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-Lift, absolute coefficient Cr,= é%

AERONAUTIC SYMBOLS
1. FUNDAMENTAL AND DERIVED UNITS -

Metric English
Symbol :
Unit s Unit Abbreviation
Length___.__ l 4 112] ) S R s LN m foot (or mile) . ______-_ ft (or mi)
Bime_ - aq i 100 (o O R e S el s second (or hour)____.__| sec (or hr)
Force .= F weight of 1 kilogram._.___ kg weight of 1 pound._____ 1b
Power. - = 18/ horsepower (metrie) - - - _[-o_____.__ horsepower_ ____ ! hp
Speed v {kilﬁmeters per hour_____. kph miles per hour_.______ mph
PSOGSiefe = meters per second . _ __-__ mps feet per second.________ fps
2. GENERAL SYMBOLS
Weight=mg v Kinematic viscosity
Standard acceleration of gravity=9.80665 m/s* Density (mass per unit volume)
or 32.1740 ft/sec? Standard density of dry air, 0.12497 kg-m~—*-g? at 15° C
Mass=p—’ and 760 mm; or 0.002378 1b-ft~* sec?
g Specific weight of ‘‘standard” air, 1.2255 kg/m® or

Moment of inertia=mk?®. (Indicate axis of 0.07651 lb/cu ft
radius of gyration k by proper subscript.)
Coefficient of viscosity

3. AERODYNAMIC SYMBOLS

Area D Angle of setting-of wings (relative to thrust line)
Area of wing Ty Angle of stabilizer setting (relative to thrust
Gap line)
Span Q Resultant moment
Chord Q Resultant angular velocity

2
Aspect ratio, % R Reynolds number, p }g where [ is a linear dimen-
True air speed ¥ sion (e.g., for an airfoil of 1.0 ft chord, 100

mph, standard pressure at 15° C, the corre-
sponding Reynolds number is 935,400; or for
an airfoil of 1.0 m chord, 100 mps, the corre-
sponding Reynolds number is 6,865,000)

a Angle of attack

. € Angle of downwash

Profile drag, absolute coefficient Cp =—2 a Angle of attack, infinite aspect ratio
g 2o~ ¢S ay Angle of attack, induced

Induced drag, absolute Sooloiont C'o,—"-‘-% a, Angle of g?tack, absolute (measured from zero-

q lift position)

Parasii. drag, absolute coefficient C,,p=fl—)§ g Flight-path angle

Dynamic pressure, %pV2

Drag, absolute coefficient anq?_S

Cross-wind force, absolute coefficient U= q%’
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THE AERODYNAMIC FORCES ON SLENDER PLANE- AND
CRUCIFORM-WING AND BODY COMBINATIONS

By Joux R. SPREITER

SUMMARY
The load distribution, forces, and moments are calculated
theoretically for inclined slender wing-body combinations con-
sisting of a slender body of revolution and either a plane or
cruciform arrangement of low-aspect-ratio pointed wings. The
results are applicable at subsonic and transonic speeds, and at
supersonic speeds, provided the entire wing-body combination

lies mear the center of the Mach cone.
The analysis of the slender cruciform-wing and body combi-
nations results in the following conclusions: The lift and pitch-
ing moment are independent of the angle of yaw, and the side

force and yawing moment are independent of the angle of attack.

If the wvertical and horizontal wings are identical, the rolling
moment is zero for all angles of pitch and yaw. By symmetry
considerations, these results are shown to be equally applicable

for any cruciform-wing and body combination having identical

horizontal and vertical wings of arbitrary plan form and aspect
ratio.
INTRODUCTION

A great amount of research is being conducted on aireraft
configurations that may be described as slender wing-body
combinations, that is, a wing-body combination consisting
of a slender pointed body and pointed low-aspect-ratio
wings. Although the aerodynamic characteristics of the
components may be well known, the mutual interference
resulting from their combination may be so great that it is
desirable to study the aerodynamic properties of the com-
plete configuration. The mutual interference, in an incom-
pressible medium, of a fuselage and a wing of high aspect
ratio (to which lifting-line theory is applicable) has been
investigated by Lennertz, Wieselsberger, Pepper, and Mul-
thopp in references 1, 2, 3, and 4. Since these results were
not applicable to the present problem, a theoretical analysis
of the aerodynamic properties of slender wing-body combi-
nations was undertaken. The results of this investigation
were first reported in reference 5 and were later extended in
reference 6 to include cruciform-wing and body combina-
tions. The present report summari-es and extends the
theory and results previously presented in these references.

The aerodynamic properties of slender wing-body combi-
nations may be approximated by the method originally used
by Munk in studying the aerodynamics of slender airships
(reference7). R.'T.Jones (reference 8) extended this method
to the study of low-aspect-ratio pointed wings and Ribner
(reference 9) applied it to determine the stability derivatives
of low-aspect-ratio triangular wings. The essential point in

the study of slender bodies by this method is the fact that
the flow in the vicinity of the body is approximately two-
dimensional when viewed in planes perpendicular to the
direction of motion.

This theory is applied first to plane-wing and body combi-
nations inclined at small angles of attack. For this portion
of the analysis the wings must have a pointed leading apex,
a swept-back leading edge, and such a plan form that no
part of the trailing edge extends forward of the station of
maximum span. The theory is next applied to cruciform-
wing and body combinations inclined at small angles in
vaw and pitch. In addition to the restrictions mentioned
previously, it is necessary, for this case, to specify that the
trailing edges of the wings are unswept. The results of
this analysis are applicable to combinations having very
low-aspect-ratio wings at all Mach numbers or to combi-
nations having wings of moderate aspect ratio at Mach
numbers near 1. Examples are included to illustrate the
calculation of the load distribution, forces, and moments on
several elementary wing-body combinations having either
plane or cruciform wings.

The analysis of slender cruciform-wing and body combi-
nations resulted in the discovery of certain general charac-
teristics of combinations having identical horizontal and
vertical wings complying, of course, with all the require-
ments of slender wing-body theory. To ascertain whether
all these requirements were necessary, an investigation of
the forces and moments of cruciform-wing and body
combinations having identical wings was made on the basis
of symmetry considerations. It was found that, within the
limitations of linear theory, these particular conclusions
were valid for all cruciform-wing and body combinations

regardless of the plan form or aspect ratio of the wing.

SYMBOLS
. /maximum span squared’
A aspect ratio L2
area

B cross-section area of body of revolution (wa?
B, cross-section area of base of body of revolution

: ! . (volume
B, mean cross-section areaof body of revolution < leneth )

=]

@5 lift coefficient <(1£ )
RO H,

’

(6 rolling-moment coefflicient (0 S5 )
\.'.([~ sy
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pitiching-moment coeflicient (qS]\,;lc,{)

. s N
vawing-moment coefficient | ——
. gSvev

>
side force coeﬂiciont( : >
qSy

lift

rolling moment

rolling moment due to lifting forces

rolling moment due to side forces

pitching moment about leading edge of root chord of
horizontal wing -

frec-stream Mach number

yawing moment about leading edge of root chord of
vertical wing

wing area

free-stream velocity

complex potential function (¢-+i)

complex variable (y+1i2)

side force

radius of body

maximum radius of body

root chord of wing

effective wing chord

semispan of flat plate

imaginary unit (/' —1)

length of the portion of the body forward of the wing

static pressure

local pressure difference between lower and upper
surfaces

local pressure difference between port and starboard
surfaces

free-stream dynamic pressure

polar coordinates

local semispan of horizontal wing

maximum semispan of horizontal wing

local semispan of vertical wing

maximum semispan of vertical wing

perturbation velocity component in the free-stream
direction

Cartesian coordinates

distance from leading edge of root chord of horizontal
wing to center of pressure of lifting forces

distance from leading edge of root chord of vertical
wing to center of pressure of side forces

angle of bank

stream function

angle of attack

angle of sideslip

transformed rectangular coordinates

complex variable (n-+1¢)

density of air

perturbation velocity potential

perturbation velocity potential corresponding to unit
angles of pitch or yaw

SUBSCRIPTS
body

horizontal wing

vertical wing

W basic wing without body

a pertains to angle-of-attack case having zero yaw

b pertains to sideslip case having zero angle of attack
l lower side

P port side

s starboard side

u upper side

ANALYSIS

The prime problem to be treated in this report is the
prediction of the load distribution, forces, and moments on
inclined slender wing-body combinations traveling at sub-
sonic, sonic, or supersonic speeds.  In the major portion of
the analysis, it is assumed that the bodies are slender bodies
of revolution and that the wings have pointed leading apexes,
highly swept-back leading edges, and plan forms such that
no part of the trailing edge lies forward of the station of
maximum span. The wing plan forms are otherwise arbi-
trary. In certain special cases, however, these requirements
will be relaxed so as to include wings of arbitrary aspect
ratio and sweep. The study will consist essentially of two
parts: The first will be devoted to plane-wing and body
combinations each consisting of a body of revolution and a
horizontal wing; the second, to cruciform-wing and body
combinations each consisting of a body of revolution and a
cruciform arrangement of horizontal and vertical wings. In
the latter section, the horizontal and vertical wings may be
of different plan form and size.

