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NATIONAL ADVISORY COMMITI'EE FOR AERONAUTICS 

TECHNICAL NOTE 3725 

AERODYNAMIC INTERFERENCE OF SLENDER WING-TAIL 

COMBINATIONS 

By Al Yin H. Sacks 

SUMMARY 

Mathematical expressions are derived for the interference forces 
and moments acting on the tails of slender plane and cruciform wing-tail 
combinations of general plan form in steady straight flight at combined 
angles of attack and sideslip. The derivations are made within the limi­
tations of slender-body theory under t he assumption that the vortex sheet 
leaves the wing a s a f lat sheet and becomes fully r olled up ahead of the 
tail. The derived express i ons are used to calculate the steady l i f t s, 
side for ces, pitching moments , and r ol ling moments of a number of wing­
tail combinations. The effects of changes in tail height, t ail length, 
r atio of tail span to wi ng span, t a il incidence, and t ail thickness are 
calculated . The result ing curve s , and par t i cularly their nonlinearities, 
are discussed at s ome length in connection with static stabili ty. In 
general, the most dramatic ef fects are noted when t he vortices shed from 
the wing strike the tips of t he tail trailing edge. 

An expression is developed for the lift of a plane wing-tail combina­
tion which is pitching and plunging, and the associated stability deriva­
tives are calculated as functions of the angle of attack. Discontinuities 
in lift-curve slope CLa and the stability derivative CL~ are noted 
for plane wing-tail combinations with high tails if the span of the tail 
is slightly greater than the span of the vortices shed by the wing. 

Photographs of the wake of the wing in the presence of t he tai l, as 
observed in a water tank, are presented f or a plane triangular wing-tail 
combination with a high tail. The measured variation of the lateral 
spacing of the wing vortices with distance in the presence of the tail is 
presented and discussed in connection with the assumptions of t he analysis. 
The tail was found to cause an appreciable inboard shift of t he wing vor­
tices for the case investigated. 

INTRODUCTION 

It is now generally recognized that for wing-tail combinations 
involving low-aspect-ratio wings and moderate tail lengths it is not 
permissible to neglect the rolling up of the vortex sheet in calculating 
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wing-tail interference effects . Since such cases are often encountered 
in connection with high- speed airplane and missile designs, some effort 
has been devoted in recent years to the calculation of wing-tail inter­
ference, accounting in some manner for the rolling up of the vortex sheets. 

Except for some numerical work in tracing the rolling-up process 
itself (e.g., refs. 1, 2, and 3), the distortion of the vortex sheet is 
usually accounted for simply by assuming the sheet to be fully rolled up, 
and the emphasis has generally been on obtaining expressions for the 
forces on the tail in terms of the positions of the vortices shed by the 
wing (e.g., refs. 4, 5, 6, and 7). In 1948, however, Graham (ref. 8) 
actually calculated the variation of tail lift with angle of attack for 
some planar wing-tail combinations . This was done by expressing the 
vortex positions as a function of the angle of attack under the two alter­
native assumptions of a flat vortex sheet and a fully rolled-up vortex 
sheet shed by the wing . Graham's results, which for the slender tail 
case were only approximate, showed some interesting departures from the 
usually assumed linear variations . In 1952 Morikawa (ref. 9) investi­
gated the "maximum" wing-body- tail interference (which occurs when the 
rolled-up vortices lie in the plane of the tail) by restricting the 
analysis to angles of attack near zero and at the same time assuming that 
the vortex sheets are fully rolled up. This avoids any consideration of 
the nonlinear variation of tail lift with angle of attack. 

In the present paper, the emphasis is placed on calculating the 
variations of total forces and moments with angles of attack and sideslip 
for a number of slender plane and cruciform wing-tail combinations and 
for some airplane-type arrangements of a plane wing and a horizontal and 
vertical tail. Significant nonlinearities are found, and these will be 
discussed in some detail with regard to their effects on the static 
stability of the various combinations. The lift of a plane wing-tail 
combination which is pitching and plunging will also be determined and 
the variation of pertinent stability derivatives with angle of attack 
will be calculated. 

The primary assumption in the present analysis will be that the 
vortex sheet leaves the slender wing as a flat sheet and becomes fully 
rolled up ahead of the tail. It will also be assumed, as is customary, 
that the tail does not influence the positions of the vortices shed by 
the wing. The validity of both of these assumptions has been investi­
gated experimentally by means of a water tank, and these results will 
also be presented and discussed. 

SYMBOLS 

A aspect ratio 

b local semi thickness of horizontal tail 

.' 
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Cy 

c 

c' 

d 

e 

L 

L' 

N 

dCn] 
d/3 /3=0 

y 

maximum chord of wing 

distance from wing apex to pivot point 

maximum chord of tail 

tail length, Z-c 

distance behind wing trailing edge at which vortex sheet is essen­
tially rolled up 

hr height of trailing edge of horizontal tail above wing chord plane 

iT incidence of horizontal tail relative to wing chord plane, radians 
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L force in the z direction (approximately lift) 

L' rolling moment about x axis 

l over -all length of wing-tail combination 

m number of externa l (free) vortices 

M pitching moment about pivot point x = c1 

N yawing moment about pivot point x = c 1 

p angular rolling velocity about the x axis, radians/sec 

Q angular pitching velocity about the pivot point x = c 1 , 
radians/sec 

R V + iW 

r angular yawing velocity about the pivot point x = c1' radians/sec 

ro radius of transformed circle corresponding to wing or tail cross 
section 

s local semispan of wing or tail 

S airplane cross - sectional area .. 
Sw plan- form area of wing (area of one wing of cruciform) 

maximum semispan of wing (at x c) 

maximum semispan of tail (at x 

t time, sec 

to maximum span of vertical tail panel 

t1 l ocal span of upper vertical tail panel 

t2 local span of l ower vertical tail panel 

component of flight velocity along the negative x axis 

component of flight velocity along the positive y axis 
(Vo = Uo /3 if p = 0) 

V · Vo - rex - c 1 ) 

component of ~light velocity along the positive z axis 
(Wo = -UOCL if P = 0) 
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w 

xTE+ 

x:yz 

x' 

distance from wing apex to position immediately behind wing 
trailing edge 

Cartesian coordinates fixed in the tail as illustrated in 
figure lea) 

distance behind the wing trailing edge 

distance behind apex of the tail, x~ - d + c' 

Y force in the y direction (side force) 

Yl,Zl Y and z coordinates of starboard rolled-up vortex 

0. 

o.cr 

ci 

!3 

r 

rk 

~ 

~k 

S 

p 

C1 

C1k 

C1k r 

angle of attack, radians 

angle of attack at which the rOlled-up wing vortices intersect 
the line containing the trailing edge of the horizontal tail 

time rate of change of angle of attack, radians/sec 

angle of sideslip, radians 

strength of one rolled-up vortex shed from the wing 

circulation of kth external (free) vortex, positive counter­
clockwise 

y + iz 

position of kth external (free) vortex, Yk + iZk 

fluid mass density 

complex coordinate in transformed circle plane 

position of kth external vortex in transformed circle plane 

position of kth external vortex relative to its image in the 
r 2 

transformed circle, C1k __ 0 

C1k 

5 

b 
s 

horizontal-tail thickness ratio (constant for conical tails treated 
herein) 
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SUBSCRI PI'S 

I due to vor tex i nterference 

L tail trailing edge 

T tail (when used on forces and moments indicates isolated tail ) 

TE wing trailing edge 

w wing 

SPECIAL NOTATIONS 

f contour integral taken once round the cross section in the positive 
(counterclockwise) sense 

R real part 

I imaginary part 

complex conjugate of ( ) 

ANALYSIS 

The present report is concerned with the calculation of the total 
aerodynamic forces and moments exerted on some plane and cruciform slender 
wing- tail combinations in steady and maneuvering flight. The calculations 
will be made within the limitations of slender -body theory and will employ 
the techni~ues developed in references 10 and 11 . Inasmuch as it was 
shown in the former reference that the forces and moments are linear in 
the potential (although not in the motions)) it is permissible to calculate 
the forces and moments due to vortex interference alone and add them to 
those of the isolated wing and tail . Conse~uently) the major portion of 
this report will be concerned with the calculation of the forces and 
moments due to wing- tail interference . 

It was shown in reference 11 that the components of for ce and moment 
due to vortex interference can be expres sed as 

Yr - iLr = - ipUo [(t,fk"k~=, -(1fkak)x~J -

ip ~ :t (t fkak) dx + PP £' kt fk"kr dx 
(1) 

.. 

.. 

.. 
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7, 

- e,) d: C~, r~k)dx NI - iMI = iPUo! (x + 
TE 

1 

(~rkak) dx - 1 m 

ip 1 (x 
CI 

pp J (x - Cl) I fkcrkr dx - Cl) CIt 
TE 'IE k= l 

(2 ) 

LI ' -- 21 pUoRf F'd(I'~) - 1 .,., 2' 
x=l 

pUoR f F'd(~~) + 
x=xTE+ 

1 

~ pR J dx CI~ f F'd(~~) -

1 PRJ R 

where R 
axis, F' 
images in 
the kth 

TE TE 

denotes the real part, p is the rate of roll about the x 
is the complex potential due to the wing vortices and their 
the tail, and akr represents the (complex) distance between 
shed vortex and its image in the transformed circle plane. 

Evidently, the two essential quantities to be determined before equa­
tions (1) to (3) can be applied are the additional complex potential F' 

m 

and the sum Irkcrkr representing the impulse of the shed vortices and 

k=l 
their images. 

Although the analyses of references 10 and 11 employed a coordinate 
system whose x axis passes through the airplane nose , it can be shown 
that the results of those analyses are unaffected by a normal translation 
of the x axis provided that the cross -sectional area satisfies the condi ­
tion S = (dS/dx ) = 0 at the airplane nose . This condition is satisfied 
by all the wings of the wing-tail combinations to be treated in the present 
analysis, and it is convenient for our purpose here to use a coordinate 
system fixed in the tail as illustrated in figure l ea). 

It can be seen from equation (1 ) that for steady straight flight 
[p = (CI / Clt ) = 0 ] the interference lift and side force are independent of 
the plan forms of the wing and tail. Consequently, the calculated curves 
of steady lift and side force presented in this report are for slender 
wings and tails of arbitrary plan form except that their trailing edges 
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must lie in planes normal to the x axis. On the other hand, equa­
tions (1), (2), and (3) show that the lift and side force in unsteady 
flight and the moments in steady flight reQuire integrations over speci­
fied plan forms. The calculations of steady moments and of unsteady 
lift presented in this report have been carried out for triangular plan 
forms only . 

STEADY STRAIGHT FLIGHT 

In this portion of the analysis we shall specialize equations (1) 
and (2) to steady straight flight by setting p = (d/dt) = O. The last 
two terms of each of these equations are thus eliminated. 

