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WINGS SWEPT BEHIND THE MACH LINES

By Sidney M. Haimon and Margaret D. Swanson
SUMMARY

On the basis of a recently developed theory for finite swept~
back wilngs at supersonic speeds, calculations of the supersonic
wave drag at zero lift were made for a eeries of wings having thin
symmetrical biconvex sections with untapered plan forms and various
angles of sweepback and aspect ratios. The results are presented
in a unified form so that a single chart permits the direct deter-
mination of.the wave drag for this family of airfoils for an exten-
sive range of aspect ratio and sweepback angle for stream Mach
numbers up to a value corresponding to that at which the Mach line
colncides with the wing leading edgs.

The calculations showed that in general the wave-drag coeffi- P

cient decreased with increasing sweepback. At Mach numbers for

which the Mach lines are appreciably ahead of the wing leading :/E/’

edge, the wave-drag coefficient decreased to an important extent
with increases in aspect ratio or slenderness ratio. At Mach
numbers for which the Mach lines approach the wing leading edge
(Mach numbers approaching a value equal to the secant of the angle
of sweepback), the wave-drag coefficient decreased with reductions
in aspect ratio or slenderness ratio. In order %o check the results
obtained by the theory, a comparison wes made with the results of
tests at the Langley Memorial Aeronautical Laboratory of swept-
back ving attached to a freely falling body. The variation of

the drag with Mach number and aspect ratio as zlven by the theory
appeared to be in reasonable agreement with experiments for the
range of Mach number tested.

INTRODUCTION

Recent developments in airfoil theory for supersonic speeds
(references 1 and 2) indicite pronoun%Fd effects of sweepback and
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agpect ratio on the drag. In reference 1, a theory was developed
for calculating the pressure distribution at supersonic gpeeds and
zero 1ift for swept-back wings of arbitrary linear taper and aspect
ratio having thin symmetrical airfoil gections of sharp leading
edges.

In the present paper, the method of reference 1 is applied to
calculate the supersonic wave drag for a series of wings having
thin symmetrical biconvex sections at zero lift with wuntapered
prlan forms and various angles of sweepback and aspect ratios. The
term "biconvex profile” &s used herein refers to an airfoil ssction
composed of two parabolic arcs. In each case, the wing is con-
eidered to be cut off in a direction parallel to the direction of
flight. In the calculations the Mach number is varied from 1.0
to a value corresponding to that at which the Mach line coincides
with the vwing leading edge. The resulits of the calculations are
Presented in a vnified form which permits the direct determination
from a single chart of the wave drag for this family of wings for
an extensive range of sweepback angle .and aspect ratio for Mach
numbers from 1.0 to the value corresponding to that at vhich the
Mach line coincides with the wing leading edge, or equal to the
sccant of the angle of sweepback. . Although the calculations have
- been made for the biconvex profile, the data may be applied to

indicate corresponding results for profiles avproximately similsr
to the biconvex. g :

In order to illustrate the possibdle applicebility of the
theorg to a typical swept-back wing, the calculated drag of a wing
of 45 gveepback at zero 1lift is compared with tho resvlts of
tests made at supersonic speeds at the Langley Memorial Aeronautical
Laboratory on swept-back wings attached to a freely falling body.

SYMBOLS
X, ¥, z' ‘coordinates of mutually perpendicular system of axis
in wing : ‘
dz/dx‘ slope of airfoil surféca
c - chord of airfoil section, measured in flight dircction
t/c thickness rétio of section, meastred in flight difection
A angle of sweecp, degrecs

m = COtA
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h ving semispan measured along y-axis, semichords except
in appendix A

K parameter indicating spanwise position equal to y/m,
semichords

A agpect ratio

Z/t slonderness ratio, ratio of wing semispan meagured along

leading edge to maximum thickness of center section
P disturbance pressure

p/q pressure coefficient, ratio of disturbance pressure to
dynamic pressure in free stream

v velocity in flight direction
u x-component of disturbance velocity, positive in flight
direction
u u caused by source line with reversal in sign of m
W z-component of disturbance veloclty
¢ disturbance-velocity poténtial
I source factor required to maintain a_giveh vedge angle
M Mach number
=i -1
o cooriinate mﬁasured along y-axis which is shifted to tip
E péetion, dawichopds
Iy, coordinate measuréd along y-axis which is shifted to
opposite tip section, semichords
d wave drag at section
cd°° wave-drag coefficienﬁ at gection without tip effect
Cq wave-dragvcoefficienﬁ at section including tip effect
Acd increment in section wave-drag coefficient caused by wing

tips ] g

(W]
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Acg increment in section wvave-drag coefficient caussd dby wing
tip located on same half of wing as section

Acd increment in wave-drag coefficlient at section on one wing -
II panel caused by tip of opposite wing panel
Cp vave-drag coefficient for wing without tip effect
o
CD wave-drag coefficient for wing including tip effect
ACD increment in wave-drag coefficient caused by tips, com-

plete wing

QCDI increment in wave-drag coefficient on one wing pahel caused
by adjacent wing tip, complebe wing

ACDII increment in wave-drag coeificient on one wing panel
caused by tip of opposite wing panel, complete wing
CDT drag coefficient obtained as sum of cosfificients for wave
drag and friction drag

&, n auxiliary variables which replace x anéd y, respsc-
tively, used to indicate origin of source line

Primed velues of A, ¥, ¥, ¥y, B, m, dz/dx, eand =z indi-

a:
cate transtormation involving multiplication by factor B
Subscripis:
1, 2 wings related according to transformetlon vhich mzkes yB

and mP equal respectively for twe wings.

Subscript notations for w and U indicate the origin of source
line in terms of coordinates x eand y, respectively

ANALYSIS

Basic data.- The present analysis is based on thin-airfoil
theory for small pressure disturbances and a congtant velocity of
gound throughout the fluid. The axes used are the mitually per-
pendicular x, ¥, z system in vhich the x-axis is taken in tho

[

direction of flight positive to the rear, the y-axis is along the
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span positive to the right, and the z-axis is positive upwards.
Figure 1 shows the symbols used to designate the wing-plan-form
parameters. The present analysis is made for untapered wings of
biconvex profile at zero 1lift and is limited to & Mach number

range from 1.0 to the value corresponding to that at which the Mach
line coincides with the wing leading edge, that is, to a value
equal to the secant of the angle of sweepback.

