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EXPERIENCES IN FLIGHT OPERATION*
By E. Hoffmann
In view of the various problems concerning landing gears which are
discussed in the following lectures it might be of interest tc look into
the question of to what extent landing-gear disorders encroach upon
flight operation or readiness-for-action of aircraft, and what causes
are, numerically, of particular significance.
Before discussing the numerical values compiled in the following
table I must, to p ermit better understanding, briefly outline ~he type
and extent of the nume rical material available : In the reports to be
made by field elements of the armed forces distinction is made between
reports raising objections a nd reports relating disorders. The first
kind includes all sources of technical error determined after a flight,
the second every undesirable deviation of a flight and its cause, regardless whether that cause lies in per sonne l errors, technical errors, or
other shortcomings. Both types of reports deal, therefore, in the technical domain, frequently with the same source of error; practically, however, they differ by the amount of damage done to the airplane. For 80
to 90 percent of all reports of disorders this damage amounts to more than
10 percent, for the majority of all report s of objections to less than
10 percent. The figures compiled in the table have been obtained by
evaluation of reports of disorders only and must therefore be regarded
(with consideration of what has been said above ) as minimum values.
Regarding the amount of evaluated reports it must be pointed out
that damages caused by enemy action are not reported. For the rest, one
can of course in times of war not expect all disorders which occur to be
completely covered by reports. Anyway, one may assume that the material
not included in the evaluation would not cause any essential shift in
the indicated percentages. In accordance with these presuppositi ons the
calculated values make no claim to absolute accuracy. However, they
permit with certainty a satisfactory survey of the extent of disorders
which are connected in any way with the design of the landing gear.

* "Flugbetriebserfahrungen," Bericht 140 der Lilienthal-Ges ellschaft,
pp. 3-4.

r.

2

NACA TM 1365

•

PROPORTION OF VARIOUS CAUSES OF DISORDERS TO THE TOTAL NUMBER OF DISORDERS
ACCORDING TO THE STATUS:

FIRST HALF-YEAR 1941

Of 100 disorders there are due to

Technical errors
Operational errors
LandingModel Tail-gear Loc king
gear
design
device
On the On the
Landingportion
Hard Veeringair
landing
gear
landing:
off:
frame: gear:
operation:
bl
b2
Cl

Wheel
Wheel
Wheel

Without
Without
Without

18
7-9
20-23

16
5-6
15-16

2-3
3-4
4-5

3-4
7
6-7

13-14
26-27
4-5

35
42
30

C2
C3
c4
C5
c6

Wheel
Wheel
Wheel
Wheel
Wheel

With
With
Without
Without
\OTi th

10-12
14
8- 9
10-15
16-20

9-11
13
7- 8
9-11
15-18

3-4
1-2

15
6-7
6-7
6-7
5-6

7- 8
5-6
7- 8
5-6
8

36

22
25
32

Bl
B2
b3
b4
b5

Shoe
Wheel
Wheel
Wheel
Skid

Without
With
With
With
Without

18
15 -16
4-5
5

17-18
13-14
3-4
4-5

---

-----

-----

-------

6
14
7
3-4
6-7

3-4
0. 6
9
10-11
27-28

27
35
20
19
34

b6
b7
b8
b9

Wheel
Wheel
Wheel
Skid

Without
Without
Without
Wi thout

13-14
6-7
4-5
12-13

12-13
3-4
3- 4
10

5

8- 9

28
13
24
44

blO
bll

Skid
Shoe
Skid
Skid
Wheel
Skid

Without
Wi thout
Without
Without
With
Wi thout

2-3
3-4
6
8-9
5 -6
4-5

1
2
5- 6
7- 8
5-6
4-5

9
11
14
20
16
13

Al
A2

A3
A4

---

3-4
1-2
7

---

---

---

4-5
7-8

2
10
15-16
27

3-4
6- 7
5 -6
10
6- 7
5 -6

3-4
2-3
2-3
2-3
3-4
2-3
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Since it is in many cases difficult to distinguish, in evaluating
the reports, between cause and effect (for instance whether the tire
failure which has occurred caused the veering off (ground looping) or
vice versa, whether a failure of the landing gear took place due to
leveling off at too high an altitude or due to inadequate strut strength)
and since these values therefore depend on personal and thus contestable
judgment, we combined in the present numerical table all these causes
and could thereby determine a "landing-gear portion" which is independent
of this personal judgment . Not included were all landing errors in which
contact with the ground was made either too soon (ahead of the landing
field) or too late (at the end of the landing field), also nose-overs and
ground loops. In part these cases, too, are connected with the landing
gear (through braking power) but not directly with the problems discussed
here; thus, they had not to be taken into consideration.

•

A comparison of the two first numerical columns of the table shows
that about 80 to 90 percent of all airframe disorders are caused by
technical errors in the landing gear. A special group is formed by the
tire failures which read their maximum in the models C2 and C5 and cause
approximately 5 to 6 percent of all disorders (50 to 60 percent of all
airframe disorders). According to a more exact investigation, the
damages caused by tire failures are for airplanes with fixed landing
gear approximately of an order of magnitude up to 15 percent, for the
remaining airplanes with retractable landing gear of an order of magnitude up to 25 percent of all airframe disorders. It is true that the
numbers in column 2 do not permit a direct comparison of the efficiency
of the landing gear of different models since they are not related to
the number .of flights performed or airplanes employed. This appears
with particular clearness in the models Bl and B2 for which there is a
ratio of approximately 1:2 in the number of take-offs.
The column "veering off" presents information on the rolling
behavior of the different models. First of all, the low percentages for
the models blO to A4 (training planes exclusively) are striking. The
assumption that the number of disorders in this group is about as high
as for instance in the group bl to Cl but is brought down to the low
percentage by much more frequent operational errors is not correct. On
the contrary, the absolute number of damaged airplanes in this group is
so low as to be insignificant for flight operation as well as for
replacement. The rolling behavior of these airplanes must therefore be
regarded as fully satisfactory. Conditions are different for the
models b2, b5, and b9. The model b9 is of little interest because it
is old and only few specimens are still in existence, the model b5, being
a foreign product, is of no interest at all. The extraordinarily high
number of failures of model b2, however, gave rise to a more thorough
investigation. It was found that only about 30 percent of all cases of
veering-off occurred on take-off (in contrast to customary expectations
and explanations, the plane veered off unequivocally (85 percent) to the

•
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right) . As a rule, the phenomenon of veering off occurred when the tail
was raised up after a rolling distance of 80 to 100 m. 70 percent of the
cases of veering-off occurred in landing, toward the end of the landing
run, thus with the tail wheelan the ground. Almost always the veerin~
off caused landing-gear failures which brought with them damage of, on
the average , 20 percent. It was remarkable that in most cases the tires
were not ruined. Since there existed in vari ous plants quite recently
the tendency to reduce cost by omitting the locking device for the tail
gear in new series, it must be pointed out here that the model b2 also
was originally equipped with such a mechanism. Only the economizing on
this device caused the sudden increase in veering-off cases. Conversely,
the subsequent equipment with a tail-gear locking device of the model A3
which at first also exhibited a strong tendency toward veering-off was
highly successful as can be seen also from the numerical table. Furthermore the model C2 was subjected to a partial investigation for a period
of 3 months. The numbers of veering-off cases in take-off and in landing
showed here, too, the ratio 30:70. The predominant direction of veeringoff in take -off was to the left. A few of the cases in landing were ini tiated by premature disengagement of the tail-gear self-aligning device.
Summarizing one may say that at any rate the rolling properties of
at least those models for which not less than 25 percent of all failures
can be traced back to veering off must be called unsatisfactory. In
view of the required repairing capacity, failures of the order of magnitude shown are not permanently tolerable; since the possibility of correc tive measures exists, they are unjustifiable as well.

•

Violent tail wheel shimmy occurred on model CI when used on runways;
temporarily it greatly reduced employment of that airplane. The frequency of these cases does not appear in the numerical table. They are,
however, partly responsible for the relatively high values in columns 1
and 2. The cases of shimmy had the particularly unpleasant effect not
only of leading to tail gear failures but also of putting so much stress
on the entire fuselage end and the tail surfaces that numerous failures
occurred on both structural components. Since subsequent installation of
a tail-gear locking device was impossible, a braking mechanism was used
as a remedy. For reasons of completeness I should like to mention that
tail-wheel shimmy led to difficulties in still another model not enumerated in the table.
Although, for understandable reasons, no absolute numbers could be
indicated in this report, the importance of the problems discussed in
the following lectures can still be recognized unequivocally from the
given percentages. The fact that the landing gear at present participates in the entire number of disorders with a share of on t he ave r age
25 percent, shows the importance not only of producing a landing gear
possessing rolling stability but also of all further work in the field
of landing gears . Improvement of landing gears does not give rise to an

•
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efficiency increase; however, a reduction of the tendency toward disorders effects with certainty increased readiness-for-action, lowers the
necessary supply of replacements) and saves, therefore , i n t he l ast a na lysis productive capacity in repairing as well as in manufacture.
Translated by Mary L. Mahler
National Advisory Committee
for Aeronautics
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LATERAL GUIDING FORCES ON OBLIQUELY RUNNING AIRPLANE TIRES*
By R. Harling

INTRODUCTION
Determination of lateral stresses on airplane landing gears and
calculation of phenomena of shimmy of tail wheels or of forces and
moments which dete rmine the directional stability of an airplane rolling
on the ground require knowledge of the lateral gui~ing or cornering
forces on the rubber -t ired airplane wheel.
Due to lateral flexibility of the tire, the rolling direction is
not within the wheel plane during action of lateral forces, a yaw angle
of the wheel is created and, consequently, a lateral guiding force on
the ground counte r acting the lateral force . As already known from
measurements of Fromm (ref. 1) on automobile tires, the rubber - tired
wheel can produce lateral guiding forces only when it runs at an angle
of yaw . With increasing yaw angle, this lateral guiding force first
increases, but later approaches the value correspond ing to the sliding
friction. This var iation is affected essentially by the wheel load,
lateral rigidity , inflation pressure of the tire, and by the friction
coefficient.
For various a irplane tires, in particular tail-wheel tires up to
the size 630 by 220, the correlation between lateral deformation and
lateral f orce was determined statically, that between yaw angle and
lateral guiding forc e on a r otating steel drum.

MEASUREMENT OF LATERAL DEFORMATION
In the test f or determination of the tire deformation, the wheel
was held fixed a nd the ground was, as it were, pulled away from under
it. Figure 1 shows the clamped wheel on a small carriage running on
ball bearings . Loading of the wheel is accomplished by means of weights
acting on a lever arm. By pulling on the carriage with a predetermined
force, the tire is deformed. The deformation may be read on a Vernier
scale to within an accuracy of 1/ 10 mm. In order to eliminate effects
due to deflection of the clamping device used f or the wheel, the path of
the wheel axle was determined separately with a dial indicator and subtracted from the deformation path measured. This procedure probably
guarantees a reliable determination of the tire deformation.
*IIS e itenfUhrungskrafte bei Schraglauf von Flugzeugreifen, "
Bericht 140 der Lilienthal-Gesellschaft, pp. 4-7.
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If a for ce acts on a rubbe r - tired wheel at rest norma
l to the wheel
plane , the tire is later ally deform ed. By plott ing . the
later al f orce
again st the tire defor matio n, one obtai ns the chara ct
er i st i c curve s of
t he later al deform at ion . Fi gure 2 shows the chara cteri
stic curve s for
the t ire 465 X 165 at vario us wheel loadin gs . One can
see how t he
later al defor matio n of the tire incre ases with incre asing
wheel load .

\

I

I

I

This phenomenon is in contr ast t o measu remen ts perfor med
earli er
(ref. 2 ) where later al deformatio n of the tire de creas
ed with incre asing
wheel load. In this test setup , the wheel was pulle d
tange nt to a cir cular arc with the swive l axle as cente r . There by , there
origin ated
proba bly a moment which influe nced the later al pull and
led to the resul ts
menti oned.
Later al defor mation is , furth e r more , a funct ion of the
tire infla tion (fig. 3) . By incre ase of the tire infla tion press
ure, the tire
takes on great er later al rigid ity , where by the later al
defor matio n
decre ases. Summ arizin g, one may s ay that tir e deform
ation is a function of size and physi cal prope rties , l oad, and tire
infla tion press ure.

I

I

I

I

I

MEASUREMENT OF CORNERING FORCES

\

\
\

For determ inatio n of the corne ring force , the wheel which
is sup porte d in a fork so that it can rotat e freely , runs on
a steel drum of
1.7 m diame ter (fig . 4) . Slots provi ded in the fork
make adjus tment of
diffe rent amoun ts of trail possi ble as are requi red,
for instan ce, for
inves tigati on of tail- wheel shimmy . The load of the wheel
may be varie d
by interc hange of weigh ts. The later al pull, thus the
later al guidi ng
force of the wheel , is determ ined direc tly at the wheel
axle wi 1;[1 a
force - measu ring dynam omete r.
The test proce dure is as follow s : the wheel , set at
a yaw angle by
a steel wire with conne cted force- measu ring dynam omete
r, is place d on
the drum which is alread y turnin g. The yaw angle is
read on the scale ,
the later al guidi ng force on the dynam omete r.
The varia tion of the later al guidi ng force is plotte d
again st the
yaw angle for sever al wheel loads in figur e 5. The value
s f or tire size
465 X 165 were taken as an examp le. With incre asing yaw angle , an
ever
incre asing part of the runwa y and conta ct surfa ce start
s slidin g . Conseque ntly, the curve slope s more and more towar d the horiz
ontal , which
is attain ed for compl ete slidin g. This repre senta tion
shows that the
later al guidi ng force is also very stron gly depen dent
on the fricti on
coeff icien t; the highe r the fricti on coeff icien t, the
more later al
guidi ng force can be resis t ed by t he tire .
The tire infla tion press ure also affec ts the later al
guidi ng force
(fig. 6) . For angle s of yaw up to about 50 or 6° , the
curve s show a

I
\
\
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steeper slope with increasing internal pressure. Transition to the
horizontal is solely dependent on the magnitude of the friction coefficient, as mentioned above.
COMPARATIVE TESTS
Comparative tests performed earlier, with a tail wheel 260 X 85 on
the steel drum and on the road, showed partly quite good agreement. For
the tests, the tail wheel was installed between the rear wheels of an
automobile with front-wheel drive (fig. 7) . The tail wheel with shockabsorber leg was attached to a lever traversable in the longitudinal
plane of the automobile. Loading was accomplished by means of a -compression spring. By means of a lever clamped to the shock- ab s orber leg,
the tractive force was transferred to the dynamometer and could be read
there. The yaw angle was determined by means of an indicator on a scale.
With this tail wheel, tests were performed on roads of various conditions and on wet turf.
Good agreement was found to exist between the results of the tests
on the steel drum and on a tar road (fig. 8). The lateral guiding forces
there are almost equal. On crushed stone, in contrast, the lateral
guiding force is somewhat smaller, which is due to a rolling effect. The
tire does not slide on the loose gravel, but rolls on it like on the race
of a ball bearing, and can thus not resist as large a lateral guiding
force. The friction coefficient of the tire on wet turf is probably so
small that the curve, as can be seen here, lies even below the curve of
the lateral guiding force on crushed stone.
CALCULATION OF THE LATERAL GUIDING FORCE
A calculation of the lateral guiding force is possible with an
equation (ref. 3)

known from investigations of automobile tires. This equation contains
as determining factors, in addition to the yaw angle W, the friction
coefficient ~, the wheel load P, and an empirical value cpo The
value c p was fixed so that good agreement was created between test
curve and calculated curve.

\
I
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In order to obtain an unequivocal confirmation for the cor~ectness
of the results found on the steel drum a nd furt he r dat a for t he ca lcu l ation of airplane landing gears and of the r oll ing st ab ilit y of air planes, tests with still larger airplane wheels were conducted on a
spe cia lly built trailer on the Reich automobile express highway . l
Trans lated by Mary L. Mahler
Nationa l Advisory Committee
f or Aeronautics
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Figure 1. - Measur ement of t he lateral deformation of airplane tires.
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Figure 4. -

Measurement of the cornering force of airplane tires.
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Figure 7. - Measure m ent of t he c orne ring force of an airplane tire.
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STIFFNESSES OF VARIOUS TIRES*
By H. Schrode
ABSTRACT

The rolling behavior of a landing gear with pneumatic tires depends
on the elastic characteristics of the tires and may be thus easily influenced by a change in the form of tires. From tests of tires of various
form it is shown that, above all, the side stiffness may be increased on
the usual tires without an essential increase of the vertical resiliency
factor. Wheel shimmy is minimized by the use of wheels of low shimmy
tendency.
SUBJECT ARRANGEMENT
•

"

1. INTRODUCTION
2. DESCRIPTION OF THE TIRES SUBJECT TO TEST
3. TESTS AND TEST RESULTS

4.

SUMMARY

5. REFERENCES
1. INTRODUCTION

According to the present investigations and experience the stiffness of the roll body wields a considerable influence upon the rolling
stability of a vehicle or airplane l , and especially on the shimmy
behavior of swivellable wheels and steering wheels (ref. 1). Melzer
(ref. 2) states, for instance, that in certain arrangements the stability of a tail wheel is especially favored by a great side stiffness
*"Steifigkeiten verschiedenartiger Reifen," Bericht 140 der
Lilienthal-Gesellschaft, pp. 8 -10. (NACA Editor's note: The present
translation was based on material included in the 1942 Jahrbuch der
deutschen Luftfahrtforschung but the information presented is essentially
the same as that presented at the 1941 Stuttgart conference. )
IHerein are included the tramping and pitching ~otions as well as
the "floa ting". Regarding the lateral-guiding or cornering force, important for the side-stability in rolling, it is assumed t hat ti res of different side and torsional stiffnesses in rolling under influence of a
given side f orce have different yaw- angles, s o that thus not only t he
magnitude of the lateral deflection of the resting tire is dependent on
the e l a stic properties of the tire, but the yaw-angle as well.
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of the tail wheel. This was confirmed by tests with a tail wheel with
a solid roller, the swivel axis of which was rigidly fixed laterally
(ref. 3). Changes in shimmy tendencies have been observed already in
airplanes with tail wheels due to changes of tire stiffness.
It is, therefore, apparent that the rolling behavior of a landing
gear may be influenced favorably in general by the installation of
tires of definite stiffnesses. Up until now, however, an improvement
of rolling stability has been sought usually by added structures, such
as dampers, or by change of the dimensions of the trail, while the spring
constant of the tire, similarly to the airplane mass, has been considered
as a fixed value. 2
A change in characteristic values of the conventional balloon tire
is basically possible by a change in inflation pressure and the wall
thickness, however within certain limits only, since inflation pressure
as well as wall thickness are essentially fixed by the re quired load
capacity, the permissible ground pressure, and the demanded low tire
weight. It if were necessary for increase of stability to make a great
change in stiffness of the tire as compared to that of a balloon tire,
one would have to abandon the latter and would have to attempt to achieve
the desired stiffness by choosing a different tire form. The possibilities being offered for such shall be shown from tests available on a
few experimental tires of various forms.

•

2. DESCRll'TION OF THE TEST TIRES

Figure i shows the various forms of the experimental tires built
for general investigations. The tires shown are about equal in load
capacity (with a given load they show about the same running period up
to rupture). The tires were first designed for a static load of 650 kg;
however, during the development /t he load capacity of the individual
tires was raised to about 900 kg . The spherical tire shown is yet i n
the state of development. One may expect a load capacity of above 1000 kg,
a fact which should be considered in the comparison of t he separate tires.
The 380 X 150 tire is a standard balloon tail-ti r e that has been used
in Germany since the int roduction of t a il wheels. I t s r otat i onal cros s
sect ion is very near ly a cir cl e . By widening of the r im a "smooth- contour
tire lt is obtained, the cross section of which is a part of a vertically
placed ellipse . The elliptical 340 X 170 tire represents an attempt
2I n the USA as well as in Russia, according t o recent knowledge, however , the streamline tires of greater side stiffness are preferred to
balloon tires for nose wheels and tail wheels. It is however not known
whether this is done in order to improve the stability.
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to build a tire with a specially small outer diameter. Due to the flat
curve of its running surface even small spring actions will produce a
great forc ~ absorption . (In the testing of this tire on a twin-engine
airplane, the tail-wheel gear of which was fitted with a balloon tire
showing strong shimmy, it was remarkable that, after i nstalling the
elliptical tire, the shimmy was considerably reduced.) The spherical
tire (K) has very favorable deflection characteristics under load. The
roll beads on both sides of the ground-contact surface prevent damage
to the side walls during severe impacts and permit rolling after bullet
damage. The solid-rubber roll was built for special uses and assembled
into a twin roll for stiffness determinations.

3.

TESTS AND TEST RESULTS

Moments and forces occur in rolling and in shimmy which cause tire
deformations perpendicular to the contact surface and thereby cause (or
tend to cause) existing or potential lateral deflections from the vertical
' axis. Thus, judging tires in respect to their influence on the rolling
characteristics of a motor vehicle or an airplane shall be possible only
with the knowledge of the course of the tire spring deflections with
vertical and side loads as well as of its rotational angle with a rotational moment acting about the vertical axis.
The tests were conducted on a nonrolling tire. The side steering
force of the rolling tire is calculated by Fromm (refs. 1 and 5) as
S = K~, wherein ~ is the yaw angle and K is to be determined from
the elastic constants of the tire and the load. Insofar as the tests
(ref. 6) carried out on airplane tires up to now permit, conclusions as
to the dependence of side steering force on the side stiffness are that
the side steering f orce increases with rising sidewall stiffnesses.
Figure 2 shows the spring const ant characteristi c curves of the various tires for vertical loading at an inflation pressure of 3 atm (gage).3
The steep rise of the characteristic curve of the spher ical tire,
beginning with about 4~ cm spring deflection, may be attributed to the
participation of the tire b eads on the sides. The vertical spring constant, that is, the load related t o the unit spring deflection, amounts
to about 200 kg/cm on the balloon tire and to about 325 kg/cm on the
spherical tire in the lower load ranges.
The measurement of side and torsional stiffness was done with a
vertical load of 650 kg and an inflation pressure of 3 atm gage. The
side force was not applied at the wheels but was rather applied to the
movable base plate, which was mounted on rollers, until a skidding of
3The tires were new.
constant is smaller .

After use for some time '{;he vertical sprine
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the tires occurred . With each load stage the lateral deflection, or
the torsion angle, was measured . The adhesive friction coefficient
between the tire and the concrete rolling plate was 0. 6 to 0. 7.
Figure 3 shows that t he deformation of balloon tires under side
loads here are found to include two motions: one being a lateral
deflection in the direction of the acting force, and one an elevation
change of the wheel shaft fas (see fig. 4) .
The lateral deflection due to the side f orce is greatest on the
conventional tire ; the stiffnesses of the elliptical and wide -rim tires
(smooth contour) as well as of the dual solid-rubber r o l~ are about
1. 5 times to twice as great as that of the balloon tire ; the spherical
tire has the greatest form stiffness and has approximately 7 times the
stiffness of the balloon tire; it very nearly approaches that of a solid
roller.
A change of inflation pressure has a much greater effect on the "
lateral deformation of the balloon tire than it has on that of the
spherical tire .
The lowering of the wheel axle fas of the pneumatic tires are
related to each other about in the proportion as the lateral deflections
of the tires. The lowering is greatest with the balloon tire and, with
a ratio between side force and vertical wheel load of 0. 5, amounts to
about 5 . 5 mm. This distance would correspond, under a vertical load, to
a force absorption of about 100 kg. With the solid-rubber dual roll a
rise of the wheel axle is produced due to tilting of the flattened tire
regions .
Figure 5 shows the lateral deflections of the balloon tire at
various wheel loads. In increasing the load from 450 kg to 850 kg the
lateral springing curves coincide, whereas at a further increase to
1000 kg, even with a slight side force, a buckling of the tire sidewall
takes place (fold -formation), which latter causes a greater deflection
than with the lower loads.
Numerical table 1 shows the vertical and lateral spring constants
of the balloon and spherical tires and a ratio comparison of the two.
By means of the choice of a spherical form a very large lateral spring
constant, desirable for a good rolling stability (ref. 4), may be
attained without an undue increase of the vertical spring constant.
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NUMERICAL TABLE 1

Balloon tire

Spherical tire

lateral spring constant

73

533

kg/cm

Vertical spring constant

200

325

kg/cm

1
2. 74

1
0.61

RATIO:

lateral spring constant
Vertical spring constant

The deformation of the tir e due to a t or sional moment about the
vertical axis is shown in figure 6. This arrangement corresponds to
a tailor nosewheel gear with a vertical swivel axis, the downward
continuation of which passes through the middle of the tire ground
contact plane; that is, it has no trail. 'lTne deformation of the tire
resembles that in shimmy with a slight trail and small angular deflection.
The torsional stiffness of the spherical tire in the lower load
region is about twice as great as that of the balloon tire (see fig. 7).
The smallest resistance to torsion is naturally inherent in the dual
roll. With loading increased to about 1000 kg the absorbed torsion
moment is larger corresponding to the greater ground-depression area
and ' to the greater normal force.
The elevation change of the wheel axle is very small and is, for
instance with the balloon tire, about 3. 5 mm until skidding occurs,
whereas with the spherical tire it is nearly zero.
At slight turning movements, up to about 3 0 to 50 rotation angle,
the torsion moment is essentially absorbed by the elastic deformation
of the tire; that is, upon load release the tire returns to its initial
position. With an increasing rotating motion skidding occurs first in
the outer regions and gradually within the entire trea~compression area.
The balloon tire behaves more elastically over a greater rotation region
than does the spherical tire.

4. SUMMARY
Similarly to the design of machine elements, tires may be built to
meet specific requirements by selection of a suitable form compared to
t he conventional balloon tire ; above all, the side stiffne ss coul d be
increased several fold, whereas a torsional stiffness may be attained
about double that of the balloon tire.
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Of special note is that the great increase in the lateral spring
constant may be attained without an essential increase in the vertical
spring constant, which fact seemed questionable a few years ago
(ref, 1, p. 41).
The investigated tires are model tires. There is no doubt that
for most practical cases by a suitable choice of the form and dimensions
tires may be built that approach very closely the ideal tire of great
softness vertical to the rollpath and yet having a very slight lateral
yield.
Shimmy tests with the various tires have shown that the tire form
wields a great influence on the shimmy tendency. Compared to the conventional balloon tire, the shimmy region may be considerably narrowed,
trail and damping for the complete suppression of shimmy may be held
smaller than with the balloon tires.
*Translated by John Perl
Lockheed Aircraft Corporation
Burbank, Ca lifornia (ATI No . 51824.)
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Figure 3. - Deformation of the 380 x 1.50 balloon tire under side loading.
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Figure 6. - Deformation of the 380 x 150 balloon tire due to torsion.
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FORCE DISTRIBUTION IN THE CONTACT SURFACE
BETWEEN TIRE AND RUNW Rf*
By P. Kraft

lliTRODUCTION
For clarification of the causes of very heavy and irregular wear
on tires of automobiles, an investigation and measurement of the pressure
and stress variation in the contact surface between tire and runway on
the rolling wheel seemed indicated. Beside measurements on automobile
tires l measurements on airplane tires could be performed.
1. MEASURING PROCEDURE

The measurements were carried out as single-wheel tests. The wheel
guided on rails is rolled over a fixed runway. The runway is interrupted
by a table, adjustable over the width of the runway, in which the measuring device is placed. Through an opening in the table top, the plunger
of the measuring device protrudes so far into the table top that the
plunger surface is exactly flush with the surface of the table (fig. 1).
Each measurement yields the pressure variation in a zone of the
contact surface parallel to the direction of travel. The width of the
zone is determined by the width of the measuring plunger. By moving
the measuring table over the entire width of the contact surface, one
obtains the pressure variation in individual adjacent zones, and thus a
pattern of the pressure distribution over the contact surface.