Plane Wing and Cruciform Tail 

For most of the wing-tail combinations to be treated here, the wing 
is taken as a planar, slender, pointed thin wing having its maximum span 
at the trailing edge which is assumed straight. In all cases, the tail 
is considered rigidly attached to the wing. It is also assumed that the 
vortex sheet leaves the wing as a flat sheet at the trailing edge and 
becomes fully rolled up into two discrete line vortices somewhere ahead 
of the tail. 

It is further assumed that the tail does not influence the vortex 
positions. The validity of this assumption has been investigated experi­
mentally and will be discussed in a later section of this report. For 

Rolled-up vortices 

Sketch (a) 

such cases, then it can be seen from sketch (a) that the vertical posi­
tion zl of both vortices relative to the horizontal tail is given by 

(4) 

where the angle € is easily computed by calculating the velocity of a 
two-dimensional vortex pair placed at the centroids of vorticity of the 

, 
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wing. Since this procedure places the vortices (n/2) so apart, due to 
the elliptic circulation distribution (which is unaffected by s ideslip) 
the angle € is found to be equal to (2/n2 )aw. It should be mentioned 
that the positions calculated in this way are in good a greement with 
those observed experimentally behind a wing alone, as pointed out in 
reference 12, even though the details of the rolling up have been ignored . 
The lateral positions (in body axes) are evidently 

(5) 

where the subscripts 1 and 2 on y refer to the starboard and port vor­
tices, respectively. Thus the positions of the two rolled-up vortices 
at a distance Xl behind the wing are completely defined by 

(6 ) 

~2 = Y2 + iZl = -* So - i(hT + diT) - x l{13 - { Owe 1 - ~) + iT] } 

The magnitude of the strength r of each of the rolled-up vortices 
is obtained by equating the impulse of the vortex pair to the lift of 
the wing, t hat is, 

or 

r = 2Uoo..,.,so 

It is noted that for the f ully rolled-up vortex pair m = 2 and 
r 2 = -rl = -r (see sketch (b)). Finally, in order to calculate the 

-s s 

Sketch (b). 
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m 

sum ~fkakr' the transformation of the tail cross section to a circle 

k= l 

(leaving the flow f ield at infinity unchanged) is required. Such a 
transformat i on for the class of cross sections shown in sketch (b) is 
given in reference 10 as 

and 

where 

h + f 
ro ~ 

h = 'S2 + t 2 . 
'" l.' 

(8) 

so that the inverse transformation relating the vortex positions in the 
two planes is 

ok ~ {i (.J52 + t,2 - .J52 + t22) - 2 .hk
2 _ 52 + 

[i (J52 + t,2- .J52 + t22) -2J'k2 - 52 r + [.J52 + t,2 + .J52 +t2
2J'} 

In writing the transformation in this form, we require that square roots 
of complex quantities be evaluated in the manner of the appendix. The 
proper signs are thus automatically taken care of. 

m 

The sum I fkakr can now be determined from equation~ (7) and (9) 

k=l. 
if it is recalled that 

(10) 

With the expression for this sum, then, all the force and moment compo­
nents except the rolling moment can be calculated directly from equa­
tions (1) and (2) for the wing-tail combinations discussed above. It 

- -----------
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m 

will be noted that the above expressions for the sum L fkO'kr have been 

k=l 
developed only for the fully rolled-up vortices. However, between the 

m 

wing and tail, since there is no body, the impulse pUo ~fkO'kr is inde-

k=l 
pendent of the wake shape, being always equal to the lift of the wing. 
Therefore, it has only been assumed that the vortices become fully rolled 
up somewhere ahead of the tail. 

The following paragraphs will be concerned with the actual calcula­
tions relating to the longitudinal, directional, and lateral stability of 
several wing-tail combinations falling into the category discussed in the 

foregoing analysis. The determination of the integral f F' d( ~f) will be 

carried out in the discussion of lateral stability since it arises only 
in the calculation of the rolling moments. 

Longitudinal stability.- Since the vertical tail has no effect on the 
purely longitudinal (~ = 0) aerodynamic characteristics of the wing-tail 
combination, we can for this discussion set tl = t2 = 0, thereby simpli­
fying the calculations. In fact, since equation (8) then reduces to the 
Joukowsky transformation, the addition of elliptical thickness to the 
horizontal tail offers no difficulty and will be incorporated. Thus the 
expression for O'k to be used for calculating the longitudinal charac­
teristics will be (see sketch (c)) 

-f 

C 

b 
s 

Sketch (c) 
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(11) 

and 

s + b 

2 

The t hi.ckness of the tail will be kept small in the calculations, in view 
of the assumption that the tail does not affect the vortex positions. 
The wing-tail combinations treated in this section will have the general 
appearance shown in figure l(b). The wing is shown as a triangular flat 
plate and the horizontal tail is shown as a thin elliptic cone since these 
assumptions will be made in the calculation of the pitching moments. 
However, they will not be made for the calculation of the steady lift 
since equation (1) shows that the interference lift and side force in 
steady straight flight are independent of plan form. 

If it is noted that, due to symmetry ( see sketch (c)) 02 = -01 , the 
2 

sum I rkC1kr over the tail can be written directly as 

k=l 

But from equations (10 ) and (11) we have 

so equation (12) becomes 

(12) 

( 2 
- S -

(14) 

, 

.-
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Returning now to equation (1) we have for steady straight flight 

(15) 

and, by virtue of symmetry for ~ = 0, the interference side force Yr 
vanishes. (This also follows from eq. (14) which shows that the above 
sums are real.) The interference lift Lr is given by the negative of 
the imaginary part of equation (15). 

Lr = pUoK ~(! rkokj - (! rkOk~ 
k=l _, k=l 

x-~ x=~+ 

(16) 

which can now be evaluated from equations (6), (7), and (14). That is, 
from equation (6), 1t(~1) = (~/4)so for all x and we note that imme­
diately behind the wing s = b = O. Thus it follows from equations (7), 
(14), and (16) that 

s 1 - - - - So 2( b2~ ~ J 
1 S2 4 

where Sl is the semispan of the tail at its trailing edge. The quan­
tity ~11 gives the position of the starboard vortex at x = l and is 

evaluated from equation (6) by setting ~ = 0 and Xl = d. The total lift 
of the wing-tail combination is obtained by adding to equation (17) the 
lifts of the wing and tail alone as given by slender-body theory (see 
eq. (7». The resulting expression for the lift coefficient, based on 
the area of t~e wing, is 

6 2 ( _1_ 1-
s 2 o 

and it can be seen that, to the order of the present analysis, tail 
thickness affects the lift only if the tail has a blunt trailing edge. 

~ The procedure for calculating the real part of the square root without 
ambiguity has been discussed in Appendix B of reference 11. 
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By making use of the same substitutions in e~uation (2) as were used 
in e~uation (1) for the interference side force and lift, one finds simi ­
larly that the int er fe r ence yawing moment vanishes (for ~ = 0 ) and that, 
after integration by parts, the interference pitching moment about the 
pivot point x c 1 can be expressed as 

Mr 4 Puo2,"-S{(1 -c')RJ'12 2( b
2
) sl 1 - -

l-(b / s ) S2 1 

1!. s (1 _ 4 0 
C1 - co) -('R },2 -S2 (1 -~:) dx] (19) 

provided t ha t b l s is constant over the tail . l I n this expression c' 
is the chord of the t a il and X l is distance along the x axis measured 
from the apex of the tail . Now l et us choose the pivot point to be 
c 1 = 2/ 3 c and the plan forms of wing and tail to be triangular. Then 
the triangula r wing contributes no pitching moment, and if we add the 
known pitching moment of the conica l tail alone as given by 

(20) 

the resulting expression for the total pitching-moment coefficient, based 
on the wing area soc and the wing chord c is 

2Awa-w 

l -(b / s ) 
- ~:) - fr (% + ~ - cc') -

Aw J~~ ~ 12 S2 ( b
2
) (x ')l - R--- l -- d -

4 s 2 S 2 S2 So o 0 o 

(21) 

The integration indicated in e~uation (21) is most easily carried out if 
the real part is taken after the integration . With t his in mind, then, 
we observe that the variable x ' is related to Xl by ( see fig. l(b)) 

l The corresponding expression for arbitrary chordwise thickness 
distribution (b / s 1 const. ) can just as easily be obtained in the same 
way, but the calculated results will depend on the particular shape chosen 
and the integrals will in general have to be evaluated by numerical or 
graphical methods for each case . 

• 
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Xl = X' + d - c ' (22) 

and that for the conical tail s/so (AT/4) (x ' /sO ) and b/s is constant . 
Hence) by means of equation (6)) the complex square root in the integrand 
can be expressed as 

(23) 

where 

C (24) 

and the integral in equation (21) can be expressed in the form 

c c ' 

J So R .JX dS = ~D R [ ( 2Ds 

o 

= ~D[ R( 2Ds + C)Rrx - I(2Ds+C)Ifi + 

C I 

where S = (x'/so)· Now if any of the terms in this expression has a 
discontinuity within the interval of integration the integral must be 
divided at that point. Such discontinuities will in fact occur if the 
rolled-up vortex passes through the horizontal tail. This occurrence 
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will be discussed later from the physical point of view, but for the 
moment we need only to recognize that the mathematical expression of this 
situation is (for a triangular tail) 

for (26) 

where z1 is given by the imaginary part of equation (6). The variations 
of R.fX and I.JX for a typical case in which equation (26) is satisfied 
are shown in sketch (d) and it can be seen that at ~ = ~o (the value of 
x'/so at which z1 is zero) the real part of the square root vanishes 
and the imaginary part has a discontinuity. 

~~ 
- I 

I 
o C I 

Sketch (d) 

Thus, making use of the continuity of the real part of the square 
r oot at ~ = ~o' and writing out the real and imaginary parts of the 

• 

.. 



loga rithm, we can finally write equation (25 ) in the form 

c' = - ~o JSo R .JX ds = J R.Jx ds J ~~ 
+ R .JX ds 

o 0 So 

l l l 
= -[G] , - -[G] + -

4D s=~ 4D s=o 4D 
So 

( 4BD - C
2

) ( n lrx + sJD + 2~1 -
R 2JD \ so-

In l.Jx + s.JD + 2~1 ) - I( 2Ds + C) 

so+ 
( I .fX - I..Jx ) -

so- so+ 

I(4BD _ C2 ) J I I (JX + s.fD +-L \ 
2.JD tan-~ 2.JD) - tan-l. 