The principal approach to the problem will be based on
the general arguments advanced in references 7, 8, and 5 for
slender bodies, wings, and wing-body combinations. The
assumptions involved in the study of these configurations
permit the Prandtl linearized differential equation for the
pertubation velocity potential of a compressible flow in three
dimensions

(l_l‘[02)¢11+¢ull+¢z::0 (1)

to be reduced to a particularly simple parabolic differential
equation in three dimensions

¢l/ll+¢zz:0 (2)

The slender-body and low-aspect-ratio wing theories (ref-
erences 7 and 8) neglect the term (1—My*)¢,, in comparison
with ¢,, and ¢.. because ¢, is very small for slender wings
and bodies. Therefore, the loading and aerodynamic prop-
erties of plan forms having very low aspect ratios are in-
dependent of Mach number. As pointed out in reference 5
and discussed in greater detail in roference 10, the theory is
also valid for swepttback plan forms of moderate aspect
ratio at sonic velocity, since the term (1—My*)¢,, can be
neglected because 1—M* is zero, provided that ¢,, does not
become very large in comparison with the other velocity
gradients ¢,, and ¢... In both the low-aspect-ratio and
sonic applications, it should be noved that, with the excep-
tion of the infinitely long swept wing, it is possible to solve
only problems involving the differential pressure arising
from an asymmetry of the flow fielc. Thus, lifting problems
may be treated satisfactorily; whereas, in general, thickness
problems cannot. If a thickness problem is attempted by
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this method, however, it will be found that the theory
predicts infinite longitudinal perturbation velocities and
hence infinite pressures at all points on the surfaces of wings
and bodies other than the infinitely long swept wing.

The form of equation (2) permits the analysis to be under-
taken as a two-dimensional potential-flow problem at this
point; each vertical plane, therefore, may be treated io-
dependently of the adjacent planes in the determination of
the velocity potential. Thus, the potential is determined for
an arbitrary x=ux, plane; then, since the z; plane may represent
any plane normal to the fuselage center line, the potential
distribution is known for the evotire wing-body combination.

SLENDER PLANE-WING AND BODY COMBINATIONS

THEORY

The first problems to be considered in this report are
those related to slender plane-wing and body combinations
inclined at small angles of attack. Such a wing-body com-
bination is considered to consist of a slender body of revolu-
tion and a flat highly swept-back low-aspect-ratio wing
extending along the continuation of the horizontal meridian
plane of the body. (See fig. 1.) These problems may be

Xo plone

FIGURE 1.—View 6f plane-wing and body combination showing coordinate axes,

treated by determining the perturbation velocity potential
¢ by means of equation (2) together with the following
boundary conditions:

at the surface of the wing

0¢__ :

52—0 (3)
ab the surface of the body

¢

or =0 (4)

infivitely far ahead or to the side of the wing-body combina-
tion -
grad ¢=kV

where £ is the unit vector in the z direction and finally ¢
is continuous everywhere except across the surface of the
wing-body combination or its wake.

Velocity potential.—As a consequence of the differential
equation and the boundary conditions, the perturbation
velocity field in the z, plane at any station forward of the
station of maximum span is similar to the velocity field
around an infinitely long cylinder, the cross section of which
corresponds to the trace of the wing-body combination in
the z, plane. For a slender plane-wing and body combina-
tion inclined an angle « in piteh, the flow in the z, plane is
as shown in figure 2 (a) where the flow velocity at infinity is

(a)

FI1GURE 2.—Two-dimensional flow fields corresponding to plane-wing and body combination.

in the direction of the positive z axis and has a velocity of
Via. The flow around a section such as shown in figure 2(a)
may be derived from the transverse flow around an infinitely
long flat plate (fig. 2(b)) by application of the principles of
conformal mapping using the Joukowski transformation.
Thus, we consider the mapping of the n¢ plane of figure 2(b)
onto the yz plane of figure 2(a) by the relation

E=X+% (6)
where

E=n+1if
and

X=y-+1iz

The complex potential function for the flow in the ¢ plane
is (see, for instance, reference 11, p. 66)

}Ya:(ba—}_i\bu: ‘i":)a \/?——dz (7)

If d=2a, the flow around a flat plate expressed by equation
(7) transforms by equation (6) into the vertical flow around
a circle of radius @ having its center at the origin. If d is
taken larger than 2a, the flat-plate flow transforms into the
desired vertical flow around a cylinder consisting of a circular
ceylinder of radius @ with thin flat plates extending outward
along the extension of the horizontal diameter to a distance
s from the origin. When the ¢ plane is transformed into the
yz plane in this manner, the complex potential for the flow in
the yz plane is found to be

W Ya =@a &I l#’a — = ’Oa \/(‘\y _;:f%i)l —d?

okl Voa\/(X +‘§:)— (s +(i) ®)

since the point d in the n¢ plane corresponds to the point s
in the yz plane. The velocity potential ¢, for the flow in
the yz plane may then be found by squaring equation (8),
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substituting XN=r(cos 6-+i sin 0), and solving. Thus is
obtained

b= =L Voo |: <1+ r-(*(m 20 s? <1+ >]+
I:r‘ (l %{:li>z+4(1* cos® 20-s* (1 —}—Zi)z—
25? (1 —}—(Zi) <l +£]I; r* cos QO:I; E - 9)

where the sign is positive in the upper half plane 0<{6<r
and negative in the lower half plane #<0< 2.

Load distribution.—The lifting differential pressure coeffi-
cient in linearized potential flow is given by

Apr  2Mu;, 2(M,—u)) 2 , O¢p_ 2 L2 ds . 0¢r da’
qg Vi G ’UA o V, S (lr-}_A da (I,r)
(10)

where A represents the difference in values between cor-
responding points on the upper and lower surfaces of the
wing-body combination. The load distribution may now
be determined by substituting the expression for the velocity
potential given in equation (9) into equation (10) and
letting ¢ equal 0 or ¢ equal = for the wing loading and » equel
a for the body loading. The loading over the wing is then
found to be given by

PN O C)
L < 94> (]+ )

and that over the body is given by

ds a (/(1 (1'-’ oy
Apy, (lx( >+“ s (].I“ T2 a,2>
e (1 +2Y 7/2' '
V ( +s"’> s

[t should be remembered that equations (11) and (12) are
valid only at stations forward of the station of maximum
wing span. To extend the solutions to stations farther aft,
consideration must be given to the influence of the vortex
wake trailing from all portions of the trailing edge of the
wing that lie aft of the station of maximum span. This
point will be discussed at greater length in the application
of the theory to specific configurations.

Total forces and moments.—The total lift and pitching
moment of a complete wing-body combination may be
determined by integrating the loading over the entire plan-
form area. Fxproqsv(l in - nondimensional  form,
characteristics are given by

y _ 1 [ ((ApL) ;. :
([ﬁSH.I\J< q >(1J @y )
: 1 (" (/Ap
(‘"’:%Sm’n.j J< f11L> Hdsty (14)

Y
Lep. _( m

Cu C,

these

(15)

where Sy is the reference area, ¢z is the reference chord or
length, and the integration is carried over the complete plan
form. It is often convenient to carry out the integration
by first evaluating the lift on one shanwise strip and then
integrating these elemental lift forces over the length of the
wing-body combination, thus

Apy, ds 7} da o’
r/J ) Ife < > dy=4mas l: < )+(lz < .\'3>:|+
2as (lﬂ (1 @ > = < > sin™! dz (16)

2
'S‘ .

