





NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS
TECHNICAL MEMORANDUM NO, 982

THE DESIGN OF JET PUMPS*
(Injectors and Ejectors)

By Gustav Fliigel

The theory of jet pumps is still rather incomplete,
and relatively little has been published so far. Success-
ful designs have been developed by trial and error and
information obtained in this way is naturally guarded by
the various firms concerned.

The author shows that by applying both the energy and
impulse theorems the optimum throat dimension of the mix-
ing nozzle and best shape of intake can be predicted ap-
proximately in a relatively simple manner. The necessary
length of the mixing nozzle follows from Prandtl's turbu-
lent mixing theory. The calculations are carried out for
the mixing of similar and dissimilar fluids.

Fotation** (Figs. 1 and 4)

Subscripts

e space before driving (or power orAactuating) nozzle
o suction chamber

n end of throat, start of diffuser

a discharge from jet pump

1 power jet (motive agent) in plane of orifice

of driving nozzle
2 suction jet (delivered medium)

*"Berechnung von Strahlapparaten.” VDI-Forschungsheft 395,

March-a4pril 1939, pp. 1-21.

**The different notations in parts III mna. IV are explained
in the text.
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Dimensions

f, section of actuating jéf

fs section of suction Jet ? in plane of orifice of

actuating nozzle

P, = £, + £3 section of
mixing nozzle (or col-
lector)

J

F, narrowest section of mixing nozzle (throat)

d = 245;7; diameter at narrowest section of mixing
nozzle

D = 2/f,/m diameter at outlet from jet pump

Pressures

Py mean pressure along wall of intake nozzle

"y
terminal pressures

pa"

g = 9.81 m/s® acceleration of gravity

Y specific weight of fluids, gas and steam (kg/m°)

v specific volume (ms/kg)

®, % 0.97 to 0,99 |

speed coefficients
s 2 0492 to 096 i

Flow velocities ¢ (m/s)

Ce inflow velocity at actuating nozzle
o 2g Y odi
Co =9, 7T(pe-p°) velocity at pressure drop from
Pe %0 P,

cy Py / %é(pe-pl) outflow velocity from actuating
: nozzle at (cross) section f,

(ce disregarded)
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C2 = s /gﬁ(po—pl) = o Cq speed of inducted fluid

near the actuating nozzle orifice in (cross) sec-

tilioms S58s (speed in suction chamber negligible)
(. mixing speed (at constant pressure pl)
¢, speed at entry in diffuser
Ge = ¥ 2y discharge velocity from jet pump (usually

considered negligibly small)

Speed ratios

c2 Cn (o]
V= —3 @ (SSie==t = —a
Cl o} CO

vantities (kg/s) and guantitative relations (or pro-
portions)

weight of actvating fluid per second

Gl flcl‘Y‘

Goh = = e Y weight of delivered fluid per second

G, + G weight of fluid discharged per second from

jet pump
Gy ,

o= — quantitative proportions (proportional con-
-

sumption of propellant)

Efficiencies

n =0.75 to 0,80 efficiency of conversion from kinetiec

to potential energy

efficiency of jet pump (effective energy: energy
consumed)

Ng diffuser efficiency
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im

Heat content per kg i (kcal/kg) -

heat conteﬁt.of mixfure.at Sfart of compression

_ Adiabatic heat gradients H.= Ai: (keall/ks)

adiabatic heat gradient corresponding to pressure
drop from pe t0 ©Pg

adiabatic heat gradieht corresponding to pressure
drop from Pg o P,

adiabatic heat gradient corresponding to pressure
drop from py, to Dp;

adiabatic heat gradient of propellant correspond=-
ing to pressure drop from p, to P,

adiabatic heat gradient of inducted gas or steam
corresponding to pressure rise from p, to p,

adiabatic heat gradient of vapor corresponding to
pressure rise from p, to a terminal pressure

%

adiabatic heat gradient (partial gradient) corre-
sponding to pressure rise from p, to p,"

absolute temperature (deg)

and ¢y specific heat at constant pressure and
constant volume (kcal/kg®)

c

kK = =2 adiabatic exponent

Cv

R gas constant (mkg/kg®)

Friction

friction on inside wall of nozzle (kg)

dragging force between moving layers (kg)

dP/d0 ‘shearing stress betweenlmov;ng layers (kg/m®)
frictional surface (m?®)

friction coefficient for stationary walls
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X friction coefficient between moving layers
€ loss coefficient

v  turbulent mixing speed (rate of exchange) (m/s)
I, ANALYSIS OF JET PUMPS BASED ON ENERGY EQUATION

This method of calculation has so far been employed
generally and must be discussed briefly as a comparative
basis for the new formulas, once in application to jet
pumps for liquids (for instance, water jet - water pumps),
and then for gas or steam (for example, steam jet - steam
compressor) .

The details of a jet pump can be seen from figure 1.
A conical actuating nozzle forces the actuating fluid in
the mixing nozzle, which consists of three pieces:! an in-
take with well-rounded entry, an intake with slightly
curved edge (curvature radius R) and a thrcat of cylin-
drical shape (length L, diameter d, section Fp). 4Ad-
Joining the throat of the mixing nozzle is the tapered dif-
fuser with cone angle d. The discharge section ¥, (ai-
ameter D) is mathematically determined or else is so
chosen that the discharge velocity ¢, becomes very low.

a) Jet Pumps for Fluids

In the subsequent considerations the effect of the
height level h is ignored; this is always Jjustified for
gas and steam; whereas in vertically mounted jet pumps for
liquids the height term may be at times of some signifi-
cance. In the latter case the equations given here can
always be generalized so that instead of pressure energy
p/Y the total potential energy (p/Y) + h, or instead of
P the expression p+Yh is used, where h, of course,
indicates the height level of the momentary reference point
above an arbitrarily assumed zero level,

The common mixing speed c¢p follows - on the assump-
tion that the mixing of actuating and delivered fluid takes
place at constant pressure p, = from the impulse theorem

at ¢y
- et
pe, +'¢ c
Cp = L £ = g e (1)
1 +p 1 R
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where ' ity
B
ra J/pe'Pl J/fﬂ' Po"pl _ Aol n _i'> i

With cy, =T C, as the discharge velocity from the Jjet
pump, which usually can be considered as being negligibly

small, the pressure rise follows from the energy equation
at

e s (pg - 1) Adg, *'B) 279, - Dy +
C,Ol 3 Y 2 'l
+az(22) (B = Bo) = M 37 (en® = ca®) = n
§ A
T P !
2 ) \ 2!
XCO_-I S / - T : =Ny (pe—po)x
e !
i / 4
4 S X 1
,7//.}.1..—4' (o8 \\2 |
X ( 9

— Tg' (3)
N el 4 J |

if m = 0,75 to 0.80 1is the efficiency of conversion
from kinetic to potential energy.

Then the quantitative relation follows at

M -

(ea/ey)=w
‘  - 1 'P Po
s ol ol Lp: P, ( > ]

where the negligible ¢, usually permits putting T = O,
If the pressures Pes Pgo» and p, are prescribed, then
@ can be varied. At a certain value a it ‘then affords
a minimum value for p; +this is the most favorable ( 5
With o the speed cp and hence the section of flow fa
for the inducted fluid is defined. Figure 2 illustrates
the values of W plotted against- o for different ratios
(pa p )/ pe-po) It will be noted that p becomes a min-

(4)
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imum at a« = 0.20 to 0.25. The most favorably designed
jet pump therefore manifests a fairly large pressure drop
Po - P, 1in the intake of the mixing nozzle. Equation (4)
is the basic equation for the practical calculation of jet
pumps.

Of the potential improvemeants afforded by high in-
flow velocities ¢z, no advantage seems to have been taken
so far in the design of jet pumps, at least not intention-
ally, because of the undesirable pressure drop from p,
to p, and the accompanying high diffuser losses. But at
high inflow velocity the so-called shock losses are lower
as s result of the reduction of ¢y - Cz, and the most
favorable design naturally corresponds to the point at
which the sum of shock and diffuser losses is a minimum.

In theory the narrowest section of the mixing nozzle
should be

Go(1 + w)
ch

P
Fm &

although according to experience the section must be

Fuo= (1+2) Fp' = (1 + ) (14 ) =2 (5)
m

meusEilySwiith ' g = 0.5 tio 0.5

also of practical importance is the efficiency ng
of a jet pump, which, as in hydraulic machines, represents
the ratio of effective to absorbed energy (the outflow
energy per second c¢,°(Gy + G)/2g Dbeing considered lost);

that is,

c Ps = Py
g Y pa i po
'ﬂs = = (6)
Pe = Py u(pe = pa)

Comparatively good efficiencies are obtainable accord-
ing to figure 3. In many special cases a different defi-
nition of the efficiency may be in place for the over-all
efficiency of a whole jet pump unit;* although equation (6)

*If the efficiency of the jet pump described in the above
reports is computed according to equation (6), the figure
is only about half as high as given in these reports (H,
Henschke) .
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will always characterize the quality of a single jet pump
correctly.

b) Gas and Steam Jet Pumps

Here the heat gradients A1 = H replace the pressure
differences in the equations (fig. 4).

The heat content and heat gradient can be read from
the i,s diagram (fig. 4) or, for gases, computed. For the
tabtter, 1t gt

Ai:cp

whereby the temperature change follows the well-known adi=-
abatic law

RO o op(T = 1) (7)

T B=1
A T
ET " Q p') 4 (8)

with, as a rule, H = icp(T - T'); H nust always remain
positive,

In steam jet compressors the inducted steam is usually
saturated (hence point P on the saturation line in fig.
4)., ZEven as actuating steam, saturated steam is known to
be most favorable (hence point A also should lie prefer-
ably on the saturation line).

For c¢gs €39 and cz| the relations read:

¢, = @, X 91.5 /H, where 91.5 =4/2g/A and

A = Z%; the mechanical equivalent of heat

gy & P1 % 91.5 JH;

cza = P X 91.5 Jﬁ; = a c,

Cz P2 /H

0

tr

Co Py e

Equation (8) gives the heat gradients for gases at
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-
|

(o (‘1 <£9>-&%£'
& B ey Pe J

=]
1]

H, = i -/—-> K
il cp e [1 \ P2 _],

Assume the proportional value a, and
2
Hy = a,2<-c-p-}- ) He (9)
%

can be computed. If, in the i,s chart (fig. 4) the length
dz = PS from point P is plotted vertically downward,
the pressure line passing through S is equivalent to the
orifice pressure P, of the steam nozzle. For gases this
pressure can be obtained also from equation (8).

