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ANATYSTS OF TWO-STAGE-TURBINE EFFICIENCY CHARACTERTSTICS
IN TERMS OF WORK AND SPEFED REQUIREMENTS

By Warner L. Stewart and William T. Wintucky

SUMMARY

The effects of variations 1n mean-section veloeclty diagrams on two-
stage-turbine efficiency characteristics are anaslyzed. The fundamental
correlating parsmeter used is a work-speed parameter A (ratio of square
of mean-section blade speed to required specific work output), used pre-
viously in single-stage-turbine efficiency studies, which is the same as
the familiar Person's characteristic number. The range of the parameter
considered 1s that of interest for turbojet accessory- snd turbopump-
drive turbilnes. The assumptions and limitations are the same as those
used in single-stage analyses. The principal limit, that of impulse
conditions across any blade row, results in a range of stage-work split
and velocity diagram for a given A. The points ylelding the maximum
value of efficlency for a given A &are used in describing the results.
The efficiencies considered are total or aerodynamlc, rating, and static.

For zero exit whirl s meaximum total efficiency occurs at A of
0.50, the efficlency decreasing somewhat as A approasches its lower
Vimit of 0.125. As A 1is reduced from 0.50, the first stage develops
progressively more work until, at the lower limit, a 75-25 work split
exists. The principal effect of Imposing negative exit whirl is to re-
duce the lower limit of A. However, as A 1is reduced from 0.1l25 the
efficiency decreases markedly, and the work split tends to return to an
equal split. For A below 0.25 the maximum efficiencies change only
slightly over the range of turbine exit whirls considered.

Comparison of the results for two-stage and single-stage turbines
shows considerable Improvement In efficiency for the two-stage turbine
over the A range studied. Thus, multistaging is often desirable to
ocbtaln high efficiency. Variations in total efficiencies of one- and
two~stage turbines, compared on the bagsis of an average stage A, are
approximately the same.
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INTRODUCTION

As part of the general program concerned with the study of turbine
performance characteristics, the NACA Lewis leboratory is currently
anslyzing the effect of work and speed requirements on turbine effi-
clency. The fundamental parameter A used in this analysis is the same
as Parson's characteristic number described in reference 1, which is de-
fined &s the ratio of the square of the mean-section blade speed to the
specific work output at design conditions. In reference 2 this parameter
is used in the study of the efficiency characteristics of single-stage
turbines. Thils parameter is also used in studying the effect of includ-
ing downstreem stator blades on the efficlency of single-stage turbines
in reference 3, which indicates that over a certain range of A\ a signif-
icant improvement in efficilency is attainable by using such stators.

In this report two-stage-turbine efficlency characteristics are
analyzed as a function of work and speed requirements in terms of the
effect of changing the required mean-section velocity diasgram. The
Fundamental assumptions and limits used 1n references 2 and 3 are also
used herein. Since the limit of impulse condlitions across any blade row
(described in ref. 2) applies to three blade rows in this study, the re-
sulting range of operatlon becomes very important and 1s considered in
detell in describing the consequent limits on the parameters affected.

The three types of efficiency considered hereln are the seme as
those studied in references 2 and 3:

(1) Total or aerodynamic efficlency, which includes &1l aerodynamic
losses

(2) Reting efficiency, which, in additlion to the aerodynamic losses,
considers the turbine exit whirl a loss (used in jet-engine
analysis)

(3) Static efficiency, which, in addition to the aerodynesmic losses,
considers the turbine exit total velocity head a loss (used in
turbopump and accessory-drive anslyses)

A complete description of the analytical results for zero exit whirl
is presented to indlcate the type of results obtained when the pertinent
diagram parameters vary as prescribed. This case also covers most of the
A range consldered and is of most interest in the turbojet-engine fileld.
Witk respect to turbopumps and auxiliaery drives, very high specific work
outputs are desired, requlring A values below that obtainable for zero
exit whirl within the specified impulse limit. As & resulit, negative
turbine exit whirl is required to permit reductions in A to the range
of ‘these turbines. These cases wherein exit whirl is used are also de-
scribed, but in less detail than that for zero exit whirl, with primary

eeeYy
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emphasls on the maximum-efficiency characterlistics. The two~-stage total-
efficiency characteristics are then compared with the single-stage re-
sults of reference 2 using average stage-work outputs and speeds as &
bagis to indicate the validity of extending the results to turbines of
meny stages. Finally, the significance of assumptlons and constants
used in the snalysis is discussed in terms of thelr effects on the
turbine-efficiency levels presented, particularly at low values of A.

METHOD OF ANALYSTS

As discussed in the INTRODUCTION, the fundamental parameter to be
used in relating the two-stage-turbine efficlency characteristics to the
work and speed requirements is the work-speed parameter A dJdefined as

iy (1)
where U 1s the mean-section blade speed and Ah' is the required spe-
cific work output. (All symbols are defined in appendix A.) The equa-
tions relating the efficiencles to this paremeter and others defining
the velocity-diagram characteristics are presented in this section.

Efficiency Equations

The three types of efficiency to be consldered herein are total,
rating, and static. These efficiencies are used in references 2 and 3
for the single-stage turbine, and their significance 1s pointed out in
the INTRODUCTION. For the present analysls the total efficlencies of
both stages are first consldered, since they must be known before the
over-all efficiliency is obtalned.

Stage total efficiency. - The total efficiency of a stage, which
includes the effects of all the aerodynamic losses, is defined as

-
ST T Znfg gp (2)

where ! is the actusl specific work output and Ah! is the
T 1d,ST
2

ideal specific work output corresponding to the total-pressure ratio
across the turbine stage. The equation relating this efficiency to the
work-speed and veloclty-dlagraem parameters is derived in reference 2 as

Agm ()

Mem = % = BC
ST XST + BC
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where

(3a)

and

2
(Vi)av < Vu,1 2 Va,1 Via,1
C = 4 + |t )+( Lo )+<——A—u - -1)
ST gdandm “\AV, g1 AVy,sr  OT AVy,sp = ST

(3b)

In equation (3b) the subscript 1 represents that station between
the stage stator and rotor. This equation is derived in reference 2 by
uge of a number of assumptions. Although this derivetion is not pre-~
sented herein, the assumptions involved are briefly reviewed:

{1) The stage specific energy loss Ahid,ST - Ahdp  is assumed
equal to the sum of the stator and rotor specific losses Lg + L.