The lift and pitching-moment coefficients may now be de-
termined by integration of the forces on all the elemental
strips

ol d (L S
(L*S,, .[(/.1: (l/l dx (17)

N d (L
(’"7 SHCH .f. dr \(]> dz (18)

where the integration interval extends from the most forward
to the most rearward part of the wing-body combination.

PLANE-WING AND BODY COMBINATIONS

APPLICATIONS

For a given wing-body combination complying with the
general requirements of the present theory, the load distri-
bution may be determined directly by substituting the proper
values for the body radius and wing semispan and their rate
of change with x into equations (11) and (12). In addition,
closed expressions for the lift, pitching moment, and center-
of-pressure position of several elementary configurations may
readily be found by simple integration of the integrals indi-

cated by equations (13), (14), and (15). Several such appli-
cations will be prese ntml in detail in this section and the
results will be compared with thcse from other theories
when possible.

Pointed low-aspect-ratio wing.—Although the assumptions
of this note have been used previously by R. T. Jones in
reference 8 to determine the aerodyaamic properties of low-
espect-ratio wings, the load distribuation, lift, and pitching
moment will be rederived for completeness of presentation
end to show a simple application of the preceding expressions.
The aerodynamic properties of a low-aspect-ratio wing with-
out fuselage may be determined by letting

Tl da

s (/.r:o

Ey substitution of these
that the load
strip 1s

ralues into equation (11), it follows
distribution along any elemental spanwise

ds
- 4a
A]),,) dx
= 1
¢ )= : (19)



THE AERODYNAMIC FORCES ON SLENDER PLANE- AND CRUCIFORM-WING AND BODY COMBINATIONS 5]

The loading thus shows an infinite peak along the leading
edge of the wing. The total load on an elemental spanwise
strip is found from equation (16) to be

¢ ALk ds
dx (7[) s Asogs dx (20)

Equations (19) and (20) show that the development of lift
by the long slender wing depends on an expansion of the sec-
tions in a downstream direction. Accordingly, a part of the
wing having parallel sides would develop no lift; whereas a
part having contracting width would have negative lift with
infinite negative loads along the edges. In the actual flow,
however, no such loads can exist on the trailing edge. Fur-
ther, it can be shown, by consideration of the Kutta condition
and of the fact that the portion of the wing behind the station
of maximum span lies completely within the vortex sheet
trailing from the surface ahead, that the downwash field of
these vortices is just such that the flow is directed parallel
to the wing surface at all points behind the station of maxi-
mum span. Therefore, it can be concluded that the differ-
ential pressure acting on all such points is zero. This is
known to be an oversimplification of the truth in the case of
wings of nonvanishing aspect ratio at other than sonic speeds
and caution should be exercised in applying the present re-
sults (particularly the pressure-distribution results) in regions
of constant or contrating width.

The lift coefficient for this wing is found by integration of
the load on the elemental strips between the leading edge
and the widest section as indicated by substituting equation
(20) into equation (17)

ds

18 iiciy 85  4dma (0 , x 48’ «
OLW-'S,;I ﬁ 4ras % (l.I'***S',H JO 5(18—2 o3 S;{—_Q AlHa
(21)
: fEPy AR 4s,*
Where ¢’ 1s the effective wing chord and »S—=AH the aspect
H

Y
It is seen that the lift-curve slope T;W depends only

ratio. :
on the aspect rato. It should be noted, however, that the
actual lift force depends only on the span and angle of
attack and not on the aspect ratio or the area.

By similar substitution and integration by parts of equa-
tion (18), the pitching moment about the leading apex is

1 iy ds Ty 45,2 4&,,,,“)
C,,,W—— SHCH.[J 4as o dx= B a Ko
e ™ CIH 7 < N N{Ilz \ o
= 2— CH 411{(1 1 802} (2.4)
where

: 3 W M TS
Spi=— s%dx
(4 H, 0

and where moments tending to produce a nosing-up rotation
are considered positive. The center-of-pressure location is
then found by dividing the moment coefficient by the lift
coefficient as indicated in equation (15),

), g . / 2
;_xc.ﬂp;___ e 07"1{:(' H<1 L »ﬁmz >:(1H (l _L§m2> (93)
Cy CLH Cu udn Ca 8o?

For a more specific example, consider a triangular

: : A ; el e
wing moving point foremost. Then, since s,,ﬂ:? o> and
‘
¢’g=cy, the pitching-moment coefficient and center-of-
pressure position are given, respectively, by (7",",:_;§ Ay

X 2 :
and ,fl-_:,_. The center of pressure is seen to be at the

e o)
two-thirds chord point or the center of area.

To provide further insight into the range of applicability
of the present theory, figure 3 has been prepared illustrating
the variation of lift-curve slope with Mach number as pre-
dicted by the present theory (solid lines) and by linearized
lifting-surface theory based on equation (1) (dotted lines).

SO— ———— 7T e —
g i iR R
[ el ’
| | o \ \l5/ena’er wing theory
14} ‘ ‘ e = — [ v==-Linearized wing ———1
\ th
e bt ‘ \ eoiry
e \ i i ‘ iRl i i e
e 7 \ 1
10 *‘ ,/ ‘ ‘ ,/" \‘\‘ 3 f‘\\ \‘ = - =
A= 4’ %, | | ," \\ | “\
QG g [ i i LY
do - ‘ \ N [y
______ Lt ‘ Tl
.06 f ’ & e
- - iy [ 4
2 ,’[,:‘r «,-.-__\__‘_‘:5:\
e B L T
| \
| Elliptical planform<——=Triangular plonform
! l l |

a 2wl 43 8 LOSSIZr Gl ¥ 6

7 Las = 20
Mach number, Mp

Figure 3.—Variation of lift-curve slope with Mach number.

In the subsonic range, the dotted curves are for wings of
elliptical plan form and are based on Krienes’ lifting-surface
theory (reference 12) as modified for the effect of compressi-
bility by Robinson and Young (reference 13), using the
three-dimensional Prandtl-Glauert rule. For the supersonic
case, the dotted curves are for wings of triangular plan form
and are based on the theories of Robinson, Stewart, Brown,
and others (references 14, 15, and 16). The solid curves
representing the results of the present theory are valid for
both elliptic and triangular wings; in fact, they are valid
for any plan form such that no part of the trailing edge
extends forward of the station of maximum span. It is
clearly seen that for wings of low aspect ratio, the present
theory agrees very well with the prediction of linearized
lifting-surface theory at all Mach numbers; whereas for
wings of larger aspect ratio the agreement is only satisfactory
at Mach numbers near 1. This latter observation is very
important for these wings if the aspect ratio is less than
perhaps 3 or 4. For wings of higher aspect ratio, however,
the agreement is probably only of academic interest since
it is a well-known fact that experiment and linearized theory
are in poor agreement for high-aspect-ratio wings at Mach
numbers near unity. If comparable information were
available for wing-body combinations, it is presumed that
the results of the present theory would bear a similar relation-
ship to the results of linearized theory.
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Pointed slender body of revolution.—The present method
for treating the flow around long slender bodies was intro-
duced by Munk in reference 7 for the determination of the
distribud¢ion of forces along the longitudinal axis of a body
of revolution (airship hull). TIn the present section, these
results will be rederived and, in addition, expressions for
the total lift, pitching moment, and load distribution will be
presented.

