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ADVANCE RESTRICTED REPORT

STRESSES AROUND RECTANGULAR CUT-OUTS IN SKIN-STRINGER
--PANELS UNDER AXTAL LOADS - II
By Paul Kuhn, John E. Duberg, and Simon H. Diskin
SUMMARY

Cut-outs in wings or fuselages produce stress con-
centrations that present a serious problem to the stress .
analyst,. As a partial solution of the general problem,
this paper presents formulas for calculating .the stress
distribution around rectangular cut-outs in axially loaded
panels., The formulas are derived by means of the substitute-
Stringer method of shear-lag analysis.

In a previous paper published under the same title as
the present one, -the .analysis had been based on a‘substitute
structure.containing only two stringers. The present
solution is based on a substitute structure containing three
stringeys and is more complete as well as more accuraté than
the previous one. It was found that the results could be
used to improve the accuracy of the previous solution
without appreciably reducing the speed of calculation.
Details are given of the three-stringer solution as wsll as

of the modified two-stringer solution.




In order to check the theory against experimental
results, stringer stresses and shear stresses were meas-
ured around a systematic series of cut-outs. In‘addi-
tion, the stringer stresses measured in the previous in-
vestigation were reanalyzed by the new formulas. The
three-stringer method was found to gilve very good accuracy
in predicting the stringer stresses. The shear stresses
cannot be predicted with a comparable degree of accuracy;
the discrepancies are believed to be caused by local
deformations taking place around the most highly loaded
rivets and relieving the maximum shear stresses.

INTRODUCTION

Cut-outs in wings or fuselages constitute one of the
most troublesome problems confronting the aircraft designer.
Because the stress concentrations caused by cut-outs are
localized, a number of valuable partial solﬁtions of the
problem can be obtained by analyzing the behavior, under
load, of simple skin-stringer panels. A method for
finding the stresses in axially loaded panels without cut-
outs was given in reference 1, which also eontained sug-
gestions for estimating the stresses around cut-outs. iy
reference 2, these suggestions were put into more definlte
form as a set of formulas for analyzing an axially loaded

panel with a cut-out (fig. 1).




Skin-stringer panels, although simpler than complete
shells, are highly indeterminate structures. In order to
reduce the labor of analyzing such panels, simplifying
assumptions and speclial devices may be introduced. . The
most Important deviee of this nature used in references 1
and 2 18 a reduction of the number of stringers, which is
effected by combining a number of stringers into a sub-
stitute single stringer. In reference 2, this reduction
was carried to the extreme of using only two substitute
stringers, one for the cut stringers and one for the uncut
stringers, to represent one quadrant of the panel with a
cut-out. The two-stringer structure can be analyzed very
rapidly but, being somewhat over-simplified, cannot give
an entirely satisfactory picture, In particular, the two-
stringer structure does not include the region of the net
section; and consequently this structure neither shows the
effect of length of cut-out nor gives a solution for the
maximum stringer stresses. These maximum stresses must
be obtained by separate assumptions. In addition, there
Is no obvious relatlion between the shear stresses in the
actual structure and the shear stresses in the substitute
two-stringer structure as used in reference 2.

In order to obtain a more satisfactory basis of analysis

than that of reference 2, formulas were developed for a




skin-stringer structure containing three stringers. At the
same time, a new experimental investigation was made con-
sisting of strain surveys around a systematic series of
cut-outs. Stringer strains as well as shear strains in
the sheet were measured in these tests, whereas only
stringer strains had been measured in most of the tests of
reference 2. A study of the three-stringer method and of
the new experimental results indicated that the accuracy of
the two-stringer method could be improved by introducing
some modifications which have no appreciable effect on the
rapidity of the calculations.

The main body of the present paper describes the ap-
plication to a panel with a cut-out of a simplified three-
stringer method of analysis as well as a modified two-
stringer method. Comparisons are then shown between
calculated and experimental results of the new tests and
of the tests of reference <. Appendixes A and B gilve
mathematical details of the exact and of the simplified
thrée—striﬁgér methods, respectively. Appendix C gilves
a numerical example solved by all methods.

THEORGTICAL ANALYSIS OF CUT-0UTS IN AXIALLY
LOADED SKIN~-STRINGER PANZLS
General Principles and Assumptions
The general procedure of analysis 1s eimilar to the

procedure developed for structures without cut-outs
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(reference 1). The actual sheet-stringer structure is
replaced by an idealized structure in which the sheet
carries only shear. The ability of the sheet to carry
normal stresses is taken into account by adding a suitable
effective area of sheet to the cross-sectional area of each
stringer. The i1dealized structure 1s then simplified by
combining groups of stringers into single stringers, which
are termed "substitute stringers"; this substitution is
analogous to the use of "phantom members™ in truss analysis.
The substitute stringers are assumed to be connected by a
sheet having the same properties as the actual sheet, The
stresses in the substitute sheet-stringer structure are
calculated by formulas obtained by solving the differential
equations governing the problem. (See appendix A.) Finally,
the stresses in the actual structure are calculated from

the stresses in the substitute structure.

It will be assumed that the panel is symmetrical about
both axes; the analysis can then be confined to one quadrant.
It 1s furthermore assumed that the cross-sectional areas of
the stringers and of the sheet do not vary spanwise, that

the panel is very long, and that the stringer stresses are

uniform at large spanwise distances from the cut-out.
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Symbols and Sign Conventions

Ay effective cross-sectional area of all continuous
‘stringers, exclusive of main stringer bordering
cut-out, sgquare inches (fig. 2)

Ao effective cross-sectional area of maln continuous
stringer bordering cut-out, square inches (fig. 2)

Az effective cross-sectional area of all discontiriuous

stringers, sguare inches (fig. 2)
Arib cross-sectlonal area of rib at edge of cut-out,

square inches (fig. 2)

' (9] —
By% + Kot 4 2K

B =
I o — KzKa
U U
i Kl“’
C stress-concentration factor (fig. 7)
Cq stress-excess factor for cut-out of zero length
(Flgs 3)

o

B 2N T O \/Klz + K2 + oF

k) Young's modulus of elasticity, kips per square inch
G shear modulus, kips per square inch




w2 Az
3 Gt,
1y (e Ll I
4 Eby b
Gt
K4 7 Eb Q.A. 2
E = K %Ke® - KsK,

L half-length of cut-out, inches (fig. 2)

K1® (K12 - M%)

