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CALCULATED SPANWISE LIFT DISTRIBUTIONS, INFLUENCE FUNCTIONS, AND 
COEFFICIENTS FOR UNSWEPT WINGS M SUBSONIC K O W  

BY FRINKLIN W. DIEDERICA A N D  MARTIN ZLOTNICK 

SUMMARY 

Spanwise lift distributions have been calculated for nineteen 
unswept wings with various aspect ratios and taper ratios and 
with a variety of angle-of-attack or twist distributions, including 
flap and aileron defEections, by means of the Weissinger method 
with eight control points on  the semispan. Also calculated 
were aerodynamic influence coe8cients which pertain to a 
certain deJinite set of stations along the span,  and several 
methods are presented for calculating aerodynamic in$uence 
functions and coe8cients for stations other than those stipulated. 

The information presented herein can be used in the analysis 
qf untwisted wings or wings with known twist distributions, as 
well as in aeroelastic calculations involving initially unknown 
twist distributions. 

INTRODUCTION 

In  the design and development of an airplane, a knowledge 
of the spanwise lift distribution on the wing is important in 
predicting the structural loads and the stability character- 
istics. For high-speed airplanes having flexible wings, the 
calculation of the spanwise lift distribution is an aeroelastic 
rather than a purely aerodynamic problem. In aeroelastic 
calculations means are required for calculating the span- 
wise lift distribution for angle-of-attack (or twist) distribu- 
tions which are initially unknown. Aerodynamic influence 
functions or coefficients constitute the most convenient of 
these means. 

As used in this report, the term "aerodynamic influence 
function" refers to a function which, when multiplied by the 
spanwise angle-of-attack or twist distribution and integrated 
over the span, yields the lift (per unit span) at  some station 
on the wing. This function may be considered to be lift 
distributions on the given wing corresponding to angle-of- 
attack distributions given by delta (impulse) functions. In 
a mathematical sense this function is the Green's function for 
whatever equation is used to relate lift distributions to angle- 
of-attack distributions. 

Similarly, "aerodynamic influence coefficients" are defined 
as numbers which, when multiplied by the values of the 
angle-of-attack a t  several discrete stations on the wing and 
summed, yield the lift (per unit span) at  a station on the wing. 
The values of the influence funct,ion at  the given stations 

I Supersedes NACA TN 3014, "Calculated Spanwlss Lift Dlstrlbutlons and Aerody- 
namic Influence Coeltiolents tor Unswept Wlngs in Subsonlc Flow" by Franklln W. 
Dloderlch and Martln Zlotnlck, ISB. 

thus constitute an approximation to a set of influence co- 
efficients; they are not true aerodynamic influence coeffi- 
cients in the sense used herein, because, in general, an integral 
can be represented only approximately by a finite summation. 
However, if proper weighting factors are used, a very good 
approximation to the integral can usually be obtained by a 
summation involving relatively few terms. Therefore, aero- 
dynamic influence coefficients may be considered to be (and 
calculated as) weighted values of the corresponding influence 
functions at the given stations. 

Lift influence functions and coefficients may thus be ob- 
tained from certain lift distributions. One of the most 
satisfactory techniques developed in recent years for calcu- 
lating the spanwise lift distribution on a wing in subsonic 
flow has been the Weissinger L-method (ref. I),  which can 
be applied to a large variety of plan forms and yields solutions 
of sufficient accuracy for all practical purposes without re- 
quiring an unduly long time for the calculations. This 
method may be considered as a simplified lifting-surface 
theory because the calculation of the lift on the wing is 
treated as a boundary-value problem, the boundary condition 
being that the downwash angle induced by the bound and 
trailing vortices is equal to the geometric angle of attack 
at  the three-quarter-chord line. 

In  the present report, symmetrical and antisymmetrical 
lift distributions and some associated aerodynamic param- 
eters have been calculated by means of the Weissinger 
method with eight control points on the semispan for several 
continuous and discontinuous angle-of-attack conditions on 
nineteen unswept wings having various aspect ratios and 
taper ratios.' A convenient matrix formulation of the Weis- 
singer method was used in conjunction with the Bell Tele- 
phone Laboratories X-66744 relay computer at  the Langley 
Laboratory to make the calculations. This formulation, 
which is described in appendix A, is based on a re-derivation 
of the Weissinger method using matrix techniques rather than 
the "mechanical-quadrature" formulas used by Weissinger. 
If the same stations on the span are used, as was done in the 
calculations described in this report, the resulting methods 
are identical; however, with the matrix method the stations 
can be located on the span in an arbitrary manner, whereas 
in the conventional Weissinger method they must be located 
in a certain prescribed manner. 

1 Results 01 similar calculntions for 81 swept wings are presented in NACA Tochoionl 
Noto 3476entitled "Calodntod Spanwise Lift Distributions and Aorodynsmlc Influenoa 
Coeltieients for Swept Wings In Subsonic Flow" by Frsnklln W. Diedotioh end Martin 
Zlotniek, 1055. 

1 
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Aerodynamic influence coefficients have been calculated 
for these nineteen wings for the prescribed set of stations 
along the span and are presented herein, and several methods 
for calculating aerodynamic influence functions and coeffi- 
cients for any arbitrary set of stations from the numerical 
results of this report are also presented. The influence 
coefficients calculated in this manner can be used in aero- 
elastic analyses similar to that of reference 2. 

SYMBOLS 

aspect ratio 
wing span 
aileron span 
flap span 
root bending-moment coefficient for unit angle 

of attack, 4XBending moment 
¶Sb 

induced-drag coefficient a t  a unit angle of 
attack 

lift coefficient a t  a unit angle of attack 
lift-curve slope per radian for additional-type 

loading 
lift coefficient for half of antisymmetrically 

loaded wing at  a unit tip angle of attack, 
LI,? 
S 

23 
rolling-moment coefficient, Rolling moment 

¶Sb 
C,d= -C,= 

CJI coefficient of damping in roll 

Ci,!aa rolling-moment coefficient for unit aileron dc- 
flection 

c wing chord - 
c average chord, Sib 
c , section lift coefficient 

integrating matrix for C,,, (see appendix A) 
integrating matrix for C:, (see appendix A) 
integrating matrix for CLll, (see appendix A) 

integrating matrix for C, (see appendix A) 
lift on one semispan 
free-stream Mach number 
aerodynamic-influence-coefficient matrix 
dynamic pressure 
wing area 
free-stream velocity 
lateral ordinates 
spanwise location of discontinuity 
spanwise center-of-pressure location 
angle of attack, radians 
effective angle of attack for unit flap deflec- 

vortex strength 
4r dimensionless vortex strength, -=c*e, bV 

6 flap or aileron deflection angle, radians 
Br cos-' y* 
8,  --cos-' yo* 
OECOS-~ q* 

1 sweepback angle, deg 
X taper ratio 
Subscripts : 
a antisymmetrical 
ail aileron 

I c continuous 
D discontinuous 
.f flap 
L left 
R right 
s symmetrical 
t tip 
Superscript : 
* d~mensionless with respect to semispan b/2 
Matrix notation: 
1 1  row matrix 
{ 1 column matrix 
1 1 general matrix (not a row or a column matrix, 

but need not be square) 
1 1  diagonal matrix 
111 unit (identity) matrix 

In  matrix notation, a prime indicates the transpose of the 
matrix. 

PRESENTATION OF CALCULATED RESULTS 

SPANWISE LIPT DISTRIBUTIONS 

Geometric characteristics of the nineteen plan forms 
treated in this report are indicated in table I. Lift distribu- 
tions due to the following continuous symmetric and anti- 
symmetric angle-of-attack distributions have been calculated 
for each of these plan forms: 
Symmetric angle-of-attack distributions: 

Constant (a=]) 
Linear (a= ly*l) 
Quadratic (a= Y * ~ )  
Cubic (a= IY*~~)  

Antisymmetric angle-of-attack distributions: 
Linear (a= y *) 
Quadratic ( a = ~ * ~ f o r  y*Bo; a = - - ~ * ~  for y*60) 
Cubic (a=y*9 
Quartic (a=y** for yCLO; a =  -y*4 for y* 6 0 )  
Quintic (a= Y*~)  

The straight-line angle-of-attack condition was included 
to represent actual structural twists where the surface of the 
wing is generated by straight lines so that the product c*a, 
the deflection of the leading edge, varies linearly with y*; 
that is, 



SPANWISE LIFT DISTRIBUTIONS AND INFLUENCE FUNCTIONS FOR UNSWEPT WINGS IN SUBSONIC FLOW 3 

or, for unit twist a t  the tip, 

c** y*  

For untapered wings, the straight-line lift distribution is the 
same as the linear lift distribution, and for wings of zero 
taper ratio, it is undefined. 

Lift distributions for flap-type and aileron-type angle-of- 
attack distributions are also presented. A correction which 
has been made for the spanwise discontinuity in the angle 
of attack is derived in appendix B. The values of b,/b and 
batl/b (ratios of the flap span to the total span and the 
aileron span to the total span, respectively) for which the 
lift distributions have been calculated are 0.1, 0.2, 0.3, 0.4, 
0.5, 0.6, 0.7, 0.8, 0.9, and 1.0. As is usual, the flaps have 
been taken to be inboard and the ailerons outboard. The 
lift distribution for any flap or aileron configuration may be 
obtained, however, by linear superposition; thus, the lift 
distribution for an outboard flap extending, for example, 
from v*=0.5 to v*=1.0 can be obtained by subtracting the 

lift distribution for the inboard flap 1 = 0 . 5  from the C 1 
additional lift distribution --'=I 0 A similar procedure ("6 1 
cnn be used for inboard ailerons. 

