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SUMMARY

A finite trigorometric ssries is fitted by harmonic
analysis as an egpproximation functicn to the Vv-function
of the Theodorsen arbitrary-airfoll potential theory.

By harmonic synthesis the corresponding conjugate trigo-
nometric series 1s used as an approximation to the
e~-function. =& set of coefficients of ovarticulerly simple
form is obtained algebraically for dirsct calculation of
the e-values from the corresponding set of VY-valuss. The
Iorriula for € is

where the summation is for odd values of k only and

kT
wy = W<@ Ly

INTRODUCTION

In the determination of the flow about an arbitrary
airfoil (references 1 and 2) the problem arises of trans-
forming a carve, nearly circulear, into a circle. This
transformation, a basic problem in conformal mapping, is
further reduced to the determination of the following
two conjugate Fourler series:
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2 )
v = ao-+:> (8, cos mp + b, sin m@)
m=L
>
2 _
€ = }____ (em sin mo - b, cos mco)
m=1 i,

{Gee references 1 and 2 for significance of notation.)
Tae foliowing integral relations are eguivalent to series
rolations (1).
‘\
1 r L . @' -0
lo)==— | W(o')det + — ®t) cob —— 4!
' 27 ‘ 27 2
o
> (2)
A
C 1 o' - ¢
e{m) = === Vint) cot T——=2 dqo
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It is convenlent to introccuce a new variable
s = @! -~ ¢ in relations (2). Because of the cyeclical
nature of these functions, the limits »f integration may
be written =w to w. When the integral is broken into
two parts, - to O and O to 1w, and -s 1s substituted
Por s in the first part, the following relations are

obtained:

\
J‘\2w P"r
1 1.4 -—/ S
v(o) == | wpldp+ = { le(o+ 5) - el® -~ sj]eot 5 ds
[ UO Pt 4 L'Q L o
- > (3)
1 [+ s
e{o) = r—J v(p - s) - V(o + s)] cot 5 ds
it - - -
0
_J

Thus, by use of relations (1), (2}, or (3), ¢ may
be determined if ¥ 1is known or ¢ ma&y be determined
il ¢  is knovmn
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In the airfoil problem ¢ 1s specifiled as a
functiont of © by means of a curve and € 1is to be

determined. In theory the Fourler coefficients may be
determined in relations (1) but in practice, because of
the unknown analytic nature of the curve, it 1s neces-

sary to resort to some type of numerical approximation.

In refer:nces 1 and 2 an apprcximate method of han-
dling the integrals of relations (2) is presented. 1In
reference 3 a refinement of this method is given for the
same integrals. An alternative procedure is to approxi-
mate relations (1) by a finite trigonometric series and
then to determine the coefficients by harmonic analysis.
A development of this method 1s now given.

HARMONIC ANALYSIS

The Y¥-function is to be approximated by & finite
trigonometric series given by

W(w)

{l
>
9

nt A cos O+ .. .+ AL 4 cos (n=-1)p + 4, cos no

+ By sin © + ... + B, 7 sin (n - 1)O

n-1
= AG +:> .Am cos m® + B, sin m@) + A, cos no®
m=1
If ¥ 1is specified at 2n equally spaced intervals in
the range 0 < © € 2w - that is, O, g, %1, . e e
N ) i
((..'.J. 1 J T - then
n
2n-1
| &Rz
=)
r=0

lIn practice, WV 1is given as a function of
O = @ - € and therefore V¥ 1is taken as a function of ©
as a first approximation. An iteration process is neces-
sary to determine both Y and € correctly as func-
tions of @,
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AN
A, = = V, cos m—
r=0
n-1
—_ 1 1 s T
BIT‘"H.; vV, sin m—
r=0
2n-1
= =% (17w
fn 2n o r
=0
Bn = C
Now
n-1
efeq) :\L_ (Am sin m@® - B, cos mqo) + A, sin no
m=1

1 N T
+ — g -
2n h ncp/, (-1) WI’
r
— . S \———_ ! < — I.:J_T_ + — g - r Y]
= > }_/ Y,, sin m{Q = ~ sin ng (-1)" ¥,
T r 7

When the order of summation is interchanged,



NACA ARR No. I5H18 5

2n=-1

e(cp)m‘-‘> v > sin m<cp- +-—r-1- sin ncpj_-

=1

Jow if € is evaluated at the same points ¢ at which
the values of V are given, that is, at the points
rtw