These blade losses, expressed in units of Btu per pound, are defined as
the difference between the ideal and actual specific kinetic energy ob-
tained through expansion to the blade ‘exit static pressure. The validity
of this assumption is investigated in appendix C of reference 2, where

it is shown to be correct except for the small effect of absolute en-
thalpy variations through the stage. .

(2) The stage specific loss Ly + Lg is assumed proportional to

the surface area per unlt weight flow and the specific kinetic-energy
level of the flow; that is,

IS+IE«%E

This assumption can be shown to be valid from boundary-layer considera-
tions.

{3) The specific kinetic-energy level E is assumed to be repre-
sentable by the average of the specific kinetic energies entering and
leaving the blade rows where the velocities involved are relative to
the blade rows.

Throughout the analysis, the constant of proportionelity K and
ratio of surface area to welght flow A/w are assumed comstant, ylelding

a constant velue of B. The same value of B = 0.030 used for the single-

stage analyses 1s used herein. Then, after the analysis 1s presented,
the significance of these paresmeters (K, A/w, and B) is discussed in
terms of thelr effect on the efficlency levels presented.

cecy
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One other parameter requiring consideration is (Vﬁ)av/giﬁhéT ap-

pearing in the term C of equation {(3). During most of the single-
stage analysis, thls parameter was assumed constant at 0.49, a value
corresponding approximately to that encountered in a number of
turbojet~engine turblnes investigated at the lLewls leboratory. For the

subject analysis it is assumed that (VZ),./gJAh' = 0.245, where Ah!

represents the total specific work output of the two stages. The signif-
icance of this parameter is also discussed later. The specification of

the parameter (Vi)av/g&Ah' requires an alteration in the first term of
equation (3b) as follows:

2
& (Vk)av (Vi)av gdAh!
ST gIARL, = hsT g3AR"  glAbg,
2

£ (Vi)av gdAhgm
ST glAh"™ "2

gJdAh'!
Introducing
A uZ
sT gJAhEm
and
2
A= J
gJAh’
then
2 2
g (Vﬁ)av _ i (Vx)av (4)
4 — =
gJAhST A gdbh!

Equations (3) and (4) can now be used in obtaining the equation for
the total efficiency of the two stages. Figure 1 presents the velocity
disgram and station nomenclature for two-stage turbines. Using this
nomenclature and equation (4), equation (3) can be altered to yleld the
following equation for the first-stage total efficiency:

e = X% BC. (5)
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where
(58)

and

2 2 2
A2 (V) [V v v
ca=4.i§__xs'|.v+ A%l + z‘_{;zl-__xa + Zl'l\f"—l—")‘a'l (5b)
gdAh u,a u,a u,a

A similsar set of equations for the second-stage total efficiency
can also be written as

nb=g +BC-b (6)

where
A
B=K - (62)
and
%=4'%'(x)?v+<Au’3) +<_.%}_5__xb) +<_u.)_5_....)_.b_l) +
gJAh Vu,b Fa u,b AVu’b
2
[;:_b(vu: ) 1)] (D)
a Avu,a

The last expression occurs as & result of stator inlet whirl.

Over-all total efficiency. - The general equation for the over-all
total efficiency of the two-stage turbine is

1

7= 2 (7)

LY

where Ah' 1s the total specific work output across the turbine, and
Ahly  1s the ideal specific work output corresponding to the total-

pressure ratio across the turbine. If the effect of reheat is not
considered, ) '

—  Ang + Ay
N = Ahlq,s * ABla ()

=14
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If the numerstor and dencminator of equation (8) are multiplied
through by

i S SRR
! 1 U
Ahig,a ABig 1, 8IARADY
the following equation is obtained:
Anl Ahy ( Uyl u2
_ABig,a ABig,p
R A T
4
Ahlg q 80Dy~ Ah{g 1, gJhhy

Finally, using the definitions of Mgs Thys A

1

a’ and Ay
T]a.'r‘bota. +'lb)

o= 9
T Thgha * T (®)

Throughout the major portion of the report, the effect of reheat is
not considered, as this would require gpecification of an enthalpy level.
At the conclusion of the report, however, the significance of this reheat
effect is discussed in terms of its effect on the efficiency levels pre-
sented. The derivation of an efficiency equation similar to equation (9)
but including this reheat effect is presented in appendix B.

Over-all rating efficiency. - As indicated in the INTRODUCTION, when
a turbine is used in a jet engine, the kinetic energy involved in the
turbine exit whirl is considered & loss, becduse this whirl does not con-
tribute to engine thrust. The equation for this efficiency is derived in
reference 2 for single-stage turbines. For the two-stage turbine, it is
desired to use the turbine exit-whirl parameter Vu,éﬁﬁvu,b in the

rating-efficiency equation, as follows. Neglecting enthalpy levels as
was done in reference 2, equation (19) of that reference can be rewritten
here for two-stage turbines with appropriate nomenclature as

Ty = e (10}
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Then, using the definitions of A,, X, snd T,

ﬁ# = 1 (11}

Over-all static efficiency. - The INTRODUCTION also points out that
in meany applications the turbine efficiency 1s based on the ratio of
total to static pressure; that is, the entire exit kinetic energy is con-
sidered a loss. An equation for this efficlency can be written in a form
similar to equation (10) as

g = 1
s 2 2
Vx,a t Vg

2gT5] 4

1+

- S
2 Z
1 o100 (e Voa Syp 42
Z Ay \BTRT 2 @ e
u,

E? it is assumed that V§,4 = (Vg)av (as in ref. 2), the equation for
Ng can finally be written as

- 1
Mg = oz 3 (12)
143 (vi)av +_2£ Vu!4
2)gJAn! x% Avu,b

As stated In deriving the stage total efficlency, in this analysis
(V2)gy/8d0h' 1is to be specified & constant and equal to 0.245.