1(5 + s.JD + £;) 
+ 2nrc 

R(.rx + ,.JIj + 2~)_,0_ R(.rx + ,.JIj + 2~t '0 + 

(26a) 

where G is identical with the quantity in the brackets of equation (25) and the subscripts 
so- and so+ refer, respectively, to values immediately before and after the discontinuity. The value 
of n ( an integer or zero ) is determined by the fact that the resulting expression for the integral 
must be a continuous function of aw since B, C, and D are continuous functions of awe 

Calculations have been carried out by means of equation (l8 ) and equations (2l) through (26a ) to 
determi ne the tota l lift and pitching-moment coefficients of a number of wing-ta i l combinations of the 

~ 
~ 
~ 
W 
--J 
f\) 
\Jl 

I--' 
--J 
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type shown in figure l(b). It can be seen f r om e~uations (18) and (21) 
(recall i ng e~. (6)) that the theoretical lift and pitching moment are 
nonlinear functions of the angle of attack aw e In view of this f act, 
it seems appropriate to postpone temporarily the calculation of stability 
derivatives and t o calculate instead the actual variations of forces and 
moments with angle of attack . For the present calculations, the aspect 
ratio of both wing a nd tail was chosen as 2 in all cases, and the effects 
of horizontal t ail height hT' tail- span- t o-wing-span ratio s~/so' tail 
incidence iT, horizontal - tail thickness ratio bls, and tail length d 
ha ve been investigated . The calculated results are presented in figures 2 
to 6 and t he lift coefficients are divided by (n/2)Aw since e~uation (18) 
shows the lift coefficient to be linear2 with respect to the wing aspect 
ratio Aw ' The pitching moments are nonlinea r in Aw since e~uation (21) 
contains products of Aw with dlc and c rlc which are themselves propor­
tional to Aw since all ~uantities are specified in terms of the wing 
semispan so . 

The effect of horizontal -tail height on t he lift and pitching moments 
is illustrated in f igure 2 for zero tail incidence and zero tail thickness . 
It can be seen from e~uation (17 ) that for bls = 0, the interference lift 
becomes e~ual and opposite to the lift of t he wing if RJt;,~7,2 - s ~2 =. 0 . 

This condition is satisfied i f t;, ~7, is real and less than s~, t hat is, 

if t he rolled- up vortices from t he wing just intersect the t r ail i ng edge 
of the t ail. In figure 2 , the tail he ights ha ve been chosen so that this 
situation occurs at simple values of aw , and it can be seen that, in 
each case, at that angle of attack t he t otal lift is e~ual to the lift of 
the tail alone vlhi ch is e~ual to t he l i f t of t he wing since the tail span 
is e~ual to the wing span . I t would appear from f igure 2 that unless the 
horizontal t ail is placed either l ow (~ S 0 ) or very high, t he lift and 
pitching-moment curve s are apt t o be highly nonlinear, even in the rela­
tively low pos i tive angle_of - attack range. Severe stati c instability 
precedes the "critical" angle of attack (the angle of attack at whi ch the 
wing vortices intersect the tail trailing edge) and abrupt changes i n 
both lift - curve slope and static stability are observed at the critical 
angle. 

While the sharp breaks in the lift and pitching-moment curves indi­
cated by the theory will no doubt be smoothed out somewhat in actual 
flight through a real fluid, it might be well to consider the signifi ­
cance of the criti cal angle of attack described above. First, the 
existence of such a well - def ined critical angle is predicated on the 
assumption that the vortices shed from the wing lie in a horizontal line 
when viewed in planes x = const . , that is, that the vortex sheet either 
remains f lat or is fully rolled up ahead of the tail. I n such a case, 
the tail experiences a maximum downloa d when the line containing its 

2I t must be noted t hat the e~uations also show the lift and pitching 
moment to be nonlinear with respect to all of the parameters investigated 
in the calculations . The calculated effects of the separate parameters 
are therefore not additive . 

• 
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trailing edge intersects the vortices, as the tail is then in a maximum 
downwash field . Such a critical angle might be thought of as a local 
stall angle for the airplane and will be predicted by the theory for all 
slender plane wing-tail combinations whose wing and tail do not lie in 
the same plane. It might be said that if the wing and tail lie in the 
same plane, the critical angle is zero, but since the downwash is then 
also zero, the angle has little significance. 

The critical angle of attack can be ca lculated directly from e~ua­
tion (6 ) by setting Zl (i.e . , the imaginary part of ~l or ~2) to zero 
at Xl = d . Thus one finds 

for the combinations treated in this section. EVidently, then, acr 
depends on the ratio of tail height to tail length and will be positive 
if the tail is above the plane of the wing and negative if the tail lies 
below the plane of the wing . For the former case (high tail), the tail 
will experience a maximum download, causing a peak pos itive pitching 
moment, while for the latter ca se (low tail), the tail will experience a 
maximum upload, causing a peak negative pitching moment . These two types 
of cases are clearly seen in figure 2 . The critical angle of attack can 
of course be made larger than the stall angle of the wing itself by 
placing the tail very high . In figure 2 for ~/so = 1.9137, for example, 
the lift and pitching-moment curves remain fairly linear up to an angle 
of attack of about 100 . It should be mentioned with regard to the above 
discussion that, if the vortex sheet is only partially rolled up at the 
tail location, the vortices do not lie in a horizontal line there, the 
critical angle of attack loses definition, and the lift and moment curves, 
although nonlinear, will not exhibit the sharp breaks discussed above. 

In figure 3, the ratio of tail span t o wing span is varied for a 
given tail height. It can be seen that the lift and pitching-moment 
curves exhibit sharp peaks when the ratio of tail span to ,Ying span 
becomes e~ual to or slightly greater than n/4 (the ratio of vortex span 
to wing span). That is, once again, the curves have sudden changes in 
slope if the wing vortices strike the tail trailing edge near the tips. 
Thus, it might be said that there is a critical ratio of tail span to 
wing span as well as a critical angle of attack . However, it should be 
pointed out that the specific value of n/4 is a conse~uence of several 
assumptions j namely, (1) that the vortices are fully rolled up ahead of 
the tail, (2) that the tail has no influence on the vortex positions, 
and (3) that the trailing-edge cross section of the tail is fully effec ­
tive in destroying the downwash field of the wing, even though the chord 
of the tail vanishes at the tips. This last assumption is associated 
with the slender-body assumption that the flow in planes x = canst. 
is essentially two-dimensional. 

The sign of the pitching moment at the critical angle of attack can 
be determined from the ratio of tail span to wing span, provided this 

_J 
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ratio is e~ual t o or greater t han the critical ratio. It has already 
been pointed out that the lif t of the plane wing-tail combination at t he 
critical angle of attack is equal to the lift of t he tail alone at its 
geometric angle of attack , if the tail span is at least as great as the 
vortex span. Therefore, the lift on the tail of the combination i-s e~ual 
to the difference between the lifts of the isolated tail and wing at 
the i r geometric angles of attack . But, according to slender-wing theory, 
these lifts depend only on the maximum spans of the wing and tail. Hence, 
it can be concluded that if the span of t he tail is less t han the span of 
the wing, the lift on the tail at the critical angle of attack is negative 
and t he pitching moment of the combination is therefore positive. Since 
it was stipulated above that the ratio of tail span to wing span was 

greater than the critical value, the conclusion is that for ~ ~ .~ < 1, 
the pitching moment at the critical angle of attack is positive. 8n the 
other hand, if the tail span is greater than the wing span, the lift on 
the t ail is positive at ~ = Ocr, so the pitching moment of the combina­
tion is negative. Finally, if Sl/S0 = 1 , the lift on the tail, and 
hence the pitching moment of the combination, vanishes at the critical 
angle of attack. 

The above conclusions may be summarized schematically as shown in 
sketch (e). It can be seen that in the first case there are three trim 

+ + + 

Sketch (e) 

pOints, two stable, and one unstable; in the second case there is only 
one trim point, which is stable; and in the third case there are two trim 
points, one stable and one neutrally stable. In the above discussion, 
the tail incidence has been assumed to be zero. It has also been assumed 
that the pitching moment of the wing alone is zero, which is t he case for 
all the combinations treated in this paper. 

The effect of changes in tail length on the lift and pitching-moment 
curves is shown in figure 4 for two tail heights with the tail at zero 
incidence and the tail span e~ual to the wing span. For zero tail height 
(fig. 4(a)), the predominant effect of increasing the tail length is 
apparently the larger pitching moments due to the increased lever arm. 
However, the lift on the tail at a given angle of attack is also seen to 
increase with the tail length . This is due to the greater vertical dis­
t ance between the tail and the wing vortices, which results in a reduction 
of wing- tail interference . 
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For the case of a given nonzero tail height (fig. 4(b), hT/so =0.9568) , 
the most obvious effect of a change in tail length is a corresponding 
change in the critical angle of attack. It can be seen that reducing the 
tail length ratio d/so from 6 to 4 increases ~cr from 0.20 to 0.30, 
as predicted by equation (27). Now it is interesting to compare fig -
ure 4(b) with figure 2 in which ~cr was changed by a change in tail 
height with a fixed tail length. Let us say, for example, that we start 
with a wing-tail combination having d/so = 6 and ~cr = 0.2, and we wish 
to shift ~r to 0.15. A comparison of figures 4(b) and 2 shows that, 
if this shift is accomplished by increasing the tail length ratio to 8, 
the resulting pitching moments are about 50 percent larger than if it is 
accomplished by lowering the horizontal tail. 

In figure 5, the tail incidence is varied at two different tail 
heights for a fixed tail length (d/so = 6) and a fixed span ratio 
(S1/S0 = 1). It can be seen that for hT = 0 (fig. 5(a», the lift and 
pitching-moment curves are shifted linearly up and down with tail inci­
dence. Since the curves are slightly nonlinear in the angle of attack, 
however, the result is a slightly nonlinear variation of trim lift coef­
ficient with control setting (for an all-movable tail). Now if the tail 
does not lie in the plane of the wing, (hT/So = 0.9568, fig. 5(b», the 
nonlinearities in the lift and pitching-moment curves, and hence in 
control effectiveness, become more pronounced. It can be seen in fig-
ure 5(b) that the change in trim angle of attack from iT = 0 to iT = -0.1 
is more than twice that from iT = +0.1 to iT = O. Also, there are evi­
dently incidence settings between 0 and -0.1 for which there will be three 
trim angles of attack, as in the preceding discussion. 

The effect of tail thickness is shown in figure 6 and the effect on 
the lift and pitching moment for zero tail height (fig. 6(a» is seen to 
be small for the configuration chosen. However, there is a consistent 
decrease in tail lift associated with the increase of tail thickness. 
For the high-tail case (fig. 6(b», this effect is magnified at positive 
angles of attack, with the result that the nonlinearities due to tail 
height increase with tail thickness. It should be recalled that the tail 
thickness introduced here is of a very special type (elliptic cone tail) 
and incorporates a blunt trailing edge. The present theory would predict 
no effect of thickness on the lift and only a small effect on the pitching 
moment if the tail trailing edge were sharp. On the other hand, ordinary 
slender-body theory (i.e., with no wing-tail interference) would predict 
no effect of elliptic thickness on either the lift or the pitching moment, 
regardless of whether the trailing edge is blunt or sharp (see ref. 10). 