® = =——, the variable becomes
n
o rrw _ {(r' - r)w _ kmu
n n I

arid the last term becomes zero., After this substitution
is performed,

rT T isud
v = w(F) = v+ 5D = w(e + ) =y
and
Zn-1 n-1
():_}.> ! N\ Sj’_nml_{ﬂ
e\ n Uk/ n
k=0 m=1

The summation with respect to k 1s also from O to
2n - 1 Dbecause of the periodicity. But when k is odd,

&
kT kT
sin m— = t —
Z_.j___. : n 2n
m=
and when k 1is even,
n-1
v
>> sin FlE* = 0
L n
m=1

Fer odd values of k, therefore
2n-1

g cot £

_Wk 2n

1

Sk

|

e((p) = -

=
1
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- :; \
€ _mm< kT Jk) cot —

=1
Finally, then,
n
€ = C - .
(%) _} NUERS (L)
k=1
wlhere
1
., = W(Q + fE)
K \
and for odd values of k
Cy = : cot bl
k™ n cn
and or even values of Kk
Ck =0
Equatlon (h) thus gives the same result as is
obtainsd by harmonic analysis end synthesls. Comparison
with oqudtlons (3) indicstes that equation (l) may also

be interpreted as the evaluation of this iqtegral by the
owdvnawy rectangular summation formula using intervels
of width 2w/n  and using the value of ths 1ntegrar at
I

n

CT’

the midpoint of each interval, that is, at s =
where i 1s odd.

PRaCTICAL OBSERVATIONS

Equation (1) uses only one-half the available
nformation. It is evident that all the points may be
sed b“causn all the given n points may ke considered as
alternate (odd) points of a uystem of Z2n points. The
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value of € so computed is, of course, to be plotted at
p-points midway between the given Y-points. The n values
of V¥ +therefore give values of € corresponding to an
soproximation function consisting of a trigonometric
series of n - 1 harmonics. Values of the coefficlent Cy
for n = 10, 20, L0, and 80 are given in table I. For
amooth curves the present method for n = 20 1s more
accurate than the [ O-point method of reference 3 and
requires only one-half as much computational work.

How to handle small irregularities or bumps in the

Y-curve is of interest. One procedure is to fair through
the bump and to designate the faired curve Y. The devi=-
ation from V¥ 1is a AVv-curve. The conjugate € m&y be
determined in the usual manner and & conjugate Ae may
bs determined by use of a very small interval, say,
n = 200. The desired e¢-values are given by the sum of
¢ snd Ac. This method cannct be Jjustified on strict
mathematical grounds but is prcbably more than adequate
for engineering purpcses.

ley Vemorial Aeronautical Laboratory
Natvional advisory Conmmittee for Acronautics

Langley I'ield, Va.
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TABLE I.- VALUSS OF C, FOR USE WITH EQUATION (L)

~I=J T =T ONONON ON AT T TS B i WO O OBAONAN PO PO A PO D B R et e

Cy

K

n = 10 n = 20 = Lo n= &0
1 0.63138 0.63531 0.63629 0. 656EL
3 .19626 .20827 .21122 .21165
5 . 10000 .12071 .12568 .12691
7 0E09§ 0819 L0886l .09037
9 01584 254 0577( -u690$
1 70 &9
z osu 0¢u6ﬁ 04790
5 oaozw 0z7L2 oh121
7 .01200 .u5171 -ﬁéO?
9 .00391. L0270L 03194
1 09911 .02855
z 01971 02577
5 .C1670 .02%3%9
7 .014G0 .021%3
9 01153 .0195>
1 Ou922 L0175
5 )705 .01651
5 004“7 01523
7o .00266 .011107
5 | - 00058 .01200
1 : .01202
5 ] .01111
5 .01.025
7 .009L6
9 .00871
1 .O08CH
5 .00733
g .00E668
7 006[")
7 L7
1 UQE
3 .00 57
5 00279
7 .00526
5 .0027)
1 .0022%
3 .0017%
5 .0012?
7 .00CThL
9 .00025
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