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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

RESEARCH MEMORANDUM 

OOWNWASH IN VORTEX REGION BEHIND RECTANGULAR 

HALF-WING AT MACH NUMBER 1.91 

By John L. Cummings and Rudolph C. Haefeli 

SUMMARY 

The results of an experimental investigation to determine the 
downwash in the region of the trailing vortex system behind a rec­
tangular half-wing in a supersonic stream are presented. The half­
wing had an aspect ratio of 1.667, a 5-percent-thick symmetrical 
diamond cross section, and was beveled to a knife edge at the tip. 
The investigation was made at a Mach number of 1.91 and a Reynolds 

number of 1.56 x 106 based on the wing chord. A wake survey was 
also conducted. 

At small angles of attack, the experimental spanwise variation 
of -dE:/da. (where ( is the downwash angle and a. is the angle 
of attack) generally followed the trends indicated by linearized 
theory based on the assumption that the trailing vortex sheet was 
undistorted. At higher angles of attack, the downwash field was 
greatly influenced by the rolling up of the vortex sheet. At each 
chordwise station the downwash field progressively changed with 
increasing angle of attack from that induced by an undistorted 
vortex sheet toward that induced by a completely rolled-up vortex 
sheet. The form and the location of the vortex sheet was indicated 
by a wake survey. 

INTRODUCTION 

The rational design of an aircraft empennage is dependent on 
the knowledge of the downwash field behind the wing. Several 
theoretical methods based on linearized flow exist for computing 
the downwash behind wings in a supersonic stream (for example, 
references 1 to 3). Experimental investigations are still re~uired, 
however, to verify the theoretical results and to provide bases for 
refining the theory. 
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Investigations of the downwash behind rectangular wings at Mach 
numbers of 1.53 and 2.41 are reported in references 4 and 5. In these 
investigations, the experimental trends of the variation of the down­
wash angle with angle of attack at zero lift were generally found to 
be similar to those predicted by linearized theory. The displacement 
and distortion of the trailing vortex sheet were found to affect the 
downwash at angle of attack. 

It has been apparent that a knowledge of the location and 
strength of the trailing vortex sheet is r equired to explain,experi­
mental deviations from the predictions of linearized theory. Methods 
for calculating the distortion of the traiiing vortex sheet and its 
effect on the downwash are discussed in reference 6 . Comparisons 
between theory and experiment of the distortion of the trail~ng 
vortex sheet .a.nd its effect on the downwash at supersonic flight 
speeds, however, remain scarce. 

For a more thorough knowledge of the characteristics of the 
trailing vortex sheet, the downwash in the vicinity of the wake has 
been investigated in an experimental program at the NACA Lewis 
laboratory. The first part of this investigation is reported in 
reference 7, wherein theoretical and experimental values of tha down­
wash in the wake region of a trapezoidal wing at a Mach number of 1.91 
are compared. Experimental deviations from the linearized downwash 
values are attributed to differences between the theoretical and 
actual spanwise distributions of shed vorticity and to the distortion 
of the vortex sheet in the form of a rotation about the center of the 
theoretical vortex sheet. The second part of the investigation, 
concerning the downwash behind the tip region of a rectangular wing 
at a Mach number of 1.91, is discussed herein. 

APPARATUS 

The downwash investigation was conducted in the NACA Lewis 
18- by 18-inch supersonic wind tunnel. The free-stream Mach number 
in the region of the wing and of the downwash survey was 1.91 :to. 01. 

The Reynolds number was 1.56 X 106 based on the ¥ing chord. 