Work Considerations
The over-all work-speed parameter can be related to those of the
two stages through consideration of the work and speed characteristics.
The total turbine work output is, of course, equal to the sum of that
belng developed in each stage; that is,

Ah' = Ab! + Abt

CCCF
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Dividing through by U2 and multiplying through by gJ yields

giAnt  89h glint
= +
u2 U2 U2

Finally, using the definitions of A, A

4353

1_1_1 (13)

Exit-Whirl Consideratiomns

As will be described later, the turbine exit-whirl parameter
vt,éﬁavu,b is to be considered one of the major verisbles. It is here

desired to cbtain an equation for vu,sﬁﬂvu,b in terms of this param-
eter for later use. By definition,

H CL-Z ]

Vu,3 - Vy,4 = Avﬁ,b

Therefore, dividing through by Aﬂﬁ,b and solving for Vﬁ’sﬁavu’b yield

v v
Ags =l+ml;4 (1¢)
u,b u,b

Calculation Procedure

The equations Involved in the two-stage-turbine efficiency calcula-
tions for & given set of conditioms have all been presented. These
equations are (5), (8), (9), {11), (12), (13), and (14). These equa-
tions are presented in functlonal form in table I together with an ocut-
line of the procedure used. Table I(b) shows that four of the param-
eters are required for solution of the equations and that a range of
values must be specified. The limits imposed on these ranges are dis-
cussed in the following section. Once particular velues of these four
parameters are selected, all the equations can then be solved, as indi-

cated in teble I(b).

. Limits

The renges of the four parameters, Vﬁ,éﬁavu,b, x> Aps &8nd
Vﬁ,l/AVu,a’ requlred to calculate turbine efficlency characteristics are

el
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obtained from considerations of certain aerodynamic limitations, some
absolute and others arbitrarily selected to encompass a range of inter-
est. These limits will now be described 1n detail. N

Turbine exit-whirl parameter Vﬁ’4ﬁﬁvuig. - In selecting the range
of the turbine exit-~whirl parameter Vu,4/BVﬁ,b, the use of positive

values was not considered, because (1) maximum total efficiencies do not
occur in thls range and (2) the positive whirls contribute to reductions
in the rating and static efficiencies. Therefore, zero exit whirl wes

selected as the upper limlt. As will be shown, negative whirls permit a

reduction in X from that permitted for zero exit whirl and are, there- § '-
fore, of considerable interest. A lower limit on this parameter was (3
selected to be ~0.4, since this value was considered a lower limit on
the range of feasibility and interest. Thus,

vu 4

0.4 £ =4— =<0 (15)
a\'s -
u,b

represents the range of this parsmeter consldered. . .

Over-all work-speed parameter A. - The lower limit imposed upon the
range of A was selected wlth regard to the reaction characteristics of
the two rotors and interstage stator. The first-stage stator was not
considered, since 1t always has high reaction. In general, experience
hes shown that when negative reaction (i.e., a static-pressure rise
across a blade row) 1s encommtered, large increases in the blade losses
occur. In view of this experience, a limit of impulse across any blade
row 1s specified for this analysis (as in the single-stage-turbine anal-
yeis of ref. 2). Since constant axial component of veloclty is assumed,
impulse conditions occur when the relative whirl velocity leaving the
blade row is equal to but opposite in sign from the relative entering
whirl velocity. The impulse limits for the three blade rows may then be

expressed as follows:

First-stage rotor: Wy j = -W, 2 (16a)

Second-stage stator: Vu,z = -V, 3 (16Db)
2

Second-stage rotor: Wﬁ,s = -Wﬁ,é (16c)

The first-stege-rotor impulse 1limit can be considered in a manner
similar to that for the single-stage turbine of reference 2. 8Since

Ayﬁ,a = Wy,1 - Wy,2
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the equation

AV,
U,8
Ma,1 = —5=

can be obtained with equation (16a). Then, since

Vu, 1= Wu,l + U
the equation

V
Jut a1 (17)

Avu, a a 2

is easily obtained.

With respect to the second-stage-stator impulse limit, let equation
(16b) be modified to

Vu,z =_Vu,3 AVuJ.L‘tJ U
Avu’a _AVu,b §) Avu,a.

(18)

Then, using the definitions of Ay and A, equation (14), and

Va 4,1 VILLZ

- = 1 19
My,e Ny o (19)

equation (18) is modified to yleld

V.

by v
_EL!'_ =1 - -2 1 + _.22_4_) (20)
AVu,a. Xb AVu,h

The impulse limit on the second-stage rotor (eq. (16c)) can be
treated similarly to that of the first-stage rotor, to yleld

VU. 3 1
2 —_ —

Aa,b Ayt 3
Then, using equation (14),

_v_u._'z_é_.=7«.b_% (Zl)
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The lower limit of A occurs when all blade rows except the first-
stage stator reach impulse conditions simulteneously. When this limit is
specified, equations (17), (20), and (21) can be used with equation (13)
to solve for \ in terms of V, 4/AV, y to yield

1, Vue
2 T AV, 5
A = 7 (22)
. (1 . _‘1..24_)
Ay v

This lower limit of A 1is presented in figure 2 as a function of
Vﬁ,4ﬁﬁvu,b. As negative exit whirl is imposed, the permissible value

of A is reduced, going to zero at Vu,4/AVu,b = -0,5. Of course, a

practical lower limit of A exists. Reference 3 indicates s practical
single-stage-turbine lower limit of 0.10. Using this limit as a stage
limit for the two-stage turbine, a practical lower limit on the order of
0.05 results. '

The upper limit imposed upon A was somewhat arbitrary but in-
tended to cover the range considered of interest. For zero exit whirl,
the upper limit of A was selected as 0.50, since this could be ob-
tained with Ay =Xy =1, a most conservative value that ylelds maximum

stage and total efficiency (see ref. 2). The upper limit of A, which
was arbitrarlly chosen as the lowest A for a given exit whirl at which
there would be an equal work split (Xa = Xb), 1s also shown in figure 2.
This also corresponds to impulse condlitions across the second-stage
rotor. A larger A for the same exlt whirl was not considered, since
it would be more sdvantageous to go to less exdt whirl.

