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SUMMARY 

In the present report submitted to the National Admsory 
Committee for Aeronautics for publication the general 
jormulas for the determination of all major airplane per­
formance characteristics are developed. A rigorous analy­
.ns is used, making no Msumption regarding the attitude 
cf the airplane at which ma3:imum rate of dimb occurs, 
hut finding the attitude at which the excess thrust horse­
power is maximum. 

The characteristics of performance Me given in terms of 
the three fundamental parameters Ai>, >.,, and >.,, or their 
engineering alternatives l,, , l,, and l11 where 

>.,, ex lp = parasite loading 
)., ex l, = e.ff ective span loading 
)., ex l1 = thrust horsepower loading 

These combine into a new parameter of fundamental 
importance which has the alternative forms: 

.A' .A l, li'!a 

ex =�
1' 

A correction is made for the variation of parasite re­
sistance with angle of attack dnd for the nonelliptical wing 
loading by induding in the induced drag term a factor e, 
called the "airplane e;jfici,ency factor. 11 The correction is 
thus assumed proportional to OL2

• 

A comprehensive study of full-scale data for use in the 
formulas is made. Using the res-ults of this iwestigation, 
a series of performance charts is drawn for airplanes 
equipped with modern unsupercha¥ged engines and .fiud­
puch metal propellers. 

Eq:uations and charts are developed which show the 
variation of performance due to a change in any of the 
CU,8lomary design parameters. 

Performance determination by use of the formulas and 
charts is rapid and explicit. The reeults obtained by this 
performance method have been found to give agreement 
with flight test that is, in general, equal or superior to re­
sults obtained by present comrrwnly used method,s. 

L INTRODUCTION 

The present report was started upon the suggestion 
of Mr . .Arthur E. Raymond, assistant chief engineer of 
the Douglas .Aircraft Corporation and professor of air­
plane design at the California Institute of Technology, 

that a rapid algebraic or chart method of performance 
es:timation would be of value to the industry. The 
analysis starts with the basic equations given by 
Dr. Clark B. Millikan in reference 1, and uses param­
eters of the airplane similar to those there introduced. 

The general equations for maxim.um rate of climb 
are obtained by differentiating and equating expres­
sions for thrust horsepower available and required, 
and using the excess horsepower at the optimum speed 
so determined. The accuracy of the charts therefore 
depends almost entirely upon the accuracy with which 
any general propeller and thrust-horsepower data 
represent the case at hand. 

General supercharged engine data may be substi­
tuted in the general equations to give a series of charts. 
V ariablo-pitch propeller data may be used to give a 
series of charts. In short, the formulas developed are 
general formulas. The calculation and construction 
of charts for any general type of engine or propeller 
requires considerable labor; however, once the series 
of charts has been constructed, the calculation of the 
performance characteristics of any airplane similarly 
equipped may.be carried out in a few minutes. 

Besides giving to the designer the advantage of 
rapidity in performance calculation, the charts readily 
show the change in performance of the airplane with a 
change in any of its characteristics: Weight, span, 
equivalent parasite area, design brake horsepower, 
maxim.um propeller efficiency. The designer may, by 
the use of the charts, weigh the relative merits of a 
change in airplane characteristics in obtaining any 
desired performance. 

.Another advantage in the use of the charts is the 
fact that the absolute ceiling, maxim.um rate of climb, 
and the maxim.um velocity, having been specified, the 
charts may be solved in reverse order to determine 
the airplane characteristics necessary to give the 
specified performance. The designer's requirements 
and limits are definitely set, and his problem im­
mediately becomes one of structure. Likewise, flight 
test data having been given, the charts may be solved 
in reverse order to determine the actual values of the 
airplane parameters. 

It hardly need be pointed out that the selection of a 
propeller is made easy by the use of the charts. Maxi­
mum velocity depends upon propulsive efficiency, 
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which in turn depends upon maximum velocity. This 
cyclic process is rapidly solved by means of the charts. 

The physical discussion of A', presented in Section 
II B, is due to Dr. Clark B. Millikan's ·timely dis­
covery of the fundamental physical nature of this 
major parameter of airplane performance. 

The general performance formulas have been 
developed in Sections II and ill in terms of the 
physical parameters }\1,, }\,, }\,, and A' in order that 
the results may be readily extended to any system of 
units. The results are extended to the American 
engineering system of units in Section V preliminary 
to the construction of the performance charts, which 
make use of the engineering parameters l 11, l., l,, 
and A. 

The method of performance determination is out­
lined in Sections VI and VII. Charts for the complete 
calculation of the performance of any airplane equipped 
with modern unsuperch.arged engines and fixed-pitch 
metal propellers have been collected at the end of the 
report. Hence, for the purpose of solving actual pPr­
formance problems, Sections VI and VII may be 
read and used independently of the previous sections, 
and without the necessity for any reference to the 
contents of the earlier ones. 

The author wishes to take this opportunity to 
express his appreciation of the many helpful suggestions 
and comments furnished by the members of the staff 
of the Guggenheim Graduate School of Aeronautics, 
at the California Institute of Technology. In addi­
tion, he expresses his gratitude to the Army Air 
Corps for data furnished, and to others who have 
given valuable aid in the preparation of this report. • 
The author wishes particularly to express his apprecia­
tion of the contribution to the l"eport in Section II B 
furnished by Dr. Clark B. :Millikan. 

IL GENERAL ALGEBRAIC PERFORMANCE FORMULAS 

A. DEVELOPMENT OF THE FUNDAMENTAL PERFORMANCE 
EQUATION 

The fundamental equation of airplane performance 
may be written in any consistent set of units in the 
form: 

where, 
h=altitude 
t=time 

t.hpa =thrust horsepower available 
t.hp, = thrust horsepower required 

W=weight 

(2.1) 

A=horsepower conversion factor; 550 in Ameri­
can units and 75 in metric units. 

If we define, 

w,.=A ~a""'"rising speed" (2.2) 

w.-=-A ~'=-"si:cldng speed" (2.3) 

then equation (2.1) takes the form, 

dh 
dt =w11-w.. (2.4) 

The maximum horizontal velo.city occurs at:= 0; 

maximum rate of climb at maximum ~; absolute 

iling- . dh 
ce at maxunum c1r-o, etc. 

Splitting up the drag into two terms in accordance 
with the Prandtl wing theory, 

DY c~ D,) 
, W8""' W cm W + W V 

where, 
D=total drag 

(2.5) 

D 11 =parasite drag (that portion of drag whose coeffi­
cient is constant) 

D, = effective induced drag (that portion of drag whose 
coefficient is proportional to OL2) 

V=velocity 
OL-lift coefficient. 

From t,he Prandtl wing theory, 

where, 

L2 
D,=-b2 

7r<J, • 

L=lift 
p=mass density of air 

1 
<J.=2pV2 

b."" effective span. 

(2.6) 

For horizontal rectilinear flight, and angles of climb 
for which the cosine of the angle is nearly unity, the 
weight ma;r be substituted for the lift. Hence, 

D, 2W 
w"" 1rpV2b/ 

Defining f as the equivalent parasite area: 

1 
D11=ef= 2 pv72j 

'!!:£=[!_ j_ T"2 

W 2Wr • 

(2.7) 

(2.8) 

(2.9) 

This definition of f is consistent with that used 
abroad, and is desirable because of its essential physical 
significance and freedom from constants. It differs 
from.the present American definition off by the footor 
1.28. In the American definition} is called the "equiv­
alent flat plate area" and is defined by the equation 
D 11 -I.28qj. 

The sinking speed becomes then, 

pf 2W 1 
w.=2 W 173+ 1rpb/· '\t· (2.10) 
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It has generally been customary to define b, as the 
equivalent monoplane span kb, where k is Munk's span 
factor n.nd b is the largest individual span of a wing 
cellule. This case corresponds to the ideal case in 
which the lift distribution is elliptical over each wing 
nnd the parasite drag coefficient is independent of 'CL. 
There is actually an increase in drag over this ideal 
condition caused by interference, variation of parasite, 
and nonelliptical lift distribution. It has been found 
that the additiono.I drag may· well be represented by 
a correction proportiono.I to OL2, The correction may, 
therefore, be included in the induced drag term by 
introducing therein a factor e, which is co.Iled the 
"airplane efficiency factor." . Hence, we define, 

bl=e(kb)2 

where, e = airplane efficiency factor 
k = Munk's span factor • 
b = largest individual span of the wing cellule. 

The airplane efficiency factor is quite ·fully discussed 
in Section IV. In view of this definition, equation 
(2.10) becomes, 

(2.10a) 

Writing cr=.E..=relative rur density, where Po= 
Po 

standard air density at sea level, and defining, 

2W ·te 1 n..l~ .... ,,. hp= pof ex: po.ras1 o~ (2.11) 

2 W 2W ff. lading( l) >..,=-~b) =-no:: e ectivespan o 2.1 a 
1rPo6\rr;V J 1rPo Ve" 

so that both h, and hp have the dimensions of (ve­
locity)2, we have from (2.10a), 

V3 1 h, w =q:-+-n• • hp CTV 

If we similarly define, 

(2.12) 

>..,=.; w =.; _}!_ <X 
.t.1. b,hPin'7m .t.1. t.hpin 

thrust horsepower (Z.l 3) 
loading, 

where, 

V 111 "" design maximum velocity at sea level 
b.hp111 = brake horsepower at V 111 (cr- 1) 

'1 m = propulsive efficiency at V m 

t.hpm = thrust horsepower at 'V,,. 
Then, 

A ~
ha 1 t.hp.(at V, er) w,.- -= 

ht t.hpm 
or, 

(2.14) 

(2.15) 

where, 

T = t.hp. at velocity V ( t 1 el) 
, t h t V a sea ev . Pa a • 

= function of f 
T t.hp. at altitude ( t ta t l ·ty V) 

"mt.hp at sea level a cons n ve OCl 

= function of er and f · 
Substituting equations (2.12) and (2.15) in (2.4) we 

get, 

Since the propulsive unit characteristics Tu and T" 

are expressed in ~s of f, V"' will be introduced 

explicitly in equation (2.16). Defining, 

R,=f .,,.dimensi'.onless speed ratio, (2.17) 

we have, 
clh 1 T T R a V ms 1 h, 
-=-- " ,-er • --~v.:· dt ht hp crn, m 

(2.18) 

In order to bring out the physical basis of this equa-

tion w_e note that ~,=At.~.., = the speed at which the 

airplane would rise il the thrust horsepower required 
for horizontal flight were zero. The entire t.hp111 would 
then be used in lifting the airplane vertically at a speed 

we might well call the "design rising sp?ed"=(~l· 

The symbols{, and c:\ will be used interchangeably 

throughout this section. It is obvious that the actual 

rate of climb will depend very markedly on c:)
4

, so 

it is natural to write the latter as a multiplicative factor 
In this way we obtain, 

~=(~)I TaT,-crRv3 t Vm3
- CT~p h~'] (2.19 

c:)4 =~,- (2.20 

In this form, the fundamental performance equatio 
contains three design paramet-ers, 

( clh) = .!. h1 V s d h,>..,. 
dt a }..,' hp m ' an Ya 

This is the same number with which we began (}..,, h,,, 
h 1), so that no obvious simplification bas as yet been 
attained. However, the explicit use of 'V m and the 
dimensionless speed ratio R, does actually lead to 
considerable simplification and produces a new funda• 
mental form of the performance equation. For con­
sider the conditions for V ,,.. 
.Then, 
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Equation (2.19) then gives, 

A, V 3 = l - A,A,. 
A11 "' V.,. 

parameter A.'. In schematic form, and employing 
equation (2.26), we may -rewrite the fundamental 

(2.21) performance equation (2.22) as, 

Substituting this into equation (2.19) we obtain, 

~=~[(TaT.-uR,3)+ (uR,3
- u~) ~} (2.22) 

Furthermore, from (2.21), 

or, 

. 6 
I 

I 
.5 

I 
I 

~ J 

I/ 
.3 

J 
'/ 

/ 
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A' 
FIGURE 1. ~•as 8 !unction of A'- ~:J.111 

Now defining, 

Equation (2.24) gives, 

A'= 1t ~'( 1-AV~')½· 

(2.23) 

(2.24) 

I 
I I 

.s 

(2.25) 

(2.26) 

The 'relation between the dimensionless design 

parameters A' and Att ~' given by this equation has 

been plotted in Figure 1 and is used continually in the 
later calculations. 

The fundamental performance equation (2.16) 
has thus been materially simplified since, in the form 
given in (2.22), it contains only the two parameters 

ti= (f;)d and~-~', and the latter is given by equation 

(2.26) as a definite function of the fundamental design 

:""';, [(function(1) of u, R,)+ 

(function G) of u, R,) (function of A')] 

where the term in the brackets is dimensionless. 

(2.27) 

The essential advance in the present, theory lies in 
the fact, that it replaces the normally 3-parameter 
performance problem by two successive 2-parameter 
ones. For V .. is first det-ermined from (2.26) as a 
function of A' and A, A,, and all subsequent perform­
ance characteristics are then obtained from (2.27) in 
terms of the design parameters A, and A'. Indeed all 

characteristics for which~ =0, e. g., absolute ceiling 

and speed ratios at altitude, are given in terms of the 
single parameter A' . 

Schrenk and Helmbold (references 2 and 3) have 
discovered the possibility of a reduction in the number 
of parameters for the power-required portion of the 
performance problem. However, they give no ana­
lytical discussion of the. power-available problem. 
Indeed, it would be rather difficult to introduce this 
element into their analyses, since either the velocity 
for maximum L/D or that for minimum power required 
is taken as the fundamental velocity, instead of the 
design maximum velocity which is used in the present 
discussion. Driggs (reference 4) introduces analytical 
expressions for the variation of power available which 
are similar in nature to those here employed; however, 
Driggs's analysis rests on somewhat arbitrary assump­
tions concerning the attitude of the rurplane at which 
the various performance characteristics occur. Fur­
thermore, in Driggs's papers, general characteristics 
at altitude are not discussed. The reduction in the 
number of desi.,on para.meters from three to two is not 
apparent and the fundamental para.meter A' does not 
appear explicitly. Hence, the new form of the per­
formance equations here presented is of some theoreti­
cal interest. It is also of practical importance, mnce it 
loads to the construction of the simple charts developed 
in this paper, and these in turn may be of coruriderable 
assistance in working out actual performance problems. 