Theory.- If p is the disturbance pressurs computed for one
surface of the airfoil section, the wave drag for the section is

and the section wave-drag coefficient

ol
i
g8

Cdz

0

where dz/dx is the slope of the surface of the airfoil at the
point x. For the symmetrical biconvex profiles (composed of
parabolic arcs) :

vhere the thickness ratio t/c may be considered the sole shape
parameter. From thin-zirfoil theory,

— o e e~ 2D
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where u is the disturbance-velocity component in the x-direction,
taken positive in the flight direction. Tor a given swept-back

wing wvith A = cot-lm, the drag coefficient in equation (2) at
the spanwise station y may now be written as

J
‘ 168 B - ‘
[¢] C
caly) = u(é- - x+-§§> ax | (3)
¢ Jy/m

The desired integrand u in equation (3) may be determined
by the procedure given in reference l. On the basis of the
linearized theory, reference 1 derives a solution representing an
obligue (swept-back) source line making the angle of sweepback A
with the y-axis. This solution utilized for the pressure field
or for the disturbance velocity is the real part of

Yo = I cosh - mQ.X ()

B,ly mx |

vhere the subscript notation indicates that the source line starﬁs
at the origin of coordinates  (x =10, ¥ = 0). Eaquation (k)
shown in reference 1 to satisfy the ooundarj co:.“twon for a thln

oblique wedge making the half-angle {-\ in the transformed

\.AJ

coordinate system of reference 1 (y'=yB, z'= zB) where

FPaN 1 ._‘_“:'“2:

4z } LA ﬁi—-—£L~I. In order to obtain an oquel wedge angle
dax ; v v m' '

in the physical coordinate system, the following relations between
the transformed coordinates of referemco 1 and the physical coor-

dinates are used
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vhere w' and w refer, respectively, to the vertical velocities
in the transformed and physical coordinate systems. Thus

o OF 22! _
w 327 > = w'B

The half-angle of the wedge 1s then determined as

Y-
ft \JL = m"
TNL - mBT
v m

ki
\B

gl&

or the required source factor in order to maintain the desired
wedge angle is

e %?- (5)
Vl - m."B2 *

I-=

A i

By superposition of sclutions of the wedge type, swept-back
wings of desired profile shape and plan form can be built up
(reference 1). In order to satisfy the boundary conditions over
the surface of a biconvex wing, semi~-infinite source lines of
equal strength are placed along the leading and trailing edges
beginning at the center section, in conjunction with a constant
~ distribution of sink lines along the chord. At the tip, vhere the
wing is cut off, reversed gemi-infinite source and sink lines are
distributed so as to cancel exactly the effect of those originating
at the center section in the entire region of space outboard of the
tip. In the present analysis, the tip is assumed to be cut off in
the direction of flight. The term "tip effect” refers to the
effect of this wing cut-off. The form of the infesrand u for
equation (3) is given in appendix A.

In calculating the wave drag over the wing, the disturbances
due to the elementary sourcesg and sinks are evidently limited to
the regions enclosged by their Mach cones. Figure 2 shows the
typical Mach lines originating from the source lines at the leading
and trailing edges of the center and tip sscticns over a wing of

_é}



8 N NACA RM No. L6K29

45° gweepback. TFigure 2(a) shows the Mach lines for the infinitely
long wing, and figure 2(b) inclvdes the Mach lines starting from
the tip section. In each case the disturbance over the wing ¢aused
by the leading- and trailing-edge source lines is limited to the
region of the wing behind the corresponding Mach line. The regions
affected by each of the Mach lines are indicated in figure 2(v) as
regions I to IV. Region I represents the part of the wing affected
by the sink line starting from the leading edge of the ad jacent
tip; region II represents the wing area affected by the sink line
gtarting from the opposite tip. Region IIT is influenced by the
source line starting at the leading edge of the center gection and
includes the entire wing; region IV is influenced by the source
line starting at the trailing edge of the center section.

The resultant velocity 1 &t a point on the wing is made of
the component velocitiss cauged by each of these source and sink
lines vhere the influcnce of cach component is restricted to the
region behind its Mach line. The drag coefficient Cde, is there-

fore obtaincd by cvaluating in equation (3) the integrand vy
i . )
over the entire scction (rogion III), the integrand Us 0 over

part of the section included in region IV, and the integrands for
the u-componénts caused by the sink distributions along the pro-
file (fig.. 2(b) and appendix A, equation (A2)). The drag coeffi-
cients Ach and AchI are obtained similarly by integrating

along the section in the regions T and II, respectively, in addi-
tion to the integrations for the u-components causcd by the source
distributions along the profile (appendix A). Tho limits of inte-
¢rations for x along the chord and for y elong the span, which
represent the boundaries for the regions of influcnce for tho
individual u-functions required for a biconvex profile, arc glven
in thoe table in appendix A.

Pormulas for scction weve-drag coefficients.- The formulas
for the section drag cocfficients obtained by intcgration of the
u-functions and by use of equation (3) are presented in ‘appendix B.
These formulas give expressions for the drag coefficient vithout
the tip effcct cq,, and also tho expressions for the increments

in cg causcd by the tip effec Acdf

Wave-drag coofficients for compleote Wing.— In the present
investigation the section drag coefficients cxpressed by the
cquations in appendix B wore intecgrated graphically to obtain the
results for tho wing-drag coofficients. Subsequently, however,

% Y
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analytical expressions for the integrations were obtained. These
formulas for the wing-drag coefficients are presented in appendix B.