The lift distributions pertaining to each plan form are 
given in one figure, parts (a) and (b) showing the lift dis- 
tribution due to symmetric and antisymmetric continuous 
angle-of-attack distributions, respectively, and parts (c) and 
(d) showing the lift distribution due to flaps and ailerons, 
respective1,y. Lift distributions for plan forms with an 
aspect ratio approachmg zero have been taken from reference 
3 and are included herein in figure 1 for the sake of complete- 
ness. (As indicated in ref. 3, the lift distribution for a wing 
of very low aspect ratio is independent of the plan form, 
provided the trailing edge is not re-entrant.) The lift 
distributions on the nineteen wings considered in the present 
report are presented in figures 2 to 20. Table I serves as a 
table of contents for this group of figures. 

AERODYNAMIC PARAMETERS 

The aerodynamic parameters CLa, CBM, Y*, CDt, CId,  and 
CLLI2 for the nineteen plan forms considered are compiled in 
table 11. The values of CL and C,, for a unit effective flap 
deflection are presented in table 111, and the values of 
CLIIZ and C,, for a unit effective aileron deflection are pre- 
sented in table IV. These lift and moment coefficients per- 
tain directly to full-chord flaps and ailerons set a t  an angle 

j of attack of 1 radian. For partial-chord flaps and ailerons 
i deflected by an angle of 6 radians, these coefficients must be 
i multiplied by the quantity aa6. 

AERODYNAMIC INFLUENCE COEFFICIENTS FOR STIPULATED STATIONS 

Aerodynamic influence coefficients for symmetric and 
antisymmetric lift distributions were obtained as shown in 
appendix A and are presented as the matrices [Q,] and [Q.] 
in tables V(a) and V@), respectively. Each influence- 
coefficient matrix in the table applies to a given plan form. 

These influence-coefficient matrices are used to calculate the 
spanwise lift distribution for any continuous angle-of-attack 
condition from the following matrix expressions: 

and 

for the symmetrical and antisymmetrical distributions, 
respectively, where a is the angle of attack at  stations 
y*=0.9808. 0.9239, 0.8315, 0.7071, 0.5556, 0.3827, 0.1951, 
and 0 and r *  is the desired lift a t  these stations. In  this 
report the convention is that the angle of attack for the 
station nearest the wing tip (y*=0.9808) is the first element 
of the angle-of-attack matrix {a) and the lift a t  the same 
station is the first element of the lift-distribution matrix 
{r* ] .  The matrices [Q,] and [Q,] of tahle V are arranged 
accordingly. 

AERODYNAMIC INFLUENCE FUNCTIONS AND COEFFICIENTS 
FOR ARBITRARY STATIONS 

The influence coefficients described in the preceding section 
are satisfactory for many purposes; for instance, the stipu- 
lated stations at  which the lift is given are convenient for 
plotting spanwise lift distributions because the points are 
concentrated near the wing tip where the curvature of the 
lift distributions is greatest. In some cases, however, other 
considerations may determine the points on the span a t  
which the lift is to be calculated. For instance, when the 
influence coefficients are to be used in an aeroelastic analysis, 
the location of the stations may be dictated by the structural 
characteristics of the wing; also, if lift distributions are to 
be calculated for the sake of comparison with experimental 
results, this comparison can be facilitated by calculating the 
lift a t  the same stations at  which it is measured and thus 
avoiding the necessity of graphical or numerical interpolation. 

As pointed out in the Introduction, the method described 
in appendix A can be used to calculate influence coefficients 
for arbitrary stations. However, this procedure requires 
re-calculation of these coefficients from scratch. In  the fol- 
lowing sections several other methods are described for 
obtaining aerodynamic influence functions and coefficients 
for arbitrary stations from the information presented in this 
report. 

INFLUENCE COEFFICIENTS OBTAINED BY USING INTERPOLATING 
MATRICES 

One way of constructing an influence-coefficient matrix for 
any stations from the matrices presented herein is to calculate 
interpolating matrices which give the angles of attack a t  
y* = 0.9808, 0.9239, 0.8315, 0.7071, 0.5556, 0.3827, 0.1951, 
and 0 in terms of the angles of attack a t  the given stations 
and the values of the lift a t  the given stations in terms of 
those at  the stations y* = 0.9808, 0.9239, 0.8315, 0.7071, 
0.5556, 0.3827, 0.1951, and 0. The desired influence- 
coefficient matrix would then be obtained by postmultiplying 
the one given herein by the angle-of-attack interpolating 
matrix and premultiplying it by the lift interpolating matrix. 
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In  order to illustrate the nature of these calculations, a pair of matrices are calculated for stations a t  every tenth of the 
semispan by linear interpolation. (The stations a t  which the angle of attack is given and those at  which the lift is to be 
found need not be the same, but here, as in most cases, they are chosen to be the same as a matter of convenience.) 

With linear interpolation, 
%.8808=0.8O8a1.0+0.192%.~ 

ao= a. 

which can be written in matrix form as 

where the rectangular matrix on the right side of the equation is the desired angle-of-at,tack interpolating matrix. 
Similarly, for the lift distribution, 

r*I.o=o 

> 
Q'1 .o 

% ., 
% .8 

Q'0.7 

Q'o .a 

%.5 

% .4 

Q'o .a 

% .2 

Qb .l 

LYO 

(This information is known from physical considerations; to calculate I'*,, by extrapolation from F*o.,8, and r*o,~2a, would 
give a spurious value.) 

0.0685 
r * ~ . ~ = r * ~ . ~ ~ , ~ + -  (r*0.,2a,-r*0.8315)=o. 741 ~ * o . o ~ ~ Q + o .  259r*o.8315 0.0924 

' 
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or, in matrix form, 

where the rectangular matrix on the right side of the equation is the desired lift interpolating matrix. 

Although linear interpolation is by far the simplest type, 
the results obtained with i t  are not so accurate as a higher- 
order interpolation procedure. Parabolic interpolation 
should be satisfactory for the angle-of-attack matrix and 
for most of the lift-distribution matrix, except near the wing 
tip. The numerical factors required for parabolic interpola- 
tion can be calculated by means of Lagrange's interpolation 
formula for an mth degree polynomial 

where f(y*) represents either the lift or the angle-of-attack 
distribution, y*, is the station a t  which f(y*) is to be deter- 
mined by interpolation, and y*,, . . . are the stations 
a t  which f(y*) is presumed to be known. The prime mark 
on the product signs is the conventional designation of the 
fact that the term for i=k is to be omitted. For parabolic 
interpolation (m=2) this formula reduces to 

Near the wing tip the lift distribution cannot be approxi- 
mated accurately by an ordinary parabola but can be repre- 
sented instead by a linear superposition of the two functions 
( l - ~ * ) ' / ~  and ( l - ~ * ) ~ / ~  as suggested by V. M. Falkner. 
With this approximation the desired interpolating factors for 
y* between 0.9239 and 1 are the two elements of the row 
matrix obtained by postmultiplying the row matrix by the 
square matrix in the equation 

For y*,=0.96, for instance, the factors obtained in this 
manner are 0.9157 and 0.2651, so that 

Lagrange's general interpolation formula can be used for 
higher-order interpolation (m>2), but the effort entailed 
in calculating the interpolating factors is not generally 
justified by the increase in accuracy obtainable. 

Interpolating factors for o: and r *  can also be obtained by 
representing these functions by Fourier series in 9. For the 
lift distribution the trigonometric interpolation formula 

2 
r*(Gh)=- r*(d,) 5 sin jar sinj9, 

j = I  

can be used, where n is odd and is equal to 15 for the calcu- 
lations in this report, and where, as in this report, the values 
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of 6 ,  are a t  equal increments $,=A. For the angle-of- 
n-l-1 .- , - 

attack distribution this formula is not applicable, because 
the anale-of-attack distribution cannot be re~resented 
accurately by a finite sine series and because the angle-of- 
attack values are presumed to be given at  nonequal incre- 
ments in 9,. (If they were given at  eight equal increments 
no interpolation would be required.) Although in principle 
a matrix-inversion method could be based on an expansion 
of the angle-of-attack distribution in a cosine series, the 
matrices to be inverted are aenerallv ill-behaved so that 

of lift distributions of the Green's function type as follows: 

br*(Y* ) ryY*)=-J -1 a(yo*) 4 ~ Y Q  dye* (2) 

The desired Green's function can thus be obtained by 
calculating r * ( y * ,  yo*) and taking its partial derivative with 
respect to yo*. A more convenient approach, however, is to 
consider symmetric and antisymmetric loadings separately. 
By a repetition of the preceding argument the following 
results are then obtained: 

the results are likely to be of doubtfufaccuracy. 