B. PHYSICAL SIGNIFICANCE OF THE PERFORMANCE 
PARAMETER A'I 

It is apparent that the parameter A', which has been 
unearthed and shown to have such importance by 
the procedure outlined above, should have some 
simple physical significance. In the attempt to dis­
cover what this physical interpretation may be, it will 
be convenient to consider the sea-level characteristics 
of what we shall call an "ideal airplane." This 

1 This section (II B) was contributed by Dr. 0. B. Millikan, or tho Oallfornla 
Inatltute or Technology, aeronautics staff. 



GENERAL FORMULAS AND CHARTS FOR THE C.A.LCULA.TION OF .AIRPLANE PERFORMANCE 167 

will be defined as an airplane for which the thrust 
horsepower available is independent of speed so that 
T"= 1, and in connection with which the phenomenon 
of burbling does not occur. The latter requirement 
implies that the equivalent parasite area, as defined 
above in Section II A, remains always constant and 
that the lift coefficient has an infinit.e maximum value. 
In other words, an ideal airplane is one that obeys the 
performance equation for all values of the velocity 
V, and for which (at least at sea level) t.hpa. = t.hpm. 
The power-available and power-required curves for a 
normal airplane and for the corresponding ideal air­
plane are indicated in Figure 2. 

Let us consider the conditions for the sea 300 
level horizontal flight of such an airplane, de-
noting the velocity for horizontal flight by V 11 •

1 

The conditions are, 

o-=Ta=Tp=1,1;=o, "V=R;Vm=Vh. 

Introducing these into the fundnrnental per- .@-200 
'i-: 

formance equation (2.19) we obtain an equation (' 
exactly analogous to (2.26), i. e., 1 

i 
(2.28) ~ A'=>., A1(1-~a~)1~ 

V11 Vh 

For simplicity in writing we may express this 
in the form, 

A'=r(I-r)l/3; r=}.,f,.'· (2.29) 

For a given A' this is a fourth degree expression 
for r which is plotted in Figure 3 for positive 
values of r and A'. There are two real and 
two complex roots of this expression for the 

~ 

A' and i: may be calculated numerically from equa­

tion (2.29). This has been done and the result plotted 
in Figure 4. It should be noted that for practically 
all normal airplanes A'< 0.15 so that in practice, 

\.' llo • • tel ( ) 
1 = V,,. approX!Illa y. 2.30 

The significance of the parameter A' is now apparent. 
It. determines uniquely the "ideal speed ratio II of an 
airplane and. for normal planes is very nearly equal to 
this speed ratio. In attempting to visualize the 
effect of the ideal speed ratio on performance it is 

lVn v,, 
~"/ r / 

I t.h~a if
1
T,, =/00 J 

i.,-/ I y I 

: \ I I L 

Apua( t. hpa { assuming Tv "'R,, 0 •
6 ?,,-L,,/ I 

.: \ Total t.hpr If I neglecting ' 
I 9urbling _/ /I I ,,: 
I V // I \ I / 
I \ v V [7 I/ I I 
I I 

I \ '/ T,ota/ f.hpr-y' J I 
I I 

I 

fActual t. hpr 
/ I I 

I \ / I 
I I 

I \ \ /7 7... I I 
I I 

I I~ ' _,,,/ 
·/ 

'/ /-'Orosae r.nPr , 
I 
I .\ - " 0; SfJ<1!!_ - a, : 

: Yo "' / :vm 
I ~ / 

I r--z I 

I I 
I _,-: - I 
I / r~ - I 
I / Induced t.hpr I ;-

I _.,... 
! I ---I - -\,i- 0,1 f• r 

range of values of A' which are of interest for O 50 /00 
the present problem. For a definite value of Velocity, mp.h. 

A' (for example Ao' in fig. 3) the smaller of F1oum:2.-Powercurvesrora.norms.lalrplanes.ndltsassools.ted"ldoolalrplane." .A.ssnmed#r· 

h l ( ) 
• b • 

1 
. b plane oharacterlstlos: >-,-2ro,ooo; >-.-soo; >-,~o.025; A'~0.0523; w~,,ooo lb.; s-roJ sq. rt.; 

t ese rea roots say r 01 IS o vious y given y cz--~1.~ 

r >.,}.. 1 • •t ds to th 1 _ 1 f very instructive to draw a series of actual and "ideal 11 

01 =-v smce l correspon • e argest vw.ue O • hi h th ·te d t1----t .,. power curves m w c e span, parOSl , an 11.nu:1 

V satisfying the sea level horizontal flight condition. horsepower loadings are varied individually. This 
Hence, the portion of t,he curve between r = O and procedure brings out very clearly the manner in which 
r=0.75 is identical with Figure 1. The larger of the the various loadings affect the ideal speed ratio, and 

two roots may be written as r o3 = }.,{}; 1 where VO is 

the minimum value of V for the sea level horizontal 
flight of the ideal airplane defined by the design para­
meter Ao'. The velocity of Vo is indicated in Figut'e 2 
and ma.y be called the "ideal minimum speed." The 

ratio of the two roots is ~:.,. ;: and will be called 

"ideal speed ratio." From Figure 3 it is obvious that 
to every permissible value of A' there is a definite 
value of the ideal speed ratio. The l"elation between 

• In this section (II B) the subscript I, represents horhontsl flight and does not 
follow the convention given In the Summary or Notations. 

149900-33--12 

brings out the qualitative relation between the latter 
and the actual performance characteristics. 

In addition to its intimate connection with the 
ideal speed ratio, A' also has the property of uniquely 
determining the speed ratios for maximum L/ D and 
minimum power required. It is easy to show from the . 
basic expression for sinking speed (see also Section VII) 
that, 

(2.31) 

where V MP= velocity for nurnmum power required 
and VLD=velocity for maximum L/D. But since 
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Av~' is a definite function of A', it follows that ~: 

a.nd ~: n.re also definite functions of A'. These 

relations have been calculated numerically and the 
results included in Figure 4. It is worthy 'of note that 
for A'=0.4725 the velocity for minimum power re­
quired (VMP), the ideal minimum velocity (V0), 
and the design ma.mnum velocity (V,,,), nll coincide. 
Hence, an airplane for which l!...' = 0.4725 could :r;10t 
leave the ground at sea level. This definite limit for 
the fundamental design para.meter A' is one of the 
most interesting theoretical results brought out by 
the analysis of the present paper. 
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FIGURE 3.-Plot ol the fourth depee relation connecting A' and r 

C. GENERAL FORMULAS FOR V ABIOUS PERFORMANCE 
CHARACTERISTICS 

~Equations for the various performance character­
istics of an airplane may be developed from the f unda­
mental performance equation (2.22) and equation 
(2.26) for A' through the introduction ·of the appro­
priate special conditions governing each characteristic. 
The general formulas for the more import.ant per­
formance cbnracteristics are given in this section. 

These formulas a.re expressed in American engineer­
ing units in Section V. The effects of down load on 
the tail and inclination of the thrust a.xis a.re there 
numerically discussed. 

Maximum. velocity at sea level.-The two important 
forms of the ma.:ri:rnum velocity equation have been 
developed earlier in the paper in equations (2.24) and 
(2.25) nnd are here rewritten for contii:mity, 

V"' ={tY'C 1 ~ }.;,J½ 

v,,, = ..!..(1- Aah1)½ 
">.J,., l!...' -V: 

(2.32) 

(2.33) 

Equation (2.33) is plotted in Figure 1. This figure 

is used in obtaining A' from ;(1 throughout the report, 

since the equations to be developed express perform.­

a.nee in terms of ;if: and it is more desirable that the 

final results be given in terms of A'. 
Ma.xi.mum. velocity at a.ltitude.-The condition for 

ma.,clmum velo_city at altitude is '!-; =0. Introducing 

this condition equation (2.22) gives, 

(2.34) 

1.2 I 
I 

1.0 

.e 
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! .,,,/ V. / I 

I' ~[Y 

~ / 
V" I 

/ 
I V / 
'/ / 

I / V 
/ / 

/1 / .&. / 
I v.. ·y 

.2 
r/ // 

vr 
/ 

/ 
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A' 

FJomu: ,.-Important speed ratios as fnnoUons of A'. v ... deslgn 
marlmum veloo!~ v.-ldeal minimum velocity; VJtpaveloolty for 

mln!mnmpower required; V u,-veloalty for marlmnm t: ~:-­
Ideal apeed ratio 

where, 
R _ Vma.ximum at o.ltitude= Vm,,_ 

rm - V maximum at sea level r 
Ill 

(2.35) 

Substituting equation (2.34) in equation (2.26), we get, 

I T,. T. tr R..,,. -ir R,.,,;' 
.A= 1-u2 R,,,,• 

(2.36) 

( 
T,. T, tr R,,,.-ir R,.,,.')¼• 

l- 1-u2R,,,.• 

Equation (2.36) is the general formula for A' in 
terms of tr and R,,,.. The substitution indicn.ted for 
obtaining equation (2.36) from (2.34) is readily per­
formed graphically from Figure 1, which gives A' as a 

function of AV ~t. 
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It is seen then, that for any general type of airplt•ne, 
i.e., for any specific functions Ta and T,, R,m is given 
ns a function of <T (corresponding to altitude) and .A'. 
The maximum velocity nt altitude V m 11 is then obtained 
from the maximum velocity at sea level and R ,.,. 
according to equation (2.35). • 

Equation (2.36) has been plotted in Figure 5 for par­
ticular functions Ta and T, corresponding to "normal 
present-day propulsive units" with unsupercharged 
engines to show the nature of the dependence of R 0a 

on .A' and altitude (<t). • 
Maximum rate of climb at any altitude; speed for 

ma.xi.mum olimb.-The speed at which maximum rate 

of climb occurs is obtained by differentiating f; with 

7.0 -- ............. -- i"--. 
Seo~eve~J 

"' I 

.e \ "' Y.".. I 
2,000ft. 

\ 'r1.tqooo ft. 

Y"-2~000 ft. 
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,4 
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0 J .2 .3 .4 .s 
A' 

FIGURE 6.-R.,. 83 a function o{ A' and altltnde <•-> 

respect to Ro and equating to zero. The rate of 
climb at this speed, hence the maximum rate of climb 
is obtained by incorporating the above result in the 
equation for mte of climb. Differentiating equation 
(2.22) with respect to R O and equating to zero, 

(2.37) 

(2.38) 

where, 
R Speed for maxim.um climb at any altitude 

•o"" Maximum velocity at sea level 

o~T0 = o ~ .T,) at R,
0 

(o- constant) (2.39) 
V o0 O 

whence, 

R 2 b Ta T.+ 3 --2 R "' 
' - O" •• 0 R er »o "-• x, .. 
"--V; =- 1 +3 o-2 R,

0
' 

{2.40) 

Substituting equation (2.40) in equations (2.22) and 
2.26), 
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- R 2 bTaT,+3o-2R"' 
O" Oo OR '• 

A'= 'o (2.42) 
1 +3 o-2 R,/ 

O" •o c) R oo 
( 

- R 2 b Ta T,+3 o-2 R "') ¼. 
1- Oo 

1 +3 o-2 R,/ 
The substitution of uhe equation (2.40) in equation 

equation (2.26) to obtain A' is most readily performed 
graphically by means of Figure I, instead of analyt­
ically as has been done in obtaining equation (2.42). 

Assuming the "normal propulsive unit" expressions 
for Ta and T. which were used in obtaining Figure 5, 
equation (2.42) has been plotted in Figure 6. Equa­
tion (2.41), when combined with the results expressed 
in this figure, gives X, 0 h .as a function of A' and 
o-, and this relation has been plotted in Figure 7. 
These two figures indicate clearly the nature of the 
depefi:dence of R,

0 
and X, 011 on an airplane's design 

chal'acteristics (A') and on altitude, and hence lead to 
a very rapid determination of the speed for best climb 
and the maximum rate of climb of the airplane at any 
altitude. 
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Maximum rate of climb at sea level is the special 
case of moximum rate of climb at altitude for which 
u=l and Ta=l. The general statements ma.de in the 
preceding po.ragraphs concerning maximum rate of 
climb at any altitude apply to the maximum rate of 
climb at sea level. ,, 

Absolute ceiling; speed at absolute ceiling.-At 
absolute ceiling, the maximum rate of climb is zero. 
Therefore, putting Ob=O in equation (2.41), we get, 

.5 

.4 

.3 

t.f 
,< 

.2 

., 

0 

where, 

I-uH2R,H' 
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Furcnu: 7.--"N c~ as a tnnotlon or A' and altitude (a-) 

R Velocity at absolute ceiling • 
•H= Ma.xi.mum velocity at sea level 

(2.43) 

.5 

(2.44) 

uH=relative density at absolute ceiling. (2.45) 

Cross multiplying, collecting terms, and dividing 
throughout by uHRf1H1 

TaTvCI + 3uH2R.H') + RfJH "oT_;,Ta 
flH 

(2.46) 
(1- <TH2R.,H ') -4uHR,,H3 ""'0. 

Equation (2.46) shows that for any general type of 
propulsiv~ unit, R.H (the speed ratio at absolute ceil­
ing) is a function of <TH (corresponding to altitude at 

absolute ceiling). Putting:=0 and u=uH in _equa­

tion (2.22), and replacing R, by the value of R,H 
given by equation (2.46), we get, 

(2.47) 

and, 
.A'-= TaT,uHR,H-<TH

2
R,H4 

I-uH"R,H4 

(2.48) 

Equation (2.48) gives A' as a function of absolute 
ceiling, since R,H is a function of absolute ceiling by 
equation (2.46). .The value of R,8 corresponding to 
any <TH must be found by a trial and error solution of 
equation (2.46). A' is then determined from these 
corresponding values of R,H o.nd <TH, There£ ore, by 
means of equations (2.46) and (2.48), absolute ceiling 
is obtained as a function of A' for any general type of 
propulsive unit. 