2. MEASURING DEVICE
The measuring device (fig. 2) measures the vertical ground pressure and the horizontal shear forces in the -contact plane. The sheal
forces are divided into two components:
1. In or opposite the travel direction (longitudinal direction)
2. Normal to the travel direction (transverse direction)
*"Die Krafteverteilung in der BerUhrungsflache zwischen Reifen und
Fahrbahn," Bericht 140 der Lilienthal-Gesellschaft, pp. 11-14.
~ese measurements were carried out within the scope of the
research plan of the Reich ministry for communication. A report on the
results is published in the Deutschen Kraftfahrtforschung.

32

NACA TM

1365

A tube dynamometer serves for recording of the normal pressure.
The shear forces in the contact surface are resisted by two pairs of
spring plates staggered by 900 2. The minute spring motions are transferred by means of small mirrors onto a revolving drum provided with
light-sensitive paper.

3. NORMAL GROUND PRESSURE
The variation of the normal ground pressure may be seen from figure 3. At the entrance of the rubber particles into the contact surface the pressure in the zone of the tire flattened most rises steeply,
takes then an approximately rectilinear course and decreases gradually
toward the rear. In the edge zones of the contact surface, the pressure increases to a maximum value, attained approximately below the
wheel center, and immediately decreases again.
The variation of the normal ground pressure below the center of the
contact surface transversely to the direction of travel, for customary
inflation pressure, is approximately a straight line. For diminishing
inflation pressure, the ground pressure at the center decreases slightly;
the variation becomes saddle-shaped. For very high internal pressure,
the highest ground pressure is at the center and decreases toward both
sides.

4. TANGENTIAL FORCES IN THE CONTACT SURFACE
Considering the tire cross section, one observes that in the flattening the circular arc of the tire circumference is compressed, and the
rubber particles are pushed from the center toward the outside. Thereby,
transverse tangential forces originate which, in case of normal wheel
pOSition, are directed inward, symmetrically to the longitudinal axis
of the contact surface (fig. 4(a)).
Correspondingly, there originate, by the flattening, tangential forces
in the longitudinal direction which are symmetrical to the axis of the
contact surface which is normal to the direction of travel (fig. 4(b)).
The magnitude and direction of the tangential forces on a loaded tire
at rest have already been measured by Martin (ref. 1).
In the case of the rolling wheel, the tangential forces stemming
from flattening and from rolling are superimposed.
2The measuring device was developed in cooperation with Prof. Dr.-Ing.
A. Thum.
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The resultants of the two horizontal components of the tangential
forces measured now yield a stress distribution as shown in figure 5.
At the center of the contact surface, the zone of most pronounced
flattening, the tangential forces in the longitudinal direction are
strongest. The tangential forces in the transverse direction are zero
at the center and increase toward the edge. Because of sliding of
single rubber particles due to the decrease of the vertical ground pressure shortly before leaving the contact surface, the symmetry of the
tangential forces is disturbed.
The stress pattern for a wheel guided rigidly at an angle of yaw
is different; it is like that for wheels of automobiles or airplane
landing gears running with toe-in. The yaw angle in the present case
has been taken as very small; it amounts to slightly more than 1/2 0 •
The distribution of the tangential forces is shown in figure 6.
In entering the runway, the rubber particles maintain the direction
of motion of the wheel. Up to far beyond the center of the contact surface the tangential f9rces are in magnitude and direction equal to those
measured for the wheel without yaw angle (fig. 5). However, the tire is
deformed. The further to the rear the particles travel in the contact
surface, the larger becomes the deformation .

When the road traction produced by the vertical ground pressure is
no longer suffiCient, the rubber particles are relieved of stress and
start sliding. The sliding occurs first at the rear on the contact surface since here the ground pressure has already become smaller, as was
ShOI{ll in figure 3. The larger the toe - in angle, the larger becomes the
deformation of the tire and therewith the portion of the sliding area of
the entire contact surface.
Due to the fact that the front part of the contact surface still
adheres to the ground while the rear part is already relieved of stress,
in the case of a large toe - in angle, a kidney-shaped form of the contact
surface is produced, as stated before by Fromm (ref. 2).
The tangential forces of figures 5 and 6 have been plotted together
in figure 7, for comparison of the tangential forces in case of normal
wheel position and of a wheel rolling at a yaw angle. The part which is
already sliding is easily recognized.
The variation of the tangential forces for a wheel rolling at a
yaw angle also shows that the tire can sustain lateral forces only when
an angle of yaw exists, because a dissymmetry of the tangential forces
with respect to the longitudinal axis of the contact surface occurs only
in case of lateral deformation of the tire, thus of resistance of lateral
forces. Deformation of the tire, however, causes the wheel to run at a
yaw angle.
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The continuously repeated sliding phenomenon at the rear part of
the contact surface causes a very heavy wear of the tire. This shows
that the zone of maximum ground pressure is not always critical for the
wear of the tire, but that wear may occur precisely at the locations of
minimum ground pressure because here relative motions between tire and
runway are possible .
Trans la ted by Mary L. Mahler
National Advisory Committee
for Aeronautics
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Figure 1. - Wheel with measuring table and plunger of the measuring
device.

Figure 2. - Measuring device.
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Figure 3. - Variation of the normal ground pressure ove r the contact
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Figure 5. - T angential for ces in t he contact s urface between wheel and
runway on t he ro lling wheel.
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VEERING-OFF IN TAKE-OFF AND LANDING*
By F. N. Scheubel

•

Our present land planes have, as a rule, a landing gear which
supports the airplane on three wheels. Two wheels, arranged near the
center of gravity symmetrically with respect to the longitudinal axis,
carry the main part of the load. Usually these wheels are not swivelmounted or steerable. A third wheel lying in the plane of symmetry
which is always SWivel-mounted, although it can occasionally be locked
by the pilot, and, in small airplanes ,sometimes is steerable as well,
forms the third point of support. According to the position of this
swiveling whee l, one speaks of a tail-wheel landing gear when the swiveling wheel is placed behind the center of gravity at the airplane tail,
of a nose-wheel landing gear when it is placed ahead of the center of
gravity at the nose. Here in Germany the re exist , aside from single test
specimens, only airplanes wit h tail-wheel landing gear ; in the United
States, airplanes wit h nose-wheel landing gear also have been in pro duction for some time . The two cat egori es show fundamental differences
in their rolling characteristics .
In airplanes with nose-wheel landing gear, straight-ahead rolling
is a stable state of motion; in airplanes with tail-wheel landing gear,
it is an unstable one. For reasons of breVity, this stability wi ll be
called rolling stability. Rolling instability manifests itself by an
aperiodic increase of a disturbance; this is called "veering Off."
This veering off may be explained in the simplest manner by a
description of the process. Assume an airplane first to roll straight
ahead. Due to some disturbance there appears, at first, because of i ts
smallness, unnoticeable for the pilot, a turning away from the initial
rolling direction which may increase extremely abruptly and lead to a
very violent change in course. Then there appears a very considerable
centrifugal ac celeration, the reaction to which frequently exceeds the
lateral resistance of tIle wheel tires or of their attachment t o the
wheel, which may occasionally even lead to lateral overturning and thus
to serious damaging of the structure.
Veering-off therefore is a mostly involuntary rolling on a path
with increasing path curvature the particular danger of which lies in
the fact that the motion once developed can be controlled only with great
difficulty or not at all.
*"Ausbrechen bei Start und Iandung," Bericht 140 der LilienthalGesellschaft, pp. 14-18.
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In order to understand the phenomenon, we first consider an airplane rolling at constant speed on a horizontal plane on a slightly
curved circular path, touching the ground with all three wheels. For
the present, air forces as well as any elastic flexibility are to be
disregarded. The airplane is therefore assumed to be rigid.
The motion will be stable if a moment damping the turning appears,
thus if

dM < O.

dill

The limiting case of disappearing moment, consider-

ation of which shows all the essential a spect s , is the neutral stability .
With the assumption that the angular displacement of the swiveling wheel
is
1, the equation of moments about the main landing-gear axis Zg
normal to the ground becomes, with the symbols to be taken from figure 1,

*«

M

= amvw -

(1 + e)Y L

=0

For establishment of balance of moments, considerable lateral
forces must appear on the swiveling wheel, about equal to the centrifugal force mvw times the quotient of the distance of the center of
gravity from the main landing-gear axis a and the wheel base l. An
investigation of the balance of moments of the swiveling wheel about
its swivel axis shows the following facts:

•

The effective moments are (~or symbols see fig. 2):
1. The moment of the centrifugal force of the swiveling wheel
sLmLvW
2. The moment of the ground reaction YL of that component of the
centrifugal force of the entire airplane which is resisted by the swiveling wheel -eYL

3. A restoring moment mostly proportional to the angular displacement

*

of the swiveling wheel

MR =

-cW

A balance of moments at the swiveling wheel appears when the sum of
these three components disappears:

Hence, one can see that balance is possible also without a restoring
moment when by pronounced rearward position sL of the center of gravity
of the swiveling wheel, the moment of the cent r ifugal force of the swivel ing
wheel i s kept suffic i ently large and , by small trail e of the swive ling
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whee l, t he moment of the ground-reaction force
wheel i s kept suffi ciently small

YL

at t he swiveling

or

•

An estimation shows, however, tha t this is not possible unle s s e ither
the trail e of t he swiveling wheel is made extremely small or t he
distance of the center of gravity sL of the rotatable part of t he
swiveling whee l as sembly from the swivel axis is made extremely large.
Reduction of t rai l would result in a very strong coupling of the swiv eling wheel with t he airplane and lead to a very unsteady run , parti cularly on irregular ground, occasionally probably even to complete
reversal of direc t ion by 1800 • Increase of the distance of the cente r
of gravity of the swiveling wheel could be obtained only a t the price
of considerable a dditional weights acting on a long lever a rm. Theref ore , this method will hardly be usable.
Thus a r e stori ng mome nt seems indi spen sable ; however , the effect of
t hi s moment a l s o i s limited . I n the equat i on of moment s of t he swive ling
whee l one may, for stationary rolling, using the kinemat ic condition
that the wheel i s t o roll without transverse sliding, i nterchange angular
path velocity and angular displacement of the swiveling wheel

v

Ly

d1f
= -v'f - e -dt

Therewith one can derive from
the swiveling whee l that, for
process is ne ce ssa r y which i s
and the square of the rolli ng

c

dx

(L + e) --

dt

=

0

the equation for the balance of moments of
stabilizing of the rolli ng, a restoring
proportional to the mass of the airplane
velocity

A numerical estimat i on shows that even for small s i ngle - seater airplanes
and moderate spe eds, about 0. 7 of the minimum speed, restraint of the
swiveling wheel is needed which makes a steer ing a t low speeds almost

,
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impossible. Thus one is forced to apply considerably less restraint.
This means, however, that airplanes with tail -wheel landing gear at
speeds above the critical velocity determined by the rearward position
of the swiveling wheel must tend to veer off.
A more accurate investigation of the veering -off process is possible
by setting up and integrating the equation of motion for small disturbances. It leads to the result that, for the airplane with tail-wheel
landing gear, a small disturbance, once initiated, increases as an
exponential function of the rolling distance. The exponent which appears
as a factor of the rolling distance is practically the distance of the
center of gravity from the main landing-gear axis normal to the ground
divided by the square of the radius of gyration of the airplane about
this axis. For large disturbance amplitudes which present great difficulties to exact calculation, one may state that the airplane with tailwheel landing gear has the tendency to roll in a loop-shaped curve and
in doing so to change its direction of motion so that it continues to
roll like an airplane with a nose -wheel landing gear.
Analogous considerations apply to the airplane with nose -wheel
landing gear; one only has to insert the corresponding lengths with
negative sign. As a result, the airplane with nose -wheel landing gear
is shown to have a very high degree of rolling stability.
However, in these conSiderations, two perhaps essential points have
been disregarded: air forces and elasticities. Their influence must
therefore be estimated. For reasons of easier visualization, this will
again be accomplished by consideration of the balance of forces and
moments, although the investigation of the equation of motion is thereby
not made superfluous.
It is sufficient to observe the effect of the air forces for still
air. Wind results in a particular course angle and thus in further
complication of the calculation; this calculation shows that head wind
has a stabilizing effect, tail wind an opposite effect. The essentials
result from investigation of rolling in still air.
In addition to the mass forces and their ground reactions, there
now appear air forces and their moments, essentially a force normal to
the plane of symmetry of the airplane and a moment about the vertical
axis of the airplane. The main portion of the lateral air force Ys
originates at the vertical tail surface as its lift, so that it is sufficient for an estimation to consider this alone. The lift of the vertical
tail surface is proportional to the lift coefficient of the vertical tail
surface, the dynamic pressure at the vertical tail surface, and the area
of the vertical tail surface (fig. 3):

I

~

I

L_______________________ ~ _________ _

•

NACA TM

1365

The l i f t coefficient, in turn, is approximately proportional to the
angle of a ttack of the vertical tail surface. This angle of attack of
the vertical tail surface is, for curvilinear rolling, directly proportional to the angular velocity, inversely proportional to the rolling
velocity:

Therewith, one obtains for the moment of the vertical tail surface
proportionality with the centrifugal acceleration and thus the possibility of taking the influence of the air forces of the vertical tail
surface into consideration in the form of a correction term

t

amv(J) 1 -

•

PF~

(a + rs) 2 Ocas Fs vs 2
-- as
da s F v 2 2m

-

(7, + e)YL

= 0

An estimation with the numerical values of airplanes customary at

present shows that the moment of the air forces of the vertical tail
surface reduces the mQment of the centrifugal forces only by about 5
to 15 percent. The influence is the lesser, the smaller the airplane
and the larger its wing loading. This signifies that the air forces do
not bring about an essential reduction of the lateral force to be
resisted by the swiveling wheel. The rest of the discussion is the
same as t hat for rolling without air forces, the result practically
identical . For airplanes with pronounced rearward position of the
swiveling wheel, the critical speed is somewhat, but only insignificantly, i ncreased by the air forces.

«
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A detailed investigation with the aid of the equation of motion
which takes into consideration, in addition, a few of the finer characteristics of the air force distribution leads to a similar result.

I

As was said before, the assumption that the airplane is rigid is
not exact. It is, rather, an elastic system; however, the elastic
flexibilities are usually small. Only the deformations of the landing
gear itself, either of the shock-absorber legs or of the tires, are
significant.

I

In curvilinear rolling, the airplane will be inclined outward. For
customary arrangement of the swiveling wheel, this produces additional
moments at the swiveling wheel which steer the swiveling wheel of the
tail-wheel landing gear into the curve, thus have a destabilizing effect.
However, this influence is not large. Besides, it appears with a large

I
I

I

I
I

I
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-time lag, due to the considerable inertia of the airplane about a longitudinal axis lying in the ground. Under certain assumptions, particularly
when sufficient damping in the main landing gear is lacking, a coupled
excited oscillation about the longitudinal and vertical axes may appear
in a nose - wheel landing gear . However, it will probably never become
critical. A larger influence is exerted by the t orsional flexibility
of the tires and of the structure of the landing gear . As H. Fromm has
shown on the occasion of an investigation of the oscillation phenomena
in automobile - steering mechanisms, the customary pneumatic tires of automobiles and airplanes must be deformed if they resist lateral forces .
This means , however, that such vehicles when loaded by lateral forces do
not move in the direction of the wheel planes , but obliquely to that
direction, that is, therefore, that they are yawing.
Superimposed on this torsional flexibility of the tires is the
always present (but mostly essentially smaller as to amount) torsional
flexibility of the structure of the landing gear . According to the
static configuration, its sign may be equal or opposite to that of the
torsional flexibility of the tires. The sum of b oth will be designated

dl3

dl3L

F of the landing gear or --- of the swiv--~F
~L
eling wheel where the.considered , elastically or otherwise restrained,
swiveling motion is added.

as torsional flexibility

Simultaneously with this torsional flexibility, there appears a
kind of bending flexibility which affects the veering-off only slightly.
We shall now consider an airplane with tail-wheel landing gear, the
main landing gear and swiveling -wheel gear of which are both torsionally
flexible; this airplane is to be loaded by a lateral force such as the
centrifugal force which acts at the center of gravity (fig. 4). This
force then is distributed, in accordance with the length relationships,
between the main landing gear and swiveling gear and twists them. The
curvature X of the path on which the airplane can move is determined
by these torsional deformations. For small torsional angles 13 it is

X

I
R

----- =

and with consideration of the distribution of the ground reactions of
the lateral force Y prescribed by the dimensions it is

I
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It appears forthwith possible to adjust the torsional flexibilities
of the landing gear and

dj3L

of the swiveling wheel in such a

dyL

manner that a curvilinear rolling forced in any way diminishes after
elimination of the restraints, the airplane therefore attains rolling
stability.
No doubt such a landing gear has not yet been intentionally built,
but I believe that the large differences in the tendency to veer off of
otherwise very similar airplane models can be explained at least in part
by very different torsional flexibilities of the landing gears. I hope
that, by deliberate application of these findings, a considerable correction of the veering off tendency of airplanes with tail-wheel landing
gear is attainable.
A few peculiarities are to be considered for the special phenomena
in taking off and landing. I limit myself, where not expressly mentioned
otherwise, to airplanes with tail-wheel landing gear.
At the beginni~g of taking- off, the airplane with tail-wheel landing
gear stands, as shown in figure 5, mostly with greatly inclined engine
axis. Therefore, a component of the reaction of the engine torque will
twist about the vertical axiS, according to the direction of propeller
rotation here customary, to the right. The component of the reaction of
the engine torque, which is parallel to the ground, produces an unequal
loading of the wheels of the landing gear; thus, because of the ground
friction of the wheels and because of the banking of the airplane caused
by the elastic flexibi.lity of the wheels, two small moments are produced
about the vertical axis of the airplane and the swivel axis of the swiveling wheel, respectively, which largely compensate each other in their
effects. The resulting torque may be counteracted by unsymmetrical
braking (which is undesirable) or by rudder deflection, under the assumption that the rudder lies in the propeller slipstream. An estimation
shows that when the slipstream is fully effective, even small easily
attainable lift coefficients at the vertical tail surface are sufficient

1/3
c

as

~

kL)
--

( 4

.
Sln a

Fslipstream Rslipstream
st.
Fs
a + r6

It is an impediment that the vertical tail surface in static condition
mostly obtains not nearly the full dynamic pressure of the slipstream,
and that the slipstream itself rotates and is laterally deflected near
the ground. However, in a properly functioning plane, this phase of the
taking-off will not present any difficulties to an observant pilot.
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When the airplane has attained some speed, the dynamic pressure at
the horizontal tail surfaces is sufficient for lifting the rear of the
fuselage off the ground and for setting the airplane at small angles of
attack . Some pilots have the custom Or rather the bad habit of doing
this very sharply, almost jerkily. With a not very experienced pilot,
this may be dangerous . For due to this rotation about the transverse
axis, there appear gyroscopic propeller moments which, according to the
direction of propeller rotation here customary, tend to turn the airplane to the left and which even in a single-seater may attain amounts
of several 100 mkg. Simultaneously, the component of the reaction of
the engine torque turning to the right ceases to be effective, and, in
addition, the vertical tail surface in most cases comes usually into
parts of the slipstream flm-ling from the left to the right. All three
effects add up, and i f the pilot, ,rho in the first phase of taxying had
deflected the rudder to the left as compensation for the turning to the
right, does not immediately apply opposite rudder, dangerous veering off
sets in.
But even when the pilot has executed this second phase carefully,
a slight rotation may appear. The question is whether the airplane,
rolling now, in the third phase, only on the main landing gear, can be
made to roll again straight ahead. According to the estimation of the
influence of the air forces on the rolling stability given above, it is
understandable that th~ airplane, due to the type of configuration
customary at present, will not possess rolling stability. The moment
of the centrifugal forces which tends to rotate the airplane into the
turn is s o large that the damping moment of the vertical tail surface
cannot begin to compensate for it.
There arises the question whether the vertical tail surface is at
all capable of preventing veering-off. The air forces of the vertical
tail surface are limited by the maximum lift coefficients attainable;
by substitution into the equation of moments, one realizes that there
exists a l ower limit for the permissible path radius at which the
verti cal tail surface can barely balance the centrifugal-force moment
(fig . 6)

and hence

At the wing loadings customary at present, these critical path radii lie
mostly above 300 m. Here a certain influence of the size of the airplane
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becomes manifest. For equal path curvature, a smaller airplane has
smaller dynamic angles of attack of the vertical tail surface than a
large airplane. Consequently, the attainable lift coefficient cas for
a smaller airplane will be smaller than for a large airplane, and thus
the critical path radius will increase . If the vertical tail surface is
shielded by structural parts lying in front of it, rolling even on a less
curved path can no longer be controlled solely by means of the rudder.
Once the veering-off in taxying has exceeded this limit, there
remains as a last expedient only unsymmetrical braking or, for multiengined airplanes with side engines, the application of unsymmetrical
power. Both are expedients which at least prolong taxying, and are
very dangerous in formation take-off .

•

It is sufficient to consider the case of unsymmetrical braking.
Thereby external moments may be produced which are proportional to the
friction coefficient, to the unsymmetrical wheel loading, in the phase
of the take-off here considered practically half the flying weight, and
to half the track width SF of the main landing gear. A consideration
of the balance of moments permits the conclusion that the centrifugal
acceleration measured in units of the acceleration of gravity may attain
a definite limit if veering-off is still to be checked by unsymmetrical
braking

For the friction coefficients attainable on dry ground, this limiting
load factor of the centrifugal force may increase up to the order of
magnitude of 1. Since even considerably smaller centrifugal-force load
factors are clearly perceptible, there still remains, therefore, as a
last resort against a veering -off motion, the unsymmetrical braking. A
similar effect, although usually not quite as strong, is obtained by
application of unsymmetrical power in the case of multiengined airplanes.
Whether these measures are still successful depends largely on the speed
of reaction of the pilot.
The question remains to be answered how the airplane with torsionally flexible main landing gear, described above as possessing rolling
stability, behaves during take-off.
In the two first phases of taxying, no great difference is obvious
between this airplane and the airplane with conventional landing 'g ear.
In the third phase (the one of longest duration), the rolling with horizontal engine axis, in contrast, the airplane may become stable beginning
wi th a certain rolling speed. Even belmv this speed, the tendency toward
veering-off is conSiderably decreased. I shall here not go into details.
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The take-off of an airplane with nose-wheel landing gear does not
offer any problems with respect to veering off since such an airplane
possesses rolling stability also when the nose wheel is lifted off.
For observation of the taxying in landing, the relations derived
above in the investigation of rolling are almost completely sufficient.
Under the assumption that the airplane has a torsionally rigid main
landing gear and a swiveling wheel at a rearward position, as is true
today almost exclusively, rolling at small speeds up to critical speed
(which depends on the rearward position of the swiveling wheel) will,
according to these relations, be stable. Beyond this speed, the airplane becomes unstable, more so with growing speed.
Since, however, these relations derived above apply only to rolling
at constant speed, it remains to be investigated what influence is
exerted by the braking applied after the landing to shorten the landing
run. Therein, one must distinguish whether the restoring action of the
swiveling wheel depends on its loading (as in case of inclination or
wedge-roller traversing of the swivel axis) or whether elastic members
constrain the swiveling wheel in center position.
Braking causes an unloading of the swiveling wheel lying behind the
main landing gear; thus, in airplanes in which the restoring action of
the swiveling wheel is proportional to its loading, a reduction of the
restoring forces and, ~herewith, a decrease in stability or increase in
instability. Very strong braking which is so great as to practically
unload the swiveling wheel makes it impossible for the swiveling wheel
to resist lateral forces. Then one will obtain, for the landing run after
the landing, relations similar to those for the taxying to take-off, even
slightly more unfavorable ones because the center of gravity lies further
to the rear and because the slipstream with its increased velocity at the
vertical tail surface is lacking. In an airplane with elastic constraint
of the swiveling wheel, the rolling behavior would not be affected in
case of moderate unloading of the swiveling wheel by braking. Thus it
would be stable or unstable according to the rolling speed. However, a
high degree of unloading of the swiveling wheel may lead here also to
instability. Other acceleration effects occurring due to braking are
inSignificant. Likewise, braking at the swiveling wheel has little
effect.

I
I

I
I

I
I

In airplanes which have been made to attain rolling stability by
torsionally flexible main landing gear, the landing run without application of brakes is stable; however, in these cases also a reduction of
stability occurs when there is a restoring action of the swiveling wheel
which is dependent on the load and when the brakes are applied during
the landing run. Obviously they will also decrease in stability if very
strong braking is applied which completely unloads the swiveling wheel.
Relations similar to those in taxying during take-off are then valid.
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The veering-off in landing can begin for various reasons. Dissymmetries in the landing gear as occasionally appear in operation may impart
a bank to the airplane and, therewith, by means of lateral components of
the weight reaction, deflections to the swiveling wheel which steer the
plane into a curved path. One-wheel impacts or slight sideslipping,
which are not always with certainty avoidable, produce rotational shocks.
Likewise, irregularities of the ground which reach one half of the
landing gear may be the starting point. Landing transversely to the
gradient of a slightly sloping airfield leads in airplanes with tailwheel landing gear to a rotation in the directioh toward the slope. It
is also conceivable that the flow at the wing separates unsymmetrically
and thereby produces as a result of the unsymmetrically acting drag a
rotational moment turning about the vertical axis.
The possibility of checking veering-off motions has to be investigated in a similar manner as for the case of take-off. However, there
exists a basic difference. In the low-speed regime where checking of
veering-off by means of the rudder mostly would not be possible, the
airplane can be made stable by sufficiently large restoring moments of
the swiveling wheel. It is conceivable to fix this limiting speed rather
high, and, on the other hand, the speed for which sufficient rudder effect
exists so low that the two regimes overlap. One then has an airplane
which possesses rolling stability at low speeds; at high speeds it will
be unstable, but its veering-off motions will be controllable by means
of the rudder alone. The amount of this limiting speed for the rudder
effect depends, as explained above in the investigation of take-Off, on
the path curvature which the pilot is sure to perceive. It will vary
individually; however, I believe that it will be possible to give a
value which an unexperienced pilot, too, can perceive with certainty.
Probably this limiting value will depend on the rolling speed, in such
a manner that the perceptible path curvature decreases with increasing
speed. Hence, one could draw a conclusion as to a greater danger of
veering-off at lower speeds.
It would be conceivable to make the braking forces at the main
landing gear in landing proportional to the normal loads on the individual wheels. Due to the different load in curvilinear rolling, one
could thus attain rolling stability for strong braking.
For the airplane with nose-wheel landing gear, there exists no
veering-off tendency in landing.
Summarizing, one might say: Today's airplane with tail-wheel
landing gear does, in contrast to the airplane with nose-wheel landing
gear, not possess rolling stability, has therefore by nature the tendency
to veer off. The designer must endeavor to keep this tendency as small
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as possible, the pilot must take it into consideration. How far special
measures will make it possible to attain rolling stability can be decided
only by practical tests.