Drag coefficient of swept-back wing at Mach number of 1.0.-
The solution of the equations for Cq given in appendix B shows

that, for a symmetrical untapered finite swept-back wing at Mach
number of 1.0 and zero 1lift, positive and negative infinite values
for cy are obtained at various sections of the wing. The inte-

gration over the wing of the limiting values for these infinite
terms, however, gives zoro. Although some sections of the wing
have infinitely positive or negative drag, the total drag coeffi-
cient over the wing results in a finite value. The prediction of |
infinite values of drag at certain sections of the wing clearly
violates at these sections the sssumption of small disturbances
from which the linearized theory is derived. The calculated values
for the total drag coefficient at Mach number 1.0 are therefore
guestionable. The formulas for the total drag at Mach number 1.0
are presented in appendix B.

Conversion of drag solution to series of related wings.- An
examination of equations (Bl), (B3), and (B5) indicates that the
drag solution obtained for onc value of m and M may be applied
directly to obtain the drag for a whole seriecs of wings in vhich
cach wing is at a cortain appropriate Mach number. (Equation (B1)
is formed by adding expression (Blb) to the right-hand side of
equation (Bla).) TFor example, oquation (Bl) may be expressed in

_the following form: '

. / \
ca (9 = 2 (1) 2 r (L, m) (6)

c

vhere F (%%; mé\ refers to the variable terms and vwhere mp = m',

/

and % = K. If the subscript 1 refers to a wing at Mach number
corresponding to Py and the subscript 2 to any other wing at the
Mach number corresponding to Bz, then the drag coefficients for
the two wings may be obtained from equation (6) as follows:

8 /t\ 2 MPy _/V1P1 \
& ”&(E) P m, (72)
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(E) 2 meBo P Yeﬂe’ n.p, (15)

o o Bz \ B2

Equation (7) shows that if B, = yBp and mB, = mB,

Cd = C et C

a - 7= = O . | (8
“1 o (4/c) ¢ By P2 (t/e)," cot As .
“/ 2 2 o

where - Cq and Cim refer to the spanwise positlons ¥y and
L 2

Py -

—B~~, respectively. In a similer manner, it can be shown that if

o .
two wings are related according to lel = y262 and mlBl = mQBE?
the section drag coefficients obtained for wings 1 and 2 from equa-
tions (B3) and (B%) are in the same ratic as that expressed in '
equation (8). FEquation (8), therefore, may be generalized to apply
to the total drag coefficlent at the section or,

(t/c) 2 cot A
Cdl = Can / = L (9)

T (8/c)F ot Ay

vhere cq, end cg, vrefer to the spanwise positions ¥y and
7181
~£AE, respectively.

o}
e

The wing-drag coefficients for wings 1 and 2 are given, -
respectively, by '

(10)
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Vho

1
- L 11
by = hp | Cap W (11)
Jo

By substituting for the integrand g, in equation (10) the rela-
| dyoBp
1

tionship expressed in equation (9) and by substituting

for dy,, equation (10) may be written as:

= p -
; ‘ hg(t/c)g* cot. Ag v0

‘ S h ]
(t/c)lz.COt Ay 2
= cq, o

or

(t/C)lQ cot 4, | (1“)

Cp, = Cp
o
TR (w/e),? ot g

Equation (12) permits a rapid determination of the drag coeffi-
cient for wings of arbitrary sweepback, aspect ratio, end thiclkness
ratio (within limitations of airfoil theory) from data obtained for
one swept-back wing for the appropriate rangs of aspect ratio and
Mach number. For this purpese, use of a wing of 45° gweepback as
the reference wing is most convenient. IFf the subzcript 2 is used
to refer to the parameters for the wing of L45° sweepback and the

subscript 1 is dropped, equation (12) becomes

Cpo (t/c)@ cot A

(13)
(t/c)g2

Cp

where Cp and Cp,. refer to wings whose aspect ratios and Mach
<

numbers are related by the following equations:
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Ao

A tan A (14)

Bo=Bcot A . (15)

The foregoing analysis shows that the results obtained for a
wing of 45° sweepback and a given aspect ratio A, can be trans-
formed by means of equation (13) to all wings for wvhich the aspect-
ratio parameter A tgn”A,= A> and the Mach number parameter

B cot A = PBp

The grouping of the parcmeters as indicated in the foregoing
analysis permits the use of a single gencralized chart for pre-
senting the drag results. This chart is discussed in the section
entitled '"Results and Discussion.'

Prandtl-Glauvert rule modified for supersonic flows.- In con-
sidering the linearized problem of suporaonic flow past a wing, it
is often convenient to refer the superconic results for a given
wing to a transformed wing at a refcrence Mach number of MZ = 2,

If this transformation is uwsced a rule rescmbling the Prandtl-Glauert
rule (reference 3) for the subsonic cage, vhers M =0 1is

the refcrence Mach number, may be. obtained. This rulec may be stated
as follows: '

he streamline field of the superszonic Tlow for a glven body
at a stream Mach number M may be czlculated Dy multiplying the
given y- and z-dimensions, including these for the Mach lines, by

the factor \(M= - 1. and then by calculating the flow about the

resulting transformed body at the Mach nuuber V2. The prossure P
and velocity increments u for the given body at the Mach number M.
can thon be obbained by mvltiplying the calculated pressure p and
velocity increments u at corresponding points of the trangformed

body bj the factor

——y

ME - 1

It is intercsting to note that the dorivation of formulas (13)
o (15) as given in this paper corrcaponds to utilizing the solution
for a transformed wing for the vhole family of wings relatod to
this transformation and then Qpplylng the aforcmentioned modificd
Prandtl~Glaucrt rulc.
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RESULTS AND DISCUSSION

[}

Variation of section drag coefficient along gpan.- Figure 2,
which was introduced previously to illustratée the system of Mach
lines, also shows the variation of section drag coefficient C3

along the span. The data are presented for a wing of 45° gweepback
and thickness ratio of 0.10. Figure 2(a) gives the results for a
wing of infinite aspect ratio and figure 2(b) gives the results for
& ving of finite gpan.