DIRECT CALCULATION OF INFLUENCE FUNCTIONS 
(3) 

Relation of Green's functions to the lift distributions due 
to flap and aileron deflection.-Although the aerodynamir- 
influence-coefficient matrices discussed in the preceding sec- 
tion have the property that when postmultiplied by the angle- 
of-attack matrix ( a }  and multiplied by the lift-curve slope 
they yield the lift-distribution matrix { T * ] ,  their individual 
elements have no direct physical significance. On the other 
hand, a structural influence coefficient has the significance 
that it represents the deformation at  one point caused by a 
unit concentrated force a t  another point. A corresponding 
type of aerodynamic influence coefficient would represent the 
lift a t  one point y* due to a "unit concentrated angle of 
attack" at another point v,*. This anele of attack is 

where, as elsewhere in this report, r* ,  is the lift distribution 
(as a function of y*) for an inboard flap extending ovc:r the 
interval -y .*Sy* ly ,* ,  and r*.,, is the lift distribution for 
outboard ailerons extending over the intervals yo* 5 l y * l l  1.  
The argument yo* in a(y.*) can be regarded simply as a vari- 
able of integration corresponding to y*. 

The desired Green's function can thus be obtained from 
the flap and aileron distributions given herein by differentia- 
tion with respect to yo*. The results presented in parts (c) 
and (d) of figures 1 to 20 can, for instance, be cross-plotted -. 

actual1.v nn angle-of-attack distribution represented by a 
Dirac deltn (in~pulse) function of the distance along the span, 
that is, a function which, in the limiting case as Ay,* ap- 
proaches zero, is zero everywhere except in the interval 

Y O  '< =Y * < ? l a * +  = A ~ o *  where the is to &*; 
the area under this function would always be 1, which justi- 
fies the use of the term in connection with this 
, ~ i ~ t ~ i b ~ t i ~ ~ .  ~h~ desired influence would then 
be the values (at various values of y*) of the lift distributions 
due to these angle.of-attack distributions for various values 
of yo*. 

The desired lift distributions, which constitute Green's 
function for WeissingerJs integral equation, can be obtained 
as follows. ~~t r*(y*,y,*)  be the lift distribution for a unit 
effective deflection of a flap which is located betweeu y*=y,* 
and y*=1. Then the lift distribution for an angle-of-attack 
distribution for which the angle of attack is zero everywhere 

1 except in the interval Y . * S Y * S Y ~ " + A Y ~ * ,  where it is -,, 
AY. 

is given by 
~ * ( Y * , Y ~ * ) - ~ * ( Y * ,  Y ~ * + A Y ~ * )  

AY o 

The lift distribution corresponding to the unit concentrnted 
angle-of-attack distribution, therefore, is the limit of this 

expression as A?/,* approaches zero, which is -wJ 
DY 0 

by definition. For any given angle-of-attack distribution 
the lift distribution can be determined by linear superposition 

fvoctions of (yo  -L *or symmetrical and *-T 
2/o*=1-6., for antisymmetrical loadings b 
of y* and the differentiation then performed graphically or 
numerically. These procedures, however, are tedious and 
relatively inaccurate. Two procedures which avoid differen- 
tiation of the lift distributions are therefore presented in the 
following sections; one consists in calculating the desired 
Green's functions directly, and the other consists in using 
derivatives of the angle-of-attack distribution, so that the 
flap and aileron distributions themselves are then the required 
Green's functions. 

Direct calculation of Green's functions.-Inasmuch as the 
desired Green's functions are lift distributions corresponding 
to angle-of-attack distributions defined by delta functions, 
they can be calculated directly provided the singularities in 
the angle-of-attack and lift distributions are taken into 
account. Appendix B of this report describes the method 
by which the singularibies in the flap-type and aileron-type 
angle-of-attack and lift distributions were taken into account. 
This method is extended to the case of impulse-type angle-of- 
attack distributions in appendix C. The resulting lift dis- 
tributions r*,' and r*.' are identical with the Green's 

~P*T(Y* ,  yo*) and ar*" ,~  (Y*, yo*). functions 
by. avo* 

CALcuLaTIoN ow tNFLuENcE CoEFmcIENTs FROM mEEN.s FUNCTION 

The lift distributions T*,' and r*,' contain logarithmic 
singularities at  y,*=y* which must be split off before the 
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integrals in equations (3) and (4) can be evaluated numeri- 
cally. Thus, if properly weighted influence coefficients are 
to be calculated from these influence functions, a procedure 
similar to the following must be used. For the symmetric 
case and a given value of y*, 

This calculation must be repeated for all other values of y* 
to obtain Q,, so that, finally 

r * a $ * ) = ~ [ a s ( ~ o * ) - ~ O i ( Y * ) ~ ~ * ~ ( Y * ,  y.*)dy.*+ where LZ.1 is a diagonal matrix in which the elements ore the 
sums of the elements in the rows of the matrix 

The fk t  integral does not contain any singularity; the 
integrand is zero at  y.*=y*. The second integral can be 
evaluated explicitly and is 

a a ( ~ * ) r * s l ( ~ * )  

where r*,,(y*) is the lift distribution for e= 1 over the entire 
span, so that the right side of equation (5) can be evaluated 
numerically without difficulty by using any set of integrating 
factors appropriate to the stations of interest, such as those 
of Simpson's rule if the points are equally spaced and the 
number of intervals between y*=O and y*=l is even. 

If these integrating factors are written in the form of a 
diagonal matrix and designated by [ I ] ,  equation (5) can be 
written as 

Now, if the row matrix [l,.j is defined as 

with the element 1 at  the position corresponding to y* and 
zeros elsewhere, if the matrix [I,.] is defined as a square 
matrix all the rows of which are equal to [I,.], and if [I] 
represents the unit matrix, then 

Similarly, for an antisymmetric distribution the singularity 
can be split off in several ways, one of them being the follow- 
ing. For a given value of y* equation (4) can be written as 

where r*.,(y*) is the lift distribution for a unit effective dis- 
placement of a full-span aileron. In matrix notation this 
relation may be written as 

r*,(P)=c,,LQ.lu. i 4~8 I (10) 
where 

r*,,(y*) 
The values of -- can be obtained from the curves for 

Ctd 
-- b . d ' - l . ~  of parts (d) of figures 1 to 20. This procedure must 

again be repeated for each value of y* to obtain all the rows 
of [Q,], with the result that 

where the matrix [OJ,. defined by 

T*,(Y*)=~~*,'(Y*, ~,*)l[I1[~l1-[l,*]l~a~(v.*) 1 + 
~ * ~ l ( ~ * ) ~ ~ v ~ ~ ~ ~ s ( ~ o * )  I 

=Ir*,,(~*)ll~*l+lr*~'(~*, ~ o * ) l l I l [ l l l - [ 1 v ~ l l l ~ a a ( ~ o * )  1 
or 

r*3(~*)=~L.~&.l".i . . (~.*) 1 (7) 

is the row matrix corresponding to y* of the desired influence- 
r*, (Y*) 

coefficient matrix [QJ. The values of A can be ob- 
CLm 

tained directly from the curves labeled "Constant" of parts 

(a) or the curves for h -1  0 of parts (c) of figures 1 to 20, b -  ' 

* ,  * 
and the calculation of rm is described in appendix C. 

Q0 

where the diagonal matrix [C.] consists of the sums of the 
elements of the rows of the matrix 

In  order to indicate the extent of the effort involved in 
calculating these influence-coefficient matrices, a step-by- 
step summary of these calculations is given for [Q,]; with the 
obvious modifications this procedure also applied to [Q,]. 
In the first six steps Green's functions are calculated in ac- 
cordance with the procedure indicated in appendix C;  in 
the remaining steps [Q.] is calculated in accordance with the 
previous discussion in this section. 

(1) For the values of 0,=cos-I yo* of interest, the values 
of sin n0, (for n = l ,  3, 5, . . . 15) are obtained from trig- 
onometric tables and assembled in a matrix {sin no.}. 

(2) This matrix is premultiplied by the matrix [[cos n19]']-'. 
(See t,able VI.) 
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( 3 )  The resulting matrix is premultiplied by the matrix 
[F,] containing the elements F(s*,y*) defined in appendix A. 
The evaluation of this [Fa] matrix is probably the most time- 
consuming part of the calculation because it does not lend 
itself very readily to high-speed automatic computation. 
For any one of the nineteen plan forms considered in this 
report, the matrices 2[FJ and 2[Ii;] are available upon 
request from the National Advisory Committee for Aero- 
nautics. 

( 4 )  The resulting matrix is premultiplied by the matrix 
[Q,] given in the present report for the plan form of concern, 
and the matrix obtained in this manner is multiplied by the 
constant ] / a .  

(5) The values of r*,', are calculated from equation (C3)  

for the given values of 8 ,  and for B=E, n = l ,  2,  . . . 8 ;  
16 

they are then divided by C,= and assembled in a matrix 
t-n* l -7 L;;:] the columns of whicll pertain to given vdues of 0.. 

(6)  The matrices obtained in steps ( 4 )  and ( 5 )  are added 

~*S,(Y*) 
( 7 )  Values of ---- are obtained by reading the values 

CL" 
of LCL at  y* defined by y*rcos  g7 n = l ,  2 ,  . . . 8,  from 

cCLa 
figures 2 to 20 for a constant value of a and multiplying 

2 
them by -; these values are assembled in a diagonal matrix A Y ! ] .  

( 8 )  The matrix obtained in step ( 6 )  is postmultiplied by 
the diagonal matrix of integrating factors [I]. 

(9)  The diagonal matrix [C,] is assembled from elements 
calculated by adding the elements in a given row of the 
matrix obtained in step ( 8 ) .  

