G,wxl-hT-iT(d-Xl) -f ——ﬁ—d}(

Z3 i
o 2n(n/2)soUo ‘

a ax,2
yyXy = hp - iT(d - xl) - i% {?[gw it E— (e -Cl)] X1 - - } (61)

o Ug

which reduces to equation (4) if @ = & = 0. Now for zero sideslip the
lateral positions of the wing vortices are again independent of x,; and
we have corresponding to the expressions of equation (6)

r e
T : - . 2 : 2.9
gl = ‘)I So - l<hT +le> + 1X; _CLW( I(2> =+ lT - ;é‘ % ( = Ql> +

= - . 2
. ) . 2 ’ 2 9 o
amef s iforrtn) o 2) -2 ()] o 2
L -~ o]

Note that the plunging motion & introduces a quadratic dependence of

the vortex positions upon the distance x, as shown in sketch (k), while .
the pitching motion q causes no additional complication over the steady
angle-of -attack problem. It should also be pointed out for the purpose

of taking derivatives with respect to time that the only time-dependent *
quantity in equations (60) and (62) is the angle of attack ay, assuming

that d = O.

~

qx, =

|k

f(62)

A e

For the purely longitudinal motions being considered here, the
inverse transformation for a tgin elliptic-cone tail is given by equa-

tion (11) and the summation E:chkr is the same as was given in

k=1
equation (14). The difference in the two cases, of course, (i.e., the
steady and the unsteady) lies in the more complicated expressions of
equations (60) and (62) for the strengths and positions of the vortices.
Now, according to equation (1), the interference side force and 1lift for
the present case are given by

m

m
YI - iLI = —iQUO Zrkakr - Zl—'kakr -
k=1 %=1 k=1

X=XTR 4

Loy =
ipf E Zrkakr dx (63)
B -

k=1




m
and once more the interference side force vanishes due to symmetry. The derivative §% };Fkﬁkr
k=1

over the tail is obtained by differentiating equation (14) with respect to time t using equa.-
tions (60) and (62) for I and {, and noting that

ar

= 2Uoso&
ot (64)
and St 5

In this manner, one finds, after some manipulation, that the interference lift of the plane triangular
wing-tail combination is, according to equation (63)

&d 11 Sy ( b b b:] 2 2[ a
T I e — 4+ — (c=-c oy memied R - ecmm | ] = ] - = - _npU s +—(C-C) -
i 1. (b/s) [G}w Uo .( 1) Uo :ll: s02 SOZ s2 L s Q' 2O Oy Uo d

b/s 2,

Lpall s, > d [ a dxl] .{ €1 }_ .
eed, 2 = (c -¢;) =~ =2 T e Lk, - ——— 50U G5
- (b/s><l 2>[ i A o W e o ST YA R

hpUods g

2 2 _ 2/.2 65
R d-c'RJ;l s2[1 - (b2/s%)]axy (65)

npUasy (A -c') +

where the thickness ratio b/s is again constant over the tail. Now for the isolated wing and tail,
the lifts due to the pitching and plunging motions are additive, and the 1lift coefficients, based on

-
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the wing area are given according to slender-body theory by (see, e.g., ref. 10)

_ s 2n &8¢

G sy l:cx,w + 0 (c cl)] - (66)
_ 812 q 271 &,So 512 C'

CrLp = 5 Av 523 [QT t g (1 -cl)J S (67)

Consequently, the total 1lift coefficient, based on the area of the wing, for the pitching and plunging
wing-tail combination of figure 1(b) is, from equations (65), (66), and (67)

Gl B ST e e
L_2 WSOZ a UO = C3 3 UO SOZ—C—

2A. g S 2
1 - (b/s) Uo Uo 502 SOZ s Ls
1 2Ayaso 2 é% xy [ e Xy 84/5 X
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where the expression for §, 1is given by equation (62). It can be seen that the lift is a nonlinear
function of all three independent variables ay, &, and q. Furthermore, the 1lift cannot be correctly

Ok
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calculated by adding the 1ifts due to each of the three motions since
equation (68) contains products of the independent varisbles. That is,
the 1ift due to pitching and plunging for the wing-tail combination is
not equal to the sum of the 1lift due to pitching and the lift due to
plunging.