P =
1 % )y
1 M (AR - AgR)
> Kz K
34
o e 2
>\.1 (/\.1 v )\.2 ‘)
o ¢
_EBE(x® - P)
By = - -
Az (M - 2F)
K.K
! v/ 4
P4 = ) o\
Mz (M2 - NS
A Qp force A13 acting on stringer 1 at rib, kips

Q2 force Ao0 acting on stringer 2 at rib, kips
R stress~reduction factor to take care of change in

length of cut-out (fig. 4)




XR difference between actual force in Aq (or Ap) at

the rib and the force Q7 (or Qg), kips

a width of net section, inches (fig. 6)
b half-width of cut-out, inches (fig. 6)
by distance from A, to centroid of A, (fig. 2)
bo distance from Ao to centroid of Az (fig. 2)
To t
g 2R e
1 ASOO
TBRtB 3 TlRtl
rg - -
Ap(opy - %)
GCon
e e e
tq thickness of continuous panel, inches (fig. &
to thickness of discontinuous panel, inches (fig. 2)
X spanwise distances, inches (For origins, see
figs. 2 and 6.)
¥ chordwise distances, inches (For origins, see fig. Ra)
‘ ‘ol 5 2 P
Ky© + Ko® -+ \/(Kf + ko) % - 4%R
)\' - o 3
g -
¢ ¢ ¢ 2 R o }
Ky + KB - \[(Kl2 + K2)° - 42
Ao = : =

2




Oy _average stress in the gross section, kips per square
ineh
0y stress in continuous substitute stringer, kips per

square inch

Og stress in main continucus stringer, kips per square
inch
03 stress in discontinuous substitute stringer; kips

rer square inch

Oprip stress in rib, kips per square inch

o average stress in net section, kips per square inch

Ty shear stress in continuous substitute panel, kips
per squafe'inch

To shear stress.in discontinuoué substitute panel, kips
per square inch ‘

Superscripts on stresses denote forces producing the-
stresses. Subscript R denotes stress occurring at rib
station.

Tensile stresses in stringers are positive; If the
center line of cut-out is fixed, positive shear stresses
are produced by a tensile force abting on Ajy.

Simplified Three-Stringer Method

Avprinciple for the effective use of substitute

stringers was stated in‘reference 3 substantielly as fol=-

lows:
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Leave the structure intact in the region of the stringer
about which the most important actions take place, and
replace the stringers away from this region by substitute
stringers. In a panel with a cut-out, the most important
action takes place around the main stringef bounding the
cut-out. In accordance with the foregoing principle, the
three-stringer method is based on retaining the main
stringer as an individual stringer in the substitute
structure; one substitute stringer replaces all the remaining
continuous stringers, and another substitute stringer re-
places all the discontinuous stringers. The three-stringer
substitute structure obtained by this procedure is shown in
figure 2, which summarizes graphically the salient features
of the method. The figure shows the actual structure, the
substitute structure, and the distribution of the stresses
in the actual structure.

The maximum stringer stress as well as the maximum
shear stress occurs at the rib station. The formulas given
herelinafter for the stresses ot the rib station and in the
net section are based on the exact solution of the daiffer-
ential equations presented in appendix A. The formulas
derived from this exact solution for the stresses in the

gross section are somewhat cumbersome and are therefore

replaced here by formulas that are based on mathematical
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approximations of sufficient accuracy for design work
(appendix B). The use of these approximations is the
reason for calling this method the simplified three-
stringer method. |

Stresses at the rib station in the substitute

Sstructure.- The stringer stresses at the rib station are

RC Ao

- = e
“1g ~ O( Ay ) il
B = ol + RCy) (2)

where the factor C,, for a cut-out of zero length, is
obtained from figure 3 and the factor R, which corrects
Cy for length of cut-out, is obtained from figure 4.
For practical purposes, the parameter B appearing in
figure 4 may be éssumed to equal unity. (See appendix A.)
The length factof R depends, therefore, chiefly on the
parameter K;L. This parameter is roughly equal to L/a
for usual design proportions; in other words, the length
effect can be related more directly to the length-width
ratio IL/a of the net section than to the proportions of
the cut-out itself.

The running shear in the continuous panel at the rib

station 1is
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Tipbl = - ORC,AZKy tanh KyL (2)
The running shear in the discontinuous panel at the rib
station is
it K, %
Lo 2« Ofis »es D & g —
TBR 2 Ao D A5 RCO _K (4)

.

in which the factor D may be obtained from figure 5

The stres

(9]

0o and Tg, respectively, and are the maximum stresses s
the panel. The stress 0q reaches 1ts maximum at the
center line of the cut-out. The stress Tq reaches its
maximum in the gross section at the statlon where

.= 02%60‘

Stresses in the net section of the substitute structure.-

es OBR» and T2R are the maximum values of

The formulas for the stresses in the net section are ob-
tained from the exact solution (appendix A). At a dis-
tance  x from the center line of the cut-out, the stresse

in the continuous stringers are

B RC4hp cosh Kqx\
@ =G L O - ———
i ( Al cosh RJ.L

cosh le

=C + RC
02 (1 g cosh K;L

As the length of the cut-out - or, more precisely, the
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length of the net section - increases, the magnitude of the

parameter KlL increases and the stresses 0y and Oy

converge toward the average stress O in the net section.
The running shear(in the net section. is

ginh le
e i = « 0RC A K o —
171 0”271 cosh KqL

and decreases rapidly to zZero at the center line of the

cut-out.,

Stresses in the gross section of the substitute

structure.- The stresses in the gross section can be obtained
from the exact solution given in appendix A, but the for-
mulas are too cumbersome for practical use. A simple ap-
proximate solution can, however, be derived (appendix B)
that gives good accuracy in the immediate vicinlity of the
cut-out and reasonable accuracy at larger distances from the
cut-out, The epproximate solution assumes the differ-
ences between the stresses at the rib station and the
average stresses in the gross section to decay exponentially
with rate-of-decay factors adjusted to give the initial rates
of decay of the exact solutionm.