Second-stage work-speed parsmeter Ap. - For specified values of
vu,éﬁavu,b and A, a range of Ay must be selected. For a given value

of A, variations in Ay result in variations in the work split between
the two stages (eq. (13))}. As Ay is increased, the first stage pro-

duces progressively more work output. The upper limit on this parameter
will then be at a point where Impulse conditions exist across both the.
first-stage rotor and the second-stage stator. Therefore, using equa-
tions (13), (17), and (20) gives the following equation for this upper
limit of Ay:

Vu 4

AV,
A = 2. 7whb (25)

b~ .
oy - 1

:

3
2

>‘I'—'

cecv
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As Ap is reduced, the work split of the turbine is altered, the

second stage producing progressively more work output. The lower limit
on Ap will then occur at impulse conditions across the second-stage
rotor. Equation (21) can therefore be rearranged as follows to obtain
this lower limit for a given turbine exit whirl:

v
4
3+ Lt 24

b4

Ay =

|

First-stage-stator exit-whirl parameter Vﬁ,lﬁﬁvuig' - For specified
velues of Vﬁ,4/AVﬁ,b, A, and Ay, & range of Vﬁ’1/AVﬁ,a must be se-

lected. Variations in this parameter result in variation Iin the split
of whirl between the entrance and exit of the first-stage rotor by the
equation

Vu,l - Vﬁ,z

Ny o MNyg

=1 (25)

The upper limit on Vﬁ,llﬁvu,a occurs when impulse conditions

exist across the first-stage rotor. Therefore, equation (17) as written
defines the upper 1imit on this parameter, since Xa is known, given

A and My (eq (13)).

The lower limit of vujlﬁavu,a occurs when Impulse conditions exist

across the second-stage sitator. Equation (20) can be used directly to
obtain the lower limlt on this parameter (Xa can again be obtalned using

eq. (13)).

Once the limits on the four parameters were determined, a sufficient
number of points were arbitrarily selected between these limits to estab-
lish with sufficient accuracy the trends of the results. The calcula-
tions of the efficiency characteristics then proceeded.

RESULTS OF ANALYSIS

In presenting the results of the two-stage-turbine efficiency anal-
ysis, atbention is first given to the condition of zero exit whirl,
since this condition exists over most of the X range studied and
is of considerable interest in the turbojet-engine application. The
effects of exit whirl, which are of prinecipal interest with respect to
turbopump- and auxilisry-drive turbines, are then discussed. Next, the
efficiency characteristics of the two-stage turbine are compared with
those obtained in the single-stage analyses of references 2 and 3.

SR,
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Finglly, the significance of assumptions and constants used in the anal-
ysis are discussed in terms of their effect on the turblne-efficiency
levels presented, particularly at low A wvalues.

Zero Exit Whirl

General efficiency characteristics. - The two-stage ~-turbine over-
all efficlency characteristics for zero exit whirl (vu,4/avu,b = 0) are

presented in figures 3 and 4. Figure 3 shows the total-efficiency cher-
acteristics, which for thilis case are the same as the rating, and figure
4 presents the static-efficiency characteristics. In order to permit a
distinction between the various groups of points as well as to discern
easily those conditions which yield the peak efficiency, effliciency 1s
presented as a function of the first-stage-stator exit-whirl parameter
Vu,lﬁﬁvu,a: with A eand Xy, as parameters.

The reaction limlites are shown In figures 3 and 4 in the following
manner:

(l) The circles of Ay = 0.50 represent second-stage rotor impulse
conditions (egq. (21)}).

(2) The dashed lines represent second-stage-stetor impulse condi-
tions (eq. (20}).

(3) The dot-deshed lines represent first-stege-rotor impulse con-
ditions (eq. (17)}.

At A values equal to or below 0.25 these three limits box in an area
of permissible operation, this areas rapidly decreasing as M is reduced.
At the lower limit of A = 0.125 (see fig. 2) the area is zero, ylelding
a one-point operation. The limits are not shown for X greater than
0.25, because at these values the turbine is quite comservative, the
average XST being 0.50 or greester. The stages therefore move

away fram impulse conditions at A values greater than 0.25 unless they
are badly mismatched with large differences between Ag and Ap.

Inspection of figure 3 shows that, for a given A, a certain combi-

nation of lb and Vﬁ lﬁﬁVu a yields maximum totel efficiency. Compar-
J 2

ison of these points with corresponding points in figure 4 shows that

they also yield the pesk static efficiency. Consideration of these

points is important, since this maximum-efficiency condition is usually -
desired, as discussed in greater detall in the next section. However,

for a given A, the peak-efficlency point lles on & fairly flat curve,

so that a wide spread of A, and vu,lﬁavu,a at a given A results

in only a small penalty in efficiency.

ceey
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Meximum-efficlency characteristics. - Figure 5 presents the maximum
total- and static-efficlency points from figures 3 and 4 as a function
of the over-all work-speed paremeter Xi. In the range of A fram 0.25
t0 0.50 the efficiencies do not vary to any great extent (0.89 and 0.81
at A = 0.50 to 0.88 and 0.79 at A = 0.25). As A is reduced below
0.25, the efficiencies decrease markedly, reaching values of 0.82 and
0.74 at the lower limit of A = 0.125. The static efficiency is, of
course, less than the total efficlency, because the exit velocity head
is considered a loss in the former.

The work split of the two stages corresponding to these maximum-
efficiency conditions can be obtained from figure 6, which presents the
ratio of second-stege work output to total work output Abé/bh‘ as a

function of the over-all work-speed parameter A. This ratic i1s easily
obtained from the equation

e

Abd _ glAh' _ A

T IR (20)
giAh,

The figure shows that, at A = 0.50, the first stage develops half
the total work output; that is, the work split of the two stages is
50-50. As X 1s reduced, the first stage performs progressively more
work, until & work split of 60-40 is obtained at A = 0.20. Below
A = 0.20 +the work split changes much more severely in the same direc-
tlon, until at the lower limit of A = 0.125 a split of 75-25 is cb-
tained. This trend occurs because the exit-whirl limitation forces the
Tirst stage to do a progressively larger percentage of the work.

Effect of Turbine Exit Whirl on Meximum-Efficiency Characteristics

The discussion of the limits imposed on A pointed out that, as
negative turbine exit whirl is imposed, the two-stage turbine 1is per-
mitted to increase its work capabilities for a given blade speed - that
is, to operate at A values below 0.125. The efficiency characteris-
tics of the two-stage turbine were therefore computed over a range of
exit-whirl parameter Vu,é/AVu,b from zero (alresdy described) to -0.4

in increments of 0.l. For each vglue of this parameter, & complete set
of caelculations were made simllar to those presented for zero exit
whirl in figures 3 and 4. An example of the results obtained for these
whirl cases is shown in figure 7 for Vﬁ’4[AVﬁ,b of -0.2. [Since the
use of this exit whirl ylelds rating efficlencies different from total
(see eq. (11)), an additional graph is required in describing the effi-
ciency characteristics.]
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Inspection of figures 7(a) and (b) shows not only that the total
and reating efficiencies are different but also that, for a given A, the
peak efficiencies can occur at different values of K},. Therefore, in

describing the effects of exit whirl on +the maximum-efficiency character-
istics of the turbine, these differences must be considered. Table II
presents the values of maximum total, rating, and static efficiency as a
function of A for all the whirl cases consldered, along with the car-
responding values of Ay and Vu,l/AVu,a' For values of A of 0.25

and less, these maximum efficiencles occur at Vﬁ,lﬁAVu’a of approxi-
mately 2/3 regardless of whirl. '

Coe?