In reference 10 formulas were given for the stability derivatives
of first and second order for slender wing-body combinations. In that
analysis, as in the present one, it was found that the forces and moments

were nonlinear with respect to some of the motions considered. However,
in the analysis of reference 10, the forces and moments depended only on

the first and second powers of the independent variables so that it was
convenient to define stability derivatives with all of the independent
variables (including the angle of attack) set to zero. In this way the
conventional stability derivatives could be obtained by a combination

of a small number of the derivatives of reference 10 and the latter had
the advantage of bringing out a number of useful relationships among the
various stability derivatives.

In the present analysis, on the other hand, the nonlinearities of
the forces and moments including wing-tail interference are of a more
complicated nature. The appearance of the square root involving a quad-
ratic function of all the independent variables in the expressions for
the 1lift and pitching moment indicates that an infinite number of stabil-
ity derivatives of the type used in reference 10 would be required to
Obtain the commonly used stability derivatives. In other words, the
forces and moments in the present analysis contain all orders of the
independent variables, as can be seen by expanding the square root.
Consequently, the stability derivatives in the present analysis (includ-
ing CLa) will be defined as the appropriate partial derivatives evaluated

with all the independent variables except the angle of attack set to
zero. Thus the stability derivatives will all be functions of the angle
of attack o, and one must use the derivatives corresponding to the
equilibrium angle of attack about which small oscillations are to be
executed if the motion is to be calculated by means of the stability
equations. This presumes, of course, that the equilibrium condition is
steady straight flight at an angle of attack o at zero sideslip.
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The evaluation of the quantities appearing in the expression for CLO.L

is actually no more complicated than the evaluation of the integral
already treated in finding the steady pitching moment (see eq. (21)),
since the imaginary part can be taken after the integration. That is,

the integral containing the imaginary part can be separated into integrals

of the type
f__ﬁ at and f £5a
NX NX

where X = B + CE + D§2 as before. Both of these integrals are reducible
to that of equation (25) and can be handled in the same way.

It should be noted that, although the above expressions were derived
for triangular wing and tail, equations (69) and (70) for Cr, ard Cr,

are actually independent of plan form and are valid for arbitrary slender
plan forms so long as the trailing edge is normal to the x axis. The
quantity b/s then refers to the value at the trailing edge of the tail.

Calculations have been made to determine the first-order stability
derivatives CLQ’ CLq, and CLa for two tail heights and for two ratios

of tail span to wing span. The aspect ratio of both wing and tail was
taken as 2, the tail length ratio d/sO = 6, and the tail incidence and
tail thickness were set to zero (ip = b/s = 0). The results are presented
in figure 15 and it is seen that the variations with angle of attack may
be appreciable, even for the tail lying in the plane of the wing.

The two span ratios were chosen for the calculations so that one
falls on either side of the critical span ratio (sl/so = n/h). The varia-
tions of the stability derivatives shown in figure 15 are clearly more
severe for the larger span ratio (sl/so = 1) since, for span ratios
greater than the critical, the trailing vortices strike the tail trailing
edge at the critical angle of attack. It can be seen that for sl/sO =1
and aey = 0.2 both CLa and ch Jump from a negative value to a large
positive value as the critical angle is exceeded. For the lift-curve
slope CL@’ this was already noticeable in figures 2 and 3 showing the

steady 1lift curves for the same configurations. It will also be noted
in figure 15 that for sl/so = 1 the derivatives CLOL and CLq have their

minimum values at the critical angle of attack, even for oaey = O (@-es,

wing and tail in the same plane). This is not the case with the deriva-
tive CL&° The discontinuities in CLOL and CLC.L at the critical angle

of attack for acy # O are evidently removed and the variations with
angle of attack considerably reduced if the ratio of tail span to wing
span is reduced below the critical value.

For the case of wing and tail of equal span in the same plane, CLa

is doubled as the angle of attack increases from 0° to 12°. On the other
hand, if the tail span is half the wing span, the increase is only
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about 25 percent. The variation of Cr, is about 6 percent for the

equal-span wing-tail combination and about 5 percent for sl/sO = 0.5
over the same angle range.