For the slender pointed body of revolution, the following
relations exist:

a . da__ds
Facd de dx
where z(i is not necessarily constant. If these values are

substituted into equation (12), the load distribution along
any elemental strip is

) 2
(;A(II)L>H:8a (é‘; sin =8« Z‘; V/ | ~Z—2 (24)
The load distribution on any strip is thus seen to be elliptical,
being zero at the extremities of a horizontal diameter and a
maximum at the midpoint. The total load on an elemental
spanwise strip is found from equation (16) to be

d (L la dB
- (q) g=4raqa 7 =2aq (25)

where B is the local cross-section area. It is seen that
equation (25) is identical to equation (20) for the integrated
load on an elemental spanwise strip of a triangular wing,
even though the distribution of load in the two cases is
widely different. However, in contrast to equation (20),
which is to be applied only to wings of increasing span,
equation (25) may be applied to bodies of revolution in
regions of either increasing or decreasing radius, since the
Kutta condition does not apply to bodies of revolution.
Thus, in general, the lift and pitching moment of a body of
revolution are different from those of a wing of identical
plan form; however, if the maximum diameter of the body
of revolution is at the base station, its lift and pitching
moment are equal to those of a wing of identical plan form
at the same angle of attack.

As before, the lift coefficient will be determined by sub-
stituting equation (25) into equation (17). Taking the area
of the base cross section B, as the reference area and in-
tegrating over the length of the body [, the lift coeilicient
is found to be z

OL:BII;.L Qa((il—];d;ltz‘la (26)
since the cross-section area B is B, at r=[ and zero at z=0.
It is thus seen that the lift of a slender body of revolation
depends only on the cross-section area of the base, and 13
independent of the general shape of the body.

Such a relationship is indicative of an effect thatwould
result from the inclusion of viscosity in the analysis, since
the effective base area of the body will be larger than the
true base area by an amount dependent on the boundary-
layer thickness. Therefore, equation (26) will tend to
underestimate the true lift-curve slope, particularly at lower

Reynolds numbers where the boundary-layer thickness is
greatest.

By similar substitution and integration by parts, the
pitching-moment coefficient about the leading apex is

e B,
(”’__B,,I_L 29 dx““‘“—‘?“(l B, e

where B,, is the mean cross-section area (i. e., the volume of
the body divided by the length). The center-of-pressure
location is then found through use of equation (15) to be
'l.('. l)* I ('Y"l: 1 _lgm (()8)
l C. B, 2
For a more specific example, consider a cone moving point
foremost. The base cross-section area is

Bb: 7I"(l()2

The mean cross-section area is

1
3

2
Ty

]fm:

The center of pressure is thus seen to be at the two-thirds
point as would be anticipated by the conical nature of the
load distribution for this case.

Triangular wing with conical body.—The first example of a
wing-body combination to be considered is that of a conical
body mounted on a triangular wing so that their vertices

coincide. The geometry of such & configuration requires
that

a dajdr

s ds/drx iz

where both da/dz and ds/dxz are corstants. If these values
are substituted into equations (11) and (12) as described in
the two preceding examples, the load distribution along
any elemental strip of the wing is given by

i = b
Apy\ _, ds 1+ Ky'—2Ky4* 1 ;
qr H_4a(lI Wi : yz = é;’ (29)
\/1+K”4_'8'~’ <1+K”4 y4>

and on the body by

2

Apr\ _ , ds p N Y ’
( : )B—4a o \/(1+KH)2—4 7 (30)

The integrated load on an elemental strip is

ah 7k ls I :

o <q (=4raqs :1; +Est+g [.'K,,(l—KHZ)—
) e . | 216 Sl
(14 Ky®? sin™! T K2 |

ds g
=4raqs dz " (3iL)

where

1 - Lt 2
011:1+K114+E1‘_ [2[{5(1—Z&H“)—(1+KH‘)2 o 1+I§€12-|

=y
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The lift coefficient for the entire conical wing-body combina-
tion is then

OL:g

41;,0( O'H:(YLW(TH (32)

where Oy, is the lift coefficient of the basic triangular wing.
Due to the radial nature of the lines of constant pressure, the
center of pressure lies at the two-thirds chord point

i (33)
cg 3
The moment coefficient is then obviously
’Y m
Cp=—% Agaog= me OH (34)

3
where, as before, (7, represents the pitching moment of the
basic wing. In equations (32) and (34), the reference area,
aspect ratio, and chord of the wing-body combination are
considered to be the same as those of the basic wing.

Figures 4 and 5 show, respectively, the lift and pitching-
moment results. It may be seen that, although the wing

IO—S\\\*—
| N\¥T+w
= A 't

=

|
2 |
---------- Supersonic conical flow, ref 17 \\
|
| |
o 5= 4 -5 .8 1O
Qo Qo
So to

FIGURE 4.—Lift and side-force ratios for several wing-body combinations.

alone and body alone have identical lift- and moment-curve
slopes since the widest section is at the trailing edge, the
lift- and moment-curve slopes of the wing-body combination
are always less than those of either the wing or the body
alone.

Also shown in figure 4 is a curve presented by Browne,
Friedman, and Hodes (reference 17) for the lift-curve slope,
as calculated by means of conventional linearized theory, of
a wing-body combination consisting of a conical body having
a fixed radius of 0.1322 the Mach cone radius and a triangular
wing of varying span. This curve never deviates from that
given by the present theory by as much as 1 percent.

Low-aspect-ratio wing on an infinite cylindrical body.—The
next example to be considered is that of a low-aspect-ratio

881763—F0——2
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FI1GURE 5.—Pitching-moment and yawing-moment ratios for several wing-body
combinations.

wing mounted on an infinite cylindrical body. Except for
the requirement that no part of the trailing edge may lie
forward of the station of maximum span, the wing plan form
is arbitrary. The essential relationships to be used are that

a=Qyq,

and that ds/dr is a positive quantity. By using these rela-
tionships as in the previous examples, it is found that no lift
is carried on the body ahead of the leading edge of the root
chord. Further, as in the case of the wing alone, no lift is
carried on either the wing or on the body aft of the stations
of maximum wing span. Between these stations, however,
lift is carried on both the wing and body and is distributed on
any elemental strip of the wing in a manner described by

(1\( _ag
_\1)L> lx s* =
<1+ )4) I/ <1_+_a()

and on the body by

‘Apyr R
(\ q >B R
The integrated load on an elemental strip is given by
a1l (155 iy
dz (g g=4mags (1 % ) et

By integration along the length of the body, the lift coefficient
for the complete wing-body combination is found to be

(WL:g’ -‘1}1&' ( 1 _(;_:::;>~: CLW ( 1 —('l‘/“;>- (38)

So
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where (7, and (7, are both based on the same reference
area. It may be seen from equation (38) and figure 4 that
the addition of a cylindrical body to a low-aspect-ratio wing
produces a loss in lift-curve slope just as in the preceding
example with the conical body. With the eylindrical body,
however, the lift-curve slope has no minimum value, but
continues to decrease as the radius-semispan ratio increases
until finally, when the latter ratio is one (corresponding to a
body without wings), the lift-curve slope is zero. This is as
it should be, since an infinite cylindrical body has zero lift-
curve slope in an ideal nonviscuous fluid. The moment
coefficient about the leading edge of the root chord is

18} :_77':11{(1 (',11|:<1 I‘ <8 ( x ) (10 I'I(Z(I/C’H):I
“m 2 Cy .Q(, So/ (a Syt Jo (8//-\’0)2

(39)
For a more specific example, consider the case where the
leading edge of the wing extends in a straight line from the
body to the point of maximum span. The shape of the trail-
ing edge is arbitrary, except for the requirement that no part
of the trailing edge may lie forward of the station of maximum
span. The pitching-moment coefficient about the leading
edge of the root chord is then

lna ¢’y 2 a ay’
On=—"2% [(1 ") <2+:s Ot )]
cn So ‘ 80+ : S0,
(e ‘
=3 Cyy [ f‘)) <°+ SR )] (40)

’

where ¢y represents the root chord of the wing and ¢y
represents the effective chord, that is, the longitudinal
distance between the leading edge of the root chord and the
station of maximum span. If each half-wing is a triangle,
the ratio of the pitching moment of the wing-body combina-
tion to that of the wing alone for various body radii to wing
semispan ratios may be represented by a single curve, since
the effective chord ratio ¢’g/ey is a constant. This curve is
shown in figure 5. 1If the complete wing is a triangle (or
each half-wing is a right triangle), the effective chord ratio
is, of course, unity. If figure 5 is used, or the latter form of
equation (40), it should be remembered that (,, represents
the pitching moment about the leading edge of the root chord
and is nondimensionalized using the root chord as a reference
length.

