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Al ATALYTICAL INVESTIGATION OF THERMAL-ELECTRIC
MEANS OF PREVENTING ICE FORMATIONS
O A PROPELLER BLADE

By Richarda Scherrer
SUMMARY

Thermal—-electric means of preventing ice formations on
a propeller blade have been investigated and a theoretical
basis for the continued development of thermal-electric
blade shoes is provided.

A method is presented that can be applied to the design
of thermal-electric blade shoes for any propeller or rotor,
and an optimum heat distribution is determined for a propel-
ler blade,

INTRODUCTION

The design and development of suitable thermal ice-
prevention equipment for aircraft propellers have been under-
taken as a part of a general research program concerning ice-
prevention equipment for aircraft,

The National Research Council of Canada has conducted
flight tests, under natural icing conditions, of propellers
equipped with electrically heated blade shoes (reference 1),
These results formed the basis of the preliminary blade-shoe
designs used during flight tests conducted by the NACA in
the vicinity of Minneapolis, Minn., during the winter of 1942~
43 (reference 2), The blade shoes tested by the National
Research Council of Canada and the NACA consisted of a layer
of neoprene serving as thermal and electric insulator bondoed
to the propeller blade with an outer layer of electrically
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conductive neoprene bonded to the insulating layer. (See
fig. 1.) The power was supplied to these blade shoes through
radial wires between the neoprene layers at the rear edges

of the shoe. Flight tests with electrically heated propeller-
blade shoes reported in references 1 and 2 have established
the practicability of protecting propeller blades from ico
formations by thermal-electric means. The data of references
1 and 2 indicate that the power required for ice prevention
may be excessive for certain applications, although suffi-
cient power for some degree of ice removal may be provided
readily. The analysis reported herein provides a rational
basis for establishing thermal-electric propeller-blade-shoe
designs,

SYMBOLS

The following symbols have been used in this analyeis:

A aspect ratio

B nunber of propeller blades

D propeller diameter, feet

J work equivalent, 778 foot-pounds per Btu

Nua boundary-layer Nusselt number based on the laminar
boundary-layer thickness, h§/k

2! normal pressure coefficient on airfoil section

B normal pressure coefficient due to the additional 1lift
distribution

Py normal pressure coefficlent due to the basic 1lift
distribution

P. reference profile pressure coefficient

Q heat quantity, Btu per hour or watts

R propeller radius,'feet

R, Reynolds number based on blade chord, Vgpc/v
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Reynolds number based on leading-edge diameter, VRd/v
rate-of-icing ratio

area, square feet (unless otherwise noted)

temperature, degrees Fahrenheit

temperature rise due to aerodynamic heating, degrees
Fahrenheit

velocity Jjust outside of the boundary layer, feet per
second

maximum local velocity, feet per second

local velocity due to airfoil shape, feet per second
forward velocity of propeller, feet per second

resultant velocity of the blade section, feet per second

local velocity on the reference profile, feet per second
(7]

local velocity at the laminar separation point, feet
per second

water content of the air stream, pounds of water per
eubie foot of air

slope of the 1ift curve for any blade section

slope of the 1lift curve at infinite aspect ratio
chordwise distance through which heat is conducted, feet
blade chord, feet

propeller-blade section 1lift coefficient

additional section 1ift coefficient
basic section 1ift coefficient

specific heat of air, Btu per pound, degrees Fahrenheit




NACA ACR No. 4H31 4

specific heat of water, Btu per pound, degrees Fahrenheit

leading-edgs diameter, feet

acceleration due to gravity, 32.2 feet per second per
second

heat~transfer coefficient, Btu per hour, square foot,
degrees Fahrenheit

thermal conductivity, Btu per hour, square foot, degrees
Fahrenheit per foot

distance from the edge of an ice layer, feet
distance normal to blade-shoe surface, feet
propeller speed, revolutions per second

absolute value of the ratio of the slopes of a double-—
roof velocity profile

heat per unit area, Btu per hour, square foot or watts
per square inch (as noted)

blade station radius, feet

chordwise distance along the airfoil surface from the
stagnation point, feet

thickness, feet
distance along the airfoil chord line, feet
helix angle, degrees

helix angle at 0.75R at (VO/nD) degrees

max’
angular velocity of the blade, radians per second
angle of attack, degrees

angle of gero 1lift, degrees

blade angle measured from the plane of rotation, degress
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laminar boundary~layer thickness from the surface to
the point at which V = 0.707 Vp, feet

heat-transfer characteristic length for a turbulent
boundary layer

turbulent boundary-layer parameter
blade angle at any radius, degrees
blade angle at 0.75R at (V,/nD)p,y, degrees
kinematic viscosity, square feet per second

ice~thickness parameter

Subscripts

I

L

insulation

lower surface of the blade

upper surface of the blade

blade

blade root

1ce

laminar-separation point

blade tip

leading edge of the blade shoe

rear edge of the blade-shoe conducting layer
trailing edge of the blade

blade surface aft of the blade shoe
blade shoe

conducting layer

blade~element radial cross section
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stag stagnation-pressure region

0 ambient air

1 a point on the blade or shoe surface
2 a point in the blade shoe

0.75 r/R = 0.75

+ positive values of 1

- negative values of 1

METHOD

An optimum design of a propeller-blade shoe should pro-
vide equal protection to all points on the bladé-shoe surface
at the design conditions and have the minimum permissible
total power input. The method of analysis presented herein-
after is general in scope and can readily be applied in the
design of an optimum blade-shoe arrangement for any propeller
or rotor bhlade.

In this analysis the blade shoe is considered to extend
radially from the propeller-blade root, station (z/R)y, to

the propeller-blade tip, station (r/R),, and chordwise from
the blade leading edge, station (s/c),, to station (efe).

on bosth the upper and lower surfaces of the forward portion
of the blade. (See fig. 1.,) Heat is considered to be ap-
plied to this portion of the blade while the after portion,
extending from station (s/c), to the propeller trailing edge,
station (s/c)y, is neither heated nor covered. The blade

shoe is considered to be comprised of an inner layer, adjacent
to the propeller-blade surface, cf an insulating rubberlilke
material of thickness +t1 overlaid with an electrically con-

ductive layer of similar material of thickness tei1. The
use of an additional thin layer of insulating material over
the conducting layer to inecrease the resistance to abrasion

will not be considered in the analysis; however, the effect
of such a layer can be determined readily.