Directional stability.- In this portion of the analysis, the empha­
sis will be on the effectiveness of the vertical tail, and we turn to a 
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somewhat more spe cial class of wing-tail combinations as shown in 
sketch (f ) although the plan forms need not be triangular. Thus we let 

Sketch (f ) 

t2 = bls = O. The inverse transformat i on of e Quation (9) then gives the 
vortex positions in the a plane a s 

t {i(J 52 - s) -+ t 2 2J~k 2 
2 

ak 1 - S + 

[i( J s2 + t 2 1 - s) - 2J~k 2 
-

2 2} 
S2] + [JS2 + t 12 + sJ (28 ) 

and Sk is again given by eQuations (6). Now , by direct substitution 
into eQuation (10) ,-lith the auxiliary formulas of eQuation (8), it can 
be shOlVIl that 3 

~e actual evaluation of the imaginary part of the sQuare root 
indicated in eQuation (29) is not entirely straightfor ward if ambiguities 
are to be a voided . ConseQuently the procedure is given in t he appendix. 
Taking the real part of t he simpler sQuare root has been discussed in 
Appendix B of reference 11. 

J 
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and with these expressions one can easily write the real and imaginary 
2 

parts of the sum L fkC1kr from which the interference lift and side 

k==~ 
force can be obtained directly by means of equation (15). It can be 
seen from equation (29) that the real part of the above sum is independ­
ent of t~, so it follows from equation (15) that the interference lift 
is independent of the size of the vertical tail, even for ~ f O. 

The lift of the wing alone is given by equation (7) and the side 
force and lift of the tail alone are given by (see ref. 10) 

This side force and lift when added to equation (7) and to t he interfer­
ence forces calculated by means of equations (15) and (29) yield the 
total side force and lift on wing-tail combinations of arbitrary plan 
form of the type shown in sketch (f) at combined angles of attack and 
sideslip. 

Calculations have been carried out in this manner to obtain the 
variations of side force and lift coefficients, based on wing area, with 
angle of attack and sideslip for several vertical tail sizes with zero 
tail height and tail incidence (~ == iT == 0). These calculations were 
made only for one ratio of tail span to wing span (Sl/S0 = 1) and one 
tail length ratio (d/so == 6) inasmuch as the effects of these parameters 
may be surmised from the previous discussion on longitudinal stability. 
The results are presented in figures 7 and 8 in the form of force coef­
ficients against sideslip angle for various angles of attack. It can be 
seen from figure 7 that at the very small angles of attack, the side 
force is linear with respect to the angle of sideslip. In fact the values 
of the slopes there are given by ordinary slender-body theory for the 
tail alone. At somewhat larger angles of attack, however, t he curves are 
quite nonlinear and it will be noticed that the angle of attack at which 
the curve is most nonlinear increases with the tail size. It can in fact 
be shown that the most severe nonlinearities occur at such an angle of 
attack and sideslip that one of the rolled-up vortices from the wing 
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strikes the tip of the vertical tail, since in that situation the vertical 
fin experiences a maximum side force due to the vortex. The angles of 
attack and sideslip corresponding to this condition are given, according 
to the present theory, by equations (6) if we set ~1 or ~2 equal to 
ito at X1 ~ d. Thus we find 

rt/4 
±--; 

dlso 
a ~ 

(to/so) + (~/so) 

(d/sO)(1 - 2/~) 
(31) 

In order to facilitate the f airing of the curves in figure 7, the 
angle of sideslip given by equation (31) was calculated for the cases 
shown in the figure, and the corresponding side forces were computed. 
It will be noted that if the angle of attack is less than that of equa­
tion (31), then one vortex strikes the trailing edge of the vertical tail 
at the angle of sideslip indicated in equation (31), thus causing a sharp 
peak in the variation of Cy with ~. On the other hand, at angles of 
attack higher than that of equation (31 ), the vortex passes above t he 
vertical tail and the variation of side force with angle of sideslip is 
smooth although nonlinear. In figure 7 (b) we see a very sharp peak in 
the curve for a ~ 0 . 20 which corresponds almost exactly to the angle of 
attack indicated by equation (31) for the vertical tail size t o/s 1 ~ 1.0. 

Another important point regarding figure 7 can be seen by observing 
the variation of the slope (OCY/O~)P=O with angle of attack, since this 
quantity gives a measure of the directional stability; that is, since 
the vertical tail lies behind the probable center of gravity of the air­
plane, a positive CYp corresponds to a negative Cnp which is unstable. 

Thus it can be seen from the slopes through the origin in figure 7 that 
increasing the angle of attack has a destabilizing effect for angles of 
attack below the value given in equation (31). It should be mentioned 
here that, according to slender-body theory (no interference), the sta­
bility derivative (dCy/dP)~~O is independent of the angle of attack. 

The variation of lift coefficient with angle of sideslip is given in 
figure 8 for various angles of attack. As was mentioned earlier, the lift 
is independent of the size of the vertical tail. It is observed that the 
lift is a minimum at p = 0 due to the fact that the horizontal tail is 
then in a maximum downwash field. Again, the effect of sideslip is felt 
only at the tail, so it can be concluded that at p = 0 the pitching 
moment has a positive maximum; hence sideslipping produces a nose-down 
pitching moment. 

In order to see a little more clearly the effect of angle of attack 
on directional stability, approximate calculations have been made of the 
derivative (dCn/dP)~=o at various angles of attack. It can be seen from 
equation (2) that a detailed calculation of the yawing-moment variation 
and subsequent differentiation with respect to ~ would be virtually 
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impossible by analytical means in view of the complicated expression of 
equation (29). Consequently, rather than performing laborious numerical 
calculations and measuring slopes graphically, we shall simply assume 
that the center of pressure of the tail is unaffected by the wing vortices 
and lies always at the 2/3-root chord of the tail.4 Hence, since the 
flat-plate wing experiences no side force, the derivative Cn~ is given 
approximately (for c'/c = 1 and d/so = 6) by 

where the yawing-moment coefficient is based on the wing span 2so and 
the slopes (acy/a~)~=o are measured on figure 7. The resulting varia­
tions of Cn with angle of attack are shown in figure 9 and it can be 
seen that an~increase in vertical tail size provides substantial increases 
in directional stability but that the directional stability diminishes 
considerably with increasing angle of attack. For the cases calculated 
(sl/s0 = 1), it is observed that at about 100 angle of attack the sta­
bility contributed by a vertical tail the same size as one panel of the 
horizontal tail (to/s 1 = 1.0) is equal to the stability contributed by 
a vertical tail only half that size at ~ = o. 

As was mentioned earlier, a negative value of Cn~ indicates direc­
tional instability, but in no case has a negative value been shown in the 
above figures. It might be well to consider now the likelihood of such 
an instability. First it will be recalled that the strengths and posi­
tions of the rolled-up vortices were calculated under the assumption that 
the circulation distribution at the wing trailing edge is elliptic, as 
predicted by slender-body theory for low angles of attack. In order to 
gain some idea of the effect of changes in circulation distribution, it 
was assumed that the circulation distribution tends toward a triangle at 
the higher angles of attack, as does the span loading at ~ = 0 according 
to low-speed experiments on triangular wings. Thus, keeping the same 
lift on the wing as before (eq. (7)), with a triangular circulation dis­
tribution, the lateral spacing of the vortices becomes e~ual to So and 
the strengths then become in the same manner as equation (7), 

(33) 

4As a rough check on this approximation, the pitching moments were 
calculated in this manner for several span ratios with hT/So = 0.9568, 
d/so = 6 and were compared with those shown in figure 3. The average 
error for these cases was of the order of 10 percent for the angle range 
calculated. For shorter tail lengths, the error will of course be larger. 
It should be noted that with this approximation the dependence of the 
moments upon plan form is contained in the choice of the center of pres­
sure of the tail. The choice of the 2/3-root chord implies a triangular 
tail. 
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Using this strength and spacing, then, the variations of Cy and CL 
with ~ for t o/s 1 = 1 were recalculated at ~ = 0.24 and the results 
are given in figures 7(b) and 8. It can be seen that this change in 
circulation distribution has magnified the effects of sideslip and has 
produced a decidedly unstable side force slope at ~ = O. The effect on 
the variation of lift, however, is small. 

On an actual airplane or missile, a long fuselage whose nose is well 
ahead of the wing would further reduce the directional stability, although 
no calculations of this effect can be made here because of the complicated 
influence of the fuselage on the positions of the vortices at the tail. 
Thus it can be seen that the curves presented in figures 7, 8, and 9 are 
probably not unduly pessimistic. 

As was mentioned previously, the greatest loss of directional sta­
bility due to wing-tail interference is suffered when the angle of attack 
is such that at some angle of sideslip one vortex strikes the tip of the 
vertical tail. The sign of this angle of attack can be reversed simply 
by inverting the tail assembly as shown in sketch (g). With this arrange­
ment, the loss of directional stability can more easily be moved out of 

Sketch (g) 

the flight range of angle of attack. The calculated curves of Cn~ 

a gainst angle of attack are shown in figure 9 and are seen to be reflec­
tions about the a = 0 axis of the curves obtained with the vertical tail 
above the horizontal. The arrangement shown in sketch (g) has obvious 
disadvantages in other respects, of course, as for example a negative 
dihedral effect and complications of the practical landing gear problem. 
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Lateral stability.- In this portion of the analysis we shall be 
concerned with the variation of rolling moment with sideslip angle at 
various angles of attack. According to e~uation (3)) the interference 
rolling moment in steady straight flight is 

LI' ~ pUoR f F 'd(sO - ~ pUoR f F'd(sO -

x;l x;xTE+ 

(34) 

and it is seen that the real part of the integral yr F'd(s~) is to be 

evaluated at x = l and at x; ~+. It must be noted here, however, 
that the contour integral is to be performed round a contour enclosing not 
only the airplane cross section but also the stream surfaces forming the 
vortex sheets. This is because of the development in references 10 and 11 
where (a) the boundary condition required that the contour of integration 
be composed of stream surfaces and (b) it was decided to enclose all the 
external vortices within the contour in order to simplify the treatment of 
the analytic integrals. Here, since the nonanalytic integrand contains 
logarithmic singularities outside the body, there will be a contribution 
to the integral along the branch cuts representing the vortex sheets. 

To illustrate the application of equation (34), we shall confine our 
attention to flat-plate wings and symmetric cruciform tails, as shown in 
sketch (h)G The plan forms, however , need not be triangular. In the 

Sketch (h ) 
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present case, since the external vortices arise from a separate wing, 
there is a vortex sheet common to both vortices and across which the 
potential differs by a constant, namely the circulation r. Therefore, 
since the sign of d(~~) is opposite on the two sides, the contribution 
to the nonanalytic integral along this cut, regardless of its shape, is 
found to be 

vortex 
sheet 

~=~ 
2 

since from e~uations (4) and (6) z~ = z2. 

