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G~NERA.L RETJA T IONSRIPS ::njTW~::;:H THE VARIOUS SYSTEHS 

OF REFERENCE AXES EMPLOY3D IN :irL I'GHT I:EC:9:A1TI OS * 

3~ H. J. Rautenber~ 

The different ~ocsi~ilities of orientation of the 
systems of axes curr eutly employed in fli~ht mechanics are 
r.om p iled and descr i bed. Of t~e th r ee ~ossible ~ou~lin~s 
~etw8en t~ e ~ind and aircraft ax~s, the mo st suitable 
couplin~ is that in whic h the ~ axis is ~a de the princi­
pal ax is o f rotation f or o ne of the tw o c ouplin~ an~los 
( an~le of attack cr.). This couplin~ is t ermed the If:i;] 

cou~lin~.1f 

In connection with this cou~ lin~, an experimental 
system of axes is in tr o duced, w~ose axes Xo ~nd ze arc 
situated in tho p lan e of symmet r y of the 3irplane and ro-
tate Rb out tho airplane 1~t8 r a l ax is v = v This svstem - .. ... e 
of axes enables tho utiliz~tion of the coeificionts ob­
t a ined in the wind tu~ nel ~n the fl i ~ht-mo chanic equations 
by a simple tranGforrnation, with the aid of the Gn ~le of 
atta c k a. measured in the plano of symmetry of the air­
Illcme. 

With the i ntroduction of a thi r d couplin~ an~ le, the 
E couplin~ is extende d to the c ase o f the ~ir~lane on a 
e;round p l ate . A sp eci a l IIsysteI:1 of \7 il':.d axes to be used 
for measurements wi t h ground p l ate If i!:'. explai ne d . 

Of three ~oss ible c oup linis between t ~e aircraft axes 
i, y, z or th e r ind Rxe s xa' Ya' z a and the ~ round axes 

x~, y~. z~ , t~ o r ost suit ab le c o uplin~ is obtain e d if 

the z axis of the b ns ic ~ round oystem and the x axis 
of either t he a ~crnf t or the wind system, re spe ctive ly. 
a re ma de the p rlncip~l a x e s of r o tntion . 

- - ------- · _------_·_------------ - - ____ 0 _ ____ - __ _ ____ • _ __ • _ __________ _ 

* "Die e;o';ens e i t ip.;8 Kopp lul'c.o.: der flu";T:1e cha nischcn Ach son -
kreuzo. 1I Luftfahr t forsc!:m no.;, vol . 17, no. 4, Al,Hil 
2 0 , 1940 , pp . 1 06 - 1 22 . 
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I. INTRO:mC·TION 

I n t~ e ·t reatne n t of fli .~ht mec':1a-u,ic problems it is 
al uays n ecess a ry to employ v a rious systems of axes. Now, 
the r e are different ways of ~ntr0ducin~ the~e axes and 
particularly, their ori entat i on. T~e definitions of the 
ref e r e nce axes published in national and international 
lit e rature, their s ense of positive diroction, and their 
mutual an~le of ref e rence are , in p a rt, muc~ at variance; 
so that i n many cases it is impossible to make a compari­
son of t e st d~ta without first effecting more or less tedi­
ous conv ~ rsions. 

Attempts have the refore been made f rom tiEe to time 
to set up a s tandard system of definitions a~ o n ~ the vari­
ou s countries, for the most imp ortant systems of axes an d 
an~les of ref e rence. T~e d iscussions re~ardin~ such stand­
ardization so far. ha ve a lways b ee n bam~e red by ti e neCOB~ 
sity of p reparin~ a complete list of all refer e nce axe s 
an~ 2 utual reference an ~l es , sh owi~~ th 8 ir aiv~nta~es and 
disadvanta~es when appli e d t o fli~it mechanics. Such a 
co mp ilation of the p ossible and practical ref 0 renco axes 
and r oferenc e an~l o s has. however, never beon available. 