It has already been mentioned that in reference 10 a number of rela-
tionships were obtained among the stability derivatives for wing-body
combinations by evaluating the derivatives at o = O. Although, as
already discussed, there seems to be little point in defining stability
derivatives for wing-tail combinations in the same manner, it is never-
theless of interest to see whether a similar type of relationship can be
found at oy = O. In fact if we set ay = 0, it becomes apparent that
equations (69) and (70) are then related according to

I C LI C D [CRIRE N
<CLq> GCA) (6 o (E o (72)

CLW=O
so that Cr, at ay = O for the wing-tail combination can be calculated

from the lift-curve slope of the combination at aw = O and the lift-curve
slope of the isolated tail. If there is no tail C = 0 and equa-

or:

]

tion (72) reduces to the relationship given in reference 10 between CL,
and CLa for wing-body combinations, with the chord c¢ as the reference
length.

LIMITATIONS OF THE THEORY

It has been assumed in the foregoing analysis that the vortex sheet
leaves the wing trailing edge as a flat sheet and that it becomes fully
rolled up ahead of the tail. The former assumption does not admit sepa-
ration of the flow from the wing surface and therefore implies small
angles of attack. The latter assumption, on the other hand, seems to
imply a high angle of attack. Actually, it requires that the tail length
be greater than the distance in which the wing vortex sheet becomes fully
rolled up, that is (see, e.g., ref. 3 or 12),

e o iw o a
E—kl CLW<2SO (73)
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where k, depends on the circulation distribution. According to Kaden
(ref. 14) the value k; = 0.28 gives the distance required for the vortex
sheet behind a plane wing with elliptic circulation distribution to
become "essentially rolled up." It can be seen from equation (73) that
the restriction imposed on the configurations which can be treated becomes
more severe as the angle of attack approaches zero. Hence the present
calculations might be considered as a "moderate angle-of-attack" analysis
for slender wing-tail combinations.

In view of equation (73), it is interesting to consider other analy-
ses in which wing-tail combinations have been treated under the assumption
of a flat vortex sheet lying in the plane of the wing and tail. The
requirement for such results to be applicable is clearly

A a
e W
Zsp - “lep, . 28 (74)

The "much greater" sign is introduced because the assumption of such
analyses is not simply that the vortex sheet is not fully rolled up at
the tail but rather that it remains completely flat - hence the more
stringent requirement. It is evident then that if a wing-tail combina-
tion with a low-aspect-ratio wing is treated under the above assumption,
the results are applicable only for vanishingly low 1lift coefficients or
for extremely short tail lengths. There have recently been some such
analyses (e.g., refs. 15 and 16) in which wing-tail combinations are
treated with no apparent restrictions on aspect ratio or tail length.
The results of such investigations when applied to low-aspect-ratio wings
or sizable tail lengths should be viewed with caution. It should also
be mentioned that the analyses of references 15 and 16 can lead only to
stability derivatives which are independent of the angle of attack.
Furthermore, the vortex sheet is assumed to lie in the plane of the tail
at all (small) angles of attack. Although the vortex sheet does indeed
lie in the plane of the tail at o = O (for hp = 0), the derivatives
calculated at o = O may nevertheless be in error since no account has
been taken of the change of position of the vortex sheet with angle of
attack.

In reference 15 the conclusion is drawn that the 1ift induced on the
tail by an angle of attack of the wing in forward flight is equal to the
1ift induced on the wing by an angle of attack of the tail in reverse
flight. That this conclusion is not in agreement with the present analy-
sis can be seen by examining equation (17) for the interference 1lift in
steady straight flight. For the slender case, as is treated in the
present paper, reversal of the flight direction has no influence on the
given expression other than to interchange s; and sy. It is clear then
that the above conclusion agrees with the present analysis only for the
obvious case of sl/sO = 1. The difference, of course, stems from the
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different assumptions regarding the vortex sheet shed by the wing. The
appropriateness of the different assumptions can only be checked by
experiment.

A further assumption of the present analysis is that the positions
of the vortices shed from the wing are not influenced by the presence of
the tail. Thus the vortex lines coincide not with the actual streamlines
but with the streamlines in the absence of the tail. Hence, while the
condition of no flow through the tail has been satisfied in the analysis,
the vortices have nevertheless been permitted to penetrate the tail
surface. In fact the most dramatic effects on stability are predicted
for conditions under which the wing vortices either touch or pass through
the tail. Although the present assumption that the tail does not influence
the vortex positions is commonly made in calculations of wing-tail inter-
ference, the implications mentioned above seem to warrant investigation of
this point. Therefore an experiment was conducted to investigate the
influence of the tail on the vortices shed by the wing. This experiment
will be discussed in the next section.