- I
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Translated by Mary L. Mahler
National Advisory Committee
for Aeronautics
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Figure 1. -

I

Equilibrium of a neutrally stable airplane in curvilinear rolling.
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Figure 2. -

Forces and moments on the swive ling - wheel gear.
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Figure 3. -

Influence of the air forces on the rolling stability.
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Figure 4. -

The airplane with torsionally flexible landing gear.
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Figur e 5. - Mome nts at beginn ing of take -off.
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VEERING-OFF (GROUND LOOPING) OF AIRCRAFT EQUll'PED

WITH TAIL-WHEEL LANDING GEARS*
By E. Maier
INTRODUCTION

Accident statistics of recent yearsl usually show a large percentage
of taxiing mishaps which were caused by veering off (ground looping) of
aircraft equipped with tail-wheel landing gears. Consequently, the
factors governing such a veering off process had to be investigated.
All available data (ref. 1) were mainly of a qualitative nature and were
based on evaluations by pilots which naturally do not always agree.
The main reason for the unstable behavior of a tail-wheel landing
gear is the fact that the center of gravity is located behind the main
landing gear. If the tail wheel does not have a sufficient restoring
force, the slightest sidewise deviation of the aircraft will produce a
moment from the lateral ground forces at the main landing gear and from
the mass inertia. This moment will increase the sideslip angle between
longitudinal axis of the aircraft and the direction of motion. That
means, it has an unstabilizing effect.
The following investigations cover the most important influences
by a theoretical process and disregard a number of viewpoints which may
be of importance for the problem.

SYMBOLS
x

originally existing direction of motion

y

horizontal coordinate, perpendicular to

x

angle between aircraft longitudinal axis and x-direct i on

v

taxiing speed

SP

center of gravity

*"Das Ausbrechen von Spornradflugzeugen," Bericht 140 der LilienthalGesellschaft, pp. 19-23.
lSee a lso the article by Hofmann on pages 1 to
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aircraft mass

m

e ::

rnk2

inertia moment about the normal axis
lateral guiding (cornering) force on both main wheels
together

CH

lateral-guiding characteristic (cornering power)

W

yaw angle of tire

PH

load on the main landing gear

G

gross weight

A

lift

F

wing area

N

KNV 2 T

::::

angle of relative wind with respect to the aircraft longitudinal axis

T

Mn

::::

KDvcp

horizontal distance between main landing gear and center
of gravity

n

horizontal distance between center of gravity and center
of pressure of air

"t
"1

XN
XD ::::

I

air moment about the normal axis

a

assumed form of solution of the differential equations

e

I
I

cross-wind force

divergence constant for veering-off

IV
m

KD

-mk
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ASSUMPTIONS FOR THE CALCULATION
Before establishing the equations of motion, the assumptions made
in the calculation must be defined:
1. It is assumed that the aircraft remains undisturbed during the
process of motion, i.e., it is not influenced by any deflection of
control surfaces or by one - sided braking or by changing engine power.
This corresponds to reality inasofar as a certain time always elapses
until the pilot notices a change from rectilinear motion and operates
the corresponding control device. The time until the control device
actually responds also requires a certain length. In the meantime, the
veering-off motions can have progressed so far that the airplane can no
longer be kept in its original taxiing direction.
2. To produce linear differential equations, the aircraft is assumed
to taxi straight ahead in the direction of its longitudinal axis. The
velocity of the center of gravity normal to this direction is assumed to
be low in comparison to the taxiing speed. The sideslip angles between
longitudinal axis and direction of motion are rather low.

3. Any vertical motion of the center of gravity and any rotations
about the lateral axis are disregarded.
4. Rotational velocities about the longitudinal axis and thus the
elastic or damping effect of the landing- gear struts complicate the
calculation considerably and are therefore neglected. A later investigation will have to determine the effect on the veering-off process.

5. The brakes are not used . The veering-off tendency is calculated
as a function of the taxiing speed which itself may be regarded as constant during the short time under observation.

6. The propeller thrust has no directional effect since the propeller axis turns with the aircraft longitudinal axis. Consequently,
this thrust and the air drag are both disregarded. Any influence on
aircraft by the propeller slipstream, the reaction moment of the propeller, or the centrifugal effect of the rotating masses is neglect e ~.
7. The tail wheel is considered to be off the ground or, if it
touches the ground, it is assumed to be free of mass and free to swivel,
so that no lateral force from the ground is transmitted to the wheel.
8. Calm air is assumed.

______ _____________________ ~ ____________________________ J
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9. The equations of motion are established without consideration
of any camber Or toe-in of the wheels. However , the influence of the
toe-in will be given in an example later in the text.
10. Any variations in toe-in during the veering-off process due to
elasticity of the wheel suspension are disregarded.

EQUATIONS OF MOTION WITHOUT CAMBER OR TOE-IN OF THE MAIN WHEELS
The motion process is described by a lateral deviation y of the
aircraft center of gravity SP from the original center-of-gravity
path x (existing at the beginning of the time period under test) and
by the angle ~ of the aircraft longitudinal axis with the x-direction
(fig. 1).
It is assumed that ground forces and air forces act on the aircraft.
In a yawed main wheel, side forces are created which can be combined into
a force SH. Since according to the asswnptions made, y and ~ and
also the yaw angle
remain low, SH can be assumed to be proportional
to
which means that

*

*

.

y +

.

a~

1jr =----~

v

(1)

Figure 2 shows the curve of cH plotted against the load PH on
the main landing gear. When the tail is off the ground, PH is equal
to the gross weight reduced by the lift and, in the case of the skid
touching the ground, PH is equal to the gross weight reduced by the
load on the skid.
The resistance to rolling is neglected. If the aircraft is exposed
to an airflow inclined with respect to its longitudinal direction by an
angle of T, a lateral air force
(2 )

will be produced which acts at a distance n behind the center of
gravity. The rotational velocity ~ changes the sideslip angle along
the aircraft. It can be demonstrated that the angle which occurs at
the aerodynamic center of pressure should be inserted into the above
equation. Consequently,

I

I

L _________________ ------- -- - - - - - ---- -- ------------------ - - ----- --- - - ---

63

NACA TM 1365

.

T

=

y - ncp
v

-

cp

As soon as a rotational velocity cp is in existence,an aerodynamic
damping moment MD will result which is due to the fact that one wing has
a higher sideslip velocity and thus a higher air drag than the other wing
and also by the fact that the sideslip angles are different along the aircraft longitudinal axis. At low sideslip angles and at low rotational
velocities, this moment can be represented in the following form:

(4 )
Together with the mass force mY .and the mass moment ~ about
the normal axis, the condition of equilibrium of forces in the y-direction
and the condition of equilibrium of moments about the normal axis will
produce the equations

Using equations (1) to
differential equations

(4), the two coupled linear and homogeneous

(6)

are obtained.

The assumed solution

cp

.

= Be At

produces a characteristic equation of the fourth degree for determining A in which the linear and the absolute term are missing. Consequently, two roots A are equal to zero ,.hile the two other roots
are obtained from the dimensionless value

I
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where k denotes the radius of gyration of the aircraft about the
normal axis, obtained from the quadratic equation
(8 )
In this case, the following values apply:

with the dimensionless quanti t ies

a.

=a
k

J

v

=n ,
k

,

(10)

stability exists only if ~l and ~2 are positive. While ~ l
always satisfies this condition, the value ~2 may become negative because
of the first term - a. in the bracket . The center-of-gravity rear posi tion, as mentioned above , is therefore the only reason for the instability
of the motion . The air damping always has a stabilizing effect since the
terms related to XN and XD in the equation for ~2 all are positive.
I t is readily demonstrated that for taxiing speeds between zero and
a critical value Vg one root Al will be positive and the other one
negative. Consequently, within this range the aircraft will be unstable,
and, at higher velocities, it will again be stable. Numerical calculation shows that the critical velocity Vg is located very near the
velocity of take-off, so that the range of stable taxiing becomes practically negligible.

I
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The general integral of the differential equations (6) has the following form for Al f A2 f O.

(11 )

with the constants

to

and

0.1

to

As long as

Al remains positive and does not reach too low a value,
the first term in equation (11) will dominate after a very short time.
The constants Al and 0.1 depend on the aircraft characteristics and
Al depends in addition on the initial perturbation. For example, if
it is assumed that the angle ~ has an initial value of ~O at t = 0
without presence of a rotational velocity ~, Al will be proportional

.

to

~O'

One of the main problems to be solved is how the veering-off sensitivity should be defined . This tendency for veering off could possibly
be defined (under the above initial conditions) as the ratio ~/~O for
the aircraft yaw after a definite time at the beginning of the process.
However, the mathematical approach is much simpler and produces a
similar view for comparisons if the positive value Al (divergence) is
used as a criterion for the tendency for veering off. This method was
used in the following calculation.
In addition, the numerical value

Al representing the limit between
permissible and dangerous veering off of an aircraft was to be defined
if that is at all possible for any aircraft size in such a definite form.
This problem can be solved only after accurate calculation of a number of
aircraft prototypes and cannot be solved at present. However, the influence of various characteristics of the aircraft on the' tendency for veering
off can be investigated, which is done below in an example. In addition,
the tendency for veering off of two aircraft will be compared .

'1

~
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NUMERICAL EVALUATION

For a given prototype which is denoted by A in the following, the
tendency for veering-off was calculated according to the above method.
The result is shown in figure 3 in which the divergence Al is plotted
against the taxiing speed. This diagram shows the relatively rapid
increase of this instability during take-off which increases to a maximum
value at a medium taxiing speed and then drops to zero at the critical
speed Vg. Two attitudes of the aircraft were calculated, namely the
attitude with a horizontal fuselage longitudinal axis and an attitude
with a large angle of attack in which the tail practically touches the
ground. The curves are for constant attitude.
In figure 3, the results with consideration of the a erodynamic
damping are compared with the values obtained by disregarding the aerodynamic moment MD (i.e., at XD = 0) or by disregarding the aerodynamic
moment and the aerodynamic lateral force (XD = XN = 0). Thi s diagram
shows that the aerodynamic moment MD decreases the tendency for veering
off only very s lightly. Since the numerical determination of the quantity
XD i s rather time-consuming, this influence is generally ~isregarded.
The lateral force of th~ air decreases the tendency for veering off in
flight attitude considerably, while it s influence at large angles of
attack is small. Consequently, in the case of high angles of attack the
effect of aerodynamic damping is extremely low. For checking the influence of the various characteristics of the aircraft, the stability at
high angles of attack is calculated, disregarding the aerodynamic damping,
which is permissible especially since the maximum tendency for veering-off
occurs in this attitude.
The curves show that the stability occurring at a sufficiently high
velocity is not due (as generally assumed) to the increasing influence of
aerodynamic damping but much more (and even exclusively at large angles
of attack) to the decrease of load on the main wheel by the increase in
lift . Although a larger angle of attack is connected with a higher lift
coefficient which has a stabilizing effect, the center of gravity is
shifted more toward the rear. Disregarding the aerodynamic damping, the
two influence s according to figure 3 have such an effect that the maximum
value of Al in flight attitude is slightly less than at a large angle
of attack. Because of the larger effect of aerodynamic damping in flight
attitude , this difference is even increased.
The point of intersection of the curves without aerodynamic damping
with the abscissa furnishes the velocity at the moment of becoming airborne (lift equals gross weight). Conse quently, the velocity range of stable taxiing i s negligibly small at large angles of attack but becomes higher

r
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in the attitude of flight. In the second case, instability rarely ever
occurs since the take-off and landing speed are much lower. Large angles
of attack are the determining factors for these speeds.
The example shows that taxiing at a low angle of attack will produce
the lesser tendency for veering off almost over the entire velocity range.
On take-off, a large angle of attack becomes more favorable only shortly
before the aircraft becomes airborne when the tail is kept to the ground.
Generally speaking, the lift coefficient must be as high as possible and
the angle of attack of the fuselage axis as low as possible during
taxiing. That means, the flaps must be lowered as far as possible. Any
twist of the wing with respect to the fuselage would produce the same
effect since the center of gravity will not be shifted farther to the
rear by this process.
In figure 4, the tendency for veering off of two aircraft prototypes A and B is compared where the damping moment MD is neglected.
The two aircraft have approximately the same wing area and the same
radius of gyration about the vertical axis. The aircraft A has a wing
loading of 240 kg/m2 and the aircraft B a wing loading of 170 kg/m2 •
The lift coefficient is lower in the aircraft A at equal attitude,
which means that this aircraft is considerably faster than the other.
It has a landing speed of 195 km/hr compared to 155 km/hr of the aircraft B. The rearward position of the center of gravity of the type A
is 35 to 60 percent larger than that of B and, in addition, A is
equipped with larger and more rigid tires.

The tendency for veering off of the type A is considerably higher
than that of B. A more accurate check of the various influences showed
that the main reason for this phenomenon is the much more rearward position of the center of gravity. An additional but less important influence is produced by the lower lift coefficient and by the more rigid
tires, while the higher gross weight has almost no influence whatever.
The planned calculation of additional prototypes will show whether
a small aircraft shows more danger of veering off than a large aircraft
or whether merely the interfering forces (for example, one-sided contaot
of the propeller slipstream at the tail unit) has a stronger influence
in a smaller aircraft.
To test the influence of the various aircraft characteristics, the
initial values were changed for the aircraft A, calculated in figure 3
for the attitude of the tail gear practically touching the ground, disregarding the aerodynamic damping. In figures 5 and 6, the divergence is
plotted by changing the initial data individually by 10 percent toward
the unfavorable side. The plotted effect of the toe-in is discussed
below. The peak value of divergence Al obtained f-rom curves of this
type is plotted in figure 7 as the ordinate While the modified size
relative to the initial value is used as the abscissa.
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The following conclusions can be drawn from figure

7:

1. The magnitude of the radius of gyration has the strongest influence on the tendency for veering off. Unfortunately, because of the
flight characteristics of combat aircraft , at least, it will never be
possible to decrease the tendency for veering off by increasing the
radius of gyrat ion.
2. The effect of any rearward shift in center of gravity behind the
main landing gear has a very noticeable influence. This rearward distance consequently must be kept as small as possible.

3. The lateral-load characteristic cH

(cornering power) of the
main landing gear can be used for noticeably influencing the tendency
for veering- off . The main wheels should have sides as soft as possible
which requires a special type of tire.

4. Lift coeffIcient and wing area affec t the tendency for veeringoff in a similar manner. As mentioned above, a high value of ca must
not be attempted by increasing the angle of attack of the fuselage longi tudinal axis but by l~wering the flaps. However, this influence is not
too large.
5. The smallest influence is produced by the gross weight. This
result was entirely unexpected and is caused to the greatest part by the
fact that, at increasing load PH on the main landing gear, the curve of
c H (PH) becomes flatter, according to figure 2 .
INFLUENCE OF TOE-IN ON THE TENDENCY FOR GROUND LOOPING
Recently, the problem has occurred whether a toe-in could possibly
affect the tendency for veering off. For solving this problem, the
calculation was extended over this particular case. It seems certain
that the rotational motion about the longitudinal axis, thus the elastic
and damping effects of the landing-gear struts and main tires, have considerable influence. However, for simplification it is assumed in this
case also that no compression exists between tire and shock struts . This
assumption can at least be considered a critical case which probably
will produce the maximum possib le influence of the toe-in on the tendency
for veering off.
In figure 8, the aircraft is shown with the main wheels installed
at a positive toe-in angle WOo The lateral forces of the left-hand or

_____________________________________________ J
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right-hand wheel are denoted by Sl or Sr' These forces act perpen-"
di cular l y t o the wheel plane. The proce s s of motion will have to i nclude
the difference in loads P 1 and Pr of the left and right wheel. Both
quantities will differ only slightly from the mean load ~(P2 + Pr ) if
the quantities y and ~ are assumed to be small. Consequently, the
accurate curve of the tire characteristics cZ,r versus the load PZ,r
can be replaced by the tangent at the pOint

~(PZ + P r )

(fig.

9), thus

we can write:

In addition to the already considered forces and moments there
occurs the moment about the longitudinal axis created by the fact that
in a rotary motion about the normal axis one wing will have a greater
velocity, i.e., a higher lift than the other wing. This moment has the
following form:

where

KA

denotes a constant.

The equilibrium conditions (5) are then replaced by the following
three equations in which the condition that equilibrium exists about the
longitudinal axis has been added:

The yaw angle of the two wheels changes by
tion (1).

two

with respect to equa-

The a ircraft A with the t a il near the ground will be used exclusively in the calculation. Then, the lateral aerodynamic damping , i .e.,
the quantities Nand MDJ can be neglected. Calculation i n the

•
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preceding manner will again produce the quadratic equation (8) for
determining the divergence Al by means of equation (7). Equations (9)
and (10) are then replaced by the following quantities or abbreviations:

,

a.

a
k

,
As before,

cH denotes the lateral-load characteristic of the two main
wheels together, i.e.,

For a toe-in of 2 0 , the divergence for the aircraft A without
aerodynamic damping is plotted in figure 6 at a large angle of attack.
The result shows that the toe-in at lower velocities improves the tendency for veering off only slightly and that the divergence at higher
velocity will even be higher. Since a toe-in of 2 0 represents an almost
impermissible increase in tire wear, no toe-in at all should be used. The
influences which have been disregarded so far presumably will not increase
the effect of a toe-in by as much as one order of magnitude.

ADDITIONAL INVESTIGATIONS
The effect of rolling friction on the tendency for veering off was
checked for the case of aircraft A. The maximum of Ai is affected
with or without toe-in by only a few percent.
An additional calculation was made for determining the effect of
any variation in toe-in by elastic suspension of the main wheels. As
soon as the elastic axis is located in front of the contact point between
'heel and ground, i.e., if the main wheel is constructed similarly as a
tail wheel with a pronounced self-alignment, the flexibility of the suspension will decrease the tendency for veering off. Conversely, the

_J
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tendency for veering off increases as soon as the wheel has a negative
caster which means as soon as the contact point with the ground is
located in front of the elastic axis.
SUMMARY

The tendency for veering off (ground looping) of an aircraft
equipped with a tail wheel is created by the fact that the center of
gravity is located behind the main landing gear. To keep this tendency
as low as possible, the rearward distance of the center of gravity should
be kept as small as permissible for reasons of a nose-over hazard. An
addi tional decrease in tendency for veering off is produced by increasing
the radius of gyration of the aircraft about the normal axis, which is
impossible in practice because of t he flight characteristics involved. The
lateral-load coefficient (cornering power) of the main tires must be as low
as possible. This requires development of tires with soft sides. On
take-off, as soon as the tail wheel has left the ground, the fuselage
should be brought into flight attitude as soon as possible since the
rearward distance of the center of gravity is smaller in this position.
Only shortly before becoming airborne, the tail should again oe lowered
slightly toward the ground .
The lift coefficient must be made as high as possible by lowering
the flaps (cornering power), since then the main wheels are unloaded and
the lateral forc es are decreased. At high angles of attack of the fuselage, the lateral aerodynami c damping, t hus also t he size of the rudder,
has practically no influence, but in flight attitude at a higher taxiing
speed the tendency for veering off will be influenced by these factors.
On take-off, the tendency for veering off increases with the taxiing
speed to approximately one half to two thirds of the take-off speed and
then drops again. A stable taxiing is reached only shortly before the
aircraft becomes airborne. The curve of the veering off divergence
versus the taxiing speed is mainly governed by the increasing unloading
of the main wheels . A toe -in of the main wheel s does not practically
influence the tendency for veering-off and should not be attempted
because of the increased tire wear. Main wheels , suspended flexibly
at a positive caster, will de crease the tendency for veering-off but
such a flexibility will be unfavorable for a negative caster.
*Translated and Edited by
the O. W. Leibiger Research Laboratories, Inc.
Petersburg, N. Y. (ATI No. 32512)
*Note: In order to provide terminology consistent with other papers
of this series, this translation has been reworded in many places by the
NACA reviewer.
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Figure 1. -

Forces and moments acting on the aircraft.
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Figure 2. -

Lateral - load characteristic c H (cornering power) plotted
against the load PH of the main landing gear.
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5- 1
2.0 ~--~--~----.--

f Lift coefficient

Ca
Lor wing area F reduced

}
by 10%

1,5 I-----+-_~-I___---'-~M- Gross weight G increased

~~ Toe - in changed from 0 to+20

1.0 t-----I-:'4-----t- - --t-----t-1t-- Aircraft A, original numerical
values ,
Q5~F.---+_----4_----4_----~----~

o

50

100
Taxiing

150
speed v

200

250
km/h

Figure 6. - Effect of the toe -in and of t he variation in several structural
characteristics by 10 percent on the divergence or tendency for veering off of the aircr aft A at large angle of attack.

I

I

NACA TM 1365

77

-I

s

2,5

Modified structura l
characteristic

a
C
H

2.0

A-

G

I max

ca,F
1,5

1.0

t------+-----+----~o..._--__l

k

0,5 r.------+-------+-----+-------l

o
Modified

50

100

150

%

250

structural characteristic related to
the initial value

Figure 7. - Effect of a variation in the most important structural characteristics on the maxi mum value of the divergence of the aircraft A
at large angle of attack .

.

78

NACA TM 1365

y~------------------------------~

Figure 8. - Forces and moments acting on the aircraft with wheels
adj usted to toe - in.
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ROLLING STABILITY OF AIRPLANE-LANDING GEARS AND
RESULTANT REQUIREMENTS FOR SWIVELING WHEELS

By L. Huber

SYMBOLS AND INTRODUCTION

W

Yaw angle of the wheels

P

Wheel load, normal load, taxiing load

S

Lateral guiding (cornering) force

SP

Center of gravity

LP

Center of pressure of the aerodynamic forces

v

Taxiing and flying speed of the aircraft

Wq

Component of the lateral velocity

vr

Velocity of the resultant relative wind

i

Distance of the center of pressure of the aerodynamic forces
from the axis of the leading wheels

The various possibilities of combined effects of air and ground
forces on an aircraft produce such different effects on the taxiing
behavior that the landing-gear types can be grouped by classes.
Recent data are available for such investigations, which cannot be
discussed in detaill. Extensive simplifications must be assumed f or the
discussion given in this paper.
The following investigations assumed a yawed ground contact .of the
aircraft on a plane runway; thus asymmetrical forces are introduced on
the landing gear.

* "Die

..

.. des Flugzeugfahrwerks und die sich daraus
Rollstabilitat
ergebenden Forderungen an das schwenkbare Rad," Bericht 140 der
Lilienthal-Gessellschaft, pp. 24-29.
lL. Huber, Die Fahrtrichtungsstabilitat des schnellfahrenden
Kraftwagens. Deutsche Kraftfahrtforschung, Heft 44, Berlin 1940,
VDI-Verlag. - P. Riekert und T. E. Schunck, Zur Fahrmechanik des
gummibereiften Kraftfahrzeugs. lng. -Arch., Ed. 11, 194-0, S. 210.
E. Sawatzki~ Die Luftkrnfte und ihre Momente am Kraft wagen . Deutsche
Kraftfahrtforschung, Heft 50, Berlin 1941, VDl-Verlag .
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It is of no importance for the basic process of veering off or
ground looping whether the asymmetrical forces produce a veering toward
the right or left.
In addition, the restriction that the pilot does not change the
process of motion of the taxiing aircraft is used, which means that the
taxiing path is not influenced by any variation in rudder position or
by anyone-sided braking or accelerating.
AIRCRAFT EQUIPPED WITH TAIL SKill
An aircraft with its center of gravity behind the leading main wheels
usually was equipped with a built -in skid for supporting the tail. On
yawed ground c ontact on the runway, lateral forces are created on t he
elast ic main wheels 2 and on the skid which are compensated by an equal
mass force act ing at the cent er of gravity SP of the airplane (fig . 1).

The l ateral forces may create , in addition to a minor lat eral side slip of the aircraft, a moment even at very low wind, acting from the
ground and taking place about the reference point which, for simplicity,
is assumed to be located at the center of graVity. In figure 1, vr
corresponds to the geometric sum of all wind velocities resulting from
flying speed and fr om head-wind velOCity. The tail skid, which buries
itself in the soft turf, obtains a relatively larger lateral guiding
force than the main whee ls. This returns the airplane into its original
taxiing direction.
The result is a restoring ground-force moment which reduces the
yaw angle t on the wheels. The landing gear is controlled at the
front and rear which means it represents a 2-axes system which is stable
with respect to the ground.
THE TAIL-WHEEL AIRCRAFT
With introduction of an easily swivelable tail wheel, the lateral
guiding or cornering force is eliminated and thus also the restoring
2This fact was determined and published already by H. Fromm eleven
years ago. Cf. G. Becker, H. Fromm, and H. Maruhn, "Schwingungen in
Automobillenkungen." Berlin 1931. - For further sources, see list of
references in Deutsche Kraftfahrtforschung, Heft 44 and the lectures of
the present report by Harling, p. 7, Schrade, p . 17, and Kraft, p. 31.
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ground-force moment on the tail skid. At low air forces, i.e., low
landing speed or low wing loading, the aircraft is first put transverse
to the taxiing direction by the ground-force moment and is then turned
by 1800 in the form of a spiral.
The landing gear then becomes a single-axis system and is unstable
with respect to the ground.
Only if the air forces are sufficiently large (vr must have a high
value), the rudder unit will produce air forces which can be combined at
the center of pressure LP of the lateral wind force and which produce
a restoring air-force moment. The airplane will then travel mainly in
the direction of the resultant air flow. That means, this uniaxial
landing gear is then not only unstable with respect to the ground but
also sensitive to wind.
The lateral elasticity of the tire affects the veering off process.

In tires with hard Sides, this veering is much more violent and is rather
slow in soft tires, since such tires absorb smaller lateral forces than
hard tire s on yawed ground contact (see footnote 2).
TAXIING LOAD AND LATERAL-GUIDING FORCE

The lateral guiding or cornering force S (fig. 2) increases with
increasing yaw of the wheel (yaw angle w). In a wheel with stiff sides,
this force, starting from zero, increases suddenly and then remains
rather constant with respect to the yaw angle
During this process,
any doubling of the wheel load P will produce also a doubling of the
lateral guiding force.

w.

In a laterally elastic wheel, the lateral-guiding force increases
more slowly with the yaw angle

w.

At more pronounced yawed positions, a doubling in lateral-guiding
force is obtained on doubling the wheel load. However, in the range of
small yaw angles, the increase for the higher-loaded wheel remains
smaller (c > d). This fact is of considerable importance for the following discussion of the behavior of biaxial and multiaxial landing
gears.
'mE FIXED TAIL WHEEL

A fixed tail wheel equipped with pneumatic tires absorbs a lateral
force similarly to the rigid tail skid (fig. 3). According to the variation of lateral force of an elastic wheel in figure 2 in which similar
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were used, the main wheels, under higher load and located directly
in front of the center of gravity, will transfer lower lateral forces
per unit of normal load than the less heavily loaded tail wheel tire.
Consequent l y, on a pl a ne har d sur f a ce a r estoring gr ound-force moment i s
created on t he b i axi a l l anding gear a s l ong as t he ta il whee l rolls over
the runway at it s normal l oad.
t~res

The lateral-guiding force on the wheel can be varied by the type of
tire construction, inflation pressure, rim width , and primary dimensions ,
at least within certain limits.' The ground moment may be affected by
these values. However, any such influences are disregarded in this
report.
The fact that this biaxial landing gear is stable with respect to
ground only under certain conditions is of considerable importance.
Under the effect of the resultant air velocity v r ' the landing
gear is turned in direction of the resultant air flow by the air forces
acting on the rudder unit. Thus the landing gear is still wind sensitive.

I

I

{

THE TAIL-WHEEL AIRCRAFT INSENSITIVE TO CROSS WIND

1

If it were possible to shift the position of the resultant lateral
air force toward the front into the vicinity of the center of gravity
until the sum of the lateral air and ground forces and the r oe sulting
moments (related in this case to the center of gravity SP) would become
zero, a biaxial landing gear would be obtained which is stable with
respect to the ground under certain conditions and insensitive to cross
wind. The restriction "under certain conditions" means that the landing
gear has these characteristics only as long as the tail wheel rolls along
the ground at a sufficient· load. The aircraft will then no longer attempt
any veering off or ground looping and will not run into the wi nd. The
lateral wind forces will be absorbed by a slight yaw of the wheels, i.e.,
by only slight turning of the aircraft into the wind direct i on.