The meximum efficiencies in table II are presented in figure 8.
The points for zero exit whirl are, of course, the same as those pre-
sented in figure 5. Figure 8 shows thet imposing progressively more
negative exit whirl permits a reduction in the permissible i, a fact
already described in the discussion of the limits imposed on A. The
figure also shows that, for a given A where & range of whirls can be
considered (A = 0.125, e.g.), imposing negative exit whirl does not re-
duce the efficiency. In fact, the total efficlency improves somevhat as
the whirl is imposed. This is true because the second-stage velocity
diagram approaches that corresponding to the maximum stage total effi-
ciency described in reference 2. The improvement in the total effi-
ciency offsets the reductions in rating and static efficiencies that
would occur because of the added exit-whirl Toss, so that these effi-
ciencies vary only slightly with whirl. As a result of these effects,
curves can be drawn through the points of maximum efficlency to describe
the efficlency trends very closely. These curves are used later in com-
paring the results with the single-stage resulte of references 2 and 3.

Figure 8 shows that the efficiencies decrease markedly at low values
of A. For example, n decreases from epproximetely 0.83 at A = 0.125
to approximately 0.74 at A = 0.05. This rapid decrease in total effi-
clency at jow A values, wbich is discussed at length In reference 2,
is attributed to the increased viscous losses incurred when extracting
the turbine work through use of increased flow veloclitles. The effi-
clency, of course, decreases to zero as A =+ O.

The decrease im T, 1s even more marked than that of 7. For ex-
emple, n, declines from 0.82 at X = 0.125 fo approximately 0.61 at

A = 0.,05. This difference is due to the increased whirl necessarily
imposed at the low X values, which is cousldered as a loss in computing
ﬁ#. The trends in ﬁé shown in figure 8 are the same as those of Tm,.

The only difference is that the level 1s lower because of the additionsl
loss of the axial component of dynamic pressure.

~
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Fram the resulits presented in figure 8, it can be concluded that,
in the low ranges of A desired for turbopump and accessory-drive ap-
plications, relatively low efficiencies must be expected compared with

those obtained &t the high A values used in turbojet-engine applications.

Effect of Turblne Exit Whirl on Stage-Work Split

Table IT includes & compllation of the ratio of first-stage work to
over-all work for the maximm rating and static efficlencies used in
figure 8. These ratios are shown in figure 9 es a funchtion of A. The
zero-exit-whirl points are the same as those used in figure 6. For a
glven value of exit whirl the lower 1imit of A is the value correspond-
ing to impulse conditions in the two rotors and the second-stage stator,
as previously discussed. Since this condition specifies one-point oper-
ation, the efficiency obteined 1s the peak efficiency and the point
represents a lower limit on X. The lower-limit points in figure 9 re-
gult in a straight line (dot-dashed line) passing through an equal work
split Ahl/An' = 1/2 at X = 0. Equations (22), (24), and (13) can be

used to solve for the equatlion of this limiting curve to give

%=2x+% (27)

In figure 9 this impulse-1imit curve combines with that for zero
exit whirl (solid line) to envelop the other points considered. These
two curves intersect at the maximum work split of 75-25. Figure S shows
some scatter 1n the polnts, since the efficiencies have a fairly fiat
peak and the calculated points were not necessarily at the sbsolute
peak. It can be concluded, nevertheless, that the general effect of im-
posing the negative exit whirl 1s to equalize the work of the two stages.

Canparlison with Single-Stage Results

Asg pointed out in the section METHOD OF ANALYSIS, the same funda-
mental assumptions and limits used for the single-stage analyses of ref-
erences 2 and 3 are used herein. Consequently, & direct comparison of
these results can be made to indicate the effect of staging on the level
of turbine efficlency. This comparison is made in figure 10, where the
over-all total, rating, and static efficlencies are presented as a func-
tion of A. The curves representing the maximum-efficiency characteris-
tics of the two-stage turbine are the faired curves of figure 8. The
curves representing the efflclencies obtained in the single-stage-turbine
anglysis corresponding to maximum rating and static efficiencies are fram
figures 9 to 11 of reference 2. For the range of A considered, these
curves are for impulse conditions ascross the rotor. Finally, the curves
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representing the efficiency characteristics of single-stage turbines

utilizing downstream stators designated a l%—stage turbine are taken

from figures 5 to 7 of reference 3. The range of A shown in figure 10
is t?at congidered of interest in the two-stage-turbine analysis (O to
0.30).

The two-stage turbine has the highest total efficiency over the
range of A considered. This 1s true because, for the same A\, each
stage of the two-stage turbine can operate at a much higher IKST and
consequently at higher stage efficlencies. The total efficiency of the

L%—stage turbine is lower than that of the single-stage turblne because

the upstream stator and rotor are no more efficient then the single-
stage turbine, while the downstream stators add to the viscous loss and
then reduce the total efficlency from that of the single stage.

¢GeP

The two-stage turbine also has the highest rating efficiency, the <
difference between these resulis and those for the single-stage turblne
becaming more pronounced. The greater difference is a result of the
large amounts of negative exit whirl required in the single-stage tur- -
bine, especlally in the low A range, to maintain the rotor at impulse

conditions. The curve for the l%nstage turblne, which lies, in general,

somewhere between those for the single- and two-stage turbines, indi-
cates the range of A wherein the downstream stators offer an efficiency
advantage in the operation of single-stage turbines. However, even with
these stators, the single-~stage turbine does not yleld rating efficlen-
cies that approach those of the two-stage turbine.