The rolled-up vortices were assumed in the analysis to be idealized
line vortices having no viscous cores. This assumption will have no
effect on the calculated results so long as the cores do not touch the
tail. However, when the distance from the tail to the center of the
vortex is smaller than the radius of the core, the viscous core will
change the downwash distribution at the tail location and affect the
calculated 1lift on the tail. In order to get some idea of the order of
magnitude of this effect, a calculation was made by the method of reverse
flow (see ref. 7) to determine the T r
1ift on a plane tail in the presence P A
of two viscous vortices whose centers
intersect the trailing edge of the //’—\\\
tail as shown in sketch (1). For -5
this calculation, it was assumed that * \\\__,// \\\__,//
the cores rotate as solid bodies,
giving the downwash distribution
shown in the absence of the tail. It
was further assumed that the cores lay
entirely within the span of the tail
as shown, and that the span loading
of the tail in reverse flow is ellip-
tic. With these assumptions, it was
found that if the vortex centers are
located at y = isl/2 and the core
radius is s;/4 (as shown), then the Ll : ,
negative lift on the tail due to the
vortices is reduced by 12 percent
from that calculated with no cores.
Now, since the centers of the vortices
were assumed to intersect the tail
trailing edge, the above calculation
corresponds to a« = acr. Furthermore, Sketch (1)

S3
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since the viscous cores can have no effect on the tail 1ift if they do
not touch the tail, it can be concluded that the over-all effect of the
viscous cores on the calculated 1ift and pitching-moment curves of fig-
ures 2 to 6 will be simply to round off the sharp peaks at o = aep.

Although the present analysis has been restricted to slender wing-
tail combinations for which the vortex sheet leaves the wing as a flat
sheet, it is important to note that the origin of the trailing vortices
is immaterial to the method of calculation of wing-tail interference.

If, for example, the wing is a delta wing with sharp leading edges, there
may be separation vortices above the wing. These can be handled by the
present method, provided that their positions and strengths over the wing
are known. Similarly, if the wing is a sweptback wing (not necessarily
slender), the vortices from the wing may be caused to roll up quickly
because of tip-stalling or other viscous phenomena. Nevertheless, if

the tail is slender and the vortices are rolled up ahead of the tail, the
techniques used in the present analysis are still applicable for the
calculation of the interference forces and moments. As a matter of fact,
pitching-moment curves having the same general nonlinear character as
those of figures 2 and 3 have been measured on swept-wing airplane models
having high tails (see, e.g., refs. 17 and 18). Some of the trends in
directional stability which have been calculated in the present report
are also evident in the data of reference 18.

WATER-TANK EXPERIMENT

In order to investigate the influence of the tail on the paths of
the vortices shed by the wing, a simple model was constructed consisting
of an identical triangular wing and tail mounted on a thin plate, as
shown in sketch (m). The plate acted as a model support and was attached
to a rack which was driven vertically into a water tank by a gear mounted
on an electric motor. The wake of the wing was made visible on the sur-
face of the water by means of white poster paint applied to the beveled

Sketch (m)
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trailing edge of the wing. As the wing passed through the water surface,
the paint remained on the surface and the resulting wake patterns were
photographed from above by a motion picture camera. The wing and tail
were flat plates with rounded leading edges and beveled trailing edges,
and the central plate was cut down to minimize its influence on the wing
wake (see sketch (m)). The tail was mounted at zero incidence (ip = O)

in a tail-high position (hT/So = 0.96) so that at a critical angle of
attack (acr = 0.2) the analysis will predict that the wing vortices inter-
sect the tail at its trailing edge.

The model was driven into the tank at three angles of attack, one
below, one above, and one at the calculated critical angle of attack,
and selected frames of the motion pictures obtained are presented in
figure 16. The vertical and horizontal lines on either side of the frame
are reference markers which are fixed relative to the tank (i.e., relative
to the flight direction). The first picture in each case shows the vor-
tex sheet leaving the wing trailing edge as a flat sheet.® At this point,
the wing trailing edge has just penetrated the water surface, and the
strut connecting the wing and tail can be seen above the water surface.
For o = 12° and 16° the tail is also visible but is out of focus, being
closer to the camera. The second picture in each series shows the tail
entering the water surface, and the remaining pictures show the develop-
ment of the wing wake at various positions over the tail until the last
frame shows the wing wake at the trailing edge of the tail.