\

For this purpose, the following conditions would have to be
satisfied:
1. The rudder surfaces would have to be decreased considerably whi ch
means the flight characteristics of the a i rcraft would become changed
(deterioration of the flying stability).
'Cf. lectures of Harling, p .
r eport.

~

7,

and Schrode , p .

17,

i n the present
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2. The tail wheel would have to be fixed in the direction of the
aircraft longitudinal axis.

3. The tail wheel would have to roll along the ground at a sufficient normal load.
THE NOSE-WHEEL AIRCRAFT

The rather difficult conditions for a pilot, given above, are
eliminated in a nose-wheel landing gear (fig. 4).
At low air forces, a uniaxial nose-wheel landing gear is always
stable with respect to the ground, no matter whether the nose wheel is
still in the air or has touched the ground since the freely swivelable
nose wheel does not create any lateral forces.
The lateral guiding or cornering forces acting on the main wheels
behind the center of gravity will turn the aircraft into the direction
of travel.

In a cross wind, the airplane will turn into the direction of the
resultant air flow under the effect of the air-force moment.
The position of the center of pressure LP of the lateral wind
force behind the center of gravity SF is given by the flight characteristics. Generally, the center of gravity is only suffiCiently far
in front of the axis of the main wheels that the aircraft can still tilt
toward the front without creating too high a load on the nose wheel.
Because of the slight distance of the center of gravity from the
main wheels, i.e., because· of the short lever arm at which the lateral
guiding forces of the wheels act, a relatively small restoring groundforce moment becomes effective. The uniaxial landing gear can be easily
turned about the leading main wheels. The aircraft will then turn more
readily into the direction of the resultant air flow than the tail-wheel
landing gear with a fixed tail wheel touching the ground in which a change
from the taxiing direction is possible only by lateral deformation of the
tires.
THE NOSE-WHEEL AIRCRAFT INSENSITIVE TO CROSS WIND

The nose wheel will become less sensitive to cross wind if the distance between the transverse forces on the fixed wheels and the center
of pressure LP of the lateral wind force are decreased.
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If the aircraft characteristics, i.e., the position of the center
of gravity with respect to the center of pressure of the air, remains
unchanged, the attempt of the air-force moment to turn the aircraft into
the resultant wind direction can be eliminated by shifting the axis of
the leading main wheels back into the plane going through the center of
pressure of the lateral air force.
If one now takes into account the changing wheel load between left
and right main wheels, previously neglected in the action of the side
force, and the thereby arising small ground-force moment, then one
arrives at a final position of the main wheel axis slightly in front of
the center of pressure LP.
This uniaxial landing gear is then not only stable with respect to
the ground but also insensitive to cross wind . For resisting the cross wind forces, the aircraft will turn its longitudinal axis slightly
yawed to the main taxiing direction by turning slightly into the wind.
This may create corresponding guiding forces on the leading main wheels,
corresponding to the cross -wind pressure.
Even at sudden cross-wind gusts, the aircraft will continue essentially in its original landing direction.
This backward shift of the main wheels or forward shift of the
center of gravity increases the portion of the load on the nose wheel.
Consequently, it seems logical that the aircraft designer would prefer
different measures for increasing the insensitivity to cross wind.
FIXED NOSE WHEEL
The taxiing behavior of a nose-wheel landing gear with a fixed nose
wheel and small wind forces is determined by the side forces on the
wheels (fig. 5) . Since the center of gravity is located slightly in
front of the main wheels, the nose wheel has relatively low load. Its
lateral guiding force is therefore relatively larger per unit of normal
wheel load (according to fig. 2) than the lateral guiding forces on the
main wheels. If it is assumed for simplification that the mass system
turns about the center of gravity, then a ground-force moment is created
on the biaxial landing gear, which will turn the aircraft from its
taxiing direction. The airplane will then become unstable with respect
to the ground. The tendency for ground looping increases when the mass
forces produce an additional higher load on the nose wheel.
During an additional cross wind, the air-force moment, turning in
the same direction, will have an influence, so that the aircraft tends
to turn rapidly into the resultant wind dire ction.

. ..
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Consequently, a fixed nose wheel will produce a biaxial aircraft
which is unstable with respect to the ground and is also wind-sensitive.

SWIVELABLE NOSE WHEEL
The idea
and air - force
was a logical
moment can be

of designing a swivelable nose wheel so that the ground
moments will be compensated by yawing of the nose wheel
development. Generally, the required restoring ground
produced by turning t he nose wheel.

However, the assumption made above that the taxiing behavior is to
be independent of the operation by the pilot must then be abandoned.
The airplane landing gear with a swivelable nOse wheel must have
the same stability behavior with respect to the ground forces as a
b iaxial automobile steered at the front.
The center of pressure of the resultant lateral wind force is not
located behind but in front of the center of gravity in the case of a
motor vehicle. Thi s is due to the fact that the air forces, especially
in an aerodynamically-favorable body such as an airship hull from which
the fins and rudders were removed, act far at the front of the body.
Consequently, in a cross wind an air force acts on a vehicle in
front of the center of gravity, resulting in an air-f orce moment related
to the center of gravity which attempts to push the car transverse to
the resultant direction of the air flow.

MOTOR VEHICLE SENSITIVE TO CROSS WIND
The behavior of a high-speed car was clarified by means of model
tests along a "running track" (continuous belt). The model vehicle, in
the left of figure 6, runs from the bottom to the top at a veloc ity of
150 km/~ along the center of the track which corresponds to the width
of a four-lane highway. In the second part of the photograph, the car
is exposed to a gust which strikes the car at a speed of 14 m/sec perpendicular to the vehicle. Aft er half a second, the vehicle has already
reached the edge of the tra ck . During t h i s process, it was assumed that
the driver had not moved the steering wheel at all . 5

4The model values have been converted according to the model rules
for the actual vehicle.
5The hand of the clock provided at the right in the moving pi cture
revolves once in 0 . 6s , here contrary to the usua l sense of rotation of the
clock •
•
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The air forces increase with the square of increasing velocity.
At the same time, the time during which the vehicle travels up to-the
edge of the track is shortened.
Check tests of the Institute on the reasons for the accident of
Rosemeyer on the Frankfort racetrack showed that the gust had turned
the racing car of Rosemeyer within a period of 0.1 sec and had pushed
it to the edge of the track in this time.
However, a well-trained driver expecting such an accident will
require approximately 1/2 sec for compensating this motion of the
vehicle. An average driver or a person not expecting such a wind gust
will need at least 1 sec to release a required ground countermoment by
turning his steering wheel. This created the concept "horror moment".
Consequently, the behavior of the ve~icle in the example of figure 6 at the left-hand side is dangerous since the vehicle reaches the
edge of the track in such a short time that not every driver can compensate the motion by proper steering.
This danger to motor vehicles at high speeds was felt more keenly
after the German superhighways had came into use and presented the problem
of eliminating this hazard. Wind-tunnel tests, model, and actual highway
tests produced the principles for design of a vehicle insensitive to cross
wind.
Attachment of fins made it possible to shift the point of action of
the air sufficlently far toward the rear (this point usually lies far in
front of the center of gravity) that the desired compensation of side
forces and moments was produced. However, the fins must be correctly
designed and aimensioned. Excessively large fins would make the vehicle
yaw toward the wind and would thus cause it to run into the wind.
The effect of correctly designed and dimensioned fins is shown in
the right-hand side of figure 6 where the travel of a vehicle insensitive to cross wind is shown. This vehicle travels on the small track
at a speed of 150 km/hr and in a cross-wind gust of 14 m/sec velocity
without any action by the driver. During this process, the vehicle
changes to a sufficiently yawed position with respect to its direction
of motion such that the cross-wind forces can be resisted by the lateral
guiding forces of the yawed wheels.
The process in a controlled nose-wheel landing gear corresponds
accurately to that determined in an ordinary motor vehicle with the
exception that the aircraft runs into the wind.
The uncontrolled nose-wheel landing gear with a freely swivelable
nose wheel also turns rapidly into the wind as soon as a cross-wind force

..
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is exerted on it and leaves the narrow track (fig. 7, left-hand side).
The nose-wheel landing gear insensitive to cross wind behaves exactly
as the motor vehicle which also is insensitive to cross wind (fig. 7,
right-hand side).
STABILITY CLASSES
The described aircraft-landing gears, together with the motor
vehicles, can be grouped in five stability classes.
The most favorable taxiing behavior will be denoted by I and the
most unfavorable by V (fig. 8).
The uniaxial controlled tail-wheel airplane which is unstable with
respect to the ground and runs into the wind belongs in the stability
class V. Such an aircraft requires a circular airfield because of the
varying directions of wind.
At a high wing loading, i.e., with small rudder surfaces, the lower
limit of possible reaction period is reached. In this case, the taxiing
motions are no longer entirely controllable and extensive training of the
pilot is required for rapid and correct reactions.
The stability classes II to IV which may be denoted as "safe under
certain conditions" follow at a rather large distance.

In class IV, the steerable biaxial nose.wheel landing gear corresponds
to the motor vehicle with the load at the rear axle which consequently
is unstable with respect to the ground and sensitive to cross wind. The
driver of such a vehicle is required to move the car in opposite direction to the veering motion within the reaction time. The racing car of
Rosemeyer, discussed above~ belongs in this class.
A motor vehicle may be considered safe it it can travel at high
speed on a narrow highway with a good grip, i.e., if the driver has
sufficiently long reaction times for operating the steering mechanism.
If this is not the case, the highways must be made wider, as for example
had been the case in the raceway belonging to the Reich superhighway
near Dessau.
At higher speeds therefore the tracks for cars or aircraft in this
stability class must be at least between 40 to 80 m wide.
The landing gear of a uniaxial aircraft with a freely swivelable
nose wheel belongs in the stability class III. This landing gear is
stable with respect to the ground but runs into the wind.
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The biaxial aircraft with a fixed tail wheel belongs in the stability class lIb. The letter b represents the restriction that this
stability degree can be reached only if the compression between wheel
and ground is sufficiently high.
The biaxial vehicle which has the main load on the front axle since
it s cent er of gravity lie s in front of the axis center can be grouped in
stability class IIa. This vehicle has the advantage over the a ircraft lIb
that its stability is definitely maintained by the continuous control of
all four wheels. The vehicle is sensitive to cross wind but stable with
respect to the ground and therefore will not leave the track as readily
during a cross-wind gust. Consequently, the track for class II may be
slightly more narrow even at high velocities.
stability class Ib includes the tail-wheel airplane with a fixed
wheel but reduced rudder surface, i.e., with changed flight stability.
If the assumption (indicated by the letter b) that the t ail wheel
touches the ground is not made, the stabi lity behavior immediately changes
i nto class V.
This restriction does not apply to the biaxial vehicle insensitive
to cros s wind nor to the uniaxial nose-wheel landing gear insensitive to
cross wind, both belonging t o class la.
The requirement as to width of the runway can be reduced because of
the stab ility conditions in taxiing. A width of 10 m may be sufficient
since the controller of the landing gear has longer reaction periods at
his disposition .
REQUIREMENTS FOR A SWIVELABLE WHEEL

The requirements made on a swivelable wheel result necessarily
from the desired stability c onditions :
1. The nose wheel must be freely movable for any slow swivel motion
of the aircraft and any necessary damping must be adapted to this
condition.
2. The tail wheel of an airplane must be fixed during landing or
take-off and be freely movable only for a slow rolling motion.

In contrast to the motor vehicle, t he nose-wheel landing gear which
is insensitive to cross wind has no wheel control. At high speed, the
necessary moments for a desired variation of the taxiing direction can
be produced by air forces acting on the rudder or, in slow taxiing, by
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a one-sided braking or racing of the engines. The pilot will then
notice tha t the landing gear which is stable with respect to the ground
will not change its taxiing direction as readily as the conventional
unstable tail-wheel landing gear.
Naturally, an additional steering mechanism can be installed in the
nose-wheel suspension but this is for exerting a steering force only in
slow taxiing.
GENERAL DEVEIDPMENT TREND

The progress made by changing from the stability class V of the tailwheel aircraft to the stability class III of the conventional nose-wheel
landing gear has been felt to be so considerable that, at the moment,
class I stability for aircraft has not yet been demanded.
The time at which a solution for a cross-wind-insensitive nose-wheel
landing gear will be demanded depends only on the extent of possible
increases in the wing loading of aircraft and on the desire or necessity
of building more narrow runways. The taxiing behavior of aircraft will
most probably approach more and more that of a motor vehicle at higher
speed; never will it differ from it more than now.
Research on automobiles was stimulated to strive for class I stability by the construction of German superhighways and the general increase
in automobile speeds.
The resultant data, which could be obtained only after decades of
research in the development of the earth-bound motor vehicle, can now be
used judiciously for further development of aircraft.

HYPOTHESES FOR A LANDING GEAR STABLE IN ROLLING
In the literature in the U. S., a nose-wheel landing gear generally
is known under the designation of tricycle landing gear. The concepts
of nose-wheel landing gear or tricycle landing gear however may not
completely cover the existing problem.
Severa l examples (fig. 9) show that the favorable effect of a
ground-stable landing gear in combination with insensitivity to cross
wind can be obtained also by different arrangements of swivelable and
fixed wheels.
The main presupposition is location of the center of gravity in front
of the mai n wheels. In addition, the resultant of the guiding forces on
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the main wheels must act shortly in front of the center of pressure of
the resultant lateral air force and the swivelable wheels must be
attached in front of the center of gravity of the system.
The classification of landing gears according to their stability
behavior and establishment of requirements on the swivelable wheel were
made here on the basis of visual considerations .
The theoretical and experimental results, as well as a film 6 of
the model tests, confirm these statements . 7
* Translated and Edited by
the O. W. Leibiger Research Laboratories, Inc .
Petersburg, N. Y. (ATI No. 32171)

6"Das Verhalten des Flugzeugs auf dem Rollfeld bei Seitenwind."
Research film 2 of the ZWB.
7Cf • in present report the lectures of Scheubel, p. 41, E. Maier,
p . 59, and T. E. Schunck, p . 103.
*Note: In order to provide terminology consistent with other papers
of this series, this translation has been reworded in many places by the
NACA reviewer.
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(wind strength 7)

--.
V

<l)

o>

•

~

-+-

-

- - Beginning
of gust

o

<l)
~

- - Beginning

o

Ordinary car

K - Car equipped with fins

Figure 6. - Tr aveling motion of two automobiles at sudden cross wind.

I

I

'

L __________________
_____________________________________________...__________ _.!

I
I

I

I

II •

NACA .TM

1365

99

I

I
I -

Rolling speed

I
I

50 km/ hr 1 cross -wind velocity 14 m/sec
(w ind strength 7)
__
Wq

vVv.

c
o

•

I

--

()

:1

o
0::::

Jse9innin

~Beginning

of gust
Conventional

I nsensitive

to cross wind

Figure 7. - Taxying motion of two airc r aft with nose - wheel landing gear.

!
I

?

I

I
I
I

I

I
I

-.

I

I

I

_J

100

NAe A'I'M

Safety and
available
reaction time

10 sec
and more Safe

Very

Safe under
cer tain conditions

1365

.•

0.1 s

do ngerous

~iliiilii:::::;

v

Ib

Stability class

/:\
~s~

,·1'.,

~f.~
"

Requirement
on movability
of the wheel

'I

I

1
free \'\1\l.fixed
(' ~ .9

"

I

t}LP ~ ·

·t

~

,

SP

~~
Requirement on width
of the runway

I

.';

J

f>·\ ' ·:'

LP
d
~'
·
f Ixe
I free
but
control lobi'

,,~\

_ _~I

,"-_~V'

""1111111111111111111111111111111
,.,... 40 to

I

1 11111180 m1111111111

\\~l

II 1111

[a Airplane with freely

swivel able

1l1I1I1Ii11ll

•

nose wheel, axis of the

main wheels displaced toward the rear; automobile
with regular fins .
Ib
II

a

Tail-wheel airplane) fixed

Motor vehicle with the load at

II b Tail- wheel

nf

tail wheel, reduced rudder areas

Nose-wheel

IV Nose - wheel

airplane

J

the front axle

free t ail wheel

airplane, free nose wheel
airplane , controlled nose wheel; vehicle

with the load at the rear ax Ie

V Tail-wheel airplane, freely swivelable

tail

wheel

Figure 8. - Rolling stability of l anding gears compa r e d to t he st ability
of vehicles and t heir influence on l anding safety with expenditure
require d for t he runway.

.'

I

I

I
I
i

I

'----

----

..

-,

•

•

s;
~

~
~

0\
\Jl

i-Correct positiQn of the center of pressure
of the resultant lateral wind force to
the axle of the leading wheels

Figure 9. -

Possibilities of a landing-gear design wit h ro lling stability
and inse nsitivity to cros s wind.

f--'

o

f--'

•

-"

,

103

NACA TM 1365
ON THE MECHANICS OF THE ROLLING OF AN AIRPLANE
~nTH A

NOSE-WHEEL LANDING GEAR*
By T. E. Schunck
1. PROBLEM

Scheubell and Huber 2 have mentioned the advantages in taxiing of
an aircraft equipped with a nose wheel over that equipped with a tail
wheel. This paper furnishes an analysis of the taxiing process during
landing of an aircraft equipped with a freely swiveling nose wheel. The
main point investigated is the influence of a wind blowing across the
landing strip and the conclusions drawn from theoretical calculations on
the preferable position of the axle of the main landing gear.
2. SYMBOLS

a

distance of the nose wheel from the center of gravity

b

distance of the main landing gear from the center of gravity

b*'b
, m''b'b
z' Z '' ba'}
b a ;bkr;bkr

o

o

special values of

b

0

cO,cl

coefficients in the main equations of motion

cm

coefficient of. moment for

cn

coefficient of force

N'

cn ,

coefficient of force

L

Ct

coefficient of force

T

ML r

\

*rrzur Mechanik des Rollens eines Flugzeugs mit Bugradfahrwerk,"
Bericht 140 der Lilientha1-Gese11schaft, pp. 30-33.
1See paper by Scheube1 of present report, p. 41.
2See paper by Huber of present report, p. 81 •
...
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lo4

kut

=

kn

FB p( OC m)
2

en-

-F2

p(~n)o

0

aircraft characteristics

kt
m

mass of the aircraft

m'

mass of the aircraft increased by the inertia of the wheels

n

distance from center of pressure of the resultant .air force
to the center of gravity

t

time

~

v, v

taxiing speed.
crit ical velocity for stability
velocity of the hub of the fictitious tail wheel with re spect
to the ground
relative velocity of the air with respect t o the aircraft
veloci ty of the nose -wheel hub with respect to the ground

4
W

wind velocity
components of .~
span
coefficients in the main equations of motion

F

wing area

H

force in direction of the plane of the rear wheels (main
landing gear)

L

air force produced by the rudder
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ML

air moment

ML '

air moment for negligibly small rudder deflection

N

air force normal to the aircraft axis

N'

air force

R

resultant force acting on the aircraft

S

lateral force acting on the rear wheels (main landing gear)

SP

center of gravity

T

air force in direction of the aircraft axis

V

force in direction of the nose-wheel plane

13

angle of
kt
kn

13 k == 1 - -

N for vanishing rudder deflection

to the aircraft axis

characteristic dimension for the aircraft

I

hodographic (direction of travel) angle

0

rudder deflection

Xn

==

F2

uo ,)0
p(~~

characteristic dimension for the aircraft

p

air density

T

relative-wind angle; TO

cp

angle of the aircraft axis in space

=T

at

t

==

0

drift angle of the aircraft
drift angle

~

in the state of equilibrium

yaw angle of the front or rear wheels

e

moment of inertia of the aircraft about the normal centerof-gravity axis

I
I

[

[

J
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3. DIFFERENTIAL EQUATIONS
Figure 1 shows a tricycle landing gear. The center of gravity of
the entire aircraft is denoted by SP. This aircraft moves with a
velocity ~ which forms an angle f with a given axis (for example,
the landing-strip axis) fixed with respect to space. It is assumed that
the aircraft "drifts" by the angle 'Ii, The nose-wheel, which is assumed
freely swivelable and not braked, is oriented with its plane in the
direction of the velocity ~v of its hub with respect to the ground.
This velocity is composed of the center-of-gravity velocity and of the
rotational velocity of the wheel hub about the center of gravity. Consequently, no lateral forces can be transmitted to the aircraft. The
rolling friction V is negligibly small with respect to the other
forces.
The two wheels of the main landing gear located at a distance b
behind the center of gravity, as shown by a separate investigation, can
be combined into a fictitious tail wheel at the axle center without
producing any noticeable error. This assumption is shown in figure 1
as a broken line. The plane of this tail wheel runs yawed at an
angle 'lih with respect to the relative velocity Vh of the wheel hub
to the ground. This produces a lateral force S, according to investigations made by Harling3 and Kraft 4 . With respect to the center of
gravity, this lateral force has a moment (-Sb). The main landing gear
generally is braked in taxiing. The resultant of braking-force and
rolling friction is denoted by H.
To these forces exerted by the ground on the aircraft, the air
forces must be added. These air forces are produced by the relative
velocity of the air with respect to the aircraft, which is composed of
the true wind ~ and the negative traveling speed (-~). This product
can be expressed by ~r (fig. 2). The relative-wind angle, that is,
the angle between this relative velocity and the aircraft axis, is
denoted by T. Generally, the resultant air force does not go through
the center of gravity. Consequently, thi s force 1s resolved into its
components T in direction of the longitudinal axis of the aircraft,
N in perpendicular direction to this axis, and into a moment ML
(fig. 2). The effect of a rudder deflection D is contained in these
forces.

3See paper by Harling of present report, p. 7.
4See paper by Kraft of present report, p. 31.
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The above-mentioned forces acting on the aircraft and the moments
furnish the following equations of motion for the velocity variation.
m' dv = -(H + T)cos ~ - (8 + N)sin ~ - V cos(~ - ~)
dt
and for the angle in the direction of travel:
mv

-eH + T)sin

W+

(8 + N)cos

W-

V sin(~ - ~)

Finally, the equation of motion for the position of the aircraft axis
in space reads as follows:

ML - Sb

+ Va, s in

~

where m denotes the mass of the aircraft, m' the mass increased by
the inertia of the rotating parts, and e the moment of inertia about
the vertical axis .
If the resultant forces and moments are known from tests as to their
dependence on the determining factors, the equations can be numerically
integrated for each individual case. However, for making any general
statements the following simplifying assumptions must be made. By means
of these assumptions, the equations can be analytically treated:
(a) The yaw angle of the fictitious tail wheel remains sO small that
the lateral load can be assumed to be proportional to this angle
(b) Only a pure cross wind of a velocity Wq is considered. This
velocity, with respect to the taxiing speed v, is so low that the angle
between vr and v can be expressed by
=

Wq
v

(c) The relative - wind angle T and the rudder deflection 0 are
assumed to remain within the limits where the aerodynamic side force N
and the aerodynamic moment ML can be set proportional to each of the
two values, while the tangential force T remains unaffected.
(d) The entire taxiing process is subdivided into intervals within
which the velocity decreased by the brake force H and the resistance D
can be replaced by a mean value vm•
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The angle for the direction of tax~ing r and the drift angle W
can then be expressed by differential equations of the following form:

The coefficients cO' cl' el , C2 , Dl , and D2 depend on the aerodynamic and mass - geometric characteristics of the aircraft as well as
on the characteristics of the tires and on the mean taxiing speed of
the interval in question .
The solutions of these differential equations are composed of the
complete integral of the homogeneous equation and of a particular
integral of the complete equa tion . This latter integral produces the
mechanical state of equilibrium to which the aircraft adjusts itself .
The complete integral of the homogeneous equation which contains the
integra tion constant, shows whether this state of equilibrium can be
reached from all initial pOSitions and whether it wi ll be insensitive
to slight perturbations.

4. STATE OF EQUILIBRIUM
If the rudder deflection required in the equi librium state during
a cross wind is defined and if the resultant drift angle is plotted as
a function of the position of the main landing gear given by the
value b , the mean velocity vm can be represented by functions similar
to those shown in figure} . The distance b of the landing gear refers
in this case to the center - of - pressure distanc e n shown by the air
force at vanishing rudder deflection. These func t ions are then used for
plotting the equilibrium positions of the aircraft shown in figure 4.

It is of considerable importance that the required rudder deflec tion vanishes at the point denoted by b z whi ch means that the aircraft
continues traveling in a straight line even during a cross wind without
any rudder deflection at the taxiing speed used in figure 3. In the
vicinity of this pOint , the necessary rudder deflections f or a straight
motion are rather small . Consequently, the pilot can keep his aircraft
easily in the desired straight dire ction.
However , a critical rear -axle distance bkr exists , at which the
required rudder deflections and drift angles obtained from the linearized
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theor y grow beyon d all limit s. This creat es very comp
licate d taxiin g
condi tions which are diffi cult to calcu late in any pract
ical manne r.
In figur e 3 which , as menti oned befor e, appli es only for
a mean
veloc ity, arrow s are drawn at the range limit s. These
arrow s indic ate
the tende ncy of the range limit s to appro ach value s of
b zO and
bao = b krO at decre asing taxiin g speed . These value s are valid
for
vanis hing taxiin g veloc ity.
If the critic al range is to be avoid ed in a given aircr
aft, for
which infin ite rudde r defle ction s were calcu lated , the
rear axle must
eithe r be shifte d 80 far towar d the back that b > bkr
even at maximum
taxiin g speed or so far towar d the front that b < b
krO ' Along with
struc tural reaso ns, the rear- axle distan ce b will be
selec ted accor ding
to its influe nce on the stabi lity of the aircr aft in taxiin
g.

5. STABILITY OF THE TAXIING PROCESS
Taxii ng of an aircr aft will be stabl e and will permi t
equil ibrium stage from all initi al posit ions if the solut reach ing the
ions of the
homog eneous equat ions do not conta in any terms which incre
ase with time.
This is the case in an aircr aft with a freely swive lable
nose wheel above
a certa in criti cal veloc ity v , while in the range betwe
en v = 0 to
g
v = v g , the aircr aft is not unsta ble.
This criti cal veloc ity of the stabi lity depen ds great ly
on the rearaxle distan ce b as shown in figur e 5. Conse quent ly,
if the range in
which the aircr aft is unsta ble is to be kept to a minim
um, the rear- axle
distan ce must be kept as low as possi ble. If the mass
of the aircr aft m
is small er than a chara cteris tic value k
(whic
h
mainl
y conta ins the
m
moment coeff icien t of the air moment ML) the funct ion
v g 2 (b) will
reach a maximum at bm• If it is impos sible to keep
b lower than b*
(fig. 5), the zone near b
must
not
be
used.
m
The asymp tote which is appro ached by v 2 depen ds mainl
y on the
g
magni tude of the brake force H. Conse quent ly, the zone
of initi al
insta bility can be decre ased by lower ing the brake force
at the end of
the taxiin g proce ss.
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6. CONCLUSION
The above discussions represent the general conclusions to be drawn,
from a simplified analytical calculation of the taxiing process during a
cross wind, in regard to a favorable position of the main landing gear
with respect to the center of gravity.