The model was a rectangular half-wing (fig. 1) with a 5-percent­
thick symmetrical diamond cross section, a 10-inch semis pan, and a 
6-inch chord. The wing, machined from SAE 4140 steel, had finished 
surfaces ground to 16 microinches and knife edges at the leading, 
trailing, and side edges . The wing was mounted on the tunnel wall 
and could be pivoted about the midpoint of the root chord. 
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Five wedges with static-pressure orifices on each face (figs. 2 
and 3(a)), mounted with centers 7/8 inch apart, were used to measure 
the dawnwash angles. The support system and mechanism for changing 
wedge angle of attack (figs. 1 and 3(a)) described in reference 7 
were also used, although the support system was slightly modified 
to allow the wedge position to be changed in 7/16-inch increments in 
the spanwise (y) direction. Five tetrabromoethane U-tube manometers, 
one connected to each wedge , were used to obtain the static-pressure 
differential of the wedges. 

The 41-tube pitot-pressure rake described in reference 7 was 
used for the wake survey (fig . 3(b)). 

In an auxiliary investigation, a flat plate was mounted perpen­
dicular to the air stream to generate a strong shock wave behind the 
wing tip (fig. 3(c)). 

PROCEDURE 

In a previous investigation reported in refere~ce 7, downwash 
angles were determined using a null method; that is) the static 
pressures on opposite sides of a wedge placed in the downwash field 
were balanced and the inclination of the wedge was then measured. 
This method established the direction of the air stream at the wedge 
apex. Inasmuch as excessive time was re~uired to balance the static 
pressures, a faster method of determining the flow angle was developed 
for the present experiment. 

In this investigation, the flow angle was determined by taking 
two readings of wedge inclination (within 1.50 of the actual flow 
angle) and the corresponding static-pressure differentials across 
the 1.edge. The wedge inclination corresponding to zero static­
pressure differential was then found by a linear interpolation. 
The interpolation for the inclination corresponding to zero static­
pressure differential across the wedge was justified by a wedge 
calibration which indicated that the static-uressure differential 
is proportional to wedge angles of attack fo~ angles less than 1.50

• 

The downwash angle at any station was assumed to be the dif­
ference between the flow angle obtained with the wing at an angle 
of attack (~d the flow angle obtained with the wing at an angle of 
attack of 00

• Downwash angles were determined for a range of wing 
angles of attack between _8 0 and 80 for the stations indicated in 
figure 4. Chordwise stations are designated by their distance in 
chords behind the wing leading edge . Coordinates of spanwise 
stations are presented in table I. The symbols used herein are 
defined in appendix A. 
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The wake survey was conducted at the stations indicated in 
figure 4 for wing angles of attack of 00 , -40 , and -So. 

Schlieren photographs were taken with a flat plate mounted 
behind the wing trailing edge to obtain an estimate of the spanwise 
position of the minimum total pressure in the wake. 

THEORY 

The perturbation velocities behind a wing are dependent on the 
strength and the location of the shed vorticity. Vorticity is shed 
in the form of a vortex sheet from the trailing edge of a lifting 
surface with a spanwise load gradient. Generally, this vort,ex sheet 
rolls up at its outboard edges until the entire vorticity is ultimately 
concentrated in two cores that trail behind the wing tips at the vortex 
centers of gravity (reference 6). 

The vortex sheet rolls up faster when the wing is at larger 
angles of attack inasmuch as the perturbation velocities (downwash 
and sidewash), which in effect cause the distortion, increase with 
angle of attack. Simultaneously with the rolling up at the edges, 
the remai nder of the vortex sheet is displaced downward by the 
vertical perturbation velocities (downwash). For the rectangular 
wing, the distance behind the trailing edge at which the trailing 
vortex sheet may be considered essentially rolled up is (by the 
method of reference 6) 

e' 
c 

s , 2 s' 
1.5 CLS' c (1) 