Ice protection may be accomplished by two different
processes: (1) ice can be prevented from forming, and (2)
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ice can be removed periodically in thin layers. To provide
for ice prevention on propeller blades, it is necessary to
supply sufficient heat to maintain the temperature of the
blade~shoe surface above 32° F in any atmospheric condition,
Protection by ice removal can be effected by providing suffi-
cient heat t0 raise the blade-shoe surface temperature above
32° F only after ice has formed. It can be seen that the
removal process involves thermal economies by utilizing the
insulating properties of ice to reduce the convection losses
and to obviate the need of supplying the heat of fusion and
the heat of evaporation,

The total power required for either ice prevention or
ice removal is dependent upon the atmospheric conditions, the
propeller-operating conditions, and the propeller design, and
may be expressed as the summation of the heat required to
prevent or remove ice formations on the propeller~blade~shoe
surface and the heat lost through the after or uncovered por~
tion of the propeller bhlade, The heat required to prevent or
remove ice on the blade-shoe surface Qbs is the summation,

over the radial and chordwise extent of the blade-shoe sur-
face, of the values of unit heat (heat per unit area) re-
quired for the prevention or removal of ice at each point on
the blade-shoe surface Apge Likewise the heat loest through

the after surface of the propeller blade Q,, is the summa-

tion, over the radial and chordwise extent of the uncovered
portion of the propeller vlade, of the values of unit heat
lost at each point on the after portion of the blade q .

The unit heat required to prevent or remove ice at each
point on the blade-shoe surface gqpg is dependent upon (1)

the surface heat-transfer coefficient, (2) the water content
of the air stream, (3) the ambient-air temperature, and (4)
the resultant velocity and effective angle of attack of the

propeller~blade section, The unit heat loss - B at each

point on the after surface of the propeller blade is a func-
tion of (1) the surface heat-transfer coefficient, (2) the
ambient-air temperature, (3) the thermal conductivities of
the propeller~blade and blade-shoe materials, and (4) the re-
sultant velocity and effective angle of attack of the
propeller-blade section,

The method of analysis which follows is therefore con-
cerned with the determination of these various factors which
are necessary to evaluate q, and gq,  and thereby effect
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a solution for the total power required and for the optimum
heat distribution for the specific application,

Determination of the Surface Heat-Transfer Coefficients

The subject of heat transfer from airfoils has been
widely investigated and several approaches t0o the subject
have been developed. Since each section of a propeller blade
is essentially an airfoil section, the method of determining
the surface heat-transfer coefficients of an airfoil section
has been utilized in the solution of the surface heat-trans-
fer coefficients of a propecller blade.

The surface heat-transfer coefficients of an airfoil
section are dependent upon the physical characteristics of
the airfoil boundary layer, and therefore its determination
requires a knowledge of the location along the airfoil sur-
face of the point of transition of the boundary layer from
laminar to turdbulent flow as well as of the boundary-layer
thickness along the airfoil surface.

Propeller-blade section velocity distribution.- Since
the extent of the laminar boundary layer for a specific air-
foil section - or, as in this analysis, a specific propeller-
blade section - is dependent upon section velocity distridu-
tion, one of the first steps in the determination of the
propeller~blade surface heat-transfer coefficients is the
determination of the velocity distribution for the propeller-
blade sections under consideration. The velocity distribu-
tion for any propeller-blade section is determined by the
1ift coefficient and angle of attack at which that blade
section is operating. The angle of attack of each propeller-
blade section can be written as the difference between the
blade angle and the helix angle at the blade station consid-
ered,

a =8 -0 (1)

and the 1ift coefficients for each propeller-blade section

can be determined by correcting the section lift-coefficient
curves for the effeet of finite aspect ratio, The effective
aspect ratio for each blade section can be obtained from the

following equation:
e

5 (2)

J i
mag R AT ; s rZQa

A

O
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which is developed in reference 3, and in which

From the effective aspect ratio, the correct lift-curve
slopes can be computed by the equation

a = 29 (3)

ag X 57.3

1 +

mA

and the correct 1ift coefficients obtained by the relation

ey = ala - ay,) {4)

If the 1ift coefficient and angle of attack are known, the
velocity distribution over each propeller-blade section can
be determined by the method of either reference 4 or 5.

Laminar boundary layer.- The extent of the laminar
boundary layer is a function of the blade-section velocity
distribution and the boundary-layer Reynolds number. For

the purpose of this report, the boundary layer will be con-
sidered laminar from stagnation to the laminar-separation
point and then turbulent to the trailing edge. The method
of locating the laminar-separation point is developed from
the theory by Von Karman and Millikan (reference 6). 3By
expressing the relation of reference 6 in the nomenclature
of this report, the following cquation is obtained:

v 2
=[1—-p(X-— 1)] (5)
M

ui

|

<

in which X 1is equal to 8g of reference 6 and is explic-
itly defined therein, The absolute value of the ratio of
the slopes of the double-roof velocity profiles, which are
drawn to apnroximate the actual velocity profiles, is p

and the curve for Vg /Vy as a function of p 4is plotted in

figure 2.
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The heat transfer in a laminar boundary layer is shown
in reference 7 as being dependent on the boundary-layer
Nusselt number and is a function of the boundary-layer thick-

ness & and the thermal conductivity of air k. In the re-
lation

hd

—k—— = NU.S (6)

Nug 1is a function of the shape of the boundary-layer

velocity profile and Prandtl number and has a value of 0.765
for the Blasius~-type boundary-layer velocity profile for air.
Experiment has shown that, over the forward portion of an
airfoil where a favorable pressure gradient exists, the
Blasius-type boundary-layer velocity profile is closely ap-
proximated. At points on the surface of a body downstream

of the minimum-pressure point, a laminar boundary layer ex-
hibits a tendency to separate. Since the velocity gradient
at the surface decreases as separation develops, the value

of Nug must diminish un%til at the separation point its
value is zero. It is considered that reducing Nug 1linearly

from the minimum-pressure point tc the separation point will

satisfactorily approzimate the actual casz. Accordingly, in

the analysis of this report Nug has teen considered tc have
a constant value of 0.765 from the stagnation-pressure region
to the minimum-pressure point (maximum velocity) and then to

vary linearly to zero at the laminar separation point.

The laminar boundary-layer thickness at any point s,,
as used in reference 7, is given by the equation

r Bel?7 e |

T . 3
2 [l (= ‘1(‘2‘

82 6 56 s, /e > 0 N'R \ 1 (7)
Re VI/VR 8.17 |
Vl\ o S !
VR/ C \
which can be changed to the form
s,/c

§ = [5 L3¢ ] [( Sak ./5 %)8'” d(—z—ﬂ %(87
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to simplify the computations. Equation (8) is theoretically

applicable only to Blasius-type boundary-layer profiles :
(stagnation to minimum-pressure point), but, as noted in ref-
erence 7, experiment has shown that little error is caused

by its use to the laminar-separation point.

With the above method the solution for the boundary-
layer thickness at the stagnation region becomes indetermi-
nate; therefore, another method must be used to determine

the heat—-transfer coefficient in this region, The expression
8 = e J/ii.ﬁ/ix (9)
stag 5Rc"Q/

also from reference 7, gives a satisfactory value for the
boundary-layer thickness in this region based on the local
radius of curvaturc 7T, which is not necessarily the lead-
ing-edge radius.