- In figure 2(a), the data are shown for Mach mmbers of 1.100,
1.3k3, and 1.41k. The lowest Mach number 1,100 represents a case
in which the wing leading edge diverges rapidly from the Mach line
(upper part of fig. 2(a)). In this case, the section drag coeffi=-
cient ca hag a maximum value of 0.0542 at the center gection,
then drops sharply to zero at a distance of 1.13 chords from the
center line. Beyond this point, the ving showsg a negative drag,
which approaches asymptotically the subsonic value of zero at an
infinite distance from the wing center.  This type of wave-drag
distribution is similar to that indicated in figure 11 of refer-
ence 1 for a wing of G0° sweepback at a Mach number of 1.k,

For the higher Mach number 1.343, the spanwise variation of cq

is markedly flatter. Unlike the Preceding caso, the drag coeffi-
clent does not have its maximum value at the center section but,
at first, increases in the outboard direction, then rcaches a peak
“and” falls—to—zero-at-a -distance-from tho_center of 6.6 chords
(not shown in fig. 2(a)). : : '

At the highest Mach number 1.41%, the Mach line bocomes coin-
cldent with the wing lcading edgé. In this casc, the wing gives
a very high drag and the scction drag coofficiont increcases in the
outboard direction, approaching infinity at an infinite distance
from the wing center.

‘Flgure 2(b) illustratés the condition at which the aspect ratio

e

is less than l/ﬂM? - 1. The calculated casc shown is for an aspect
ratio of 1.86 and Mach numbor of 1.10. In this case, the two wing
tips cause increments in section drag cocificicnt on each half of
the wing,namely, Ach and AchI. The tip effect Ach at a

given distance from the tip is independent of the aspect ratio. The
tip effect AchI, however, is a function of the aspect ratio.
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Effect of wing tip on wing-drag coeflicient.- Figure 3 shows
the typical variation with aspect ratio of the increment in Cp
due to the tip ACp. The data are shown for a wing of 45° sweep-

back and a thlckness ratio of 0.10 for Mach numbers of 1. 100, 1. 343,
and 1.414. The present analysis for the untapered wings 1nd¢cated
that if the aspect ratio is equal to or greater than cm/(mB + 1),
the integrated value of éch over the wing 1s zero. On this basis,

if the asnect ratio of the wing is greater than l/JME -1, +the
total increment in drag contributed by tin is zcro. As *he agpect

ratio is reduced, the tip effect ACDII which occurs when the

aspect rotio is smaller than l,Jﬂ? - 1, however *oads to an
increase in Cp. The tip effect Al tnen LO"CMGu a D@ak value at

a certain'aspect'ratlo, but as this aspect ratio iz further decreased,
ACp drops sharply. In this case, at agpect ratios of approxi-
mately 0.5, ACp becomes zero and asswmes large nogative valuas.
with further reductions in aspect ratic. For. applications to very
small aspect ratios, howsver, the theory may require modifications.
The data in figure 3 show that as the Mach numbor is increased, the
aspect ratio corresponding to zero value of LCp  becomes smaller.

The tip cffects shown in figure 3 for the wing of U5° sweep-
back arc similar for othetr wings of different swoepbeck at appro-
priate aspect ratios. The conversion formulas indicated in the
section entitled "Analysis" indicate that the aspect-ratio offects
for wings of differsnt sweepback correspond qualitatively for cqual
valucs of the aspect-ratio paremeter A tan A. The Mach numbors
for each of the wings differ, however. An aspeect retio of 0.8.
(fig. 3) for the wing of 45° sweepback at a Mach number of 1.10
for example corresponds to an aspect ratlo of 0.8 cot A at a Mach

number equal to. Jl + ;51.10)5'; lj tan® A for an3>ofher‘wing of
sweepback angle A . S o

Variation of wing-drag coefficient with Mach number, qveepbach
and slenderness ratio.- Figure 4 shows the veriation of Cp with M'

for different sweepback angles with constant slenderness ratios.
The slenderness ratio represents the ratio of the wing semispan
mezsured along the leading edge to the maximm thickness of the .
center-section. The data are presented for swecepback angles of 300°,
k59, 52.5°, and 60° with slenderndss ratios of 25 and 50. The
wvings in figure 4 for thoe different slenderness ratios and sveop-
back angles are assumed to have the same wing arca and the same.
profile ncrmal to the ving leading edge. The slonderness ratios
arc based on a thickness retio of 0.10 measured in a direction
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3

normal to the wing leading edge. The thickness ratio. t/c measured
in' the flight direction, therefore, varies with sweepback as cos A
_ or is'equal t0-0.1 cog A.- The aspect ratio is reduced with sweep-
"' back by ‘the factor . co's'eA; The aspect ratio is related to the.

_ slonderness ratio by the formula: X

'THo' plan forms £6r the' different wings are shown in figure k. -
. TheI‘eSUl’GS in flgure ¥ show ﬁhaf, in géneral;, “the drag -coef~

" ficlent decréases with increasing sweepback. . At Mach numbers for
vhich thé Msch linesare appreciably ahead of the wing leading. edge,
Increasing the slenderness ratio or aspect ratio gives important
reductions in calculated wave-drag coefficient. ' At Mach numbers for
“which the'Mach lines approach the wing leeding edge (M ——s soc A),
however, short wide wings give appreciable reductions in wave-drag
coefficient. The figure also indicatecs that the highest wave-drag
coefficients for the normal range of aspect ratio occur at a Mach
number equal to sec A.

Effoct of agpect ratio on’ ﬁné-drag cocfficient.- Figure 5
indicates the cffect of aspect ratio on the wave-drag coefficient
for the wing, The data in figure 5 show the wave-drag-coefficient

tan A

Parameter plotted.: against the aspect-ratio parameter

e 100 (%/c)? '

A tan A These results are shown for various valtes of the Mach

number paramecter \,‘M§ -1 cot.A, which correspoend to a range of
Mach number from 1.0 to the secant of the angle of sweepback,
or 1< MX sec A. L A

Figure 5 shows that for a given value of the Mach number
parameter, the maximum wave~-drag coefficlent occurs at a definite

aspect ratio. For example, if A = 45° ang \,'M2 -1 cot A = 0.310
(thet is, M = 1.05) the maximm velus of Cp occurs at an aspect
ratio of 0.85., 1If tho aspect ratio 1s decreascd to valueg smaller
than 0.85, Cp drops very sharply. Similarly, as the aspect ratio