1.0 

.B 
\ 

.B 

.4 

.2 

0 

~~ 
'i"'-- r--.~ 

r-----. 
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Ff(IUJIE 8.-.R.u as a funotlon o! absolute ceillng 

Equation (2.48) is best solved graphically from 
equation (2.47) by means of Figure 1. The solution 
of equation (2.46) by trial and error is not partioulo.rly 
difficult when Ta and T, are specified, i. e., the type of 
propulsive unit is specified. The solution then applies 
to all aiplanes similarly equipped. Equation (2.46) 
has been plotted in Figure 8 assuming the "normal 
propulsive unit" mentioned above. The results 
given in this :figure have been combined with equation 
(2.48) and the results plotted in Figure 9. These 
curves indicate the nature of the dependence of abso­
lute ceiling on tbe airplane parameter A' and of the 
speed ratio at absolute ceiling on the ceiling altitude. 

Absolute ceiling as a function of A' may be com­
pletely solved graphicolly from the mo.ximum-ro.te-of­
climb-at-a.ltitude charts. At any altitude, the value of 
A' at which the maximum rate of climb becomes zero 
is the value of .A' for absolute ceiling at that altitude. 
(See figs. 7 and 9.) It is suggested, therefore, tho.t 
when curves for maximum rate of climb have been 
colculo.ted, absolute ceiling as a function of A' may be 
obtained most easily in this manner. 
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Service ceiling.-By definition, service ceiling is the 
altitude at which the maximum rate of climb has a 
certain constant value 0 11,. The equations for service 
ceiling are, therefore, equations (2.41) and (2.42) fol' 
maximum rate of climb at altitude in which the sub­
stitution 0 11 =0,., is made. 

Service ceiling ns a function of A' and }I., may most 
readily be solved graphically from charts for maximum 
rate of climb at altitude. At any altitude, the value 
of A' at which the mo.:ximum rate of climb becomes 
0 11,Ai is the value of A' for service ceiling at that 
altitude. For any value of }I., then, service ceiling may 
be plotted ns a function of A'. A family of curves for 
a range of X / s covering all normal values may be 
plotted in this manner, t\ereby giving service ceiling 
as a function of A' and A,. Figure IO has been pre­
pared in this way for the "normal propulsive unit" 
used above. 

50,000 

40,000 

30,000 \ 
\ 
~ 

'\ 

10,000 
"-, 

' i'--,_ 
--..... --""':'--

0 ./ .2 .3 
A' 

.s 

FIGURE 9.-.A.bsolnte celling BS a function of A' 

Minimum time to climb to any altitude.-The time 
required to climb through an infinitesimal change in 

altitude dh is: dli, where: is the rate of climb. The 

minimum time required may ·be expressed by if;, dh, 

since 0 11 hns been defined as the maximum rate of 
climb at the altitude considered. In order to find the 
minimum time required t-0 climb from one altitude 
h1 to a second altitude h,,i, the above expression must 
be integrated between the limits h1 and h,,i. Then, 

T= .c• 6,.dh (2.49) 

where T= the minimum time required to climb from 
altitude h1 to altitude ~-

The equations and charts for maximum rate of 
climb have expressed the results in terms of A,O,. and 
not simply 0 11• Equation (2.49) must be divided 

throughout by }I., in ordel" that the integration may be 
performed in terms of A1C11• 

.%_ = (h• _I_ dh (2.50) 
Ai J,u Ai 0,. 

Equation (2.50) shows the method by which time 
to climb must be determined. For any values of A' 

a curve giving Xi~,. against altitude is plotted. The 

integration of this curve between. the desired altitudes 

leads to the corresponding values of f according to 

equation (2.50). This procedure is repeated for 
several values of A'. In this manner a chart is 

obtained giving f as a. function of A' and altitude. 

The integration indicated above must be performed 
graphically, by Simpson's Rule or some similar method. 

General time-required-to-climb curves may be 
obtained in this manner for any general type of air­
craft propulsive unit. Such curves are based on the 

..., .... 
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10,0001---+-......... +-"'--!-,~ 
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FIGURE 10.-&rvice celling BS a fnnotlon of A' and >., 

actual rates of climb at altitude as determined by the 
fundamental equations for maximum rate of climb at 
altitude. The results obtained therefore have the 
same accuracy as the maximum rate of 

0

climb results. 
The complete integl'ation need be performed only' 
once for each general type of propulsive a.nit. Time 
to climb for airplanes having this type of propulsive 
unit may then be immediately obtained from the 
general chart. Figure 11, based on the "normal pro­
pulsive unit," shows the type of relation obtained 
·between time to climb T, airplane design characteris­
tics A' and X,, and altitude. attained in time T. 

ill. VARIATION OF PERFORMANCE WITH A CHANGE 
OF PARAMETERS 

One of the greatest advantages of the formulas and 
resulting charts is the explicit manner in which the 
dependence of each performance characteristic of the 
airplane upon its various parn.metera ic, shown. The 
variation of perfol"mance with each parameter of the 
airplane may easily be seen. Thus the pal'ticular 
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parameter that need be changed and the amount of 
change that will be necessary when a certain variation 
of performance is desired, consequently the particular 
detail of the airplane t-hat need be changed, is readily 
determined. The parameter that is most effective in 
producing the desired change in performance is not 
necessarily the parameter that is most economically 
altered. Through the formulas and charts developed 
here, the relative merits and effectiveness of each 
parameter in producing the desired change in perform­
ance may be weighed. The designer is thus given a 
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.5 

direct tool for ma.king changes to fit his particular 
requirements. 

The algebraic formulas of Section II and the accom­
panying curves are here used to develop simplified 
expressions which show explicitly the dependence of 
performance upon the parameters. These expressions 
may be used in combination with general perlormance 
curves· for any type of propulsive unit to construct 
charts giving the change of the various performance 
characteristics resulting from a per cent change in tbe 
parameters: Weight, design thrust horsepower avail­
able, effective span, and equivalent parasite area. 

Thus for reasonably small percentage changes in the 
parameters, the variation in performance is found by 
multiplying the change due to 1 per cent by the 
percentage change. Such curves have been drawn for 
airplanes equipped with unsuperchargecl engines and 
present-day metal propellers. The curveB are shown 
in Figure 37 and their use described in Section VI. 

Variation of maxim.um velocity at sea level.-From 
equation (2.23), • 

Vm=(~:/ (1-~)1
• (3.1) 

.All symbols are defined in Section II and in the Sum­
mary of Notation. The effect of the variation of the 
second parentheses upon maximum velocity is small, 
so to a first approximation we may take, 

Y,,,mK(~/ =0.98(~)• =75.s(t·~Pm )•· (3.2) 

Equation (3.2) mn.y be used to obtain maximum ve­
locity within 1 or 2 per cent accuracy. The constant 

0.98 has been obtained by using a mean >.~X, = 151 

which corresponds to a A' of about 0.06 (an average 
observation airplane). 

We are well justified in substituting equation (3,2) 
for V.,. in the term containing V,,. on the right-hand side 
of equation (3.1). Thus for an explicit nnd accurate 
expression for maximum velocity nt sea level, 

V = c~)¾(1- ~/2-1-)¾ (3.3) "' >., Ap"3 0.98 

Vm=(~:Ys (I-1.02A')¾=77.3 e•o/1m)¼ (3.4) 

( 
w2J¾ )¾ 

1-0.006419 t.hpm»b,2 • 

Where great accuracy is desired equation (3.4) should 
be used. 

In order to find the variation of maximum velocity 
with the parameters of the airplane, V m from equation 
(3.4) is differentiated with respect to each oft-he vari­
ous pa.rnmeters as a partial differentiation. Diff eren­
tiating with respect to f, and dividing by V ,,,, we get, 
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whence for the percentage variation of V,,. with respect 
to a certain percentage variation off, 

( dV,,.) =(-_!_.! 1.02A' )df=- Af. (3.7) 
V,,. 1 3 91- 1.O2A' j a j 

Similarly for the variation with t.hpm, 

( dV,,.) =(!.+~ 1.02A' ,)dt.hpm=fJdt.hp~. (3_8) 
V'; t.~pm 3 9 1- l .O2A t.hpm t.hpm 

For variation with W, 

( dV,,.) -c-~ 1.02A' ) dW =- _ dW. (3_9) 
v,,. w - 3 1-1.O2.i' W 'Y W 

For variation with b., 

(3.10) 

It should be noted that the pseudoconstants a, {J, -'Y, 
.and 'Y are functions of A' and A' is a f tmction of each 
parameter. The percentage variations must be plotted 
against A'. . 

The variation of maximum velocity at sea level with 
11, change in any parameter is readily determined from 
-equations (3.7) to (3.10). These equations give a 
method of good precision for finding the effect of a 
ehange in any parameter on maximum velocity. If 
the change in the parameter en.uses considet'able 
change in A', the value of the pseudoconstant a, {J, or 
'Y corresponding to a mean A' should be used. This 
practice is seldom necessary. It is generally suffi­
ciently accurate to multiply the variation due to a 1 
per cent change in the parameter by the percentage 
change in the parameter. The curve for variation of 
V,,. is plotted in Figure 12, and is indicative of the 
general nature of the variation curves developed in 
this section. 

Variation of maximum rate of climb at sea level.­
The variation of >..,O,. with A' at sea level is very ap­
proximately a straight line, as may be seen in Figure 
7. At any A', assuming the straight line variation and 
.denoting 0.,, at sea level by Oo, we have 

where, 

Then, 

B=X,O0 at A'=0 
-D=slope. 

(3.11) 

C =B-DA' =B1 t•t:rm-D' Wj¾ • (3.12) 0 X, >., t.hpm¼b,2 

Differentiating with respect to each parameter and 
.dividing by O O in order to find the percentage varia­
tion of 0 0 , we get, for variation of 0 0 with W, 

-B't.hpm_D, f'A . 
1 dGodW= W2 t.hpm¾b.2 dW (3 13) 

Go dW B' t.hp~ _ D' WJU • 
W t.hpmi1b,2 

( d00 ') =c-B-D~')dW = _ 8dW (3.14) 
7J; w B-D.\ W W 

Similarly for variation with t.hpm, 

( dOo) =(B+'AD.\;') dt.hpm =-·rdt.hPm. (3.15) a; t.hpm B-DA t.hpm t.hpm 

For variation with b., 

( d00) =( 2DA' 
1
\<1t= 6tdb.. (3.16) 
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Fol' variation with], 

(~) =c-¾DA',)9-f= -tdf. 
vo r B-DA f f (3.17) 

Equations (3.14) to (3.17) furnish an excellent means 
of detenmning the variations of maximum rate of 
climb at sea level with a change in tho various para­
meters. The pseudoconstants are functions of A' and 
also depend on the type of propulsive unit (Ta. and 
Tg), Their numerical values have been determined 
for the specific type of propulsive unit considere.d in 
Sections V and VI, and the corresponding curves are 
plotted in Figure 37. 
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A similar analysis may be used to give the variation 
of maximum rate of climb at any altitude with a 
change in parameters. 

Variation of absolute ceiling.-For small variations 
of .'l..', i. e., for arrplanes of the same type, the variation 
H with A' may be assumed to be linear. Then, 

where 
and 

H=F-GA' 

-G-slope 

(3.18) 

of the airplane is readily determined by the use of 
equation (2.25) for A' given in Section II, 

, 'A,'A.?3 2W WSi Po~¼ 
A = 'A.p¼ = 1rp0b,2 A}it.hpm¼2»W¾ 

(3.28) 

A'=0.5055A~t :'~ 2 
Po • Pm • 

(3.29) 

dH ( -GA' )d.A' 
El= F-0A' A'. 

(3.19) The variation equations are, 

Differentiating A' with respect to t,he various param­
eters, we get for the various equations of variation, 

(3.20) 

(3.21) 

(3.22) 

C~1=C;;~i1:,)y <=- -v Y· (3.23) 

Equations (3.20) to (3.23) may be used to find the 
variation of absolut.e ceiling due to a variation in the 
parameters, and show the relative effect of a variation 
in each. The numericol volues of the pseudocon­
stants are given in Figure 37 in the same manner as 
has been done for the constants of the preceding 
paragraph. 

Variation of time to climb to altitude.-Considering 

the variation of~ with A' to be linear for a small range 

of variation of A', we obtain, as in the previous analysis 
for maximum. rate of climb, the equations of variation 
for time to climb. 

(
dr\ dt.hpm 
T Jt.hI>m = -y t.hpm 

( dr\ -zdf. 
TJr f 

(3.24) 

(3.25) 

(3.26) 

(3.27) 

The values of the pseudoconstants x, -y, - 6z, and z 
have been determined for the time to climb to 5,000 
and 10,000 feet for the type of propulsive unit con­
sidered in Sections V and VI, and the results indicated 
in Figure 37. 

Variation of the major para.meter of performance, 
A'.-Tbe variation of A' with the various parameters 

(
d.\. '\ = _ _! dt.hpm. 
A'-) t.hpm • 3 t.hpm 

(3.30) 

(3.31) 

(3.32} 

(3.33) 

It is notable that all variations that tend to decrease 
performance cause an increase in A'. Hence an 
increase in A' is accompanied by a decrease in per­
formance of the airplane. 

' 
IV. INVESTIGATION OF FULL-SCALE DATA 

The general fundamental performance formulas 
have been developed in Sections II and ill. For the 
application of these formulas to any general type of 
airplane, the functions T, and Ta (see equation (2.15))1 

must be expressed analytically, or graphically ns. 
functions of R, and u. The best value of the efficiency 
factor e (equation (2.lla)) for any type airplane must 
be determined. This section deals briefly with an 
investigation of full-scale data for determining those 
characteristics. 