Turbulent boundary layer.- The values of the heat-
transfer coefficients for the turbulent boundary layer may
be obtained by the method of reference 8. The surface heat-
transfer coefficient h 1is defined in reference 8 by the
equation

h = 0,76 2% (10)
8T

and the valuve of &qp, the function of the turbulent boundary-

layer thickness, i1s given by the equation

¢ 2
Bm = el S5 (11)
ar V\
Rc g
Vg /
in which { is a turbulent boundary-layer parameter. The
value of { at any point on the airfoil surface downstream

from the laminar-sepatration point is obtained by a step-by-
step solution of the equation

at . 6.13 4V v rt]

S0, AN S

dx ' dx v

(12)
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from the point of laminar separation. The value of I “at
laminar separation is obtained from

0.289 s} .

{ = 2.557 logg [4.057 Vg
v

Equation (12) has been rewritten in the form

N <) 6.13 a(V/¥p) . Ve /W
o d(c/ [' Vin) atle T (vR/ fm] b

for ease of computation. The values of f(f) as related to
f are plotted in figure 3, A simplified method of applying
the turbulent boundary-layer equations to obtain the value
of 8p at any point directly is presented in reference 9.

Heat Required for Ice Prevention

When the surface of a blade shoe covering the leading-
edge portion of a propeller blade is heated to 32° F by
applying power to the electric conducting layer, there will
be some heat loss through the insulating layer and blade
material to the air stream over the uncovered aft portion of
the blade. The total power required to protect the propeller
blade will then be that required to maintain a 32° F Dblade-
shoe surface temperature plus the heat lost through the aft
portion of the blade surface.

Heat required to maintain the blade-shoe surface at
32° F.- The heat necessary to maintain the blade surface at

329 F in icing conditions is a function of the surface heat-
transfer coefficient h, ambient-azir temperature T,, t en-

perature rise due to aerodynamic heating T, weight of

water in each unit volume of air W, and the resultant veloc-
ity of each element of the propeller blade Vgy.

The unit heat required is given by the relation

(32-T,)(3600) _ ¥ 8% (3600) (15)

= h(32-T,-Ty) + W Vg cp 45
g

Uy g

in which the first term is the heat transferred to the air
flowing over the blade, if the blade is maintained at 32° F,
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and the values of h are those that were determined in the
previous section. The temperature difference between the
blade surface and the ambient-air stream will be decreased
by the amount of the temperature rise Tp caused by air

flowing over the blade or being stopped in the stagnation
region. The second term of equation (15) is the heat re-
quired to raiseothe t emperature of all the water that strikes
the blade to 32" ¥. The third teri is the heat equivalent of
the kinetic energy of the water striking the blade. The value
of 3600, by which the second and third factors in equation
(15) are multiplied, is to obtain dimensional consistenecy so
that the units of a4 are Btu per hour, square foot.

Studies have been made to find the relation between the
path and sigze of water drops as they approach and contact an
object in an air stream, and it has been found that as the
air-stream velocity and water-drop size increase, the path
deflection decreases. Since the resultant velocities of the
propeller-blade sections are relatively high and since large
water-drop sizes are associated with severe icing conditions,
this analysis assumes the deflection of the water drops to
be negligible. The weight rate of water striking the blade
at any point, or the icing rate, thereforc, is a function of
the slope of the surfacs relative to the water-drop path at

that point. The rate of icing at any point on the blade can
be expressed as a function of the icing rate at the stagna-
tion region. This function is proportional to the slope of
the blade-section surface and is termed "Ry The values of

Ry are measured from the section layouts as shown in e
1. For sections with flat lower surfaces, Ry for points

on the lower surface is taken to be the sine of the angle of
attack measured from the angle of gzeroc 1lift. For the upper
surface, the error due to measuring tke slopes from the chord
line rather than the relative wind is small and conservative
and tends to allow for small changes in «. ZEXach term in
equation (15) that expresses the effect of water content must
therefore contain the factor Ry to correct for the slope of

the blade-section surface.
The temperature rise at the stagnation point on a

propeller-blade section is due to the pressure rise at that
point and is

= L (16)
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as noted in reference 10. TFor any point other than the stag-
nation point, the temperature rise will be taken to be 0.8
of that at stagnation prcssure, or

Ta = 0.8 Ty yoy (17)

The 0.8 factor includes the effects of the laminar and tur-
bulent boundary layers and compressibility, as defined in
reference 8, and was approximated from the data of reference

) B

Equation (18), with the effects of aerodynamic heating
and blade-surface slope included, becomes at the stagnation-
pressure region

Ve~
(qbs)Stag = htag [32 -7, - EEE:;;J
v 3
+ W [?p V(33 o1 Dal =gl ] (3600) (18)

_2Jg

and at any other point on the blade shoe

2 3
\ g8 Tl . Vg
Qpg = b {32 -2 - _______} + R, W [cp vo(32 - T ) - ———}(3600)

L 2chpa

(19)

The total heat required at the blade-shoe surface to

prevent ice is obtained by the following integration which
can best be performed graphically,

(r/R) " s, S, -
Q’bS = BR /‘ / (qbs)U ds + f (q_bs)L ds d<"§>(20)
& .74: 0 R N R

where (r/R)p, (r/R)4, sy, and sy are the conducting-layer
limits of the radial and chordwise extent of the blade shoe.

Heat loss.- In order to provide sufficient heat to main-
tain the blade-shoe surface at the design temperature, an ex-
cess of heat must be supplied to the blade shoe. This excess
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of heat represents the heat lost to the atmosphere through
the thermal circuit comprised of the blade-shoe insulating
layer, the blade material, and the Hlade-section boundary
layer. At any point on the after surface of the propeller
blade, the heat loss per unit area q,g will be a function
of the over-all thermal conductivity of the heat-loss circuit
(k/t), the temperature at the point of maximum thermal poten-
tial T,, the ambient-air temperature T,, and the tempera-

ture rise due to aerodynamic heating T,, and may be ex-
pressed as

- % (¢, =fp o ] (21)

The location of the point of maximum thermal potential
in the conducting layer of the blade shoe and the temperature
at that point Tz will be determined by the relative magni-
tude of the heat transmitted to the blade-shoe surface and
the heat lost to the blade. Since T; is the maximum tem-
perature which exists in the blade-shoe conducting layer, a
decreasing temperature gradient will occur between the loca-
tion of this point of maximum temperature T, and the sur-~
face of the insulating layer. The distance through which
this decreasing temperature gradient exists in the conduct-
ing layer can be considered as an increase in the thickness
of the insulating layer. This effective increase in the
insulating-layer thickness will be termed Aty and is illus-

trated in figure 1. By assuming the temperature gradients
from the point of maximum thermal potential to the blade-~shoe
surface and to the surface of the insulating layer to de-

crease linearly with distance, the value of AtI can be

expressed as
Q

as . Q'bs

The value of T; can then be determined with sufficient
accuracy by the equation
; t Yor - My - At .
i =32+<q 23
2 b
S Jav \ Ke1
/ N\

where 'qbs’av is the average value of the unit heat re-

quired at the blade-shoe surface at the particular blade
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station as determined from the surface heating requirements.