*Translated

and Edited by
the O. W. Leibiger Research LaboTatories, Inc.
Petersburg, N. Y. (ATI No. 32117)

*Note: In order to provide terminology consistent with other papers
of this ser i es, this translation has been reworded in many places by the
NACA reviewer.
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Figure 1. -

Nose-wheel landing gear of an aircraft with velocities and
ground forces .
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Figure 2. - Ae r odynamic forces and velocities in wind.
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Figure 5. - Critical velocity of the stability Vg as a function of the
r ear -axle distance b.
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FUNDAMENTAL PERCEPTIONS ON WHEEL SHIMMY*
By P . Riekert

SYMBOLS
e

trail

e/d

trail, referred to the wheel diameter

cp

angle of rotation of the whee l plane (shimmy angle)

d

yaw angle
lateral deformation
v

rolling speed

s

lateral guiding or cornering force

c

lateral guiding characteristic or cornering power (lateral
guiding or cornering force in kg for 1 0 yaw angle)
lateral-deformation spring constant (lateral force in kg
required for l - cm lateral deformation)

Wheel shimmy occurs predominantly on tail and nose wheels which
can swivel freely or with restoring moments about a swivel axis. It
consists of an oscillating back and forth motion of the wheel about its
swivel axis; the deflections may assume large amounts. Considerable
wear on tires, high stresses on wheel support and attachment to the
fuselage as well as vibrations of the airplane result. Elimination of
shimmy is therefore of essential importance .
Investigations regarding the causes of the phenomena of shimmy and
the means to control them have been undertaken in Germany and abroad. A
report on the American publications by Wylie (ref. 1) and Kantrowitz
(ref. 2) is to be found elsewhere (ref. 3) . Melzer (ref. 4) created a
clear theory of th~ phenomenon which is in good agreement with model
tests and practice; he extended appropriately the concepts concerning
the shimmy of automobile wheels, arrived at before by H. Fromm (ref. 5).

* "Grundsatzliche Erkenntnisse liber das Radflattern," Bericht 140
der Lilienthal-Gesellschaft, pp . 33 -35.
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At the Forschungsinstitut fur Kraftfahrwesen und Fahrzeugmotoren
an der Technischen Hochschule Stuttgart (Research I nstitute for auto mobilism and automobile engines at the Technical Academy of Stuttgart),
Dietz and Harling (refs. 6 and 7) performed above all practical tests:
1. With model wheels On the "moving roadway"

2. With full - scale wheels of minor dimensions on the revolving drum

3. With full - scal e wheels of relatively small dimensions as an
undriven wheel in a front -wheel driven motor vehicle

4. With full - scale wheels of relatively large dimensions in a truck
trailer

5. With various shimmy dampers on the tail wheel of a Me 110 on
hard l anding strips and turfs
The essential results were in agreement in all types of tests .
Regarding the phenomenon of shimmy , there arises the fundame ntal
question how the excitation of the system comes about. Since, in practice , a certain damping is always present due to the deforma t ion of the
tire and by axle friction, energy must be supplied from the outside for
the maintenance or self - reinforcement of the deflections . This is
possible because two degrees of freedom ex ist . On one hand, the wheel
plane (fig . 1) forms 'Nith the rolling direction the angle cp; on the
other, the tire undergoes, under the inf luence of a lateral guiding or
cornering force S, a lateral deformation S. With the trail e of the
wheel which signi fies the distance between the center of t he pressure
area and the point where the swivel axis penetrates the rolling plane,
there results a transverse veloc ity w = e~ + ~ of the tire-pressure
center. This velocity w forms with the rolling velocity v the angle
of yaw ~ . The lateral gUiding force S is proportional to ~ and
to -'\)I .
The results obtained according to Melzer ' s theory may be represented
in a vector diagram (fig. 1, right) a ccording to E. Maier (ref . 8 ). The
oscillati on angle cp is represented by a vector of the length cpo The
oscillation vector ~ is shifted by EO and, in contrast, the oscil l ation vector ~ by 1800 since the proportionality of S to ~ and '\)I
shows inversion of sign . The phase shift E depends kinematically on
the condition that the quantities cp, '\)I, ~,and i are coupled
a ccording to the relation

.

cp +

.

ecp + S
v
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The velocity vectors
and

e'

-~,

v

e'

-~,

5, with a phase lead of 900 •

metrical addi tion of

v

e .

~

_5
v

and

~

and

v

v

lie perpendicularly to

The vector

w/v

~,

is found by geo-·

The separate vectors are geometri-

cally dependent on one another corresponding to the plotted circles, as
may be mentioned without detailed proof.
If one visualizes the entire vector diagram revolving about the
origin of the vectors corresponding to the oscillation frequency, the
projection of the individual vector on a fixed axis forms a measure for
the momentary magnitude of oscillatiOn. It is essential that energy is
supplied to the system when, as plotted, Sand w/v form a phase
angle X < 900 • The deflections increase and the wheel shimmies. This
is the case as long as the vectors ~, ~~, and, and ~ lie in the
particular domains indicated.

Outside of them, energy supply is stopped

and hence stability established.

Then

v5 < ve '~

or, which is equivalent,

cRe > c. For an undamped system, shimmy is possible only when the product
of trail e and lateral-deformation spring constant cR is smaller than
the lateral guiding characteristic (cornering power) c.
Figure 2 shows the deformation relations of the tire in the stable
and unstable domain as plan view on the shimmying wheel rolling straight
ahead. In the stable case, the lateral deformation lags behind the
angular rotation of the wheel so that the lateral guiding force S
attempts to retard the latter. The inverse is true for the unstable
case.
The most important influences on shimmy are shown in the following
figures. Partially they may be confirmed also theoretically if a damping
term is added in the calculation.
The shimmy deflection shows at a certain velocity (fig. 3) a maximum
value. It disappears very rapidly at a lower and an upper velOCity limit.
Increased ground friction augments the shimmy deflection.
The trail referred to the wheel diameter e/d influences (fig. 4)
the maximum shimmy deflection in such a manner that the shimmy deflections almost disappear for small values and entirely for values above an
upper limit. By a sufficiently large trail, one can therefore practically
stop shimmy. This measure sets, however, higher requirements for the
deVElopment of the wheel suspension for reasons of strength. A small
trail, favorable in itself, results in a veering around its swivel axis
of the wheel when landings take place on slightly yielding ground like
snow, sand, and water since thereby the trail changes into lead. A
wheel, however, which is able to swivel freely or with small restoring
moments is statically unstable in case of lead.

~~-----~
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Increasing wheel load augments the shimmy tendency since lateral
force and energy absorption of the oscillation system increase with it
(fig . 4).
Trail and velocity together determine the limits within which shimmy
is possible (fig. 5). If the system shows merely its natural damping,
this region increases somewhat with growing ground friction . The range
of shimmy may be considerably reduced by attachment of a fluid or frictional damping so that relatively small trails aloe sufficient for complete prevention of shimmy. The condition of highest shimmy tendency
is decisive for the dimenSioning of the damper.
Increase of the tire inflation pressure has a favorable effect . I
want to mention, furthermore , that the frequency of the shimmy oscillations increases with growing rolling speed . Built- in restoring springs
have practically no effect on the shimmy phenomena; they merely modify
the frequency .
Over - all motions of the entire airplane affect the shimmy oscil l ations compa r a tively slightly . Such an influencing is possible only
when, for instance, the natural frequency of the airplane about its
longitudinal axis exceeds the nat~al frequency of the swiveling part
about t he swivel axis (ref . 4). Similar conditions probably prevail for
other motions, for instance, about the vertical center - of-gravity axis
or about the transverse axis .
Kantrowitz (ref . 2) indicates a peculiar possibility of damping .
Axial clearance of the wheel on its axle is to reduce shimmy by
decreasing the coupling between the rotary motion of the wheel plane
and the l a teral deformation of the tire .
Considered, as a whole, the causes for excitation of shimmy phenomena and the means for ~heir elimination have been understood. In
pra ctice, there remains the development of fluid dampers in such a
manner that their effectiveness is sufficiently large and the wheel may
be rotated by a full 3600 • The friction damper has the disadvantage
of very much impeding curvilinear rolling if heavily tightened for the
purpos e of providing sufficient energy absorption .
Translated by Mary L. Mahler
National Advisory Committee
for Aeronautics
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SHIMMYING OF A PNEUMATIC WHEEL*l
By B. v. Schlippe and R. Dietrich
1. SYMBOLS

A

general integration constant

B

foremost point of ground-contact surface

C == ~(cm)

tire constant

H

rearmost point of ground-contact surface

M( cmkg)

moment of the elastic forces acting on the rim

N(kg)

vertical load on wheel

P(kg)

elastic force acting at the center point

S(cm)

wave length of a sinusoidal oscillation

•

force coefficient
moment coefficient
tire constant
2h(cm)

length of·the ground-contact surface

p(atm)

tire pressure

q(cm)

swivel arm

r(cm)

tire radius

s (cm)

path coordinate (abscissa of the wheel center point)

*"Das Flattern eines bepneuten Rades," Bericht 140 der LilienthalGesellschaft, pp. 35-45.
IDerivation of fundamental equations and further remarks are presented subsequently in "Supplement for clarification of several remarks
in the discussion," p. 217 of the present report.
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t( sec)

time

v( cm/ sec)

rolling velocity

x(cm)

ordinate of the wheel center point

y(cm)

ordinate of the foremost ground-contact point B

y(cm)

ordinate of the rearmost ground-contact point H

z(cm)

deflection of point B from the wheel plane

z(cm)

deflection of point H from the wheel plane
path frequency (2n times reciprocal of wave length)

s(cm)
T)

lateral deflection
ordinate of the tire points

(cm)

XI(kgcrn s/rad)

damping coefficient when damping is proportional to
the velocity

~(kgcm

damping coefficient when damping is proportional t o
the deflection

s/rad)

A(C~)

root of the characteristic equation

s(cm)

circumferential coordinate

p

correction factor

a(kg/cm 2 )

elasticity constant

cp(rad)

swivel angle

m( 1/ s )

circular frequenc y

A. TIRE MECHANICS
By B. v. Schlippe
In order to be able to theoretically comprehend the shimmy phenomenon
of a wheel it is necessary to make a detailed study of the mechanics of
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a pneumatic wheel or tire. By tire mechanics is meant the behavior of
a tire on a wheel that is pushed perpendicular to its plane, which
behavior is ultimately dependent on the elastic forces and moments. We
will first discuss the question how a tire moves perpendicular to its
direction of motion, wherein we shall assume that the transverse motion
is small compared to the forward rolling motion. It is known that an
automobile wheel, especially with a low-pressure tire, can be yawed without skidding on the road. This effect depends on the elasticitJ of the
tire.
If we perform a corresponding test we see that the ground-contact
surface shifts from its central position and deforms the tire. In order
to arrive at the elastic forces we must know the lateral deflections,
that is, the path of the ground- contact surface. The wheel is yawed by
the small angle ~ with respect to its plane. At the first moment of
rolling the tire, held fast to the ground by friction, follows the direction of the wheel plane, likewise at the angle ~ to the direction of
motion. The spring action of the elastic tire however gradually causes p
restoring action and the ground- contact surface gradually changes its
direction of motion until it converges with that of the wheel (fig. 1).

•

First we assume the simplification that the ground-contact area is
drawn together into a single point. The path coordinate is designated
as s and the lateral deflection as z. At the first instant the
tangent to the direction of motion is
dz
ds

~

s=O
The elastic restoring effect will be based on a linear principle,
that is, the deviation from the original angle ~ shall be proportional
to the lateral deflection z. This motion can be expressed by the differential equation:
dz
ds

~

- cz

or
dz
- + cz
ds

~

(1 )

where c is the proportionality factor which must be determined experimentally. This is the fundamental equation of tire mechanics on which
all further derivations are based.
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Since c was assumed to be constant, the equation may De integrated as follows:
z
This is an e -function.

Ae - cs + 5E

=

c

Since
z

0

at

s =

0

t hen

When
s

00

then

•
5E
c

I

I

I
~
\

This theoretical curve can be determined oy a simple experiment.
The wheel circumference is olackened along the center line and pushed
a cross white paper. This reproduces the characteristics of the func tion (fig . 2).
One could be tempted to determine the value of c from this track;
however, this cannot be done since smudging occurs due to skidding
(though this skidding is slight) and the desired constant is thus
falsified. The constant c is the reciprocal value of a length which
we shall designate ~y C. Thus

\

l

C

\

c

From the equation

\
Zoo

I
\

1

5E
c

we obtain

I
I
\

I
I
\

I
L __ _

c=

Zoo

cp

and in the e - curve, C is the segment formed o y the point of inter section of the asymptote with the wheel plane at the zero position
(fig . 1).

(2)
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We had assumed, to begin with, that the ground- contact area is a
point. Actually this is not the case. Instead, it has a finite expansion, a length 2h, and a width 2b. The width need not be considered at
the moment and we will assume that the ground contact is only a line 2h
in length (fig. 3).
The next question concerns the path of the foremost ground-contact
point B. We will generalize the direction of motion and instead of
pushing the wheel at a constant angle ~,will rotate it around the
vertical axis while it is moving, and shift the wheel center to the
side. As an illustration let us imagine that small pointed nailheads
are placed along the wheel circumference and that they alone contact
the ground. This will also clarify the concept of absolute adhesion
between the tire and the ground from the front point of contact B to
~he rear point H.
The differential equation for the motion of the front
point is derived from the fundamental equation with the additional terms
for generalized wheel motion, dx/ds (lateral movement of the wheelcenter point) and

h dy
ds

(swivel of the wheel plane).

dz
- + cz
ds

~ _ h d~

dx

ds

ds

(4 )

where z is again the lateral distance from the tire - contact point B
to the rim. The lateral distance of the point from a fixed ground
coordinate is:

(5 )

y == x + hcp + z

as illustrated geometrically in figure 3. Combining the two equations
we obtain the differential equation for y:
dy + cy == cp(l + ch) + cx
ds
where

cp

and

x

are arbitrary functions of

(6)

s.

If we know the motion of the center point and the rotation of the
rim around the vertical axis, we can, with this equation, determine the
path of the contact point B. The curve formed by the ground-contact
line extends from the front point of contact B to the rear point Hand
can be imagined to be composed of a series of points whose future path
is of great interest to us. They cannot, like point B, move forward
according to external influences. Rather they are completely dependent
upon the course of point B. This important fact is the first cornerstone of our problem. The following fact clearly illustrates how subsequent points depend upon the path taken by pOint B: Every point on the
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tire contacts the ground and adheres until raised from it. Everyone
begins its life as a front point, becomes a middle point and then a rear
point. Throughout this life each point retains its original position
with respect to the s -axis (fig. 4).
We can picture
tractor and several
scribed path yes)
phase displacement,
tor. Likewise, the
tact B, just as the

the ground-contact curve as a train consisting of a
trailers. The tractor travels along a cert ain preand all the trailers follow it, but with a certain
the amount depending on their distance from the tracground- contact line follows the front-point of contrailers follow the tractor (fig. 5).

If we let ~ be the distance between the tractor and anyone of
the trailers, whose lateral deflection from a reference line is given
by ~,then ~ equals:

This also gives the functional relation for the lateral deflection
of the ground-contact points, their life equation so to speak, which is
the second cornerstone of this problem. The special equation for the
rear point of the ground- contact line becomes:
y=y(s-2h)

(8)

After having established the ground contact curve, we must now consider
the parts of the tire before and after the ground-contact line that do
not contact the ground.
Our ob j ect is to determine the elastic forces and moments acting on
the rim during lateral deflection of the bulge. The tire affects the
rim not only in the region of the ground contact, but in the surrounding
area as well.
It is natural to assume the curve to be an e-function since it has
a finite deflection at the point where the ground contact begins and
approaches zero asymptotically. This was confirmed experimentally
( fig . 6) .
If ~ is the circumferential coordinate, the equation of the
lateral deflections S in regard to the rim is
ze -cs

(9 )
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A few remarks about the constant c follow. It turns out to be
identical with the one used in the linear formulation of the fundamental
equation
dz

- + cz = cp
ds
This can be concluded by deduction and confirmed experimentally. It is
interesting also t hat the forward part of the tire that does not contact
the ground converges with the ground-contact surface without forming an
angle. Thus, the front point of contact moves constantly in the tangential direction of the preceding forward part . (On the basis of this
fact different fundamental equations can be set up, all of which will
arrive at the same result. See "Supplement for Clarification of Several
Remarks in the Discussion", by B. v. Schlippe and R. Dietrich on p. 217
of the present report) . Thi s is not the case at the rear end of the
ground-contact line, where theoretically any angle can be formed between
the part of the tire that does not contact the ground and the groundcontact curve. Actually this angle is rounded off because of the bending
stiffness of the tire (fig. 7).
~{e will now consider the forces that act on the wheel.
In the
beginning all forces act on the ground-contact surface and deflect the
tire. It is impossible to evaluate them mathematically and therefore
we will measure the elastic forces of the tire acting on the wheel rim
by the deformation they cause. Their effect is identical with that of
the forc e s mentioned above. We refer the forces to the center of the
ground-contact surface, where we have baSically the force P acting perpendicular to the wheel plane and the moment M about the vertical axis
(fig. 8).

I would like to omit details and disregard secondary forces and
their causes. We will consider only the important elastic forces produced by the deformation ~ wherein we take for the force the expression
dP = O'~ d;

and for the moment

Here, 0' is a stiffness constant of the tire.
kg/cm2 i t is not a measure of tension).

(Despite the units

The last two equations must be integrated for the whole Wheel circumference. The e-function of the lateral-deflection curves decreases
r apidly and it is immaterial whether we integrate from the beginning of
t he ground-contact length over the circumference to the end of the contact length, i.e. (2rrr - 2h) or to too. It can be shown that the error
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is ~egligible. For simplicity we choose the latter and the following
equations result:

The side areas can be integrated immediately so that

P = cr

fa

2h

s d~

z + z
+ cr - - c

and

where -z is the lateral deflection of the rear tire point from the
rimj p is a reduction factor that allows for wheel curvature. One
might mention here that cr is somewhat greater in the equation of
moments than in the force equation because in case of a tire deflection
there occurs simultaneously a circumferential deformation which additionally makes its contribution to the stiffness; this will, however,
not be discussed further. In order to integrate the equations for P
and M, we must know s(~) which in special cases can be obtained from
the above working equation of the deformation. Before this is developed
further, we will introduce a simplification based on the fact that the
ground-contact line never moves in a severely bent curve, as there would
be danger of skidding and the equation would then no longer hold true.
On the whole we are dealing only with minor deflections and angles and
must be careful to stay below the start of skidding. (Nevertheless,
even at small deformations near the sides and at the rear of the tire
some skidding does take place, yet this is insignificant in view of the
amount of elastic force. The fact that damping is increased considerably by friction is important and will be discussed later). The equation may be simplified because the deflection curve has a large radius
and can be approximated by a straight line (fig. 9 ).
of

The quantities z and z can now be substituted for the values
This gives the two approximations:

s.

I
I

------~--------------

[------------- -

133

MeA TM 1565
p

= (z + z)(h+ c)o

and

(10)

Z)~2 + C(h + cjo

M = (z -

(11)

or, abbreviating:
(12 )
(l) )

The percentage of the error due to this simplification is small in all
cases.
As mentioned above, the moment is actually somewhat larger than
given in the equation, since an additional moment arises from the
increasing width of the ground- contact surface due to the deformation
in circumferential direction, thus perpendicularl y to z. For greater
clarity this additional moment was omitted here, but must certainly be
included in the calculation .
The two principal constants of the equation, c and 0, must be
determined experimentally . Fortunately, we can perform several experiments that supplement and check each other . For example, c and 0
can be obtained from the deformation of the lateral curves. For this
purpose the wheel is placed transversely to the direction of the drum
to which a force is applied at the circumference (figs. 10 and 11).
The displacement of the tire can be measured and the curve calculated
to give the value for c. In a balloon tire, 260 X 85mm, c is almost
independent of the load and the pressure and equal 0.1 l/cm or

C

=::

1

c

=

10 cm

In this experiment we find the values for

case, by direct measurement.
equation
p

The value of

o(z + z)(h + C)

or
o =

0

p

(z + z)(h + C)

z and z, equal in this
is obtained from the

I
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The experiment shows that we are actually dealing with an e-function.
C can also be determined in the "yawed rolling experiment". This
involves rolling the wheel at a small angle to its plane. Let us follow
this case in more detail mathematically. In the equation
dz
- + cz
ds
the value of

cP

is constant.
dcp
ds

S-

::=

h dcp
ds

dx

ds

Also

-::::

and

0

dx

-- 0

ds

Tberefore
dz
-+
ds

CZ

cp

Integrated, the equation is:
Z ::::

Ae- cs + ~
c

With
y

z + hcp + x

we obtain
y :::: Ae- cs + cp(h + C)
and with
y=y(s-2h)
y :::: Ae- c (s-2h) + cp(h + C)
Furthermore, with
Z

I
I

I
I

I
I

I
I

I
I
I

L__ ___ _

::=

Z :::

y + hcp - x
Ae- c (s-2h) + cp(2h + C)

I
,

I
I
I

I
I

•

I

I
I

[; -

I
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After a sufficiently long period of rolling, the e-functions disappear
and we have
=

:E
c

cp(2h + C)
and
cp(h + C)
From the last equation we see that
yoo = yoo

•

that is, that the tire track runs parallel to the s-axis. It forms a
straight line with the distance of cp(h + C) from the s-axis. Knowing
cp and h, we are able to find C by measurement of y. The test
results were in good agreement with those of the first determination.
In this test we can again find a as well by substituting the values
for z in the equation for P:
P = a
P

=

[!c + cp( 2h + CTI (h + C)

2acp(h + C)

2

Measuring the force P, for example by the deformation of the fork, will
enable us to calculate a from the equation. Simi larLy, the constant
for the moment M can be determined by several tests .
I have purposely avoided discussing deformation of the circumference
until now, since it is of minor importance in shimmy. However, it is
mentioned rather briefly for the sake of completeness.
The ground-contact surface has a finite lateral expansion. Tn a
curve tbe outer part of the tire ground-contact surface descri"~c b a
greater curve than the inner part . To compensate, some skidding or a
constant deformation of the circumference must result. The latter
occurs when the curves have a large radius. To measure deformation and
the resulting force , the following test is performed (fig. 12). The
wheel is rolled in a circular path. The above equations show that the
tire track also describes a circle, concentric with the circular path
but having a slightly larger radjus. A force P develops which passes

NACA TM 1365
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through the wheel-center point toward the outside. The lateral deformation does not create a moment because of symmetry. Since
z = z

therefore

- =

z - z

0

Only the moment produced by change in the length remains and can be
measured. The equation, whose derivation is similar to the ones shown
above, will be omitted for the sake of brevity.
Likewise I can only briefly consider similarity considerations.
The values for c and ~ vary with the different tire parameters,
that is, diameter 2r, width B, pressure p, and the load N as well
as the construction of the tire. For a series of similar tires there
appears to be the following conformity:
The values C/r and ~/p depend only upon the magnitudes of the
two quantities N/prB and B/r. Figures 13 and 14 show the test results.
The variation in the values is very great with different loads and
pressures of the wheel. As long as there is no particular regularity,
one might almost conclude that C/r and a/p are independent of N/rpB,
that is, they are constant when B/r is constant. For example, when
B/r = 0.65, approximately
C

0. 8r(cm)

(14 )

and

Yet I do not want to generalize from a few experimental values. Much
needs to be done before reliable numerical constants can be reported.
Finally, and as an introduction to the subject of shimmying I
would like to illustrate the calculation procedure of a wheel rolling
on a sine curve. Let us assume that the wheel is attached to a fork on
a swivel axis. The center point of the wheel is made to travel along
the sine curve (fig. 15). The swivel angle is
cP

CPo cos as

•

I
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where ~ can best be called the path frequency.
of the wave length S:
~

=

It is the reciprocal

2rr

(16 )

S

Figure 15 shows further that:
x

=

q~

=

cos

q~o

~s

This expression inserted in the differential equation for
results in:

y

•

and for

y

=

~o

1 + ch + cq
c2 + ~2

r:
~

cos

~s

+

~

.

Sln

:l

~~

y:

y(s - 2h)

We find

~

z

~ ~o

and

Ch
1 +2
+2Cq~ cos
c + a.

~(s

-z by substituting y

- 2h) +

and

z

~

y - x -

h~

z

~

y - x +

h~

y

~

sin

~(s

p ~ Ul

(z + z)

we obtain finally
p

~ Ul~o {l +c 2 ch+ +~2 cqG(cos
~s
L:.

~(sin ~s +

sin

~(s

+ cos

- 2b)l] - 2(q

-

2h~
-

into the equations:

Considering that

•

y

~(s
+

- 2h»

b)cos

+

~sJi
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and

+ ch + cq~(cos as _ cos a(s - 2h)) +
c2 + 0,2 L

~(sin ~s

- sin

~(s

-

2h)Il - 2h

Jr

cos as

Both the ground- contact - line lateral deflection and the forces are
pure trigonometric functions .
Now I would like to conclude the discussion of tire mechanics and,
as an introduction to wheel shimmying, give a short physical description
of the phenomena involved.
We assume that the swivel axis is perpendicular and passes through
the wheel center point. The 'Theel plane forms an angle cp with the
s - axis and the wheel has moved forward a short distance. The ground
contact line shifts to the side and takes the position shown in figure 16, phase 1 . The force a rea is somewhat greater behind the center
point than in front of it) so that an inwa r d rotating moment develops . As
the wheel continues to move, the moment causes the rim to rotate (phase 2
and 3) . The elastic moment continues in the same direction so that the
rim turns over completely and forms a negative angle in regard to the
s - axis (phase 4) . In phase 5 the rim reaches the opposite maximum value
of cp because the moment is now negat ive. Then the elastic forces
return it to the original position . We must take into consideration
that the path of the front point of the ground- contact line always follows)
tangentially to the e - function, the forward tire center line that does
not contact the ground and whose asymptote is the rim.
There is a continuous play between the rim which is turned by the
e l astic moment and the ground- contact line) whose path is determined by
the current position of the wheel plane . This reciprocal effect explains
the occurrence of free oscillations .
In addition it is to be noted that equilibrium of the moments
around the swivel axis can· be maintained by damping .
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B. WHEEL SHIMMY

I
I
l

·

by R. Dietrich

i

\

I

I
The preceding paper by v .
the deformations and resulting
retical investigation of wheel
be discussed in detail . First

Schlippe describes the characteristics,
forces of a rolling tire . The theo shimmy, based on his results, will now
I shall repeat some of the known equations.

\

I
I

1 . The equation of motion of the foremost ground-contact point
(see fig. I):

\

y ' + cy == ~(l + ch) + cx

\

(1)

2 . The equation of motion of the rearmos t ground-c ontact point:

\

\

Y=

y(s - 2h)

(2 )

3. The l ateral deflection of the foremost and rearmost ground-con tact points from tHe wheel plane :
z == y - x z

4.

=y -

x +

h~

h~

(4 )

The resulting elastic forces
P == Ul ( Z + z)

M == U2 ( Z

I
I
\
\

I
\
\

I
\

-

z)

(6 )

The wheel rolls with a constant velocity v in the direction of
the s - axis . The swivel axis, assumed to be perpendicular to the ground
in the beginning, always remains in the vertical plane which passes
through the s-axis, whereas the wheel itself can swivel on the lever
arm q . The lever arm q shall be called the lead (+q) whenever the
center ground contact point precedes the proje ction of the swivel axis on the
ground plane. In general when the swivel axis inclines, the lead q is
understood to be the distance from the center ground contact point t o
the point of intersection of the swivel axis with the ground plane (see
fig . 2) .
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The ordinate of the rim- center point is
x

= qcp

(7)

Next we will set up the equation of motion .
moments around the swivel axis is given as

Jcp -

The equilibrium of

qP - M + \-lCP + Xl ~ + -; Cp = 0

(8)

moment of inertia times angular acceleration
elastic moment of the tire

qP + M

restoring moment, produced by springs or by inclination of
the swivel axis j in the latter case,
I-l

.

Xl<P +

~.
(1)

cP

=

Ni3q

outer and inner damping moment

.