(10) The matrices obtained in steps ( 7 )  and ( 8 )  are added 
to each other and that obtained in step ( 9 )  is subtracted 
from the sum. The resulting matrix is the desired matrix 
[Q,], as defined in equation (9). 

The entire calculation thus involves the calculation of 8 P  

values of S~~ and of r*,', ( P  being the number of sta- 

tions y,*), four matrix multiplications, and three matrix addi- 
tions, as well as the calculation of the 64 elements of the 
matrix [F.], if this matrix is not available. 

INFLUENCE FUNCTIONS AND COEFFICIENTS FOR THE SPANWISE 
DERIVATIVE OF THE ANGLE-OF-ATTACK DISTRIBUTION 

Equation (3) can be integrated by parts to yield 

where rX,(y*,1) is the lift distribution for a unit effective 
deflection of a full-span flap. Similarly, integrating equation 
( 4 )  by parts yields 

Here again the argument yo* in a(y.*) is merely a variable 
of integration, corresponding to y*. I n  these equations the 
lift distributions r* ,  and r*,,, themselves serve as the influ- 
ence, or Green's, functions. Neither these influence func- 

aa(y0*) tions nor, in most cases of interest, the functions -- 
bun* " - 

have singularities in the range of integration, so that the 
numerical evaluation of the integrals of equations (13) and 
(14) ,  and hence, the calculation of weighted influence coeffi- 
cients, can be effected very readily as follows. 

With a set.of integrating factors 14 for the stations of 

interest and the identity a! . ( l )=a. (~)+f i  %i3 dy.*, 

equation (13) can be written as 

where [Tr,(y*,l)] is a matrix all the coluimns of which are 
equal to the column matrix [ r * , ( y * , l ) ) ,  and [ I ]  is the diag- 
onal matrix consisting of the integrating factors. Equation 
(15) can be rewritten in terms of a new influence-coefficient 
matrix [Q',] defined by 

Similarly, with a new influence-coefficient matrix [@,I 
defined by 

P..(?.YO*)] [ I ,  [ V a l  -[- cia 
equation (14) can be written as 

The matrices [Q',] and [@.I are based on the assumption 

that %&? is nonsingular and continuous. However, this 
avo* 

assumption is violated when a, is discontinuous. Discon- 
tinuities in a! result from control-surface deflection or from 
deflection of parts of the wing relative to the rest of the wing 
and can be treated in the manner indicated in appendix B or, 
more simply, by superposition of the lift distributions given 
in figures 1 to 20. In  the angle-of-attack distributions for 
which influence coefficients are particularly useful, namely 
those due to structural deformations, discontinuities cannot 
occur. 

Discontinuities in a(l/.*) can arise if simple beam theory 
by.* 

is used for wings with discontinuous stiffness distributions. 
Actually this theory is inapplicable for such wings, and the 
spanwise slope of the twist is never discontinuous. If, 
however, simple-beam theory is to be used anyway for the 
sake of convenience and because the errors involved are 
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considered to be acceptable, then the matrices [Q',] and [Q',] 
can still be used provided one of the stations is located a t  the 
point of the discontinuity in the stiffness distribution and 
provided suitable integrating factors are used. 

The objection may be raised against the influence-coeffi- 
cient matrices [Q',] and [Q'.] that  they do not actually 
express the lift distribution in terms of the angle-of-attack 
distribution but rather require its derivative. Inasmucli as 
the angle-of-attack distribution can always be reduced to a 
continuous one by splitting off the discontinuous part and 
treating i t  as described elsewhere in this report, the derivative 
of the angle-of-attack distribution can be obtained numeri- 
cally by using numerical differentiating factors obtained from 
any text or numerical analysis. These differentiating factors 
can be assembled into a differentiating matrix which when 
postmultiplied by the matrix of the angle-of-attack values 
yields a matrix of values of the spanwise derivative of the 
angle-of-attack distribution. The matrices [Q',] and IQ',] 
can then be postmultiplied by this differentiating matrix in 
order to obtain new influence-coefficient matrices which 
express the lift distribution directly in terms of the angle-of- 
attack distribution. However, the main advantage of the 
method outlined in this section is that in aeroelastic calcula- 
tions, for which aerodynamic influence coefficients are 
primarily intended, the angle-of-attack distribution usually 
is obtained by integrating its derivative; tlie use of the 
derivative then actually saves a calculation. 

In  such aeroelastic calculations the lift distributions can 
be considered to consist of a known "rigid wing" part (due 
to airplane attitude or motion, built-in twist, or control, 
deflection), which can be calculated initially with due regard 
to all discontinuities, and an initially unlrnown part due to 
structural deformation; the matrices [&',I and [Q'.] can be 
used to advantage in calculating the latter part. The 
calculation of a(y*) can then be obviated altogether, berause 
if the struct.ura1 deformations are referred to the plane of 
symmetry the structural part of a(y*) is zero for y*=O, so 
that the first term on the right sidcs of equations (15) and 
(17) represents a known rigid-wing lift distribution and ran 
be included with the others. Thus, in general, 

{aa8,," c,ur,7, (yo*)} {r*)={r*~, , , , ,  u , n , + c ~ . [ ~ ~  

The separalc treatment of these two parts in an aeroelastic 
analysis presents no difficulties and can be effected in a 
manner similar to that employed in reference 4 for the lift 
distribution due to aileron deflection; the use of [Q'] rather 
than [Q] requires only the omission of one of the integrating 
matrices in the methods of references 2 and 4. 
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on the lift distributions due to twist and control deflection, 
and for these cases the additional effort entailed in using 
eight rather than four control points was believed to be 
warranted by the resulting increase in accuracy. 

Fuselage, nacelle, and tip-tank interference.--The Weis- 
singer method and all results presented apply only to wings 
without fuselages, nacelles, or tip tanks. At low angles of 
attack the lift distribution on the wing is not affected to a 
large extent by the presence of the fuselage except when i t  
covers a large part of the wing; the effect is largely localized 
near the wing root and is most pronounced for the constant 
angle-of-attack and flap-deflected cases. For the lift distri- 
butions due to twist and aileron deflection the presence of 
the fuselage can probably be ignored in mosL cases. 

Nacelles also tend to affect the lift distribution primarily 
in their own vicinity, but these effects may be significant 
even for the lift distributions due Lo twist and aileron deflec- 
tion. Tip tanks tend to increase the lift over much of the 
outer part of the wing to a large extent, particularly in the 
case of lift distributions due to twist and aileron deflection. 
Except for wings with very high or very low aspect ratio, 
these effects can hardly be underestimated and must be taken 
into account in designing the wing. 

Bigh angles of attack.-Potential flow breaks down a t  high 
angles of attack and tho higher the Mach number the lower 
the angle of attack at, which linenrized potential-flow theories, 
such as the one employed in this report, fail to predict the 
lift distribut,ions accurately. However, the critical design 
loads often occur a t  high angles of attack. The only sug- 
gestion that can be made is that once the rigid-wing lift dis- 
tributions a t  high angles of attack arc estimated on the basis 
of tests or esperience, the changes in these distributions due 
to aerodastic effects can be estimated by means of the results 
calculated in this report. This procedure cannot be justified 
theoretically because, although the nature of the mutual in- 
duction effects between various parts of the wing after the 
flow has separated is still substantially the same as before; 
the lifts caused by these inducdion effects are not t,hose prc- 
dirted by potential-flow theory. However, the changes due 
to aeroelastic action are small unless the speed is near the 
flutter or divergence speed, so that certain inaccuracies can 
usually be tolerated in estimating them. 

Longitudinal location of the center of pressure.--The 
Weissinger theory yields no information regarding the loca- 
tion of the chordwise center of pressure; however, the assump- 
tion that a t  each spanwise station the section center of 
pressure of the angle-of-attack loading on the t,wo-dimen- 
sional airfoil section is unchanged in three-dimensiond flow 
has been found by lifting-surface calculations (ref. 6, for 

DISCUSSION 
GENERAL LIMITATIONS OF THE RESULTS OF THIS REPORT 

The Weissinger L-method, its range, and validity have 
been discussed in several previous Papers (for example, refs. 
3 and 5) so that in this section only a few comments are made 

example) to be largely justified for swept and nnswept wings 
of moderate and high aspect ratio (except near the root and 
tip). If this assumption is used, the longitudinal location 
of the wing center 0.f pressure may be estimated. For low- 
aspect-ratio wings, the chordwise location of the center of 
Dressure cannot be determined simplv, and lifting-surface 

about special applications. 
Number of control points.-In references 1 and 5, four 

control points on the semispan were found to give satisfactory 
accuracy for tlie lift distributions clue to constant angle of 
attack In  the present reyort, interest is centered primarily 

methods must be used. For flap and aileron deflections, ac- 
curate theoretical methods for calculating the longitudinal 
location of the center of pressure are not available, but the 
approximate methods suggested in reference 7 may be applied 
to obtain qualitative information. 
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Effective angle of attack for flap deflection.-In order to 
determine the loading due to flap deflection for wings of high 
and medium aspect rat,io (for example, A>4), the effect,ive 
angle of attaclr a6 for the flap (or aileron) deflection may be 
approximated satisfartorily by the values obtained from two- 
dimensiond thin-airfoil theory. Figure 21 gives a plot of 
the effective angle of attaclr a6 against flap-chord ratio c,/c. 
For very low aspect ratios (approaching 0 and certainly less 
than 112) values of as close to 1 are indicated by linearized 
potent,ial-flow theory, even for relatively small values of 
c,/c. For aspect ratios from about 112 to 4, lifting-surface 
methods must be used to obtain potential-flow solutions for 
the lift distributions due to partial-chord control deflections. 