The stress in the cut stringer by the approximate

solution is

05 = 00(1~ e—rlx)

—
w
e
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The stress in the main stringer is

=X
og = O + {02z = Op)e (6)

[

The stress in the continuous stringer 1 follows from

statics and is

A A
o 3
G i hr gt L B R LR (7)

The running shears in the sheet panels are

ye 25 (g)

]
—

O
S—

Stresses in the actual structure.- By the basic prin-

¢iples of the substitute structure, the stresses in the main
continuous stringer of the actual structure are identical
with the stresses in stringer 2 of the subatitute structure;
the total force in the remaining continuous stringers of
the actual structure 1s equal to the force in stringer 1 of
the substltute structure, and the total Jforce in the cut
stringers of the aetual structure is equal to the force in
stringer S.

In the shear-lag theory for beams without cut-outs
(reference 1), the force acting on a substitute stringer

is distributed over the corresponding actual stringers on
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the assumption that the chordwise distribution follows a
hyperbolic cosine law. Inspection of the test data for
panels with cut-outs indicated that neither this nor any
other simple assumption fitted the data on the average as
well as the assumption of uniform distribution.( TG ale
therefore recommended, for the present, that the stresées
in all continuous stringers other than the main stringer be
assumed to equal 07 and that tﬁe stregses in all cut
stringers be assumed to equal Oz (See fig. 2.) The
validity of these assumptions will be discussed in con-
nection with the study of the experimental data. |

Again, by the principles of the substitute structure,

the

[

hear stresses Ty in the substitute structure equal

he shear stresses In the first continuous sheet panel

(v

adjacent to the main stringer. In order to be consistent
with the assumption that the chordwise distribution of the
stringer stresses is uniform, the chordwise distribution
of the shear stresses should be assumed to taper linearly
from T7 to zero at the edge of the panel (fig. 2).
Similarly, the chordwise distribution of the shear
stresses iIn the cut sheet panels should be assumed to

vary llinearly from 1o adjacent to the main stringer to
Zero at the center line of the panel. Inspection of the

test data indicated that this assumption does not hold very




16

well in the immediate wilcinity of the cut-outs. The dis-
crepancy is of some practical importance because the maxi-
mum stress in the rib depends on the chordwise distribution
of the shear stress at the rib. By plotting experimental
values, it was found that the law of chordwise distribution
of the shear stress T, atb the rib station could be approxi-
mated quite well by a cﬁbic parabola. The effect of this
local variation may be assumed to end at a spanwise distance
from the rib equal to one-fourth the full width of the cut-
out. A straight line i1s sufficiently accurate to repre-
sent the sbanwise variation within this distance (fig. 2).
If the stress To is distributed according to cubilc

law, the stress in the rib caused by the shear in the sheet

°

18
T elor (5 '—‘ ‘
~R 2 17')4:
LA il 2
Ipiv = 4h1p Ll (b J (10)

Modified Twé—Sfringer.Nethod
The two-stringer method of aralysis given in reference 2
is more rapid than, but not so accurzte as, the three-
stringer method previously described. It was found, how-
ever, that some improvements could be made, partly by in-
corporatihg some features of the threé-stringer method,

partly by other modifications.
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The main features of the modified two-stringer method
are summarized in figure 6. The cut stringers are re-
placed by a single substitute stringer; and all the uncut
stringers, including the main one, are also replaced by a
gingle stringer. Contrary to the usual shear-lag method,
however, the stringer substituted for the continuous
stringers is located not at the centroid of these stringers
but along the edge of the cut-out. The substitute structure
is used to establish the shear-lag parameter K, which
determines the maximum shear stress, the spanwise rate of
decay of the shear stress, and the spanwise rate of change
of ;stringer stress. The maximum stringer stress nmust be
obtained by an independent assumption, because a single
stringer that is substituted for all continuous stringers
obviously cannot give any indication of the chordwise
distribution of stress in these stringers. No solutions
are obtained by the two-stringer method for the shear
stresses in the continuous panels, either in the net
section .or in the gross section.

Stresses in the substitute structure.- Throughout the

length of the net section, the stress in the main stringer
is
85 =g [1 + 2R(C - 1)] (11)

where € 1is the stress-concentration factor derived in
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reference 2, Values of C may be obtained from figure 7,
which is reproduced from reference 2 for convenience. It
may be remarked here that reference 2 placed no explicit

restriction on the use of the factor C; whereas the use in

formula (11) of the correction factor 2R, which varies from

2 for short cut-outs to 1 for long cut-outs, implies that

the factor C by 1ltself should be used only when the ﬁet
section is long.

In the gross section, the stress in the main sgtringer
decreases with increasing distance from the rib according

to the formula
o ' -Kx
Oy = O + (ozR - oo)e (12)

The stress in the discontinuous substitute stringer is
g5 G (Y - e~Ex) L
The stress O©7 may be obtained by formula (7) when 0y and
Oz are known.
The running shear in the discontinuous panel- is given
by
‘e -Kx

Toby = - 0 AzE (14)

Stresses in the actual structure.- The stresses in the

actual structure are obtained from the stresses in the sub-
stitute structure under the same assumptions as in the

three-stringer method.
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EXPERIMENTAL VERIFICATION OF FORMULAS AND
COMPARISON OF METHODS
Test Specimens and Test Procedure

In order to obtain experimental verification for the
formulas developed, a large skin-stringer panel was built
and tested. The panel was similar to the one described in
reference 2, but the scope of the tests was extended in two
respects: Very short cut-outs were tested in addition to
cut-outs of average length, and shear stresses as well as
stringer stresses were measured around all cut-outs. .

The general test setup is shown in figure 8. A setup
of strain gages is shown 1n figure 9. The panel was made
of 24S-T aluminum alloy and was 144 inches long. The
cross section is shown in figure 10(a); figure 10(b) shows
for reference purposes the cross section of the panel tested
previously (reference 2). Strains were measured by
Tuckerman strain gages with a gage length of 2 inches.

The gages were used in pairs on both sides of the test panel.
Strains were rieasured at corresponding points in all four
quadrants. The final figures are drawn as for one quadrant;
each plotted point represents, therefore, the average of
four stations or eight gages.

i The load was applied in three equal increments. 1L

the straight line through the three points on the load-stress
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plot did not pass through the origin, the line was shifted
to pass through the origin; however, if the necessary shift
was more than 0.2 kip per square inch, a new set of read-
ings was taken.