The damping moment XICP stands for true velocity damping, as produced, for example, by a liquid- type damper attached to the swivel axis.
Aside from this, the system already has heavy inner damping, especially
damping produced by the material of the tire . The inner damping is
assumed to be proportional to the swivel amplitude, but independent of
the frequency . The total inner damping must be in the form of an integral, whose value is also proportional to Cp. If the expression x/w 1
is substituted for the constant X, we obtain a type of damping that is
independent of the fre quency w (circular frequency). In the periodic
formulation cP
CPo sin wt, the damping moment becomes
X •

x

- cP w cos wt
-cP=
w 0
w

xCPo cos wt

whose maximum value, and that alone is the deciding factor, is actually
independent of the frequency . The equation of motion therefore includes
the additional damping moment

~ .

-- cpo The term is meant to summarize only
w
ideal conditions of inner damping. Actually this is probably much more
complicated. Let us consider the equation of motion (8) first. For the
first time we are dealing with time t; again we will take the path s

lSee v. Schl i ppe :
p. 127, 1935.

"Die innere Dampfung,rt Ingenieur-Arch iv, Ed VI,

__________________________
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as t he independent varjable and substi t ute :
•

~ == dcp == dcp ds

ds dt

dt

I

= cp' v

For the circular frequency ill we introduce a "path frequency" 0-, as
follows . If for a periodical swinging the deflection cp is plotted
a gainst the pat h coordinate s (fig . 3) then the wave length is :

s =

2rc
v ill

a ccordingly t here follows as "path frequency" :
ill

-

v

==

2rc

S

== 0-

'iIi th these substitutions the equation of motion ( 8 ) becomes

qP - M + ~cp + Xlvcp ' +

x2
0-

cpt

o

(10)

Equa tion (10) and equations (1) to (7) are sufficient for the solution
of our problem. By assuming a solution of the form

(11 )
for this system of equations, one obtains a characteristic equation
for "A.

The calculation is carried out as follows.
tion (11):
cp

==

From the assumed solu-

cp e AS
o

according to equation ('7 )

x

==

qcp = qcpo e AS

I
I

I

L _________________ _

- - - - _. - - - - - - - - - - - _________ . ________ _
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and substituting in equation (1) gives

Solving for y (using only the particular integral of the nonhomogeneous
equation) gives

y

CPo

1 + ch + cq eAs
" + c

According to equation (2) then

y

(3)

Equations

z

and

=y

=

y(s - 2h)

(4)

=

CPo

1 + ch + cq A(s-2h)
A+ c
e

become

- x - h cp

= cp

o

,s(l + ch + cq - q - h )
e/\
A+ c

z=y-x+ h cp=cpe AS(l + ch + cq e -A2h -q-t h)
o
A+ c
The forces created by the tire according to (5) and (6) are

P = Ul (z + "Z)

M

=

U2 (z

- "Z)

Finally these expressions, all of which contain the factor cpoe AS
because of homogeneity, are substituted into the equation of motion (10).

1I
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The factor ~ e AS can be divided out, leaving an equation for
o
is transcendental because of equation (2)!

I
I
• I
\

A, which

\

I

I

I

I

I
I

Its roots are
A

= [) + iex.

The sign of the real part [) determines the stability of the respectiv~
oscillations; [) > 0 means divergence, [) < 0 means convergence . We
are interested in the critical values for q and v, that is, those that
involve neither increase nor decrease of oscillations, or where

[) =

0

The transcendental equation f or A = iex. can be broken down into
two real equations by making the real and the imaginary parts equal to
zero. The calculation itself will be omitted for brevity and only the
result will be given. The two equations can be expressed in the form

(14 )
where the following abbreviations are used
Kl

=

1 + cos ex.2h +

c
sin ex.2h
ex.

I
\
\

I

I
I
I

I

I
\

I

I
I

l__

We will discuss eqQations (13) and (14) in more detail. First when
damping is not proportional to speed, Xl must equal O. The equation (13) can then be written

r-------I
f
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(13a)

For a given value of XQ, q is a double-valued function of
~== 0 the equation falls into three parts:
q

l.

CL == 0

2.

l

3.

UIKlq + U2 (2 - Kl )

+ ch + cq

q

0

== 0

When

CL.

arbitrary
-

-

1 + ch
c

U 2 - Kl
q =--2
Ul
Kl

function of

CL.

The curves of q against CL corresponding to the three curve branches 1,
2, and 3 are plo tted in figure 4 . Equation (3) has further curve branches
be cause of the trigonometric functions of Kl ' From the point of view of
physics only the drawn lines are of interest, namely the heavily lined
"triangle", along with line s 1 and 2 . The lower corner of the "triangle,"
that is, when 1 and 3 are solved Simultaneously, corresponds to the transition to static indifference, since CL == O. If the lead is greater than
U2
ch
------, the wheel will deflect aperiodically. This is just within the
Ul I + ch
limit of validity of the formulated inner damping, because for the above
a true oscillation (frequency w) is necessary. If the damping cons tant
~
assumes a small positive value, the "triangle" becomes a closed curve
with a continuous tangent throughout . The corners round off. The greater
the value for X2 ' the smaller the closed curve becomes until it finally
reduces to a point . This is the case when the discriminant of the quadratic equation f or q (13a) has a maximum value of O. Then only one
real point (CL,q) remains of the family of curve s and ~ has a finite
value. I f X2 is given a still greater value, oscillations with a constant amplitude are no longer possible; t hat is, they always decrease.
It is striking that each CL value corresponds to two
and that there are two CL values for every q value.

q

va lues

With equation (14) we ca n calculate the critical speeds that correspond to a given lead q. Since there are two CL values, we have in
general two critical speeds. Thus the v-, q - curves also will be closed.

1
I

I
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X2 = 0 and the
The restoring moment ~

I

•I
\

Next we will again consider the special case
series of different cases mentioned above.
also zero.
1.

is

!

. I

I

0.,=0

(a)

I

q
v

I
I

arbitrary

= 00,

see figure

U2

q = U

l

1

ch
+ ch

Substitution in equation

I

5.

(Point of intersection

(14)

1/3 in the

v, q plane)

result s in

Regardless of the value chosen for v, the equation is always satisfied when a = 0, thus we obtain the straight line 1/3 in the v, q plane
(fig . 5) .
2.

q = _ 1 + ch

c

q is independent of a; i . e . , v
obtain the straight line 2 .

can be given any value.

Thus we

3·
r esults in the curve branch 3.
U2
ch
the value
, that is,
Ul 1 + ch

v2
v

becomes negative before

q

attains

becomes imaginary .

Hhen X2 does not equal zero but has a positive value, the resulting
curves are finite; as X2 increases, the curves close although the first
of the family of curves is open on the left just like the initial curve.
With proper X2 value they reduce to a point, like the curves in the a,
q plane, when t he X2 values are equal. For the points v, q that
lie within the curve for the chosen X2 value, there is an increased
wheel oscillation (a decrease outside of the curve); it is obvious from
the standpoint of phy sics that with increased damping the range of shimmy
must decrease . Figures 6 a nd 7 show the a, q and v, q curves calcul a ted for an experimenta l wheel .
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Closed curves of this type occur also in the formulation for damping
that is proportional to speed only. This is not as obvious at first as
for the type of damping that is proportional to the amplitude and independent of the frequency . In place of (13a) we have
(13b)

whereas equation (14) remains unchanged. Equation (13b) includes
as well as v. The following can be said at first glance:
When

=

Xl

q

0, either

1.

v =

2.

1 + ch + cq ::::: 0

00

or

or

as before

For case 1, because of equation (14),
~

=

°

and

q

arbitrary

l'hus the "triangle" already shown in figure 4 is formed.
curve that reaches infinity is formed in the v, q-plane.

The same closed

The point of intersection 1/3 is given by
~ ==

°

and

Equation (14) is satisfied for every
formed again.

Vj

thus, the straight line 1/3 is

If Xl does not equal 0, closed curves result once more. They are
not as easily calculated, however, because now both (13b) and (14) contain v and q. By eliminating v, the equation for q is of the
sixth degree (since J can be set up as a quadratic function of q),
whose coeffIcients include the parameter a whereas in the first case
this was a quadratic equation, namely (13a) itself.
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In general both types of damping are found .
that closed v,q curves will result .

I

It is obvious then

I

i
I

These closed curves already appeared in Professor Karnm's experiments, with which you are undoubtedly familiar .
Since our experiments and calculations have not been completed, I
can give only partial results . At the lower critical speeds the experimental values were in good agreement with the theoretical curves . The
damping constant X2 could be determined by a simple deflection experiment with a stationary wheel . After a small deflection the damping pro duced by the tire forces returns the loaded wheel to the original posi tion . The q , a and v ,q curves were calculated from the resulting
damping value X2 , and, as shown in figures 8 and 9, they agree somewhat with the experimental values . There was no artificial damping .

I

I

I

I
I

I
I

I

I

I

I

I
I

I

I

I

I

I
I

The principal part of the theory of wheel shimmy is completed with
the development of closed curves . Nevertheless, there are many other
important problems that must be solved experimentally and mathematically,
especially those that will give better understanding of the skid effect
at large angles of deflection which probably will affect the damping
forces primarily . It is hardly expected that the the.ory needs to be
changed even when applied to larger defle ctions; the same is often the
case with other oscill ation phenomena . Another important aim is to find
simple formulas (general -purpose formula s ) that will aid in the practical
construction of a non- shimmy wheel (nose or tail wheel) and do not involve
numerous complicated calculations and experiments .
*Translated and edited for the AAF by :
Charles A. Meyer & Company'
25 Vanderbilt Avenue
New York, 17, New York
July 7, 1947 (ATI No . 18920)
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*Note: In order to provide terminology consistent with other papers
of this series, this translation has been reworded in many places by the
NACA reviewer .
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COMMENTS ON TWO AMERICAN RESEARCH REPORTS*
By E. Marquard
OUTLINE
Brief Summary
1. Kantrowitz, Arthur: Stability of Castering Wheels for Aircraft
Landing Gears. NACA Rep. 686, 1940.

2. Wylie: Dynamic Problems of the Tricycle Landing Gear.
of the Aeronautical Sciences, vol. 7, no. 2, Dec. 1939.
On

Journal

the Theory of vlhee 1 Shimmy

Results
SYMBOLS

e

swivel angle of the wheel

r

wheel radius

t

trail

J

moment of inertia about the swivel axis

v

rolling speed

K

damping factor

lateral spring constant of the tire
€

dimensionless numerical factor

0.69 for 50 trail)
{ 1.0 for 200 trail
*"Bericht tiber zwei amerikanische Forschungsarbeiten," Bericht 140
der Lilienthal-Gesellschaft, pp. 46-48.
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BRIEF SUMMARY

•
The report of Kantrowitz gives a theory of tail- wheel shimmy based
on the phenomenon of so - called kinematic shimmy. The coefficients of
the equations that had been set up and the confirmation of the theory
are obtained from the results of three test series .
The first test series was made on a tail- wheel model with low pressure tires of about 5 cm radius on a running continuous rubber belt.
Damping could be installed at the swivel axis of the model wheel . The
structural support of the swivel axis was rigidly fixed in the test
setup . Since a shimmying airplane wheel causes a reaction on the motion
of the enti re airplane, a second test series was made for investigation
of this influence, with use of a free-rolling catapulted airplane model,
the movements of which were photographed in intermittent light. Various
tires, mode l masses, and trail angles (50 and 200 ) were investigated.
A third measuring series was performed on an airplane of the
type W- lA. The shimmying was filmed for various measured magnitudes of
the friction damping.
Following the development of the theory, avoidance of shimmy by
hydraulic and frictional dampers is discussed. A further possibility
for suppression of shimmy is the introduction of an additional degree
of freedom, namely, the lateral freedom of the wheel on the axle. Two
types of design, lateral play in the bearings and suspension of the
wheel in a double spindle, are briefly mentioned . In an appendix, the
effect of a third degree of freedom is estimated numerically. It mani fests itself as an additional damping term.
The report of Wylie deals with the problems resulting in case of
application of tricycle landing gears . After a short representation of
the development of this research, at the Douglas Aircraft Company , the
following problems are stressed as most important :
(a) Shimmying of the nose wheel as the main problem
(b) Investigation of the pitching (pitching of the engine)
vibrations of the rolling airplane
(c) The maneuverability of the rolling airplane with tricycle
landing gears
The last problem is only briefly touched upon . The vibration equa tions for the lifting a nd pitching vibrations of the airplane are set
up and discussed .

J

c

•
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There results a homogeneous linear differential equation of the
fifth order which is further discussed with the aid of the Routh l
discriminant.
Result:
1. Nose-wheel load as large as possible
2. Arrangement of the main wheels always behind the center of
gravity, even for farthest rearward position of the center
of gravity and lowest tail position

3. The airplane must be statically longitudinally stable and
must have sufficient tail--surface volume for damping
4. The position of the main landing gear with respect to the
wing must satisfy an equation given in the text.
The calculation method is applied to the airplane type Douglas Dc-4.
By numerical calculation, two types of pitching vibrations are found
which are both harmless due to the long period of vibration and the large
damping. These vibration periods are

•

i Tl

= 4 . 06s

and ft T2 = 49.2s

for

V = 91 km/h

The theory of wheel shimmy is completely taken over from the former
report and merely formally somewhat extended. The damping moment required
for the suppression of shimmy and the shimmy frequency are calculated for
the airplane models OA- 4A and Dc - 4 . The calculation values are compared
with actual conditions . Also, the effect of combined oil and friction
damping, as well as the influence of restoring devices are shown in
graphical representations .
CONCERNING THE THEORY OF I{HEEL SHIMMY
The method for derivation of the vibration equation applied by the
two American authors does not use the 'customary classical formulations 2 ;
we feel this method to have the character of a rough calculation with
somewhat daring assumptions .
l Eo I. Routh: A Treatise on the Stability of a Given State of Motion
(London 1877) German edition: Die Dynamik der Systeme starrer Korper,
vol. II, (leipzig 1898).
2Compare, Melzer (Fw): Beitrag zur Theorie des Spornradflatterns.
Technische Berichte 2, 1940.
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The development of the entir e derivations would lead he re t oo far .
We shall therefore represent only the expression for the so- called "kine matic shirruny" graphically (fig . 1) without defining our own at t itude .

•

•

The kinematic shimmy is to take place after an initial deflection
of the wheel by the angle e against the direction of motion under the
following presuppositions :
(a) Slow motion, thus no mass forces
(b ) Center line of the deflected surface of contact of the tire
bent in the form of a circular arc with the tire diameter
as chord

(c )

No rolling forces , thus symmetrical stress distribution in
the surface of contact

(d) No sliding of any element of the surface of contact
(e) No lead or trail
From figure 1, there result the two relations :
1.

2.

-di\ - -e
ds

de

1

ds

R

•
and

or

r2 de
2 ds

"1\ - - - =0

a nd

fre quency

ill

~~; wa ve length corresponding to path

S

2rcr

Circumfer ence

.
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Consideration of the dynamic shimmy , after glvlng up the simplifying
assumptions a, c, and e and after addition of a damping, leads to the
equation

•

Ii +
21r

2
d e
ds

_r2 _c l. + K}

2 v2

de J1 l K}

+ ds

vJ

l~----_yr----~)

2t

C

+

v2

+ c l (1 + 2

l,_____
)
yr---~

!)e = 0
r

~
C

B

A

v2

rvJ

Hence, the frequency of the shimmy vibration is

(l)==

•
The coefficients of the equation are all positive. The Routh
discriminant) yields the critical minimum damping value from C = AB •

•

It is assumed that critical deflections occur when the tire in
shimmying starts skidding. Then one has with a static- friction coefficient J..l

Hydraulic and frictional dampers are regarded as equivalent when
they consume for a whole vibration the same energy quantity

.

Hence, there results that the maximum damping moment of a hydraulic
damper, fOl' Uk maximum swiveling angular velocity (;:;)
= -(JJvA
'4llaX

'4llaX"

must have the magnitude
M

-max

-mKvemax

:; rr4 .!ifriction

=

1. 27)~friction

)Compare, Hurwitz, Mathematische Annalen, vol.

46, 1895,

p.

273.

-------~---.-----~-----~
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In the further discussion, the influence of the trail is investigated by means of partial differentiation with respect to t; furthermore, the influence of a restoring force -fe, finally also the effect
of the gyroscopic forces of the rotating wheel.

..
•

RESULTS
The character of the shimmy vibrations becomes evident from figure 2 which represents the phase shift between wheel swiveling e and
lateral deformation A of the tire, the frequency of the shimmy vibration, and the "excitation" that is a measure for the increment of the
subsequent compared to the previous deflection as a function of the
rolling speed .
For low rolling speeds, the vibration frequency increases approxi mately linearly with the velocity; the wheel passes through the zero
position with approximately the largest lateral deflection of the tire,
the deflections increase rapidly with the veloci ty . For high rolling
speeds, the frequency of vibrations is almost constant, the deflections
and the phase shift between wheel swiveling and tire deflection decrease
with the velocity .
Both authors calculate the required damping for various airplane
models and show the usability of their calculation methods by comparison
with the values of full - scale landing gears. The decisive point therein
always is determination of the rolling speed v for the maximum excitation (compare fig. 2) and calculation of the required damping . Under
the conditions mentioned, the damping factor becomes approximated by
ISnax

=

0.43 r JJWs [

lb -ft

]

'- kgm

~adians/se~

or

]

L=adian/~

With the a id of unpublished measurements of tire constants, the
further simplification
ISnax = Constant r
is made.
in

[!iJ,

constant

Kmax

Therein, one obtains:

constant

in Islug;J, and
~
:J

in

J

= 19. 5

in ~gm~.

39.0 when

Kmax
r

VJ

= 16 - 32 when r

is inserted

J

[lb-ft
or one obtains:
l£adians / se:£!'

is inserted in

IT!t],

J

in

~gms~,

and

•

•

F
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The velocity of maximum excitation is

Vo

For model W-lA, one obtains
and

~ = 4.67[

lb - ft

J=

~adian/se~

x

= 39 ft/sec = 12

J.

0. 645 [
kgm
~adians/se:J

m/s

With

= 43 km/h
I-L = 0.55

there is
~x =

for

19 lb-ft

=

2. 62 mkg

P = 310 lbs = 140 kg wheel load.
For model Hammond Vane obtains

Vo = 46

ft/sec

= 14 m/s

50. 5 km/h

and
~x

With

I-L

0.55

t

= 13.2 b-ft

M

P

1. 825

r=

kgm

~

~adians/ se~

there is
--max

for

se~

radians

= 44 lb-ft

6.1 mkg

= 570 lbs = 258 kg wheel load.

From the calculations for various models, one may indicate the
required minimum moment of the frictional damping generally for geometrically similar airplanes and in case of proportionality of nos e wheel load PF and total weight Ptotal ' For I-L = 0.55, one has
)'PF G;n-lb ~

O. Ol~Ptotal
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3/ 2
Constant ~Ptotal
or with a characteristic length

Ptotal

Translated by Mary L. Mahler
National Advisory
Committee for Aeronautics

L

Constant

oL9/ 2

•
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direction

ds

R=d9
d'A
--=-8
ds

R 2 = r 2 + ( R - 'A) 2 = r 2 + R 2_ 2 R 'A + 'A2
r2
r2~ 2R'A ; R ~ 2'A
Figur e 1. - De rivation of t he vibration equation for kinematic shimmy from
t he ge ometry of motion. (This figure is not contained in the American
or iginal r eports.)
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Figure 2. - Fundamental results of the laboratory tests on tail - wheel
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INVESTIGATION OF TAIL-WHEEL SHIMMY
ON THE MODEL Me 110*
By M. Renz

INTRODUCTION
According to recent r eports from armed forces in the field and
according to the compilation by Hoffmann , l the tail wheel of the airplane model Me 110 shows strong shimmy vibrations in landing on concrete
strips; in various cases, these shimmy vibrations have caused damage on
the fuselage end.

-,-

For this reason, the Institute was ordered to clar ify the connections between tail-wheel shimmy and vibrations of the fuselage end. At
the same time , all essential influences on the shimmy itself were to be
investigated. Such influences are : tra il, rolling speed, tail loading,
tire-inflation pressure, damping, tail-gear design and state, and character of the landing strip.

TEST CONDITIONS
The test carrier was an airplane of the series E 1; such airplanes
have tail-wheel tires of the size 465 x 165 with 68-mm trail .
Since a change of trail for the aircraft already in use is not possible because of excessive expenditure , such a change was foregone in
the tests as well. All tests were therefore performed with a ratio of
trail to tire diameter of 0 . 146, with the sta tic tail loading amounting
mostly to 720 to 780 kg, according to fuel reserve; for a few landings,
it was increased to 820 to 850 kg with cement bombs. The investigations
were made with a quite new tail gear and with one that had been used for
some time, with customary self - centering action, furthermore with a tail
gear with increased self-centering action . The moment due to deflection
from the zero position, for a jacked-up machine, thus in an unloaded
condition, was about 4.4 mkg for the new tail gear, about 3.4 mkg for
the used tail gear of customary deSign , and about 8 . 5 mkg for the tail
gear with increased self-centering action ; these values are greatly
dependent on the loading.

* "Untersuchung des Spornradflatte rns am Baumuster Me 110,"
Bericht 140 der Lilienthal-Gesellschaft, pp. 48- 51.
lCompare the present conference report, p . 1.
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Figure 1 shows the arrangement of the tail gear on the airplane
with added fluid damping. The latter consists of an automobile shock
absorber the damper arm of which is deflected by a cam plate. The cam
plate is connected with the swivel-mounted parts of the tail gear by
transmission levers. The swivel range is limited; it is ±90o . The
airplane tail cone had to be taken off because of the fluid damping.

~

I

j

In figure 2, a friction damper is attached; it consists of two
friction disks, more or less pressed together by springs; it is therefore adjustable . Figure 2 shows further the measuring device for shimmy
vibrations which works according to the principle of the Wheatstone
bridge on the oscillograph placed in the cockpit. The transfer of the
tail-wheel rotation to the shimmy transducer is made by a thin cord
rolling over the tail skid and the transducer wheel.
For determination of the influence of shimmy on the fuselage, the
bending vibrations of the rear of the fuselage about the vertical axis
of the airplane, and its torsional vibrations about the longitudinal
axis were measured. The measuring device for the bending vibrations,
acting inductively by way of an amplifier on the oscillograph, is
installed in the fuselage directly ahead of the tail gear, as indicated
in figure 3. It consists of a mass (suspended movable transversely to
the longitudinal airplane axis) with a magnet in the field of which a
coil rigidly connected with the ' airplane is moved . The natural vibration frequency of this device is 4.3 cycles per second.
The torsional vibration indicator which is likewise dynamic has a
fundamentally similar construction; it is placed in the fuselage end
ahead of the bending vibration indicator in such a manner that its axis
of rotation coincides with the longitudinal axis of the fuselage. (See
fig. 4.) Its natural vibration frequency lies at 4.2 cycles per second.
The rolling speed was determined with the aid of a speed indicator
in several landings.
For the tests , the tail -wheel tire inflation pressure of 3.25 atm
gage pressure customary for E-machines was varied between 2.5 and 5 atm
gage pressure.
Altogether, approximately 70 test landings were performed, 80 percent on a concrete strip, 10 percent on a tar-macadam strip, the
remaining 10 percent on turf.
TEST RESULTS
Of the great number of oscillograms recorded, we shall show only
three stages of a test landing on concrete with high tail- gear load,
prescribed tire pressure, and undamped tail gear.

I

1

.- 1

j

I
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In figure

5, about 2 seconds have elapsed since t he first contact

with the ground of the airplane. On the uppermost t op, one may see the
time trace; from timing mark to mark there elapses 0.2 second. Underneath, the shimmy vibrations are plotted; one sees clearly the ground
contact of the tail gear, a few still somewhat irregular vibrations, and
again lifting off. The bending vibrations of the fuselage end are
plotted in the middle, the torsional vibrations which increase greatly
with the shimmy vibrations at the bottom.
In figure 6, 20 seconds after the first ground contact, the shimmy
angle has increased to its maximum value of about ±20o ; the frequency
is 12.4 cycles per se cond. The bending and torsi on vibrations of the
fuselage end also have increased still more. In the torsional vibrations, the fundamental frequency is exactly synchronous with the shimmy
frequency . One deals here with strong forced vibrations since the
fundamental frequen cies of the natural vibrations of the fuselage lie
below these values; higher-harmonic vibrations lie at 19 to 20 cycles
per second and at 75 cycles per second.
Figure 7 shows the ending of shimmy. After the shimmying has
stopped, bending and torsional vibrations of the fuselage become small .
The rolling speed here is about 25 km/h . The frequency has decreased to
11.9 cycles per second. Stopping of shimmy has always been observed at
a lower-limit speed which lay between 20 and 30 km/h.
Shimmy in taxying, that is, at increasing speed, was found only in
one single case of particular arrangement; the airplane was rolling to
the take-off on concrete, with very high tail-gear load (870 to 880 kg),
and retracted landing flaps. Shimmy started at about 80 kID/h. For
normal take -off, the tail gear did not shimmy.
Evaluation of the osc illograms resulted fundamentally in the curves
plotted in figure 8. A landing on concrete, under normal conditions, is
represented. The duration of the landing run in seconds is plotted On
the abSCissa, s tarting with the first ground contact of the airplane .
The three curves are the rolling speed in km/h, the shimmy frequency in
cycles per second, and the sh1mmy angle in degrees. The velocity variation corresponds to the behavior in case of a landing run without
braking. The land ing speed is 134 kID/h. The frequency somewhat
decreases with increasing duration of 'the landing run whereas the shimmy
angle first increases to a maximum value and then very rapidly decreases
to zero. By plotting frequency and shimmy angle against the rolling
speed, one obtains figure 9; the landing proceeds fr om the right to the
left. The variation of the shimmy angle agrees very well with the results
given in Riekert ' s lecture 2 , obtained by model and drum tests.
2

Compare conference report on this meeting, p. 115.
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CONCLUSIONS
The investigation of the parameters affecting the shimmy of the
undamped tail skid led to the following findings:

An increase in tail-gear load and in tire pressure causes an
increase in frequency. The condition of the tail gear also is of
importance. I f the guiding grooves of the self-alining cam plates are
greatly deformed so that, in zero position, large clearance exists, the
shimmy fre quency will als o increase as in the former case. The maximum
value of the shimmy angle fluctuated about ±20o for the tail gear without damping.
Of decisive importance is the condition of the landing strip, that
is, the state of its surface and the coefficient of friction between
strip and t ire . Shimmy was never found on turf. Comparison of shimmy
on concrete and tar-macadam showed only slight differences with respect
to frequency (on concrete the frequency was a little higher) but large
differences wi th respect to wear on the tires; these results were more
favorable for the tar-macadam strip. In this connection, I should like
to point out the importance of propelling the main wheels commensurate
with the landing speed. Work on this problem is being carried out at
various pla ces 3 .
In the investigation of fluid damping, which unfortunately is not
adjustable, violent shimmy occurred every time on concrete and tarmacadam, with the frequencies still somewhat higher than for the undamped
tail skid, whereas the shimmy deflections decreased a little. Too little
damping had therefore been applied. Thus, the opposite of the desired
effect was obtained since the forces acting on the fuselage increased.
According to the statement of the pilot, the machine also showed greater
than usual tendency to veer off. The curvilinear rolling within the
prescribed swivel range was not reduced by the damping.
The adjustable friction damping permitted the adjustment in every
case of a damping moment ensuring suppression of shimmy. It is true
that this moment varied rather widely in the individual cases. For the
new tail skid, 5 to 5. 5 mkg4 were sufficient under normal conditions;

3A report on the findings obtained at the- Research Institute for
Automobilism and Vehicle Engines at the Technical Academy, Stuttgart,
will be distributed shortly by the Zentrale fUr wissenschaftliches
Berichtswersen tiber Luftfahrtforschung des Generalluftzeugme isters
Berlin-Adlershof .
4This value a nd the following ones contain the friction moment of
the damping and the self-a linement for unloaded tail gear .
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for the used tail gear, about 6 mkg were needed. This value was
increased to 7 mkg by increase of the load. For the tail gear with
intensified self-alinement, which without damping shimmied at increased
frequency, even 12 mkg were required. An increase in tire pressure
somewhat reduced the tendency to shimmy.
These values were obtained by perfect landings, without noticeable
cross wind, and on a completely plane strip. The shimmy tendency, and
thus the damping moment for its elimination, is considerably increased
in landings at an angle of yaw due to cross wind or slant of the strip.
The curvilinear rolling was rather reduced since the tail gear was
no longer deflected on turf for 6 mkg damping moment. On concrete, this
value lay between 9 and 10 mkg.
Lately, the friction brake has been installed in all machines of
the series B, D, and E with the direction to adjust a moment of 8.8 to
9 mkg. In most cases, this moment guarantees safety from shimmy; it
must, however, be denoted as slightly too large with respect to the
rolling in curves.
The best solution probably would be a larger dimensioned adjustable
fluid damping which would permit a free swiveling range of ±18oo and
could be installed in the machine in such a manner that no essential
change of the tail cone would be required.
Translated by Mary L. Mahler
National Advisory Committee
for Aeronautics

---------------'
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Figure 1. -

Tail gear with fluid damper.