As for the remaining contour integration round the airplane cross 
section , it will be convenient to perform that in the transformed a 
plane where on the circle aa = r02. The transformation for the symmetric 
cruciform tail of sketch (h) is obtained from e~uation (8) by setting 
t~ = t2 = S so that 

(36) 

and ro s/~ . It follows, then, that on the circle where a = roei8 

d(~;) = ~ d~ dcr + ~ d~ d 
~ ~ ~ dB ~ da a 

±4r02 sin 28 dB 

Now, recalling- that F' is the additional complex potential due 
to the shed vortices and their images, we can write F' in the a plane 
as (see sketch (b), page 9) 

F' = - ~: [In Ca - a~) - In~ - ~o:) - In(a - a2 ) + In~ - ra~2) ] 

(38) 
and it is seen from e~uations (37) and (38) that the contribution of the 
starboard vortex and its image to the real part of the contour integral 
round the tail cross section is made up of integrals of the type 

R JF 'd(~~)_I~ 
tail 

± 2r: 0
2 J I [In( a - a 1) - In( a - ~~) ] sin 28 dB 

(39) 

. or, since the real and imaginary parts of a on the circle are given by 
T = rocos e and ~ = rosin e, it is found that 
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1~ ::: ± 2r~02 J[tan-~G_in e~-~)-tan-~Cin e - -~~1DJ sin 2e de 
cos e - -- cos e - ----ro r~2 

(40) 

where T~::: r1cos e 1 and ~1 ::: r1sin e 1 are the coordinates of the star­
board vortex in the cr plane. The entire integral round the circle is 
made up by choosing the proper sign of equation (37) and therefore of 11 
appropriate to each half-quadrant and combining the resulting definite 
integrals. Since each half-quadrant of the circle corresponds to a partic­
ular surface of the cruciform tail, the signs are easily chosen by observ­
ing that d(~~)::: d(y2 + z2) and deciding whether this quantity is positive 
or negative in each half-quadrant as the contour of the cruciform tail is 
circumscribed in the counterclockwise sense in the physical plane. The' 
resulting expression for the real part of the integral round the tail due 
to both vortices is found in this manner, after integration by parts, to be 

r14 

1--
::: 2rr02 (r04) 1:. ~12_T~~ (1+ r14) 2 tan -1 ___ r_o_4 ___ 3 

n r14 2 \- r02 -) r04 ~~12_:12\ 
_~\ ro L 

(41) 

where 

T~::: R(O'1); ~1::: I(O'~); T2 '" R( O'2); ~2 ::: 1(0'2) 

r12::: [R(O'1)]2 + [I(O'~)]2; r22::: [R(O'2)]2 + [I( O'2)]2 

and the arctangents are taken to lie between 0 and 2n. Note that the 
expressions of equations (35) and (41) both vanish at x:::xTE+ so that 

R Jf Frd(~~)::: OJ also, at x::: 1, Y12 - y22 ::: -nso~d from equation (5). 

x=X!rE+ 
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Turning now to the las t term of equation (34), i f we rewrite the 
transformation of equation (36) i n the form 

S2 _ s2 = (cr _ r~2)2 (42) 

since ro2 = s2/2 , it follows directly that the vortex positions in t he 
cr plane are given by 

OK =~(JSk2 - s2 + JSk2 
+ s2) 

Hence the quantity 6kr appearing in t he summation of equation (34) is 

(44) 

so that t he sum is gi ven by 

f (RJ~l2 - s2 + iIJ~l2 + s 2 -RJ~22 - s2 _ iIJ~22+ s2) 
(45 ) 

Thus if we consider only zero tail incidence i T so that OW = ~ = ~, 
and recall that for steady straight flight R Uo~ + iUo~, the last 
integral of equati on (34) can be written in the form 

, 7, m c r 

RJ R L fk 6kr dx Uo~s02f R J So 

TE k=l 0 

(46 ) 

The last term of t his expression i s the contribution of the integral between 
the trailing edge of the wing and the apex of the tailj that is, where 
s = O. The vortex positions ~l and ~2 and the circulation f are given 
by equations (6 ) and (7), respectively. 
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The integrals appearing in equation (46), which is valid for any 
plan form with straight trailing edge, are of precisely the same form as 
those encountered in equation (21) for the pitching moment and may be 
treated in an analogous manner (for triangular plan forms) by making use of 
the Appendix. In the present case the second integral of equation (46) 
has a discontinuity of the real part of the square root, and the imaginary 
part vanishes, when the vortex passes through the vertical tail. Thus 
sketch (d), page· 16, is applicable to such cases if we interchange the 

·labels on the two curves . The condition for the vortex passing through 
the vertical tail is y~ = 0 for z~ S sT S s~ where y~ and z~ are given 
by equation (6). Thus if ~ = iT = 0, this condition becomes (for trian-
gular plan forms) , ) ) 

lo,(l- ..R. (.d-c T 

A '\ 11:2 \ So 

T 4 ( 2) S ~~ S ~~ 
1 -- 0, 1--

AT 11:2 

o for 

If equation (47) is satisfied , then the second integral of equation (46) 
must be divided in a manner exactly analogous to that shown in equa­
tions (23) to (26a). 

Finally, the interference rolling moment for t he wing-tail combination 
of sketch (h) is obtained by substituting equations (35), (41 ), and (46) 
into equation (34 ) . The coefficient C1I based on the wing span 2so is 
given by this result divided by pU0

2 Sws o• Now, since the rolling moment 
of the symmetric cruciform tail alone is zero (see ref. 3), and the rolling­
moment coefficient of the isolated triangular wing is (see ref. 10) 

C1w = - } ~ (48 ) 

the total rolling-moment coefficient for the combination of sketch (h ) is 
found by adding this to the above result for C1I . 

Calculations have been carried out to determine the rolling moments 
for a wing- tail combination of triangular plan form having zero tail height , 
a tail- length ratio d/so of 6, and a span ratio s~/so of 1. The varia­
tion of C1 with ~ was calculated at two angles of attack and the result­
ing curves are presented in figure 10. It can be seen that at both angles 
of attack the variation of rolling moment with angle of sideslip is quite 
nonlinear and has a sharp peak at the angle of sideslip at which the star­
board wing vortex strikes the vertical tail according to equation (31). 
However, the peaks are in opposite directions so that the curves cross one 
another. The reason for this behavior lies in the vertical location of the 
impinging vortex relative to the axis of the tail. At a, = 0.1, the vortex 
striking the tail lies close to the tail axis and therefore, due to its 
direction of rotation, induces a large negative rolling moment at the 
critical sideslip angle. On the other hand, at a, = 0.2, the vortex strikes 
the vertical tail near its upper tip and therefore induces a positive roll ­
ing moment because of the velocity gradient associated with the vortex. 
For purposes of comparison, the rolling moments of the wing alone from 
equation (48) are also shown on figure 10 and it can be seen that the 
rolling moments are heavil y influenced by wing-tail interference. 
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Cruciform Wing and Cruc iform Tail 

The method used in the foregoing analysis of wing-tail combinations 
having plane wings could equally well be applied to those having cruciform 
wings if one had analytical expressions for the positions of the rolled-up 
vortices behind such wings . For the special case of an equal-span cruci ­
fonn wing in steady straight flight at 450 angle of bank, these vortex 
positions have been determined analytically in reference 13. Consequently, 
the l ongitudinal characteristics of a wing- tail combination of the type 
shown in sketch (i) (the so-called "interdigitated" arrangement) can be 
studied in exactly the same way as was the arrangement shown in fig-
ure l (b ), if equations (6) are replaced by the expressions of reference 13 
or reference 3 for the positions of the four r olled-up vortices . 

Sketch (i) 

(Note, however, that ref. 13 uses wind axes.) It has been shown in 
reference 3 that the four vortices are of equal strength given by 

Now , if we rec ognize once again that the vertical tail has no influ­
ence on the purely l ongitudinal characteristics, a comparison of the base 
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cross section shown in sketch (j) with that of sketch (c), page 
show that equations (11) to (14) are directly applicable to the 
case. Thus by simply extending the sum-
mation of equation (12) over four rather 
than two symmetrically placed vortices, 
we find, since 02 = -cr 1 and 04 = -cr3 
that 

4 L rkO"kr = r(O"lr + O'lr + 0"3r + 0'3r ) 

k=l 

(50) 

Hence the counterpart of equation (14) 
is found to be, after simplification 

-r 

C 
t =-~ 2 1 

b 

-r 

Sketch (j) 
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11, will 
present 

s 

r 

) 
~3 

(51) 

The interference lift and side force can now be obtained directly from 
equation (15) from which it follows that the interference side force 
vanishes since the above sum is real. At this point it should be noted 
that the quantity 1l(~1 + ~3) is a constant behind the wing, being equal 
to the lateral distance between the centroids of vorticity of the two 
halves of the wake. In fact, since the circulation distributions on the 
two component wings of a cruciform wing banked 45° are identical ellipses 
(see ref. 3), it follows that 

(52) 

Wi th this relation, if we note that immediately behind the wing s = b = 0, 
we can substitute directly into equation (16) for the interference lift. 



Thus, making use of equation ( 51 ) , we find 
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S 7, 

and the positions ~1 Iso and ~ 3 I so can be obtained directly from 
7, 1-

figure 2 of refer ence 3 for any given t a i l length. Now since the lift 
of the cruciform wing alone is the same as the lift of a plane wing of 
the same span ( see r ef . 3) , i t fol lows tha t the tota l lift coefficient, 
based on the a rea of the wing , for the cruciform wing- tail combination 
of sketch ( i ) is, for any plan form with straight tra iling edge, 

R 

Calcula tions have been carried out to determine the lift curves for 
several comb i na tions having zero t a il he i ght, zero tail incidence, and 
zero tail thickness using equation (54 ) . Furthermore, the aspect ratio 
of the wing wa s taken a s 2, so that the only parameters investigated here 
are the t a il- span - to -wing- span r atio S l/S0 and the t a il-length ratio 
d/s o . The resulting lift curves are presented in figure 11 for a fixed 
tail length with several values of Sl/S0 and in figure 12 for a fixed 
ratio S l /S0 with several t a il lengths . I t can be seen that the general 
character of the lift curves is very similar to that of the plane wing­
tail combinations with tail heights different from zero. Here again 
there is a critical angle of attack at which the vortices strike the tail 
trailing edge, as can be seen by examining sketch (i), page 32. There 
are several important differences in this respect, however, between the 
characteristics of the plane and cruciform combinations. Due to the 
orientation of the vortices at the wing trailing edge with respect to 
the tail of the cruciform combination, ncr depends on Sl/S0 as well 
as on hT/so and d/so and no tail height is required for the existence 
of a critical angle of attack . On the other hand, the change in lift­
curve slope at the critical angle is not so great for the cruciform since 
only half of the wing vortices strike the tail there. Also, in figure 11 
since hT = 0, there is complete symmetry with respect to angle of attack 

--- '-'-~-- .--~~~-~~~--~-~-
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and we find a negative critical angle equal to the posit.ive one. At the 
negative critical angle, the upper two vortices strike the horizontal 
tail whereas at the positive critical angle it is the lower two vortices. 