Brake horsepower variation with r. p. m.-Modern 
airplane engines _quite generally have their rated 
brake horsepower occurring at an r. p. m. which is. 
less than 80 per cent of the r. p. m. at which the peak 
brake horsepower occurs. From an investigation of a. 
number of brake horsepower curves, it has been found 
that below the rated horsepower, the variation of 
brake horsepower with r. p. m. is well represented by 
the simple relation, 

b.hp=Kxr. p. m. (4.0} 

where K is a constant depending upon t,he particular 
engine, or 

b. hp =r.p.m. 
b. hpm r. p. ID,m (4.0a) 

where subscript m denotes rated. This variation has. 
been suggested by Diehl for use with modern engines. 
(Reference 5.) 
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In nil calculations to follow requiring the variation where, 
of brake horsepower with r. p. m. a. general linear D=dia.meter in ft. 
variation corresponding to the equation (4.0a) is used. 
The general performance charts presented at the end 
of the report, which are developed for modern air­
planes with fixed-pitch metal propellers, are based 
on the linear variation of brake horse­
power with r. p. m. (below the rated 
maximum r.p.m.) 

Fixed-pitch metal propeller data.­

8 

The fixed-pitch metal propeller tad­
just11ble on the ground) is the type 
that is most in use at tbe present; so d 

~-8 

-~ 
0 

I.:: .... the following discussion applies in 
particular to this type. N o.tiona.l 
Advisory Committee for Aeronautics 
Technical Report No. 306 (reference 

a, .4 

~ 

1 
6) presents complete full-scale charac­
teristics of Navy propeller No. 4412. 

2-.2 

In a subsequent report concerning an 
investign.tion of five metal propellers 
(reference 7), it may be eeen that the 
change in characteristics for the var­
ious propellers is sma.11. Owing to 
tbe fact that the characteristics of 

L 
0... 

any propeller change with the type 
installation, it is felt that the char11c­
teritsics of Navy propeller No. 4412 
may well be taken as the general rep­
resentative of all fixed-pitch meta.I 
propellers. Efficiencies given are pro­
pulsive efficiencies and are of great 
value in determining performance as v 
a mean slip-stream and a mean cowl- ND 

ing effect are thus included. 

0 

1.4 

1.2 

,.o 

.8 

.8 

4 

1.lf/ 
I/; I/ 

/'/; 
1h V 

r 

A 

N =revolutions per second of propeller 
V.,,. velocity in ft./sec. 

(A chart for the solution of Ca is given in Figure 26.) 

-- c..- -- -............. ----

A-::?'/ 
,/' -.... 

" "" ~ 
"-... 

'- " ~ ~/ "" "' ~ ~ 
'\_ 

\. ' 
'11 

/ \ \. \ \ \ 15.5° 

I \ /9.5. \ -
27.5° 

23.5" 

I 1.5° at a 75 hp rodFu~ 

- ...--27.5• 
_/"' I 

,,/ c:::7 I ; 

y -- 23.5°-

_/ 

_.,...,,,...,. 

/ ~ V 
/✓,;; V /"" 

..,- /9.5" 

/ / ; 

~ 1/ V 
/ 

_,,,,. (5.5i 
1½ ~ / 

½ 'i ~-, I. 5• at d 75 tJP radius 

/4 ~ V 
/4 ~ ~Pe_ok efficiencyprops//e, 

~ 

Figure 13 has been plotted directly 
from data of National Advisory Com­
mittee for Aeronautics Technical Re­
port No. 306. The proper propeller 
diameter nnd setting for any airplane 
and engine combination is found by 
use of this chart. The airplane and 
engine combination determines a 
particular value of the coefficient 

.2 
~ I I 

, ,.,_,,-Best perform once propeller , , 

V 
V 0,, from which is found the NJ) o .4 .e 1.2 '-%_ 2.0 2.4 2.8 3.2 

ratio corresponding to tbe "Best FioUBE 1a.-Propeller oharaoterlstlos or Navy metal propeller No. «12. (Natlowu Advisory Committee for 

performance propeller" or the "Peak Aeronautlcs Teohnlcal Report No. 306.) Propellers set ror best performance and peak elllolanoy ara indlCllted 

efficiency propeller" as desired. The coefficient IS Assuming that the maxim.um rate of climb of an 
defined by, airplane occurs at R~a=0.625, which has been found 

from Army flight test data to be a good mean value, 
0 p¾V 0.638 m.. p . h. (4- 1) • +,;,.,. ti. h b d d t • h ,= (J5l:i0 b. hp)¾x.N¾=b. hp¾ r.p.m.¾ • an mves'Uf:>a on as een ma e to e errrune at w at 

(at sen. level) 

and J-=- Y/ND is defined by, 

J V 88m.p. h. 
=lvf5= r. p. m.XD 

position on the propeller-efficiency curve ma.'llllum 
velocity should occur in order that the nirplane might 
have the maximum possible rate of climb. The results 
are clearly set forth in Figures 1411 and 14b; the results 

"V 
(4.2) are plotted in terms of a. and ND. It is well known 
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that for maximum possible velocity the propeller 
should be set so that 17 = occurs on the envelope of 

h ffi . O Th . o. at V.,. 
t e e ciency versus • curves. e ratio o. peak 

at which this occurs is represented by the curve 
labeled "FOR MA.XTh·fOM VELOCITY." Obvi­
ously with V max set on the peak of the efficiency curve, 

~.a;e!;-1.00; this line is designated "PEAK 

PROPELLER. 11 The setting of the propeller at V,,. 
m order that maxim.um possible rate of climb be at­
tained is represented by the curve labeled "FOR 
MAXIM:oM CLIMJ3." This curve discloses the .er:y 
interesting and fortunate fact that the propeller should 
be set at approximately the same setting both for the 
attainment of maximum possible velocity and .climb. 
Thus a propeller for which maximum velocity occurs 
at the peak produces both a lower maximum velocity 
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FIGURE 1u.-comparlson of propeller sett!Dga at V ~ for obtafnlng best ma:rlmum 
climb, best ma:rlmnm velocity, lllld propeller set on peak efficiency 

and a lower maximum rate of climb than a propeller 
set for maximum possible velocity. This result follows 
from the fa.ct that for a maximum velocity propeller 
the decrease in the r. p. m. at full throttle with a 
decrease in velocity is not so great as in the case of 
the peak propeller. Consequently at any velocity the 
brake horsepower available is greater; and as the 
efficiency holds up well, the thrust horsepower available 
is greater for the maximum velocity propeller than for 
the peak propeller. The only redeeming feature of 
the peak propeller lies in its more favorable take-off 
characteristics. • 

It is therefore concluded that for maximum possible 
all-around performance in the air, a metal fixed-pitch 
propeller should have the setting corresponding to the 
envelope of the efficiency curve against O.. .A:. pro­
peller having this setting is called "BEST PER­
FORMANCE PROPELLER" throughout this report; 
the propeller set on its peak efficiency is cnlled 
"PEAK EFFICIENCY PROPELLER." The pro­
peller setting is not critical however, since the differ­
ence in maximum rate of climb between the two cases 

is generally less than 5 per cent. Charts n.re Inter 
developed for both propeller settings. 

An investigation of tbe propeller settings on a 
number of airplanes by the method of the decrease 
in r. p. m. at speed for maximum rate of climb from 
r.p.m. at Yn has been made. The results are plotted 
in Figure 15. Curves have been drawn showing the 
decrease in r. p. m. to be expected for a propeller set 
for BEST PERFORMANCE and for a propeller set 
on the PEAK EFFICIENCY, for values of R, from 
0.55 to 0.70. The speeds for maximum rate of climb 
of all the airplanes investigated lie within these limits 
of R 0 • The decrease in r.p.m. at speed for mo.ximum 
rate of climb bas been calculated from Army flight 
tests of more than 50 airplanes, and these points have 
been plotted on the same figure. This figure shows 
very strikingly that the propeller settings of all the 
airplanes corresp'Ond to no one case; however, the 

I.O 
~ I I I .1 ~---Peak propeller J, 

,,j/ 
/j ;(_For maximum 

For max. climb velocity 

y; V 

V 
.... 
C) ) ,_Best pi rfarmonce 

propeller 

'I 
J 

/ 

08
0 .4 .8 1.2 /.B 2.0 

c,,.=c,, at v. 
Frouru; Ub.-Oomparlson or propeller settings at V ... Cor obtaining best max• 

1mmn climb, best ma:rlmnm veloclty, lllld propeller set on peak eIDolauoy 

grouping taken e11, masse seems to center about and 
along the BF.ST PERFORMANCE PROPELLER. 

Propeller efficiency at maxim.um. velooity.-Curves 
have been drawn from whicli the propulsive efficiency 
at maximum velocity V., corresponding to the BEST 
PERFORMANCE PROPELLER and PEAK 
EFFICIENCY PROPELLER may be found. (Refer­
ence 6.) These curves a.re given in figures 16a and 

16b, which give the efficiencies against N~m and O,m, 

respectively. The subscript m denotes at design 
maximum vd-Ocity. The curves in Figure 16b are to 
be preferred in ge:µeral, since for any one airplll.ne and 
engine the value of the coefficient a.,,. is very approx­
imately constant, hence the relative efficiencies of the 
two cases are readily seen. For the sn.mo airpliine 

and engine combination, the Nil,,. is different for the 

two cases since the diameter is different. Since a . ., 
lB essentially a parameter of the airplane, whereas 

-Jn is a compound parameter of the airplane and the 
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-propeller, it is recommended that the parameter 0, 
,be used almost exclusively in considerations of airplane 
·perf ormo.nce. 
• A few remarks follow on the choice of a propulsive 
,.efficiency to be used in computing performance. 

/,O"'h .. 

~~ .......... 

Peak propellar,R.,=O. 70--..~ 

I I 
Xl.8-S{b} 

(2) For every 10 per cent increase in t above 0.40 

decrease propulsive efficiency I per cent. 
(3) For pointed narrow engine cowling, decrease 

propulsive efficiency from O to 2 per cent. 

0 ./ .2 .3 .4 .5 .6 . 7 .8 , .9 1.0 1.2 
(V/ND}ofV-., 

Fiouu w.-onrve for Investigation or type propeller setting or various airplane., trom lllght test 

1.00 
~ 

.E 

,,,,,,,,,,... 

/ 
/ 

V 
J 

lf'- ,_ Best performcnce and _ 
peak eff1CJency propellers 

I I I I I I I I 

4 .6 .8 1.0 12 

fkl=(JnJ of Vn. 

FIOUIIE 168.-Propnlslve etlldency at V-.. as a tanotlon or (~). 

(I) For modern 2-blade metal propellers with nor­

...-nal engine cowling, and where% (the ratio of engine 

-diameter to propeller diameter) is a.pproximB.tely 0.40, 
use propulsive efficiencies obtained from Figures 16a, 

.16b, or, better, Figure 27. 

l,.Besf performance propeller 

V 

I 
.5 

\ 
/; :-::;;--

/, /, 

/ /' 

/ / 
'\ 

Peak efficiency propeller 

I 
/.0 1.5 
t;atV,,.=~ 

2.0 
I 

c.5 

FtoUBE lOb.-Propnlslve efficiency at v ... as a tunctloa or c,. 

(4) For National. .Advisory Committee for Aeronau­
tics cowling increase from 1 to 2 per cent. 

(5) For unfavora.bl\3 body shapes and cowlings, 
decrease from O to 5 per cent. 

(6) ' If tip speed is greater than 1,020 feet per second 
apply tip-speed correction. (Apply only at V mau 

reference 8.) 
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(7) For 3-blade propellers decrease 3 per cent. 
The above results are obtained from references 6, 7, 

81 and 9. 
Variation of r.p.m. with speed.-The variation of 

r.p.m. with velocity bas been calculated both for the 
BEST PERFORMANCE PROPELLER at several 
settings and for the PE.AK EFFICIENCY PRO­
PELLER. The 19.5° setting has been taken as repre-

l00.---.---.-....--,--.---,--.--,---.-::.1111 

!5.5°ata 75 tip radius. •-l----::b....-==:i,....-,;..r.,.'-1 

~If so1--1-...+-----1~a:a::9+,-.2...i--=ic;__-f--:.."'-¥--+--1 

;?I ( l=====~=i'l-===l==l==g:;-; 4-,,..q..<--+-,--t----1 

.801:;;;'=f.=:::±l=-l=--+.-=:.+--+--t--+-t--1 

a .4 .6 1.0 
R.r~ 

Y.. 
FIGtraE 17 .-V arlatlon or !all-throttle r. p. m. with velocity. Best 

performance propeller 

sentative of the general peak efficiency curve. The 
curves are plotted in Figures 17 and 19, respectively. 
Each setting corresponds to a definite 0,,,. and,,,,. for 
the BEST PERFORMANCE PROPELLER, as 
indicated; the curve for PE.AK EFFICIENCY PRO­
PELLER is general for all values of 0.,,.. 

Variation of r. p. m. with altitude (constant veloc­
ity).-The variation of r.p.m. with altitude has been 
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FlotraE 18.-Variatlon or tan-throttle thrag ho1'!8POW8r available 
with velocity. Best performance propeller 

calculated for the cases of BEST PERFORM.ANOE 
PROPELLER indicated on tlie curves in Figure 21. 
The calculations have been made on the basis of the 
expression for 0, at altitude. (Reference 6.) 

(4.3) 
where 

C~=0, at altitude 

0,
0 
= 0, at sea level. 

The effects of changes in R. and propeller setting on 
t.bpa variation with altitude were found t-o be so 

small that no further computation of other cases was. 
necessary. The computed variation of r. p. m. with 
altitude, using the full-scale propeller data, gives good 
agreement with the variation found in flight test by 
the .Army. 