An effective value of Young's modulus of 10,16 X 10? kips
per square inch was derived by measuring the strains in all
stringers at three stations along the span before the first
cut-out was made. This effective modulus may be con-
sidered as including corrections for the effects of rivet
holes, -average gage callbration factor, and dynamometer
calibration factor. The individual gage factors were ;

known to be within rercent of the average.
ES »

rb?—l—"

The average stralin at any one of the three stations
in the panel without cut-out did not differ by more than
0.05 percent from the final total average. - The maximunm
deviation of an individual stringer strain from the
average was 5 percent; about 10 percent of the points
deviated from the average by more than 3 percent. A
survey was also made of longitudinal and transverse sheet
strains at one station near the center. The average
longitudinal sheet, strain differed from. the average
stringer strain by 0.05 percent. The average transverse

strain indlcated a Polsson's ratio of 0.323.
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Discussion
The results of the tests are shown in figures 11 to 33.
Calculated curves are given both for. the exact three-
stringer method and for the simplified three-stringer method.
It may be recalled that either method assumes that the
stresses in all continuous stringers except the main stringer

have the magnitude 07 and in all cut stringers, the magni-

tude 0. Because the values of Cq and Oz do not dif-

fer very much for the two methods, the curves for them com-
puted by the simplified method are drawn only once in each
figure.

A qualitative study of figures 11 to 32 indicates that
the stress distribution calculated by the theory agrees
sufficiently well with the experimental distribution to be
acceptable for most stress-analysis purposes - in particular,
the maximur stresses in each panel agree fairly well with
the calculated onses. The most consistent discrepancies

are chargeable to the simplifying assumption that the

Jo

stringer stresses 2re identical in all the stringers repre-

£ 3

sented by one substitute stringer. As a result of this
assumption, the calculated stresses tend to be too low for
the stringers close to the main stringer and too high for
the stringers near the center line and near the edge of the

panel. The fact that the calculated stresses for some of
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the cut stringers are lower than the actual stresses is of
¥Evete practical importance because these stringers would
probably be designed to carry the stress I, rather than
the actual stresses. On the uncut stringers, however,
it may be necessary to allow some extra margin in the
stringers near the main one. Aslide from the consistent
discrepancies just noted, figures 11 to 32 show that the
stresses in the main stringers sometimes decrease spanwise
more rapidly than the theory indicates. It is believed
that this discrepancy also will seldom be of any consequence
in practical analysis.
of parambunt interest to the analyst are the maximm
values of the stresses. The quantitative study of errors
in the maximum stresses is facilitated by table 1. The g
highest stresses occur theoretically at the rib station
but, fér practical reasons, measurements had to be made at
some small distance from this line. The comparisons are
made for the actual éage locations. The calculated values
for the three~stringér method are based on the exact solu-
tion but, in the region of these gapge locations, the exact
solution and the simplified solution agree within a fractiqn
of 1 percent.
| The errors shown by table 1 for the maximum stringer

stresses computed by the three-stringer method are but
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little larger than the local stress variations that were
found experimentally to exist in the panel without cut-
out. Presumably these variations are caused largely by
failure of the rivets to enforce integral action of the
strueture.

The errorsin the maximum shear stresses computed by
the three-stringer method are consistently positive. The
discrepancies are possibly caused by the sheet around the
most highly loaded rivets deforming and thereby relieving
the maximum shear stresses. The_erraors are higher than

those on the stringer stresses and corrections to the

theory appear desirable in some cases. The criterion that

determines the accuracy of the theory cannot be definitely
established from the tests. & rough rule appears to be
that the error increases as the ratio of width of cut-out
to width of panel decreases.

The errors given in table 1 for the. two-stringer
method show that this method is decidedly less accurate
than the three-stringer method for computing mazimum
stringer stresses but that there is little difference
between the two methods as far as the computation of the
maximum shear stresses 1s concerned. A general study
of the two theories indicates that this conclusion drawn

from the tests is probably gernerally valid. It may be
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recalled here that the two-stringer method gives no solu-
tion for shear stresses in the continuous panels.

Comparisons of the maximum observed rib stresses and
the computed stresses are given in table 2. Two values of
computed stress are shown. The smaller value was obtalned
on the assumption that the filler strips between the ribs
and the sheet were efféctive in resisting the load applied
to the ribs; whereas the larger value was obtained on the
agssumption that the filler strips were entirely ineffective.
In figure 33, the chordwise varlation of the observed and
computed rib stresses is shown for three cut-outs. Because
the chordwlse distribution of shear stress 1in each sheet
panel between two stringers 1s essentially constant, rib
stresses computed by forrula (10) will be too small when only
a few stringers are cut. The computed values of rib stress
were therefore determined by calculating the shear sﬁress
at the center of each panel according to the cubic law and
assuming this shear stress to act in the whole panel.

The agreement between calculated and observed rib
stresses is not all that could be desired. The discrepancy

may be attributed to the approximation used for determining
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the shear stresses and the uncertainty of the effective

arsa of the ekl o

Langley Memorial Aeronautical Laboratory,
Nation21 Advisory Committee for Aeronautics,
Largley Fielid, Va,.

25




26

APPENDIX A
TXACT SOLUTION OF THREE-STRINGER STRUCTURES
For a two-stringer panel constituting one half of a
symmetrical structure, the application of the basic shear-

lag theory yields the differential equation

2
L= ok . S
ot BT O (A-1)

which is given in slightly different form in reference-4.
In the analysis of a skin-stringer panel with a cut-out,
a three-stringer substitute structure is used. (See fig. 2.)
Application of the basic equations of reference 4 to a
three-stringer structure yields in place of the single equa-
tion (2-1) the simultaneous equations
d2Tl
Al

9 Klle * Rxtiy & O

acT j i
2 sl ah r
~ Ko 1o + K47y 2.0

ax

On the simplifying assumption that the panel is very long
y £ I P i 7

and that it i1s uniformly loaded by a stress O, at the

far ends, the general solution of the equations (A-2) is

-7’\, X —)\:r)X
Ty = ci€ ™. coe “ (A-3)
e o 2 g 2 2
l\.l e '\'3 ¥ -)\.1_}( \l = )\"2 ->\'OX :
To = \————= Jcje + \————" ] ene “ (4-4)
{ L ¢ &
K= . Kz

in which ¢, and c¢c, are arbitrary constants.
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Because the structure is assumed to be symmetrical
about the longitudinal as well as the transverse axis,
the analysis may he confined to one quadrant as shown in
figure 34(a). The analysis can be simplified somewhat by
severing the structure at the rib and considering separately
the net section and the gross section. The solutions for
the two-stringer structure representing the net section can
be obtained from reference 4. The solutions for the
three-stringer structure representing the gross section are
obtained conveniently by consldering two separate cases of
loading. In the firs$ caée, stresses O, are assumed to
be applled at the far end, &nd the stresses at the rib
station are assumed to be uniform and equal to the average
stress o necessary to balance the stresses Og - The
forces at the rib station sexisting in the stringers are
called the Q-forces (fig. 34(b)) . In the second loading
cése, a group of two equal and opposite forces 1s assumed
to load the stringers 1 and 2 at the rib station. These
forces are called X-forces (fig. 34(c)).