The over-all thermal conductivity of the heat-loss
cirecuit (k/t) can now be defined as a function of its com-
ponent thermal resistances, the insvlating-layer resistance
(¢71 + At1)/k1, the blade-material resistance b/ky (where
b is the chordwise distance through the blade material

which the heat is considered to travel), and the boundary-
layer resistance 1/h, or :

k ty + At b 1
= sl [_E_____l, e e (24)
t kg R

The determination of the thermal loss through a blade
element of unit width (fig, 1(a)) can be simplified by assum-
ing certain conservative changes in the heat-loss circuit.
The blade-shoe area and the area of the after surface of the
blade will be considered to be twice their projected areas
or Spg and Sgyg, respectively, while Sy 1is the projected
blade area. The blade~e2lement radial cross-section area Sgg
is the area of the blade material at any pcint s; through
which the heat loss is considered to be conducted and is also
shown in figure 1(a). TFor the purpose of the calculations,

the value of Scs can be used more easily by assuming the

blade-element moaterial to be a wedge with the base height
equal to the maximaum blade secticn thickness tp,x at the
blade station, the base width egual to unity, and the length
equal to the chordwise distance from the trailing edge of
the conducting layer to the blade trailing edge, as 11llus-
trated in figure 1(b). The blade matsrial under the blade
shoe is neglected in this heat-lcss approximation. The re-
sult of these assumptions is an equivalent thermal-loss
circuit for each point s; on the after surface. As shown
in figure 1(c), the heat loss travels from the point of
maximum temperature T, through the effective increase in

the insulating-layer thickness Aty and then through the

insulating-layer thickness tI to the blade material. Since
the material beneath the blade shoe has been neglected, the
circuit is represented by considering the blade-shoe layers
to be applied to the forward face of the block of blade ma-
terial of length b, unit width, and thickness t,4 as

given by the wedge approximation for any point s,. After
the heat has been conducted through the block of blade




NACA ACR No. 4H31 1%

material, it ies lost to the ambient-air stream by forced
convection through the boundary layer. The assumed equiva-
lent heat-loss circuit is complete if the air stream is con-
sidered to flow over the opposite end of the block from that
which is considered covered by the blade-shoe layers. The
complete equivalent heat-loss circuit as described is shown
\ in figure 1(e).

If the unit heat distribution was congstant over the

blade-shoe surface, the total heat would be given by the
equation

k
Qas = £y Sas (Ta = g Ta) (25)
But
3 tr + At b | 1 1
g Sl = < I 4 > / " ——?> +-<i- ———>
Sas ky ®bsg ky Se¢ h Sas

where the unite of the terms are the reciprocal of Btu per
hour, degrees Fahrenheit. The purpose of this step is to
express the three factors of the thermal resistance in their
proper relation as determined by the different heat-transfer
areas for each term. In order that the thermal conductivity
k/t can be used for the case of nonuniform heat distridu-
tion, or in the expression for g, (equation (21)), the

foregoing equation is rcarranged as follows:

K/t = : £ igs)

therefore, for any point on the dlade after surface the unit
heat loss can be determined by the equation

T

3

e
2 A ,
Qas = 2 (27)
[ <tI + Aty Sas\ /D Sas> l}
i g
kr Sbs ky Scs h
y The total heat loss Qagq is obtained by integrating

the values of gy ©OVer the upper and lower surface of the
propeller blade as follows:
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gr/R)t K, ¥
Quge = BR‘ (qas)U dx +L/P (qas)L dx{ d(r/R) (28)
(’I'/R)h e s

It has been shown that the evaluation of equation (27)
depends on two unknowns AtI and T, which are related.

Since Aty depends on the relative magnitudes of the heat
loss Qg @and the heat supplied to the blade shoe Qpg, an
initial assumption of Aty must be made and checked by solv-

ing for Q,¢ and the resulting value of Aty wused in a
second solution for Qg until the values of Atg, Qag: 2and

Qpe are in reasonable agreement.

Heat Required for Ice Removal

When the quantity of heat supplied to a propeller blade
is reduced bclow the quantity necessary for ice prevention
and ice is allowed to form on the propeller blades, the ice
will be thrown off after reaching a certain thickness, which
is a function of the power input and power distridbution.

The insulating quality of the ice allows the blade-shoe sur-
face temperature to rise above 32° F and a water interface
to form between the ice and the shoe. The reduction of the
adhesion combined with the centrifugal force on the ice due
to its mass will result in ice removal.

The process of ice removal can be made to occur at dif-
ferent points and at different intervals, depending on the
heat distribution and the local rates of icing and heat
transfer, The ice thickness at a point on a blade station
can be expressed as a function of the maximum ice thickness,
which occurs in the stagnation region, and the rate-of-icing
ratio  Ryq

Tl (Ry) (29)

If ice is assumed to accumulate on the blade shoe in a
smooth continuous layer with no free edges and with the
thickness distribution as given by equation (29), the unit
heat required for ice removal will be given by the equation
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3
SRR R
Gy, = 22—t 21 (5500) (30)
1
[.'51+_] 276
(_ki h

The foregoing equation is analogous to equation (15) except
that the effect of the ice layer has been incluvded in the

t
thermal resistance [E% + %] and that the second term of
equation (15), the heat required to increase the temperature
of the air-stream water content to above 32° ¥, has been
omitted. In equation (30) T, will have a value of 32° F
only for the condition in which a continuous ice layer exists.
The second term of equation (30) is the kinetic heating due
to the water drops striking the blade and it can be neglected
because its omission introduces a small and conservative er-
ror. If the term is neglected, the heat required as indi-
cated by

i Tl - To - TA
bs
t
i
Lki hJ

will not be a function of the water content of the air stream,

Q (31)

In natural icing conditions ice does not form in contin-
uous liayers but rather in patches, ridges, or particles. At
the edge of a discontinuous ice layer, there will be a heat
lcss from the iced to the uniced portion of the blade shoe
with a tempcrature gradient along the shoe surface normal to
the edge of the ice. (See fig. 4.) If a semi-infinite ice
layer is assumed to extend from a point on the blade-shoe
surface at which the surface temperature is Tyo+ the sur-

face temperature T, at any point beneath the ice layer at
a distance 1 from the location of Ty, as a function of

the surface temperature at 1 equals infinity T160 is
AL 1
[ h 2
T £3- 0 B, T, V(3 ~p ) T <k 1 b z> e
" o ) c cl
o AR of ko e (32)