Variation of thrust horsepower available with 
speed.-Using the linear variation of brake horsepower • 

I.DO 
l9.5°ota 75 tip rodi1JS\ / 

/y 

./ 
/ 

-----
.80 

a .2 .4 .6 .. e 1.0 
V 

Ro""ii,;; 

FxotraE 19.-Variatlon or run-throttle r. p. m. with velocity. Peak 
efflolency propeller 

with r . p. m. as bas been found most represento.tive 
of modern engines, the variation of r. p. m. as given 
in Figures 17 and 19, and the propeller curves in Fig­
ure 13, the variation of thrust horsepower with speed 
has been calculated for all cases of the BEST PER­
FORM.AN CE PROPELLER and for the general· case 
of the PEAK EFFICIENCY PROPELLER. The 
results are to be found in Figures 18 nnd 20, respec­
tively. 
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FiotraE 20.-Variatlon or !all-throttle thrust horsepower available with 
velocity. Peak efficiency propeller 

V It bas been found tho.t for values of R,= v;;; greater 

than 0.5, T. (the ratio of thrust horsepower at velocity 
V to that at V,,.) may, for the variations according 
to Figures 18 and 20, well be represented by 11. function 
of R, of the type: 

(4.4) 

The quality of the representation may be seen by the 
accompanying table. 
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TABLE I 

Best performance propeller Peak efflaleney 
propeller 

Setting lll.6° 19.6° 23.50 Zl.6° All. 

o," 0. 90 1. 20 L60 2.00 All. 

J .. 0. 46 0.6S O.M LIO All. 

T, T,- _p,- T,"' T, T,- T, T,"' T, T,-
Ilg. R,,CI Ilg. R, .11 ,. R,.1.1 ~f R,.ll 

~-
R,.U 

18 18 ' 

R,-1.00 LOO 1.00 1. 00 LOO LOO LOO LOO LOO LOO LOO 
. 80 . 868 .&lo . 873 .873 . 884 .884 .878 .884 .896 .884 
. 60 • 716 . 717 • 732 . 733 . 767 . 766 . 761 . 766 . 7118 . 766 
. 40 .5:H . 660 .646 .671 .rm .606 .690 .605 . 685 .605 
.20 .302 .861 .300 .376 .297 .4U .'.188 .414 .342 . 4U 

0 0 0 0 0 0 0 0 0 0 0 

In view of the exceUent representation of To by tho 
-empirical formula Ro..,, the performance charts are 

I.OD 

-~ ~-001-t-t--t----t--'--t---t-t-+-l--4--,:;~~~:...d 

·800~· -~....._ ..... ,-:-::a:-:,000~..__..,__.....___,_20,=-=-'ooo~,.__.L..:.........___,.30,__.ooo 
Alfifude, ff. 

FIGURE 21.-Var!atlon oUall-throttle r.p.m. at oonstant velocity with altitude 
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which are believed to giv(l the best data available. 
By the incorporation of the brake horsepower varia­
tion with altitude at constant r. p. m., the variation 
of r. p. m. with altitude as represented in Figure 21, 
and the propeller curves of Figure 13, the variation of 
thrust horsepower with altitude at constant velocity 
has been computed. The cases were investigated for 
which the variation of r. p. m. witb. altitude were com­
puted, and it was found that the variation of thrust 
horsepower with altitude may be represented by a 
single curve for all speeds of flight R, and all settings 
of BEST PERFORML"!\TCE PROPELLER and 
PEAK EFFICIENCY PROPELLER. The curve 
obtained is plotted in Figure 23. This curve is to be 
the general representative for modern unsupercharged 
engines in t.he charts that are to be developed. The 
variation function T,. is therefore a function of <F only, 
being independent of R,; 

In seeking for an empirical formula to represent the 
curve in Figure 23, it hns been found that the type of 

I. -- '\ 
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FIGURE 23.-Variatlo n or rnll-throttle thrnst horzepower available at oonstant 
..FIGURE 22.-;. Variation or Cnll-throttle brake hol'!8power at oonstant r. p. m. with velocity with altitude 

altitude 

-developed on this bnsis. The particular value of m 
-corresponding to each 0,.,. (or each setting of the pro-
peller) may be seen in the table. 

Variation of thrust horsepower with altitude (con­
stant velooity).-The variation -of brake horsepower 
-with altitude that is used in computing the t.hpa vari­
:ation desired bas been plotted in Figure 22. These 
-data have been obtained from National Advisory Com­
mittee for Aeronautics Technical Report No. 295 and 
J3ritish A. R. C. Reports and Memoranda. No. 1141, 

formula proposed by Bairstow some yea.rs ago will, 
with proper values of the constants, give an excellent 
representation of the curve. The formula follows: 

where, 

T =<F-0.165 (4_5) 
Cl 0.835 

T t.hpa at altitude (constant, 
,.- t.hpa at sea level velocity) 

The quality of representation may be seen by the 
arcompa.nying table. 
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TABLE II 

T. (fig. 23) T.(eq.(U)) 

LOOO LOOO 
.760 .758 
.667 .656 
.385 .ass 
.263 .250 

.12 .16 .20 
l'.o 

~--1 w 
C I// c.D{-u1:,,---- ·1 __ ,C1> 
~I 

I ~{,C.o; I/ ~ ✓u e 

,~ 'f- I 
' I V 

.28 

for sinking speed w.. The parasite drag coefficient 
was defined then as the total drag coefficient minus 
the effective induced drag coefficient which was cal­
culated as the minimum induced drag produced by 
an effective span. The customary definition of the 
parasite drag coefficient has been that expressed in 
the past by the equation 
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F.tomu: 24a.-FI!ght test polar diagrams l!hoWllli the e&ct or lntrodualng the airplane efilclency factor,, 

C.o,,-C.o-Cw, C.o.,.-C.o-°,DI; (II) Doug)a., XO-U, i-0.76 

(Rel A. D. M. 3112); (b) Speay Messenger, i~D.85 (Rel National .A.dvbory Committee Cor A.eronauUca Technical Report No. 304); (o) FB1rohfld F. O,-
2W2, i=Q.90; (Ref. National .A.druory Committee for .A.eronantlcs T1!clmlcal Note No. ~; (d) Vought V. E. -7, i~ Loo; (ReL NallonBI Advisory 
Oommlttee for Aeronautics Technical Report No. 292) 

AIRPLANE EFFICIENCY FACTOR 

• It was pointed out in Section II that the variation 
in parasite drag coefficient could well be expressed as 
a correction proportional to OL2; thus it could be 
included in the induced drag term of the expression 

(4.6) 

where OD, represents the induced drag coefficient 
based on the equivalent monoplane span (kb). The 
parasite drag coe:ffi.ciAnt as calculated according to 
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this definition for eight flight rest polars is seen in 
Figures 24a and 24b. The curve OD11 may be seen 
to have, in general, a parabolic shape over the normal 
flying range. This shape might have been expected 
since the total induced drag bas not been accounted for 
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and assuming that the ,ariation in the parasite 
resistance coefficient is proportion to OL2, we get: 

OD, 
0 0 min. 0 0 D~= D- B = D- D~ 

where, 
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Flomu: 24b.-P'llgh t test polar diagrams Bhowing the effect or Introducing the airplane efllolenay !actor, 4. OD ~ Oz,-OD, OD ""'o,- ODI Data trom . ~ ps ~ 

Lu!t!ahrt!orsolnmg, Mar., 1930, 13. 6. H. 6. OD rrom test. ,, ll8S1llDed to get Oz,. (f) RtlDlpler O IV, ,,-10 per cent-00 per cent, ,-o.so; (g) Helnkla 
'I 

HD22, ,,-75 per cent -65 per cent, e• 1.00: (h) Junkers W33.11-76 per cent -66 per cent, ,~o.so; CD Jankera Au, 11•76 per cent -66 per cent, ,-o.so 

because we have in no case an elliptical lift distribu­
tion corresponding to the minimum ODt• There has 
therefore been included in the parasite drag coefficient 
a portion of the act-ual, induced drag coefficient. In­
cluding in the induced drag term, where it obviously 
belongs, this excess over the minimum induced drag, 

OD9, - Effective parasite drag coefficient at maximum 
velocity. 

OD -Total drag coefficient. 
CD,-Minimum induced drag coefficient for equiv­

alent monoplane span. 
ODu - Efl'ective induced drag coefficient. 
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e - .Airplane efficiency factor defined by· equation 
(4.7). 

ODP• o.ccording to this definition has also been 
plotted in Figures 24a and 24b, and it is seen that 
for 8)1 the airplanes there represented o,;p, is there 
very approximately constant throughout the flying 
range. The effective span loading has therefore been 
defined as 

(4.8) 

.All symbols have been defined in Section II and in 
the Summary of N ot.ation. 

The sinking speed then, due to the parasite loading, 
is that due only to the effective parasite drag coeffi­
cient at V .,., and the sinking !,peed due to the effective 
span loading is that due to the actual induced drag 

_ plus that due to the variation in para.site drag which 
is assumed proportional to OL2

• The correction for 
variation of parasite drag proportional to OL2 is be­
lieved to be of excellent quality, as the variation is 
small and, by reference to the pole.rs in Figures 24a 
and 24b, it may be seen that a correction proportional 
to OL2 will leave a portion called effective para.site 
drag coefficient, which will nbt vary appreciably' -with 
angle of attack within the normal flying range. 

The efficiency factor e m~y be determined from 
flight test data by the method described in Section VI. 
The value has been computed for a large number of 
airplanes; the range of values suggested for use in 
performance calculations a.re included in the accom­
panying table. 

TABLE III 

VALUES OF e FOR VARIOUS TYPES OF AIRPLANES 

Ure valua of e 
Type or airplane varying with From- To-

'' cleanness'' 

=~onopJane _______________ _ 
Semlcantflever monoplane _____________ _ 
Single bay blplan11-__________________ _ 
Multiple bay biplane __________________ _ 

0.95 
.85 
.so 
.76 
.70 

LOO 
LOO 
.95 
.95 
.90 

.Airplanes with normal fa.iring and cowling corres­
pond to the mean values of e; airplanes wit~ square 
bodies, rectangular wings, little fairing, and with 
otherwise poor aerodynamic form correspond to the 
lower vo.lues of e; airplanes with exceptionally smooth 
bodies, elliptical wings, and complete fairing corres­
pond to the upper values. 

EFFECTIVE PARASITE COEFFICIENT 

The effective parasite coefficient has been defined as 
that portion of the total drag coefficient which remains 
eonsta.nt with angle of attack. From the preceding 
paragraphs and Section II, equation (2.8), we have, for 
the relation between the effective parasite coefficient 

OD
11

, and the equivo.lent para.site area, 

CD =Dp=f... 
P• q_S s (4.9) 

and from the definition of Ai, in equation (2.11) of 
Section II, 

j 2W l 
s= Po8A

11
° 

(4.10) 

The value of }. 11 may be computed from the observed 
maximum velocity measured in flight test, hence the 

over-all parasite drag coeffioientf may be determined 

by equation (4.10). The value off has thus been 

calculated for a large number of airplanes from Army 
flight test data and commercio.l test data that are 
believed reliable. The results are plotted in Figure 25. 

For performance estimation f, hence the equivalent 

parasite area f, may he estimated from Figure 25 by 
reference to the corresponding type of airplane. 

The pa.rameterf is the most useful in determining 

the over-all cleanness of the airplane. It is interesting 

to note that the parasite drag coefficientf of a wing 

a.lone has a value of approximately 0.01. 

V. PERFORMANCE FORMULAS IN ENGINEERING UNITS 
FOR AIRPLANES EQUIPPED WITH MODERN UNSU­
PERCHARGED ENGINES AND FIXED-PITCH METAL 
PROPELLERS 

The analysis of the general performance formulas 
in Section II was carried through using physical 
quantities and parameters, in order that application 
to any consistent set of units might easily be made and 
that the physical meaning of the parameters and equa­
tions might be emphasized. It is, however, much 
more con,enient for the designer an~ engineer to use 
para.meters which are simple "loadings" without extra. 
constants. For practical purposes it is also a great 
advantage to have performance formulas and charts 
expressed in terms of engineering units. Hence in this 
section the performance formulas previously developed 
a.re rewritten using engineering pru-ameters o.nd the 
stll.D.dard A.merica.n engineering system of notation. 
The expressions for Ta and T, deve1oped in Section 
IV are introduced into these formulas and, from a 
numerical solution of the latter, engineering charts 
are plotted for the important performance oharnc­
teristics. If sufficient data were at hand relative to 
the functions Ta and T., the general cases of super­
charged engines and of variable-pitc'b. propellers might 
be developed in the same manner. 

A numerical discussion of the effects of down load 
on the tail and incl.ihation of the thrust axis is de-
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scrihell nnd corrections for these etf ects are given I 
w hero necessary. 

THE ENGINEERING PARAMETERS 

The engineering parameters are defined as: 

l = W -x e_a= (engineering) parasite loading (5. l) 
i, j " 2 (lb./sq. ft.) 

l =--1!:.__ = W =>. 1rp0 = (engineering) effective (5_2) 
a e(kb)2 bl a 2 span loadingOb./sq.ft.) 

l =- W =___!£_=AX = (engineering) ~t (5 3) 
1 b.hpm'7m t.hpm I horsepower loading • 

Ob./hp.) 
l,l,Si W 2 J¼ 1rMSpo'1i (emri.neerino-) 

A=-=~~~."'2 A'-= 0 0 (5 4) 
l,'A t.hpmSib/ ~ major pedorm- • 

'l'he performance 
following units: 

ance parameter. 
characteristics are ~ven in the 

·v"' - design maximum velocity at sea level in 
miles per hour. • 

ah - ma.wnum rate of climb in feet per minute. 
H - absolute ceiling in feet. 
A _ 550 = ft. lb./sec .. 

b.hp 
THE FUNCTIONS T. AND T, FOR AIRPLANES OF TYPE 1 

.Airplanes classified here by type 1 are aU • airplanes 
equipped with modern uneiupercha;rged engines and 
fb.::ed-pitch metal propellers. Modern engines are 
tbose for which the brake horsepower may be assumed 
to vary linearly with r. p. m. for r. p. m.'s lower than 
t,he rated r.p.m. 