1s Increased from 0,085, Cp also decreases. _Thus, in general for

the Mach number paramé’qer corresponding to: \JM2 '.-—:»‘l-cot A= 0.310
the maximum value of Cp occurs at an aspect ratio equal to

0.85 cot A

Application of curves of figure 5 to wings of arbitrary sweep-
back and aspect ratio.- The scale labels and curves of figure 5

‘u
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apply to the series of wings that may be derived from a dbasic
10-percent-thick, 450 gyept-back wing. The labels express the
transformation equations (13) to (15). If A is set equal to 45°
and t/c is set equal to 0.10 in these labels to correspond to
the basic wing, the ordinates become simply Cp, the abscissa A

(a2spect ratio), and the curve parameter \!M2 - 1. The results in
figure 5 may be applied to all swept-back wings covering a range

of aspect ratio from O to 10 cot A corresponding to a range of
Mach number from 1.0 to sec A: The data apply specifically to
untapered wings with biconvex profiles at zero lift with the wing
tips cut off in the direction of flight. The resulis, however, may
be applied to indicate approximate results for profiles similar to
the biconvex. o :

. The following example is given in order %o illvstrate the use
of figure 5. TFor a glven wing ' _

A = T0°

A=3

X . 0.08
‘.c . -

M = 2.20

In order to find CD:

A tan A = 8.24

M2 - 1 cot A = 0.715
From figure 5, for _A_t;an A= -8.‘;2'43 and, \/Mg' = 1 ¢cot A= 0.715
Cp tan A -
100 (t/c)?
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therefore

Cp = 0.00286

Comparison of theory with experimental results.- Figure 6
shows a comparigon of the theoretical results for wave-drag coeffi-
cient with data obtained from unpublished tests made at the Langley
Laboratory for swept-back wings attached to & freely falling body.
The comparison is shown for a wing of 45° sweepback for two aspect
ratios at zero lift. The aspect ratios for the experimental wings
based on over-all span were 3.6 and 5.. Because of the small
thickness of the wing section relative to the thickness of the
fuselage (0.72 in. to 10.75 in.), the caldulations assumed.that
the fuselage acted as a perfect reflection plane. On this basig,
the aspect ratios of 3.6 and 5.4 corresponded %o aspect ratios
of 2.65 and 4.42. The experimental wing had an NACA 65-009 profile
taken in the direction normal to the wing leading edge or a thick-
ness ratio of 0.0636 in the flight direction; whereas, the .cal-
culated results are based on a biconvex having the same maximum
thiclmess ratio as the experimental profile. The calculated drag
coefficient‘ Cp was obtained by adding the skin-friction drag
coefficient of 0.0027 to the calculated wave-drag coefficient. This
value of 0.0027 for the skin-friction drag coecfficient was obtained
e the minimum drag coefficient from the unpublished experimental
*“““‘-*results—andAthisfvalue;appears_someyha§¥lgyl‘_ggg comparison is

shown for a range of Mach number from 1.0 to 1.25, The plan fori
of the wings are shown in figure 6.

The comparison in figure 6 indicates that the calculated
values of the wave-drag coefficients are of the order of magnitude
of the experimental results. The agreement appears to be closer
for the wing of higher aspect ratio than for the ving of smaller aspect
ratio. It should be noted that in addition to the approximations
inherent in the linearized theory, the calculations do not take '
accovnt of factors such as fuselage interference, boundary-layer
effects, and the exact profile.

CONCLUDING REMARKS

A theoretical investigation has been made of the supersonic
vave drag of untapered swept-back wings at zero 1lift. The wing
section was biconvex and the wing tip was considered to be cut off

e P
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in the direction of flight. The investigation was limited to a
range of stream Mach number from 1.0 tc a value correspondiag to
that at which the Mach line coincided with the wing leading cdge.
Fer this range of Mach number, the following conclusions have been
drawn: ‘

1. In general, the calculated wave-drag coefficient decreased
vith increasing sweepback. ,

2. At Mach numbers for which the Mach lines are appreciably
ahead of the wing leading edge, increasing the slenderness ratio.
or aspect ratio gave important reduction in the calculated wave-
draz coefficient. '

3. At Mach numbers for which the Mach lines approach the wing
leading edge (Mach numbers approaching a value equal to the secant
of the angle of sweepback), decrcasing the slenderness.ratio or
aspect ratio reduced ths calculated wave~drag coefTicient.

. The highest calculated wave-drag coefficients for the
normal range of aspect ratio occurred at a Mach mumber equal to
the secant of the angle of sweepback. '

5. The maximum wave-drag cbofficieht occurred at a definite
aspect ratio vhich is determined by the Mach nuiber and angle of
sweepback.

6. For aspect ratios greater than lfdkp l, where M is
the Mach number, the incremont in wave- drgo COuffI cient f'or the
wing contrlouted by the tip was zero.

7. The variztion of the drag with Mach number obtained for
one sweepback angle for appropriate aspect ratios may be presented
in a unified form so that the drag for the complete range of sweep=
back anglc, aspoct ratio, and Mach number may be directly determined
from a single chart.

8. A comparison of the theory for a Mach aumber range from 1.0
to 1.25 with resulbs obtained from tests of swept-back winga attached
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to a freely falling body indicated that the calcuvlated values were
of the order of magnitude of the experimental results.

Langley Memorial Aeronauvtical Laboratory

National Advisory Committee for Aeronautics
Langley Field, Va.
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APPERDIX A

FORMULAS FOR THE INTEGRAND u IN EQUATION (3) FOR FINITE
UNTAPERED SWEPT-BACK WINGS OF BICONVEX FROFILE

AT ZERO LIFT l-m = cob A f__ %]

In order to satisfy the boundary condition for a finite swept-
back wing of biconvex profile, the integrand u in equation (3).

- may be expressed in texrms of components caused by elementary source

lines &s Follows:

U=T,0* Y0 T Y,0 t Y0

(X L ) .
\p'0,0 " p%,0 * $%,0 5%,0}

- _
) . (1 ECURAY
!uh/m:h ¥ uh/m: -h (\'Duh/m)h N Duh/m) -h/}J (A1)
where the subscript notation indicates the origin of the source
line. The bars over u refer to the source lines caused by the
opposite wing panel; that 1s, U indicates a source line with a

. reversal in the sign of m.