Tloo‘ 1+\b

where
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|

ki__.'}z (37)

dky + bty i

1

which is developed in the appendix and illustrated in figure
4, The ice-thickness parameter Y expresses the nondimen-
sional relation between the ice thickness t3 and thermal
conductivity k; and the local heat-transfer coefficient h.
If a certain size ice particle is assumed to have a negligi-
ble effect on the propeller performance, the value of Y can
be determined at any point by using the ice thickness and
local value of h in equation (33), the value of the thermal
conductivity of ice ky Dbeing a constant. The unit heat re-
quired qpg at any point at which ¢ is known can be deter-
mined by the equation

-— m 8 rg‘
Ay g = (P, - T, - T,) bV (34)

where T, 1s, in this case only, the blade-shoe surface

temperature at the center of the smallest surface dimension
(21) of the ice particle when the edge is at 32° F. The

use of a unidimensional analysis for a two-dimensional prob-
lem is not considered to involve an appreciable error with

the size ice particles and values of h normally encountered.
The heat required at the blade-shoe surface is obtained by
integrating the values of qyg obtained by equation (34) as

shown by equation (20), and the heat loss is determined in
the same manner as was developed in the ice-prevention sec-
tion of this report.

A study of equations (32) and (33) indicates that when
Y =1 +the ice-particle thickness and surface-temperature
gradient are both zero. This indicates that when a watcr
drop strikes the blade shoe, it is immediately thrown off as
an ice flake, It is reasoned that there will be some mini-
mum heat requirement for propeller ice removal which will
depend on the effect of an ice layer or ice particles on the
propeller efficiency and it is possible that the optimum '
aerodynamic and thermal blade-shoe design will be for the
condition of V¥ = 1,
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APPLICATION

It is apparent that in the application of the foregoing
method to a specific propeller blade-shoe design, the estima-
tion of the effective angle of attack and resultant velocity
at each propeller-blade element is subject to an error due
to body interference which will be reflected in the calcula-
tion of the heat-transfer coefficients. Iin additien, it is
questionable whether it is judicious to design a propeller
blade shoe for a single propeller-operating condition which
fixes the blade angle and V/nD. With the foregoing in mind
it is suggested that, in a specific design, the method pre-
sented herein be repeated over a sufficient range of blade
angles and values of V/nD +to insure evaluation of the max-
imum heat-distribution requirements. In this manner a fam-
ily of chordwise heat-distribution curves for each propeller-
blade element is obtained over a safe propeller-operating
range, from which family envelope curves can be drawn for
all elements to establish the required heat distribution over
the entire blade shoe.

In order to illustrate the method developed in this re-
port, sample computations are presented hereinafter on the
design of a blade shoe for a Hamilton Standard propeller
blade No. 6477A~0. The computations presented are for one
propeller-operating condition only and no allowance has been
made for body interference. In an actual design, repetition
of the method over a selected range of blade angles and val-~
ves of V/nD, as indicated .in the preceding discussion,
would be desirable. The Hamilton Standard blade No. 6477A-0
has been selected for the following analysis since this blade
was used in the B-17F airplane propellers which were equipped
with blade shoes, tested, and reported by the NACA in refer-
ence 2. The following flight conditions, for long-range
cruising, will be used in the analysis:

Ambient-air temperature, °F . . . . . ¢ v . 4 4 e . 0
freseure albtitude, £5 .« « o & % kieix e B n sk 10,000
fidlcated airepeed, mph . . . & % % sbe W s = & 5 ‘e 155
Propeller speed, rpm e o ow 4 B0 BCEEE. BERELY > &k & 1012

(For these computations £ is assumed to be at the
V,/nD for maximum propeller efficiency.)
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These are taken to be the critical conditions for pro-
peller ice protection because the propeller-blade elements
are ncar the maximum practical angle of attack. It is rea-
soned that the high angle-of-attack condition will result
in the maximum heat requirement at the blade-shoe surface
because of the decreased extent of the laminar boundary lay-
er on the forward face of the blade.

The area covered by the blade shoe is assumed to extend
chordwise to the 20-percent-chord point on both surfaces and
from the blade shank at the hub r/R = 0.145 to the station
at which the tip radius begins r/R = 0.942, where R = 69
inches. The 20-percent chordwise coverage was satisfactory
in the tests reported in reference 2, as was the radial
blade-shoe longth which cxtended to r/R = 0.942. Actually
the radial extcnt of the blade shoe would be determined by
the amount of aerodynamic heating experienced by outer ele-
ments of the blade.

The computations follow the same segquence of steps as
presented in the section Method.

Determination of the Surface Heat-Transfer Coefficients

The chordwise heat-transfer coefficients were determined
at five blade stations (measured in inches from the center of
rotation): 21.5, 25.5, 31.5, 42, and 63.5, wvhich correspond
fe thickness ratios of 0.18, 0.18, 0,12, 0,08, and 0,06.

The four outer-blade stations for the 6477A-0 blade were
RAF-6 airfoil sections, while the inner section was similar
to a modified Clark Y airfoil section.

Propeller-blade section velocity distribution.- The
geometric angle of attack o was obtained by calculation of
the helix angle & and V,/nD from the flight conditions,
The values of @y and ®Py were obtained from figure 10,
reference 12, The blade angle © was obtained from the
blade data sheet 157 of reference 12. The geometric blade
angle A at 0.75R is given by the approximate relation

Bo.7s = CI)o¢,75 + 0y - Oy (35)

By knowing the value of By -5, the relation of B to
r/R was obtained by
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RS =R (so.75 4 60.75) (36)

and a@ by equation (1). The values of «a, B, ®, and &
are plotted in figure 5.

The corrections for aspect ratio were made by equations
(2) and (3). The angle of gzoro lift and slope of the sec-
tion 1lift curves were obtained from reference 13, and the
section 1ift coefficient for each station was computed using
equation (4).

The velocity distribution for the 18-percent-thick sec-
tion was obtained by the use of the method presented in ref-
erence 5, An NACA 0015 airfoil was used as the reference
profile because the leading-edge radius was similar to that
of the modified section. The velocity distribution over the
NACA 0015 airfoil is well defined by experiment, The values
of V. /¥y were obtained as indicated in reference 5 by

(S

(37)

where P,, 1is the P, of reference 1l4. The velocity distri-

butions were obtained by adding to this velocity VT/VR, the
change in velocity AV/VR due to the difference in shape

between the refercnce profile and the 18-percent-thick sec-
tion

v AV v
VR ‘.‘P 'R
then
VU Vf P/4 b
sl o o e
Vg Vg Vg/Vg

(39)

Ty, Ve P/4
Vg Vg Tg/Vg
=7

where P is the pressure corresponding to the normal force
at a chord point given by the equation
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P
P = Py + (Cz, - c],b)(——a— (40)
C'L 4
a

as defined in reference 5. The velocity distribution over
the l2-percent-thick RAF-6 blade section was obtained by the
method of reference 4 and was modified for the wvarious val-
ues of thickness and camber to give the velocity distribu-
tions for the remainder of the RAF-6 blade sections. Veloc-
ity diftrubutions for the five blade stations are plotted in
figures 6 to 10.