In the net section the boundary conditions are as
follows:
2 =00,

Ty = 0 (from symmetry)
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The substitution of these conditions in the solution
equation (4A-1) yields

x XRK}. sinh Kl}{

;S ty ecosh K;L

- An cosh K1 x
oy P S R e SR T SR R A
- A, cosh k4L

2 XR cosh le

3
O =
&

o et e e on

As cosh KqL

The superscript X Indicates that the stresses are

caused by the action of the X-forces. In order to

the total stresses, the average stress 0 rmust be a
X ~n m 3 A

to g,* or- 05" "he shear stress Ty is the to

-~

of

(A=5)

(A-7)

those
obtain
dded

tal

stress because the uniform stress ¢ 1s not accompanied by

O

Vihen the Q-forces are espplied the gross sect

the boundary conditions at x = 0 are

Q Q
1 . 79 et
01:}:-:0 02:1—:0 0'3::

i b2

ion,

0
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Applying these condltions to equations (A-3) and (A-4) gives

the following solutions for stresses:

Q‘f -?\. -}\.
e % (e o

(A=9)

o 2\ S
a. % ‘:Pz@l e e P4<Kl - 25%) -hgx-]
= — e - - e
Ky Kx

AT

' & 780 B v
OlQ 8 T? X% e B T% e v (A-10)

oY ——

2 o TR 4o /’2 2\
Q P,‘ t, (X2 - i LB 2 = N5 -k/l
Q_O_ +__:’_ = Y 4,<1 j le___E_ 2l Eotle oX

e 2[Pn E° - M) o~Mx_ 4 (2 - 2% "»J\z]

o ¥ Aaty Xy Kz AT Ka

The superscript @Q indicates that the stresses are those
caused by the action of the g-~forces.
The boundary conditions due to the application of the

X-forces are, at x = 0,

X X
R R
Gl':..K-i- 02':::1\—5 0320

and the corresponding equations for stress are

Zeo [0 AeX

; R -/ ~Aox
X = [ @ ¢ F)eT T - (B + Py 2] S
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|
|
|
‘ |
‘ |
\ |
! 1
] 2i% _‘f}_{ (Py + Pp) (32 - }\12) Mx (Pt Bg) (5% - P ;-Kzﬂ |
\ i l K3 oy : .- P ‘KS“ g B (
| : P g o ' e |
X P +%p 737 +'p : el
[ o,*{ T - . ""“"“""( - 3 2/ »e"}\IX - &u x: 4—) e ho¥ (A-12) |
/ + b1l M . 2 L |
J : r p e /, o : 2‘. ‘
’ x _ Xg J(P1 + Pa) b2 (K1 ~ M%)t ~Mx |
| g :Kgi Ry o 1.- t1kz : |
I b |
J B + P} o 5 <y 2 % SAEE "I ‘
Gully b T 2 o FRAT oY o ) | R |
ML F1¥y J, |
‘ O D (A G R G ) -’\zﬂ A
’ i AS'CI ‘ }\-1 I'\LE i 2 Krz J ‘
r '
( 'If the shear strains in the net se-ctioﬁa'\aiz_dd"- J.n the ‘
J gross svectiorl,. .whﬁ.‘crﬁh are determined from equations (A-5), L
‘ (2-8), and (4-11), are equated at the rib, the following. . |
‘ relationship beiween Xp- and Qe results: |
o B \Fy * Dg - 03 - By + Kp tanh Kj_L/"‘z “"lv"). 7 |
For ths cut-out of zero length, L = 0, - eciuation (_A—l&) g
’ meducss Lo 3 /
I«:Jg
} g = 1/ g P ’QQ = CoQg
B 3"’. i 1..1 K - %1 1/ -
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For any length of cut-out,.
Xg = QgC, 3 = QoCyR
4\ — ) = I
RN T T
where
/ B © iR F o GR
5= ¥ I
Q = 22 AN
\/1’1‘* + Kp® + 2F - 22
Ky
Values. for - Cq. can be obtained, from figure. S, In

Tigure. 4, the factor R  1s plotted for various values of
KL and B The value of B may be assumed equal to
unity with little loss in accuracy in the determination of
stresss but, 1f a more exact solution is desired, the actual

value of B may be computed and the curve in figure 4 cor-

responding to this value used.
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APPENDIX B
SIMPLIFIED SOLUTION OF THREE-STRINGER STRUCTURES
The solutions for the stresses in the gross section
given in appendix A are too involved for practical use, and
a simplified method was developed. This method assumes

that the differences between the values of OgR, o and

3R’
T2R, obtained by the exact solution, and the corresponding
average stresses in the gross sectlon decay exponentially
with fate-of—decay factors adjusted to give initial rates
of decay equal to those of the exact solution. These
ratés can be written simply in terms of the stresses at

the rib and the properties of the panel. The solutions
for' 047 and 7Ty are then derived from the solutions for
Op and O0Ogzg.

If it is assumed that the stresses in the cut stringer

can be expressed by

then

40 Tato

) L& 3 i »
Az - A,’S = OOIle (B 1)

Therefore, at x = 0O,
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The stress in the main eontinuous stringer can be

approximated by

“roX
Oy = 0y + (02 - oo)e e

which yields

do,

o ~ToX
el -&UQR - Gq)rze 2

(B-2)

but, from the shear-lag theory,

do Tak Tote

2 il = 22 -TYoX
— + D - (o‘ - 0 ) Tre 2
ax Ag Ag At O:

Therefore, at x = 0,

r TT e e -
e AQ(QZR < Op)

The value of 037 can be obtained by statlies from Op

and Oz and is

A A3
O1.7 Oy + 5= (O, = Up) + vy (Op = 03) (B-3)

If the value of T, 1is assumed to decay exponentially,

then
-I'Sx

and_

-'1"5}(

but, from the shear-lag theory,

dr
. 1l o
gr M (95 =~ 8g) = Mg pee
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Therefore, at x = 0,
Go
re = ___jiﬁ_
5_-' T e
Ebg 2R
The shear stresses in the continuous panel can be
determined from the rate of change of 0j. From the shear-

lag theory,
g R

;R (B-4)
Differentiation of formula (B-3) yvields
= Sl Ay dx Ay do i

Subetitution of the derivatives (B-1l) and (B-2) already
obtained in (B-5) gives

ao A A

Iy S L e B -rix
¢ S ?ZR - GQ)re & - ey CoTrie , (B-6)

Finally, substitution of (B-6) in (B-4) yields

x =oX
b TR

\

Tltl = T2Rt26~
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APPENDIX C

TUMERICAL EXAMPLE

Analysis by the Exact Three-Stringer Method

The structure chosen for the numerical example is the

16-stringer panel tested as part of this investigation.