In the present report, the various p ossibilities of 
cou'plin~ the indivi d.ual n.xes are discus Ge d , a nd t:2eir 
prn. cticabi lity crit ically ann lyzod. A st a ndQrd system of 
r efe r e nc e axes and a~~les is develo p ed. Comp ~iance with a 
few fundamental re quirements m&~ e s a lo ~i cal ~e velopment 

o f this standard system ~08sible, w~ich in nowis e ic in 
contradiction wit ~ the requirem ent s of practical a~plica­
tions. 

The ~eneral bas ic laws applied in the orientation of 
t~o spatial sys te ~s of axes a re r ep resented in a form dis­
cussed in ref e r ence 9, which ma kes it puss ible to applv ­
these l aws i~ a co ~prehen s iv e ma~ne r to the systems of 
axes needed in fli ~ht n ec han icG and their mu t ual coup~lnp,~ 

The result s o f the p res ent study ass u me that the r e ad­
er is fan iliar with t:2e cited report (r ef eren ce 9 ). 

I:. GE~ERAL ASSUMP~IONS 

One of the n o st essenti a l p oi·nte i!l: ;;no3 dev.elopment 
o f a sys to m of r eferen c e axes, is a n appro.priate def·ini-
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tion of the reference or coupli~~ an~les. The ~et~rmina­
tion of the positive sense of direction of the individual 
reference axes is far less important than a suitable dis­
posi~ion of t~e couplin~ an~les. 

All couplin~ an~les of the fli~ht-~echanic axes shall 
satisfy the following basic requirements: 

1. The individual coupling angles must be unrelated: 

This req~irement is wet when t~ree Euler angles tie 
two systems of axes to~ether. For exact definition of these 
an~les, see reference 9, wh~ch also contains a detailed de­
scription of the model representation of the Euler an~les 
by a Oardan system. 

2. A reference an~lo is positive when the rotation 
about the axis of the particula~ an~le folIous the direc­
tion .of the uositive a.xis of rotation. viewed clockivise 
(right rotation). By "axis of rotation" ~s rr:e e,nt the axis 
~bout which the rotation occurs, which is ~easured by the 
pertinent nn~lc. 

For the sake of clarity, ~e shall al~ays ~i~e, apart 
from the definitions, the axes of rotation of the an~les, 
as well as tho ~lanes in ~hich the angles ~re measured. 

As a ~eneral rule, the axes of rotation of the Euler 
an~l o s ~hich orientate the two systems of axes Kl and 
K2 , follou tho law: 

The axis of rotntion of on e of the tbree couplin~ 
angles is ~n axis of tee system K l , the axis of rotation 
of a second couplin~ ~n~lo is an axis of system K2. and 
the axis of rotation of t~ o third coup1in~ an~le is the 
junction line betwe~n Kl and K2 (fi~. 1). 

The two systems of a x es are. for the present, assumed 
to-De i n a ~ re eT:len t, so tn[:'.t th e -::orre STJOn di r~~ axe s a re co-
incident (Xl \dth Xa, :"1 with y~, zl \vith za). 
To an a lyze n. certain Dutua1 uositi'on of t~e two systems. 
one of the systems (the s~st~m to b e o ri entated ) is t urned 
from th e neutr~: position relative ~ o the a ssumod1y re­
strained seconr. s~Tstem a!1d termed. the , " direction~, l system. 1I 

If t~is rotatio n is e:fect o d in the ,ositive sence a oout 
the ~ revi o usly esta~lish e d axes of rotation, the an~l e s of 
reference are . by d.efinition, positive. The axis of the 
orientatin~ or direc ~ io!1al system of axes forniL~ th e axis 
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of rotatioE for one of the Eulor an~les is termed the 
"principal axis of rotatiort" of the orient~tin~ system, 
while the axis of t:':le system to be orient£"ted relative ,to 
the crientatin~ syste~, uhicn is t~e axis of rotation for 
one of the Euler an~les, is called the "definitive axis of 
rotationll of the axes to be orientated. 