A final point that seems worthy of mention in this discussion con­
cerns the existence of a so-called "leapfrog" distance for the cruciform 
wing at 450 bank. This is the distance behind the wing at which the upper 
two vortices pass between the lower two due to their mutual induced 
effects . It is clear that if the tail location and span are such that 
the vortices strike the tail trailing edge at the leapfrog distance d=dL~ 

a maximum effect may be expected. According to equation (60) of refer­
ence 3~ the tail length for this condition is 

dL = 4.664 Aw = 9.328 
So CLw rraw 

(55) 

Hence the critical angle of attack for this maximum effect is given by 

Also from figure 2 of reference 3 it is found that if all four vortices 
are to strike the tail~ the ratio of tail span to wing span s~/so would 
have to be not less than 0.9 and the tail height ratio hT/so would be 
equal to about 1.9. It should be pointed out that for the cruciform 
wing-tail combinations for which most of the calculations were made here 
(d/so = 6) the value of acr predicted by equation (56 ) is probably well 
beyond the range of validity of the present theory (acr ~ 280 ). However, 
for the case d/so = 12 (see fig. 12) if the tail were raised so that 
hT/s O 1.9~ we should expect that the gentle dip in the lift curve shown 
at ~ = 0.06 would be replaced by an abrupt dip at ~ = 0.247 = 14.20

. 

Due to the complexity of the expressions given in reference 3·for 
the vortex positions S1 and ss' a direct application of equation (2) 
to obtain analytical expressions for the pitching moment appears to be 
virtually impossible. Consequently, rather than to embark on a program 
of numerical calculations, it was decided to approximate the pitching­
moment variations by assuming that the center of pressure of the tail 
remains at its 2/3-chord position in spite of the vortices. Hence~ 
since the pitching moment of the wing alone about its 2/3-chord point is 
zero~ the total pitching-moment coefficient of the wing-tail combination 
about that point is given approximately by (see footnote 4, page 25) 

where the pitching-moment coefficient is based on the wing area and wing 
chord and the coefficient CLr' refers to the lift on the tail in the 
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presence of the wing wake. The resulting pitching-moment variations are 
presented in figures 13 and 14 and it is seen that they are comparable 
with the variations for the plane wing-tail combinations having varying 
t ail span. The above discussion of the lift curves can in fact be 
extended to the pitching-moment curves in comparing the characteristics 
of the cruciform interdigitated wing-tail combinations with those of the 
plane wing-tail arrangements with high tails. 

The influence of tail length on the value of the critical angle of 
attack and on the values of the pitching moment at that angle are clearly 
shown in figure 13. It can be seen that doubl"ing the tail length reduces 
the criti cal angle of attack by one half, but does not change the value 
of the pitching moment at the critical angle. As a matter of fact, it 
can be shown that, for given values of s~/so' hT/s O ' and iT' the pitching 
moment of equation (57) is a function of the parameter a(d/so ) only. 
Hence, if we plot Cm vs. a(d/so ) , all the points calculated for 
figure 13 will fallon a single curve; therefore, figure 14 is plotted 
in this manner. Figure 14 shows the effect of span ratio s~/so and 
it is noted that the maximum effect at the critical angle is experienced 
for s~/so = 0.6. However, due to the change in relative vortex posi­
tions with distance behind the wing) the value of the critical span ratio 
will depend on the tail length for cruciform wing-tail combinations. It 
can be seen from figure 14 that if the ratio of tail span to wing span is 
sufficiently large (see s~/so = 2),the nonlinearity associated with the 
critical angle of attack is diminished substantially and the pitching­
moment curve becomes practically linear with angle of attack. The same 
statement can of course be made in regard to the plane wing-tail combina­
tions treated earlier since the lift of a large tail surface overshadows 
the interference effects. 

PITCHING AND PLUNGING FLIGHT 

So far the cases considered in the present report have been confined 
entirely to steady straight flight. However, the expressions of equa­
tions (1), (2), and (3) are directly applicable to quasi-stationary 
motions (i.e., to unsteady motions whose frequencies are small compared 
with the flight velocity divided by t he length of the body). In this 
section, we shall consider longitudinal motions of this type with the 
purpose of calculating the forces and moments acting on a plane triangular 
wing-tail combination which is pitching and plunging at an angle of 
attack aw. The term pitching refers to an angular pitching velocity 
(q f O)j the term plunging refers to a time rate of change of angle of 
attack (el, f 0). 

It can be seen from equations (1) and (2) that the time derivative 

d~ (! rkcrk) is required for the calculation of the desired forces and 

k=~ / 
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moments, so we must now express the positions and strengths of the wing 
vortices as functions of both x and t for the motions just described. 
In order to do this, we will first assume that the strength r of each 
rolled-up vortex at a distance x1 behind the wing is equal to the value 
of r that existed at the trailing edge when the trailing edge occupied 
that position in space. That is to say, 

where 
Hence 

tl is the time required for the wing to advance a distance Xl' 

tl = Xl/UO and we have 

Now r TE is given by the jump in potential 6~ at the wing trailing edge 
which depends only on the angle of attack at the trailing edge. Thus for 
the pitching and plunging case, since ~ does not depend on ~, 

where c1 is the distance from the wing apex to the pivot point of the 
pitching motion. Note that this expression reduces to equation (7) if 
q = O. Now, substituting equation (59) into equation (58) we find that 
the strength of the rolled-up wing vortex is given by 

(60) 

It has been assumed here that q = O. 

The vortex position remains to be expressed as a function of 
x and t, but this can be done in a manner parallel to that for the steady 
case. Thus the slope dZ 1/dX is given by the velocity of a two­
dimensional vortex pair of strength r(x,t) spaced (n/2)so apart. The 
vertical position z1 of both rolled-up vortices relative to the tail is 
therefore (see sketch (k)) 

aw Rolled-up vortices 

Sketch (k) 
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which reduces to eQuation ( 4) if Q = ~ = O. Now for zero sideslip the 
lateral positions of the wing vortices are again independent of Xl and 
we have corresponding to the expressions of eQuation (6) 

(62 ) 

Note that the plunging motion a introduces a Quadratic dependence of 
the vortex positions upon the distance Xl as shown in sketch (k), while 
the pitching motion Q causes no additional complication over the steady 
angle - of -attack problem. It should also be pointed out for the purpose 
of taking derivatives with respect to time that the only time-dependent 
Quantity in eQuations (60 ) and (62 ) is the angle of attack aw, assuming 
that i:i = O. 

For the p~ely longitudinal motions being considered here, the 
inverse transformation for a thin elliptic-cone tail is given by eQua-

2 

tion (11 ) a nd t he summation I rkO'k r is the same as was given in 

k=l 
eQuation (14). The difference in the two cases, of course, (i.e., the 
steady and the unsteady ) lies in the more complicated expressions of 
eQuations (60 ) and (62) for the strengths and positions of the vortices. 
Now, a ccording to eQuation (1 ) , the interference side force and lift for 
the present case are given by 

_iPU{ (~rkOkj 1 - (1rkOk) 
o~ ci:kdk)dx x=xTE+ 



and once more the interference side force vanishes due to symmetry. The derivative 

over the tail is obtained by differentiating equation (14) with respect to time t 
tions (60) and (62) for r and ~~ and noting that 

:t(trkcrk~ 
using equa-

and 

dr = 2Uosoo:' 
dt 

d~~ . . ( 
dt = lXlo, 1 -

(64 ) 

~~) 
In this manner, one finds, after some manipulation, that the interference lift of the plane triangular 
wing-tail combination is, according to equation (63) 
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where the thickness ratio bls is again constant over the tail. Now for the isolated wing and tail, 
the lifts due to the pitching and plunging motions are additive, and the lift coefficients, based OIl 

~---------

=-1 

~ 
~ 
LA> 
-...] 
I\) 
VI 

LA> 
\0 



the wing area are given according to slender-body theory by (see, e . g ., ref. 10) 

CLw = ~ AW[a.W + ~ (c - C 1 )] + 211: eLs O 
o 3 Uo 

(66 ) 

LT 2' AW::--2 om + - (1 - c ) J + 2 11: cx.so s 1
2 

C 1 
C 11: S12 [q -, . 

So -~ U 1 - --- -- --o 3 Uo s02 C 
(6, ) 

Consequently, the total lift coeffic ient, based on the area of the wing, for the pitching and plunging 
wing-tail combination of figure l(b) is, f rom equations (65), (66 ), and (6, ) 
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where the expression for tl is given by equation (62 ). It can be seen that the lift is a nonlinear 
function of all three independent variables aw, a, and q. Furthermore, the lift cannot be correctly 
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calculated by a dding the lifts due to each of the three motions since 
equation (68) contains products of the independent variables . That is, 
the lift due to pitching and plunging for the wing-tail combination is 
not equal t o the sum of the lift due to pitching and the lif t due to 
plunging. 

In reference 10 formulas were given for the stability derivatives 
of first and second order for slender wing-body combinations. In that 
analysis, as in the present one, it was found that the forces and moments 
were nonlinear with respect to some of the motions considered. However, 
in the analysis of reference lO, the forces and moments depended only on 
the first and second powers of the independent variables so that it was 
convenient to define stability derivatives with all of the independent 
variables (including the angle of attack) set to zero. In this way the 
conventional stability derivatives could be obtained by a combination 
of a small number of the derivatives of reference 10 and the latter had 
the advantage of bringing out a number of useful relationships among the 
various stability derivatives. 

In the present analysis, on the other hand , the nonlinearities of 
the forces and moments including wing- tail interference are of a more 
complicated nature. The appearance of the square root involving a quad­
ratic function of all the independent variables in the expressions for 
the lift and pitching moment indicates that an infinite number of stabil­
ity derivatives of the type used in reference 10 would be required t o 
obtain the commonly used stability derivatives. In other words, the 
forces and moments in the present analysis contain all orders of the 
independent variables, as can be seen by expanding the square root . 
Consequently, the stability derivatives in the present analysis (includ­
ing CL) will be defined as the appropriate partial derivatives evaluated 

ex. 
with all the independent variables except the angle of attack set to 
zero. Thus the stability derivatives will all be functions of the angle 
of attack aw and one must use the derivatives corresponding to the 
equilibrium angle of attack about which small oscillations are to be 
executed if the motion is to be calculated by means of the stability 
equations. This presumes, of course, that the equilibrium condition is 
steady straight flight at an angle of attack aw at zero sideslip. 