If the mixing of motive and delivered fluid is assumed
to take place at constant pressure p,;, the mixing speed
¢y follows, analagous to equations (1) and (2), at

Gy
p.-éz+a.
g & o (10)
L + p
with
c % 9 ¥
Q 7
—=/1+ <——> (11)
Co 14 € N§
where the new value ¢ 1is defined by the ratio of the
pressure gradients between the pressure lines p and
P,s» measured on the saturation line and on the adiabatic
curve H;, respectively; hence
1 Hz

Hy =~ Ha
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In most practical cases 1 + ¢ = 1,15 to 1.20. The heat
content i, of the mixture at start of compression (point

I, fig. 4) follows from the energy equation at

i. = 1. & l(pi+i°)—<cm>2 (12)
" i ITeu i 91.5

By adiabatic compression of the mixture from point I
on the compression gradient is according to the energy
cquation (if ¢4 = T ¢, the terminal velocity, which here
also is usally negligible)

| ( _°m 2_<°a \2]_

= N, 5 —_—ee | Ly (13)

whereby

¢9) 2
T S e B T
X K 2 K @ \ G g e

is sufficiently accurate. For gases the compression gra-
dient can be computed from

Bg = ¢p T [(.i_j.)%l'_ 1]

Then the plotting of gradient Hy' from point I (fig.
4) vertically upward brings the end point on the pressure
line pa', which corresponds to the highest obtainable
terminal pressure the prescribed value p should have,
strictly speaking, but which may be a little less for
reasons of safety.

ZTquation (13) gives, sinilarly to equation (4), the
quantitative ratio at

W@ W= (14)

C_l/CO - W
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r 2 ‘
=/_i_§-§_K_+a2<CP_1> ]+'r2 |
‘ﬂCPl He CPZ

With this equation and prescribed gradients HK and

He the value @ in relation to different chosen values

o can be computed and the best o established. The nu-
merical conditions are practically the same as for the
fluids (figs. 2 and 3), except for the heat gradients re-
placing the pressure gradients. ZEquation (14) is the basic
equation for the practical calculation of jet compressors.

with

-
g

For the actual end point of the expansion line I-II
the heat content of the mixture follows at

7 o &
i = 2 ( m
1II = 1a_ 1m+\9l.5> (15)

which defines point II on the pressure line p,' in the
i,s chart. The heat content 1ij; remains the same (point

III in fig. 4) even if the terminal pressure of compres-
sion is P, instead of pa'; hence the specific volume

viry o©of the mixture at discharge from the jet pump can be
read off the i,s chart and the required discharge section
G2(1 + plvrgr

B o= (16)
a 4 - Teg

computed.

The narrowest section F = den/4 of the mixing noz-
zle also should be from 30 to 50 percent larger than the
"theoretical" narrowest section PFp', that is, Fp =~ (1.3
to 1.5) Fp'. Then, as long as the mixing speed cp does
not exceed welocity of sound,i.echly 16

AT P, Vy

(vy = specific volume at point I) the theoretical narrow=-
I P
est section is .

T7AN

Cm

Go(1 +
. 2( M)VI (17)
S0 s S e
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n exceeds velocity of sound, Fp' should
be computed as follows: The energy equation for an inter-
mediate pressure p during compression from I to II (fig.
4) with the correlated speed ¢ = f{ ¢y and the adiabatic
compression gradient H' reads

When, however, c

) - e (18)

that is, with arbitrarily assumed ¢, H' can be computed
according to this equation and related pressure p deter-
mined in the i,s chart. The heat content i of the mix-
ture at this pressure is defined by

S b 5 Cm \°2 g
1= 1 k& (91.5> (L = b)) (19)

where the corresponding phase point naturally lies on the
compression line I-II, after which the pertinent specific
volume v may be read off the i,s chart and the cross
section of the flow

Go(1 + p)v

Ecm

jll (20)

computed. Then the determination of F' for various
chosen £ values (=0T 0. g, 0.7, etc.) gives the de-
rived minimum Fp'.

The efficiency of the jet compressor is

H
I <

. (21)
B Hg

if H, 1is the adiabatic gradient of the driving steam
during expansion from pg- te pge.

II. ACCURATE CALCULATION OF THE PRESSURE RISE AND OF

THE BEST SHAPE OF TEE MIXING NOZZLE

The greatest drawback of the energy equation is that
the assumption of complete intermingling of driving
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fluid and delivered fluid at constant pressure p; 1is
utterly incorrect, reoesulting from the fact that the nar-
rowest section of the mixing nozzle must be designed from
the "theoretically" narrowest section. In consequence,
the calculation method does not give the correct informa-
tion about the most important section of a jet pump and
no data whatsoever regarding the necessary length ratios,

Practice proves that, under normal operating condi-
tions, the intermingling is practically always accompanied
by a pressure rise, so that. at the end of the mixing nozzle
usually a substantial or even a major part of the pressure
rise will already have been achieved. This fact gives
consideration to the subsequent method largely evolved
from the impulse theorem according to which, first of all,
a2 length for the mixing nozzle is assumed necessary to as-
sure adequate mixing., The assumption of constant pressure
P; during mixing can be dropped again later. The mixing
advances in the narrowest section of the mixing nozzle un-
der a pressure rise until a practically perfect interming-
ling has been achieved at the end of the narrowest section.
This part of the pressure rise is readily computed accord-
ing to impulse theorem, It is clear and closely according
to practice that with the comparative slowness of the mix-
ing process the length L of the narrowest section obvious-
ly must be fairly great in order to assure adequate mixing
(which, in turn, is the premise for achieving proper energy
conversion in the adjoining diffuser); it is therefore
recommended that L = 10 d. It may be stated that very fa-
vorable results have already been achieved with jet pumps
computed on this basis, which are also in good agreement
with the preliminary calculation, as will be reported else-
where.

a) Jet Pumps for Liguids

Let Pp» Cp represent the pressure and thel speed ab

the end of the narrowest section, the other relations re-
maining the same as before. Assume that, up to entry in
the narrowest section of ¥,, +the mixing is achieved under
constant pressure 'p, ziving the pressure rise from p;

to phe according to the impulse theorem:

" G G Gy + G
Fulpn - p1) = 15_01 + Ef ca - —i—g——i ey = W (22)
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where W 1is the frictional resistance on the inside wall
of the nozzle, for which, after introduction of a reduced
length L' (which must always be shorter than length L
of the narrowest section)

2

Y
W2 NO0 e =Amdl —ocy (23)

g 28

where O is the skin friction and A=~ 0.004 is the co-
efficient of friction for smooth surfaces. The loss in
energy due to frictional res1stance. referred to unit weight
of mixture, is

W ocp cn®

s (24)

where { is a friction coefficient, which with allowance
for equation (23) and flow eguation

2

™
(G'1+ Ga) ‘Cnyz‘d

is computed at

t=an L (25)
d

ordinarily, { = 0.04 to 0.10., Herewith equation (22) can

-be written as follows

8 [ 3
121 S ol o 2 | % ca & Cg |~ (1 + ) (? + £->cn g=
a.mgl_ i
G c Sl
" . (G1+Ga)—c°9—'u—-l-y+a-(1+u)(1+‘€')gl:
G114+ G e 0 2 9
2 5
ge Ne T e
s —2 . ip Ei g% L o) (l + E > o [ (26)
% pdg L o .

where, as before, (equation (21)).

c
Co \pgj
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o
=

and o =

Q

(o]

The subsequent pressure rise in the diffuser st
according to the energy equation:

i 2 2 ¥ 2 2 2
Pa‘Pn=“d§g(°n Ca)=nd§‘g'°o (6% - 7173) (27)
c
where again 1T = Eé is usually a negligibly small value
o

and the intimate intermingling of the mixture permits a
diffuser efficiency Ng ©0f 0.75 to 0.80 for narrow throat
dimensions; whereas, for large throat dimensions, according
to experiences with the beneficial effect of large Reynolds
numbers on the energy change in diffusers, an even slightly
higher mn4g can be obtained. That a small slenderness
ratio promotes high Ng 1s, of course, well known (angle

of divergence 9 (fig. 1) = 6 to 8 is recomended).

The total pressure rise from the suctioan chamber
on is computed at

Pa - Po = (pa = py) + (py = p1) - (po = p1) =

il T i { * e £ X ]

& — c,?(c® - 13) + - c.? e @+— 1} % -

Y5 %o R el e 2 ) “)J |

P 2 ‘ = [o)

-, /__];> e = ot & L 20 __C]_ s < _é.)

@ &sz (Pe po) s \Pl (pe po)‘l }J.(,:b co + o o(l+ 5 X

A 2 2 7o 2
X UL p))+ upy 0wl ) -(\‘@; ] : : (28)

or, as it may also be written,

R e s s 27h B .- Ji A 3
HLC912(133'P0) 26C0+26 \1+2> ng(o® T)+<sz> =

¢ 5 B -
=20"oc-262<1+—>+ nd(Uz—Ta)-(i)- s Ml
o \Cpa Cpl (P -P)
e 0

This yields, for the quantity ratio, the relation
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Py = Po

2
where gq = 02(2+¢ -nd)+nd 72+<C§£.> +
i

This more accurate equation (wherein the term with
T is usually negligible) replaces equation (4) and forms
the basic equation for the practical calculation of jet
pumps. To find the best conditions for predetermined
pressures Py, Pys and p,, first choose a value for o

with discretion; then compute p for different o = 0.1,
0.2, 0.3, etc., according to equation (29), which becomes
a minimum at a certain o. The same process is then re-
peated for other chosen values of a. In this manner the
most favorable o and o for minimum p are obtained,
as illustrated in figure 5, which givessuch curves for

(pa = po)/(pe - po) = 1/4, The best o computed, accord-
ing to equation (14) is seen to be in fairly close agree-
ment with that obtained from equation (29)(figs. 2 and 5)

Since the value of M, on approaching optimum, changes
very slowly, it is advisable to select the o and espe-
cially the o values a little below the optimum insofar
as it causes no appreciable increase in W, since then the
jet pump remains more favorable under diverging operating
conditions, especially by greater delivery volumes.