It has been shown in Section IV, equations (4.4) and 
(4.5), thp.t for airplanes of type 1 the functions Ta and 
T, may be expressed in the form, 

T,=R,"' (5.5) 
where, 
m=0.65forBESTPERFORMANOE PROP. O.,,.=0.9 

=0.61 for BEST PERFORM.ANOE PROP. C.m=l.2 
=- 0.55 for BEST PERFORMANCE PROP. O."'~1.6 
=0.55 for PEAK EFFICIENCY PROP. Jill o.,,. 

and 
u-0.165 • 

Ta- 0_835 =1.198 (u-0.165). (5.6) 

FUNDAMENTAL EQUATION OF PERFORMANCE 

The fundamental equation of performance (2.22) 
becomes in engineering units, 

dh 33,000 1 [ ( 
Oh= dt = uR, "[; (TaT,uR0 -.u2R,) 

- 3}i~Vm (1-a2R,')] feet per minute (5.7) 

which gives for airplanes of type 1, 

Z,Oh=
3!l~0

[1.rn8 (u-0.165)uR,=H-u2R,' 

, - -3.oli~Vm (1-a2R,')J. • (5.7a) 

149900-33-13 

The expression for A becomes from equation (2.26), 

A=52.8 ~~ (1-0.332 "!#;)'A. (5.8) 

Equation (5.8) is used to give the relation between 

A and ~~ throughout the report and in developing the 

ch.arts. Equation (5.8) is plotted in Figure 30 (in the 
curve marked STABLE WING SECTION). 

Maximum velocity at sea. level.-Equations (2.32) 
and (2.33) become respectively, 

and 
Vm=52.s(~)'A(1-0.332~-;:)¾(m. p. h.) (5. 9) 

V,,. 1 ( l.l 1)¾ l,l, =52.8:X 1-0.332Ym • (5.10) 

- These expressiohs will be fo-q.nd plotted in Figures 
29 and 30, respectively. 

It should be noticed that the above equations are 
exact only for the case of an airplane flying at maxi­

.mum velocity with no down load on the tail. An 
nirplane with a stable wing section may be said to 
satisfy this condition. Unfortunately, as stable wing 
sections have not as yet come into general use, the 
case of an airplane flying with a normal, unstable wing 
section must be in,estigated. Assuming a mean cen­
ter of gravity position of 0.33 chord, and a mean length 
from center of gravity position to center of pressure 
on the tail surface of !3. 7 5 times the chord, the down 
load on the tail was calculated for airplanes with 
various speed ranges._ .Assuming a mean aspect ratio 
of the wing of 6, and an aspect ratio of the tail surface of 
3, the effect of the calculated down load on the tail 
has been applied to equations (5.9) and (5.10), and 
the results plotted in Fi.:,o-ure 30. The results are also 
plotted in the supplementary curvo in Figura 29. 
The curve labeled "Normal Wmg Section" represents 
the mean curve obtained in this manner from the in­
vestigation of 5 frequently used airfoils, namely: 
Clark Y, Gottingen 387 and 398, and U. S. A. 27 and 
35 B. (A.irfoil data from reference 10.). The down 
load on the tail causes an increase in induced drag, 
which is accounted for by a change in z. at V .,.. 

An approximate solution of equation (5.9) is ob­
tained by expanding and retaining only the first two 
terms. In the second term the eubstitution V m -

52.8(~)¼ is made. 

Vm=52.8(~)¼-0.11 l.l, (m.p.h.). (5.11) 

This form has been given by Dr. Clark B. Millikan in 
reference 1. 

For an airplane with no down load on the tail, 
equations (5.9) or (5.10) are to be used. For an 
airplane with normal down load on the tail, the cor­
rection indicated on the curves in Figures 29 and 30 
is to be used. 
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Maxim.um velocity at altitude.-Expressing equation 
(2.34) in engineering units, we obtain 

where, 
R = Max. velocity at nltitude _ ~­

,,,. 1\.fax. velocity at sea level - 1i,,. 

(5.12) 

For airplanes of type 1, equation (5.12) becomes 

l/,, l.198(u-0.165)o-R,,,. m+I - a2R, .. , 
V = 3.014 1 _ crR , • (5.12a) 

m ,,,. 

Equation (5.12a) is used in conjunction with equation 
(5.8) to develop the chart given in Figure 31. The 
three values of m from equation (5.5) a.re used. 

Maximum rate of climb at altitude; speed for maxi­
mum rate of olimb.-Equation (2.40) for speed ratio 
for maximum rate of climb becomes, 

R 2 bTaT, 3 --2R 
l/, -u •• bR°+ ~ ••' 
v'=3.014 1+3;:R " ... .. (5.13) 

where, 

R Speed for max. rate of climb at alt. Ve 
••= Max. velocity at sea level ""v,;: 

The engineering equation for ma."illnum rate of 
climb is from (2.41), 

_qb-
3;;~o t,[ (TaT, u R,.-a2R,/)-

(1-a2R,/) 3_0z~'v:Jft. per min. (5.14) 

For airplanes of type I, the last two equations become 

l/,, -1.I98m(u-0.165)uR,/'+1+3a2R,/ 
y.r=3.014 1 +3u2R , (5.13a) 

m ~ 

ob-
3!~~0 

t,[1.~98(u-0.165)uR.c"'+1
-

crR/- {l-rrR,/) 3_o~'v,,.} (5.14a) 

Equations (5.13a) and (5.14a) are used in conjunction 
• with equation (5.8) to develop the chart for speed for 
ma.ximum rate of climb plotted in Figure 32, and the 
chart for maximum rate of climb plotted in Figure 33. 

The effects of down load on the tail and inclination 
of the thrust axis liave been investigated for various 
types of airplanes ranging from heavy bombardment 
to high-speed pursuit. It has been found that the 
two effects are of opposite sign and within I or 2 per 
cent of the same value. It is concluded, therefore, 
that at the attitude of the airplane for maximum rate 
of climb, the combined effects of down load on the 
tail surface and inclination of the thrust axis may well 
be neglected. 

Maximum rate of climb at sea level is obviously 
the special case of maximum rate of climb at altitude, 
in which u=l and Ta""'l. 

Absolute ceiling; speed at absolute oeiling;-The 
relation between u u and R ,u at absolute ceiling, 
equation (2.46), is unchanged, 

TaT,(1+ 3 rru2 R,H,) + R,u 
0
01;i~•(1-uH2 R,n~) 

(5.15) 
where, 

R Velocity at absolute ceiling 
•u-Max. velocity at sea level 

u u = u at absolute ceiling. 

For airplanes of type I, this gives, 

1.198 (uu-0.165) R,Hm (1+3uH2R,H')+l.198m 

R,u"'(u u~0.165) (1-u u2R,H')-4u nR,u3=0. 
(5.15n) 

Equation (5.15a), when solved by the trial and error 
method, gives the relation between speed at absolute 
ceiling and altitude. This solution has been per­
formed graphically in developing the charts by finding 
the speed at which the high speed at rutitude and speed 
for· maximum rate of climb at o.ltitude intersect 
This method is recommended. The results are given 
in Figures 31 and 39. 

The equation for¥: at absolute ceiling becomes from 

equation (2.47), 

(5.16) 

which gives for rurplanes of type 1, 

l/,, = 3_014 1.19S(uH-0.165)u:R•«"'+I-u«2R,H4• (5.16a) 
Vm 1-uuR,8 

• The solutions of equation (5.15a), R,H, and rru, 
when substituted in equation (5.16a), give an equation 
which, when used in conjunction with equation (5.8), 
gives the absolute ceiling as a function of A. This solu­
tion has been performed graphically, however, by find­
ing the value of A at which the maximum rate of climb 
at any one altitude becomes zero. This method is 
recommended. The results are plotted in l◄'igure 34. 

Service ceiling.-Service ceiling is found by putting 
(J h = 100 in exactly the manner described in Section II. 
The corresponding engineering equations and curves 
are to be used, however, instead of the physical equa­
tions there referred to. For airplanes of type 1, the 
results are given in Figure 34. 

Time to olimb.-In engineering units we have for tho 
time to climb, from equation (2.50), 

(6.17) 

This integration is carried out in t,he manner indi­
cated in Section II, except that the engineering equn-
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tions, po.rmneters, and charts nre used. Results for 
airplnnes of type 1 are plotted in Figure 35. 

PERFORMANCE VARIATION EQUATIONS AND CHARTS 

The variation equations of Section ill are essentially 
unchanged, since they express percentage variations. 
They may o.ll be immediately transformed to engineer­
ing noto.tion by the substitution of A for A' according 
to the relo.tion 

A=l58.9A'. (5.26) 

This operation is quite obvious and the equations 
will not be rewritten. Ma.king this indicated sub­
stitution and obto.ining the necessary constants for 
the equo.tions from the performance charts developed 
in Section V, a set of variation charts has been con­
structed in Figure 37. These give :the variation in 
performance characteristics due to a 1 per cent change 
in the various parameters for airplanes with type 1 
propulsive units. The charts are ba.sed on the design 
O,m = 1.2, and mo.y be regarded as representative for 
o.ll propeller settings since the propeller setting has a 
negligible effect upon the variation of performance. 

GENERAL REMARKS 

The performance charts have been developed for the 
following cases: 

(1) BEST PERFORMANCE PROPELLER for 
o,m=0.9, or Jm=0.45; m=0.65. 

(2) BEST PERFORMANCE PROPELLER for 
o,m=I.2, or Jm=0.65; m=0.61. 

(3) BF.ST PERFORMANCE PROPELLER for 
O,,,.~L.6, or Jm~0.85; m=0.55. 

(4) PEAK EFFICIENCY PROPELLER for nll 
0,,,., nll Jmi m=-0.55. 

The cases indicated here have all been plotted 
throughout the charts, forming .families of three 
curves. A single curve is used throughout for the 
PEAK EFFICENCY SETTL.""fG, while for the BEST 
PERFORM.ANOE PROPELLER interpolation must 
be mo.de for the proper value of O..,.. 

A curve bas been plotted for the graphical determi­
nation of A explicitly from tlie parameters l 11, l,, 
and l 1• The curve is found in Figure 28. 

For convenience in determining the major per­
formance cho.racteristic of an airplane (the ma.xi.mum 
velocity at sea level, ma.xi.mum rate of climb at sea 
le-rel, and absolute ceiling) a combination chart giving 

tl~' l, Oa, and Has functions of A has been plotted in 

Figure 36. 

VI. PERFORMANCE DETERMINATION 

For the aid of the designer, the method of deter­
mining the performance of an airplane through the 
use of the charts developed above is 0 given in this 
section. .After a few applications, the designer may 
discover alternative procedures which are more suita­
ble to his particular needs, but in general the methods 

of using the charts will probably be similar to those 
indicated below, which the author has found most 
convenient. After the general outline, an illustrative 
example is included. The use of the charts in deter­
mining the airplane characteristics (parameters), when 
the performance is known or specified, is also shown. 
This reversed solution of the charts is of considerable 
interest. Examples of this process are given. Finally, 
a problem on the change in performance caused by 
changes in the parameters of the airplane is worked out. 
GENERAL OUTLINE OF THE DETERMINATION OF THE PERFORl\l. 

A.NCE OF ANY AIRPLANE EQUIPPED WITH A MODERN UNSUPER, 
CHARGED ENGINE AND A FIXED-PITCH METAL PROPELLER 

The following data must be specified: 
W -Weight (lb.). 
8 -Total wing area (sq. ft.). (Wing areas 

include portion cut out by fuselage.) 
.Airfoil section. 
81 -Area of the longer wing (sq. ft.). 
82 -.Area of the shorter wing (sq. ft.). 
b1 -Span of longer wing (ft.). 
b2 -Span of shorter wing (ft.) 
G -Gap (ft.) . 
b. hpm -Brake horsepower at V max• (Rated b. hp.). 
r. p. mm-Revolutions per minute at V,,. of propeller. 
f -Equivalent parasite area (sq. ft.). 

The equivalent parasite area j is iound either by 
estimating the total parasite drag coefficient or by 
summing up the drag coefficients of the various parts 
of the airplane. , 

(1) Estimation.-For performance estimation f, 
hence j, may be estimated from Figure 25 by careful 
reference to the corresponding type of airplane, P.x:oper 
allowance being made for irregularities of each par­
ticular design. For a normal airplane the estimation 
can generally be made to within 20 per cent of the cor­
rect value, which leads to an accuracy of within 7, 2, 
and 4 per cent in the calculated Vm, 0 0 , and H, 
respectively. 

(2) Sum.mation.-The equivalent parasite area of 
the airplane is found by Rnmming up the individual 
equivalent parasite areas of the various component 
pa.rte including the wing profile drag. For conserva­
tive design, an allowance for interference drag should 
be made. This allowance is generally made by mul­
tiplying the result of the summation by a factor I 
varying from 1.00 to 1.30 depending upon the type of 
airplane. A table of suggested values is given here. 

TABLE IV 

Type airplane 

Fl:rmg wing__ ....................... . 
Cantilever monoplane_ ......... .... . 
Semloantllever monoplane. .. ---- ·-
Slngle bay biplane_:_ ..... . . .. . ..... . 
Moltlple bay Mplane ---·- -.. · - ·· 

Data are Coand In references 6 and 11 

Interference factor I 

From-

1.00 
LOO 
1.05 
L05 
LIO 

To-

1. 10 
L16 
L20 
L21i 
L30 
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The following constants and parllllleters of the 
airplane are then determined: 

e -Airplane efficiency factor. (Table ill, Sec. 
IV.) 

k-Munk's span factor (k=l for monoplane). 
Charts for the rapid solution of k are given in 

reference 5, chapter 2. 
w 

lp=-7• 

w 
l.- e(kb1)2 • 

O.m - Coefficient O. at V .,.. Figure 26. 
11m -Propulsive efficiency at V ,,.. 

These values are found thus: .Assume a Vmu• 

Find O.,,. from Figure 26. 
Find TJm from Figure 27, and suggestions in 

Section IV. 

Calculate l,-=b h: • 
• m TJm 

From i; find Vmax from Figure 29. 

If this V.,. does not check the V.,. originally 
assumed, make a judicious choice of a new 
V,,., and repeat tlie process until a check is 
obtained. This is a rapidly converging 
process. 

D-Propeller diameter (i...!; is found from O.,,. in 

Figure 13, whence D from equation (4.2), Sec. 
IV). 

w l,=----· b.hpm TJm 
l l/S 

A= ii¾ (fig. 28.). 

w 
l.,,=s· 

OLma .... · (Table VI, Sec. VII.) 