where s' and S' are the span and area, respectively, of the tip 

region ( -1 ~ (3y , ~ 0) of the half wing . 
c 

The method of reference 8 was used to obtain a theoretical 
estimate of the form and the location of the distorted vortex sheet. 
In this method, the trailing vortex sheet is represented by a finite 
number of trailing line vortices. The displacement of each line 
vortex (caused by the sidewash and downw~h induced by the remaining 
line vortices) during successive time intervals is calculated. The 
dis~lacements of all the line vortices then define the distortion 
of the shed vortex sheet. Using the lifting line a~proximation 
discussed in appendix B, the method for calculating the distortion 
is developed in appendix C. 
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Theoretical values of the downwash parameter -d(/da behind the 
rectangular wing were computed assuming that the trai ling vortex 
sheet is (1) undistorted or (2) completely rolled up. The actual 
dowrrwash field progressively changes from that induced by the undis­
torted vortex sheet to that induced by the completely rolled up 
vortex sheet as the angle of attack or the downstream distance is 
increased. Lifting line methods (references 1 and 9) were used to 
determine the downwash parameter -d(/da for the case where the 
vortex sheet is assumed to be undistorted and to lie in the plane 
of the wing (z=O plane) . The equations are presented in appendix B. 
The charts of reference 2 were employed to determine values of 
-d€/da at stations near the Mach cone from the leading edge where 
lifting line theory yields inaccurate results. A single line vortex 
with circulation r m' located (in the z=O plane) spanwise at the 
center of gravity of the undistor ted vortex sheet behind the half­
wing, was used to represent the completely rolled up vortex sheet. 
For the experimental wing (fig. 4), the spanwise location of the 
vortex center of gravity is -LO 

r(yo) y = ----- dyO = -0. 252 rm 
- 1 

RESULTS AND DISCUSSION 

Wake Survey 

The wake profiles for angles of attack of 00 , 40 , and SO are 
presented for each station in figure 5. The wake intensity ~/H 
is plotted as a function of z . At all s~anwise stations the wake 
widens and has a lower maximum intensity with increasing distance 

downstream. In the region near y = 13~ ' = 0, a comparatively large 

increase in maximum wake intensity and wake width occurs at the 
higher angles of attack (fig . 5 (c)). In this region also, the 
curves generally exhibit two maximums (at spanwise stations m, n, 
and l in figs. 5(b) and 5 (c)). The upper, broader maximum is the 
result of the rolling up of the vortex sheet. The breadth of the 
curve associated with this maximum indicates the extent of the core 
of vorticity. (The term core of vorticity denotes the rolled up 
parts of either a partly rolled up or a fully rolled up vortex 
sheet.) The lower maximum locates the relatively undistorted part 
of the vort ex sheet . 
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The vertical coordinates of the wake intensity maximums are 
plotted for an angle of attack of SO at the 1.5-chord station 
(x = 1.5) and the 3-chord station (x = 3.0) in figure 6. These 
maximums define the location of the trailing vorticity (reference 10). 
The theoretical displacement of the vortex sheet (as determined from 
e~uation (C4) using 10 e~ually spaced line vortices with n = 2/5) 
is presented for comparison. Theoretical vortex sheet displacements 
near the tip are not indicated inasmuch as the vortex spiral in this 
region is not accurately defined by these e~uations. The regioh of 
the wake survey (fig. 5) that has a pressure deficiency, and which 
therefore indicates the spread of the wake directly behind the wing, 
is indicated by slant lines. These lines are dashed where the extent 
of the wake is less clearly defined by the wake survey. The progres ­
sive rolling up of the vortex sheet is indicated by the growth, with 
increase in x, of the large shaded region near y = O. 

The discrepancies between the theoretical and experimental 
locations of the shed vorticity result from the simplifying assump­
tions of the theory. The present method, however, gives better 
agreement with the experimental results of this investigation than 
the method (described in reference 4) of integrating the downwash 
angle with respect to distance along a streamline. It is evident 
that a more accurate theoretical determination of the vortex sheet 
location is desirable. 

Downwash Survey 

Theoretical and experimental variations of downwash angle with 
angle of attack are compared in figure 7. The theoretical values, 
based an the assumption of an undistorted vortex sheet, were obtained 
either from lifting line theory (e~uation (Bl») or from the charts 
of reference 2. In general, at each station the experimental points 
form a smooth symmetrical curve about the coordinate origin. The 
nonlinearity of these curves is mainly the result of the displacement 
and the rolling up of the trailing vortex sheet as the downstream 
distance or the angle of attack is increased . 