Through value 0 the narrowest section of the mixing
nozzle itself is defined according to

Ga(l +
L . 2( 'J') (30)
OcyY
The efficiency n of a jet pump is, as before, com~-

puted by equation (6). In figure 6 the efficiencies ob-
tainable under optimum conditions (along with the perti-
nent ¢ and p) are shown plotted against the pressure ratio
(pa = Po)/(pe - Po) (the values of ®,, Pz, and 04

used as a basis were assumed quite unfavorable, so that
still better Ng usually can be achieved) .

b) Gas and Steam Jet Pumps

In elastic mediums the solution of the problem requires
the equation of state, which, however, is much too involved
for vapors to be employed in its exact form in the equa-
tion of flow.
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On the other hand, the elementary equation
p v = (L = &) (31)

(i heat content, C and X constants) has proved to be
a very close approximation which even for steam affords a
correct exposition of the relations within a wide range
of state (reference 1). It can be used for gas equally
well byuputtiag 1 =c, T, K =0, and O = Bfep, (B gas
constant (mkg/kg®)).

In the compression of a mixture of driving and deliv-
ered steam the starting point I and the end point II of
the compression line, and hence the pressures pgp, PII» @&s8
well as the specific volumes Vis Vipe are known, so that

pp vy = 0(i; - K)

v = c(iII—K)_

Pes Vag

whence constants C and K at

Pry Vi1 - P71 V
fle L = Titoil (32)

211 = 31

1 2: 23
Lo = R s
1 II Por v
£ = L1 Il (gxcal/ksg) (33)
L

PEr %13

The pressure rise as far as the end of the narrowest
section of the mixing nozzle (likewise on the assumption
of constant pressure p, from orifice of actuating noz-
zle to entry in narrowest point) can be computed with
equations (22) to (26). Hence

<u %% * a> co = (1 + n) <1 # % >°n = gf g(py- »,) (34)

The continuity equation gives, éccording to equation (31)
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C(iy = K) G G G
Py = —— = 01y - k) BB gy x)l:u 22 (35)
n m ©n n m

and the energy equation

: r G \2
Giig + G5 1y = (G + G3) En + <91 S or

2
1= 1 c
L &1, ~ - 2 > (36)
1+ p 91.5

or, after introducing equations (35) and (36) into equa-
tion (34):

-Féf= cncpl {(l + [ie' K-<9i1,15 >2 :]_(ie- io)}

s Ej;: Eco <p %i 4 a> * (1 %+ ) <l 4 é >°n } (37)

Then the pressure p, follows from equation (34) at

f G‘a i i— C3 C
P, = P, + — — <E _— a> c. - (1 + u)( 1l + = >c (38)
n 1 Fm g !_ co 0 2 n

with the value of Gp/F; defined by equation (37). The
point in the i,s chart corresponding to the state of the
mixture at the end of the mixing nozzle is defined by pres-
sure p, and heat content in. For the subsequent com-
pression in the diffuser along the compression line I-II
(fig. 4) the adiabatic compression gradient Hg" follows
at
Gtk 5.8
Hg' = ong S | (39)
91.5

where ¢, = Tec, 1is usually negligidle. Plotting this

HK" in the i,s chart, starting from Pps i,, vertically

upward, places the end point on the pressure line p,",
thus making pa" the highest obtainable end pressure,

which, for reasons of safety; should properly be a little
below the prescribed end pressure Pg -
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'hile the i,s chart is recommended for computing the
end pressure p “, the determination of the most favor-
able conditions proceeds from a different angle: with
adiabatic change of state the first principal heat law
(with considerations of equation (31?) reads:

diifS= AN dp

4001 « B 28 (20)
P

1

which, integrated, gives the adiabatic pressure rise from
pn to pa"

A
i ' X \=—x 1, = K g SHaith i
il T RN n X ACH
Ha Pn(i - K> hi pn( § s e ) = e
n n
with 1 1 o
H ik "
K T X 1~ AC i
<1>=<1+_ .>“ =1+————-—~—<1+ .S >
ip-K/ AC(1,-K) 2 AC 1 - K

equatlon (36) belnw applicable to i, and equation (39) to
Hg!.

If pa" = Ps» 1t gives,with consideration to equa-
tions (37) ana (38),

pa= 19

_g_f {(1+p){ie-K- <9zn5>37!_ <ie‘io>}“ E;O<u-§~lo—+a> 1+u)<1+—> ]

From it follows:

i D\
Lo l) r + s
d Py

A 1 Y5t e o
P, > H

(42)

where
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+
2N
}-l
+
™

% ;
]
o
+
e
N N
q
+
l e}
=]

P 2
c 2 ¥a
Co 1+ e\@e
- . c G
With this equation the values of a = —; and - 0 = ol at
)

which W Dbecomes minimum for given
be computed. Since W

Per Py and P, can
is also contained in the expres-
sion ® (because of 1i,) an approximate method is here
also preferable. According to equation (14) the most fa-
vorable value of o and the pertinent W can be closely
approximated. Since the influence of p on & 1s sub=-
ordinate, it is for the present advisable to use the
obtained for the most favorable o in equation (14) to
compute ®, Then the corresponding exact values of W
must be computed according to equation (42) for different

Cp . e
0 =—= (with O = 0,1, 0,2, 0,3, ete,) from

Ca

which the O and ¢y

obtained. If desired, this calculation may be repeated for
other values of a 80 as to complete the determination of
the optimum conditions. Again it is advisable to have a
and O a little smaller than the minimum value of w. The
narrowest section F; of the mixing nozzle is defined by
equation (37).

values of

most favorable for minimum W are

For steam the determination of the best conditions
(i.e., of o and F,) should, for safety's sake, be fol-
lowed by a check on the pressure rise without resorting
to the approximate equation (31). The pressure p, can
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be computed according to equation (34), according to
equation (36), and the end pressure p" according to (39).

At this point it should be stated that the foregoing
relations evolved for gas and steam are not valid under
any and all conditions. For, so far, it had been tacitly
assumed that propellant and delivery are able to flow di-
rectly at orifice pressure p, in the throat from the
computed optimum section PF,. While this is the case for
fluids, it is limited for gas and steam if the actuating
jJet has supersonic velocity, since then the required sec-
tion can increase with decreasing pressure ©p;. Then the
intake section F;, at the actuating nozzle orifice has a

minimum F, i ot @ certain orifice pressure p,, and
m

the previously developed equations obviously hold true
only so long as the computed optimum Fm is not less than
the value T, vy 5 Q< B a pressure rise must
min min
necessarily occur in the intake, which, of course, shall
be small until the narrowest section is reached. As a re-
sult of such pressure rise in the tapered intake, the im-
pulse equation in the simple form of equation (22) is no
longer applicable. However, we shall not go into this at
present,

The determination of F1 ) proceeds from the general
min
equation

where, as previously,

H

ey =9y 91,5 S

®s 91.5 «fHg

Cz

The values of H;, Hp, ¥,, and Yz for different orifice
Pressuree. py'  are read off the 1,s ehart, and &3 | 1
computed. These values plotted against p, then afford

Fipine

If no i,s chart is available, the adiabatic change
of state follows from the generalized equation (41) at
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e T j?
R o 5

ie—K-—Hl
1
b Aok < dgoo % >Aﬁ

" TN, - K - Hg

Consequently,

u0

fa o]
=
1]
—~
[=
)
1
=
p—
—
'—l
]
s
lw
-
s i

e
AC
r /P
Hy = (i, - K) |1 - ——1> ]
0 | Ko
Furthermore, the relations
1 C(i, - K) C
_— = e— e [ -0 Ha = & |

il c 2
s~ =—1[1ip - Pa° Hy - K]
Yz Pl .

exist. PFrom these the value of F,; can be computed equally
well and its minimum ascertained. :

In conclusion, it is pointed out .that the equations
developed for steam are directly applicable to gas, when

R
i = cp 1SN o R (G TE ) R 0 T

¢) Optimum Shape of Inlet of Mixing Nozzle

On. computing along the foregoing arguments the best
values of o and 0 for any newly projected jet pump de-
sign, it is invariadbly found that the section F; of the
inlet at the end of the actuating nozzle is equal to the
narrowest section F of the mixing nozzle, hence that in
the best possible designed jet pumps the actuating nozzle
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empties directly into the throat of the mixing nozzle, thus
eliminating the intermediate piece termed "inlet" in figure
l. As a generally valid fact is obviously involved, it
should be amenable to a general proof., This proof is ad-
duced herewith.

In the preceding developments it had been assumed
that, by arbitrarily assumed ratio a = c¢z/cg, the pres-
sure between orifice of actuating jet and beginning of
narrowest section should be p = p, = const. In that case
the mixing nozzle must have a very definite sectional as-
pect with respect to the distance from the actuating noz-
zle orifice which canbe computed according to the arguments
advanced under III and for fluids affords a continuous
sectional reduction (fig. 7, 1line 1), as 1s usually %the
case for gas and steam. However, if the gradients are very
great, that is, at supersonic speeds, an increase in cross
section must exist (solid line I, fig. 8) even despite p =
const on account of the material increase in specific vol-
ume as a result of internal heating (because of energetic
turbulence). The effect of change of inlet under otherwise
constant conditions, that is, constant terminal nozzle
pressure p,, hence c¢3, Ccz2, intake section " ¥y, narrow-
est section Fp, and quantities G, and Gz, is analyzed.
Since, on this assumption, the energy change in the differ-
ence is always the same, the obtainable end pressure Py
either rises or drops with the pressure p, at the end of
the narrowest point, depending upon the quality of the in-
take. But the impulse theorem discloses the conditions
under which p, Dbecomes maximum. Naturally the previous
assumption of p = p, = const over the inlet must be
dropped in these variation considerations.

In analyzing the conditions according to figure 7 with
an inlet boundary conformable to the dashed line II or III,
that is, 'where, between actuating nozzle orifice and be-
ginning of narrowest section, the pressure is not p =
P, = const, as on line I, the mean pressure along the in-
take nozzle is, say, Pn (it may be higher or lower than
p1). Then the impulse equation gives

Gl G’e Gl 4 GE
we—a ‘E‘ Cz + Fl Py = —mmm—— cn + Fm pn + (Fl - Fm)pm
&

whence a pressure at the end of the narrowest point of
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N Gz G+ Gp
PR W Mo ! ol B a3 +F AP, « P ) 43)
Pa ¥ z cy + z Cz2 = Cn 1P ( 1 m/ Pm ( .

I

Nothing is changed on the right-hand side of this
equation except pp, and even then it cen be seen that
Pn (hence pa) becomes so much higher as the mean pres-
sure Pp is lower.