In equation (Al), the u-functions are given by the real parts
of the following expressiona:

z - mpi(y - 1)

. g x-
u (x, y) = I cogh
&7 Bly = n - m(x - &)
a2
- wi X =& + nf(y -
u o (x, y)«Icoshl S ( )

-
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vhere &, n represents the origin of the elementary source lines.
For the biconvex profile,

dz +

o .4

dx ¢
and from equation (5), the factor

—_—n_
\]l - meB

-~

i

n
o lcer
al<d

no

The symbol % in equation (Al) refers to an integration opera-

tion vhich represents the influence of the wniform distribution of
sink lines along the chord of the biconvex profile. This symbol

is defined by the following expressions:

J'so 2
-1 X =& - m(y - )
%uw 7](x, y) = & oent 5 I.d
<) hid - - v
= Ux-By ag Bf)’ n m(x EL:)!
aT i\ - mgB'E -1 X-¢
=(y - 1) ET-{—-__-—_—— cosh :
o Bly = n]
x - g - B
I~ - &y | -1 (v - oy F
- 1-]1-;!1 - P-l-(—x-——é—)-’z cosh 1 T(J n) = > (A2)
S A l_m(x-s)IJ.
’ y-n |
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where, for & biconvex profile

ar v m dgz
dx n

:
¢ ! Vl - m?Pg
Equation (AZ) may be expressed as a function of i4:$é, that is
¥y - n
}'U. ('{ y,).—_-(y-A)f .:_c__:..g.‘\
D gn YO\ T
Then
— X"@‘l

<ty

(%, ¥) ==(y - )£

BN N }

&

The limits of integrations with Yegard to x for the section
drag coefficiente and with régard to y for the total wing-drag
coefficients are discusged. The n-Components czwsed by each of the
elementary source linos &re mero at all polnts outside of the
respective Mach cones. The functions for the t-integrand in equa-
tion (3) are therofore evaluated along the section for values of x
beginning at the forward boundary of the Macih cone. Thig integra-
tion givea the section~drag-coefficient comporents. Similarly, in
order to obtain the wing-drag coefficient, the section érag coeffi-
cient components obtajined from the regpoctive u-functions are
evaluated along tho wing span for values of y conteined within
the Mach cono. The following table refers to one side of the wing
(x ang ¥ positive) and showe the limitg of integration for x
and y for the required u-functions:

R -



NACA RM No. LEK29 U 23
Limits of integration
u-components x J
Lower Upper Lover Upper
limit limit limit limit
Y,0 Y0,0
v/m DA 0 h
1 R .m
70,0 p¥,0-
Ue,0 _ Ye,0 S .
: +c L+c 0 h
D C’O Buc)o
ho- e
, mg o+ 1
v, ,
h/m,h
h
—(mp + 1) - yB %_+ c (ii’ Ly 2B\ h
S e Y mg + 1)/
ih)
h/m,h / R
D /: 0 (if A< Zm )
“nmf + 1,
n(mp + 1) - me
1-m
% o . \
h/m. -
? ;Yﬁ + —(mB + l) 'X 4+ C /.lf A > -~ 2m \ h
N o | \ mg + 1)
D h/m, -h A
’ o [ir & < 2m
\\ “mp o+ 1/
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APPENDIX B

FORMULAS FOR WAVE-DRAG COEFFICIENTS FOR FINTTE UNTAPERED
SWEPT~BACK WINGS OF SY“MMETRICAL BICOI\'VLA PROFILE

AT ZERO LIFT ‘m~ cot A < gi

Section Drag Coefficients

In the following analysis the guantities y and K are
employed nondimensionally in terms of the semichord. The equations
for the drag coefficients in all cases refer to the real parts of
the indicated expressions. '

Section drag coefficients without tip effect.- The section drag
coefficient for the given wing at a spanwise position y and Mach .
number M without the tip effect was found to.be as follows:

The term

n " repregents a convenient integ;ration limit
-
vhich indicates the intersection of the Mach line xrom the center-
section trailing edge with the wing leading edge. For y = Km< “n
, S 1 - ng
Q 2 ' _ ‘;
a (y) = = (—Jr—'> u{ K3 (cosh 1k+r2_ 5 cosh ™+ -L"i
o Thc Y Km' my

1 [
+ ———————— ¢ 2 cosh

o -2
3L -m :

s 1,
LK -me) g2
=,

/

2} .
1K w2y e

< A
- 2(zx3 - 3% - 1) cosn
20'"(% + 1)

+ MK(CKE - 3,) cosh™L -J‘—-i—l}l'—,—- + K !d’(l - m'")
, Zm

!

. ’ 1
G- w?) i 22 - (Km')f?}J ‘> | (B1a)
4/ :
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~

For y = Km> =0 , ‘the following expression is added to equa-
tion (Bla).
. {
§(E) m<K> cosh T B2
nlc 1 Km'
1 K1 -m?) -2
- ”",“%“_””!; cosh™t &( — )
3-\;1 - e om

-1 K(l )

+ 2 :'2K3 - 3K + l) cosh
am'(X -~ 1)

+ iig\}'l(l - m'z} [(K - 2)2 - (Km’)z] | r (B1b)

vhere m' = mB.