Experimental spanwise variations of -d(/d~ are compared in 
figure S with theoretical variations for each chordwise station. 
Data for plotting experimental points were obtained by measuring 
the slope of the curves in figure 7 at angles of attack of 00 , 40 , 

and 70
• Faired experimental curves are included for the 3-chord 

station in the plane of the wing (x=3, z=O, fig. Sea)~ to show 
significant trends. Two theoretical curves of the spanwise variation 
of -d(/d~ based on the limiting assumptions of an undistorted vortex 
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sheet and of a completely rolled up vortex sheet are included for 
comparison. The completely rolled up vortex sheet for the rec­
tangular half-wing is represented by a single line vortex located 
(in the z=O plane) spanwise at the vortex center of gravity 

y = ~~' = -0.252. 

At the x = 3, z = 0 station (fig. 8 (a ) ), the experimental values 
of -d(/da for an angle of attack of 00 are in close agreement with 
the theory based on the assumption of an undistorted vortex sheet. 
As the angle of attack is increased to 4 0 , and then to 7 0 , however, 
the experimental curves approach the curve produced by the single 
line vortex. This trend is a direct result of the rolling up of the 
·vortex sheet. Theoretically, the rolling up process is almost 
complete at the x = 3 station for a = 70 , inasmuch as the rolling 
up distance is then (e'+c)/c = 3 .52 (from equation (l)). The 
trends of the experimental curves indicate that the center of the 
core of vorticity is located near y = -0.12 for a = 40 and near 
y = -0.16 for a = 70 • 

For the x = 3, z = 0.353 station (fig. 8 (b ) ), the comparatively 
large negative values of -d(/da near y = -0.2 for a = 40 and 
near y = -0.4 for a = 70 indicate that the center of the core of 
vorticity is in effect closer to the expertmental stations than the 
theoretical line vortex ( assumed to lie in the z=O plane). At an 
angle of attack of _4 0

, by chance, the effects of the core of 
vorticity and the displaced vor tex sheet combine to produce the 
result theoretically predtcted with the assumption of an vndistorted 
vortex sheet. At this angle of at tack the survey stations are closer 
to the unrolled part of the vortex sheet than to the center of the 
core of vorticity. 

At the 1.5-chord station (x=1 . 5, z=O), the vortex sheet is less 
distorted than at the 3-chord station (fig. 6). At x = 1.5) the 
eXp'erimental values of -d( /da for 40 and 70 angles of attack 
(fig . 8 (c)) therefore lie closer to the t heoretical values based on 
the assvmption of an undistorted vortex sheet than those at x = 3 
(fig. 8(a)). The strength of the core is considerably less than 
that indtcated at the 3-chord station . The trends of the experi­
mental points at x = 1.5 (ftg. 8(c)) indicate that the cen~er of tne 
core of vorticity is located near y = -0.04 for a = 40 and near 
y = -0.10 for a = 70 • 

The experimental data of fj.gure 8 thus indicate the rate of 
rolling up of the vortex sheet with downstream distance and angle 
of attack. The approximate location of the center of the core of 
vorticity moves inboard toward the theoretical value of y as the 
vortex sheet ro l ls u p . 
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Auxiliary Survey of Tip Region of Wake 

Typical flash schlieren photographs ta.ken with a flat plate 
installed downstream of the wing (fig . 3(c)) are shown in figure 9 
for wing angles of attack of _2 0 and _8 0 • At angle of attack, the 
bow wa.ve caused by the flat plate is preceded by a conical shock 
that occurs because of the decrement in total pressure (lo.mstream 
of the .ring side edge (indicated in fig. 5). As the angle of attack 
is increased, the total pressure behind the wing side edge decreases 
and the conical shock occurs farther upstream. The apex of the 
conical shock is believed to occur at the location of the pitot­
pressure minimum (the wake s urvey is not extensive enough to verify 
this) and to indicate the position of the trailing vortex core in 
regions where the trailing vortex sheet has begun to roll up . The 
techntque of artificially tntroducing a strong shock behind a super­
sonic wing to detect the presence and the location of trailing vortex 
cores .las suggested. by Harold Mirels of the NACA Lewis laboratory . 