It 1s important to note that the ratio of the lift of a wing-
body combination having a low-aspect-ratio wing and an
infinite cylindrical body to that of the wing alone given by
equation (38) can be shown directly by momentum-theory
considerations to apply to any wing-body combination com-
prised of an infinite cylindrical body and a completely arbi-
trary wing and traveling at either subsonic or supersonic
speed, provided the span loading is that corresponding to
minimum vortex drag. This conclusion, in a more restricted
sense, has been given previously by Lennertz (see reference
18, p. 276) for the incompressible flow about wing-body
combinations composed of an infinite cylinder and a lifting
line.

Low-aspect-ratio wing on a pointed body.—The case of a
low-aspect-ratio wing mounted on a pointed body, closed
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in an arbitrary manner at the nose, cylindrical along the
wing-root chord, and either cylindrical or tapered behind
the wing, may be studied by combining the results of two
previous examples. The portion of the wing-body combina-
tion ahead of the leading edge of the wing root may be con-
sidered to be equivalent to the arbitrary body of revolution
treated iv the second example. The portion of the wing-body
combination at stations along the wiag root is equivalent to
a low-aspect-ratio wing mounted on an infinite cylinder as
discussed in the preceding example. The forces exerted
on the portion of the body aft of the wing will be considered
to be zero. As can be shown by the extension of slender-
body theory to cases involving curving air streams given in
reference 5, this conclusion is only strictly true if the portion
of the body aft of the wing is cylincrical or is tapered to a
point. For intermediate cases, however. the forces are
always very small quantities and can be taken, for the present
problem, to be sensibly zero. The lcad distribution and the
itegrated load on any elemental spanwise strip are then the
same as those given in the corresponding examples.

The lift coefficient is found by adding the lift forces of the
component parts of the wing-body combination and dividing
by the dynamic pressure ¢ and the characteristic area. The
lift coefficient is then found to be

2 4
C’L:?)-Kl[-]a(l _(3().7 +(1(]4> (41)

So”  So

Figure 4 shows the variation of the lif ~curve slope with body-
radius wing-semispan ratio. A comparison of the lift-curve
slopes shows that the loss in the lift of a wing resulting from
the addition of a body having a pointed nose is much less than
that resulting from the addition of an infinite body.

The moment coeflicient for this ‘wing-body combination
may be found in a manner similar to that used in finding the
lift coefficient, taking care to transfer the moments of both
component parts to the same axis. The moment coefficient

about the leading edge of the root chord is

(‘,,,: .__‘Trlea (. H [( ”()) ( (ll) (I() >]+‘) 13,,, e
6 Cr So " 0 S ey
(42)

where [ and B, represent, respectively, the length and mean
cross-sectional area (i. e., volume divided by length) of the
portion of the body ahead of the leading edge of the wing
root and a, represents the radius of the cylindrical portion
of the body.

CRUCIFORM-WING AND BODY COMBINATIONS

THEORY

The foregoing theory may be extended to enable the pre-
diction of the load distribution and aerodynamic properties
of slender cruciform-wing and body combinations inclined
at small angles of pitch « and yaw 8. (See fig. 6.) As in
the preceding case, the wing-body combination is considered
to consist of a slender body of revolution and flat highly
swept-back, low-aspect-ratio wings. The wings, designated
horizontal and vertical, extend along the continuation of the
horizontal and vertical meridian planes of the body. These
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problems may be treated by determining the perturbation
velocity potenial ¢ by means of equation (2) together with
the following boundary conditions: at the surface of the
horizontal wing
0¢__
bz_o (43)

at the surface of the vertical wing

¢

3y =0 (44)
at the surface of the body

o} .

=20 (45)

infinitely far ahead or to the side of the wing-body combina-
tion

grad ¢=kVya—;V,8 (46)

where 7 and /£ are unit vectors in the ¥ and z directions,
respectively, and finally ¢ is continuous everywhere except
across the surface of the wing-body combination or its wake.

FI1GURE 6.—View of cruciform-wing and body combination showing coordinate axes.

Velocity potential.—As in the case of plane-wing and body
combinations, the perturbation velocity field in the z, plane
is similar to the velocity field around an infinitely long cylin-
der, the cross section of which corresponds to the trace of the
wing-body combination in the z, plane. For a slender cruci-
form-wing and body combination inclined an angle « in pitch
and B in yaw, the flow in the z, plane is as shown in figure
7 (a) where the component of the flow velocity at infinity in
the z direction is Via and that in the y direction is — V8.
The flow field of figure 7 (a) can obviously be considered to
be the sum of the two flow fields shown in figures 7 (b) and
7 (¢), since the vertical wing in figure 7 (b) and the horizontal
wing in figure 7 (c¢) lie in planes of symmetry and cannot
affect the flow shown in their respective figures. Thus, the
flow fields shown in figures 7 (b) and 7 (¢) are identical to
those of figures 7 (d) and 7 (e), respectively. The velocity
potential for such a flow field was derived in the preceding
section from the flow field about a straight line (fig. 7 (f)).
The expression for the velocity potential of the flow field

shown in figure 7 (b) is thus identical to that given in equa-
tion (9) for the flow field of figure 2 (a)

i~ %33 { [_(1 +C'L‘> r? cos 20-+s* (1 +§>]+

25¢ (1 -|—%i> (1 —}—%:) 7% cos 2(9]1 /2}”2 (47a)

where the sign is positive in the upper half plane (0<6<m)
and negative in the lower halt plane 7< < 2x. The expres-

z = §
Yy YA\G
v e
(d) (e) (f)
FIGURE 7.—Two-dimensional flow fields corresponding to cruciform-wing and body

combinations.

sion for the velocity potential for the flow field shown in
figure 7 (¢) is found in a similar manner to be

bp= i%{ [(1 +(:—i) r* cos 20—{—152(1 —l—g:):l—k

a4 2 (l“l 2
[7"‘(1 — r*) +4a* cos® 26+t (1 +Z4— +

ot at\ . 1/2)1/2 _
2 (1 +F> (1 ain F) 7% oS 20:| } (47b)

where the sign is positive in the left half plane (7r/2<6<3w/2)
and negative in the right half plane (—m/2<6<w/2). The
perturbation velocity potential for the flow field about a
cruciform-wing and body combination inclined in both pitch
and yaw is then given by

¢’:¢a+¢b (470)

Load distribution.—As shown in equation (10), the dif-
ferential pressure coefficient between any two points in
linearized potential flow is given by

Ap 2Au
—— = (48)
q Vu
where Au is the difference of the components in the free-
stream direction of the perturbation velocities at the two




10 REPORT 962—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

points. Since body axes are used in the present treatment
rather than wind axes, the component of Aw in the free-
stream direction will be approximated to first-order terms.
The differential pressure coefficient is then given by

Ap 2 o1} 0¢ 0¢
g V, St Oy+aA b.z) (&)

The last two terms of equation (49) are often omitted,
since they each represent the product of a small angle and a
small perturbation velocity and are generally much smaller
than the first term on the right-hand side, which represents

. 4

([ds L ada
<A/)L df(l—l\“)_}_)g(h‘( 7+]_
=

AI}L) =4 <r Bf;( s‘>+~ (Sig—(; flf>—
| DEe

: \ <‘+.g:> 4

where, in equation (51), the plus sign is taken for the starboard side of the body and the minus sign for the port side.
] ) t=] . t=l I

only a perturbation velocity. For the long slender wings,
bodies, and wing-body combinations considered here, how-
ever, 0¢/0z is much smaller than 0¢/Cy and 04/0z; therefore,
all three terms are retained. The last term of the right-
hand member of equation (49) was not included in the corre-
sponding equation (equation (10)) for plane-wing and body
combinations inclined only in pitch smce, for that case, it is
zero by reason of symmetry.