Calculation of the roll due to sideslip CLP.-The loading 

for the case of full-span ailerons h - 1  is the same as the b - 
loading on a wing with dihedral in yaw or sideslip, because 
in this case the loading on the wing is that due to an angle 
of attack equal to the product of the sideslip angle and 
dihedral angle on ono wing, and the negative of that angle 
of attack on the ot,her wing. The values of CL6 given in 
tablo IV for the case of full-span aileron tlcflection are 
therefore equivalent to the parameter Cy. 

Some other stability derivatives can be deduced similarly 
from the results presented in this report. 
RELATIVE MERITS OF THE VARIOUS TYPES OF AERODYNAMIC INFLUENCE 

COEFFICIENTS 

In  this report four types of aerodynamic influence co- 
efficients have been discussod: 

(1) The influence-coefficient matrices presented in table V 
which are obtained by solving Weissinger's integral equation 
by numerical mctbods 

(2) Influencc-coefficient matrices obtained from thosc 
of table V by multiplying them by interpolating matrices 

(3) I~lfluence cocfficicnts based on Green's function 
(4) Influence coefficients based on flap-type and aileron- 

type lift distributions, which express the lift distribution in 
terms of thc spanwise derivative of thc angle-of-attaclr 
distribution rather than the distribution itself. 

The influence coefficients given in table V apply to the 
stations y*=0.9808, 0.9239, 0.8315, 0.7071, 0.5556, 0.3827, 
0.1951, and 0. If these stations can be used in the calcula- 
tions in which the influence coefficients are to be used, thc 
coefficients given in table V are by far the simplest to use 
because they require no further calculations. If these 
stations cannot conveniently be used, either the coefficients 
have to be re-calculated from scratch for the desired stations 
by the method described in appendix A, or, if the results 
presented herein are to be used, one of the other three types 
of influence coefficients has to be calculated. Of these two 
alternatives the first-mentioned is generally the one requiring 
the greater effort. 

The second type of influence coefficients is based on the 
first and requires a premultiplication of their matrix by a 
lift interpolating matrix and the postmultiplication of that 
matrix by an angle-of-attack interpolating matrix. These 
interpolating matrices serve to rela.te the lift and angle of 
attaclr a t  the stations of interest to those a t  the stations 
specified in the preceding paragraph. The interpolating 
matrices can be constructed in several ways; parabolic (or 
possibly cubic) interpolation is probably the most satis- 
factory choice for the angles of attack, and for the l i t  
distributions either this type of interpolation (with a modi- 
fication at  the wing tip) or trigonometric interpolation 
should be satisfactory. The calculation of the interpolating 
factors does not lend itself readily to automatic computation, 
but the amount of effort involved is relatively small. The 
two matrix multiplications can then be performed readily 
on automatic computation machines. 

The influence coefficients based on Green's functions are 
similar in concept to the commonly used structural influence 
coefficients. The values of the influence functions r*,'(y*,y,*) 
and r*.'(y*,y,*) are the only aerodjnamic influence co- 
efficients discussed herein which individually have physical 
significance; the first two types of influence coefficients 
have only a collective physical significanc,e in that they 
yield the values of the lift when matrix-multiplied by the 
angle-of-attack values. However, this individual significance 
of the coefficients based on Green's functions is lost once 
these coefficients are manipulated in the manner indicated 
in equations (9) and (12) to obtain acrodynamic influence 
coefficients useful in further computations, and the resulting 
influence coefficients have neither more nor less significance 
than tho others. The computation of these coefficients 
requires a relatively large expenditure of effort-four matrix 
multiplications and three matrix additions, as well as thr 
computation of many values of r*,', or r*.', (by substi- 
tution of given values of 19 and 0 ,  in eq. (C3)) and a few 
otllcr minor steps. Despite their conceptual attractiveness, 
these coefficients are therefore practically at  a disadvantage 
compared with the other much more simply computed 
influence coefficients. 

The influence coefficients based on flap-type and aileron- 
type lift distributions and on the spanwise derivatives of the 
angle-of-attack distributions are probably the simplest to 
compute (with the exception of those presented in table V) ; 
they require only the reading of the values of the lift dis- 
tributions from the figures of this report a t  the stations of 
interest and for the flap and aileron spans corresponding 
to the stations of interest, as well as the multiplication of the 
matrix of these coefficients by a diagonal matrix. (For a 
symmetric distribution, a matrix subtraction is also called 
for.) As previously mentioned, the f w t  that these coeffi- 
cients express the lift distribution in terms of the derivative of 
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the angle-of-attack distribution need not be a disadvantage 
and may actually be an advantage. The decision as to 
whether to use the second or the fourth type of influence 
coefficients (once the decision has been made that the stations 
implied in the first type are unsuitable) then becomes largely 
a matter of individual preference, guided by decisions in any 
given case as to the relative convenience of calculating 
interpolating factors or reading values from the figures in 
this report, and of using angle-of-attack distributions or 
their derivatives. 

CONCLUDING REMARKS 

Spanwise lift distributions have been calculated for nine- 
teen unswept wings with various aspect ratios and taper 
ratios and with a variety of angle-of-attack or twist distribu- 
tions, including aileron and flap deflections, by means of 

APPENDIX A 
MATRIX FORMULATION OF THE WEISSINGER METHOD 

Weissinger's method with eigllt control points on the semi- 
span. Also calculated by this method were aerodynamic 
influence coefficients which pertain to a certain definite set of 
stations on the span. Three methods for calculating aero- 
dynamic influence functions and coefficients for arbitrary 
stations have been outlined and their relative merits dis- 
cussed. 

The information presented herein can be used ill the 
analysis of untwisted wings or wings with known twist 
distributions, as well as in aeroelastic calculations ir~volving 
initially unknown twist distributions. 

LANGLEY AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., May 5, 1958. 

CALCULATION OF THE LIFT DISTRIBUTION AND INFLUENCE COEFFICIENTS 

From two-dimensional thin-airfoil theory it can be shown 
that, if all the vorticity of a plane or parabolically cambered 
airfoil section is concentrated at  the quarter-chord line, the 
downwash angle induced at  the three-quarter-chord line is 
equal to the geometric angle of attack at  the three-quarter- 
chord line. This circumstance leads to the Weissinger 
L-method in which the lifting vortex is concentrated at  the 
quarter-chord line and the boundary conditions are satisfied 
at  the three-quarter-chord line. The Weissinger equation 
(ref. 1) can be written as 

* * dr*($) d7* 1 
m(y*)=$l m+s?rsSI F(~*,I*) dy drl* (AI) 

where 

F(v*,y*) =y&*{dl + t a n A y $ ) ~ + ~ ~ ~ - l }  

("*Lo) 

c*/2 (?*So) 
1+2 tan A 6 

and a is the angle of attack or, more specifically, the stream- 
wise slope of the mean-camber surface a t  the three-quarter- 
chord line. 

Introduction of the trigonometric variables ,g=cos-L y* 
and 9=cos-' T* into equation (All yields 

dr*(9) 
a ( 0 ) = a = l a %  - - F(8,o) 7 d t ~  (A2) 

The solution of equation (A2) is effected in reference 1 by 
the use of trigonometric interpolation and integration 
formulas. An alternate solution based on matrix techniques 
is presented herein which leads to the identical results 
somewhat more simply and suggests a fairly simple setup 
for routine calculations. 

The function r* is approximated by a finite sine series, as 
in reference I ,  so tbat for any value Om 

f *,=C a, sin n9, (83) 
or 

ir*,a)=[sin n9,l(an1 (A41 

In  the calculations of this report, the values of n in equation 
(A4) have been chosen as n=l, 3, 5, . . . 15 for tho sym- 
metrical loadings and n=2, 4, 6, . . . 14 for the antisym- 
metrical loadings; values of 9, were chosen at  

rnT 
9,"- 

with m=l ,  2, 3, . . . 8 for the symmetrical loadings and 
m = l ,  2, 3, . . . 7 for the antisymmetricd loadings. The 
use of equal increments in 9 is essential in the method of 
reference 1, but any values of 9 between 0 and 7r/2 could 
have been chosen in the matrix analysis used in the present 
report. This possibility of using arbitrary stations in this 
matrix version of Weissinger's method is an important 
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advantage in that it allows the direct calculation of influence 
coefficients for arbitrary stations. Such a calculation is com- 
plicated, however, by the fact that some of the matrices 
which must be inverted may be ill-behaved when nonequal 
increments are chosen for 8. 

The. valuc of 9 required in equation (A2) can be ob- 

tained from equation (A3) as 

dT*m= d8 C nu. cos n8, (A51 
n 

so that the first term of equation (A2) becomes 

?%an ~ 0 s  fiSm 1 sin no, 

cos 8-coso, =z ?  sin^, 

where [[cos n8]-L]o is the first row of the inverse of the 
matrix [cos n8], that is, the row correspondimg to n=O, 
and [Ill consists of the same elements written in the form 
of a diagonal matrix. 