- Proceeding from the nozzle boundary I (fig. 7) (pres-
sure variation p = p, = const), it is readily seen that
with boundary II, that is, lengthened intake, the longer
mixing path as far as the beginning of the narrowest sec-
tion has already caused a more or less pronounced pressure
rise, and the mean pressure along the intake must therefore
be p, > P, Inversely, with nozzle boundary III, that is,
with a shorter nozzle than form I, the pressure ©p; cannot
have as yet been reached again at the beginning of the nar-
rowest section because of the shorter mixing path (the

| steeper contraction of the intake forces a pressure drop
behind the actuating nozzle); hence the mean pressure in

‘ the intake must be pp < p,. This is the most favorable

‘ of all comparative cases according to equation (43) because
here . Pn (and consequently Pa) becomes highest. The mean:
pressure p, is obviously so much lower as the intake is

| shorter; hence the conditions are most favorable when the
intake is made as short as possible. Since, in that case,
the effect of the mixing motion is insignificant because of-

‘ the shortness of this length, the conditions are practically

‘ as if actuating jet and delivered medium flowed side by side
and without friction into the throat or as if the actuating
nozzle reached directly as far as the throat,

} At the same time, it is apparent that whether the ac-
tuating nozzle actually reaches to the throat or ends be=
fore reaching it must be quite secondary, provided the dis-
tance between the end of the actuating nozzle and the start
| of the narrowest section is as short as possible., It fur-
‘ ther follows that with a short intake the inflow velocity
| cz 1itself is of secondary importance and that it solely
| depends upon the correct throat dimensions, for with a short
intake the pressure at the start of the narrowest point is,
‘ in all cases, such as if the actuating nozzle extended as
far as the throat.

‘ Mention should be made at this point of several sec-
ondary effects disregarded in the foregoing which may have
‘ some bearing on the quality of a jet pump. These are
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1) The streamline curvature caused by the round wall
of the mixing nozzle in longitudinal section.
Since the streamlines are slightly convex to-
ward the axis, the centrifugal forces produce
a small decrease in wall pressure and hence of
Pps Wwhich is beneficial; but, on the other
hand, the raised pressure level toward the ac-
tuating jet causes at the same time a slight
increase in the difference between c¢; and
cag at the contact area, which is unfavorable.

2) The slope of the inflow veloeity ¢z toward the
axis, which is always somewhat detrimental,
even if of minimum importance numerically.

3) The disturbance of the axially symmetrical state
of flow, which is most beneficial for the
conversion of energy, by incoporating several
actuating nozzles instead of one. Setting the
actuating nozzles obliquely toward the axes
causes further deleterious secondary effects
(especially in gas and steam at high supersonic
velocities). Lastly, there is the danger of
the outside actuating jets hugging the wall of
the mixing nozzle, involving serious harm to
the pressure rise. For this reason the mount-
ing of even a single actuating nozzle demands
accurate axial and centrical setting with re-
spect to mixing nozzle and diffuser.

The consequence of these secondary effects on the
mixing process between actuating and delivered fluid is
that a definite optimum is usually obtainable for a given
actuating nozzle and a mixing nozzle by changing their
axial distance (that is, the intake length). The condi-

" tions are wholly unequivocal when the actuating nozzle

empties directly into the narrowest section and the inflow
is hydrodynamically unobjectionable in the sense of a
steady acceleration and axial direction of inflow, where-
by, of course, the wall thickness at the end of the actuat-
ing nozzle should be a minimum.. From the remarks under 3)
it further follows that one actuating nozzle is preferable
over several nozzles where the only advantage is that the
length of the mixing nozzle can be made less in order to
achieve the same degree of mixing.

Considering shapes shown in figure 8: it is readily
apparent that for ligquids a contraction of the intake con-
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forming to figure 8 cannot be detrimental unless the
.throat has the optimum width. If, for gas or steam Jjet
pumps at pressure Pp = p, = const, the section for the
intake decreases continuously (fig. 7) with increasing
distance from the end of the actuating nozzle, the view-
point regarding the most appropriate shape of intake re-
mains the same as for liquids. But if the intake at p =
py = const manifests a contraction conforming to figure
8, the conditions are different. Then the value for p,
.at the end of the throat is, according to the impulse
theorem, the same as if the throat already commenced at

B instead of A, whence the contraction is superfluous.
Furthermore, the impulse theorem would obviously give a
higher value for p, 1if the transition to the throat
downstream from the contraction were made longer, resem-
bling line II, because then the mingling of the jet would
necessarily have to induce a pressure rise in this piece,
hence the mean wall pressure would be higher, This in-
fluence is so much more marked as line II is flatter and
would be most potent if the contraction were followed Dby
a cylindrical piece of pipe of equation section Fp !

. (1ine III), Then, however, the width Fn shown in figure
8 can no longer be the most favorable, but it is better
if the best width never exceeds Fp', although it may very
well be smaller than the latter. The latter possibility
involves actuating jets with high supersonic speed and a
case already mentioned in a different connection and dis-
cussed elsewhere.

As long as the inflow in the throat is possidle with-
out pressure rise, the speed cz = o cg of the delivered
medium at the beginning of the narrowest section is de--
cisive with correctly designed intake, according to the
foregoing arguments. Hence, let us assume, for simplicity
that the actuating nozzle empties directly into the throat.
Then, as will become readily apparent, the choice of value
& “is.not arbitrary but must be in a definite relationship
%0 .. O .'and .. Thus, for liquids:

i‘_Glﬂkc-a_(}g -
‘m-.C]_Y ca'Y_cl'Y“"oc

o () 2
cl = Co/l + ag (‘5-1'>
2 -~

where -
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Since, moreover:

.G’1A+G'2 Gg 1 + p
.'Y (o)

it follows that:

1 1 e .acijlz
= G/;+a<cpz>—u (44)

The method of predicting the best point then would
probably consist of introducing the pertinent values of
0 and a of the best point provisionally obtained from
equation (4) for an arbitrarily selected o = cn/co on

the right-hand side of equation (44). . Then tho exact
value of o would be written in equation (29), from
which the accurate value of u for the selected ¢ is
obtained. The calculation is repeated with the accurate
o and W until satisfactory agreement prevails between
the momentarily expressed and computed values of a and
. These computations should be carried out for a suf-
ficient number of O values from which then the best o
for a minimum p 1is obtained.

The relations for a can be evolved equally well for

gas and stean. But the connections are so involved that
it is simpler to define the best point by the method de-
gexlibed under IL, ‘b, - .

III. CALCULATION BASED UPON THE DRAGGING EFFECT OF

THE ACTUATING JET

The calculation method described under II, which is
in part based on the simpler method developed under I,
still has the drawback of failing to give any data on the
length conditions. This defect is eliminated in the sub-
sequent developments with the introduction of the effec-
tive dragging-force between actuating jet and entrained
jet. To simplify the calculation, it is assumed that at
any point beth the speed c3 .over the actuating jet sec-
tion .f and the speed ¢,  over section F - f (F sec-
tion of mixing nozzle and of diffuser, respectively {fig.
9)) are constant, although in reality the speed is quite




28 NACA. Technical Memorandum: No. 982

nonuniformly distributed becauvse of the mass exchange and
the continuous change in the type of distribution (c,

and c¢c2 have now a different meaning)*. The effective
dragging force dP -in a little piece - d0- of the boundary
surface between actuating and entrained jet is (c.f.,
Hydraulic Problems, Berlin: VDI, publisher, 1926, p. 135,
In the cases discussed therein ez = 0):

4 :
dP = ¥ EE,(cl - cz)a a0 (xg) (45)

where X 1s a kind of friction coefficient, which, accord-
ing to recent findings, averages MmO 0 =ln thie fioli=
lowing the value of X 1s assumed constant, although it
undoubtecdly varies a little similarly to the coefficient

of wall friction A. With these simplifications the energy
conversion computed on this basis will, of course, not be
in complete agreement with the actual course of energy
change; whereas, the total conversion is naturally in ac~-
cord with the calculation effected under II. The justifi-
cation of the theorem conforming to equation (45) is based
on the following simple argument: In turbulent mixing mo-
tion the apparent shearing stress T Dbetween two side-by=-
side fluid layers of different speed (speed difference Ac)
(reference 2) is

Tz % v bc (kg/m?)

where v is mean mixing speed, which .according to Prandtl's
turbulence theorem is

v = Ae X-const = Ae %
Ca,

With these relations and Ac = ¢; =
follows at

the dragging force

dP = T40
exactly as in equation (45).

= Since jet pumps involve turbulent mixing processes,

*As is known, the impulse is always greater by nonuniform
velocity distribution than if in the same section at the
same flow velocity the same velocity distribution existed.
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it might be presumed that the processes would yileld to
treatment according to Prandtl's well-known theorem for
turbulent mixing flows. But the mathematical difficulties
are so great that his theorem would hardly yield a useful
method for practical cases.

a) Jet Pumps for Liquidé

Examination at any point of the mixing nozzle or dif-
fuser, respectively, of a small section of length dx
from the actuating and the entrained jet (fig. 9) shows
that the velocities change by dec,, dcz, and the pressure
by dp. Then the application of the impulse theorem to
the actuating and then to the entrained jet gives, with
allowance for the inner wall friction 4W:

G

—g-dc1+fdp+dP=o (46a)
E’éi deg + (F - f)dp - dP + d¥ = 0 (46b)

Dividing the first of these equations®* by f and the sec-
ond by (F - f£), followed by subtraction of the last equa=
tion from the first, leavea

G g, i 1 aw
5 dcl--—-——i——— dca + dP<-+ > - = 0 (461)
" g(?P - 1) f Teie F ~ ¢
Since
G, = f cq Y; 1
(47)

according to the equations of continuity, equation (48")
gives

c Ca c cé aw
T, - g e L (a7")
g g PR (F - £)Y

fIn reality the impulses for nonuniform velocity distribu-
tion are, as already pointed out, slightly greater than for
the assumed uniform distribution; but this effect is disre-
garded, as previously stated.
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By introduction of the relation for dP according to
equation (45), followed by equating

Y
AW e il 20® U Ak (48)
2g

similarly to equation (23). (with U = 2 /P denoting the
wetted perimeter of the assumedly circular section F)
while observing that

G G
F = l+ -~
R L T |
G
B o 2
ng

and with equations(47) and (48) becomes

aw s ﬁ P Cz ix
7 ey RV & s i vip-

c Cga
ZAA/_% <#J--c—i-+ 1 -2-——-dx

)

the previous equation, (47'), can be written in the form

c Y 2 7€ Cz2
== diey = _g_z_ dc3+x—2-g (c1 - c3z) (E-Jl-.-+-5-2->d0—mdx= 0 (49)