_J 



With the above definitions, it is easily found from equations (68) and (62 ) that 
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The evaluation of the quantities appearing in the expression for CL . 
0-

is actually no more complicated than the evaluation of the integral 
already treated in finding the steady pitching moment (see eq. (21 )) , 
since the imaginary part can be taken after the integration. That is, 
the integral containing the imaginary part can be separated into integrals 
of the type 

and J ;2d
s 

JX 

where X = B + Cs + DS2 as before . Both of these integrals are reducible 
to that of equation (25) and can be handled in the same way. 

It should be noted that, although the above expressions were derived 
for triangular wing and tail, equations (69 ) and (70 ) for CL ad. CL 

0- q 
are actually independent of plan form and are valid for arbitrary slender 
plan forms so long as the trailing edge is normal to the x axis. The 
quantity b /s then refers to the value at the trailing edge of the tail . 

Calculations ha ve been made t o determine the first - order stability 
derivatives CLO-' CLq ' and CLa for two tail heights and for two ratios 

of t ail span to wing span . The aspect ratio of both lving and tail was 
taken as 2, the tail length ratio d/so = 6 , and the tail incidence and 
tail thickness were set to zero ( iT = b/s = 0). The results are presented 
in figure 15 and it is seen that the variations with angle of attack may 
be appreciable, even for the tail lying in the plane of the wing . 

The two span ratios were chosen for the calculations so that one 
falls on either side of the cr i tical span ratio ( S l/S0 = rr/4) . The varia­
tions of the stability derivatives shown in figure 15 are clearly more 
severe for the larger span ratio ( S l/S0 = 1) since, for span ratios 
greater than the critical, the trailing vortices strike the tail trailing 
edge at the critical angle of a ttack . It can be seen that for S l/S0 = 1 
and O-cr = 0 . 2 both CLO- and CL~ jump from a negative value to a large 
positive value as the critical angle is exceeded . For the lift- curve 
slope CL, this was already noticeable in figures 2 and 3 showing the 

0-

steady lift curves for the same configurations . I t will also be noted 
in figure 15 that for S l/S0 = 1 the derivatives CLO- and CLq have their 

minimum values at the critical angle of attack, even for CLcr = 0 (i.e., 
wing and tail in the same plane). This is not the case with the deriva­
tive CL .. The discontinuities in CL and CL . at the critical angle 

0- 0- 0-

of att ack for CLcr f 0 are evidently removed and the variations with 
angle of a ttack considerably reduced if the ratio of tail span to wing 
span is reduced below the critical value. 

For the case of wing and tail of equal span in the same plane, CLO­
is doubled as the angle of attack increases from 00 to 120. On the other 
hand, if t he tail span is half the wing span, the increase is only 
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about 25 percent. The variation of CLq is about 6 percent for the 
equal-span wing-tail combination and about 5 percent for Sl/SO = 0·5 
over the same angle range. 

45 

It has already been mentioned that in reference 10 a number of rela­
tionships were obtained among the stability derivatives for wing-body 
combinations by evaluating the derivatives at CL = O. Although, as 
already discussed, there seems to be little point in defining stability 
derivatives for wing-tail combinations in the same manner, it is never­
theless of interest to see whether a similar type of relationship can be 
found at aw = 0. In fact if we set aw = 0, it becomes apparent that 
equations (69) and (70) are then related according to 

or 

so that CL at OW = 0 for the wing-tail combination can be calculated 
from the li~t-curve slope of the combination at OW = 0 and the lift-curve 
slope of the isolated tail. If there is no tail CL

UT 
= 0 and equa-

tion (72) reduces to the relationship given in reference 10 between ctq 
and CLa, for wing-body combinations, with the chord c as the reference 
length. 

LIMITATIONS OF THE THEORY 

It has been assumed in the foregoing analysis that the vortex sheet 
leaves the wing trailing edge as a flat sheet and that it becomes fully 
rolled up ahead of the tail. The former assumption does not admit sepa­
ration of the flow from the wing surface and therefore implies small 
angles of attack. The latter assumption, on the other hand, seems t o 
imply a high angle of attack. Actually, it requires that the tail length 
be greater than the distance in which the wing vortex sheet becomes fully 
rolled up, that is (see, e.g., ref. 3 or 12), 

e 
-- = (73) 

- I 
1 



46 NACA TN 3725 

where k depends on the circulation distribution . According t o Kaden 
(ref . 14) the value kl = 0.28 gives the distance required for t he vortex 
sheet behind a plane wing wit h ellipt i c cir culation distri bution t o 
become "essentially r olled up." I t can be seen from equat ion (73 ) t hat 
t he r estriction imposed on t he conf i gurati ons whi ch can be treated becomes 
mor e severe as t he angle of attack approa ches zero . Hence the present 
calculations might be considered as a "moderate angle-of -attack" analysis 
for slender wing-tail combinations . 

I n view of equation (73), it is interesting to consider other analy­
ses in which wing-tail combinations have been treated under the assumption 
of a flat vortex sheet lying in the plane of the wing and tail . The 
requirement for such results t o be applicable is clearly 

e 
2so 

(74) 

The l1 much greater" sign is introduced because the assumption of such 
analyses is not simply that the vortex sheet is not fully rolled up at 
the tail but rather that it remains completely flat - hence the more 
stringent requirement. I t is evident then that if a wing- tail combina­
tion with a low-aspect-ratio wing is treated under the above assumption, 
the results are applicable only for vanishingly low lift coefficients or 
for extremely short tail lengths. There have recently been some such 
analyses (e .g ., refs . 15 and 16) in which wing-tail combinations are 
treated with no apparent restrictions on aspect ratio or tail length. 
The results of such investigations when applied to l ow- aspect - ratio wings 
or sizable tail lengths should be viewed with caution. It should also 
be mentioned that the analyses of references 15 and 16 can lead only to 
stability derivatives which are independent of the angle of attack. 
Furthermore, the vortex sheet is assumed t o lie in the plane of the tail 
at all (small) angles of att a ck . Although the vortex sheet does indeed 
lie in the plane of the tail at ~ = 0 (for hT = 0), the derivatives 
calculated at ~ = 0 may nevertheless be in error since no account has 
been taken of the change of position of the vortex sheet with angle of 
attack. 

In reference 15 the conclusion is drawn that the lift induced on the 
tail by an angle of attack of the wing in f orward flight is equal t o the 
lif t induced on the wing by an angle of attack of the tail in reverse 
flight . That this conclusion is not in agreement with the present analy­
sis can be seen by examining equation (17) f or the interference lift in 
steady straight flight . For the slender case, as is treated in the 
present paper, reversal of the flight direction has no influence on the 
given expression other than to interchange Sl and so . It is clear then 
tha t the above conclusion agrees with the present analysis only for the 
obvious case of sllso = 1. The difference, of course, stems from the 
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different assumptions regarding the vortex sheet shed by the wing. The 
appropriateness of the different assumptions can only be checked by 
experiment. 

A further assumption of the present analysis is that the positions 
of the vortices shed from the wing are not influenced by the presence of 
the tail. Thus the vortex lines coincide not with the actual streamlines 
but with the streamlines in the absence of the tail. Hence, while the 
condition of no flow through the tail has been satisfied in the analysis, 
the vortices have nevertheless been permitted to penetrate the tail 
surface. In fact the most dramatic effects on stability are predicted 
for conditions under which the wing vortices either touch or pass through 
the tail. Although the present assumption that the tail does not influence 
the vortex positions is commonly made in calculations of wing-tail inter­
ference, the implications mentioned above seem to warrant investigation of 
this point. Therefore an experiment was conducted to investigate the 
influence of the tail on the vortices shed by the wing. This experiment 
will be discussed in the next section. 

The rolled-up vortices were assumed in the analysis to be idealized 
line vortices having no viscous cores. This assumption will have no 
effect on the calculated results so long as the cores do not touch the 
tail. However, when the distance from the tail to the center of the 
vortex is smaller than the radius of the core, the viscous core will 
change the downwash distribution at the tail location and affect the 
calculated lift on the tail. In order to get some i dea of the order of 
magnitude of this effect, a calculation was made by the method of reverse 
flow (see ref. 7) to determine the -f f 
lift on a plane tail in the presence ~ ~ 

of two viscous vor t ices whose centers 8 8 
intersect the trailing edge of the ________ ________ 
tail as shown in sketch (1). For -s1 
this calculation, it was assumed that 
the cores rotate as solid bodies, 
giving the downwash distribution 
shown in the absence of the tail. It 
was further assumed that the cores lay 
entirely within the span of the tail 
as shown, and that the span loading 
of the tail in reverse flow is ellip­
tic. With these assumptions, it was 
found that if the vortex centers are 
located at y = ±s1/2 and the core 
radius is S1/4 (as shown), then the 
negative lift on the tail due to the 
vortices is reduced by 12 percent 
from that calculated with no cores. 
Now, since the centers of the vortices 
were assumed to intersect the tail 
trailing edge, the above calculation 
corresponds to ~ = ~r' Furthermore, 

w 

Sketch (l) 
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since the viscous cores can have no effect on the tail lift if they do 
not touch the tail, it can be concluded that the over-all effect of the 
viscous cores on the calculated lift and pitching-moment curves of fig­
ures 2 to 6 will be simply to round off the sharp peaks at a = acr' 

Although the present analysis has been restricted to slender wing­
tail combinations for which the vortex sheet leaves the wing as a flat 
sheet, it is important to note that the origin of the trailing vortices 
is immaterial to the method of calculation of wing-tail interference. 
If, for example, the wing is a delta wing with sharp leading edges, there 
may be separation vortices above the wing. These can be handled by the 
present method, provided that their positions and strengths over the wing 
are known. Similarly, if the wing is a sweptback wing (not necessarily 
slender), the vortices from the wing may be caused to roll up ~uickly 
because of tip- stalling or other viscous phenomena. Nevertheless, if 
the t a il is slender and the vortices are rolled up ahead of the tail, the 
techni~ues used in the present analysis are still applicable for the 
calculation of the interference forces and moments. As a matter of fact, 
pitching-moment curves having the same general nonlinear character as 
those of figures 2 and 3 have been measured on swept-wing airplane models 
having high t a ils ( see, e .g., refs . 17 and 18). Some of the trends in 
directional stability which have been calculated in the present report 
are also evident i n the dat a of reference 18. 