It follow8 from the re~ort (reference 9) that the 
couplin~ of one system witt. a: second throu~h t:;:"ree :=::uler 
angles, can be effected in more than one way; for after 
determination of one of the systems to be oriehtat~d as 
th~ orientatin~ system and its ~rincipal axis of rotation, 
it afford~ th=ee different possibilities of definin~ the 
anp,les of reference, dependin~ upon the selection of one 
of t~e other t~ree axes as de~initive a~is of rotation. 
The an~les in all these three cases are Euler an~les . 

The immediate ~roblec is ~o establish the best prac­
tical couplin~ bet~een the individual systems of axos. 
T :1i sin c 1 ud. e 3 : 

I) the COUIJlin~ between airplane a:10. wind axes; 

2 ) the couplin~ between the wind and ~round .'3.XC s ; 

3 ) the couplin~ between the airplane ani ~round axes. 

The mutual couplin~ of tne individual systems of axes 
is to conform to t~e followin~ rules: 

1) The ~round system is, in eve ry case, the orien­
tatin~ syste~; botn the airplane ann wi~d axes rotate rel­
at i ve to the as sUt1ec.l~r fixed .:;;round axe s ; 

2) In t~e couplin~ be tween airpla~e a~d wind axes, 
t~e la~ter shall constitute the ~ind axes of the orientat­
in~ s~stet1. Thus, the airplane axes rotate ~it h ~espect 
to the assunedly ~ixed wind axes. 

III. COUPLING OF AI RPLA:n: Al;D \lIND AXE.S 

In the orientation of a syster.: of airulane axes x, 
Y. z relative to n rrind-axe H system xa' Ya' za* the 
report. -(reference 9) cites a sp.ecific case ,,:,o. 6re cn e of 

*------------------------------------- ----:--------------
These axes are dofin ·:)d ' in rcferer..ce 1'0. 
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the three referenc e an~les i 3 alwa~s zero. Since at first 
only one sin~le axis - the relative wind axis xa* - of a 

wind-axes system is physically ~iven, the o~ientation of 
t~e airp~ane an d wind axes is ~ffected by t~o variable an­
~les - so-called ll ae rodynamic2.l an~les!' - ,vnile the tnird 
an~le necessary to a complete orientation, is zero. It 
nas been shown (reference g) that the Euler an~le, which 
as axis of rotation possesses the only 0ri~inally ~ivon 
axis of the still incomplete system or orientatin~ axes, 
is zero. The introduction of axes y~ and za . ~ith 
~~ich the wind-axes system becomes complete, is necessary 
for the presontat~on of the forces and Eoments. The ~cn­
e rRl laws are now to bo ~pplied ~o the Case in point. 

As oriontatin~-axo8 pystem, the wind axes of which, 
however, only xa is ~i ven so far. a re chosen. The sole 
completely know~ ~xis ~ust be chosen as principal axis of 
rotation. Of Ya ~n d za, it is ~erely assumed that ~hey 
are at ri~ht an~les to e~ch other and to xa' and that 

they form a ri~ht-hnnd system of axes ~ith x a - To define 

the position of Ya and za' one of them must be tied to 
the aircraft system x, y, 'z b7 :1 specified order. But 
the n a rotation of axes x, y, z relative to the axes 
x8-' :Tn.' zn. ab out the principal axis of rotation xa be· · 
comes impo ss ible. Hence the an~le of the principn.l axis 
of rotation is zero and the complete orientation between 
x a ' Yn.' za and x, y, z by two nn~leB can be achieved. 
These coniitions can equall~ be explained by statin~ that 
the ~iven wind axis xa is d irected to the aircraft axes, 
for which two a~~les are sufficient. 