:MAJOR PERFORMANCE CHARA.CTBRISTICS FROM CHARTS 

.All major performance characteristics are now ob­
tained by the use of the charts, from the parameters 
l 11, l., l 1, A, l.,,, and OL.max. Interpolation for the 
proper value of O.,,. is made in the case of the BEST 
PERFORMANCE PROPELLER. No interpolation 
is necessary for the PEAK EFFICIENCY PRO­
PELLER. Performance is obtained as indicated 
below: 

Landing speed.-From l.,,, OL.max in Figure 40. 

Maximum velocity a.t sea. level.-From ~ in Figure 

29, or find tf from A in Figure 30. Whence V.,.. (If 

tip speed is greater than 1,020 ft./sec. apply correction 

factor to l, inf_lp'~' and A here. (Reference 8.) Do 
t "•"' 

not apply in obtaining other performance.) 

1f1a.ximum velocity a.t altitude.-Find R,"' at various 
altitudes from A in Figure 31. Then V.,. 11 =R,mV,,.. 

Speed for maximum rate of climb at any altitude.­
Find R,. at various altitudes from A in Figure 32. 

Then v. = RID v~. 
Speed at absolute ce~.-Find Rva from A in 

Figure 31. • 
Then Va=R,aV,,.. 
Maximum rate of climb at any ~titude.-Find l,Oh at 

various altitudes from A in Figure 33. Whence Oh, 
Absolute ceiling.-From A in Figure 34. 
Service ceiling.-From A and proper interpolation for 

l, in Figure 34. 

Tim.eto climb to any altitude.-Find fat various alti­

tudes from A in Figure 35. Whence T. 

Special performance problems such as maximum ~, 

speed for minimum power, and thrust horsepower re­
quired at any speed and altitude nre found as described 
in Section VII. 

EXAMPLE: The processes described for finding 
e, k, TJm, O.,,., and D are either quite well known or 
direct; so these will be assumed given for brevity. 
Given: 

W =- 5,000 lb. 

8=400 sq. ft. 
b.hpm-=500 

f =19.2 sq. ft. 
b1 =43 ft. 

Clark Y airfoil section. 
Then 

e=0.85 
for a single 
bay biplane. 

k=-1.13 
o,,,. = 1.40 

TJm=0.83 

lp=260, l,=2.49, l,=12.05, A=-10.8, lio=l2.5 
OLmax-= 1.27 

~=21.6, ZJ,=30.0. 

Propeller is sr.t for Best Performance. Interpolating 
for the proper value of 0,,,. on the charts, we get by the 
method described above: 

Leve!Wgbt Ollmb 

Standard 
altitude 

1,C, T T v. R.. v., R., v, c, ti 

0 H2.0 ----- ------ 0.678 82.1 H,070 1,168 0 0 e,ooo --- o.m 188. 0 .WO 83.8 10,280 863 .42 ll.1 
10,000 .938 132.6 .003 86.6 6,SliO 568 1.02 12.3 
16,000 .872 12-1.0 .620 88.0 3,600 290 2.05 24.7 
20,000 .696 99.0 .646 91.6 300 26 ------ ---·-·· 

Barv. cell. I I I 18,ro() 

.A.bl!. cell. I 20,400 I 0 I 0. 6471 (i".s I 
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DETERMINATION OF THE PARAMETERS OF THE AIRPLANE WHEN 
THE PERFORMANCE IS KNOWN 

When the three major performance characteristics 
of the airplane, maximum. velocity at sea level, maxi­
mum. rate of climb at sea level, and absolute ceiling, 
are known, the tbree fundamental parameters of the 
airplane, l11 , l,, and z,, may readily be determined. 
This determination gives a method of finding 'IJm, e, and 
f from .flight test data. The method given below was 
used in finding the values of e irom Army flight test 
data for approximately 50 airplanes. The summary 
of the results is to be found in Tabl~, III, Section IV. 

Having given the flight test data for­
H-Absolute ceiling 
Oa - Maximum rate of climb at sea level 
V m - Maximum. velocity at sea level 

and having given 

W, kb1, b. hp,,., r. p. mm 

the parameters of the airplane are found in the follow­
ing manner: 

From b. hpm, r. p .. mm, and Vm determine 01m 
from Figure 26. 

Interpolation for the proper value of 01m is then 
made throughout the following development. 

From Figure 34 obtain A. 
From A in Figure 33 obtain l,Oh. Whence z,. 
From A in Figure 30 obtain i~- Whence l,. 

From A, l,, and z,, pbtain l 11 from Figure 28, or 

better, from Vm and Figure 29 obtain~­
Whence lp. 

The values of tlie parameters l 11, l,, and l, actually 
developed in flight test are thus known. From the 
definitions of these parameters f, e, and 'IJm are imme­
diately found. From equations (5.1), (5.2), and (5.3), 

w 
e= l, (kb1? (6.1) 

f = W (6.2) 
111 

,, ""' W • (6.3) 
m b.hpml, 

This process is very rapid, and gjves much valuable 
information. 

EXAMPLE: Let us suppose that the airplane for 
which performance was calculated in the preceding 
example has been flight tested with the following 
results: 

V,,.=140.0 m. p. h. 
Oo=l,100 ft./min. 
H=21,000 ft. 

W=5,000 lb. 
b.hpm=500 (kb1)2=2,360 

r.p.mm = 1,500 O.,,, = 1.38 

From Figure 34, A=l0.2 

From Figure 33, l,00 =14,250; l 1=12.95; from 
equation (6.3) 'IJm=0.77. 

From Figure 30, ri:=4.98; Z,=2.18; from equa­

tion (6.1) e=0.97. 

From Figure 29, ~=20.7; l11 =268; from equation 

(6.2)j=l8.7. -

EXAMPLE: Let us now suppose that a performance 
specification has been given, and we are designing to 
meet it. 
Specifications: 

V,,.=140 m. p. h. 
Oo= 1,100 ft./min. 
H=21,000 ft. 

Assumed from type airplane: 
e=0. 85 
k=l. 13 

O~=I.40 
,,,..=O. 83 

Exactly as in the preceding problem, A, l,, l,, and l 11 

are found, 
A.=10.2 
l,=12.95; from equation (6.3) b.hpm=0. 0930 W 
l,= 2.18; from equation (6.1) b/=0. 423 W 
l 11 =268; from equation (6.2) f=0. 00374 W 
The characteristics are now determined by an estima-

tion of the weight. If the design characteristics can not 
be obtained with the estimated weight, tbe latter must 
be reestimated until the dimensions and weight are 
compatible. If the final weight is 

W=5,000 lb. then, b.hpm=465 
bi2=2,110 b1=46.0 ft. 

f=18.7 sq. ft. 

DETERMINATION OF THE VARIATION OF PERFORMANCE OF THE 
AIRPLANE DUE TO A CHANGE IN ITS PARAMETERS 

For airplanes equipped with modern unsupercharged 
engines and fixed-pitch metal propellers the variations 
of performance characteristics a.re readily determined 
from Figure 37. The chart is based upon equations 
that have been developed in Sections ill and V. 

The chart shows • the percentage variation in the 
major performance characteristics due to a 1 per cent 
increase in each of the :fundamental parameters: 

t.hpm = b.hpm.'IJ111 
b. = e½(kb1) 

f 
w 

The rates of variation are functions of the major 
parameter A, hence A must be kn.own. For reasonably 
small changes in a parameter the change in perform­
ance is given by merely multiplying the variation due 
to 1 per cent by the percentage change in the param­
eter. In general, for changes larger than 10 per cent 
the average rate of variation should be used, since A, 
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nnd hence the rate, varies considerably. The average 
percentage change in parameter should also be used. 

EXAMPLE: Consider the preceding problem of 
design to meet specification: 
Specification: 

Vm=l40.0 
Go=ll00 
H.,,,21,000 

Required characteristics: 
W=5,000 

b.hpm-465 
j=18.~ 
b1=46.0 

As before, .\=10.2. 
From Figure 37: 

Parameter 
Percentaj!e rnrlatlon of performance dne to 1 per 

cont Increase In parameter 
var100 ----.------,,-----,------,---1 

c. ii 
t.hp,. 

b. 
( 
w 

v. 

0.365 
.Olli 

-.340 
-.015 

~:n ~ 
-1.50 ll6 

7m:o 

-1.40 
-.65 

.10 
1.55 

T,ro:o 

· -1.66 
-.85 

. 16 
1.85 

Suppose that after the airplane were in the assembly 
line it became evident that it would be 250 pounds 
overweight, but a change in engine were possible at 2 
pounds per horsepower. What brake hors~power _is 
necessary to meet minimum over-all specification? 
From the table it IS seen that the relative effect of a 
change in weight to a change in horsepower is the 
greatest in the case of absolute ceiling; so this will be 
the criterion. 

100( 0.65 A~:tm+ .( - 0.95) Ab:cioo X 2) 

250 + 100(-0.95) 5000-o 
(0.140-0.038)ilb.hpm =4.75 

Ab.hpm = +46.5 (10.0 per cent change) 
Wca250+2(46.5) = + 343 (6.86 per cent change) 

Resulting characteristics: 
W=5343 

b.hpm=512 
b1=46.0 
j=18.6 

Resulting performance: 
H=21,000 

Go= I 100 + 1100(1.30 X 0.10-1.50 X 0.0686).,. 1100 + 
30=1130 

V,,.= 140.0+ 140.0(0.365X 0.10-0.045 X 0.0686) = 
140.0+4.7=144.7 

It is notable and fortunate that the equivalent par­
asite area f has the least over-all effect on airplane 
performance. For the airplane just considered a 10 

per cent error in the estimated parasite area would 
result in errors of 3.40, 1.0, and 1.5 per cent in V ,,., 
Go, and H, respectively. A 10 per cent chnnge in any 
of the parameters, b0 , t.hpm, aµd W, would cause at 
least a 10 per cent change in one characteristic of 
perfotman~e. 

THE ENGINEERING SIGNIFICANCE OF PARAMETER A 

The parameter A may well be called the major (or 
characteristic) para.meter of airplane performance, 
for A appears as the abcissa of all performance charts 
developed in this report, and occurs insistently in the 
algebraic formulas. For the modern unsupercho.rged 
engine for which the charts o.re developed, it m0,y be 
seen by reference to Figures 3-3 and 34 that for a value 
of A of about 70, the absolute ceiling of the airplane 
considered is at sea level. For values of A greater 
thl\,Il 70, the machine under consideration can hn.rdly 
be called an airplane, for it would have an absolute 
ceiling below sea level. Para.meter A is thus seen to 
be a critical parameter, peculiarly characteristic of an 
airplane, setting the critical limit at which a machine 
may be classed as an airplane. The absolute ceiling 
of an airplane is a function of A alone. The speed 
ratios for maximum , speed at altitude, for the best 
climb, for absolute ceiling, and l, times maximum rate 
of climb, time to climb divided by z,, and maximum 
velocity divided by lJ,, a.re each functions of A. It is 
on the basis furnished by A thnt the formuln,s nnd 
charts have been deyeloped. 

The parameter A is a function of the primary pn­
ra.meters of the airplane, for 

lJ,,SS W3/¼ W3/~i 
A=z;;r= t. hpm»b,2-b.hpm~m~Se(kb)2 (6.4) 

All symbols have been defined in Section V ond in the 
Summary of Notation. • 

Parameter A may be shown to be a combination of 
several familiar parameters by the proper grouping of 
the terms in equation (6.4). As a physical conception 
of A is more easily attained by such a grouping, the 
following forms a.re ¢ven: 

A-=-(t.:m)(e(:)2)(t.f Pm)¼ ex: ~; (approx.). (6.5) 

It will be noted that the first term in the group is the 
thrust horsepower loading, the second is the eff eotive • 
span loading, and the third term is approximately in­
versely proportional to the maximum velocity at sea 
level by equation (5.8). In still another form, 

( 
W _ \Si( W )¾( J )¾ l,Yal,'i 

A= t.hp;;J e(kb)2 e(kb)2 ex: (~):x (0.6) 

The terms here are the thrust horsepower loading to 
the four-thirds power, the effective span loading to the 
two-thirds power, and the equivalent parasite area per 
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unit of effective span 'squared to the one-third power. 
The last term is inversely proportional to the two­
thirds power of the maximum lift/drag ratio by equa­
tion (7.7) . 

.All airplanes of similar type have values of A in the 
same range, the ranges for modern airplanes being 
approximately: 

TABLEV 

Type airplane llCrom- To-

Pursuit ............ ··••• ••••••••••••••• ~ 11 
Observation. ......................... . 7 H 
TmlniDg ...••••••••••••• - ······-····· 
Bombardment ....................... . 

10 19 
IO 20 

IIeavy fiying boats.. .................. . 16 30 

Commercial types lie in their respective places. 

VII. SPECIAL PERFORMANCE PROBLEMS 

The cases considered in this section are mainly 
problems dealing with the thrust horsepower required 
equation, i. e., the equation for sinking speed w,. 
The general results are quite well known, but are here 
discussed in the light of the preceding analysis, and 
employing the parameters of this report. The results 
are presented in convenient chart form. Where data 
are needed only full-scale data are presented. The 
parameters l,, l 11, and z, are defined here as in Sectioh 
V, equations (5.1), (5.2), and (5.3). 

LANDING SPEED 

The problem of landing speed of airplanes is one 
concerning a great number of variables, most of which 
cun not be included in a theoretical analysis. Some 
factors which might be mentioned are: Piloting, con­
trol of airplane at low speeds, wing form, rigging, 
ground effect, interfexence between wings, body 
struts, and so on ad infinitum. It is believ-ed that the 
best method of taking these effects into general con­
sideration is to calculate the ma.icimum lift coefficient 
from reliable full-scale flight tests, and to classify 
these results for any one airfoil as regards type of 
airplane: Biplane, high wing monoplane, low wing 
monoplane, etc. The results of the investigation of 
a number of airplanes are given in the Table VI. 
(References 12 and 13.) 

The landing speed is determined by use of the 
~quation, 

,, ✓ 2W ~ .. Lm pSOLmax m29.o-y;o;:: (ft./sec.) 