The particular case chosen is the panel with eight stringers

cut and with a length of eut-out equal to 30 inches. This

cut-out is the
of the panel 1

&1y 89 in,
a2, =5q in.
A%, ag An.
Bl e .

e B &

one shown

8 shown in

" ¢ e
.
& ¥ % e e

¢« * e a8 e

in figure 8. The cross section
figure 10(a). The basic data are:

s | D PO

R e moe . . of S Qe B
HF T RS S S S ol 0
AR R e S 0RDE S
e . ST SR 8 R o
T R o m L @S 5.96
.  / L] . . L] . . . . . . . . 7.56
& e e e o E Al 15.0

These data yield the following values:

=
E |
l

K4 =

It

0+01295
0.00944

= 0.00995

0.00785
0.00664

From these parameters follow the factors for the rate of

decay, which are

K12 + Kp2 + |/ (1% + K,2)% - 4%°

T

" =429
)\,1 > c -
ML T [t 8 2\° =2
/ K1° + Ko - V(&% + K°)° - 4K
Mo = : = 0.046"7
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The computations of stress may more easily be made in

terms of the constants Py, Pg, Pz, and P4, the values

o

of which are

K.2(K.2 =~ Ap® bl
py = 21 27) _ 0.012895(0,01295 = 0.00218) _ . osss

> %N {1 N0 - 2 2 )
Kl(xlz i K22> 0.1421(0.02021 0.00218)

KzXy 0.00995 X 0.00785 :
P2 = A 2.5 0.1421(0.02021 - 0.00818) _ e
1 (M- A7)

2 (1.2 2) >
~hga 12 (82° - M) _ 0.01295(0,01295 - 0.02021) _ . A
p— e I =\ e
3 KQ<K12 3 K02> 0.0467(0,02021 - 0.00218)
“~ ~
Kz¥y 0.00995 % 0,00785
e = 5 et = 0,0927
halhg® ~ Ao®) 0.0467(0.02021 - 0.00218)
The reduced stress-excess factor is
Byle 2
RC - e 5 ~
© P, + Py, - Pz - P, + Ky tanh KqL
l .L“'_B ':7) 4 J.x_L v 1 4 >.l
- 0.0927 = 0,0305 =0.296

0.0545 + 0.0305 + 0,1117 ~ 0,0927 + 0.1065

With a force of 7.5 kips acting on the half panel,

750

1.960

Be = = 3.82 kips/sq in.




37
and
o [ 5.
0 = =~ == = 8.21 kips/sq in.
5o = 8.21 kips/sq in
< Therefore,
Zg Xp = RC.04s = 0,296 % 8.21 x 0,212 = 0,514 kip
Stressas in the net gention.~ The shear stress 1ln the

~

gubstitute vanel of t..3 rev sec:lon is found by equation (A-H

ARY = sinh le

1 ¢cosi KlL

0.514 X 0,1138 sinh 0.1138x
0.0831 cosh 1.707

= - 0.620 sinh 0.1138x

-

At the rib station, x = 15.0 and
Tip = -0.620 sinh 1,707 = -1.65 kips/sq in.
The stringer stresses are found by substituting in

equations (A-€) and (A-7) and adding the average stress

B s B SO KR spg o DaBld cosh Oyl LRk
L™ .7 &y eosh KqL  "F" T 0703 posh .00

2 8.1 = 0.287 coah 0.,1158%

fﬁ cosh Llf'

< & 91 % 0.514 cosh 0.,1138x
1'12 cosh KlL R e Q.212 eosh 1.70%

=ER/NNNEE O B850 ensh O 158




38

The maximum stringer stress occurs in the main stringer at
LS Pibe . X = .16, The nearest gage location was at

x = 183.5, where
Qo = 8.21 + 0.850 cozh 1.536 = 8.21 + 2.05 = 10.26 kips/sqin.

Stresses in the gross section.- The stresses in the

gross section are obtained by adding the solutions for the
stresses due to the X- and Q-forces. The shear stress in
the continuous panel is obtained by adding equations (A-8)

and (A-11). The'final solution thus obtained 1is

6-0.0467X

At the rib station, x = 0 and
T1, = 2.92 - 4.57 = -1.65 kips/sq in.

This wvalue of TlR checks the one previously obtained
for this same statlion in the net section.
Substitﬁting the constants in equations (A-2) and (A-10)
and combining gives
- -2 K T AAe "7
T = 2,136 0.1421x 34 oek 0.,046%7x

At x = 1.50, the point of maximum observed shear stress,

To = (-2.13) (0.809) - (4.95)(0.931) = -6.33 kips/sq in.
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The stress in the continuous substitute stringer is
found by combining equations (A-10) and (A-12). The

final result is

- =0,0467x

- 74 .
O..A.L.LZIX._’_. 4.6%e

61 = 3,82- 0.97e

Similarly,-the sitresses in the main stringer and in

the cut stringers are found by adding the proper values of

thefX-_and‘Q—stresses., In the main stringer,
Op, = 3.82 + 5.5 é"b‘1421xi+ 1.é6é"o‘0467x
and; in the cut striné&rs,
6, = .02 v O.doe TMIBIR L 5 nge 0 0RETE

.. Plots of ‘the computed stresses in the panel for this
cut-out are shown in figures 22 and 30. . .
Analysis:-by the Approximate Three—Stringef Method

The baslc data are the same as for the exact three-

stringer method. Compute

(_\1’ 2 .
K1%K2®  0.01295 x 0.00944

= = 146
hiska .. 0,00996 % deo0¥es . ~1%°°
——’-- ' ¢ - . ‘i . ’

K__ 0.00684 _ ) ./

Ko  0.00944

From figure. 3,

Co = 0.600
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‘ From figure 4 for Bely R 1.707 and the exact value of
| B= 1,10, there is obtained R = 0.492.
‘ The stresses in the continuous stringers at the rib

are, by formulas (1) and (2),

o 21[& - (0.492) (0. esoo)(_O 705)] = 7.48 kips/sq in.