This investigation indicates that the usual detached shock con­
figuration ahead of an obstacle in a s upersonic stream is greatly 
modified by the presence of a wake. Thus , for example, flow measure­
ments with instruments having relat i vely blunt leading edges re~uire 
correct i on for the abnormal shock configuration in the vic i nity of 
the wake region . 

The conical shock angle (fig . 9(0)) closely agrees with the 
theoretical shock angle obtained for a cone with an apex angle e~ual 
to the angle formed by the lines bound ing the subsonic region within 
the experimental conical shock (omitting the region of large curva­
ture near the apex) . The subsonic region is therefore probably a 
reg ion of .ap~roximately constant static pressure in which low eddying 
velocit i es exist . 

CONCLUDING REMARKS 

The r esults of an investigation of the downwash and wake in the 
re .ion of the trailing vortex sheet behind a r ect angular half -wing 
at a Mach number of 1 . 91 have been pr esent ed. 

At smal l angles of at tack, t he exper imental spanwis e var iation 
of -d( /d~ genera.ll y follows t he t r ends indicated by l i nearized 
t heory bas ed on t he assumption t hat t he tra il i ng vortex sheet is 
undistorted. At higher angles of at t ack, however, the downwash field 
i n the vic i nit y of the vortex sheet i s greatly i nfluenced by the 
r olling up of the vor tex sheet. The f orm and the location of the 
vortex sheet i s i ndicated by the wake s urvey . 
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The large influence of vortex sheet distortlon on the downwash 
in the vicinity of the vortex sheet emphasizes the need for a compre­
hensive experimental program to verify and extend existing theory for 
the rolling up of the vortex sheet and its effect on the downwash 
field. 

Lewis Flight Propulsion Laboratory} 
National Advisory Committee for Aeronautics} 

Cleveland} Ohio. 
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APPENDIX A 

SYMBOIS 

The following symbols are used in this report: 

lift coefficient of tip region (-1 ~ Y ~ 0) of half wing, 
L 

e.. U2S' 
2 

c wing chord (0.5 ft on model) 

e' distance downstream of wing trailing edge at which trailing 
vortex sheet is essentially rolled up 

H pitot pressure in free stream 

H,. pitot pressure in wake 

tlH H-Hw 

L lift of .ring 

M free -s tream Mach number 

n defined in appendix C 

ri = ~(X-Xl)2_( Y -Yi)2 _( z-Zl)2 

r O = ~( X-Xl) 2 _( Y _Yo)2 _( Z-Zl)2 

S' area of tip region (-1 ~ Y ~ 0) of half wing 

s' s pan of ti p region (-1 ~ Y ~ 0) of half wing 

U free-stream velocity 

perturbation velocity components in x' ,y',z' directions, 
respectively 

x' x:: -
C 

CONFIDENTIAL 
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y :: 

z 

fly' 
c 

~z' 
c 

CONFIDEWfIAL 

y spanwise coordinate of center of gr avity of vortex system 

x} Cartesian eoordtnate sys t€m with or lgln a outb ara tiL) of 
y' lead.ing edge of Hing at 0° angle of attack (fi3 . 4); 
z ' x' axis is i n free -stream directio~ 

~ angle of attacy-

S cotangent of Ma.ch an;;le, ~ M2 - 1 

r circulation of wing 

r m circulation a.t midspan of complete .,ing 

~ downwash angle ( positive in negative z -direction) 

p free -stream density 

Subscripts : 

o integration variable 

1 location of lifting line 

i coordinates of trailing Itne vortices 

COI\TFIDENTIAL 
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APPENDIX B 

EQUATIONS FOR LIFTING-LINE APPROXIMATION 

For an unbent lifting line (horseshoe-vortex system) l ying 
along the line xl,zl' the downwash parameter at a station x,y,z 
is given by (reference 1) 

(Bl) 

where Ya and Yb are the ordinate limits of the lifting line con­
tained within the forward Mach cone from the point x,y,z. A non­
dimensional coordinate s ystem is 80 employed that 

Xl 
X = 

C 

Y 
f3yl 

(B2) c 

z = f3 z ' 
c 

where Xl, y', and z' are the phys ical coordinates with origin defined 
in the list of symbols. 