%0 V/F bt 2
where m = e 7 <u N + 1) Co

The section of the actuating jet divided over, say, 2z
actuating nozzles, is

(a')n 4 Ee

f =
- Gl‘Y

hence the diameter of the individual actuating jet

a' = __.%._G.l.__
o G B
where for the present 2z' = z behind the acuating jet and
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the estimated length =z'= 1, which allows for the gradual
confluence of the jets when several actuating jets are
involved. The area of contact of the actuating with the
entrained jet is put at

z'G SR
d0 = z'md'dx = 2 / b & g% (50)
Cl‘Y

Since, in addition, for G, and Gz according to (47):

G’z ()

or, differentiated,

(F e, ¥ - G,)828c,'- 62 ¢; Y(P as S Bpii

(P ¢ ¥ ~ G3)°

b

ng

Lo

Gl G‘g dCl + G2 Clb . dF

= & (52)
(B .cqy ¥ .= 8,)°
equation (49) takes the form
3
G,62°%c,dcy + Ggocy Y 4F RN
Y 2 Cidcy 2 ; % b1 o
(F ¢;¥ - Gy) 5 Gy

2.5 G gL G ]

X Cg e 2 —— 1+ 2 ldx—gmdx:O (52%)

|
P eV -Gy L T ey Yoeigat

o . af sl s%mmands are brought to the same denominator
(F Cl’Y - Gl)

-

° F
(Fe Y=6,) +6,.6.84+ 0% ,% ri

de
— cr Ldc, = (Ky-Kz)dx (53)
FY cl“'a[FclY - (6, + Ga)]
whereby
e
Ki=X [mg?! —
G2
Gz
,/F ¢, F Cl'Y - \G’ + G’e)

Gy
Aol %,+G3<G14-G2> (1 -p) e
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G'1+G'2

e Pyt

Equation (53) also can be written as a difference
equation

Ggoy- 4L -
Ax[Kl-K2+ L - 1
FYJBIE e,V = (6, + 65)1°

(F C‘l Y 1 G1)3 + Gl Gae

= = AC-l .
e e Y - (8, ¢ 8)7°

With this equation the flow conditions can be progressively
defined for a certain mixing nozzle and a given initial
state, the stage Ax being determined occasionally for an
assumed change Acl.

The term Kz in equation (53) generally indicates a
small correction quantity, which in first approximation
could be disregarded, and in the integration the term for
K, can be dealt with as a constant, while for p the
mean value for the momentary path of integration is approxi-
mated., Notwithstanding this simplification, equation (53)
is not solvable in a general manner; although the solution
for various important practical cases can be found.

l. Mixing of jet at constant pressure.~- Suppose that,
as before, the mixing from the orifice of the actuating Jjet
to the start of the narrowest point of the mixing nozzle
takes place at constant pregssure p,.. Instead of equation
(53), the relation here is simpler because of the entry of
the differential dp = O 4in equations (46a) and (46Db).
Equation (46a) with equations (45) and (50) give:

G G, N
15 de, +/mz! % /-—é—- (e, - 03)® dz.= 0 (54)

while the addition of equations (46a) and (46b) with regard
to equation (48) give

G G‘z Y e 2
-éldc1+—g'dc2=-k‘é'/nFc3 dx (55)
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Here the term on the right-hand side is again a cor-

rection term of secondary significance, from which an aver-

age value, say
Y = L ) ; 4 '
A gl\/ﬂ’ e Y ‘g- T C20 02};'./50 FX

may be used in the integration. Here F, 1is the section
of the mixing nozzle in the plane of the actuating nozzle
and (reference section) and Fy of the section of the
mixing nozzle at distance =x from the tip of the actuat-
ing nozzle., The corresponding velocities of the actuating
Jet are c¢,, and c,y, the velocities of the entrained
Jjet Czo and Coxe %These notations apply exclusively to
the case 1 treated here.)

Then the integration of equation (55) gives

Cax = - f; + i (c c )J (56)
2N = 20 o 5o 3 1LE
4 i G
PN T g
with
LN veag ¥ S
RIS
Gz
which, inserted for czyx = cz in equation (54) (wherebdy
¢, = ¢,x) takes the form

~fgl dec,

[a ¢, = D]"

= K,dx (57)

where X, represents the same quantity as in equation
(53) and

G1/Ga

1+ F x WiglE,

_Czo + ¢35 G,/Gp
44
1 + k XQ/Fx/FO.

4gain quantities a and b can, because of the
minor effect of the term with Kk be treated as constants
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in the integration; that is, substitute the mean value of
F in the pertinent integration path x, so that

ko .l.[ iz _ _Cig } JaT5 1, (o n/BTE) (o o=/oTe)
, *leax-b/a c;o-b/a  (Verz-vBTa) (o gtBa)
(58)

~ The best way to use this equation is to introduce dif=-
ferent values for c¢,y and to determine the corresponding
Xx. Then the pertinent section of the mixing nozzle is

PP G
G, Ga(1l + k x JFg#F,)
Fe = + (59)
% | 1
ix | cao + (10 = €1%) by
& G2
while the correlated velocity ratio czx/c1x 1is obtained

from equation (56). In general, it can be proved that the
section F, must decrease as the distance from the nozzle
orifice increases, so long as the wall friction remains of
subordinate influence, as is always the case along the in-
take.

The intake piece of the mixing nozzle ends where Ty
becomes equal to the best narrowest section Fp obtained
according to II, b,

It is advisable to carry out first a calculation with-
out regard to the wall friction with k= O, so0 as to ob-
tain a safe starting point for the more accurate calcula-
tion of x and Fy; contained in the last term of equation
(59) and in the express1ons & andi. b, if the minor wall
friction effect is being considered at all.

#s the onset of mixing in the intake is always accom=-
panied by very uniform mixing vortices (fig; 10) the cor-
rect X value at this point may possibly diverge more from
the previous value 0., since the latter refers to the
case of uncontrolled intermingling.

2. Mixing of jet by constant section F.- Thisg¢case is
important for computing the flow conditions in the narrowest
point of the mixing nozzle of section F = Fp. Its solution
makes it possible to ascertain the degree of mixing of actu-
ating and delivered fluid in relation to the length of the
narrowest section. The better the mixing the closer the
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velocity ratio cz/c, approaches the value 1. The ratio
ca/cy at entry in the narrowest section is already known
from an earlier calculation.

In equation (53) Xz is again treated as constant.
If, temporarily,

f—
G, + G
i =v//“l————3 ’ S5 Sxt Ba
equation (53) (with allowance for the fact that now =
e
1
0) appears in the form
3 Tt
(3 = Baw®) " wtteov® £ 7 e th
2 dv = = / 2——2 (K, - K,) ax (60)
(1 - v2)® 2
whereby
G G
kl= L . ky = £ = l—kl;
Gl+ G'g GJ_"' Gg
2
X, S Ky koo
3 \Gl"' Ga)z 3 2
The first term of the fraction is changed to
1 =~ v2 4 kov?\° v°
b = v2)< 2 > + ks 2y 2
1 - % (1 - +v%)
= 3 6 = 6
| ke g® 7 .2 54 ks ¥ ks v
= (1~ vB)Ll + ! - g 2

+ + +
1.~ %% (1~ «2)F" s e | s e

P d . Thew T
+

e v (s ks ~ 1) & :
1 = e (1 = %)~

In addition




36 NACA Technical Memorandum No. 982

TR DEIT S MR L

4
(]

R B PR L (R |
gl atiiis e (s 2]+ 13

v© o= w{l - v2)(1 S [ S|

+

== va)[z (1 - v3) + v4] + 1

2 <1 -~ ¥°)[5

gls =~ 27 + {3 =~ 9717 + 1

after which the solution of the partial fractions gives

1 2 2 = Vv & 2 + v
(e G S il i~ w1 gl e w)®

whence
3
¥ (1 dx ¥ b omue®
PV dav
(1 - v3)
Jo
X
3 &z V Tt
= (Big W RGNt deetER, 4 Ay i
it 1l - v 5
with
a1=k1(1+k2);
ks
B a i (k, - kz) ;
ke
ag = —E—;
®®
) R —

4 -

Therewith the solution of equation (60) reads
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(Eas~ Ea) /il—" </— > = Eanpel L<c1x> .

¥ C16

L (H/poc ><1- o
|
!Ll'pogioz 1->p°v «/Po (‘/Po )(1+J§)

Here and in the subsequent treatment of case 2:

(3]

(61)

C,o actuating jet velocity At entry in narrowest sec-
tion of mixing nozzle

C oo entrained jet velocity .(reference section)

(s velocity of actuating jet

At x distance from refer-

czax velocity of entrained jet ence section

/ N
¥ = | (R
By =R mZ Gl

v / Y / Pm >8 ——
= 2
Pn = YPo Px
Gl -+ Gz G‘l + Ga
Bly 5%, i P %, SN
105 Cio FY ey

In equation (61) as in equation (58) the procedure is to
assume different °1x/°10 and compute the corresponding x,.

For a preliminary calculation it is expedient to put Xz =
O in order to obtain a sufficiently safe starting point
for the more accurate prediction of pp.