In figure 16(a) there seem to be no obvious effects attributable to
the tail, but the mounting strut has a marked effect on the shape of the
center of the vortex sheet. It can be seen that the upward sweep of the
center of the sheet follows the retreating edge of the strut.

Figure 16(b) shows the development of the wing wake over the tail at
the calculated critical angle of attack. According to the analysis in
the foregoing sections of this report, the wing vortices should intersect
the tail at its trailing edge at this angle of attack. It was in fact
largely this prediction that prompted the present experiment, in view of
the discussion of the previous section. It is apparent from figure 16(Db)
that, although the vortices are quite distorted at the trailing edge of
the tail, the centers of the vortices do very nearly coincide with the
tail trailing edge. The tail seems to split the viscous cores of the
vortices at the critical angle of attack. The asymmetry of the center
portion of the vortex sheet seen in the photographs is probably due to
an asymmetric disturbance produced by the strut.

In figure 16(c) a higher angle of attack is shown and the tail appears
to sever the vortex sheet and produce considerable distortions above the
surface of the tail.

SSubsequent detailed investigation has shown the existence of a rela-
tively weak pair of separation vortices above the wing surface at all of
the angles of attack studied here.
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The distances behind the wing as shown on the above-mentioned pic-
tures were measured by means of a tape which moved with the model and
recorded on the film the distance between the wing trailing edge and the
water surface. Thus it was a simple matter to obtain quantitative measure-
ments of the vortex paths, provided the centroids of vorticity of the
vortex sheet could be defined. Actually it is not possible to define these
positions accurately from photographs, but it was assumed that the lateral
position of the centroid of vorticity of each half of the wake could be
taken as halfway between the outermost winds of the rolled-up portion of
the sheet. The results of such measurements are shown in figure 17 as
the variation of vortex span with distance behind the wing. The position
occupied by the tail is indicated in the figure and it can be seen that
the influence of the tail at all three angles of attack is such as to
decrease the vortex span at the trailing edge of the tail.

The theoretical asymptotic vortex span of (n/h)so for the wing alone
is in close agreement with the experimentally observed positions at the
lower angles of attack until the influence of the tail is felt at the
station containing the apex of the tail. The sizable inward shift ahead
of the tail at the largest angle of attack is associated with the change
in circulation distribution on the wing as the angle of attack is
increased. Inasmuch as the interference lift calculated in the analysis
depends on the positions of the wing vortices at the trailing edge of the
tail, it would be of interest to calculate the effect on the interference
1ift of the observed inward movement due to the tail. However, the inter-
ference lift is a function of the vertical positions as well as the lateral
positions of the vortices, and it was felt that the vertical positions of
the centroids of vorticity could not be defined with any degree of accuracy
because of the unrolled-up portion of the vortex sheet. It is interesting
to note that at the critical angle of attack z; = O and the interference
lift does not depend on the lateral spacing of the vortices so long as
they lie within the span of the tail. (This point has been discussed in
the section titled "Longitudinal Stability.") Consequently, at the criti-
cal angle of attack the influence of the tail on the vortex positions has
no effect on the interference lift for the span ratio tested. For other
angles of attack or for sufficiently smaller tail spans this will not be
the case.

The systematic tendency of the tail to draw the vortices together as
Observed in figure 17 suggested the possibility that the water-tank obser-
vations have been influenced by surface tension effects. Therefore,
observations were made of the three-dimensional wake patterns below the
surface of the water to see whether any significant changes were occurring
at the water surface due to surface tension. This was done by thinning
the poster paint so that some of it would adhere to the wing after the
latter was submerged, thus extending the visible wake patterns below the
water surface. Observations were made at various angles of attack, and
it was found that no surface tension effects were discernible as long as
the angle of attack was greater than 6°. Below that angle of attack,
the difference between the patterns on the surface and below it became
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visible. Apparently, the criterion of a low Weber number (ratio of sur-
face tegsion forces to dynamic forces) was satisfied for angles of attack
above 6°.

The assumption made in the analysis that the vortex sheet becomes
fully rolled up ahead of the tail appears to be substantiated in the case
of the model tested here.

CONCLUDING REMARKS

A theoretical investigation has been made of some of the aerodynamic
characteristics and stability problems associated with slender wing-tail
combinations. The vortex sheets shed by the wing have been assumed to be
fully rolled up at the tail and to follow the same paths as calculated in
the absence of the tail.