For a semi-infinite rectangular wing the circulation r, evaluated 

along the trailing edge, is constant (r = 4~~U) except in the tip 

region (-1 ~ y~ 0) where 

r 4caU 
:n:f3 

and the shed vorticity is 

(B3) 

(B4) 

The spamTise distribution of r and drjdy for a r ectangular wing 
is presented in figure 10. 
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APPENDIX C 

DISTORTION OF TRAILING-VORTEX SHEET 

An unbent lifting line may be approximated by a finite number 
of horseshoe vortices (reference 10). The downwash induced by these 
horseshoe vortices is, from equation (El), 

w (Cl) 

Similarly) the downvTash induced by a system of trai ling line vortices 
is (reference 1) 

(C2) 

Inasmuch as the bound vortices do not contribute to the sidewash, 
t he sidewash may be obtained from equation (C2) by replacing (y-Yi) 
with -(z-zi) in the numerator. Thus, 

. (C3) 

A unit of time is def i ned as t = ~ which corresponds to a U' 
downstream movement of the vortex sheet of n chords. During this 
time interval the downwash and sidewash, acting on a line vortex, are 
assumed constant. The dis placements fiy' and fiz' of a line vortex, 
induced by the remainder of the vortex system during time t, are 
then 

f:1 y ' vt ncv 
= = U 

(C4 ) 

f:1z' wt = ncw 
U 
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An im~licit assumption of this approximation is that the trailing 
vortices are generators of semi-infinite cylinders, whereas the 
vortices actually generate surfaces more nearly resembling cones 
(reference 7). Successive application of e~uations (Cl), (C3 ) , 
and (C4 ), introducing the line vortex coordinates calculated in 
each previous step, yields the displacements of each line vortex 
at downstr eam distances nc, 2nc, 3nc, .. . , successively. The 
accuracy of the approximation is improved, of course, by assuming 
smaller values of n. 
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TABLE 1. - COORDINATES OF SPA..WISE STATIONS 

Station y 
DOWllwash survey Wake pressure 

surve y 

x = 1. 5 x = 3 

a 1.25 1. 25 
b 1.14 1. 13 
c 1. 02 1.01 
d . 90 . 8 9 
e .78 . 77 
f . 66 . 65 
g .54 . 53 
h . 42 .42 
i .30 . 3 0 
j .18 . 18 
k . 07 . 06 
1- - . 05 - .06 - 0 . 08 
ill - . 18 - .20 
n t· - . 29 . 30 - . 32 -
0 - . 42 - .44 
P - . 53 - . 53 
q - . 65 
r - . 77 - .77 - . 79 
s - . 8 9 
t -1. 13 - 1 . 15 
u -1. 27 
v - 1.37 
w -1. 61 

~ x -1. 85 
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Figure 1. - Rectangular wing and apparatus for measuring downwash as mounted in tunnel. 
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Figure 2. - Wedge used for measuring downwash . 
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(a) Wedge mechanism. ~ 
C·24663 

INCHES o , , 
(b) Wake-survey rake. 

~ 
Figure 3. - Apparatus used in inv0stigation. C·23131 
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a 

(c) Flat plate installed downstream of wing in tunnel. 

Figure 3. - Concluded. Apparatus used in investigation. 
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Figure 7. - Variation of downwash angle with angle of attack. 
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(a ) Angle of attack , ~, _2°. 

~ 
(b) Angle of attack, ~, - So. C·26374 

Figure 9 . - Flash schlieren photographs with flat plate installed behind wing. 
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