The trends of the static-effliciency characteristics are the same
as those of the rating efficiency, except that the difference in effi-
clency levels for the single- and two-stage turbines 1s much more pro-
nounced. This increased difference is attributed to the assumed values
of the parameter (Vﬁ)av/giah' used in the analyses. For the single-

stage analysis (Vﬁ)&v/gJah' was 0.49, whereas for the two-stage anal-

ysis it is 0.245, As a result, the axial component of turblne exit dy-
nemic head 1s a much larger percentage of the single-stage-turbine work
output and, comsequently, reduces the static efficlency considerably.

Thus, figure 10 shows that, for the three efficlencles considered,
the two-stage turbine ylelds the greatest efficiency over the range of
A considered. These results indicate the desirability of multistaging
in many turbines in which high efficiency is important at low A values.
Furthermore, for a glven efficlency level, multistaging becames desirable
in order to achieve minimum values of A. For turbopump applications,
where the blade speed is fixed because of stress considerations, the
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increase in specific work output obtained with a multistage turbine re-
sults in a corresponding reduction in the turbine weight flow.

Efficiency Comparison Using an Average Stage Work-Speed Perameter

In many applications in which extremely low work-speed parameters
are incurred, it becomes necessary to use several turbine stages in order
to operate at such a value of stage work-speed parameter as to obtain
reasonably high efficiency. One method of extending the results of this
eanalysis to the cases for which the additional stages are required is to
study the total-efficiency characteristics using an average stage spe-
cific work AhéT,av' This average stage specific work can be used to ob-

. 110 1 -
tain an average Agn, defined as lST,av =U /g&ﬁhST,av. A relation be
tween RST,&V and A can then be obtained as

AgT,ev = An (28)

where n 1s the number of stages involved. The mean-section blade
speed U2 +that would be used in the equation for A and RST,av would

represent the average of the blade speeds for each stage.

The single- and two-stage total efficlencles are compared on this
begis 1n figure 11. The range of XST,av considered is from O to 1.00,

unity being that value ylelding the maximum stage totel efficlency. For
the two-stage turbine, the maximum total-efficlency points from table II
are used; for the single-stage turbine, the zero-exit-whirl condition
described in reference 2 is used for Xsm,av from 0.50 to 1.00, and
below 0.50 impulse conditlons are used.

As shown 1n figure 11, the total-efficiency resulis for the single-
and two-stage turbines correlate fairly well on an average stage-work
basis. Thus, 1t appears that the trends of this figure could be used in
the study of multistage turbines. For example, if a totel efficiency of
0.80 is desired and an over-all work-gpeed parameter A of 0.02 is im-
posed, from figure 11 = value of 7\ST,av of approximately 0.20 is
required. Thus,

- RST,av _0.20

by 0.02

n = 10 stages

This example does not account for the effect of reheat between
stages, which In a multistage turbine could possibly reduce the number
of stages considerably. This anslysis is intended merely to serve as g
rough guide for estimating the number of stages of a turbine with high
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gpecific work output. In extending the resultis of this analysis to the
multistage turbine, the rating and static efficiencies are not con-

sidered, because thése efficiencles are a function of various components -
- of the turbine exit dynamic pressure. Since this pressure, in general,

would not vary in proportion to the number at stages, & correlation

similar to that for the total efficiliency could not be expected.

Significance of Assumptions and Constents Used in Analysis -

£Gey

Four of the assumptions and consbtants used in the analysis will now
be discussed in terms of their effect on the efficiency levels presented,
particularly in the low range of A where some of the assumptions are
questionable. These effects are studied for A of 0.20, 0.11, and
0.042, with corresponding exit whirls of 0, -0.2, and -0O.4. These are
three of the maximum-efflciency points presented in table II. The csl-
culated results obtained in the study of these four effects are pre-
sented in figure 12 and are described in detall in the followlng para- _

graphs.

Effect of variation in welght flow. - The effect of variations in =
weight flow on single-stage-turbine efficiency characterlstics is de-~
scribed in considerable detall 1n reference 2. In this study it was
assumed that varistlions in weight flow affect two of the parameters used
in the analysis. These parameters are

B=k&ol (29)
w w
and
(v2)
g-:fzha"V o< w2 _ (30) —

The values of B = 0.030 and (Vﬁ)av/gmﬁh' = 0,245 assumed in the

analysls were obtalned from reference Z and are based on turbojet-engine
turbines where high equivalent weight flows per unlit frontal area are
required. In turbopump and auvxiliary-drive applications, however, very
low equivalent weight flows per unit frontal area are encountered. Thus,
it is importent to know the effect of this characteristic on the effi-
clency levels in the low A range where these drive-turbines operate.

The effect of varying B and (Vi)av/gJAh‘ in the menner prescribed

by equations (22) and (30) is presented for the three examples in figure
12(a) in terms of a weight-flow ratio w/ﬁr, vwhere w,. 1s that weight .

flow corresponding to B = 0.030 and (Vﬁ)av/gJAh' = 0.245. The general
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effect of reducing the weight flow 1s to decrease the total efficlency,
this effect becoming more pronounced as A is reduced. Similar effects
can be observed for rating efficiency. The trends of the siatic ePfi-
clency are somewhat different because of the reduction in exit axisl
kinetic energy as the weight flow is reduced. At A = 0.20, ng first

increases and then decreases as the weight flow 1s reduced; while at
A = 0.042, Ng decreases steadily as the weight flow is reduced.

It may be concluded that, in generel, the effect of reduction in
weight flow 1s to reduce the efficlency levels from those presented in
the analysis. Thus, with respect to weight flow alone, the efficiencies
of turbines for turbopump and auxilisry-drive applications will probably
be below those presented in figure 8.

Effect of increages in K. - The constant of proportionality X
appearing in the term B relates the kinetic-energy loss per unlt sur-
face area to the average free-stream kinetlc-energy level of the gas.
Since no absolute values of K are used, increases in K must be
?t?died in terms of increases In B 1in the total-efficiency equation

3) as -

K B
= == (31)
Kr Br _

The effect of increasing X 1in this manner on the efficiency char-
acteristics for the three examples is shown in figure 12(b). For all
levels considered, increases in K result in considerable reduction in

efficiency, this reduction being much more pronounced at very low A
values.