For the special case n =

R AIR |

the Mach line coincides

i N
I YMT - 1
with the wing leading edge, and the expression for the drag coeffi-
cient obtained as a limiting case (m'--—1) for all values of y
becomes:

8 ;+3\2 | -1 ! 2o2ly 3yt W) (vt - _QiL
cqg (¥) == (E> m<'3/"3 cosh™t L% -~ y'(3r'+ )(J_ 1) I (22)
n\c 1 i
- A R A H

where

4

y'=yB

At the center section; vhere y or K =0, eaquation (Bla) becomes:

7

———
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. 1 s ,
At the center section, for y =0 and m = —?:, equation (B2)
z

becomes:

o]

’)2 t [

Ca = 2 (-—)m
m g \C

Increment in gection drag coefficient caus sed br wing tips.-
The increment in Cq caused by the tips depends on various factors,

cuch as the sweep angle, aspect ratlo, and Mach number. The following

types occur in an u:ntapm ed wingt

I. If the aspect ratio of the wing is equal to or greater

than l/\[M5 1 each tip affects solely w.ts: om half of the wing.
In this case the effect of the tip is l.L ited “o the region of the
ving outboard and rearward of the front Mach Lins originating from
this tip. (Ses fig. 2(b).) The re@on of %he wing affected is

m 1
between values of y from h ~ —2B__ o n.
' md + 1

The increment in section drag coefficient : M

-

.L
end spanwise posgition y caused by the tip W l”ou.a to be as

follows:

o "/ -
yh' I" ~ [
Aoy (y)=§ E) mJ g Ly 2 2 4+
I T \C llr)mle K a '
-1, Ty '+ Em’ / . ,](Sio’ § 2
- 12m') cosh em' =3y [l =42} -y !
'm'y " + JJ’Q-)V.\M’ + Ja
a :
2 -1 (l - m’z)ya‘ + 2n!
~ ~————— cogh (B3)
yl - m' o™ ’
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vhere the subscript a indicates that the x-axis is shifted to the
tip section, and y,' = Y8 and n' = m3. In the plan form of the

wing
Y=h+y,

In eguation (‘BE) values for y, may be taken from -~ mﬁcm T
to 0. When the Mach line is coincident with the leading edge'of the
airfoil; that is, m = —-_:—:_—J:_-_-_-_—:-g, the expression for Acy.. becomes:

Ve -1
: (12
R ra'(ya., - b’,) -1 Vs + 2
Ach(y) = - (—-} m - cogh = ——
AN 2 ) [ya l
-—-T-—a ...... M
\:I} a * 1 2 3\ I
- et | Y - D ¢ P )
3 (55a "ya + l{'“! (BL)
IT. If the aspect ratio of the wing is less then -—-_—_—_];_——-, the
| VR -1
tip on the opposite wing contributes an increment in c¢. 1in addi-

d
T 7 7 tilontothat—dlscussedunder—type—I+  The increment—in g atta —

section caused by the opposite tip was obtained in the following. form:

/ ) ._
_—._}— ' ' 1, l—‘ T T vhf'.’_/ V2
<—(T7p ' - 20m 2 )\,/;__Jb 2(n!-m |® - (', )

2 . y ' At 1 i
y.. ! ,; -~ 1. \ - v i = l»(h -m ‘
I ll'r+m'“) -3h'yb'+2h'2-m‘d] cosh vl- - if,
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where the subscript b indicates that the x-axis is shifted to the
opposite tip section, and vhere yb’ = 7,8, m' =nB, and h' = hp.

In the plax form of the wing
Y=y - h.

The limits for y, to be used in equation (B5) depend on the
2m

value of aspect ratic A relative to the parameter’ +  Thus
md + 1
(a) If the aspect ratio of the wing is greater than
T omB o+ l
the front Mach line from the opposite tip int tersects the trailing
edge at a value of v, = 2(h = m) o it values for y, in
P71 - g b
A . 2(h - m) . ) .
“equation (BS5) may be taken from ——-"1 %5 2h at the tip.
L l = mB
(see fig. 2(Db).)
(b) If the aspoct ratio A is equal to. or less than m y
omp o+ 1

the front Mach line from the oppesite tip intersects the center
section and values for ¥y in equation (B,) wshy be taken from h

to 2h. In this case, the increment in Acy discussed under
type I is obtained at spanwise positions of ¥q from -h to O.

When m = “equation (B5) becomes:

——" |

M -1

AC —§(E)2m<| r}_(’? l_th!_,\_,f ’-2(h'-12 |2
Arr "\, be 12\ ‘) b : )

-

275" - 67, %0 4 33, ()h'--l) o, RN h"

\f,)rb'+l-h' [
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'The total increment in drag cosfficient at a section caused by
the tips is given by

Bog = Oog + Acg_

and the total drag coefficient at the section is

\

Cd = Cdm+ ACd

Wing-Drag Coefficients

Wing-drag coefficient without tip effects.- If the aspect ratio

is equal to or less 'than" -—-EI-I}-— s the vting~drag coefficient without

1~ m

the tip effect is

' 8 l 12 1t ', omt
Cp =—(3;-)m’A (SA'coshlA T
@ w\C ]l‘am'?’ ! A'm!
- GA' cosh™t A - \/A.'Q(l -m' ) + m'(A' + m")
m' - '
" I S 2
. o Aty Lo ) !
+ EA'\jl - m‘?\+ L-..._.,!Em'?’ cosh 1A - m ) vl
/ 3m'3\ll - mel on 12

. (2m13 + 3A'm'2 . A,3).Cosi1_l Ap(l + mlz) + 2111,
2n'(A' + n')

+

+ (EA'B - 6A'm'2) COSh-l 1+ m'2 l !
2m' |

where A' = AB and m' = mf
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If the aspect ratio is greater than I meﬁ, the wing-drag
coefTiclent without tip effect is, ’ N
P o> 1 . . \
N $= - ! : 1 - t o Ot S
Cp = § (—13) m A 34T (cosh 1 é—-:——z-mf— + cosh 1 é—-——fﬂ-‘
w ®\C \ 12m '3 B \ A'm' A'm' .,/
. C . N o v o
- 64" cosh™t -%-, - \;“A'L(l - m',‘) + (At + ')
n

e i
4 ;

\jA"‘J'(l - m'“) + h-m'(ﬁ' - A") + 2A"1 - m
r
1 i

|
———— 'Bm'3 fcosh et
- : -
a 13 § T
3mTNL = m™ 2m

-1 A'(l - m'z)')' - 2n'

o
Y=

—y
]
¥
1]
H

e
g

cosh
]
2- 'l._

+
—~~
(O

&

H

1

2 3 1.4

+ (3A’m' 4+ 2n!