Ogg = 8.21[1 + (0.492)(0.600)] = 10.63 kips/sq in.
. |

The running shear in the continuous panel at the rib
is, by formula (3),

TlRtl = ~8,21 X 0.492 % 0,600 X 04212 % 0.1138 tanh 1.707

-0.0547 kip/ir.
The maximum running shear in the cut panel is computed by

formula (4). The value of D 1s obtained from figure 5;

with K = 0.00664 and K;° + Kg° = 0.02239, D = 0.189
and
|
2 0.00785 5 0.01295

| = -0.234 kip/in.
TgR =& o = 2708 kips/8q in.

} The stresses in the net section are computed as for
the exact solution.




The rate-of-decay factors for the stresses in the gross
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section can now be computed

Tegbe

kil A;";Go
Tohe > T

I'z = 5 an

kg (%2g = %)

G1%,

1”3 - r"‘ =

EbQTdR

3.82 X 1,045

o L eOaRa e DLGRE L L

0,212(10.63 = 3.82)

0,380 x 10.63 _ =
ke el 0.0755

The stress in the cut stringers by formula (5) is

z.82 (1 - e=0+0887x)

and in the main stringer by formula (6) is

o)

3

L0128
B2 & EaDBe  HAEDOX

The stress in the continuous stringer can be found by

formula (7).

The running shears are, by formulas (8) and (9),

-0.08687x -0.1218x
11ty = -0.2340 09987 L o 1706 i
-0,0755x%
T,t, = =~0.354e A
At x = 1.50, the point of maximum observed shear stress,
Toto = =0.234 X 0.893

~0+209 kip/in.

I




""i‘}'t_lll o ‘ut n| ; L E
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In the net section the stringer stresses are assumed to
be constant and equal to the stresses at the rib. For the
gross section, by formula (12), the stress in the main

stringer 1s’

Op =,3,88 + 6,03e70¢0°85%

and, by formula (13), the stress in the discontinuous
stringers is )
Oy = 3.82<i " e-O.OSBEX)
The stress in the continuous stringers may be found by
usihg formula (7).

The running sheay in the cut panel is,by formula (14),

fgte = «5,82 % 14045 % 0,0585¢~" 0288
— _0.2346-000585X
At x = 1.50, the point of maximum observed shear stress,

Tote = ~0.,0234 X 0,916

& <0294 W¥ip/in.

and

g0 50 0.214
= 1T e 5

~6,47 kips/sq in.

]
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TABLE 1 =,
S
COMPARISON OF OBSERVED AND CALCULATED MAXIMUM STRESSES b
"
! Stringer stresses Shear stresses
gNumber of} Half= | Load Observed Three-stringer Two-stringer Observed Three-stringer Two-stringer
| stringers|length | on maximum solution solution maximum solution solution
{ cut-out| panel stress Calculated Error Calculated Error 3ineen Calculated E TR
; W ¥ rror Calculated Error
%Total Cut{ (in.) | (kips'|(kips/sq in (kips/sq in.)| (percent)| (kips/sq in.)| (percent) (kips/sq 1in.) (xips/sq 1in.) |(percent) | (kips/sq in.)|(percent)
1 a) (a) (a) a
E 16-stringer test panel, length = 144.0 in.
l
f
t 16 & 1.5 15.0 6.82 7.02 2.9 7.76 13.8 -2.97 -3.91 31.7 -3.85 29.6
{ 16 4 1.5 15.0 8.69 8.86 1.9 8.52 -2.0 -4.19 -5.03 20,1 -4.71 12.4
16 6 1.5 15.0 10,71 10.49 -2.1 9.50 -11.3 -5.34 -5.90 10.5 ~5.47 2.4
16 8 1.5 15.0 13.20 12,33 -6.6 10.90 -17.4 -6.55 -6.68 1.9 -6.47 -1l.2
16 8 8.0 15.0 11.00 10,63 -3.4 10.00 -9.1 -6.00 -6.40 6.6 -8.47 7.8
16 8 15.0 15.0 10.37 10.26 -1.1 9.85 -5.0 -5.90 -6.33 7.4 -6.47 9.7
| 16 10 15.0 15.0 13.30 13.14 -1.2 12.80 -3.9 -7.20 -7.62 5.9 =7.73 7.4
16 12 15.0 15.0 19.61 19,34 -1.4 19.43 -.9 -9.41 ~9.7 3.9 -9.80 4.1
15-stringer test panel, length = 141.6 in.
5] % I 8.3 8.94 3.56 3.67 3.2 4.60 29.5 | esea- ————- Swse 1. S o i
15 3 8.3 8.94 4.74 4.78 .4 5.19 9.5 | e-=a- ————— o T R T kot
15 Sij "pe3 8.94 5.82 5.71 -2.0 5.72 =1.7 | mmee= | emaaa bt L il mesme E=se
15 TR oeata 8.94 7.08 6.79 -4.1 6.70 5.4 | ec=e- ——— e | =me=- S——=
15 9 8.3 8.94 9.02 8,36 -7.3 8.23 “8.8 |  me=ea | eeea- weTety il Emames Sema
15 |b9 8.3 10.85 5.83 5.92 1.5 6.31 8e2 | swmmm | eseee e T ~=c=
7- and 8-stringer test panels, length = 62.5 in.
i/ 3 5.0 20.0 18.85 18.39 -2.4 21.40 13.5 19.20 19.70 2.5 19,40 1.0
7 3 5.0 20,0 29.40 27.95 -5.3 29.00 -1.4 12.40 12,80 352 13.50 8.9
8 2 6.0 20.0 20.25 19.21 -5.4 21.30 5.2 16 .80 19.70 17.3 19.80 17.8
8 4 5.0 20.0 30.60 27.91 -8.8 29.60 =33 8.60 10.60 23.3 10.20 15.7
Average of absolute errorsg for all tests
|
l 3.4 8.3 19552 9.8
aErr " Calculated - Observed
o Observed X 100.
o
b 6]