The velocity vcéx bf the entrained jet is determined
from equation (51), at

G’gcm
&Y O =0

=

Czx
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The pressure rise A4p = p - p;, 1in the narrowest
point follows after addition of equations (46a) and (46b)
from the relation

G G
F dp = = 15 B - 2; des - AW (62)

with
¥ vy

aw AN — caa d0 =A /o F — c2° dx
g 8

for the secondary correction term dW according to equa-
tion (48) and ;

2
Cam ~ Cg0 Cax

as accurately enough for the mean value of the velocities
Cz = Ccpp on the length x. :

Then the integration of equation (62) gives

G, -
Ap = Py ~ D, = gf (c10 - Clx)

Gz 5 J/; Y
= z}!:' (ng - Cao) - A -f ‘g’ C20 Cax X (63)

The progress of intermihgling is apparent from the
ratio cazx/cix. At the end of the narrowest point (at x =

L) this ratio has increased to around 0.7 to 0.8. Ob-
viously the pressure rise Ap - is so much greater as
czx/c1x approaches the value 1. That is, the more incom-
Pletely the velocity is equalized the smaller the pressure
rise in the throat but at the same time the greater the
impulse at entry in the diffuser. Although the pressure
rise in the diffuser is somewhat greater as a result, the
total pressure rise in relation to suction chamber pres-
sure is nevertheless less than by better velocity equiliz-
ation at the end of the narrowest point. Now, since a
very good velocity compensation (i.e., czx/ci1x almost
equals 1) calls for a very great length L of the narrow-
est section, which causes la fairly high frictional re-
sistance, there is an optimum length that can be approxi-
mately computed from the total pressure rise by variation
o . LY e ok
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3. Pressure rise in the diffuser.- Solvable forms of
equation (53) could be obtained for the flow in the dif-
fuser with, for instance, the introduction of the secondary

condition

e n
Fcl 'Y= Go<?l2
&

where Go = Fp ¢,, ¥ and N§ indicate constants and for
the exponent an =0 or 1, 2, 350 etien (The reference sec-
tion F,, in which the velocities Cio and e30 prevail,
lies in this case 3 at the end of the narrowest section

of the mixing cone, that is, at the start of the diffuser.)
But, because of the very nonuniform velocity distribution
Cz over the section as a result of the break-away phenom-
ena on the outside wall, this together with the influence
of the continuous cross-sectional increase would lead to
results markedly diverging from reality, since equation
(53) is based on the assumption that ¢, and ¢z are uni-
formly distributed over the Jet section. Hence it is
preferable, even for nonuniform inflow velocities Ci10:

Czo to the diffuser (that is, with incomplete mingling)

to compute the pressure rise with the help of the diffuser
efficiency n in the following manner. (Since (3% and
Cz are referred to diffuser entry only, subscript o can

be omitted.)

The prediction of €, = Cj3ov C2 = Ca0 at the end of
the narrowest point being possible conformably to the
earlier case 2, the energy equation for the conversion in
the diffuser can be written in the form

P, - p G G
(G, + Gp) =2 5 L nd[——i A —= (c5? - cag)]

28 23
or
AEERT . 2 2 L 2 2 }
Py =By = Ny EE!-IfITI (cl o ca®) + Ij:jz (c2® - Ca )J (64)

Obviously it is expected that with given diffuser the
efficiency ng is not of the same value under all condi-
tions, but rather to be slightly dependent upon the speed ratio

Cz
V= v; at the entry in the diffuser; ng will drop per-

ceptibly if vV becomes considerably less than 1.

Now if is of interest to compute the pressure rise
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for incomplete mingling at entry in the diffuser at mean
jet velocity

G, + Gz G, + Gz 1 + p 1 + B 5
Cn = = a Cqy = (o3 R = el
FmY Gl + -(—:—:— Gg B+ % 1 +pv

instead of the actual jet velocities c¢i, cCgz. In dis-
tinction from equation (64), pg'! now indicates the ter-
minal pressure and mng' the diffuser efficiency. Then

ghpt

2 2

It is readily seen that the pressure rise for ng' =
Ng would be different from what it formerly was. To ob-
tain the same pressure rise as before, the diffuser effi-
ciencies must be in the ratio:

6.0 ‘Blent - 05°) + (6% - c,*)

ng (1 + B)(ey® = e,%)
/ _‘i_\ - 2 5 ca\'\
2+ o )1+ w v)® - (1 + p) < ol
% (65)
g g5
(r a8l i -/-—i>
L \ n
or, by negligible discharge velocity Cyt
N, by (L +po)?
i _5> : (652)
Ng v (1 + p)

Figure 11 illustrates this ratio in relation to v for
different w. For v values slightly less than 1 there
is no marked. difference between nd' and na (in this
case the pressure rise can be computed with mn43 and the

mean velocity c¢5), while for low values UV, that is, very
incomplete mixing, the diffuser efficiency nd' referred

to means inflow velocity c, mnay become very high and

subject to very great changes (hence must in no case be
equated to mng). Thus it appears practical to ascertain
the degree of mingling in the mixing nozzle, according to
the method outlined for case 2.
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b) Gas and Steam Jet Pumps

Owing to the variation of specific gravity Y and
its dissimilarity in the driving and the delivered jet
the conditions here become so complicated as to render
a solution of the problem impossible if they are strictly
allowed for. So for simplicity it is assumed that in a
section F of the mixing nozzle the specific gravity ¥
as well as the heat content' i of driving jet and en-
trained jet is equal.

Puting the heat content 1 at
(Gl + Gz) i = Glil + Ggig (66)

gives the energy equation

A

P (G165 + B305®) ¢ 00, Y0330 & B, 4 V05 &,
or
i A - i 3
&% g, W e SN Y )J (67)
1+ b [p' 8 0. e MRl 2

According to the previous equation (31) the specific grav-
ity is

o p(l + W)
¥ o = RT = — (68)
Cl_“ie-"' io - K(1+ W) -—é‘ig-v(pc,f + caz)]

the values C and K ©being known from the calculation
under II, b, Furthermore, the continuity equations (47)
give for the driving and the entrained Jjet

; i - Gl s G’z N n
Y= S| == § ~= vpt 8
F <cl " Cz ) : ’ (a8

The validity of equations (46) to (50) for the mix-
ing process is the same as for incompressible fluids.
Adding together equations (46a) and (46b) gives

dp = = Ga dcl+£§-dca+>\"“n'F%022dX] (70)

| &
LE g

b fi
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%0 Cax ”
- ol —_—t . 2 AT —2= cop°x (71)
Py Po * g F g F gV Ty
“eyx Czo0

with the last term again an unimportant correction term.

1. Mingling of jet at constant pressure.- (Intake to
beginning of mixing nozzle*): Owing to dp = O, the in-
tegration of equation (70) (reference section as for case
1 in III, a) 1s simplified to

ag
“'(clx - C20) + Cax = Czg + -G—g' X =N 0) (72)

whereby

Yin G
& Nl -l

with

Q
(V]
B

u

Q
n
o

o
M)
b

b

u

j
o

e
™

Equation (72) follows from the relation between ¢ x and

Czx, Gto be determined in first approximation with correc-
tion term x disregarded (since length x is as yet un-

known) and later on corrected. The values c¢,, and cazp

at the end of the power nozzle are known from earlier cal-
culation.

The flow section Fy required is according to equa~
tions (68) and (69):
Gy G
cix T Tax ( : A 2 a2
W s Ol 1o 0 4 - K(1+-p)-§g(p c,g + Cax") J(73)
L “')Po = v .

This equation defines the velocities <¢,x, Cax eXist-
ing at entry into the narrowest section computed according
th 11, b.

*It is assumed that the driving jet manifests no vibrations
such as occur in the supersonic range in certain cases (if
the nozzle expansion is insufficient).
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For computing the lengths x, it is best to use
equation (46a),which, because dp = 0 with allowance for
equations (45) and (50), takes the form

Gi G v 2
@6 % X w5t iR ek e, - ag) =9
p C, % m 2 Qx‘y z ( 1 2

The integration of this equation gives

J,_‘ , s YO
x = Lt J/“ ¢ de, (74)
X;nz'Ym J
. X
whereby ha i
'\/C]_

(Cl o 02)2

Qo =

(with Cz = Czx according to egquation (72) is plotted
against ¢, = ¢ 4 (fig. 12) and preferably is integrated
graphically. Because of the minor variation of ¥

Yo = VYo Yy

is sufficiently accurate. A subsequent correction can be
effected with more accurate consideration of the term with
x in equation (72).

The length =x for each section ¥y can be deter-
mined from equations (73) anda (74).

Since the section T at the end of the power nozzle
can be computed according to equation (73) or, more accu-
rately with consideration of the actual specific gravities
in the power and the entrained Jjet, which, of course,
vyields a slight difference, the F values can be corrected
subsequently, bearing in mind that the difference between
Y, and Y; decreases steadily with increasing interming-
ling of the two jets.

2. Mingling of jet by constant section F.-. (Pressure
rise in throat): According to equation (71), it is in
this case

G,y

Go
B W+ = (B30 .~ Cyx) = = (cox = ¢2) - a x (75)

whereby, as in equation (72)
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—'Ym sza
a = Nofm BT
g/F

with c;ma M Cgo Cax

S A TSE—"
Yo = MYOYX
subscript o (corresponding to x = 0) now refers to

t?e beginning of the narrowest section {as iIn case 3, III,
a -

With the aid of the two expressions for Y according
to equations (68) ana (69), P, in equation (75) can be
eliminated, leaving

c <G1 Ga>" A 2 B
& p i+ -K(l+p) = — (pe + ca )J=
1+p \eax cax L ot 2g e A

G
= ¥ pg + 2? (cy0 = c3x) = ?f (cax - cz0) = a F x (76)

With this equation the pertinent c¢zx can be computed
for any assumed value ¢,x, the correction term with a
being temporarily postponed so as to obtain a preliminary
solution. And with equation (7?5) the pressure py for
each pair of ¢4, C2x and with equations (68) and (69)
Yy can be obtained.

For computing the mixing lengths x, equation (46a)
may be used again, which, with allowance for equations
(45), (47), and (50) can be written in the form

G ; dp e e cy & 1k C
Lie, ¢ =X T2 — oy <1-—-1-> = 1+—i-> dx =0
g .—c_.l_> 8 Cza F S eF-Y

/ ® de, - ﬁ V dp (77)

- T

1
X = ———
| sy e

wheredby
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o)

1
: = R v
c1<l i Cz> Tk B Cz

Y =
) (l b
i

The integration should be made graphically, with ©
plotted against c, and V¥ plotted against p as in
figure 12. In this manner the extent of intermingling
with the length of the narrowest section can be ascer-
tained. For gas and steam the mathematical analysis of
the mixing process is unfortunately more complicated than
for liguids.

3. Pressure rise in the diffuser.- For gas flow in
a diffuser the conditions are fundamentally like those for
liquids (see III a, 3); hence it is again preferable to
compute the conversion of energy simply with the help of
the energy equation and the diffuser efficiency mng rather
than on the basis of equation (53).