V, = 19.78 ✓ crO~ (m. p. h.) 

where, 
V,-lunding speed 

OLmax-maximum lift coefficient 

(7.1) 

(7.2) 

S-wing area (sq. ft.) including portion cut out 
by fuselage 

lio-wing loading= W/S. 

A chart givipg Y, at sea level as a function of lm and 
OLmax is plotted in Figure 40. The use of maximum lift 
coefficient values from the Table VI for the solution 
of Y, should produce satisfactory results. Only airfoil 
sections for which flight test data are available are 
included in the Table. The chart may obviously be 
used with any data, but only flight test data reduced 
by the chart or equation (7 .2) or full-scale Reynolds 
Number wind tunnel data may be expected to give 
satisfactory results. -

TABLE VI.-MAXIMUM LIFT COEFFICIENTS FOR 
SEVERAL AIRPLANES 

Flight test marlmom lift coofflclent 

Alrfofl section - ,Monoplane 

N High N Low N Single N I Multi· 
wing wing bay pie bay 

Aeromarlne 2 A.. ••••••• ==-..... ····-· 1 I~ ···-'····-·· 
~~03 ................ ." .................. ." ••• 3 •••• L 34 ••.. ~ . .:..~.~ .. 
Clark Y •.••••••••.•.••• 2 L 37 1 L 4 26 1. 27 ..... ' ····-·· 
Ourtlss CJ-62 •••••••••••••••• ····-·· ••••• ••••••• 1 L 11 ·····'····-·· 

lif ;~~~~~~~~~~~ =={ =i~=· ~~~ ~~~~~~ ;;~;; ;;~~;; :1/i:1:: 
<Mttlngen 387.......... 2 L39 ••••• ··-·· •••••• ··-···· ···- ....... . 
<Mttlngen 398......... ..... ........ ..... ....... 7 L M 3 j L 3 
Gll~ 436......... ••.•• ........ ..... ...... 7 L27 ..... ····-·· 

~~

0

2 l~~~: .. ===~·: ======== ===== :::::: .••• i ••• Lii°. ..~ .. I .. ~.~ .. 
~-\t:=:::::::::: .. ~ .... ~.~ .. ::::: ======= ···g· ··L01·· ~ I t gg 
T. M -~ ••...•.•......•........... ···- ··-···· ...... ........ 1 L 11 
U. 8. A. 6.............. ..... ....... ..... ....... 2 L 26 ........... . 
U.S. A. 27_........... ••• ··-··· ••••• ••••••• 2 L3 -··· ······-
U. 8. A. 36 B_ ••••••••• ···- ··-···· .••.. ....... 1 L37 ..•......... 
u. s. A. 45_ ••••••••••• ···- ····-- -··· ••••••• •••••• ••••••• 6 I L 10 

N~nmnber or alrplanes averaged. 

MAXIMUM LIFT/DRAG RATIO; SPEED FOR MAXIMUM LIFT/DRAG 
RATIO 

From equation (2.5) we get, 

'(7.3) 

Substituting for w, in equation (7.3) from equation 
(2.12), using engineering units, and noting that m 
horizontal flight W=L, 

~=0. 002558t P+ 124. 4~-0 (Vin m. p. h.), (7.4) 

The speed at which maximum lift/drag ratio occurs is 

obtained by differentiating£ with respect to velority 

and equating to zero. 

d (D) er l, 1 dll r, =0.005116~ V-248.8 ;173-0. (7.5) 

Whence, 
(lh)¾ 

VLD = 14.85 ~ (m.p.h.). (7.6) 

Equation (7.6) is the expression for the velocity at 

which maximum -J5 o_ccurs.· Substituting equation 

(7.6) into equation (7.4)1 inverting, and solving for~ 

which is now the maximum value for the ratio, we get 
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(7.7) 

Charts have been plotted for equations (7.7) and 

(7.6) which give (:J5)= and velocity at (t\,= explic­

itly in terms of l 11 and l,. These charts are found in 
Figures 4 l and 42, respectively. 

The value of (B) = is of particular interest in deter­

mining the general ''cleanness of design" of an air­
plane, the minimum gliding angle, and the maximum 
range. The airplane will necessarily fly at approxi-

mately the speed for maxi.mum £ where maximum 

range is desired. Knowing (~)mu and the speed for 

maximum j5, the tlirust horsepower required is readily _ 

determined. 
Dividing lJ,, by VLD from equation (7.6) we obtain, 

lJ,, =0.0673 (A)1S 
FLD 

(7.8) 

~ may thus be expressed as a function of 11. This 
VLD 

expression is analogous to that for~, hence the ratio 

between VLD and V,,, is a function of A. This speed 

ratio for maximum ~ has been plotted against A' 

(the physical parameter, A=158.9 A') in Section II, 
Figure 4. 

SPEED FOR MINIMUM POWER 

Th di • f • • dw. 0 e con ti.on or illlill.Illum power IS cIV = . 

Differentiating equation (2.12) with respect to V, 
equating to zero, and using engineering units we have, 

~~ =0.011253t V2-182.5;J2 =0. (7.9) 

Whence, 
= Cl.4P' VMP 11.28----;;:w- (m. p. h.). (7.10) 

Equation (7 .10) is the a~ression for speed for minimum 
thrust horsepower required, assuming equation (2.12) 
for w, to be valid at this speed. This assumption is 
seldom justified, since it has been found from an investi­
gation of more than 50 airplanes that in most cases 
the speed determined from equation (7.10) is lower 
than the stalling speed by several per cent. In these 
cases the speed for minimum power is primarily a 
function of the stalling speed, since the rapid increase 
of drag at stalling speed has here caused the slope of 
the w, curve to become zero. 

From an investigation of .Army flight test data and 
flight test polars (Figs. 24 a and 24 b) it has been 
found that the speed for minimum power generally 
occurs with.in 5 per cent of a value of 1.08 times the 
stalling speed. It is concluded therefore that the fol­
lowing method is to be used in determining V MP (speed 
for minimum power): 
Find 

VMP by equation (7.10), if VMP~l.08V, (7.11) 
or 

VMP=l.08 V,, if VMP (equation (7.10))::S:l.08V,. 

A chart is included for finding V MP by equation 
(7.10). By companson of equations (7.10) and (7.6) 
it is readily seen th.at 

(7.12) 

Speed for minimum power according to equation (7.10) 
is found from an additional scale on Figure 42. 

Dividing lal, by YMP equation (7.10) gives, 

~-0.0886 (.A)1i. (7.13) 
Vyp 

We have th.en~; as a function of .A and hence the 

ratio ~: is a function of .A. This SJ?ecd ratio for 

minimum power has been plotted against the physical 
parameter A' in Figure 4, Section II. 

THRUST HORSEPOWER REQlITRED AT ANY SPEED AND ANY 
ALTITUDE 

The two terms of equation (2.12) have been sep­
arated and the sinking speed due to each term plotted 
as indicated below. 
Writing: 

w,=w,11 +w,, ft./sec. (7.14) 
where, 

w,11 -s:inkiog speed due to parasite loading 
w.,-sinkiog speed due to effective span loading 

equation (2.12) gives, upon transformation to engi­
neering units, 

u 
w,11 =0.003751 r, V3 ft./sec. (Vin m. p. h.) (7.16) 

1' 

and, 

w,,=182.5~~ft./sec. (Vinm.p.h.) (7.16) 

Equations (7.15) and (7.16) have been plotted in Fig­
ures 43 and 44, respectively, from which w,11 and w., 
may be found explicitly in terms of l,, l 11, and V for any 
altitude. • 

Thrust horsepower required at any velocity, and the 
th.rust horsepower required curve for any airplane at 
any altitude are now readily determined by the use of 
these charts, and the relation, 

w t. hPr""' (w, 11 +w.,) 550, (7.17) 
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The thrust horsepower required at cruising speed at 
any altitude is eusily detennined. To a first and good 
approximation the propulsive efficiency in throttled 
level .flight at speeds near the ma.xi.mum velocity may 
be taken equal to the propulsive efficiency at ma.-u­
mum velocity. The brake horsepower reQuired is 
thus determined. 

VIII. CONCLUSION 

General algebraic performance formulas ha"Ve been 
developed which are based on the induced drag view­
point of performance. By the incorporation of data 
applying to any general type of propulsive unit, 
formulus and charts may be ot>tained which apply to 
all airplanes equipped with the same type of propulsive 
unit. Consequently supercharged engine data and 
variable-pitch propeller data may be incorpora~d 
when satisfactory data are available. 

Formulas and charts have been developed which 
may be used to determine the perf orrnance character-' 
istics of all airplanes equipped with modern unsuper­
charged engines and fixed-pitch metal propellers. The 
use of these charts is very rapid, and they produce. 
results of good accuracy, generally within 5 per cent 

• of flight test data. 
These samE) charts may be used to reduce flight test 

data and obtain the actual airplane para.meters. 
The equations, and hence the charts developed, are 

expressed in terms of the three engineering parameters 
of the n.irpla.ne: l 11, the parasite loading; l.; the effective 
span loading; o.nd l,, the thrust horsepower loading. 

A new parameter of fundamental importance A=ltt 

is revenled by the formulus, and is used as the abcissa 
of the performance charts. A may be called the major 
(or characteristic) parameter of airplane performance. 

The dependence of performance upon each para.meter 
is reudily seen from the charts developed. The effect 
of varying any characteristic of the airplane is imme­
diately determined. 

The propeller set to give best maximum velocity at 
sea level produces also the best maximum rate of 
climb. This is called the "BEST PERFORMANCE 
PROPELLER." 

The variation of parasite drag with angle of attack, 
and the increuse in induced drag over the minimum 
cuse of a wing with elliptical lift distribution may well 
be included in a correction proportional to OL2, which 
introduces e, the "airplane efficiency factor." 

D.A.NIEL GUGGENHEIM GRADUATE ·scHOOL OF AERO­

NAUTICS, 

CALIFOR...-..n:A INSTITUTE OF TECHNOLOGY, 

PASADENA, CALnr., April 27, 1931. 

SUMMARY OF NOT.A.TION 

ENGINEERING 

Subscript m denotes at desi,gn maxi.mum vel-Ocity (sea 
level). 

Subscript h denotes at altitude. 
Subscript o denotes at sea level. 

V 

R • .,. 

R,H 

0 
H 
H. 
T 

l 
miles per hour in performance 

-velocity charts. 
feet per second in propeller charts. 

- landing speed. 
-velocity for minimum power -required 

(m. p. h.). 
-velocity for maximum lift/drag mtio 

(m. p. h.). 
-design roa.ximum velocity at sea level 

(m. p. h.). 
maximum velocity at altitude 
maximum velocity at sea level 
velocity for maximum rate of climb 
maximum velocity at sea level 
velocity at absolute ceiling 

- maximum velocity at sea level 
-maximum rate of climb (ft. per min.). 
-absolute ceiling (feet). 
-service ceiling (feet). 
-minimum time required to climb to altitude 

. (minutes). 

. (f>)= -ma.-umum lift/drag ratio. 

w,11 -sinking speed due to effective parasite drag 
(ft. per second). 

-sinking speed due to effective induced drag 
(ft. per second). 

b. hp - brake horsepower. 
t. hpa -thrust horsepower available. 
t. hpr - thrust ·horsepower required. 
l'. p. m. -revolutions per minute. 
N -revolutions per second. 
TJ - propulsive efficiency. 

0.638 V(m.p.h.) 
= b.hp¾ r.p.m.¾ 
- lift coefficient. 
-maximum lift coefficient (at landing speed). 
- drag coefficient. 

\ 
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e 
k 

- effective parasite drag coefficient. 
- effective induced drag coefficient. 
-weight (pounds). 
-equivalent paxo.site axea (sq. ft.); by defining 

equation, f = ODp.s 

-airplane efficiency factor (Sec. IV). 
-Munk"s span factor. 
- largest individual span of wing cellule. 
- eH (kb1) =effective span. . 
-wing axea including portion cut out by fuse-

lage (sq. ft.). 

l,,,=~-wing loading Ob./sq. ft.) 

l 11 = °7-pnraru.te loading Ob./sq. ft.) 

l,= ~-effective span loading Oh./sg. ft.) 

w 
l,= t.hpm -thrust horsepower loading Ob./hp.) 

A=lf~"-major performance parameter 
1' 

PHYSICAL 

VO -ideal minimum velocity 
A - horsepower conversion facto-r (550 in American 

system, 75.in metric system) 
p0 =0.002378 Ob., ft., sec. system) =mass density of 

standard air at sea level. 
2 

}.. 11 = p}i,=841.0 li, (ft., lb., sec. system) 

2 
}..,=·-l,=267.7 l, (ft., lb., sec. system) 

1rpo 

1 
i,=Al,=0.001818 l, (ft., lb., sec. system) 

A'= }..X}..~i = 0.006293 A (ft., lb., sec. system) 
I' 
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Be~tperformance propeller 

I. Open cockp,t fusslage, 400 hp D-12 W.C. engine.. 
Smoothly faired nose, no radiator . 

2. Complete V.E.-loirplane with Wings. Open 
cockpiffuselage,/80 hp W.C. engine. Nose 
radiator. 

3. Opencockpiffuselag,;,, 200 hp A.G. engine. 
Medium cow/Ing. 

4 . Cabin 'fuselage, monoplane wing, 20Q hpJ-5 
A.C. engine-. No cowling. 

5. Gobin fuseloge,no wing, 200 hp J-5 A.C. engine. 
Good cowling . 

6. Cabin f~elage, no wing, 200hpJ-S A.C.engine. 
N.A.C.A. cowling. 

.6 .8 /.0 1.2 1.4 /.8 /.8 

(See remarks in Section Non the cnoice of a 
propulsive efficiency for computlnq perform-

2 -0 onceJ 
C'._ 

FIGURE 27.-Propulslvo officlenoy at V ~ as a ronoUon of c.. for varlon., e.lroraft engines and bodies. Nine-foot metal propeller. Navy No. 4412. Data from 
National Advisory Committee forAeronantlcs. Technical Report 350 
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