Through application of equations (47) and (49), expres-
sions for the lifting differential pressure (lower minus upper)

on the horizontal wing and body are found to be, respec-
tively,
1 a\"
NuEHG
— —— /> (50)
b) &
S m < )1
—_— (51)
~%) +4%,
Simi-

larly, the yawing differential pressure (port minus starboard) on the vertical wing and body are given, respectively, by

dt at ada [a
_l:(/.r (1_ t*>+2 t dx <7' B

)]

()
(A&) _4p [ I:Zi‘ ) >+2
B

D]

where, in equation (53), the plus sign is taken for the upper
side of the body and the minus sign for the lower side. As
was pointed out for plane-wing and body combinations, the
expressions for the pressures on the body are not applicable
at stations behind the trailing edge of the wing. From the
same arguments as advanced before, the forces on this por-
tion of the body will be taken to be zero.

Total forces and moments.— The total forces and moments
exerted on a complete cruciform-wing and body combination
may be determined by integrating the loading over the entire
surface area. As with plane-wing and body combinations,
it is convenient to carry out the integration by first evaluat-
ing the forces and moments on one transverse strip, and then
integrating these elemental quantities over the length of the
wing-body combination. The lift and side force on a trans-
verse strip of width dz are given, respectively, by

(IL—q(IrJ i ( 11‘) dy (54)
A .
dY =qdzx f, (\ i“)(lz (55)

\ J(gg:) AGE)

lba6< )\
B
The rolling moment on this elementel strip is given by
—a A s
(]L’:([(].I‘l:—f y< P") (/y—‘j y(APJ‘> dy+
g3 q /u a H
"~ A]),;) (Ap > -
[ (B8r) et e (56)
where the integration is carried only over the surface of the
wing, since pressures on the body cannot produce a rolling
moment. When the indicated operations are performed, the

following expressions for the elemertal lift, side force, and
rolling moment are obtained:
S @ >:|+

-
B0 0T 2]
s 4/1‘(1_7) (/(1 ]_

da a?® ¢ aA\? . _ 2at y
23t dr l: (‘1— f")—(l (\l-l" 5 ) sin™! tz—%:af“’il (58)

(53)

z}.ll' ( 3[’ )Z
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d (L' a o7 at
(&) 27 (15 )+ (1+%)-
2\ 2 22— q? ’ 2
(1-}-%) cos™! i2¥i—22:|_2a682 [2 g <1—g—2)—{—
4 2\ 2 O F I )
T (1—!—?4)—(1—}—%2) cos™! ::2_{_32] (59)

The forces and moments for the complete wing-body com-
bination may now be determined by integration of the forces
on all the elemental strips. Expressed in nondimensional
form, these characteristics are given by

e R
it [iEee  w
wobfi@e
% b‘lTV f (}lx (fl’) o 63)
g fi@e

where the integration interval extends from the most forward
to the most rearward part of the wing-body combination.
To achieve a unity of expression for side force and lift and
for yawing moment and pitching moment, the side-force
coefficients have been based upon the area of the vertical
wing rather than the more conventional horizontal-wing
area, and the yawing-moment coefficients have been based
upon the area and root chord of the vertical wing rather than
the area and span of the horizontal wing.

The expressions for the forces and moments on the ele-
mental strips (equations (57), (58), and (59)) indicate four
important general characteristics of slender cruciform-wing
and body combinations. First of all, there is a complete
correspondence of the expressions for the lift and side force
as would be expected from the geomeiry of the configuration.
Second, the lift is independent of the angle of yaw and the
side force is independent of the angle of attack. Third, the
expressions for the lift and pitching moment for slender
cruciform-wing and body combinations are identical to those
for plane-wing and body combinations. Last, if the vertical
and horizontal wings are identical, the rolling moment is zero.

SLENDER CRUCIFORM-WING AND BODY COMBINATIONS

APPLICATIONS

The general expressions developed for slender cruciform-
wing and body combinations will now be applied to several
particular configurations. The discussion will be brief since
the results are similar in many ways to those given for plane-
wing and body combinations.

Pointed low-aspect-ratio wings, no body.—The first and
simplest example of a slender cruciform configuration to be
considered consists of a set of pointed low-aspect-ratio
wings, which may have different plan forms and aspect

ratios, and no body. The aerodynamic properties of such
a configuration may be determined by letting

a_a (Ia_o
S

A :":O; (Tx—

By substitution of these values into equations (50) and (52),
it follows that the load distributions for the horizontal and
vertical wings are given by

sa(fero?) |

(Az@) iy el
q /u \/i_gf

82
s e (65)
( 2
(Ap ) i Qi{éf“?)
q 2
v \/ r

These expressions are similar to that given by Ribner (refer-
ence 9) for the loading on a single low-aspect-ratio triangular
wing inclined in pitch and yaw. The symmetric first terms
contribute to lift and side force; the antisymmetric second
terms contribute to rolling moments. To illustrate this point
further, figure 8 has been prepared showing the load distribu-

Ficure 8.—Load distribution on a triangular cruciform wing.

tion on a cruciform arrangement of triangular wings. The
loading on the vertical wing is shown by the two top sketches,
while that on the horizontal wing is shown by the lower
sketches. The sketches on the left represent the contribution
of the symmetric first terms of equation (65); those on the
right, the contribution of the antisymmetric second terms.
In accordance with the stated assumptions, these expressions
are invalid when either the angle of pitch or yaw becomes so
large that the leading edge passes beyond the stream direc-

tion and becomes, effectively, a trailing edge. Mathemati-
cally expressed, the expressions are valid when |8 < ds/dz and

la|<dt/dx. 1f it is desired to investigate wings inclined at
larger angles, consideration must be given to the influence
of the trailing vortices lying outboard of one of the sides of
the wing. Such a problem may be treated by an extension of
the methods employed in the treatment of a swept-back wing
in reference 10. The total load on an elemental strip is found
from equations (57) and (58) to be
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S
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The rolling moments exerted on the horizontal and vertical
wings are given, respectively, by the corresponding terms of
equation (59)

(66)
— —dnpqt ! ([2‘

d [l B S

; (67)
4 (L > q=27aBqt?
dz\ q /v J==maBy

The lift and side-force coefficients for the cruciform wing
are found by integration of the forces on the elemental strips
between the leading apex and the trailing edge as indicated
by substituting equation (66) into equations (60) and (62)

(68)

where Ay, and Ay are the aspect ratios of the horizontal and
vertical wings, respectively.

Similarly, the pitching-, yawing-, and rolling-moment co-
efficients are found by subshlutmg equations (66) and (67)
into equations (61), (63), and (64), respectively, and inte-

grating:
2
2 ™ m
¢ M 2 Ca (1 _7(\() >

I-u,v:‘)ll 6< m)

(Y

(69)

CH""L ) (7())

lyy— S (( Vv m

, | y
Spi=— s*dx
Cy Jo

where

Attention is called to the fact that the pitching- and yawing-
moment coefficients represent moments about the leading
apexes and are nondimensionalized through use of the area
and root chord of the horizontal and vertical wings,
respectively.

For a more specific example, consider the wings to be of

triangular plan form moving point foremost. Then, since

A e A
Sm —3 So
and

tn’=75 t()z

3

the moment coefficients given by equations (69) and (70) are

( ',”v: —I flya
- (71)
( Y" = ’:’g 1‘1 Vﬁ
' . 7ro<ﬁ kS tn ) 9
. (ASH\) (7~)

Pointed slender body of revolution.—Expressions for the
zerodynamic characteristics of a pcinted slender body of
revolution inclined in pitch and yaw may be derived from
the previously derived equations by letting

a_,. da ds dt

s 7 dx dx  dz
Since these results are essentially the same as given pre-
viously, only the final equations will be listed

Apy da 1/5. Apy (1(1 W
( >_8 (1.1\/ i < ) ([.r, 1_(l2 (73)

bk, da IB. dB 7
i () rmtrane Gim2ea G ) =280z (74
CrL=2a Cy=-—28 (75)
, B.\. o B, s
(m: <1~]T[,> (71*23<1_]3b> (/())

where B is the local cross-section area, B, is the area of the
base, and B,, is the mean cross-section area (i. e., the volume
of the body divided by the length). In the coefficients, the
reference area is taken as the area of the base cross section.