Increases in K from the level used in the analysis will probably
oceur in turbopump and auxiliary-drive turbines as a result of & number
of considerations, including the following:

(1) Reduction in Reynclds number

(2) Increased required trailing-edge blockage as a result of practi-
cal limitations with small blades

(3) General dimensional and tolerance problems that occur with small
blading

(4) Increased effects of tip clearange or seal leaksage

(5) Increase in effective K when partial admission 1s used, due to
eddying and unsteady effects in the unused portion of the rotor
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(6) Use of supersonic flow Mach numbers that could introduce high
shock losses

From conslderation of these and other effects it is clear that large
reductions in efficlency level from that presented in figure 8 would oc-
cur for these drive-turbines as & result of significant increases in K
alone.

Effect of increases in exit axial kinetlic energy. - In the calcula-~
tion of the static efficiency (eq. (12)), the axial component of kinetic
energy at the turbine exit was assumed equal to the average across the
turbine. In general, however, the axial component of kinetic energy in-
creages from turbine irnlet to exit and, as a result, the exit axisel
kinetic-energy level is somewhat grester than the average. The signifi-
cance of this effect is shown in figure 12(c), where efficiency is shown
as a function of the ratioc of exit axlal kinetic energy to average axial
kinetic energy, that is

va),
(Vz) &J-—'T
glhnt

Of course, the total and rating efficlencies are unaffected, since this
ratlio does not enter into the calculations. The static efficiency is
considerably affected, however, 7ng decreasing as the ratio is increased

above l._ The effect 1s most pronounced at increased A because of the
higher 7 (see eg. (12)). Thus, it is evident that the levels of static
efficiency presented Iin the analysis are somewhat grester than those ex-
pected experimentally.

Effect of reheat. - In the derivation of the eguation for over-asll
total efficiency (eq. (9)), the reheat effect was not considered; Abig o

was merely added to Ahid p 1n the denominator of equation (8). In

order to determine the significance of the reheat effect, an eguation
for n is derived in appendix B similar to equation (9) but including
thege effects. The parameter chosen to describe this effect is the
ratio of specific enthalpy drop across the turbine to inlet enthalpy
level Ah'/hi. This equation is

Manp(Pe + Ap)

P

(B12)

_ )\ Ah
PR )
Ay
T e

(2 +

Tahg * Ty - 2 5. )

&z|g_

¢ecy
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Neglecting the effect of reheat merely assumes that Ah'/hé =+ 0 or that
the change in enthalpy 1s much less than the enthalpy level.

The efficlencles were computed for the three examples over a range
of Ah! /hc') with 71 computed from equation (B6). Figure 12(d) shows

that the general effect is to lncrease the efficiency level to scme de-
gree. For example, if Ah'/h6 = 0.30, the reheat effect increases the

efficiency level 1 to 2 points. Thus, this reheat effect offsets to a
small extent the reductions in efficiency caused by the factors previous-
ly described. '

SUMMARY OF RESULTS

An analysis of the effect of work and speed requirements on the ef-
ficiency characteristics of two-stage turbines has been presented. As-
sumptions and limitations were the same as those used in single-stage
studies previously reported. The principal limit, that of impulse across
any blade row, was studied in detaill and resulted in a range of stage-
work split and veloclty-diagram parameters for a given work-speed param-
eter A. The combination of these parameters yielding the maximum effi-
clency for a given A and exit-whirl condition was used in describing
the results of the analysis. These results are asgs follows:

l. The turbine with zero exit whirl attained & maximum total effi-
ciency of approximately 0.85 at A = 0.50. The efficiency then decreased
as A was reduced until at the lower limit of X = 0.125 the total effi-
ciency was approximately 0.82. The static-efficiency trends were similar
but at lower efficlency values. As A was reduced from 0.50 the stage-
work split was altered from 50-50, the first stage developing progres-
sively more of the work untll at the lower 1limit of A = 0.125 the work
split was 75-25.

2. The primary effect of imposing negative exit whirl was to reduce
the lower limit of A at which the impulse limit was encountered. As
A was reduced below 0.125 in this manner, the efficlencies decreased
quite markedly. The work spllt alsc tended to return to an equal split,
theoretically returning to 50-50 as A approached zero.

3. For a given A where a range of turbine exit whirl was con-
sidered (0.25 and below), the maximum total efficiency increased slightly
as negative exit whirl was lmposed. The maximum rating and static effi-
ciencies were approximately constant over the range of whirl considered
for a given A. These maximum efficiencies occurred in all cases at A
values below 0.25 at & first-stage-stator exit-whirl parameter of ap-
proximately 2/3.
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4. Comparison of results for the two-stage analysis with those pre-
viously obtained for single-stage turbines revealed that, over the entire
range of A considered, the two-stage turbine ylelded significantly
higher efficiencies. This result indicates that, in applications where
very low values of A are encountered, multistage turbines become neces-
sary when high efficlencies are desired.

S. When an average stage work-speed parameter was used, the total-
efficiency characteristics of both the single- and-two-stage turbines
correlated well. Thus, 1t appears that the efficlency trends obtained
in this manner can be used in the study of multistage turbines.

In conclusion, it is to be emphasized that the purpose of the anal-
yels presented in this report 1s to indicate the effect of variations in
work and speed requirements on the efficlency level. Constants used over
the range of A considered were obtained from well-deslgned high-
specific~welight~-flow turbojet turbines. A study of these constants and
assumptions indicated that altering them in the direction of the range
encountered in turbopump and accessory-drive turbines tends to reduce
the efficlency considerably. Therefore, the effilclency levels presented
in the analysis are probably greater than those expected for these tur-
bines with low work-speed parameters.