With ¢, and ¢z as the velocity of the driving
jet and the delivered medium, respectively, at the end of
the narrowest section and Hyg" as the adiabatic compres-
sion gradient corresponding to the pressure rise from Py
(at diffuser entry) to Pgo the energy equation reads

A
(Gy+ G2)Hg" = ny §§[G1(012' cg®) + Balea” = igg® )]
hence
7 A
Hp" = —4e — [p(e;%-ca®) + (c2®=c,%) ]
K 1 + p 2¢g . ;: F e
where ¢, = Tc, is usually negligibdle. On the other

hand, there is the relation

Pg = Pp @

similar to equation (41), whereby
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Hp" \-L- Hy " 1 - A0  Hpt
® = <1 i )AC =1 + X (1 + )
in = K AC(iy - K)\ 2 AC i, - K

The heat content i, at the end of the mixing noz-
zle itself follows from the equation of energy

. A ~ 2
@: g # Gz 15 = (G, + Gz)ip + 572 £G, ¢,° + 03 o3 )

&
at
i il A % 4
L S i e c + c )
n 1 + “"Lp‘ e 0o 2g (“' 1 2 _l

Thus the obtainable end pressure P, can be checked
more accurately than in III, since the more or less incom-
plete jet mingling on entry in the diffuser 'is allowed for,
while previously the mingling had been assumed to be com=-
plete. Naturally, the present relations hold for steam
ag welltag oy oag . in the latter ease with K = 0, C =
R/ecp, and i = cp T, By plotting the gradient Hg" from
point p,, i, upward, the end pressure p can be de-
fined equally well with the aid of the i,s chart directly.

Gases at supersonic flow have a great tendency to
abrupt pressure rise as a result of gas shock (especially
at the beginning of the narrowest point). Since this in-
volves profound shock losses, abrupt pressure rise should

‘be avoided as much as possible.

IV, JET PUMPS FOR DISSIMILAR SUBSTANCES

If the driving medium and the delivered medium are
different substances but of equal state of aggregation,
the calculation process is the same as given in I and II,
but the equations receive in part a different form. (In
this connection the notation under e dn G < B S Ly o |

b,2 are those of I and II, the notation under a,3 and b,3
those of III,) .

a) Jet Pumps for Liguids
1. Pressure rise according to energy eguation.- With

Y, and Y, as the specific gravity of driving and deliv-
ered medium, respectively,
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Q
-
|
.8
=
%\ ,
()
o)
)
~

28
Cz=@a/7;(po-pl)=aco

Equation (1) for the mixing speed cp Temains un-
changed, but equation (2) becomes

2
ﬁ=/1+aa<“££> Yz (78)
& Po 7 Ny

0

The earlier equation (3) takes the form

Y
280 2
B~ By = g% Bo + o (B2 ) 5t TH

Y

2 2
=N 2 [cm = Gy J

and the specific gravity Ym of the mixture follows from

Gl + G’a G’1+ G'z
Ya Ny s
or
po+ 1
_’Ym = Yl ¥ (79)
ey
5 'YB

Entering the relations for Y, and cj, in the equation
fox¥ Do - p, affords

L 4wk =l e (80)

with




48 NACA Technical Memorandum No. 982

i o °1>2 Pe ~ o . gt . 2
\ Co W0, %5P, = By’ M0RF Ty
¢ i
" 0.5 N | 2

Sl /iChy (Pa po)\'Y g/ & Yz
Bas —--a>+ 2 + S CR I

Co “Co 2n9,%(pe - Po) 2n 92 1

2

g <Ei-- a

Co

which, resolved, reads:

B ca
=51+ /1 - 25 -1 (81)
g B® |
For Y, = Y5, +this becomes after various transformations

equation (4).

For computing the narrowest section, equation (5)
now takes the form

G
Fpo= (14 2)(1 4+ ) — (82)
Cn'm
and for the efficiency
o
Go w7 "
e e 4 ok g Bal B0 (83)
T - %3 p.i- D
c Pg.7 Pa e a
Sl

1

2. Accurate prediction of pressure rise.- Equation
(22) remains unchanged. The introduction of the corre-
sponding specific gravities Y and Y, in equations
(23) and (24) gives in place of equation (25):

2

2 (84)

1
§= 4}\_11_.__
da ¥y

Substitution of ¥, for Y in equations (26) and (27)
changes the form of equation (28) to
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2 c

Y (o)
ol
Al
g . kR 2 2 R
% (1 a)-+———— (o -T)-<—-) i (85)
g T / ¥, N4 Py Y,
T
Y2

From it follows the proportional consumption of propellant
at

i fui 2
Qpa L —i+0(2+§-nd)-20'tx+<cpi> +nd72
P32 (pg = Do) Ya 2 (86)
Cy - 2 Y3 A Pl
206—‘—[0“‘(24' g ""ﬂd) +<C—Og'-> Vs ndTbJ_ za 0
0 "2 1 CPJ_ (Pe-'po)
In equation (30) Y, replaces Y, so that
o
G2 (F # —&'>
b (87)
F =
m
ge, A

The process of calculation is, of course, fundamentally
the same as in II, a.

Since, according to the arguments advanced in II, c,
it is best to have the driving nozzle extend in the narrow-
est section, the relation

G G G, + G
Fp = £1 4+ f2 = -+ Y . g holds true.
c1Ya ca¥e cn Yn
With equation (79) and ¢, = ¢ e¢,, 1t follows that
Co ks 4 Y,
u?;+a72—5<u+:/:>

or
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6 5 s

- - 1) ==

(07 'Yg
o)

Wy i Y
/l+a,2<(.6-:-'- _2_
T2 e

Different values a for a certain value ¢ give, in
general, different w +values for equatiom5(86) and (88).
The correct solution of o 1lies only where the two P
values are equal to each other, that is, where the two

p curves plotted against o intersect. In this manner
the pertinent values of o for different values of C
can be determined and so the absolute optimum point for
a minimum p be obtained.

(88)

3. Calculation of the advancing mixing process.- So

far, no mathematical theorem is to be found in literature
for the turbulent intermingling of liquids of different
specific gravities. However, an attempt to supply one
will be made.

If, as in figure 10, there are two fluid flows of
different velocity c¢,, ¢z in the same direction (let
c1:>cz), but of different specific gravities Yl, Nial the
boundary surface here also will manifest minor disturbances
(fig. 13), which, as there, gradually grow to great dis-
turbances (vortex balls). At the point of disturbance on
the boundary surface itself a small pressure disturbance
6p will occur which evidently is associated with the
rate of advance ¢y of the point:of disturbance and which
may be expressed by the following relations:

. 5

where k; and kz are proportional values. Now assume
that ki = kg, Then

c. = 1 (90)

or
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Cl— Cg

cg - Cz = ————=—
Yo

1+ [/ —=

A

Yith the growth of the disturbance the first and
the second fluid, respectively, penetrates at a rate v,
and vz, respectively, in the other fluid, and it sug-
gests itself to put the mixing speed at

b S R !
Vg Cs = 32

or
vi=2x(e, = cg)
va Aha ey = o (91)
where X 1is an empirical value (X =~ 0.1). |

Then, if from an originally straight fraction 0. of
the contact surface of the two flows on a port 0., the
first liquid penetrates the second (fig. 13) while the
latter flows into the first on the remaining part 05, the
exchanged volumes must for reasons of continuity be equal,
that is: ; ; S :

0, v, = 02 va = O¥ (92)
with v denoting the mixing speed referred to the total

surface piece O. Since O = 05 + 03, it follows from
equations (90) to (92) that:

e S 0 ;v ”
i 1 1 - SR " 2% (Cl 02) (93)

¥ . LA . Y Y
SRR g, o = 2+«/7Y_l+«/:(_2'
Va2 2 sl
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Figure 14, showing o plotted against ii, dis~
X(Cl'“ ca) Yz

closes that, under otherwise identical conditions, the
mixing speed v Dbecomes so much slower as the specific
gravity ratio Y,/Y, departs more greatly from 1, and
that - unless the departure from value 1 is too great -
the mixing speed is almost exactly as high as for Y,/Yz =
Lis

The momentum exchange through the small boundary
surface O effects an apparent shearing force P which,
as known, can be computed at

g g

where

AG'2=OV‘Y3

are the exchanged weight quantities. Hence

2 G Y - e i gy
T = I B (e - c3) (94)

1Y, Y
2 # — + '—3 ¥
‘Yg 'Y]_

For Y, = Y3, equations (93) and (94) become the equa-
tions employed in III,

Zguations (23) and (94) can be transformed also for

mixing fields with steadily changing values of ¢ and ¥
Bf

dc

Cy = ¢, ca = e 4+ Ac, Ac = T 1
4 X oY
'Ylv = 'Y, Ya =Y —+ A'Y, AY = — 1
on

where n 1is the direction at right angle to the flow 4i-
rection and 1 +the mixing length. Then equations (93)
and (94) are revlaced by
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2x1-§£
v = & L8 - (93&)
L1 oay\*/e 1 3y \~1/2
ORI (6 ST L + (1L ¢ = =
“ < ¥ on < ¥ on
Ty i ale ¥
T = . -QE (e ¥) (942)
r 1 3V \2/2 1 oY \-ilr/z] o8 o4
g il+ <?4-— ——-> - CL+--—— )
L Y an

Y on

As manifested by equations (93) and (94), the calculation
of mixing fields with variable specific gravities is much
more difficult than of these with constant Y wvalues. In
view of these difficulties the exact method followed up to
this point is dropped in favor of an approximate method
according to which, from the very boginning of the mixing,
that is, from the end of the driving nozzle, the specific
gravity Y, is dealt with as constant according to equa-
tion 79 for driving and delivered medium. Since, accord-
ing to equation (93) and figure 14 - provided the differ~
ence between Y, and Y, - the mixing speed v is in any
case almost exactly as high as for Yy = Y2, this simpler
method is definitely justified. If necessary, the effect
of the dissimilarity of specific gravities can be taken
care of by a slightly lower value of X . Besides, there
is no practical demand for the caleculation of jet pumps
with very great difference in specific gravities in driv-
ing and delivered liquid.