Area of main stringer increased.
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TABLE 2

COMPARISON OF OBSERVED AND CALCULATED MAXIMUII RIB STRESSES
[Load on panel, 15 kips|

. AE. -LaJ. X
o Number of stringers{Half-length Observed b;%;gécézd
i - 4 cut-out stresses (%iis/é; L
¢ Total Cut (in.) Clelps/sq tn Tt psl e
A (a) (b)
16 = G A 1.57 D5l 1.48
16 i 1.8 2.20 25.29 | h.o4
16 6 1.5 2,73 4.42 I B.60
16 8 1.5 2.89 5.73 | 3.38
16 8 8,0 4.30 i O e
16 8 15.0 4,77 2.28 | 2.88
L6 10 5.0 5.49 4,48 | 3.94
16 12 15.0 6.75 6.49 | 5.70

8Filler strips ineffective.

bpsiier strips effective.
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Fiqure 2.~ Stress distribution around cut-out by three-stringer method.
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Figure O-Stress distribution around cut-out by modified two-stringer method.
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NACA

Stress, o, kips/sqin.

> Figs. 10,11
0987 t=.033l 720
I . e T i P PRV
r— T i i3 T T b
7@ 3.125=21.875 ~—1.56
(@
¢ parel
100 = (0266 75l
}—._J: ol R e SR
r— f U R s T
| 7@25=17.57
(b)
(@ 16-stringer panel.
(b) 15- stringer panel.
Figure 10.- Cross sections of test panels.
—— Exact solution  --—— Simplified solution

D

& BV

H» o o

( by fhree-stringer method)

T 5 20 25 30 3%
Distance from center line of cut-out, in.

Figure 11 ~Stringer stresses in Bsiringer panel with 1 stringer cut and L =8.3inches.
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Stress, o, kips/sqin.

—=——— F¥ael solution

Fig. 12

———— Simplified soluﬂon} Eop e R hacE e

‘.
e onc. L o R8s AT
I._
-
- 5 @
|
L O —e&t—
I \\\1___N____ B
! I e

i /

|
| !

| [ 1} 1 ! | L !

0 %) IC 15 20 D 30 35 40

Distance from center line of cut-aut, in.

Figure I2.-Stringer stresses in I5-stringer pana! with 3 siring=rs cut and L=83 inches.
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Stress, @, kips/sqin.

Fiaurel3-Stringer stresses in P-stringer panel with B stringers cut and L=83 inches.

Fig. 13

— Exact solution

_____ Simplified solu’rion} by three-stringer method

B o
R 1

o)

0 - e e

0L A1 : 2 1 . i 1 1 | {1
0 5 i0 5 20 25 30 35 40
Distance from center line of cut-out, in.
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Stress, o, kips/sqi.

Fig. 14

Exact solution T o e
“““ Simplified solufion [~ Bl

A O o
1)

©

Q o

o 5 20 25 30 35 30

Distance from center line of cut-cut,in.

Figure 4.~ Stringer sresses in B-sfringer panel with 7 stringers cut and | =8 3inches.
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Stress, o, kips/sqin.

Fig. 15

E xact solution

_____ e soluﬁon} by three-stringer method

>
-1-
O//

(@]

o ™ H
s o N &
s
(0]
©
o
o]

n

o

o N N

o NP

2T e T R e S

el - o o] i} o 1 5 | | I} 1
5 10 5 20 25 30 35 30
Distance from center line of cut-out, in.

FigureD.-Stringer stresses in P-stringer panel with 9 stringers cut and L=8 3inches.
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Exact solution
_____ Simplified solution

L-368

} by three-stringer method

o ~n S o
i §
/

S o ey
I
J

Stress, o, kips/sqin.

40"

0 4L —

40k

0 4L

0]
© 1 )

2 | 1
. R 0 b 20 25 30 3% %
Distance from center line of cut-out, in.

Figure |6~ Stringer stresses in I-stringer panel with 9 stringers cut and L=8.3 inches.
Heavy main stringers.
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Stress, o, kips/sqin.

1

6

Fig. 17

E xact solution

————— Simplifled soluﬁon}by three- stringer method

no
-

o v » o

——p————

N

& o
el e s Sl e

——

1 | | | l | s Il

5 0 5 86, 47 25 30 35 40
Distance from center line of cut-out,in.

®
Figure|7.-Stringer stresses in 16-stringer panel with & stringers cut and L=ISinches.
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Figure 18.- Stringer stresses in10-stringer panel with 4 stringers cut and L=15 inches.
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Figure 19.- Stringer stresses in 16-stringer panel with 6 stringers cut and L=|5 inches.
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Figure 20-Stringer stresses in 16-stringer panel with 8 stringers cut and L=15incnes.
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Figure 21-Stringer stresscs in 16-stringer panel with 8 stringers cut and L=80inches.
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Figure 22-Stringer stresses in 16-stringer panel with 8 stringers cut and L=150inches.
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Figure 23-Stringer stresses in I6-stringer panel with 10 stringers cut and L=50inches.
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Figure 24-Stringer stressesin 6 stringer panel with 12 stringers cut and L=H0incres.
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Figure 25-S1ear sfresses in 16-stringer panel with € stringers cut and L=15inches.
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Figure 26-Shear stresses in I6-stringer panel with 4 stringers cut and L=15incres.
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Figure 8-Shear stresses in 6-stringer panel with 8 stringers cut and L=15inches.
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Shear stresses in 16-stringer panel with 8 stringers cut
and L = 8.0 inches.



&0; NACA Fig. 30
o\
A
——Exact three-stringer method
————— Simplified three-stringer method
——Modified two-stringer method
_Z i
O (0] —0 G
2L
|
2 L :
/ﬂ Q
0
| a |-‘
\ s |
3
N
: 2 ik
o
a0
Q
| C’;:) N ° \
L S
I : \\\.
Eog = \\\\\\
i R i =
| g - S
_Z = &
| e o
2 I J)\O\
(o]
0-4
-2 =
0 = 1 . 1 | | ) |
0 5 o 5 ) 2b 30 35 40
. Distance from center line of cut-out, in.

Figure 30-Shear stresses in I6-stringer panel with 8 stringers cut and L=5Qinches.
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Figure 31 .-Shear stresses in 16-stringer panel with IC stringers cutand =50 inches.
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