Triangular cruciform wings with conical body.— The first
example of a wing-body combination to be considered is a
conical arrangement (coincident vertices) of a conical body
and triangular vertical and horizontal wings of, in general,
different aspect ratio. The geometry of such a configura-
tion requres that

a dajdr ., a__./a/(/;rkK
s ds/dx Hj ¢t dtfde 7

where da/dz, ds/dz, and dt/dxz are constants. The load dis-
tribution along any elemental strip of the wings and body
is given by

ds

A[’L) — ’[f<1—* Kd'

( j2>+

(“”1) i iﬁ‘ \/(1+K,, V24K ,?

K () (1)
\/(1+K 2242 (”)
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where the plus and minus signs are taken as in equations
(51) and (53).

The integrated lift, side force, and rolling moment on an
elemental strip are

g - ds . d(Y 1t

(;.E )q G [s, m, ;;J. (]=—47r6ql:lz oy (78)
1 (L'
(;.lf q ) ¢=2aBq{t*ry—s1y) (79)

where ¢ and 7 are constants given b
(=)

4 1 2 ZOND) =] 2K
o=1+K +2—7r 9K(1—K?—(14+K?? sin LK

9K (1—K?) 4 m(1+ K% — 1 +K? cos! Eﬁ

The subscripts -/ and V on ¢ and 7 refer to the use of Ky or
K in the above expressions.  The lift, side-force, and rolling-
moment coefficients for the entire conical cruciform-wing
and body combination are then

5 AvBoy (80)

(YL:g A‘lHaaH (.YY: =

71_96 (

Due to the radial nature of the lines of constant pressure, the
center-of-pressure positions of both the lift and side forces

——m) (81)
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are independent of the body-radius wing-semispan ratios
and lie at the two-thirds chord point. The pitching and
yawing moments are then given by

Clll: L le(XO'H ('yn”_—'?; A‘lVﬁ‘TV (82)

3

The lift, side-force, pitching-moment, and yawing-moment
results are plotted in figures 4 and 5. Figure 9 presents
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FIGURE 9.—Rolling moment for conical cruciform-wing and body combinations.

rolling-moment results for selected ratios of vertical wing
span to horizontal wing span. To facilitate the computation
of further results, the values of 7 for use in equation (81) are
plotted as a function of K in figure 10.

Triangular cruciform wings on an infinite cylinder.—The
next example to be considered is that of a triangular cruciform
wing mounted on an infinite cylindrical body. The essential
relationships associated with this configuration are that

da
a=y; s =0
and that ds/dz and dt/dxz are positive constants. As with the
corresponding case for plane-wing and body combinations,
no forces are exerted on the body at stations ahead of the
most forward or aft of the most rearward part of the wings.
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Between these stations, forces arc exerted on the wings and body in accordance with the following relations:

" ds @y y(, a (ﬁ> !
(A[)L>I:4 ({r( )‘I’B <1 7/1 }

1+(1(, 7/ 1 (10 ‘
w04 |

ds ay’ > 7/( T T s |
= |
<A])L) —da dx (1 +4B (11) g ol \/ (e ‘

vV <‘ +5)

J’ _ag’y? y?
—4 \/<1 tg) +4%

dt (1_(1(, >_+_a ]_(‘1;, )

Ap dx
( )> *46 a., z o' |
(1 + = ~) (1 -+‘ El ‘
F (t a 2\ g Lz |
o 0 . 3 11—
221 4 (1 )* = <] a(.-’> 0P as N ay & |
q /B

Ve

where the plus and minus signs are taken as in equations (51)

and (53).
]4 (1” ([R
dr ( ) gdwogs (1 ) d’

The force and moment coefficients are found by integration

to he
1 _WY, —r ~2) (8
CL_Qlllla(l S‘()z> 2 ()_ ‘—411 B<1 t“> (8())
¥ ™ _ ? 13%
Cn= 6 fll/al: 1 .\') (2 8 \n+ : >:|\L
y . (87)
y T 4 = -
gl (223 24028 |
y_aB “Svito b S
C,= - <\S1/\‘U Vy— u,,) (88)
where

:QK('l—Kz)+_7r(1+4K3—3K")— (1+6K*—K*)

)

L 1-K?
cos 11—%—K3+ K3 log — 1_} I

where, for determining vy, K is taken as ay/t, and, for vy, K
is taken as a¢/s,.  In equation (87), the moments are taken
about the leading edge of the root chord. The lift, side-
force, pitching-moment, and yawing-moment results are
plotted in figures 4 and 5. The rolling-moment results
cannot be plotted in general, however, as was done in the
case of the preceding example since there are now three signi-
ficant parameters instead of two. To facilitate calculation
of these results, therefore, the variation of » with K has been
plotted in figure 10. As was shown in general, the rolling
moment vanishes when the two wings become identical.

Ao\ db ;

(/I<q>q_ 47quf(1— 4>(/x (84)

d L : 2 Ay (1(12 Ay Ly (O |

o q>q:2a6qt [2 . <l—t2>+7r <1+ ) (1 T > cos ll’-Hln:l |
I ay’ 1y° Sty

f)aﬁq\]: ““( ‘)4 (1 ) <1+‘ 0s lsﬂz]g] (85)

2 =l al\ 2? |

The integrated forces and moments on an elemental strip
are given by

/;F = —
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Fioure 10.—Variation of 7 and u with K.

Triangular cruciform wings on a pointed body.—The theo-
retical characteristies of a triangular cruciform wing mounted |
on & pointed body of revolution, closed in an arbitrary manner |
at the nose but cylindrical along “he wing root, may be |
determined by combining the results of two previous exam- |
ples.  The portion of the wing-body combination ahead of |
the leading edge of the wing root may be considered to be
equivalent to the arbitrary body of revolution treated in the
second example.  The portion of the wing-body combination ‘;
aft of the leading edge of the wing root is equivalent to a
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cruciform arrangement of triangular wings mounted on an
infinite cylinder discussed in the preceding example. The
load distribution and integrated load on an elemental span-
wise strip are then the same as those given in the corre-
sponding example.

The lift and side-force coefficients are found by adding the
forces on the component parts of the wing-body combina-
tion and dividing by the dynamic pressure and the charac-
teristic area. The lift and side-force coefficients are then

2 4 2 4

T (0 1 1 s T Ay~ | Qg
OL—“)‘ AHa = 2+7~T )) Cyf—a /1;1[3 1—”22+ ’4
2 So 2 to to

So

(89)

These relationships are shown graphically in figure 4.

The pitching- and yawing-moment coefficients for this
wing-body combination may be found in a manner similar
to that used in finding the lift and side-force coeflicients,
taking care to transfer the moments of both components to
the same axis, namely, the leading edge of the root chord.

__mdua < _%>2 ( 5 % %)] 9 B ¢
COn 6 I: ; So e Sn_l_soz fiass Su ¢u

_ TAB[({ _ &Y o G G\ ]| _o5 Bm L
Crrmi g [(1 to> (2“ tn+to"'>:| 288, o

The rolling-moment coefficient is given, of course, by
equation (88).

GENERAL CRUCIFORM-WING AND BODY COMBINATIONS
HAVING IDENTICAL WINGS

The analysis of slender cruciform-wing and body combina-
tions resulted in the discovery of certain general characteris-
tics of wing-body combinations having identical vertical and
horizontal wings. It is the purpose of this section to enlarge

" the range of configurations to which these conclusions are

applicable by removing the requirement of slenderness.  To
accomplish this, an analysis of the aerodynamic forces and
moments exerted on cruciform-wing and body combinations
having identical wings will be undertaken on the basis of
symmetry considerations. For this treatment the wings
may be of any plan form or aspect ratio; provided the vertical
and horizontal wings are identical and are mounted at the
same longitudinal position of the body. The concepts of
linearized theory are used in this treatment; therefore, the
usual restrictions that the body is slender and that the
angles of pitch and yaw are small must be observed. The
conclusions are applicable at all speeds, since the Mach
number does not enter the problem directly. Consider the
cruciform-wing and body combinations as being inclined
small angles @ in pitch and g in yaw from the free-stream
direction, the free-stream velocity being Vi. Since super-
position is a valid principle in linearized theory, the perturba-
tion velocity potential ¢ may be considered to be the sum
of the two components

p=aq¢ «c1+B¢" (91)

where ¢, and ¢’, are the perturbation veloeity potentials of

the flow about a cruciform-wing and body combination,
inclined unit angles of pitch and yaw, respectively.