Boundary-layer heat transfer.- The chordwise position
of the laminar-separation point was determined by approxima®-
ing the actual velocity distribution by a double~-roof profile
and finding VS/VM from figure 2. The approximate double-
roof velocity profiles are shown as dashed lines for the

upper and lower surfaces on the velocity-distribution curves
in figures 6 to 10. The double~roof profiles are drawn so
as to give approximately the same 1lift (arceca beneath the
curve) up to the laminar-separation point as the velocity~-
distribution curves., Considerable judgment must be used in
the drawing of the profiles in order to obtain reasonable
results., Theory indicates that, for the velocity distribu-
tion shown in figure 10, laminar separation will not occur
on the lower surface of the propeller-blade element., Exper-
ience, however, indicates that laminar separation is likely
to occur and, since the assumption that separation does ovogur
is conservative, the laminar-separation point shown for -the
lower surface in figure 10 has been used in this analysis.

The values of boundary-layer thickness and heat-trans-
fer coefficients were computed by equations (6) to (14) and
are plotted in figures 6 to 10 with the corresponding veloc-
ity distributions. Because of the changes in 1ift coeffi-
cient of the blade sections as the blade angle is changed,
the location at which the heat transfer (due to forced con-
vection) approaches gero will move fore and aft from the
design position.. In order to protect the region of the
blade at which low values of h occur at other than design
Cys the curves of h as related to x/c were faired as

shown in figure 11 and the faired values were used in suc-
ceeding computations,
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Heat Required for Ice Prevention

Heat required to maintain the blade-ghoe surface at
32° F.- Equations (18) and (1S) were used to determine the
unit power input to the blade shoes. The water content of
the air stream was taken to be 1.84 grams per cubic meter,
the maximum water content mecasured in clouds by Kohler, as
described in reference 15,

When the various factors in equations (18) and (19) are
fixed by the design conditions, the equations become

/ w4 Mg
=k 32 - 0.833 x 10 Vi
qus>stag ‘stag R J

3

+ 13,1 Vp » 8588 % 07" Wy (41)

and

R -1
qye = h[32 - 0.667 x 10 V"]

-6 3
+ Ry [13.1 V5 - 8.18 x 10 Vg ] (42)

The heat per unit area required to provide ice protec-
tion on the surface of the blade shoe gpg can then be eval-
uated by substituting in equations (41) and (42) the proper
values of h (from Eiee 11, Ry, and Vy for the respective
point on the blade-shoe surface under consideration, The
total heat required at the blade-shoe surface to provide ice
protection is obtained by integrating equation (20) over the
blade-shoe area, from r/R = 0,145 to r/R = 0,942 'and from

s at x/c =0 to x/c = 0,2, TFor the three propeller blades,
0.9¢42[ x/c =o.2
7 2]
Q’bs = 33/ / (qu)U dS
(')(7145 .O
x/e = 0.2

+</p (a0 ds | @ <§> (43)
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The heat required at the blade-shoe surface to provide
ice protection was obtained by performing the integration of
equation (43) by graphical means, The power required to pre-
vent ice formations on a Hamilton Standard propeller with
three o, 6477A-0 blades expressed in electrical units is
3967 watts at the desigsn conditions with the losses through
the after portion of the blades neglected. The results of
the computations of the unit power distribution are Zgiven in
figure 12.

Heat loss.- The heat loss from the aft portion of the
blade is assumed to occur over the rear 80+percent chord,
and from the blade root r/R = 0,145 to the tip region r/R =
0.942, With these limits, ecquation (28) becomes

}0.94d~ 1 .0

A
.+d/ (qas)L dx

0.2

a < ) (44)

The thickness of the outer layer of the blade shoe for this
analysis is 0,020 inch or 0,00167 foot, while the inner
layer +t7; 1is 0,040 inch or 0,0033 foot thick. At any blade
station, the values of S5, /8, and §_,/S; are taken to be

10 |3

140 W
|
l
r

0.4 and 1.6, respectively (fig. 1); also, from the wedge

blade element
= ,
+\ 15
S S (= LRl S R — 45
cs/ ) <c/max L <c>] ( @

where b 1is measured from the base of the wedge and (t/c%wx
is the maximum thickness of the blade section. Therefore,
equation (27) becomes

<T2 - To & TA) = qas’>

1~
1 .;..I

0,0133 + 44ty

1.6 1]
+ =] (46)

= \ ol n

Lb(t/c/max[l 1.25 b/ec]
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and when

ky = 0,08 Biu/br,ftEy
and
ky = 117 Btu/he, £55, P/t

then, inserting the foregoing values of thermal conductivity
and rearranging the terms, equation (46) becomes

Ty = Dy = B

tes = 0.0137 b 1 L
0,167 + 50 + » e
{ : Bv1 ¥ (e/e) [T - 1.25 (b/c)] h]

By successive approximations, values of Aty, Qug,» and

Ypg which are in reasonable agreement can be found and the

heat loss through the after portion of the propeller can be
evaluated by integrating equation (44). A graphical inte-
gration of this equation indicates a total heat loss for the
entire propeller of 1109 watts,

The total power required to prevent ice formations on a
propeller with three 6477A-0 blades with the distribution
shown in figure 12 is 3957 + 1109 = 5066 watts,

The calculated power, 5066 watts, .is greater than the
power used during the flight tests in natural icing condi-
tions reported in reference 2 and is greater than the avail-
able power from generators which are now under development
for propeller ice prevention. Although the process of ice
Prevention is probadbly the ultimate objective in the develop-
ment of protection for propellers, the process of ice removal
2s indicated by the results of reference 2 appears to be a
Practical solution more suitable for immediate application,

Heat Required for Ice Removal
The heat required for ice removal will depend on the
maximum size of ice particle that is allowed to form on the
propeller blade. Equation (32), when T, = 0° F and the

Ak
factor [1/k,ytg;]° 1is evaluated for the particular blade-

shoe design, becomes
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e

=
.EE_ o (1 i*yil_e—looWh_l &
Ty (1 +

and since the heat required to remove an ice particle will
be a function of the temperature gradient at its edge, the
values of Tl/Tloo for the subject propeller and blade shoe
were compuged and plotted in figure 13 for various values of
2 b

] and ' L=,

In order to clarify the effect of the surface tempera-
ture, an ice particle 0.3 inch in diameter and of variable
thickness was assumed to be attached to various points on
the blade shoe. The change in air flow over the blade due
to the ice particle is assumed to have a negligible effect
on the hecat transfer. The heat required was based on Ty

. 2
for the various values of V<.