Inasmuch as the internal of the nntisvmrnetrical comuonent - 
dr* . dr* of F- is zero, F - cnn he written for symmetrical distri- 
d8 d$ 

butions as 

or, in matrix notation, I and, for nntisymmetrical distributions, as 

The values of a, can he expressed in terms of r*, (see eq. 
(-44) as 

{a.]=[sin n8m]-1{r*m] (-46) 
so that 

d8 cos 8-con 8.) 'r*' 
where 

1 sin no, 
IB.1 =z [=] lnl [sin nGml -l (-47) 

The ma trices [sin em Inl, [sin neml. [sin neml-l, and [Rd 
are given in table VII(a) for the symmetrical distribu- 
tions and table VII(b) for the antisymmetricd distributions. 
As a result of the orthogonality of the sine function, the in- 
verse of the [sin n8,] matrix is the same as one-fourth its 
transpose except for the first and last rows. (See, for in- 
stance, ref. 8.) 

The second term of equation (A2) can he integrated nu- 
dr* mericnlly by approximating either F or F - by a cosine d8 

series. Both approximations will yield identical results, and 
the latter alternative is followed here. Thus let 

where 
F~(ls*l,y*)=F(s*,y*) (?*LO) (-4% 

dr* From equations (A5) and (A6) - can be expressed in 
d8 

matrix notation as 

{g  } =[COD nd] [nl [sin n 8 ] - l { ~  ] 
. . 

so that equation (A8) can he written for symmetrical distrihu- 
tions as 

[q] [cos na,] In1 [sin na.l-l{ r * J  =2[Fal ID.1 i r*. I 

(A1 1) 
where 

1 [D.] 1 16 [Ill [cos n8,] [nl [sin na,] -I 

F(8.8) q=? b.(8) cos n8 I Similarly, for antisymmetrical distributions 

so that 

8 (A81 

Now, in matrix notation, 

where 
1 

[D.] sls [Ill [COS n8,] [n] [sin n8,]-' 

The matrices [Dl, [I,], and [cos n8,][n] are given in table 
VII (a) for symmetrical distributions and table VII (h) for 
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antisymmetrical distributions. 
Equation (Al) (or its equivalent, eq. (A2)) can now be 

expressed completely in matrix form. For symmetrical 
distributions, the equation is 

and for antisymmetrical distributions, 

I t  should be noted that the [B] and [Dl matrices are 
invariant with plan form and that only the [a matrices need 
be computed separately for each plan form; all the matrices 
are independent of the angle-of-attack conditions. A com- 
puting form for the elements of the F matrices is given in 
table VIII; this computing form includes provision for 
calculating the load on swept wings. Sample 2[FJ and 
2[F.] matrices are shown in table IX. 

Equations (A13) and (A14) can be expressed as 

{r*]  =[GI-'{a] (A1 5) 

so that the elements of the matrices [GI-' constitute, in 
effect, sets of aerodynamic influence coefficients. The 
influence coefficients presented in table V for the plan forms 
treated in this report are defined as 

nnd 
1 

[QDl [Gal-l 

so that 

{r**)=cLa [Q,I{~.I 
and I- (Al6) 

{r*.)=Cld[Qal{~O1l 

The division by CLa and by CId has been performed both to 
facilitate interpolation of the coefficients for unswept wings 
with plan forms other than those considered in this report 
and for convenience in aeroelastic calculations. Inasmuch 
as the l i t  distribution is much less sensitive to Mach number 
than is the overall magnitude of the l i t ,  an influence- 
coefficient matrix [Q.] or [Q.] chosen for the average of the 
subsonic Mach number range of interest (that is, for the 
effective nspect ratio A- corresponding to that aver- 
age Mach number) will serve for the entire range, provided 
only that for each Mach number the appropriate values of 
CLa and CId are used in equations (A16). (See ref. 9, for 
instance, for simple methods of estimating Mach number 
effects on CL= and CI,.) 

CALCULATION OF THE AERODYNAMIC PARAMETERS ASSOCIATED WITH 
TEE LIFT DISTRIBUTIONS 

The values of the lift, induced-drag, bending-moment, and 
rolling-moment coefficients can be obtained conveniently by 
the use of the integrating matrices derived in this section. 

An integrating matrix for the l i t  coefficient associated with 
symmetrical loadings can be obtained as follows: 

The lift coefficient can be written as 

If, as before, y*=cos 8 and r* ,=Ca ,  sin no, with n=l ,  3, 

5, . . . 15, then 

~ ~ = : r ~ a *  sin no sin o do 

or &=A [ I ~ ~ J  ( r * , ~  

where 

[IcLJ =: [[sin n0]-'Jl 

and [[sin nO]-lj, is the first row of the matrix [sin nSm]-l 
given in table VII(a) ; the matrix [IcLJ is given in table X. 

Similarly, the integration to obtain the bending-moment 
coefficient for symmetrical loadings CBnr can be performed as 
follows: 

The bending-moment coefficient can be written as 

= 2 r x a n  sin no sin 8 cos 0 do 
n 

where the matrix 

is given in table X. 
For antisymmetrical loadings, the half-wing lift coefficient 

4,,, is obtained in the following manner: 
The equation for the half-wing lift coefficient is 
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and, if r * , = q  a, sinne, withn=2, 4, 6, . . . 14 as before, or 

then 

C L , , , = $ r  x u .  sin n~ sin e de 
where the matrix 

[Ic,] -5 L[sin n0]-'JI 

or 

CL,,,=A ['C~, /~ J Ir*al 

where the matrix 

is given in table X. 
Similarly, the rolling-moment coefficient can be obtained 

as follows: 
The equation for the rolling-moment coefficient is 

C-  

=+r C a,, sin ne oos e sin ede 

=$"a2 

The induced-drag coefficient CD, can be mitten as 

A ' 4,=6 a.r*, w 
where 

d?,* y*-,,* 
or 

1 
[Bml(r*~) 

For symmetrical loadings the [IcL] matrix can be used to 
integrate the values of air*, so that 

CD,=A [IcL] ( air*, I 

An integrating matrix to evaluate CD, for antisymmetrical 
distributions can be set up similarly. However, in this 
report, values of CD, were calculated only for additional lift 
distributions. 

APPENDIX B 
CALCULATION OF LIFT DISTRIBUTIONS FOR DISCONTINUOUS ANGLE-OF-ATTACK CONDITIONS 

The method of solving equation (Al) outlined in ap-  
pendix A relies heavily on numerical integration, as does 
the method of reference 1. Discontinuous angle-of-attack 
distributions therefore cannot be analyzed as accurately as 
cont,inuous ones can, because discontinuous angle-of-attack 
distributions are known (on the basis of knowledge of the 
lift distributions of wings with very low and very high aspect 
ratios presented in ref. 3) to give rise to logarithmic singular- 

ities in the function dr* - which occurs in the integrands of 
d ?* 

both integrals in equation (Al). Nor can a discontinuous 
angle-of-attaclt distribution be described adequately by a 
small number of points on the semispan; for instance, with 
stations located as they are for the calculations described in 
this report any inboard flap terminating at  a value of y* 
greater than 0.3827 but less than 0.5556 would, for a unit 
effective angle-of-attaclt distribution, be characterized by the 
angle-of-attack distribution 1, 1, 1, 0, 0, 0, 0, 0, regardless of 
the exact location of the end of the flap. 

These difficulties can be overcome by using the results 
obtained by solving equation (Al) for the case of wings of 
vanishingly small aspect ratio (see ref. 3), in which case the 
second integral vanishes. This technique is similar to the 
one used by Multhopp (ref. 10) in connection with the 
Prandtl lifting-lie equation to handle discontinuous angle- 
of-attack distributions. The l i t  distribution r *  is considered 
to consist of a "discontinuous" part r*, which is the solution 
to equation (Al) if the second term is neglected and of a 
correcting "continuous" part r*c, so that 

r*=r*c+r*D (B1) 

where '*D is defined by 

d19 
(B2) 

and r*c is the correction that must be added tor*, toobtain 
a function I?* which satisfied equation (Al) for the given 
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discontinuous angle-of-attack distribution. The solution of 
equation (B2) for r*, corresponding to the more common 
discontinuous angle-of-attack distributions is given in 
reference 3 ;  specifically, for inboard flaps terminating a t  
~ * = Y ~ * = C O S - ~  eo 

$+so sin --- 2 (a-2BJsin 8 -(COS 8-cos eJ10g. 
. I8-e0l sln -- 2 

8+e01 cos T 

(COS ~ + C O S  eo) log, - 
2 0  1 

COS 2 

and for outboard ailerons with inner ends a t  y*=y,*=cos-I 8. 

demonstrated presently, equation (B5) can be solved in 
the manner used for equation (A2). If R(0,B.) is being evnl- 

uated a t  the stations considered in this report f?=& 2 ?T, ( 16 16 

3 Gr . . . ;), and if the eight values of R are listed in a column 

in the order of increasing 8, then premultiplication of this 
column by the matrix [Q] given in this report and by the 
appropriate value of CLa yields the desired function r*, for 
the given discontinuous angle-of-attack distribution. 