Consider now the differential pressure between corre-
sponding points on the upper and lower surfaces of the body
and the horizontal wing

pemp L[ () J o[ C2)-C) I
FRICIRCINIC IR EIN 4
OISR CONHICIRCINT

(92)

Ordinarily, only the potential gradients, or perturbation
velocities, in the z direction would be included in equation
(92). For long slender objects, however, the perturbation
velocities in the z direction are so much smaller than those
in the y and z directions that the products of small angles
and perturbation velocities in the 7 and z directions must be
retained as well as the perturbation velocities in the 2 direc-
tion. Since the inclusion of these terms does not introduce
any particular restrictions into the problem, they will be
retained throughout the present discussion even though in
many instances, such as with high-aspect-ratio unswept
wings, it is unnecessary to do so. In general, none of the
individual terms in equation (92) is zero and the pressure at
every point depends upon both ¢, and ¢’ or, what is
equivalent, upon both the angle of attack and the angle of
of yaw. However, several of the terms are equal and will
cancel. Thus, remembering that equation (92) represents
the lifting differential pressure, it is apparent from symmetry
considerations that

202) _(380) g, 28's) _(382) —o;
or ) (oF i oY Ju QY

O,‘?ia) 33 Q‘P'J) s
0z u 0z [——0

everywhere and that

0¢'v\ _ ©¢'o> -
07)xt_—(ﬂa:’; / lkr0

on the horizontal wing. Therefore, equation (92) simplifies
t=] )

to

Apr_ 2 0¢’a) _ Dﬁ%‘)]_
7. Vil 4\ o8 ),, or /,

) e
1
s[5 Jre [5G o0
. .

where the third bracketed term differs from zero only on the
hody. The second and third bracketed terms are odd in y;
hence, they cannot contribute to the lift. The lift is there-
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fore evaluated by integrating the first bracketed term over

the entire projected area of the wing-body combination.

L=V f | IRag)x)_(a;):),] el (94)

B,H

The pitching moment is given similarly by

M=—pVia r f[ Oq& £ (a;’r")’] xdxdy (95)

B,H

An expression for the rolling moment due to lifting dif-
ferential pressures may be obtained in a similar manner.
The first and third bracketed terms in equation (93) need
not be considered; the first because it is even in 7, the third
because it is different from zero only on the surface of the
body. Hence, the rolling moment due to the lifting differ-
ential pressure is given by

a a a a
L'y=+p) 05J J I:( O(PI/ - ad;/ >:|./‘l”/’/ (96)

where the integration is carried over only the a1
horizontal winz.

In a similar manner, expressions for the side force, yawing
moment, and rolling moment may be developed from the
differential pressure between corresponding points on the
port and starboard sides of the wing-body combination, thus

e (150, -Co)Jow om

B,V

—p} (»Bf bd) h> (Od) "> :] xdxdz (98)

B.YV

L'y=—pViaf [ '. ﬁ | [( agi ’) = (’a;’z/ ')] sdede (59)

where the integration is carried over the projected area of

the wing-body combination in equations (97) and (98) and

only over the area of the vertical wing in equation (99).
The total rolling moment is

ll a /{l
e —LLTLl—pInaﬁ f[ oaqi/ - g;/ >,].7/’/~"’1?/*

fI- |:<aa¢;,,> _(Ogih> :I'g(/'”[‘;}:() (100)
N AN AR G N A

since 1t can be seen that the two integrals have identical
values because the flows they represent are identical save
for orientation in the coordinate system.

From examination of equations (94) through (100), it may
be seen that the aerodynamic properties of cruciform-wing
and body combinations having identical vertical and hori-
zontal wings of arbitrary plan form and aspect ratio may

a of the

be summarized in the following statements. The lift and
pitching moment are independent of the angle of yaw and
the side force and yawing moment are independent of the
angle of attack. Further, the rolling moment is zero for all
combinations of angles of pitch and yaw. For the corre-
sponding problem relating to a cruciform-wing and body
combination inclined in pitch and bank, the conclusions may
be restated as follows: The lift and longitudinal center-of-
pressure position are independent of the angle of bank and
the rolling moment is zero for all angles of bank.

[t should be noted that the value of zero for the rolling
moment in the case of identical wings results from a complete
balancing of the rolling moment exerted on the horizontal
wing by an equal bat opposite rolling moment on the vertical
wing rather than by having zero rolling moment on each
wing. Since such a complete balancing may be easily
disturbed by factors neglected in the analysis (for instance,
higher-order terms neglected in the analysis ! or separation
along the wing-body junction), particularly at large angles
of ineclination, the pitch and yaw range over which this con-
clusion is expected to apply may be more limited than that
of the conclusions regarding lift and side force.

CONCLUDING REMARKS

An analysis has been made and expressions have been
developed for the load distribution forces, and moments
on inclined plane- and cruciform-wing and body combina-
tions consisting of a slender body of revolution and low-
aspect-ratio pointed wings.

These results indicate four general characteristics of
slender cruciform-wing and body combinations. First,
there is a complete correspondence of the expressions for the
lift and side force. Second, the lift is independent of the
angle of yaw and the side force is independent of the angle
of attack. Third, the expressions for the lift and pitching
moment for slender cruciform-wing and body combinations
are identical to those for slender plane-wing and body com-
binations. Last, if the vertical and horizontal wings are
identical, the rolling moment is zero.  For the corresponding
problem relating to cruciform-wing and body combinations
inclined in pitch and bank these conclusions may be restated
in the following manner. The lift ard pitching moment are
independent of the angle of bank aad the rolling moment
is zero for all angles of bank. It is further shown, by sym-
metry considerations that these conclusions are applicable
to any wing-body combination having identical horizontal
and vertical wings of arbitrary plan form and aspect ratio.

I Maple and Synge (reference 19) have shown that inclusion of higher-order terms results
in rolling moments proportional to the fourth aad larger yowers of the angle of inclination.
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Positive directions of axes and angles (forces and moments) are shown by arrows

Axis Moment about axis Angle Velocities
Force
(paralle)a] Tidens
to axis T ;
: . Sym- - : Sym- Positive Designa~ |Sym-| (compo-
Designation bol symbol | Designation ts;(l)]l1 direction tiogn gol nent along Angular
axis)
Longitudinal _______ X X Rolling_ ... L Y—2Z Roll:. o= ¢ u P
Lateral b ¥ Pitching.._.._ M Z—X Piteh. .. 6 v q
Normal Z Z Yawing...___- N X—Y YW, — - v w r
Absolute coefficients of moment Angle of set of control surface (relative to neutral
73bhs 15 o= O N position), 8. (Indicate surface by proper subscript.)
=65 =06 "=gbS

(rolling) (pitching) (yawing)
4, PROPELLER SYMBOLS

g g:izzi;c Siteh P Power, absolute coefficient 0”=pn3PD°
p/D  Pitch ratio 5 [oV?

Vv’ Inflow velocity C, Speed-power coefficient= Pri

Vi Slipstream velocity
T Thrust, absolute coefficient Cr=

Efficiency

n
T n Revolutions per second, rps

v lls Eff hel 1 e
ective helix angle=tan~ —)
Q Torque, absolute coefficient 0",=Pn—?——D5 5 o 270

5. NUMERICAL RELATIONS

1 hp="76.04 kg-m/s=550 ft-lIb/sec 1 1b=0.4536 kg
1 metric horsepower=0.9863 hp 1 kg=2.2046 1b
1 mph=0.4470 mps 1 mi=1,609.35 m=5,280 ft

1 mps=2.2369 mph 1 m=3.2808 ft