Figure 2. -

Tail gear with friction dampe r.
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APPENDIX
BRIEF REPORT ON THE HISTORY OF THE

THEORY OF WHEEL SHIMMY*
By H. Fromm
The oldest investigation on wheel shimmy known to me is a French
report by Sensaud de Lavaud (ref . 1) . De Lavaud considers the front
axle of an automobile with the Wheels as a system with two degrees of
freedom: Rotation of the Whole about the l ongitudinal axis of the
vehicle (tramping ) agains t the spring suspension toward the frame, and
rotation of the wheels about the swivel axis (shimmy) against the spring
suspension of the elasticity of the steering linkage. Due to the coupling of these two motions by the gyroscopi c effect of the revolving
wheels, the problem is i dentical with Schlick ' s theory for ship
gyros.
At this state of knowledge , the investigations in Berlin (ref. 2)
were started in 1927. De Lavaud's formulation bypassed the problem
because it disregarded any effect of the ground forces on the wheels.
The introduction of this effect led me to note the following points:
(a) As the first parameter, I took into account the vertical elasticity of the tires since I recognized that this elasticity makes the
main contribution to the vertical springing; in comparison, the frame
springing is almost negligible so that torsional oscillations of the
frame are almost without influence. In this respect, conditions are
different for the supporting struts of airplane landing gears which
have comparatively high bend ing rigidity; all further effects, however,
retain the same significance for the airplane landing gear, too, so that
they must be discussed.
(b) The second important finding was that, in case of a shimmy
oscillation of the wheel, the vehicle must move in a meandering curve,
and that, for this transverse motion of masses, forces are required
which ca n take effect on the wheels only from the runway. Thus, the
l a teral force acting on the wheels was introduced and therewith the
following cycle of the coupling recognized: A shimmy oscillation
causes, through the meandering OSCillating, lateral forces; the moment
of those forces about the longitudinal axis of the vehicle causes a
tramping oscillation, and this last one again affects, by gyro effect,
the shimmy oscillation . According to the phase shift there occurs,
therefore, eithe~ damping or build-up of the first disturbance.
* "Kurzer Bericht tiber die Geschichte der Theorie des Radflatterns, "
Bericht 140 der Lilienthal-Gesellschaft, pp. 53 -56.
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(c) Furthermore, I was able to prove clearly, by analysis of observed
oscillations, that, aside from forced oscillations with typical resonance
regions, self- exciting oscillations occurred as a particular danger, and
that one dealt, therefore, with a case of typical excitation. The necessary energy nust be provided for a vehicle on the road by the driving
motor or the kinetic energy of the vehicle, for the vehicle on the drum
test stand by its engine . However, the explanation was to be found in
the effect of forces between wheel and road.
(d) For rigid tires, one could only point out that the system is
rheonomous. However, I recognized as the decisive factor the elasticity
of the tires under the effect of lateral force s observed in two phenomena
which must be distinguished from one another. One is the lateral elasticity of the tires (which is possible also on the wheel at rest); for
small oscillations, it can be represented by

(1 )
(8 = lateral force,
see fig. 1.)

Se

elastic side deflection,

cs

=

spring constant,

(e) My previous detailed investigations on the rolling slip of
deformable wheels (ref. 3) led me, on my search for the cause of excitation , to ·c orresponding considerations regarding the effect of the
lateral forces; I found that under the effect of lateral forces a sideslip (yaw) must appear on the rolling wheel which is in unique connection with the lateral force: the sideslip is expressed solely by the
fact that the direction of motion does not coincide with the track of
the wheel plane but forms with it an angle tl which I named the "angle
of sideslip" (yaw angle). The law of sideslip 8 = f(tl) must therefore
be formulated; the first l measurements for small tl resulted in the
proportionality
8

= Ktl

K (originally named "Sideslip factor") is called guiding characteristic
or cornering power at present.
(f) If the wheel plane forms momentarily a swivel angle of ~
(shimmy angle) with a stationary axis (for instance the main direction
of motion s), the track forms with the latter the angle (~+ tl) (see

~ade by the author together with B. F~rster, compare reference 2.
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fig.); the track velocity thus has a side component in the direction
of the magnitude

~

wherein v is the speed of motion and ~,~ are assumed to be small.
The masses attached to the wheel axle, however, perform a larger side
motion ~,by the amount ~e according to equation (1), by a~
(with a signifying the length of the trail), and by hA if the wheel
performs at the same time a tramping motion A with positive inclination to the right (h ~ height of center of gravity above ground).
Thus, there follows from the kinematic condition ~ = ~s + ~e + a~ + hA
for small angles ~, A and y with equations (1), (2), and (3) the
equation

(4 )
which correlates the essential new findings with the customary dynamic
equations, and yields the exciting phase shift. Since equation (4) is
a true differential equation of ' the first order (8 beside S), the
characteristic equation of the oscillation system is always of an odd
order.
(g) There are, furthermore, the dynamic equations which connect
the inertia resistances with the restoring forces and moments. Among
them are the spring forces as well as the moments of the three ground
forces acting on the wheel (supporting force N, lateral force S,
rolling resistance W). N in particular yields moments dependent on
~
and A if the swivel axis is not perpendicular where lifting motions
appear in shimmy. Finally, the finding that the lateral force S acts
through a lever arm Po behind the wheel center (whereby the trail a
appears increased to Po + a) gives for the moment of
the swivel axis in the sense of growing ~

Me

ao

I '"

S(PO + a)cos r - W cos y~e

therein may be termed "dynamic trail."

Sand

W about
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The calculation for the automobile was performed with use of these
bases (ref. 2); due to the small trail (lead), the moment of equation (5)
is, in first approximation, negligible compared to the strong springrestoring moment . For free - swiveling airplane wheels, however, equation (5) is essential .
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(h) A further moment of an order of magnitude similar to that of
equation (5) was , although its existence was recognized, not taken into
consideration because of the difficulty in expressing it quantitatively;
this in turn would be questionable for free - swiveling wheels. One deals
here with a slip moment created on the rolling wheel if the wheel plane
is rotated, and the path therefore curvilinear . One may put in first
approximation
dcp
- ml - ds

~

d,s
ds

wherein ml and ~ are constants. Equations (5) and
form, therefore, the moment about the swivel axis:
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dcp
ds

MA == aOS - ml -

I

(6 )

(6) together

dS
K ds

.~

These first findings are the basis for all other work in this field
as well; thus, the reports published meanwhile may be surveyed quickly.
This summary is given separated into two parts: investigations regarding
the elastic and slip characteristics of the rolling wheel with lateral
force , and investigations regarding the shimmy oscillations themselves.

A. THE ELASTIC AND SLIP CHARACTERISTICS OF THE ROLLING WHEEL
Adjoining the first common meas·u rements which resulted in equation (2), B. Forster (ref . 4) investigated the entire course of the
function S = f(,s) by measurements unQer all sorts of conditions (type
and state of tires, type and state of roads, operating conditions,
wea ther conditions). There followed investigations of the same kind in
the Forschungsinstitut fUr Kraftfahrwesen und Fahrzeugmotoren an der
Technischen Hochschule Stuttgart (research institute for automobilism
and vehicle engines at t he Technical Academy at Stuttgart) under the
di rection of W. Kamm; among them, the tests on model wheels (ref. 5)
and the measurements on airplane tires (ref. 6) should be stressed
particularly .

"
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I myself was able to present a calculation of the function S = f(~)
from the elastic properties of the tire profiles (ref. 7) which shows
especially the influence of the shape of the pressure surface and of the
pressure distribution in that surface and confirms, among other facts,
that the guiding characteristic (cornering power) K (in the eq. (2)
valid for small ~) is independent of the friction coefficient ~.

.

The lectures of v. Schlippe and Dietrich (ref. 8) mark an essential
progress; here the simplifying limitation to the steady state was lifted.
Not only the yaw angle ~ but also the swivel angle ~ are assumed to
be arbitrarily variable with time, that is, with the path. Consequently,
the contact points of the wheel circumference, even in the range of
adhesion, no longer are impressed rectilinearly in one track direction
but must follow the track direction of the motion which is now curvilinear (called by v. Schlippe "law of heredity"). The simplifying concept of the tire as a thin band with lateral elasticity leads to expressions for the lateral force and the moment in e-functions, the first
approximation of which will probably agree with the equations (1), (2),
and (7). Also, the Schlippe formulation Zl + cz = ~ - hl~1 - x' shows
in the rearrangement x' = (~ - cz) - Zl - hl~' its identity with the
previous equation (4), where aside from A = 0 obviously hI = -a and,
according to equation (2)

z = - £e = _.£...
C
s

and

c

signifies

c

=

K'

It should be stressed in this connection, that the slip moment (6)

d~), thus, must be distinguished from an
ds
ds
elastic restoring moment as equation (2) from equation (1) for the
lateral force. Introduction of such a spring-back moment of the tires
would require a change of the equations (4) and (6), and yield a second
differential equation analogous to equation (4). Furthermore, equation (6) is no damping moment in the customary sense.
appears only in rolling

(d~,

A damping of oscillations due to imperfect elasticity or to slipping
in the pressure surface must be formulated s~parately. It must be noted
that the damping for a rolling wheel cannot attain the values measured in
measurements on a stationary wheel (for instance by free-damped lateral
oscillations). TNbat matters here is the ratio n of the wave length A
of the oscillation on the runway to the wheel circumference U, or in
other words, the ratio of the rotational frequency of the wheel ill to
A
ill
the frequency of the oscillation ~,thus n = U =~. For a stationary
wheel (n = 0) the damping is at its largest; it decreases steadily with
increasing n and disappears completely for very slow oscillations
during rapid motion. This may be understood by visualizing these changes
as variations of a steady state of rolling where the varied state must
always be newly produced on parts newly flowing into the deformed region.
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Thus, the larger n, the greater the number of parts to which t he variation is distributed, and the more this variation vanishes in the deformation process of the steady state. The necessary energy, which is therefore utilized to the greatest part as deformation work, is supplied by the
engine or the kinetic energy of the vehicle, and only the remainder
becomes effective in damping out of the oscillations.
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Even for n = lone oscillation runs around the entire wheel, thus
over more than 10 pressure-surface lengths. Therefrom resulted an oscillation damping already very slight in comparison with the wheel at rest,
for all types of springing (normal, lateral, and torsional). This fact
was confirmed by observations on the test stand. For shimmy oscillations
values of n = 0.5 to 3 occur; thus, it will never be possible to count
on a considerable damping resulting from the tires as far as such a
damping does not follow from the slip parameters formulated in equations (2) and (6).
B. THE SHIMMY OSCILLATIONS
The shimmy oscillations of swiveling wheels depend (among other factors) on the lead or trail position a of the wheel. This position is
affected by two parameters: the inclination of the swivel axis toward
the direction of motion (7) and the distance of the wheel axle from the
swivel axis (q). For automobiles q ~ 0; for bicycles both influences
exist; for nose and tail wheels of airplanes occasionally 7 ~ O. An
inclination of the swivel axis causes a double complication of the relations (compare section g): First, the ground pressure, that is the main
force of the wheel, obtains t hereby a lever arm about the swivel axis
proportional to the shimmy deflection; thus, there originates for the
shimmy oscillation, according to the sign, a restoring or diverging moment
which intensifies or attenuates any occurring springing action possibly up
to instability. Second, lifting oscillations of double the frequency are
coupled to the shimmy oscillation.
The resulting stability conditions, also for elastic lateral spring
action of the supporting leg, have been thoroughly investigated by
E. Maier (ref. 9) on the basis of the findings (a ) to (g). However,
he disregards the elastic lateral spring action, t hus the term Sics i n
equation (4), and thereby suppresses a condition for excited shimmy.

I

I

l

This condition is taken into consideration by M. Melzer (ref. 10)
who in turn limits himself to a perpendicular swivel axis (7 = 0).
Melzer obtains the stamping motion A by assuming a torsional elasticity of the airplane fuselage; he neglects, however, the moment effect
of the ground pressure and the gyro effect of the wheels so that the
stability condition found by him is valid only for corrected torsional
elasticity of the fuselage and for small speed of motion. The reason
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that he himself does not find a condition given by Maier, although he
includes precisely the condition suppressed by Maier, is the fact that
he does not make full use of the stability criteria contained in his
argument

(D4 = A:5n, > 0;

that is,

A:5

> 0; thus

a >-

~cp

wherein

Ccp

signifies the constant of a restoring spring action of the shimmy
deflection

cpo )

Kantrowitz (ref. 11) introduces a shimmy oscillation designated
as "kinematic shimmy" which he proves by model tests; his (qualitative)
theoretical considerations, however, are not intelligible. Thus the
considerations of "dynamic shimmy" (including the forces of inertia)
based on them and the connected report by Jean Wylie (ref. 12) do not
offer any theoretical gain.
"Kinematic shimmy" probably is essentially the shimmy oscillation
at which v. Schlippe (ref. 9) arrives in his investigation of the tire
on a curved track (for lacking inertia and elastic restoring moments
about the swivel axis as well). The transcendent form is not essential
since the result follows also from the approximate formulation (7). Th"e
moment about the swivel axis dis~ppears with the inertia and elastic
restoring moments (MA = 0); on the other hand, the lateral motion of the
swivel axis (; = 0) and its stamping rotation (~ = 0) disappear with
very large airplane mass or rigidity. Thus equations (4) and (7) yield
the two differential equations of the first order
1 dS
S
cp + a dcp + -+ - - = 0
Cs ds
ds
K

ml

when

aO

=

dcp
~ dS
- aOS + - - - 0
ds
K ds

r
(a + Po - .!L)cos
C
s

shimmy oscillatiOl!

cp

=

<l>e 5s

is the "dynamic trail".
sin (2:rr

Hence results a

~). of the wave length

4n:(kC - Tja)

'" =

-;===============

V4~(kc

- Tja)aO - (1 + kmaao - Tja)2

wherein we had put for abbreviation

k

c

;;;; K .

C'
s
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frequency is therefore proportional to the speed of motion as long as
the forces of inertia are negligible. The excitation amounts to
1 + ~aao - 1)a

2(T)a - k s )

An excited oscillation of this type is therefore possible only for
sufficiently large

~ =~

ml

in the region of a not-too-large trail

a.

The evaluation of v. Schlippe's argument was made by Dietrich
(ref. 13) by taking into consideration the forces of inertia. He introduced as damping the torsional damping on the wheel at rest without
taking its reduction due to the rolling of the wheel into consideration.
Thereby the comparison between calculation and test shifts its proportions.
Translated by Mary L. Mahler
National Advisory Committee
for Aeronautics

I

I

l_

-

-

r - - --

NACA TM 1365
REFERENCES
1. Sensaud de Lavaud, D.:
II, p. 254.

Comptes rendus, Ed. 185, 1927, I, p. 1636,

2. Fromm, H.: Verh. 3. Intern. Kongr. f. techno Mech., Stockholm 1930,
Ed. III, p. 278; Becker, G., Fromm, H., and Maruhn, H.:
Schwingungen in Automobillenkungen (M. Krayn), Berlin 1931.
3. Fromm, H.: Z. angew. Math. u. Mech., Ed. 7, 1927, p. 27; Fromm, H.:
Z. techno Phys ., Ed. 9, 1928, p. 299.
4. Forster, B.:

Deuts che Kraftfahrtforschung, Zwischenbericht Nr. 22.

5. Huber, L., and Dietz, 0.:

Einradmode11versuche, FKFS-Bericht Nr. 58,

1934.

I

I .
•

6.

Harling, R.:

p.

7

of the present report.

7. Fromm, H.: FUhrungskraft des rollenden Rades und Schiebebewegung
des Fahrzeugs, Vortrag auf der Tagung der Ges. f. angew. Math. u.
Mech. in Braunschweig am 4. Mai 1940. Z. angew. Math. u. Mech.,
I d. 20, 1940, p. 184. Extract on p. 191 of the present report .

3. Schlippe, B. v., and Dietrich, R.:
9. Maier, E.:
1940.

Deutsche Luftfahrtforschung, Forschungsbericht Nr. 1166,

10. Melzer, M.:

TB 2/1940.

11. Kantrowitz, A.:
12. Wylie, Jean:
p. 56 .

I
I
1

I

I
I
I

I

p. 125 of the present report.

13. Dietrich , R.:

NACA-Report No. 686, 1937.

Journ. of the Aeronautical Sciences, Vol. 7, 1939,
p. 148 of the present report.

I
I

I

190

NACA TM

z

r

1365

z

A

1
h

I

s

•

5

A

a

I

M

•

Po

I

I

F i gure 1

L __ _ _ _ _ _ _ __ _ _ _ _ _ _ __ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ .__ _

I

I

I

I

I

I

. I

I

"
~

\

.J

r-._ - _.- ---- -- --- - -- - -- - - - -- _.- - - --- - - 5F

- - --- --- - - --

NAeA TM 1365

191

SIDESLIP AND GUIDING CHARACTERISTICS
OF THE ROLLING WHEEL*l
By H. Fromm

1. INTRODUCTION
The forces between the rolling wheel and the runway frequently have
been the subject of thorough investigations. They are indeed of great
importance in evaluating the stress on wheel and runway, the slip and
the wear it causes, the attainable driving and braking effect, and the
directional stability of the vehicle.
O. Reynolds (ref. 1) recognized, probably as the first, by means of
tests with rubber models, that local expansions and compressions of the
wheel circumference take place and that, in a part of the common pressure surface between wheel and runway, adhesion (that is, pure rollingoff) occurs; whereas in the remaining part, sliding motions appear.
Developing this concept, the author then showed in reference 2 that the
slip is completely determined by the difference of the expans ions of
wheel circumference and runway in the domain of adhesion, and that, in
the sliding region of the pressure surface, the total slip may be represented as the sum of such an expansion slip and a sliding slip with only
the sliding slip affecting the wear. For pure rolling, which need not be
free from slip, the region of adhesion covers the entire pressure surface; with ihcreasing circumferential force (driving or braking force),
the region of adhesion gradually decreases in size while the sliding
region appears beside- it, increases, and finally covers the entire pressure surface when the circumferential force reaches the friction limit;
simultaneously the slip increases.
Exact calculation of these relations (ref. 2) yielded simultaneously,
as an extension of the well-known Hertz theory of- contact, besides the
distr ibution of the compression stresses also that of the tangential
stresses over the pressure surface of solid wheels. According to the
measurements of the pressure distribution by H. Martin (ref. 3), one may
assume that the calculation intended only for small pressure surfaces
yields still satisf~ctory agreement with actual conditions for solid
*"Seitenschlupf und FUhrungswert des rollenden Rades," Bericht 140
der Lilienthal-Gesellschaft, pp. 56-63.
IThe report was read for the first time at the meeting of the
Gesellschaft fUr angewandte Mathematik und Mechanik on May 4, 1940 in
Braunschweig. At the conference, the author briefly reported on it.
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rubber tires as well. The fundamental findings, however, hold true also
for pneumatic tires; they have been clearly explained for this purpose
by R. Schuster and P. Weichsler (ref. 4) .
The same concepts may be applied to the rolling wheel pushed out
of its path by a lateral force normal to its plane. As the author has
shown already in 1930 (ref. 5), the direction of motion deviates, in
case of an acting lateral force, from the center plane of the wheel by
an angle ~ which is a function of the characteristics of the tire and
of the lateral force S. (See fig. 3.) The smaller the angle ~ for
a prescribed lateral force, the higher the directional stability of the
tire which is of great significance for driving safety and for wear.
The "sideslip angle" ~ appears with a lateral force as unavoidably as an elastic variation in form under a stress. This angle is the
cause of all snaking motions of the vehicle. The author was able to
show that the sideslip angle is responsible for the occurrence of selfexciting shimmying oscillations of the guided wheels. He pointed out
at the same time (ref. 6) that the center of the turning circle shifts
with increasing speed of motion because of the appearance of the sideslip angle. The pertinent calculation and the solution of the statically indeterminate problem of the center of the turning circle of triaxial vehicles which form the subject of a further report 2 represent
another important application of the findings regarding the sideslip
angle.
The author performed measurements concerning the dependence of the
sideslip angle ~ on the lateral force S for the first time within
the scope of the shimmy investigations mentioned (refs. 5 and 6) and
found for small angles a proportionality S = K~ (fig. 1). His
co-worker at the time, B. Forster, meanwhile carried out independently
comprehensive tests (ref. 7) on the behavior up to the limit of adhe siveness for all kinds of 'road conditions. I am greatly obliged to him
for putting some of the still unpublished results of these tests at my
disposal for comparison.
In keeping with the importance of the appearance of the sideslip
angle (to which too little attention has been paid so far), it will be
shown below how the phenomenon itself and its numerical implications
can be understood so that viewpoints and data for favorable profiling
of the tires may result. The parameter K proves.to be of fundamental
significance for the evaluation of the guiding or cornering ability of
the tires.

2 This report, too, has already been read at the conference on
May 4, 1940. It will be published in "Deutsche Kraftfahrtforschung ."
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2. BASES OF THE CALCULATION

"

(a) Origin of the Sideslip Angle
Under the effect of a lateral force, a wheel at rest undergoes a
lateral elastic deflection which is brought about by the changes in
form of the wheel disk, the rim, and the tires. A circumferential
line U which before action of the force was a circle in a base plane
normal to the wheel axle shows a course symmetrical to the vertical
section through the wheel axle as represented, for instance, in figures 2(a) to 2(d), with exaggeration of the lateral deflec tion 0, for
the circumferential line of the center plane of the wheel. Correspondingly, the distribution of the lateral force
sure surface
N

F

S

= ~ dF over the pres-

is symmetrical as well as that of the pressure force

= ~ dF, with p indicating the compression stress,

s

the lateral

tangential stress in the surface element dF. For most operating conditions for rubber against road surface, one may use Coulomb's friction
law according to which the tangential stress is limited by s ~ ~p
(~ = friction coefficient); the limiting value of the lateral force
S = ~N is therefore reached, and a "total" sliding, that is skidding,
occurs only when the condition s = ~p has been attained in all surface elements dF.
If one lets the wheel roll a distance (to the left) without permitting a lateral shift of the wheel hub, that is, the wheel center
plane, wherein the front contact zone of the pressure surfac e moves
from A to A', the rear contact zone from B to B' (fig. 2(e»,
and does not permit a lateral shift of the wheel hub so that the wheelcenter plane shifts within itself, all points of the pressure surface
at which s remains <~p will adhere to the ground. Consequently,
there is. no reason for points which newly enter into the pressure surface in a circumferential line at the front contact zone (for instance,
from A to A') to change their initial lateral displacement 0; in
this quasi-rigid rOlling-in, the piece AA' r emains f ree from lateral
loads s, as it had been before when in equilibrium. At the rear contact
zone, in contrast, the points l ying between BB' will lose their orig inal lateral load s when leaving the pressure surface. Becaus e of
this removal of load , the circumferential line to the right of B' will
approach the Wheel- center plane and, as a result, lead to an increase
of s closely to the left of B'. This i ncrease may cause here, too,
skidding in the sense of a reduction of 0 as far as s becomes s = ~p;
however, this increase does not compensate the loss of s to the right
of B' for, on the whole, the circumferential line has moved more closely

---.--.~
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toward the wheel center plane, that is, the elastic deflection has
become smaller, which is compatible only with a reduction of the total
lateral force

8 = ~ dF.

Moreover, the resultant force

8'

now lies

behind the center M' of the pressure surface which is of importance
for the moment of the lateral force about the swiveling pin.

In case of forced rolling straight ahead, an initial lateral force
therefore decreases and disappears completely when the state of equilibrium is approached. If, however, after traveling the distance AA'
the lateral force is again increased to the former value 8, there occurs
with the deflection
increasing again a shifting of the center plane
opposite to the direction of 8 (in direction of the hub force Z).
Hence, it follows that for an invariable lateral force 8 a rolling
straight ahead is impossible; rather, the lateral motion (mm") is superimposed on the rolling so that, for instance, the point A immediately
moves in the direction A", and B in the direction B" (fig. 2(g)).
The lateral motion is not a skidding phenomenon; rather, there remains
a region of adhesion in existence where s < ~p, and a rolling free from
skidding3 occurs which makes the wheel progress toward its center plane
under a "sideslip angle" .a.

°

As far as adhesion remains in existence to the right of A, the
circumferential line retains its position with respect to the former
center plane m; the deflections here therefore increase by the amount
mm" of the lateral shift of the wheel. To the left of A, too,
increases c01;'responding to the advance A'A" so that, for instance,
0A" > 0A' approaches OM the asymptote moves with m", likewise to the
right of B" where again complete unloading of s occurs. The lateralforce distribution will now, with a pointed terminating region, extend
to A" so that 8 again lies behind M" •

' J

•

°

Due to the effect of the constant lateral force 8, ~n invariable
sideslip angle ~ develops as the state of equilibrium; as a result,
every point entering into the pressure surface through the front contact
zone runs in the image of the pressure surface moving with the wheel in
a rectilinear course at the angle ~ as long as it is in the region
of adhesion (s < ~p). (Compare fig. 3 which indicates, beside the distribution of 8, that of the normal force which takes effect ahead of M
in case of imperfect elasticity.) The circumferent'ial line and all
circles parallel to it before the force has taken effect therefore take
in the region of adhesion of the pressure surface a rectilinear course
at the angle ~ toward the wheel center plane; in the region of sliding,
3Freedom from skidding does not exclude the occurrence of sliding
in a part of the pressure surface, the sliding region.

'.
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in contrast, the lateral stress is determined by the limiting value of
the sliding friction Sg = ~p. These two findings form ~he basis of
the following calculation.

I

I ..