WATER- TANK EXPERIMENT 

I n order to investigate the influence of the tail on the paths of 
the vortices shed by the wing , a simple model was constructed consisting 
of an identical triangular wing and tail mounted on a thin plate, as 
shown in sketch (m). The plate a cted as a model support and was attached 
to a r a ck which was driven vertically int o a water tank by a gear mounted 
on an electric motor . The wake of the wing was made visible on the sur­
face of the water by means of white poster paint applied to the beveled 

Sketch (m) 
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trailing edge of t he wing. As the wing passed through the water surface, 
the paint remained on the surface and the resulting wake patterns were 
photographed from above by a motion picture camera. The wing and tail 
were flat plates with rounded leading edges and beveled trailing edges, 
and the central plate was cut down to minimize its influence on the wing 
wake (see sketch (m)). The tail was mounted at zero incidence (iT = 0) 
in a tail-high position (~/so = 0.96) so that at a critical angle of 
attack (Ocr = 0.2) the analysis will predict that the wing vortices inter­
sect the tail at its trailing edge. 

The model was driven into the tank at three angles of attack, one 
below, one above, and one at the calculated critical angle of attack, 
and selected frames of the motion pictures obtained are presented in 
figure 16. The vertical and horizontal lines on either side of the frame 
are reference markers which are fixed relative to the tank (i.e., relative 
to the flight direction). The first picture in each case shows the vor­
tex sheet leaving the wing trailing edge as a flat sheet.5 At this point, 
the wing trailing edge has just penetrated the water surface, and the 
strut connecting the wing and tail can be seen above the water surface. 
For ~ = 120 and 160 the tail is also visible but is out of focus, being 
closer to the camera. The second picture in each series shows the tail 
entering the water surface, and the remaining pictures show the develop­
ment of the wing wake at various positions over the tail until the last 
frame shows the wing wake at the trailing edge of the tail. 

In figure l6(a) there seem to be no obvious effects attributable to 
the tail, but the mounting strut has a marked effect on the shape of the 
center of the vortex sheet. It can be seen that the upward sweep of the 
center of the sheet follows the retreating edge of the strut. 

Figure 16(b) shows the development of the wing wake over the tail at 
the calculated critical angle of attack. According to the analysis in 
the foregoing sections of this report, the wing vortices should intersect 
the tail at its trailing edge at this angle of attack. It was in fact 
largely this prediction that prompted the present experiment, in view of 
the discussion of the previous section. It is apparent from figure 16(b) 
that, although the vortices are ~uite distorted at the trailing edge of 
the tail, the centers of the vortices do very nearly coincide with the 
tail trailing edge. The tail seems to split the viscous cores of the 
vortices at the critical angle of attack. The asymmetry of the center 
portion of the vortex sheet seen in the photographs is probably due to 
an asymmetric disturbance produced by the strut. 

In figure l6(c) a higher angle of attack is shown and the tail appears 
to sever the vortex sheet and produce considerable distortions above the 
surface of the tail. 

5Subse~uent detailed investigation has shown the existence of a rela­
tively weak pair of separation vortices above the wing surface at all of 
the angles of attack studied here. 
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The distances behind the wing as shown on the above-mentioned pic­
tures were measured by means of a tape which moved with the model and 
recorded on the film the distance between the wing trailing edge and the 
water surface . Thus it was a s imple matter to obtain ~uantitative measure­
ments of the vortex paths) provided the centroids of vorticity of the 
vortex sheet could be defined . Actually it is not possible t o define these 
pos itions accurately from photographs) but it was assumed that the lateral 
position of the centroid of vorticity of each half of the wake could be 
taken as halfway between the outermost winds of the rolled-up portion of 
the sheet . The results of such mea surements are shown in figure 17 a s 
the variation of vortex span with distance behind the wing . The position 
occupied by the tail is indicated i n the figure and it can be seen that 
the influence of the tail at all t hree angles of attack is such as to 
decrease the vortex span at the trailing edge of the tail . 

The t heoretical asymptotic vortex span of ( rr/4 ) so for the wing alone 
is in close agreement with t he experimentally observed positions a t the 
l ower angles of attack until the influence of the tail is felt at the 
station containing the apex of the tail . The sizable inward shift ahead 
of the tail at the largest angle of attack is associated with the change 
in circulation distribution on the wing a s the angle of attack is 
increased . Inasmuch as the interference l ift calculated in the analysis 
depends on the pos itions of the wing vortices at the trailing edge of the 
tail, it would be of interest to calculate the effect on the interference 
lift of the observed inward movement due t o the tail . However) the inter­
ference lift is a function of the vertical positions as well as the lateral 
positi ons of the vortices ) and it wa s fel t that the vertical positions of 
the centroids of vort i city could not be defined with any degree of accuracy 
because of the unrolled- up portion of the vortex sheet . It is interesting 
to note that at the critical angle of attack Z l = 0 and the interference 
lift does not depend on the latera l spacing of the vortices so l ong a s 
they lie wit hin the span of the tail . (This point has been discussed in 
the section titled I1 Longitudinal Stability.l1) Consequently) at the criti ­
cal angle of attack the influence of the tail on the vortex positions ha s 
no effect on the interference lift for the span ratio tested. For other 
angles of attack or for sufficiently smaller tail spans this will not be 
the case . 

The syst ematic tendency of the tail t o draw the vortices together as 
observed in figure 17 suggested the possibility that the water- tank obser ­
vations have been influenced by surface tension effects . Therefore) 
observations were made of the three - dimensional wake patterns below the 
surface of the water t o see whether any significant changes were occurring 
at the water surface due to surface tension . This was done by thinning 
the poster paint so that some of i t would adhere to the wing after the 
latter was submerged) thus extending the visible wake patterns below the 
water surface . Observations were made at various angles of attack) and 
it was found that no surface tension effects were discernible as long as o 
the angle of attack wa s greater than 6 . Below that angle of attack) 
t he difference between the patterns on the surface and below it became 
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visible. Apparently, the criterion of a low Weber number (ratio of sur­
face tension forces to dynamic forces) was satisfied for angles of attack 
above 60

• 

The assumption made in the analysis that the vortex sheet becomes 
fully rolled up ahead of the tail appears to be substantiated in the case 
of the model tested here. 

CONCLUDING REMARKS 

A theoretical investigation has been made of some of the aerodynamic 
characteristics and stability problems associated with slender wing-tail 
combinations. The vortex sheets shed by the wing have been assumed to be 
fully rolled up at the tail and to follow the same paths as calculated in 
the absence of the tail. 

Mathematical expressions have been derived for the interference 
forces and moments acting on the tail. From these, calculations have been 
made of the effect of changes in tail height, tail length, tail incidence, 
tail thickness, and ratio of tail span to wing span. The calculated 
variations of forces and moments with angles of attack and sideslip were 
found in some cases to be highly nonlinear. Changes in the height of the 
horizontal tail and in the ratio of tail span to wing span were found to 
have a pronounced effect on static stability as well as on the stability 
derivative CL~' The calculated results indicated a definite critical 
angle of attack for a given wing-tail combination and a critical ratio of 
tail span to wing span at which abrupt changes in the aerodynamic charac­
teristics occurred in certain cases. In general, the most drastic effects 
are predicted when the vortices shed from the wing strike or pass near the 
tips of the tail trailing edge. 

A water-tank experiment was conducted in order to observe the 
behavior of the wing wake in the presence of the tail. A plane-wing-tail 
combination with a high tail was tested and photographs indicated that 
the tail caused the wing vortices to be shifted inboard appreciably for 
the case tested (wing and tail of e~ual span). The vertical positions, 
however, were apparently relatively unaffected, and the tail was observed 
to sever the vortex cores at the calculated critical angle of attack 
(within the experimental accuracy). 

The influence on the calculated results of the assumptions made 
regarding the vortex wake have been considered, and a conclusion drawn 
on the basis of a flat vortex sheet in the plane of the tail was compared 
with the results of the present analysis. The choice of such assumptions 
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must in the last analysis be made on the basis of experiment, and for the 
cases treated in the present paper the assumption of the fully rolled-up 
vortex sheets seems justified, provided that the tail length is not 
extremely short . 

Ames Aeronautical Laboratory 
National Advisory Committ ee for Aeronautics 

Moffett Field, Calif . , May 2l, 1956 
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APPENDIX 

EVALUATION OF THE IMAGJNARY PART OF A COMPLEX SQUARE ROOT 

A complex square root of the type JS2 + c2 where S = y + iz 
and c is real has branch points S ~ ±ic and can be written in its 
factored form z 

53 

~=y+iz 

Now each factor can be written in 
polar coordinates referred to one of 
the branch points. Thus (see 
sketch (n)) let 

where ~ and ware both limited to a 
range of, say, -(n/2) to +(3n/2) (to 
give the proper sign changes through 
the line segment shown). This 
enables one to write 

-c 

Cr--~-'-

Sketch (n) 

N + c2 =,/ P ,P2 l~vt ,/p,P2[ cos (q>; v) + 1 SinC q> ; v)] 

so that the imaginary part is 

where 

P l. ~ I J y2 + (z - c) 21 

P2 ~ IJy2 + (z+ c)2/ 

~ = tan- l. (z ; c) 
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The sign of the imaginary part of the square root is therefore determined 
by the quadrant s of ~ a nd ~ which depend on the position of the point ~ 
relative to the branch points ~ = ±ic and also on the range of ~ and ~ 
specified above. 
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and pitching moment with angle of attackj plane triangular wing 
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Figure 4.- Effect of tail length on the variations of lift and pitching 
moment with angle of attack; plane triangular wing and tail of aspect 
ratio 2, S l/S 0 = 1, it = b/so = O. 
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Figure 9 .- Effect of vertical- tail size on the variation of yawing moment 
due to sideslip with angle of attack; plane triangular wing with tri ­
angular horizontal and vertical tail} s ~/so = l} d/so = 6} 
ht/so = it = O} Aw = At = 2 . 
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Figure 11.- Effect of tail- span- to- wing-span ratio on the variation of 
lift with angle of attackj cruciform interdigitated wing- tail 
combination at 450 bank , d/s o = 6, ht/so = it = 0, Aw = At = 2. 
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Figure 12 .- Effect of tail length on the variation of lift with angle 
of att ack; cruciform interdigitated wing- tail combination a t 450 

bank, Sl/SO = 1, ht/so = it = 0 , Aw = At = 2 . 
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Figure 13 .- Effect of tail length on the variation of pitching moment with angle of attack; 
cruciform interdigitat ed wing- tail combination at 45° bank, s~/so = 1, ht/so = it = 0, 
Aw = At = 2 . 
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Figure 14.- Effect of tail-span-to-wing-span ratio on the variation of pitching moment with tail 
l ength parameter ad/so; cruciform interdigitated wing-tail combination at 450 bank , 
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Figure 15 .- Effects of horizontal tail height and ratio of tail span to 
wing span on the variations of the lift derivatives with angle of 
attack; plane triangular wing and tail of aspect ratio 2, dls o = 6, 
it = bls = o. 
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Figure 16 .- Photographs of the wing wake in the presence of the tail ; 
ident ical t riangular wing and tail of aspect ratio 2, d/s o = 6, 
ht/so = 0.96 , it = o. 
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Figure 16 .- Continued . 
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