As indicated in equations (B6), the function R(0,B.) 
depends on the plan form, which determines F(8,e), and on 
the position of the discontinuity in the angle-of-attack 

ar*(8 e) distribution, which determines r*, and, hence, -A. aa 
For flaps and ailerons, 

COS 3 

(cos 8+cos O,,) log, ---- "'1 6-8 (B4) 
cos 2 

If equations (Bl)  and (B2) are substituted into equation 
(A%. the result is 

where the function R(o,e,) is defined by 

or, specifically, for flaps 

and for ailerons 

Comparison of equation (B5) with equation (A2) indicates 
that equation (B5) may be considered to be the Weissinger 
equation (eq. (Al) or (A2)) for the lift distribution F*, on 
the given wing (the plan form of which determines the func- 
tion F(8,O)) corresponding to an angle-of-attack distribution 
R(e,e,). Inasmuch as R(e,e,) is a continuous function, as is 

and 
037%) 

ar* so that the functions --D may be seen to have logarithmic a8 
singularities. The evaluation of R(B,O,) from equations 
(B6) by numerical methods is therefore not a trivial problem. 
A logarithmic singularity is integrable, however, and F(8,e) 
is always continuous in 8 and 0 so that R(e,e,) must always 
be continuous. The integration can thus be effected readily 
by expanding F(8,B) in a finite Fourier series as follows: 

Let 

Substitution of these expressions for F and those of equations 

(B7) for ED into equations (B6) yields 
at9 
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where 

COS ---D 

K.-Lsin 8 con n 8  log. - 8-8 
cos 4 

These integrals can all be evaluated explicitly and are 

Io=O 

I.=O (n=2, 3, . . .) 
Jo= n sin Bo 

J-" 
' 

sin 28, 
4 

l 
and 

KO=-x sin 0, 1 
sin 20. 

- ( - l ) .+ l~  sin (n+1)8, sin (n-1)8, 
I- [ I  n-1 (a-2.3, ...I 

(BIZ) 

With these values for I., J,, and K,, equations (B9) can be 
simplified to 

I where 

H,-sin (n+l)Bo sin inn-1) 8, 
n+l n-  1 

( 2  3 . . .)I 
The function R(8, 0.) can also be expressed in matrix form by 
writing equations (88) in matrix form as 

IF@, e)l =!P.(e, 0,)l [COS n81i 
so that 

IP.(e, edl=LF(s, 6)l [Icos n81'1-I 0316) 

where [cos n8]' is the transpose of the matrix [cos n8]. The 
following expressions are then obtained by combining 
equation (B16) with t,he matrix equivalent of equations 
(B14): 

By using the procedure outlined in this appendix for 
calculating lift distributions for discontinuous angle-of- 
attack distributions the necessity of integrating numerically 
an initially unknown singular function, as required in equation 
( A l )  or (A2) ,  can thus be avoided; instead, the integration 
of the singular part of the function is performed analytically 
(by solving eq. (BZ), as in ref. 3)  and only the continuous 
part of the function is treated numerically (by solving eq. 
(B5) )., As part of this procedure, a singular function has 
to be mtegrated numerically in order to evaluate R(B, 8,) ; 
however, this function is known initially because it is 
the ~roduct  of a known singular but integrable function - - 
and a known continuous function rg and F(8,  a) ,  respec- 

tively) so that,, by expanding the continuous function in a 

Fourier series, the numerical integration can be effected 
without difficulty. 

1 
R,(o,eo)=Z;;~P,n(e,Bo)H,(eo) (n=l,3,5 , . . .  15) 

The values of [[cos ~ I Y ] ' ] - ~ { H . ( ~ J }  for flap-span ratios 
of 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, and 0.9 and for aileron- 
span ratios of 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, and 1.0 

R a ( 0 , ~ o ) = ~ ~ P , n ( B , 8 0 ) H , ( s d  (n=O,2,4 , . . .  16) are given in table XI. 
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APPENDIX 6: 
CALCULATION OF THE REQUIRED GREEN'S FUNCTIONS 

As pointed out in the body of this report (see eqs. (3) equations (B3) and (B4) for the flap and aileron angle-of- 
and (4)) the desired Green's functions are attack conditions. Thus 

The functions r*, and r*.fl can be obtained in the manner 
indicated in appendix B. However, in order to calculate 
the desired derivatives of these functions, a numerical 
differentiation would have to be performed with respect to 
yo*. Such a numerical differentiation is inherently in- 
accurate inasmuch as I?*, and I'*.l, have singularities. The 
desired Green's functions are therefore best calculated 
without using the calculated values of I?*, and r*.,, and by 
using, instead, a modification of the method of appendix B. 

Let 

Then r*; and r*.' are lift distributions corresponding to 
impulse-t?.pe angle-of-attack distributions of the following 
forms: 

Hence, they must satisfy equation (Al) or its equivalent, 
equation (A2), for these angle-of-attack distributions. 

Again, as in appendix B, the lift distributions can be con- 
sidered to consist of a discontinuous part, which satisfies 
equation (Al) for the given angle-of-attack distribution if 
the second integral on the right side is disregarded, and of a 
correction part; that is, 

r *  1-r* r + r *  r 

,* ,-,* J +,* t 
(I- (I, L1c * -  

The functions r*,', and I?*.', must thus satisfy equation 
(B2) for the given angle-of-attack distributions. By virtue 
of the linearity of equation (B2) and by virtue of the defi- 
nitions of the functions in terms of r*, and r*.,l, respec- 
tively, I";, and I?*.', can be obtained by differentiating 
with respect to yo* the solutions of equation (B2) given in 

, 4 sin ++sin 8, 
D-; loge Isin B-sin 0.1 

, -4 sin (B+B.) 
a ,-- loge 7 

?r sm Iff-8,1 

Similarly, the functions r*;, and r*.Ic must satisfy equa- 
tion @5), where now R(B,O,) is defined for the symmetrical 
and antisymmetrical loadings, respectively, by 

and 
br*iD(9,a0) 

dB R ~ ( O , O . ) = ~  S; F.(B,e) 

The evaluation of these integrals can be effected in the 
manner employed for equations (B6) so that 

where 
H', (8,) = 2 sin no, (C6) 

for all values of n, and where Pan and P," are the same values 
as those used in appendix B. Thus, in matrix form, for 
given values of 0 and e,, 

R, (a, ao)=A [F. (B, e)j [ [cosn~]~] -~{s inna ,~  

1 Ro (a, so)=; [Fa (8, a)] [[cosnB]']-'{sinnO,} 

The values of [[cos n8]']-1 (sin no,) are given in table VI for 
values of yo* ranging from 0 to 0.9 for symmetrical distribu- 
tions and 0.1 to 0.9 for antisymmetrical distributions. 

The desired Green's functions can thus be calculated in the 
following way. For a given value of a,, the values of R,(8,8.) 
and R.(O,B,) are calculated for eight equal increments of 0 
between 0 and n/2 from equation (C7). These values are 
then written as columns and premultiplied by the matrix of 
influence coefficients tabulated in this report for the given 
plan form in order to obtain 

for the given value of 8,. To these values are added the 
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values of I 

obtained by dividing the values of I?,', end r*.', celculeted 
from equation ('2.3) by CLm and CZ,, respectively, for this 
value of 8. and the given values of 8. This procedure yields 

(The division by CLa and by C,, is performed to facilitate the 
further calculations required to obtain the desired influence 
coefficients, as explained in the body of this report.) This 
calculation is repeated for all the values of 8, for which the 
Green's functions are desired. 
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TABLE 1.-INDEX TO SPANWISE-LIFT-DISTRIBUTION 
FIGURES 

[All wings are unsacptl 

/ Pian form 1 A / I Figure] 

TABLE 11.-FORCE AND MOMENT COEFFICIENTS FOR 
ANGLE-OF-ATTACK LOADINGS 

Additionnl loading 
Plan form 
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TABLE V.-AERODYNAMIC-INFLUENCE-COEFFICIENT MATRICES--Continued 
0) Antbvmmettic loadings LQ.1 

Plan form 311 

Plan  form 312 

Plan  form 313 

Plnn form 314 

Plan  form 316 

Ran form 325 

Plan  form 331 

Plan  form 332 

Plan  form 336 

Plan form 341 

-0.W83 0.0158 -0.W30 0 . W 2  -0. 8010 0. WW' 
0.2918 0.0514 0.0266 0.0133 a0103 0.0040 
0,0684 0.6381 0.1427 0.0526 0.0317 0.0136 
0.0138 0.1368 0 . W  0.2438 0.0854 0. 0414 
0.0106 0.0396 0.2357 1.0619 0.3465 0.1005 
0.0043 0.0254 0.0744 0.3349 1.2504 0.3759 
0.W27 0.0082 0.0368 0.0855 0.3716 1.2728. 