I

(b) Formulation for the Lateral Stresses
Determination of the lateral stress distribution sh in the region
of adhesion from the known course of the circumferential line encounters
the further difficulty that the deflection 0 at any arbitrary point is
caused not only by the stress s acting there but depends on the entire
distribution of s which is still unknown; for instance, in figure 2(d),
the deflection 0 does not disappear to the left of A and to the right
of B in spite of s = O. This fact has to be taken into consideration,
particularly when the contact surface is smooth, as in rubber tires with
worn profile or in railroad-steel wheels on steel rails. The solution
for this problem may be obtained by setting up an integral equation and
will be given at another occasion.
For rubber tires with pronounced tread, on the other hand, a simpler method is possible which will yield results the better, the more
finely and deeply cut the "valleys" dividing the tire tread into separate rubber lugs; eacn of these lugs backs away from the 'l ateral-force
component apportioned to it with a deflection op without being considerably affected by the adjacent lugs (figs. 4(a) to (c)). This condition is probably fulfilled satisfactorily in the usual cross-country
profiles and nonskid profiles, particularly when the notched "valleys"
run crosswise; however, the local bending rigidity probably yields the
essential. force component also in case of longitudinally running ridges
whereas the "wall support" which is weak anyway may be neglected in
first approximation, in view of the steady course of the lateral
stresses. Thus, it is then permissible to write

! ..

I

-=

(1)

wherein q is an elastic rigidity constant determined by the shape of the
lugs and the E-moduli of the rubber, as far as Hooke's law is valid; 6F
signifies the cross section of the lug including a border strip of half
the width of the "valleys" so that the sum L'.(6F) over the pressure
surface yields the pressure surface F.
The quantity op is only part of the total elastic lateral displacement 0 of the top of the lug from the base plane which as a point
of the circumference comes into contact with the ground and therefore in

I
I

..

I

!

I ~
I
__

_ _ _ __________________ . _ - - - - - - - - - - - - - - - - - - - - - - J
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the region of adhesion lies on the rectilinear part of a circumference
line. The lug root, however, undergoes a lateral displacement bF as
a point of the coherent root surface as elastic deflection of all wheel
parts from hub to root surface, and this root point lies on a root line
which was before the loading a root circle in the base plane of the
pertaining circumference point. (Compare figs. 4(a), (b), and (c).)
of is a function of the total distribution of the lateral force as 0
for smooth contact surface. The condition of rectilinearity in the
region of adhesion at the angle ~ is valid for the circumference line,
thus for the sum 0 = OF + op.
Furthermore, one can see that op must begin at the point of
ground contact A with op = 0 since the lug enters the pressure surface undeformed. The amount at that point 0A is therefore without
significance for the entire process of sideslip; it represents a single
elastic deflection in bringing about the lateral force which affects
the motion of the vehicle only in case of variations of the lateral
force. The component which is important for the sideslip motion is to
be calculated from the line of reference through A parallel to the
ground plane and amounts, at a distance w from A, for a point of the
region of adhesion to

I

I

• I
(2 )

Therein the "height of camber" (OF - bA) of the root line with respect
to the line of reference may be neglected in first approximation compared to op, particularly when the root surface is rigid and the profile
little worn.
Combination of the equations (1) and (2) then yields, for the region
of adhesion, the lateral stress
qw tan -8
Even when (bF - 0A) is not negligible, equation (3) may still be
applied by assumption of a value of q somewhat smaller than would
correspond to the rigidity of the profile lug since, especially near
to A, (OF - bA) ~ bp. With nothing neglected and in case of deviations from Hooke's law, sh(w) will probably take a course according
to figure 4(d), for instance.
Figure 4(d) shows, furthermore, a plotted possible course of
which forms the friction limit for sh' The point of intersection
I

I

I
I

L__ ~

~

___ ~ ___ ~ __ _

~p

I--

I
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with sh yields the boundary4 between the region of adhesion and the
adjoining region of sliding where
sg

= ~p

(4 )

is valid; therein ~ = ~g denotes the sliding-friction coefficient. If
the adhesion-friction coefficient ~h is larger than ~g' which is frequently the case for good adhesion on a dry road, the boundary between
adhesion and sliding region shifts to the right up to the intersection
of sh and ~hP, and s then jumps back to Sg = ~gP'

(c) Shape of the Pressure Surface and Distribution
of the Compressive Stresses
For further calculation, data on the shape of the pressure surface
and the distribution of the compressive stresses p in it are necessary.
The pressure surface usually has a shape lying between a rectangle and an
ellipse; these two forms are treated as limiting cases.
For performance of the calculation, we presupposed as pressure distribution first an ellipsoidal, then a paraboloidal, and finally a uniform distribution. With these limiting cases, the actual conditions can,
to a great extent, be expressed or at least estimated.
For solid rubber tires, probably the ellipsoidal distribution is
valid in the range of small variations in form, that is, small normal
pressures whereas, for customary loadings, according to measurements by
Martin (ref. 3) on solid rubber tires, the distribution approaches the
paraboloidal form, a transition which is probably also connected with
the elastic compression of the profile lugs.
For pneumatic tires of aircraft, the assumption of uniform pressure dis~ribution represents a limiting case which corresponds to a
completely lacking wall rigidity for which the pressure would have to
equal the excess pressure of the air in the air tube. On the other
hand, high wall rigidity would give an approximation to the conditions
of the solid rubber tires which, therefore, represent the other limiting
case. Measurements by Martin (ref. 3) on pneumatic tires resulted in a
complicated shape which shows the simultaneous effect of flank rigidity,
root-surface rigidity, and air pressure. One may regard it, approximately,
4More accurately, the horizontal stresses So measured by Martin
(ref. 3) also would have to be taken into consideration. As far as these
stresses have a cross effect, the boundary would be given by So + sh = ~p;
the longitudinal components require geometric addition as in the case of
the circumferential force.
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as paraboloidal at the edge with an almost uniform longitudinal valley
through the middle, and introduce it as such into the calculation.

3.

RESULTS OF THE CALCULATION

The calculation was carried
summary of the results follows.

OU"l..

S

first for

A short

with

tan

e

1(

=

'4

~

is

XE tan ~

Therein the guiding or cornering characteristic parameter
q.Dm-l
~ mG

f

(6)

is the characteristic construction constant of the tire in which D
denotes the diameter, G the shear modulus of elasticity, m the
Poisson constant for rubber, and f a form factor depending on the
shape of the tire according to figure 5. This result for an elliptic
shape of the pressure surface applies with f = g
also to the rectan1(
guiar pressure surface

(~=

0).

The .resistance to skidding ~N is a limiting value for the lateral
force S. Thus the ratio v = lL gives a clear measure for the utili~N

zation of the resistance to skidding by the lateral force. According to
previous use of the author (ref. 2), this ratio will be designated as
utilization value v. Thus the result (5) may also be written in the
form
Utilization value:

v

S
=-

with
tan

I

I

as a function of the sideslip angle

XE =

I
.. I

I

(a) Ellipsoidal Pressure Distribution
The lateral force

~ I

e=~

XE tan ~
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This form shows even more c onvincingly that
by the guiding characteristic parameter XE.

v(~)

is determined sOlely

Figure 6 represents this relation for various values XE and shows
an increase of v with ~,at fir s t almost proportional, which, particularly for high values of XE, lead s even for small values of ~ closely
up to the limit v = 1 . The initial increas e is of particular importance;
one finds for it fr om equation (7 )
(8)

This further significance. of the guiding char acteristic parameter
was the purpose of the adjusting factor rt/4.

XE

According to the amount of the wheel pressure force N, the lateral
force is determined by S = v~N . This for ce , too, increases for small S
almost proportionally to ~, in agreement with the previous tests of the
author. The steeper this increas e, the smaller is the angle of sideslip
for equal lateral force and the more safe therefore is the guiding of the
dS
wheel. The derivative
f or ~ = 0 represents, therefore, a suitable
measure for the guiding val ue 5 or corner i ng power of tires for a given
load. Thus, there follows for the guiding value or cornering power

K (dS
) (dV)
~N X
E~N
d~ ~=O
d~ ~=O
=

=

=

or inversely
K
~N

that is, the guiding characteristi c paramet er is .t he guiding value of
the tires referred to t he unit of ski dding re sistance.
Substitution of equation
K

(6) into equation (9) yields
m -1 N
= fqD mG

5This appropriate expression was suggested by B. Forster.

(10)
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that is, the guiding value is a function of the elastic properties of
the tires, and of the load, but not of the friction coefficient ~~
This result is generally valid and independent of the special assumptions and neglections of this calculation .
The boundary sg between the region of adhesion and the sliding
region also is of interest (fig. 7) . It is given by Sg = cos(28);
that is, for ~ = 0 the entire pressure surface belongs to the region
of adhesion , and with increasing ~ the sliding region increases from
the rear contact side (sg = +1), beginning over the pressure surface,
which it covers (sg = -1) when

~ = ~

is reached - that is, when the

wheel slides laterally without having to roll further .
(b) Paraboloidal Pressure Distribution
Here, the guiding characteristic parameter becomes
(11)

wherein the form factor again has the significance illustrated in figure 5.
For rectangular pressure surface, one thus finds, for rolling with
a region of adhesion, the utilization value

s

v

1

T = -

~N

)

Xp tan ~

'£

1

(12 )

With T = 1, the region of adhesion disappears (compare the
"limiting case" in fig . 8(b)), and rolling with skidding occurs where
v

1

with

T > 1, that is,

tan ~ >

l....
Xp

(12a)

For elliptic pressure surface, the final formula becomes less convenient; its law, however, hardly deviates from equation (12) so that
the law v = f(~) is practically independent of the shape of the pressure surface in the case of paraboloidal pressure distribution as well.
The variation for different Xp is represented in figure 9.

.-

I

• I
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(c) Uniform Pressure Distribution

For uniform pressure distribution
fig. 10):
State 1:
exist.
State 2:

p, one must distinguish (see

For small lateral force, a sliding region does not yet
Besides the region of adhesion, a sliding region develops.

For a rectangular pressure surface of the width
characteristic parameter reads
X

g

K
JlN

=-

=

b, the guiding

qN
---,

2JlP~

and the utilization values are

for the state 1 :
•

Sl

vl =

-JlN -

Xg tan -a

v2

S2
JlN

1
14Xg tan -a

tan -a <~
= 2Xg

for

(14 )
for the state 2:

for

tan -a? ~
- 2Xg

The transition from state 1 to state 2 lies at
For an elliptic pressure surface, the characteristic parameter
becomes

8 q4W~
-)n JlP

d

np

therefore,

and again
for the state 1:

for

tan -a -:; _4_
- 3nX G

(16 )

For the state 2, v2 is a complicated function of (XG tan -a) which,
however, again does not essentially deviate from the course in the case of
rectangular pressure surface for equal characteristic parameter.
The variation is represented in figure 11, the distribution of region
of adhesion and sliding region in figure 12.
c
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(d) Special Influences
The influence of the shape of the pressure surface on the course
of the curves of sideslip v = f(X,~) is essentially taken int o consideration by means of the cornering characteristic parameters.
The influence of the type of pressure distribu tion is illustrated
in figure 13 which shows curves from the figures for equal guiding characteristic parameters XE = Xp = Xg = 7.65.
If the coefficient of adhesive friction ~h between rubber and
roadway lies above the coefficient of sliding friction ~g, there result
curves v(~) such as those in figure 14 (for X = 7.65) . For extraordinary increases of the adhesion friction
v

=

S
~gN

occurs.

(~~ >

1), a maximum for

It is of great importance for an estimation of the

danger of sideslip to note that the maximum cornering force Smax can
only slightly exceed the skidding value ~gN and must remain far below
the limit of adhesiveness

~hN,

particularly for large

~h

--.
~g

A rolling

wheel tends to sideslip much sooner than could be expected from the
adhesion friction on the wheel at rest.

4. CONCLUDING REMARK
The results are essentia lly in accordance with the course of the
curves found experimentally. The comparison must, above all, produce agreement for the guiding value (cornering power) K and the
skidding resistance ~gN; since the correct pressure distribution ana the
va lue of ~g are not known, this becomes an ambiguous ta sk because the
S(~)

measurements will mostly include only ~ < 300 • A method of evaluation
will be given in a detailed publication in the "Deutschen Kraftfahrtforschung" which contains also the derivation of the above-mentioned
results. Furthermore, the effects of additional stresses in transverse
and circumferentia l direction are discussed there. Finally, it is shown
there how the entire calculation results for Sideslip may be transferred
to rolling slip in case of circumferential forces (braking or accelerating). The angle of sideslip then is replaced by "slip," the guiding
characteristic parameter by a "traction coefficient," and the guiding
value by a "traction characteristic value."
Translated by Mary L. Mahler
National Advisory Committee
for Aeronautics
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SUPPLEMENT FOR CLARIFICATION OF SEVERAL REMARKS

.

IN THE DISCUSSION*
By B. v. Schlippe and R. Dietrich

1. DERIVATION OF THE FUNDAMENTAL EQUATION
FROM TRACKING CONSIDERATIONS
The fundamental equati on of motion of the foremost ground-contact
point can be derived from the recognition that this point always travels
along the direction taken by the forward part of the tire that does not
contact t he ground . This fact was observed also by Professor Fromm and
can be interpreted geometrically as coinc i dence of the tangential inclination at the ground- contact point B in the forward free part of the
tire and in the ground- contact region (see fig . 1) .
J

The tangential inclination angle with respe ct to the wheel plane
in the forward region at the point B has the value cz. The
tracking condition resulting frQm the sum of the angles reads (see
fig. 1):

(R.E. )

•

dy
- + cz
ds
If the relation valid between

z

and

cp
y

y

z + x + hcp

z

y - x

or

hcp

is introduced, we obtain the fundamental e quation for
dz
- + cz
ds

cp _ h dcp
ds

z

or

y

dx

ds

or
dy + cy
ds

= cp(l + ch) + cx

*"Nachtrag zur Klaerung einiger Diskussionsbemerkungen," Bericht 140
der Lilienthal-Gesellschaft, pp . 63 -66. (Supplement ~o lec t ures by
v. Schlippe, p. 126 and Dietrich p. 148 of this same volume.)
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2 . ORDER OF MAGNITUDE OF THE MOMENT IN A YAWED WHEEL

..
In order to give some idea of the order of magnitude of the elastic
moment, which is caused by the finite drawing out of the ground-contact
region, there will be given measured values made in tests on a yawed
wheel.
The following asymptotic values of the lateral force and of the
moment were obtained for a 260 X 85 mm balloon tire with a 180 kg load and
2. 5 atm (gage) tire pressure:
P

(Xl

M.x, = 227.0 cmkgjr~d

= 690 kgjrad

If the ground-contact region were drawn together to a loading point,
it would have to lie behind the center of the ground- contact area by a
distance of

2270
690

q

-- =

3.3 em = -1 r
4

Since this value is significant ,in comparison with the usual size of
lead or trail, the concept of a loading point must be disearded.

3.

•

KINEMATIC SHIMMY

The experiment a lly established f a ct that the wheel is capable of
shimmying at a trail q = 0, even at the lowest speeds (theoretically
at v = 0), is due to the elastic moment created by the finite drawing
out of the ground-contact region. The equation of motion for this
phenomenon of kinematic shimmy is formed by taking v and g in the
general equation of motion equal to zero (section B, eq. (10)). Thus:
M _ X2 cpt = 0

a,

I{e will again consider the special cas·e of oscillations with a constant
amplitude, that is for A = ia,. The following equations are derived:

o
•
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or, in more detail,

•

( cos 0,2h + c sin a,2h - 1 )
U20, (12 + ch)
-c + '-"2
'-"
N

N

2h + 1 + ch (c cos a,2h c 2 + 0.,2

a,

sin a,2h - c)

0

The first equation gives the necessary damping constant and the
second one determines the path frequency 0., .
The following experimental values were obtained with a 260 X 85 mm
test tire at a load of 180 kg and 2.5 atm (gage) pressure.
c

0. 1 cm- l

h

4.5 cm

(

Ul =

~2. 5

kg cm- l

•
U2 = 325 kg
With these values s ubstituted in the second equation, the path
frequency becomes:
l
a, = 0.108 cmthat is, the wave length
S

2n:

= -a,

T

58 cm

This value was confirmed by a direct shimmy test.
obtained from the first equation, is

Xt,2

= 775

The damping constant,

kg em/ rad

a value that definitely falls within the order of magni tude of the value
of 900 kg cm/rad which was obtained from a deflection test with the
loaded wheel at rest •

•
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4. DAMPING OF OSCILLATING WHEELS THAT ROLL AT THE SAME TIME
. l

Symbols
A(cm kg/sec)

damping work during one period

E(kg/cm2 )

elastic modulus

P(kg)

periodic wheel load

T(sec)

period of oscillation

an

Fourier coefficients

bn

Fourier coefficients
coefficients

..

f

function of mt +

g

function of

p

constant

n

integers

t(sec)

time

y(cm)

oscillation displacement of the force

E

elastic extension

~(rad)

circumferential coordinate

A( 1/ sec)

frequency of the vertical oscillation

m( 1/ sec)

angular velocity of the rolling wheel

cr(kg/cm2 )

normal stress

T(kg/cm2 )

shear stress

~

At

•

P

r(kg sec/cm2 ) damping modulus

•
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Object of the Discussion

An oscillation test was made with a wheel at rest in order to determine the damping constant X2 for shimmy, and X2 was found to equal
900 cmkg/rad. In the opinion of some, this test is inconclusive because
tire damping varies with the rolling speed. We claim, however, that the
material damping is independent of the rolling speed. Only the additional friction between the edges of the ground-contact region and the
rolling surface is subject to change. On an adhesive surface (sandpaper,
in Our case) this factor is very much reduced, so that this type of test
is justified for the purpose of approximation.
Evidence that Damping is Independent of the Rolling Speed
A loaded wheel rolls at an angular speed ru and oscillates perpendicularly to the ground with a circular frequency A (fig. 2) .

•

It will be shown next that the damping work
one period
2:rr

T

is completely independent of

A

(and thus

X2) for

(1)

A

ru.

Aside from the space-fixed system of coordinates x,y, we will also
introduce a wheel-fixed system a, b that rotates during the time t
by rut as compared to x, y. Any section cd through the tire is to
be found at the same time at rut + ~,where ~ is the circumferential
coordinate.
In rolling with a constant or a changeable load, the material in
each section is deformed, thus consuming energy which is transformed
partly into ground resistance and partly into oscillation damping of the
force P (in the direction of y). Each element is sub ject to a complicated stress condition (fig. 3) which represents a function of rut,
as well as At.
In order to determine the component of damping due only to the
force P or rather to prove that it is independent of ru, we must take
the damping work of P into consideration. It is:

A

•

=

Jp Jo
dy

=

T

py

dt

(2 )
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where y is the displacement coordinate of the oscillation (perpendicular to the rolling direction) . The force P results from the e~ui
librium of inner forces or stresses . For this purpose we_have sketched
a section of the circumference in which the effect of the normal and
shea r stresses are shown (fig. 4).
The

e~uilibrium

is expressed by
2rr

P =

..

J

o

~

cos(rut + cp) + -r sin(rut + CPlJdCP

where for brevity all tire constants, such as wall thickness, etc. are
omitted or taken e~ual to one. In the beginning we will consider only
the component of norma~ stress:

PO'

=

J2rr a cos (rut + cp )dcp

(4 )

0

The second component
The stress

a

PT

is analogous .

consists of both an elastic and a damping component,
a = EE + rE:

where E is the elastic extension, E the elastic modulus, and r the
damping modulus . (It seems impossible to calculate the amount of damping
unless we assume that it is proportional to the speed) . The only thing
that we need to know about the deformation E is that it is a periodic
function of the angle rut + cp and At, and, furthermore, that it is
proportional to both functions. The general formulation is in the form
of a product:
E

= f(rut

+ cp)g(At)

= .f(rut

+ 2~cp)g(At + 2rr)

For example, when t = 0, it has the form shown in figure 5(a) .
it can also vary, the derivation is still valid (fig. 5).
From

e~uation

E

(6) it follows that:
df (rut + cp)

(

- - - - - rug At

d(rut + cp)

•

)

+ f(rut + cp

) dg ( At )
dt

(6 )

Although

•

'9F
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With
df(rnt +~)

df(rnt + ~)
d(rnt + ~)

d~

then

If equations (6) and (7) are inserted in (5) we obtain:
g
a = Efg + r(df rug + f d )
d~
dt

(8 )

A Fourier series can be substituted for the function

where an
becomes:

and

bn

are the Fourier coefficients.

f(rnt +

~)

Thus equation (8)

•
a

Eg Lan cos n(rnt + ~)
Eg ~ b n sin n(rnt + ~) + r rug
r

~~ Lan

cos n(rnt +

~)

+ r

Inserted in equation (4), this gives:

•

•

L
~~ L

bnn cos n(rnt + ~) +
b n sin n(rnt +

~)

(10)
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The integration, carried out ,. results in
dg(At)
nal
dt

(11)

•

The contribution of the shear stresses can be expressed by a similar
equation and the sum of both gives the force P in the following form :
pEg(At) + p r dg (At )
dt
where

p

(12 )

is a constant.

Equation (12) is a function independent of
that of equation (6).

rn, whose f orm is like

In equation (2) there appears the time derivative of the oscillation displacement y which is also a function of At . Between y
and € there exists a geometrical relation. Usually it is linear,
that is

y ""

€

Since the ground- contact area increases when the wheel is lowered, the
linear relation will not persist. Theref·ore we will use the expanded
formulation of a power series

with c n as coefficients, which can, f or example, have the variation
shown in figure 6.
The quantity y must naturally be independent of (rnt + ~) because
it is a function of not one but all € - values so that i t must be
expressed only by the component g(At) of the € - function in equation (6) . Thus:
y

and
(14 )

...

If equations (12) and (14) are inserted in equation (2), we obtain:

•
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The elastic component involving
This can be proven as follows :

•

E

cancels out as was to b p. expected.

By integration by parts we obtain :
211

2J(

€f1+ 1

I

- n

o

1
o

According to the hypothesis
g(At )

= g(At + 211)

i t follows that

and that

There remains thus only the damping component
A = pr

211

1

~ cnn 0

g

n - l. 2
g dt

(16 )

This equation shows that damping work is definitely independent of
the rolling speed rn because , aside from the constant magnitudes, there
appear only the functions of \At, namely g(At) and g(At); thus the
proof is furnished in an entirely general form .

*Translated

•

. for the AAF by:
and edlted
Charles A. Meyer & Company
25 Vanderbilt Avenue
New York 17, New York
July 7, 1947 (ATI No. 18920)
*Note: In order to provide terminology consistent with other papers
of this series, this translation has been reworded in many places by the
NACA reviewer.
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Figur e 4
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OSCILLATION DAMPING ON THE ROLLING WHEEL*l
By H. Fromm
My assertion that the oscillation damping in the tires on the
rolling wheel decreases with increasing speed of motion was contradicted
by Mr . von Schlippej he sUbstantiated his opinion subsequently by a calculation . One can show without entering into the details of this calculation that his result is based on the assumption of Newtonian stress
damping (that is , stress damping proportional to the velocity). Stress
damping due to imperfect elasticity (hysteresis), in contrast , is above
all independent of the velocity and, hence,follows my assertion that
the oscillation damping on the rolling wheel decreases with increasing
speed of the vehicle. Proof, in the most simplified form, may be present8d as follows:

1. Kinematics: Th~ deformation of an elastic wheel on a rigid roadway (see fig. lea)) is
x2
Y =

..

yo -

2r

The time rate of deformation therefore is

.

y

when

~

= rw

•

yo

x dx
•
dt = yo

~

-

mx

signifies the speed of motion and

.

.yoyo

the vertical

velocity of the wheel center . (See fig. l(b).)
i s the oscillation
velocity of the vertical oscillation to be considered.
2. Loads: In case of perfect elastiCity, the pressure Pv is symmetrically with y distributed over the pressure surface F (fig. l( c»)
and results in a wheel pressure force

Pv

=JP v

dF.

In case of imperfect

elasticity, p becomes (in first approximation) p = Pv + g(y) , thus
unsymmetrical (see fig. l(d»~ the wheel pressure force is
P

= Pv + Jg(Y)dF

and lies ahead of the center of the pressure surface.

* "Schwingungsdampfung
..

am rollenden Rade," Bericht 140 der
Lilienthal-Gesellschaft , pp_ 66-67 _
lSent in by Prof . Fromm a s a reply to the supplement of Messrs.
von Schlippe and Dietrich, p . 217 .
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3. The damping force is therefore:

Let us assume for the damping law: g(y) = ±kly1n for y ~ O. Then
there is, if one equates in the case of a rectangular pressure surface
dF

=

b dx:

for

IYO I < 002:

for

IYO I ? 002 :

PD

=

f jyo/m •
-1
Iyo

kb~

PD = kb

j

~

Z (YO _ (l)X)n dx

I

-2

4. The evaluation for three different damping laws (n
yields (with 2b2 = F = pressure area):
For damping law
according to:

. <

Coulomb
n = 0

for

YO = 002 :

PD =

for

. >
YO = 002:

PD

=

YO
002

kF -

kFl

0, 1, 2)

Newton
n = 1

Quadratic
n =2

kFYO

kF YO (002)2 + yo
002
3

kFYO

kF YO 2 + (WI)j
3

.~

.j

~

For sinusoidal oscillations
s

.

I

ds
= a sin(CLt) there is YO = dt

aa,

COS(CLt)

- - - -- - - -.

-- - ~--

-~--
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Thus for small oscillation, aa < wl

becomes

•
kFaa· ml cos (at)

5. Conclusions: In case of damping by imperfect elasticity (hysteresis) of the springy material for which Coulomb's law holds true most
closely (with k = kOa, particularly for small OSCillations, proportional to the amplitude but independent of the frequency) there results
the noteworthy relation that nevertheless on the rolling wheel the
damping force
2

PD

aa
(t)
k 0F 1:
~ cos a

is to be put proportional to the oscillation frequency a, but also
inversely proportional to the rotational frequency of the wheel m, thus
proportional to the ratio aw' Therewith the influence of the speed of
A

motion on the oscillation damping on the rolling wheel appears in the
manner I described in my remark in the discussion. 2
Newtonian damping (n = 1) in itself does not result in an influence
of the speed of motion as Von Schlippe stressed. However, in material
damping, a hysteresis effect is probably always of some importance, if
not predominant) so that the damping in the sense of Coulomb's law
decreases with increasing speed of motion . In addition, the ground
friction is essentially according to Coulomb .
The great importance of introdUCing the correct damping law is
shown by the example of quadratic damping (n = 2) . For this damping,
the damping force even would increase; however, this law probably widely
differs from actual conditions .

6. Correction: If the first approximation under 2 is replaced by
the correct influences on the damping force, the result becomes still
more complicated. The essential finding that the form of the damping
law is of great influence and that, in particular, the oscillation
damping is a function of the rolling speed is not affected thereby.

•

2See Fromm "Brief Report on the History of the Theory of Wheel
Shimmy," last paragraph of Section A on p . 186 of the present report .
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Reply of Messrs, B. von Schlippe and R. Dietrich
to the Above Contribution3

•

Our attitude regarding the .statements of Prof . Fromm on the dependence of damping on the rolling speed is as follows:
Basically, we have become convinced that Prof . Fromm is essentially
right , that therefore in the case of the introduction of Coulomb's law
a relationship as described by him exists ; we found this fact confirmed
by very carefully repeated tests . We think, however, that a division
into the two regions indicated by Prof . Fromm, YO < w2 and YO > w2
does not exist but that the damping further increases with decreasing w.
We believe we can give the following reasons for the deviation of our
calculation results from Prof . Fromm's:
Prof . Fromm considers as the damping part only the tire-impression
length; actually this does not hold true since the pneumatic tire is
deformed long before contact with the ground and the unloading also
lasts for a long time after leaving the ground. Furthermore, there is
still some uncertainty involved in assuming Coulomb's law since actually
the material damping is, although not proportional to the speed, proportional to the amplit~de whereas the friction damping does not show any
dependence on the deflection.
Translated by Mary L. Mahler
National Advisory Committee
for Aeronautics

3With this reply, as the final remark of the lecturers, the discussion for the present report will be discontinued although Prof. Fromm
and Mr. von Schlippe told us that a factually complete agreement has not
yet been reached.
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