Inasmuch as the specific gravity Yn 1is considered
constant in the approximate method, the sections, by equal
speed of driving jet c¢; and equal inflow velocity c»
at the point of the actual sections f1, and f5, are some-
what different:

i

-fll = flv_l
‘m
3

f2' =f2—§

Ym

(95)

and consequently a somewhat different section F'= f,! + '
at the actual mixing nozzle section P = f1 4+ Es ‘with
which the calculation of the advancing intermingling in
the manner of III, a mnust be effected. For the practical
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execution of such a calculation the best procedure is to
determine the values £;', £5' and F= f,! + £5' at

the orifice of the driving nozzle and to assume for the
time being constant pressure for the mingling until the
section F' of the mixing nozzle decreasing with increas-
ing mingling is almost equal to the actual narrowest sec-
tion F, of the mixing nozzle. The subsequent calcula-
tion of the progressing intermingling for constant sec-

tion F, follows, of “tolrsb, "IFI; a,;"

b) Jet Pumps for Gas and Steam (Vapors)

1. Pressure rise according to energy eguation.- For a
jet pump operated with dissimilar gases or vapors or by a
mixture of gas and steam in which the driving pressure Dpg,
the suction chamber pressure p,, the terminal p, and
the delivery volume Gy are given the equations (%) to
(11) remain temporarily the same for the individual kinds
of gas and steam,

As for the value ¢ in equation (11)

Hp
B R

is valid, whereby € can now become positive as well as
negative., The gradients H are taken from i,s charts or
else may be compared by generalization of equation (41)
according to which

i- K (L i - K A H & ok
_PL:( )Ac=< 2 \AC=<1:_ ) ;v
p! TR e f -« K ;
TV,
H= (i - K) ‘—1 -(-1-’—> J (96a)
L P
for expansion, and
; ; e 4 1 - L
. = 2 -K\AC =<1+H-K>AC=<1+ H > AC
P Nl i TG o i~-K i =K ¢
r AC
AN
H=(1-K)l_<-1-)——) -11 (96D)
P J

for compression.
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The constants C and X can be computed again with
equations (32) and (33) from two points I and II, which
would be located as near as possible to the beginning
and end of the actual expansion and compression line,
respectively. It is accordingly

£ -aC,
Boo= (4, -~ ko) |1 - %) 7{ (96c)
5 -AC,
8.5 it - BOMEE -<-§-§-> J (96a)
K . r P -AC;7
By Enle, =&gds 2 -(i—) Jl (96e)
- -4C27 "
Tty o (sl ‘o = .P-L) i 2/2_]_._\61- 96f
By = (il Kz)l-l <Po J|-C° \nghe( 65)
= ACz 7
HK = (iO - Kg) <-P—a-'-> - ll (96g)
- PQ -
= D A.C»l —l\ i
- 2 e a
Hg o= (i, - nl)|_( -P-l-> - 1 (96h)
r ACz i
Hg ' = (i -K)i(-l?—é> - 1] (961)
o J

By an assumed value o the pressure -p;; according'to
equation (96f) is defined by the relation 4

r ~ 2 -
i ‘Pl H E A
Py ¥ By | L = &% €7'> —_ Ca
i a2 io - Ka_j
The heat content i and 1m2’ respectively, of the

driving and the delivered medium, respectively, after ac-
complished intermingling at pressure p; is, instead of
with equation (12), computed by

2
c
poi +im2=pie+io-(1+u)<m> (97)

L 91.5

If ‘on the preséure line ﬁl" (6f 3p°) two points are se-
lected with any temperatures t' and t", but located
within the temperature range for the intermingling in
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quesfisn, and Af. 3,4, 4,0 aend o', i,", respectively,
are the corresponding heat content of driving agent and
delivered agent, respectively, an exact or sufficiently
accurate relation for the heat content 1i;, i, at a dif-
ferent temperature and equal pressure is found in

ig = ig' + k(il - 11') (98)

where
ig"" ig'
k=-.-—-'—--—-'
1, + il'

If i,, 1z are replaced by iy , im,» equation (97) can
be changed to a

—

1 i
i Bt i 4 kL ow LY # u)(
ok p.+kt,. i .

8 .>2 - iz'+ ki '
91.5 B 1

(99)

This defines iml, and 1ip, follows from eguation (97)

(il' and iz!' now refer to the state before mixing at
pressure Dp,).

¥ow the compression gradient HKl', HKa" of driving

and delivered medium can be computed from equation (96n),
and the compression can, instead of with equation (13)

be expressed with
e 2
ak
/ —
( o= & &

bHg '+ Hg ' = (1 + ) n oo %H N < - 72| (100)

ST
or, in different form,

e u)® & o] & p) BE . C

whereby.
c 2 !
A =/._i‘> PEISN 0 A
\ Co n 4912 Hy

AL 1
B:EL(E.&.—Q,)-]—HKJ' HKB
Co -




NACA Technical Memorandum No. 9282 57

Hence follows: :
i o
B / CA |
e NS | e il 101
o % Ll + /1 =3 J ( )

In the expressions for A, B, and C, sufficient accuracy
is retained with

) g s NP
HK2 =HK+H2=HK+G‘<E’:> Her

i P 2
Bg, ! = Hg ' (1 + ¢") = (1 4 €') LHK - a3<55%> Iﬂe]

The value ¢! can be obtained by computing - for the
adiabatic compression from an initial state pgy, tp (with
tp, within range of the prospective mixing temperature)

to terminal pressure p, - the compression gradients H,,
Hz for the driving and the delivered mediums; then

B,
Ha

For computation of the cross section the mixture is
best treated as a homogeneous elastic substance which fol-
lows the general equation of state according to equation
(31). Select two points I and II located approximately at
the beginning and the end of the compression line and cor-
responding to the states pj, t7 and py1, trr, Trespec-
tively; then the mixture follows the old relations

o4 oelt =

P v = C(iI - K)

Privyrs C(ipg- K)

whereby:
1
v_ = (p v g, G
i T o I, Iz
Bz (o v + v )
I.L 1 + “’ IIl IIa
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¥ 1hst Iy Iz
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Then C and K can be computed with equations (32) and

(33). TFor the compression to an intermediate pressure P
there is again equation (18) and the relation between D

and the compression gradient H' 1is given by

il
1 —
EL = <l + H >AC
Py i T
where ip = (b ip + ip )/(1 + p) 4is the heat content
1
of the mixture at the beginning of compression (equation
(97)). The heat contont i of the mixture at pressure p
follows from equation (19), where iI = i3 the specific

volume v follows from equation (31). Herewith the cal-
culation of the cross section for the determination of
the narrowest section by means of equation (20) can be
effected. For the efficiency equation (21) is applicable.

2. Exact prediction of the pressure rise.- The equa-
tions developed in II, b remain valid without change.
In equation (34) ¢ 1is defined by equation (84), with
¥2 and Y, referring to the state at the orifice of the
driving nozzle. The constants C and K appearing in
the subsequent equations are to be determined as explained
in IV, b, 1. However, since these values contain up, a
first value of the u must be computed according to
equation (101) before the more exact value can be computed
from equation (42). Since C and K were computed with
the temporary value of W, a correction must be applied
later on.

The conclusion drawn in II, ¢, that the driving noz-
zle should preferably extend into the throat of the mixing
nozzle is again applicable, provided the driving Jjet
pPossesses no excessive supersonic velocity. Then it is
again Fp = f, + fz, or

Gl =+ G’a Gl G‘a

= +
Cnyn 0171 CzYa
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Sl <
s kil G )

Since
\ n =

1
\ ¥
; and in are defined by equation (36) and Pn by equa- %

tion (41), it follows from the foregoing relation that |

T % (102)
waere
(0] 5 Y
S - T
O_Pa @ Yz
c Y, @ c
B = - K -0c2p,2 H) - =2
O-Pa ( (<] Cpl e C1
’ He " e 48
& =K1+ - >AC
in - K
2 \
G (51Ce ) 2 2 |
Hp ¥ = Lz N |
® a\91.5

® 2
2

S =~//l G 10 _J;>
Co I e Ny

The value ¢ . is-.computed with the temporarily ‘obtained
value p; Y;: and Yz refer to the state at the power |
nozzle orifice; hence

|

|

]

_]_'.—=' = : ::—2‘-221_ ZH<2Q—K
- il . Py [ g T ]

O [ & 2 9. \2 Hp e
< 1 ~ X

(o] 10 - Kg_!
Co(ip - K3) Ca :
’Y—l-=v2= ""—"Eio"a, CPle He"‘KEJX
2 P, Py
o S
x [1 e e 2
2 ey
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The value of W from equation (102) must agree with
that from equation {42) if the power nozzle extends into
the throat of the mixing nozzle. For an assumed value of
0, o« mnust therefore be changed until this agreement is
achieved. This calculation can, as for liquids, be car-
ried out at different values of 0 to find the best point
with the minimum value of K. This method could have been
employed at the end of II, ¢ for uniform gas or vaporous
substances, dbut it was not done.

Naturelly, in the case of high supersonic speeds,
there is a limit even here, beginning at which it becomes
impossible to bring the driving and the delivered medium
at orifice pressure p, in the computedly optimum narrow-
est section ¥, of the mixing nozzle, and from which
point on the equations for computing a jet pump becomes
more complicated. The cross section F; of the mixing
nozzle can for every orifice pressure P, be obtained
from

o, b

By =
c1¥3y ca¥2

and by assuming different values. for p 1its minimum value
Flmin through which this 1limit is given.

If on a jet pump for dissimilar substances the value
of p Dbecomes very great (of the order of magnitude of 10
or more), no accuracy is sacrificed if the delivered medium
is assumed to be of the same substance as the driving
medium. But if p is very small (of the order of magni-
tude of 0.1 or less), it again introduces no great error
if the driving jet (by preservation of the true discharge
velocity from the power nozzle) and the delivered jet are
assumed to be of the same substance. If the constants
C: and Cp (equation (31)) of the two substances vary
little from one another, these safeguards are even allowed
at a. ¢ value, which is. 8till closer to 1. In such cases
it is then possible to somewhat simplify the calculation
of a jet pump.

3. Calculation of the advancing mixing process.- Here
also the simplified method by assumption of constant spe-

cific gravity over a section is applicable, as is already
effected in III, b gnd in IV, a, 3 for fluids. The entire
developments under III, b remain the same, Naturally,

the constants C and K of equation (31) must be computed
in the manner described in IV, b, 1. In addition, it must
be observed that instead of the actual section F of the
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mixing nozzle and of the actual sectiorn f;, of the driv-
ing jet mathematically correct sections F!', £, ' are in-
serted, whose initial values on the power jet orifice can
be determined as in IV, a, 3 for fluids. With advancing
intermingling the ratio F'/F as well as f;'/f, con-
tinues to approach value 1. As for fluids, it suffices

to assume at the start, the mingling at constant pressure,
until F' almost reaches the value Fy.
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Figure 10.- Photograph
of the first

mixing vortices forming
in the contact surface
between two fluid flows
of different velocities
(see arrows),when the
two flows were originally
separated by a thin wall,

|
!

Figs.7,10,11

Figure 7.- Intake of jet
pump for liquids
or gas at subsonic velocity.
(The pressure varietion lines
IYII',ITII' correspond to
mixing nozzle shapes I,II
and III.)
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Figure 9.- Power jet entraining
the surrounding medi-
um as a result of mixing motions.
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