Plnn form 342 

Plan  form 343 

Plan  form 344 
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T A B L E  V1.-VALUES O F  [ [ c c s  no]']-b ( s i n  n8,I FOR INFLUEKCE-COEFPICIEKT CALCULATIONS 

(b) Antisymmctric8l distributions 
.- 

[[eos nffl'l-1 (sin n8.I for- 

(a) Symmetrical distribution$ 

[ [ D O ~  nffl'l-lirin n0.l for- 
- 

Y.'=O yo'=O.l w.'=0.2 usr=0.3 ~.'=0.4 w.'=0.5 u.'=0.6 u.'-0.7 ~..=0.8 ~..=0.9 

0 
0.25480 

0 
0.30086 

0 
0.44888 0 

1.28146 

0.06482 
0.12~05 
0.14056 
0.14682 0 18521 

0.22197 
0.35986 0.81714 

0.12738 
0. ~ 0 4 2  
0.27772 
0 WO5O 
0.37593 
0. W082 0.87821 

-0.03854 

0.05480 
0.15887 
0.12088 
0.18161 0.17232 

0.35209 0 07744 
-0.52044 

0.00307 
o.na83 
0 W637 
0.35049 
0.01072 0.83706 

-0.14552 
-0.35834 

0 10825 
0.07457 
0.24850 
0.1018R 0.45829 

0.51266 
-0 6WaS 
-0.04883 

0.12843 
0.05802 
0.30772 
0.08935 0.83031 

-0.38534 
-0.28450 
-0.02158 

0.00112 
0.36863 
0. W289 0.73259 
0 08064 

-0.54349 
-0.00127 
-0.07058 

0. 17124 
0.08137 
0.53340 0.43254 

-0.62272 
-0. a478 
-0.08558 
-0. WS66 

0.0580P 
0.56104 
0.46784 

-0. 60905 
-0.05031 
-0.08633 
-0.01272 
-0.02187 
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TABLE VII1.-COMPUTING PROCEDURE FOR F FUNCTIONS 
(a) Row 1 
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TABLE VII1.-COMPUTING PROCEDURE FOR F FUNCTIONS-Continued 

(d) ROW 4 

Fa?n'=~', @=tan A/@. 

(0 Row 6 

For n.=u', @-tan A/@. 
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TABLE VII1.-COMPUTING PROCEDURE FOR F FUNCTIONS-Concluded 
(6) R O W  7 

For v.=Y.. @=tan A/@. 

(hl Row 8 

For R.=Y., @=tan A/@. 
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TABLE 1X.-SYMMETRIC AND ANTISYMMETRIC F 
MATRICES FOR PLAN FORM 333 

2IF.1= 

TABLE X.-INTEGRATING MATRICES FOR LOAD AND 
MOMENT COEFFICIENTS 

I"d= 
[0.01915 0.03757 0.05154 0.06042 068163 O.WO70 0.00628 0.046QQI 

1rc.s1= 
10 01878 0.03472 0.04533 0 04813 0.04528 0.03487 0.01833 0.001961 

l I C ~ l n l =  

10 01883 0.03588 0.05713 0.06550 0.08736 0.081M 0.113651 

1'5 I =  
[O.W39 0 01735 0.02287 0.02L.M 0.02287 0.01736 0 WD391 

TABLE XI.-VALUES OF [[ccs nd]']-1 (H.(tJ.)J FOR FLAP AND AILERON DEFLECTIONS 

I 

I I[oos no]']-6 1 II..(a.l) for- I 
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(a) Symmetrical lift distributions. 
(b) Antisymmetrical lift distributions. 

FIQURE 1.-Spanwise lift distribubions for wings of very low aspect ratio (from ref. 3). 
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(c) Lift distribution for inboard flap. 
(d) Lift distribution for outboard aileron. 

F~onaa I.-Concluded. 



REPORT 1228-NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

(a) Symmetrical lift distributions. 
(b) Antisymmetrical lift distributions. 

FIGURE 2.-Spanwise lift distributions fur plan form 311 ( A =  1.5; X = O )  
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(c) Lift distribution for inboard flap. 
(d) Lift distribution for outboard aileron. 
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(a) Gymmetrical lift distributions. 
(b) Antisymmetrical lift distributions. 

FIGURE 3.-Spanwise lift distributions for plan form 312 ( A =  1.5; A-0.25). 
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(c) Lift distribution for inboard flap. 
(d) Lift distribution for outboard aileron. 
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0 I 2 3 4 .5 .6 7 .8 .9 1.0 
Dlmenslonless sponwlse ordinate, y*  

(a) Symmetrical lift distributions. 
(b) Antisymmetrical lift distributions. 

FIGURE 4iSpanwise lift di~tributions for plan form 313 ( A = 1 . 5 ;  X=0.50). 
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(a) Symmetrical lift distributions. 
(b) Antisymmetrioal lift diatributions. 

F I ~ U R E  5.-Spanwise lift distributions for plan form 314 (A=1.5;  A=1.00). 
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Dimensionless sponwlse ordinate, y* 

(c) Lift distribution for inboard flap. 
(d) Lift distribution for outboard aileron. 
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(a) Symmetrical lift distributions. 
(b) Antisymmetrical lift distributions. 

FIOURE 6.-Spanwise lift distributions for plan form 315 (A=1.5; X= 1.50). 
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Dimensionless sponwise ordinate, y* 

( 0 )  Lift distribution for inboard flap. 
(d) Lift distribution for outboard aileron 
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Dimensionless spanwise ordinole, y* 

(a) Symmetrical lift distributions. 
(b) Antisymmetrical lift distributions. 

FIGURE 7.-Spanwise lift distributions for plan form 321 (A=3.0;  X=O). 
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Dimensionless spanwise ordinate, y* 

(c) Lift di6tnbution for inboard flap. 
(d) Lift distribution for outboard aileron. 
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(a) Symmetrical lift distributions. 
(b) Antisymmetrical lift distribution% 

F1r;uac 8.-Spanaise lift distributions for plan form 322 ( A = 3 . 0 :  X=0.25) 
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Dimensionless sponwise ordinate, y*  

(c) Lift distribution for inboard flap. 
(d) Lift distribution for outboard aileron. 

FIGURE 8.-Concluded. 
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(a) Symmetrical lift distributions. 
(b) Antisymmetrical lift distributions. 

FIGURE 9.-Spanwise lift distributions for plan form 323 (A=3.0; X~0 .50 ) .  
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(c) Lift distribution for inbomd flap. 
(d) Lift distribution for outboard aileron. 
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(a) Symmetrical lift distributions. 
(b) Antisymmetrical lift distributions. 

FIGURE 10.-Spanwise lift distributions for plan form 324 (A=3.0;  X=1.00) 
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Dimensionless sponwise ordinote, y* 

(c) Lift distribution for inboard flap. 
(d) Lift distribution for outboard aileron. 

Figure 10.-Concluded. 
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Dimensionless spanwise ordilwte, y' 

(a) Symmetrical lift distributions. 
(b) Antisymmetrical lift distributions. 

FIGURE 11.-Spanwise lift distributions for plan form 325 (A=3.0; X=1.50). 
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0 

Dtmensionless spanwise ordinate, y* 

(c) Lift distribution for inboard flap. 
(d) Lift distribution for outboard aileron. 

FIGURE 11.-Concluded. 
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(a) Symmetrical lift distributions. 
(b) Antisymmetrical lift distributions. 

FIGURE 12.-Spanwise lift distributions for plan form 331 ( A = 6 . 0 ;  h = O ) .  
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Dimensionless sponwise ordinole, y*  

(c) Lift distribution for inboard flap. 
(d) Lift distribution for outboard aileron. 

FIOURE 12.-Concluded. 
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Dimensionless spnwise wdinate, y * 

(a) Symmetrical lift distributions. 
(b) Antisymmetrical lift distributions. 

FIGURE 13.-Spanwise lift distributions for plan form 332 (A=6.0; X=0.25). 
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(a) Symmetrical lift distributions. 
(b) Antisymmetrical lift distributions. 

FIGURE 14.-Spanwise lift distributions for plan form 333 (A=6.0; X=0.50) 



SPANWISE LIBT DISTRIBUTIONS AND IKFLUFNCE FUNCTIONS FOR UNSWEPT WINGS IN SUBSONIC FLOW 

Dimensionless sponwise ordinote, y* 

(c) Lift distribution for inboard flap. 
(d) Lift distribution for outboard aileron. 

FIGURE 14.-Concluded. 
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(a) Symmetrical lift distributions. 
(b) Antisymmetrical lift distributions. 

FIQURE 15.-Spanwise lift distributions for plan form 334 (A=6.0;  X=1.00). 
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(a) Symmetrical lift distributions. 
(b) Antisymmetrical lift distributions. 

F I G W ~  16.-Spanwise lift distributions for plan form 335 (A=6.0; X= 1.50). 
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Dimensionless spanwise ordinate, y 

(c) Lift distribution for inboard flap. 
(d) Lift distribution for outboard aileron. 
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(a) Symmetrical lift distributions. 
(b) Antisymmetrical lift distributions. 

FIGURE 17.-Spanwise lift distributions for plan form 341 ( A =  12.0; X=O). 
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D~mens~onless spanwise ordinate, y* 

(c) Lift distribution for inboard flap. 
(d) Lift distribution for outboard aileron. 

FIGURE 17-Conoluded. 
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0 I 2 3 4 5 6 7 8 .9 1.0 
D~menslonless spanwlse ordinate, y' 

(a) Symmetrical lift distributions. 
(b) Antisymmetrical lift distributions. 

FIGURE 18.-Spnnwise lift distributions for plan form 342 (A=12 0 ;  X=0.25). 
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Dimensionless sponwlse ordlnote, y* 

(c) I.lfr d~strtburion for inbosrrd flap. 
((1) Lift disrriburiun for o ~ ~ r b o a r d  niltrun. 
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(a) Symmetrical lift distributions. 
(b) Antisymmetrical lift distributions. 

FIGURE 20.-Spanwise lift distributions for plan form 344 (A=12.0; A=1.00). 
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Dimensionless spanwise ordinate, yr 

(c) Lift distribution for inboard flap. 
(d) Lift distribution for outboard aileron 
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FIGURE 21.-Variation of flap effectiveness with flap-chord ratio. 