The curves of figure 14 were computed to show the heat
required to remove the assumed ice particle as a function of
thickness and heat-transfer coefficient., In order to obtain
the correct value for the unit power at an ambient-air tem~
perature of 0° F, at any point on the blade, the unit power
from figure 14 must be corrected by a function of the aero-
dynamic heating as shown by the equation

\ 2
- 49
(qbs}corract TAW B ( )

“bs ‘fig. 14
With any ice particle of smaller diameter than that as-
sumed, more heat or a greater thickness of ice would be re-
quired for its removal, Observations during icing flights
have shown that in i¢ing conditions at low temperatures
(0° o0 10° F), ice forms in a very narrow ridge, sometimes
as narrow as 1/4 inch, along the blade leading edge. This
condition has been substantiated by other observers (refer-
ence 1), The ice which forms at these low temperatures is
bparticularly hard and tenacious, In view of the occurrence
of such icing conditions, the use of less heat than ?hat re-

quired to maintain the blade-shoe surface at 32° F (Y = 1)
in dry air, seems to be inadvisable,

The distribution of the unit power to obtain ice pro-
tection by removal at all points on the blade-shoe surface
simultaneously, based on figure 14 at V¥ = 1, 4is plotted in
figure 15, TFigure 16 shows the required unit heat distri-
bution on the doveloped blade-shoe surfacc.
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Graphical integration of the unit heat required over the
blade-shoe area gives a value of 1750 watts required to effect
ice removal at Y = 1. The heat loss through the after por-
tion of the blade was computed through the use of equations
(22), (23), (43), and (44) and was found to be 640 watts., The
total power required for ice protection by the removal process
at ¥V = 1 is therefore 2390 watts,

DISCUSSION

Benefits Obtained from the Optimpm Heat Distribution

In view of the relative simplicity of construction of a
propeller~blade shoe with a stepped type of heat distribution,
such as was used in the tests reported in reference 2, when
compared with a blade shoe having an optimum heat distridbu-
tion as shown in figure 16, it is important that the bdlade-
shoe designer realize the benefits which may be expected by
utilizing a blade shoe having an optimum heat distribution,
To indicate the advantages of an optimum heat distribution,
the method of anal ysis developed in this report has been
employed to compare the amount of power required by the two
types of distribution to provide the same degrce of ice pro-
. tection and to determine the thickness of ice which would be

built .up upon a blade shoe with a stepped heat distribution
utilizing a power input equal to that required for complete
ice removal on a blade shoe with an optimum heat distribu-
tion, In this comparison the optimum heat distribution
shown in figure 16 has been compared with a stepped heat
distribution in which the distribution over the leading-edge
third of the blade shoe is double that over the remaining
area. The chordwise heat distribution for the blade shoe
with the stepped distribution has been considerecd constant
over the radial extent of the blade shoe and has been based
upon the point of maximum heat requirement for the blade-
shoe surface, The chordwise distribution for each type of
heat distribution is shown in figure 17 at the critical pro-
peller station,

The calculated total heat required for the distribution

shown in figure 16 at T = 0°F and V¥ =1 1is 2390 watts,

while the calculated power required for the stepped distribu-
tion, based on the point of maximum heat requirement on the
blade-shoe. surface (station 42 stagnation region) at the
same conditions, is approximately 4800 watts., To enable a
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comparison with the experimental results, the heat required
by the optimum distribution and the stepped distribution were
computed for the test conditions, These conditions were con-
parable to those listed under the section of this report des-
ignated Application, except for the ambient-air temperature
which was 10° F instead of 0° F, The computations indicate
that 1640 watts are required by the optimum distribution and
approximately 3300 watts by the stepped distridbution (both

at Vv =1), The use of an optimum heat distribution rather
than the stepped distribution should, therefore, reduce the
total heat required by approximately one-half for the same
degree of protection against ice formation, Lacking more ex-
tensive experimental confirmation, the absolute magnitude of
the foregoing power requirements are subject to some doubt;
however, their relative magnitude should be reliable.

If the stepped heat distribution is used, dbut with a
power input of 2390 watts at the flight conditions listed,
ice will accumulate until its thickness supplies sufficient
insulation for the removal process to take placec. Applica-
tion of the foregoing method to compute this thickness indi-
cates that an ice cap 3.42 inches high by 0,3 inch wide
(width assumed, based on observations) would form before
being removed by melting at the base. Obviously, such an
ice structure would be unstable and break, leaving the lead-
ing edge with a rough, broken ice cap and, thus, the blade
shoe would fail in its function of ice removal,

Comparison with Experiment

The foregoing deductions must be qualified and consid-
eration must be given to the lack of experimental verifica-
tion of the proposed method. Such experimental verifica-
tion is particularly nceded because of the assumptions which
were necessary in the development of the computation proce-
dure. The results of reference 2 are the only experimental
data that can be compared with the analytical results.,

These tests indicated that satisfactory ice-removal charac-
teristics would be obtained with 2100 watts applied to the
stepped distribution of the blade shoes tested (Y not known),
while the computations indicate that approximately 3300 watts
will be required with the same distribution at similar con-
ditions (V¥ = 1), In view of this ldck of agrecement, a crit-
ical view of the assumptions upon which the method is based
g in order,

—
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Review of Assumptions

As the method was applied, two assumptions appear to De
conservative, In the first place, body interference was neg-
lected, which eliminates from consideration the blocking of
the air and the resultant reduced veloecity over the region of
the propelleor closc to the shank. Data arc available which
indicate that, on an air-cooled nacelle~propeller combination
of the same general dimensions as that on the B-~17F airplane,
the axial velocity is approximately frec stream from the tip
to the 0.5 /R station and then decrsases lincarly to ap-
proximately one-half free-stream velocity at the 0,2 r/R
station., A reduction in the computed heat requirements for
the inner-blade sections would obviocusly occur if allowance
were made for the reduced velocity.