Lewls Flight Propulsion Iaboratory
National Advisory Committee for Aeronautics
Cleveland, Ohio, June 13, 1957

cGey
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APPENDIX A

SYMBOLS
turbine blade surface area, sq f%

parameter equal to K%

parameter describing velocliy-dlagram type for stage total-
efficlency equation

specific kinetic-energy level, Btu/1b
acceleration due to gravity, 32.17 £1/sec?
specific enthalpy, Btu/lb

specific work output, Btu/lb

mechanical equivalent of heat, 778.2 f£t-1b/Btu
constant of proportionality

loss in kinetic energy, Btu/Ib

number of stages

pressure, 1b/sq ft

mean-gection blade speed, f£i/sec

ebsolute gas velocity, £t/sec

relative gas velocity, f£t/sec

welght-flow rate, 1b/sec

total efficiency, based on total-pressure ratlo across turbine

static efficiency, based on ratic of totel to static pressure
across turbine

rating efficiency, based on total pressure upstream of turbine and
pressure downsbiream of turbine equal to sum of statlic pressure
and axlal component of veloclity head

work-speed parameter, UZ/gJAh'

L 3
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Subscripts:

a first stage : : : .
av average

b second stage

id ideal ~
R rotor ﬁ
r reference

S stator

ST stage

u tangential component -
X axial component -
0 upstream of turbine

1 station between first-stage stator and rotor

2 station between stages

3 station between second-stage stator and rotor

4 downstream of turblne

Superscripts:

' absolute total state

over-all e . . } S
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APPENDIX B

DEVELOPMENT OF EQUATION FOR EFFECT OF REHEAT ON OVER-ALL TOTAL EFFICIENCY

The over-zll total-efficiency equation with reheat is developed in
terms of enthalpy ratios from the enthalpy-entropy diagram of figure 13.
The genersl equation for over-all total efficiency (eq. (7)) can be
written as

- Ant

T T =)
0~ P,1a
Dividing equation (BL) by hy glves
&l
hé
-ﬁ = —h', (BZ)
N L
hé

Pigure 13 shows that the following enthalpy ratlos are egual, since they
represent isentropic drops in enthalpy as a result of the same pressure
ratio:

= == (B3)

Solving equation (B3) for hj 1q ©nd substituting into equation (B2)
2
yleld

Ahl
hé
= (B¢)
L _P2,1d%,1a
h'hé
The stage total efficiencies expressed in terms of enthalpy are
Ahl N:t
Mg = (B5a)
&l ja B - Bf ig
! &!
b L2}
T = — (BSDb)
Ahb id hi,id
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Equations (B5a) and (BSb) can be solved for hj id/hé
2
respectively, and substituted into (B4) to give

)]
- o
L]
1 - (l - ——
i
Expanding terms in the denominator yields

Ah'l

B

“ERI A

+ -
el My MaTlolz

Now

Also,

NACA RM E57Fl2

1
and h4,id/hé,

(B6)

(87)

(B8)

q (B9)

CSe¥
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Substituting equations (B8) and (B9) into (B7) results in

-
s

S|
I
|~
3
+
TN
]
&>
5
~1
l_l
1
>
no
S
~—
[wV]
/‘?\
B
i
&

g
(BLO)

Cancelling out Ah' /h(!), putting all three terms in the denominstor in
terms of & coumon demominator, and inverting yleld

Matbralp < - % %)
a

A Aht 2
My (1 - h‘T) MM, - A
a

(B11)

5

i~y

Since equation (13) can be altered to

equation (Bll) can be modified to

A Lkt
Nap (g +2y) (1 - "T')
M= (B12)

Tla)‘a."‘nb)‘b'xAh ( ‘gqb)

Equation (Bl2) becomes the same as (9) when Ah'/hi-+0; that is, when

no reheat effect is considered. Equetion (Bl2) was used to obtain the
curves in figure 12(d), where this reheat effect is presented for the
three exsmples.
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TABLE I. - FUNCTIONAL RELATTONS AND CALCULATION FPROCEDURE
USED IN OBTAINING TWO-STAGE-TURBINE EFFICIENCY

CHARACTERISTICS
(a) Functional relations

BEquation| Functionsal relation
(5) ng = £(A, Xa, Vu,l/AVu,a)
(6)  |mp = 20, Mys Vi, 3/AVy )
(9) T = £(na; Mo, ras Ap)
(11) |y = £(R, X, My, vu,é:/Avu,b)
(12) |Tig = £(A, N5 Mpy Vu,4/0Vu,b)
(13) ha = £(}, Mp)

(14) |Vy, 5/ p = £(Vy, 4/ 1)

(b) Calculation procedure

Quantity |Obtained from Quantities needed
Vu,4/Vy,p|Renge specified * L
A Range specified L ® ? ; #
Ap Range specified ‘ ‘ ?
Vu,]_/AVu,a Range specifiled *
Aa Eq. (13) —
Vu,3/Vu,b Eq. (14) ®
Mg Eq. (5) ®
T Eq. (6) *
T Eq. (9) o 0
Tix Eq. (11)
Mg Eq. (12)
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TABLE IT. - RESULTS OF MAXTMUM-EFFICIENCY CALCULATTIONS
Turbine| Over- Maximum over- Maximum over-all rating and
exit- |[all all total static_effilciencles,
whirl |work- efficiency, Ny 8nd Tmg
param- {speed n - = |2t
eter, |param-" 5 [V, 1 | = Ap Yol ) g | Mg —

Vag.a |eter, b | Za=| T Ay, An
= | A Ay,

u,b

0 0.500 (1.00 | 1.00 {0.894|1.00| 1.00{0.894{0.806|0.50
375 .80 .90 .891 .80 .90} .891| .803| .53
.250 .60 .87 .8781 .60 .67| .878] .793| .58
.200 .50 .66 .866| .50 .66 .866} .783] .60
.150 .50 .61 .842{ .50 .61} .842] .7863] .70
.125 .50 .67 .817| .50 67| .BL7| .743| .75
-0.1 ]0.200 ]0.50 [ 0.69 ]0.869)0.50]| 0.69)0.866]0.783|0.60
.186 .50 .70 .867| .50 .70t .864] .782] .61
170 .40 .65 8591 .40 .65| .856| .774} .58
.140 .40 .58 | .842| .40 .58 .839| .761; .65
111 .40 .65 .810| .40 .65 .808| .735| .72
-0.2 10.150 |0.30 | 0.60 {0.854|0.40| 0.61)|0.838|0.,760)0.62
.130 .30 .62 .843| .40 .62| .825| .749| .68
.110 .30 .58 .824| .30 .58| .808| .735] .63
094 .30 .64 .799| .30 .64| .786| .7L7| .69
-0.3 |0.100 {0.20}!0.55 [0.825(0.30| 0.65|0.780(|0.712|0.867
.080 .20 .60 .813| .26 .64| ,766| .700| .66
..080 .20 .60 797 | .23 .62| .748 .685| .65
LO7L | .20 .61 L7751 .20 8L 7301 .87Q| .64
-0.4 |0.050 |0.10]0.53 (0.746|0.12| 0.58|0.615{0.572|0.59
047 .10 «55 L7351 W11 .58| .60%L| .560{( .59
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