C2) -
- A'Y/] cosh

4

| S (2A'3 - 6A’m’?) cosh—:L

Increment in wing-drag coefficient caused by ving tips.- If
the aspect ratio of the wing is egual to or pgreater than ‘l/ﬁ , the
contribution of the wing tips to the wing-drag coefficient is zero.

v
“»
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2m

mP + 1’
the total increment in Cp caused by the local tip, or ACDI, is

zero; and the increment AC; 1s obtained solely from the effect of
the tip located on the opposite half of the wing, or ACDII. For

this case, integration of equation (B5) over the wing yields:

If the aspect ratio of the wing is equal to or greater than

= - (t) 1 {(A' - 2m") (A + m')2 cosh™t 9-:-1-“-'—1,—1
13m'3\}l - m ) . A' + m

+ (A‘ + 2m') (A - m')2 cosh Lo mA m’A.l
. [ar - m'f |

¥ —‘5*-7-1_6m'2 N O m'g)-l cosh™t %7 ] é\-n:-;\fl - A |

1 (

It the’aspAec't ratio of the wing is less than 2m the

4 m8 + 1’
increment /Ly is affected by both wing tips. For this case,

integration of equations (B3) and (B5) yields:

[T @ w )P oo T B LI

<3m13,1 _m ’ Al +m'

pt . - [ 1‘!‘ - 2
+ (A' +2m)(A' _ma)Q COShl 1 -m'A 2m.3 coethm A\l-m )
. ’A' - m’ 2m|2

(2111'3 - 3m"‘A' A'3) cosh™t x - A’(l * m'é)
fem'(mt - A%))

’. At (2+m /J cosh T -.-——-Ihm'(m'-A')+A'2(l mz)

I
3m31 ¥

3 .
+ A cosh-l ' A' -" A'2
ym*3 ' 'A'

——
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Total wing-drag coefficient.- The total wing.drag is. obtained
&8 the sum, ‘

Cp = Cp_+ 20

where the components CD and AC-D are calculated from'the fore-

| going equations for the mng-drag coefficient appropriate 'bo the
1 aspect ratio of the- mng.

Wing-drag. coefficieht for special case nm = Bl--- When the Mach

line coincides T-}:'L%h “t‘he wing 'lezﬁdi‘ng edge ( = _\ the wing-drag

coefficient obtained for all’ aspect ratios as a lunltlng case (m —-——a 1)
is equal to the real part of the Iollomng expressions

oS (4 o [ ot 222 ?‘_l““‘“) A( )*

AY +2A’(l 3\[A +l) J\'l A' <"3-":”L;.A"'A3A'2'>\'4'A'+-ZL'::

al
Y

Wing-Drag Coefi‘lcmnts at Mach Number of 1. O

The drag coefficient for:the wing at M = 1 O may 'be expresssd
in terms of the following formilas which were obtained by integrating
over the wing the limiting values for c3 in equations (BL), (B3),

and (B5) as the factor B = \,M2 - l -approaciies zeros
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(1) If the aspect ratio of the wing is equal to or greater

than. 2nm

+ (MK3 - 6K - 2) log, (K + 1) + K2(K -‘ 2’)] aK

+
U2

A [ 2 ' )
+ (hK3 - 6K/ log, (K= - l) + 2 loge ——-——-—E - 63 loge K‘, dK

T
+{ ('(y-

h/m

m {:(-113

mé.(-KB’ + 6K + 1+) log, (X + 2) -‘3K3 log, X

+ 6K - u) log (K - 2)» - (V3 - &K - b,) loge(K-; 2)'

X -1
XK +

n)3 3(h-y) _, e ,
+ : 2 {loése 3(J"h+‘m)]

l'h"‘gm‘l» 23 " -
~ P —‘
3 2 _ 3.2
L |{gen)° 3y(y2 - n2) - 3(h + ) rl%, n(y + h)]
om3 m3 a L °
Ly AN
- __y___éz_\ ilog 2m(y+m)]
m3 m / i © -
+ y-%—(?y -3h -2m){y - h + Em)j! dy (B6) .
Ly
where K =9
n
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In equation (B6), the first two integrals represent the drag
coefficient for the wing without the tip effect; whereas, the last
integral ropresents the ef:t‘ect of the tips «ALDE For this case,

in which the aspect ratio is equal to or greater than  2m, the tip
effect ALDI is zero; hence the integral Tor the section increments

in ¢4 1is not given m eqﬁafion (B6). Equation (BE) has been

solved for @ sweepback angle of 45° and the results for this sweep
angle may be converted to other wings of arbitrary sweepback by the
formulas (13) to (15). TFor the wing of 45° sweepback, m = 1 and
and A 22, equation (B6) yilelds the following result: '

6y = 2 ([ 4 220 26) 20g, 0

n\c

{

+ (-A3 + 124 - 16) log, (& - 2) + an(a® - 12) log, A - uA] (B7)

(2) If the aspect ratio of the wing is smalier than 2m, the
upper limit of the first integral in equation (B5) is reduced from 2
to h/m, the second integral vanishes, and the lower limit for the
third integral is reduced from h - 2m +to zero. For this case,
however, in which the aspect ratio is less than on, ACDI is not

zero, and the following integral must be added to thoge in equa-
tion (B6) to obtain CD

o, - ‘ R
a0 = 8 ('“)h n | ya® 3-Va\ 2<yfd + o)
R | —
3ﬂ Cc h U-h | 2m . Ims / Jma
o ¥alem - 3 (y, + Qm)
+ 2 log, z — a( = Ja? a dy, - (B9)
ya + < . l.LmS .
vhere
Vo=v "k )
|
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For the wing of h5° sweepback, m= 1, and A <2, equaticns (B6)
and (BB) yield the same result for CD as that ob'balned for values

of A . greater than 2, as expressed by equation (B’?) In this case,
the real part of loge(A - 2) is used.
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Fiqure3._ Typical varrations with aspect ratio of the incre-
menrnis 17 win wave-draq coefficient caused by wing
twos T different Mach numbers. Biconvex profile at
zero ift; sweepback angle,45°%; thickness ratio in Flight
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Fig. 4

NACA RM No. L6K29
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NACA RM No. L6KZ29

Fig. 5
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Fig. 6
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