A secondary result of the reduced axial velocity will
be an increased effective blade angle over the inner stations.
The magnitude or direction of the deviation regulting from
this difference is difficult to predict, but these blade sec-
tions will carry a higher 1ift coefficient than that assumed.
By reference to figures 6, 7, and 8, it can be reasoned that
this will cause an increased peak velocity on the upper sur-
face, thus decreasing the extent of laminar flow, but will
have a compensating effect on the lower surface where the
peak will tend to be lowered. Which of these changes will
predominate could only be determined by a detailed calcula-
tion,

A second conservative assumption is the neglect of cen-
trifugal—-force effects., This was justified originally on
the basis of the possibility of a reasonably uniform glaze-
ice layer formed from the maximum possible water content of
the air stream at an ambient-air temperature of 0° F, Under
these conditions, the adhesion of ice to the blade-shoe mate-
rial is greater than the strength of the ice itself., That
this assumption may be unduly rigorous can be deduced from
the result of reference 2, which indicated the possibility
that no heat at all might be necessary to de-ice the outer
portion of the blade., Whether this is due to aerodynamic
heating or centrifugal-force effects is difficult to deter-
mine, However, the basis for the computations of the aero-
dynamic heating is reasonably sound, while the possibility
definitely cxists that an ice formation more porous than the
glaze ice assumed would adhere less strongly and, therefore,
be thrown off by centrifugal force; also, the porosity of
this ice layver should have a marked effect on its thermal
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resistance. No answer to these possibilities can be proposed
without further study.

Several unconservative assumptions were made in the anal-
ysis which would tend to cancel the error caused by the ne-
glect of body interference and centrifugal force., The more
important of these is the assumption that transition will
occur by the process of separation in the adverse pressure
gradients Actually if any ice forms around the leading edge,
it is likely to cause local peak pressures or, through rough-
ness, promote earlier transitions, Thus, instead of the
fairly extensive laminar flow over the upper surface, turbu-
lent flow might be present. Since the accuracy of the method
is largely dependent on the computed location of boundary-
layer transition, this would have an important influence
tending to make the method unconservative. For ice accumula-
tions occurring with ice removal at Y of less than 1, the
actual formation of ice layers and ice flecks will vary
widely over the blade and will tend to increase turbulence
further and to effect the rate of heat transfer,

The effects of humidity, evaporation, and degree of
supercooling of the water drcps have also been neglected;
however, these effects are considered to be sufficiently
small as to be compensated by other conservative assumptions,

Recommendations

The quantity of power required for ice prevention (5066
watts) appears to be prohibitive at the present stage of de-
velopment. Because of the weight of the hub generator that
would be required, the advantage of the lighter weight of
the thermal-electric system in comparison with other methods
would be lost. The most expedient present solution appears
to be a design for ice removal at Y cqual to 1. If advan-
tage is taken of the reduction in heat requirements made pos-
sible by use of an optimum heat distribution, and if the
thickness of the conducting layer is kept to a minimum to
reduce the heat lost through the after surface of the blade,
a blade shoe which will provide satisfactory ice protection
with available hud generators should result, In order to ob-
tain the roquired hcat distribution with a satisfactorily
thin conducting layer, a material of varying electrical re-
sistancc, but constant thickness, would be advantageous.

As a result of limited tests, it has been found that
Present conducting materials do not have satisfactory
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resistance to abrasion and wear. It has been thought that a
thin layer of nonconducting rubber over the entire blade-
shoe surface would provide the abrasion resistance necessary
for satisfactory service life, The effect of the addition
of a protective layer can be determined by including its
thickness in the thickness of the conducting layer,
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APPENDIX

An expression for the temperature gradient in the edge
of an ice layer is %o be developed for determining the size
and thickness of an ice particle that will adhere to a blade-
shoe surface with difforont unit power inputs. In the deri-
vation of this expression symbols will be used which do not
appear in the nomenclature of this report (C,, Cs, f, u,
and v). It was felt that better continuity and clarity
could be had Dby defining the symbols as they appear.

The disgrams of figure 4 illustrate a section through
the propeller blade normal to the edge of an ice layer ahd |
& the temporature profilec, |
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Brom:s =10 {6 P = o, the extent of the ice layer,
Q + dez = del + Qa = 49,

then simplifying and dividing by dl gives

3 0
LQ'L d.w_,ml d.sz
ay an
Furthermore
a 4%

= ¥ + —
1 “clcl a3
and differentiating gives

dQy d Ty
11 = Keiter i

at

When the power input is considered to supply ng then

4%, = apg 41

and from figure 4

Ty R
aQ. - = | at
g1} 4 !

1 AL 3 LR
- I
h. ky 1

2
Lo d Ty T, - T, .
X = "2
cl’cl ;= 1 k ty bs
h <s
) =t

Dividing through by (kcltcl) the equation takes the form

a®r,

- u® (P BT ¥
al
where
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q- <
v o= = bs
kcltcl
If
then
af‘
e TRt
al"

The solution of this equation is of the form

where €, and OC; are constants of integration and

ky = hds
v i i i
i T 5 i Tloo il
u® hk;
Substitution gives
D, - Ty = Gyt + 0ot & (T, = T,)
and when | becomes large (T, -~ T,) approaches a finite

value asymptotically as indicated in figure 4. Therefore,

c, =0
and
R M
. o
When 1 approaches zero
P, = Ggk T1°°
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Similarly, the equation for the surface temperature from

l = 0 to «~o® takes the form

2
d T, ‘
kCthCL 2 b h(Tl i l‘]"10) e q.bs
atl
and
T, = C,e%? + T
1 3 3
-
where
&
T 45 2
WO e
citen
sl = 0
iy S0 FR) =0 e
5 1 N 2 B
and
Ca 1= G it - T,
1= 0+ Ty = Ty
Also, when the subscripts + and - are introduced to

cate positive and negative values of l
o ’

dTl* -u, !l
= W~ A
al
and
m
d11~ c u_l
af " BdEg
When 1 equals zero,
am
11+ 7 :
VR
and
dll_
i1 o

s

37

indi-
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Bquating the two foregoing equations and substituting the
value for C; result in the expression

""u.+02 = u_(Cg + Tloo - Tl_.m)

and, rearranging terms,

Substitution of the egquation for C; in the equation for

g for . 1 = 0 %0 1 = o, resulte in the expresaion
m m
Ak ady A0
1 1
HOTTR u
o +
S S
u_
Because Ay 4 is uniform over the element of blade surface
p=3

being considered,

k:h
h (7, - 7,) = ——2 2, = B
i ke +.0%, o
3 1
or
ks
e
T = it (RS £ TS T FST
1-—-03 kl &+ htl 100 0> "o

and, making the final substitutions in the expression for T,

1
ky hk; =
i i 1
e by Ty, T 0TS —[1 +ht, k.t ki ¢
- 7 i 1 i ks B L R
e A » 5T 9
fr_m_l___]~+-1
L.{i + hti

Introducing the ice-thickness parameter

k.,
1112 = [__.._l_.._]
ki o+ hti
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the foregoing equation msy be written in the form

T | 1 f 3
” b . R ST o
Tlm v (Tlm Tpd #ily <kcltcl
T1=T1m - . e
I % ]
¥ ke
or
. L4 K
Ly / N
<l + F?._\ (1 -~ wzv - E— 3
T, Vg K / L¥cibe
> = 1 = e
T, . }
and when To = .0
i
Y A
A R [Tc;‘z‘e;‘i! G &
T; L + ¥ &

|
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