Mathematical expressions have been derived for the interference
forces and moments acting on the tail. From these, calculations have been
made of the effect of changes in tail height, tail length, tail incidence,
tail thickness, and ratio of tail span to wing span. The calculated
variations of forces and moments with angles of attack and sideslip were
found in some cases to be highly nonlinear. Changes in the height of the
horizontal tail and in the ratio of tail span to wing span were found to
have a pronounced effect on static stability as well as on the stability
derivative CLd' The calculated results indicated a definite critical
angle of attack for a given wing-tail combination and a critical ratio of
tail span to wing span at which abrupt changes in the aerodynamic charac-
teristics occurred in certain cases. In general, the most drastic effects
are predicted when the vortices shed from the wing strike or pass near the
tips of the tail trailing edge.

A water-tank experiment was conducted in order to observe the
behavior of the wing wake in the presence of the tail. A plane-wing-tail
combination with a high tail was tested and photographs indicated that
the tail caused the wing vortices to be shifted inboard appreciably for
the case tested (wing and tail of equal span). The vertical positions,
however, were apparently relatively unaffected, and the tail was observed
to sever the vortex cores at the calculated critical angle of attack
(within the experimental accuracy).

The influence on the calculated results of the assumptions made
regarding the vortex wake have been considered, and a conclusion drawn
on the basis of a flat vortex sheet in the plane of the tail was compared
with the results of the present analysis. The choice of such assumptions
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must in the last analysis be made on the basis of experiment, and for the
cases treated in the present paper the assumption of the fully rolled-up
vortex sheets seems Jjustified, provided that the tail length is not
extremely short.

Ames Aeronautical Laboratory
National Advisory Committee for Aeronautics
Moffett Field, Calif., May 21, 1956
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APPENDIX

EVALUATION OF THE IMAGINARY PART OF A COMPLEX SQUARE ROQT

A complex square root of the type JtZ + ¢ vhere E =y + iz
and c¢ 1is real has branch points § = t*ic and can be written in its
factored form P

NE= + c2 =J(¢ - ic) (¢ + ic) N E=y+iz

Now each factor can be written in
polar coordinates referred to one of
the branch points. Thus (see

sketch (n)) let Pa

ig iy

£ - ic=p,e”" ;€ + ic =pye

where @ and ¥ are both limited to a

range of, say, -(n/2) to +(3n/2) (to -c
give the proper sign changes through

the line segment shown). This

enables one to write

D

Sketch (n)

Py
Fo - o e e (820) w1 en(22Y)]

2

so that the imaginary part is

I /Q + c? = Jp,0, sin (? ; f)

where
s - W]
Py = Vo= + G+ CFI
o = aati(E2)
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vV = tan'l (i‘f)
y a

The sign of the imaginary part of the square root is therefore determined
by the quadrants of ¢ and ¥ which depend on the position of the point ¢
relative to the branch points € = fic and also on the range of ¢ and V¥
specified above.
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Figure 1.- General orientation of wing and tail.
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(b) Type of configuration treated for longitudinal stability analysis.

Figure 1l.- Concluded.
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Figure 2.- Effect of horizontal tail height on the variations of 1ift
and pitching moment with angle of attack; plane triangular wing
and tail of aspect ratio 2, d/sq = 6, s,/55 = 1, it = b/s = 0.
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=3

Figure 3.- Effect of tail=-span-to-wing-span ratio on the variations of
1ift and pitching moment with angle of attack; plane triangular wing
and tail of aspect ratio 2, d/sy = 6, hy/sg = 0.9568, iy = b/sy = O.
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Figure k4.~ Effect of tail length on the variations of 1ift and pitching
moment with angle of attack; plane triangular wing and tail of aspect
ratio 2, 8,/85 = 1, it = b/sy = O.
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Figure 5.- Effect of tail incidence on the variations of 1lift and
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Figure 6.- Effect of tail thickness on the variations of 1lift and
pitching moment with angle of attack; plane triangular wing and
tail of aspect ratio 2, sifsq =1, it = 0, d/s, = 6.
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Figure T.- Effect of angle of attack on the variation of side force with
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Figure 16.- Photographs of the wing wake in the presence of the tail;
identical triangular wing and tail of aspect ratio 2, d/sg = 6,
ht/se = 0.96, iy = O
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Figure 16.- Continued.
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Xl/SO = 6.00 A-20902

Figure 16.- Concluded.
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