When statin~ that, by tyin~ one of the axes Ya and 
za to the airplane axes, no rot ~ti on of the n.~r~raft-axes 
system with respect to x a ' Ya' za a~out the xa axis, 
is possible, it ~ust not be confuse d with the obvious fact 
t~at t~e total Cardan system - consistin~ of x, y, z and 
xa' Ya , za can be arbitrarily rotated with ~espec t to a 
system of space axes . Physical l y , t~is fact implies that 
the ~low condi t ion described ~~ the two aerodynamic an­
~les is not chan~ed by a ~otatiorr of the airulane (nor 
hence of ~he wind axe~ tied to t~e airplane) · about t~e 
wind. axis. 

li ..... ------------·- - .-----.------------------------.----- ------------
By lIwind axi s ll is meant an axis in the direction of flow 

on the airplane, assumed as parallel flow. In ~eneral. 
it may be ~resumed that the wind axis is practically coin­
cident with the tan~ent of the spatial fli~ht path. 
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On the Cardan mo del (fi~. I), the two an~les which 
direct th e aircraft axes to the nind axes, can be de~cr~.bed 
by t he rotation of t he inner rin~ Ra about axis Aa. 
(junction line), a nd by the rotation of ~ody K (the air­
~lane in this case) a bout its definitive axis of rotation 
AX. He r e by the neu t ral ~ osition of rin~ Rl chan~os by 
equa l position of t h o a iru larte in Buaca, dependin~ on thd 
choi~e of on e of t he thr e~ aircraf t-axes as de finitive 
a x is of rot~tion. 

The onl~ plan e of t he wind axes ~iven at start by the 
wind axis, is th o p l a n o of tho croes-wind forco Ya za at 
ri~ht nn~ les to the win~ axis. The position of the rec­
t 3n~ular plan e axes Yn' za in this ~lene is, for the 
present, und e termin e d. The intersection of the plane 
Ya za a nd planes xy, y z, a nd zx of the a~rcrnft system 
furnis~ e s a s trai~ht line , w~ich f or each of the three 
c a~ es d efin e s the p osi t ion of one of the two axes at ri~ht 
an~l e s t o xa. T~es e three potential intersections corre-
s p ond t o three ~o s s i bilities of selectin~ one each of the 
t h ree a ircraft ~xes as definitive a xis of rotation (fi~s. 
2 , 3, and 5). The definitive axis of rotation is always 
at ri~ht an~les to th e contemporary strai~ht line nnd car­
ries the nota t ion i7hich is not cont:rined in the not<1,tion of 
this bo dy p lane 3 t in~ e r s ection of plane Ya za with one 
of the t h ree body p lnn e s. Th e strni~ht li~e itse~f is 
identica l with the j u nction l ine nnd represented by axie 
An ( f i p; . 2) in the Co.. rdan mo ciel. The three potentio.,l 
couplill~s nre o..p pe nd ed in tnble I. 

--------------I-~~~:~=----.T A~1!:~ :-----
s ect i on de f ined 

Desi~nation of plane b y the 
Ya zn strai~ht 

F-~~~;li~~--+-:~;~---- - --- -~;:~-- -
E couplin~ zx 

Defini- Position 
tive of C~ rdan 

body rin~s for 
axis ~eutral 

Z 

settin~ 

of ['..xis 

Crossed 

Crossed 

Not rtamed YZ vn x Par~llel - __________ .L_. __ :... _______________ ~:. _____ I __________ _+ __ • ________ _ 

Our n ext ~ttcmn t i s t o nnalvzQ nnd disurove the urac­
tica l usa of th e third p o ss ibili~Y for fli~ht-m echnni~ ap­
!.)lication. 
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On stud~in~ th 8 neutrel set~in~ in which the x axis 
of t~e ~i ~pl ~nc coincides wit~ the wind axis xu' it is 

s een t~~t the p l nno Ya Za intersects only t~ e two p l anes 
xy ~n d ZX, ~hile coincidin~ wit~ p la~e yz. 

In this 
pla::e Ya za 
axes Ya and 

inEta~ce there is no strai~ht li n e bet~een 

and yz, and the p os~tion of one of the 
za cannot be ~efinitely established, hence 

remains un~etermin9d. If the body x axis does not co­
i~cide wit~ the wi ~d axis xa' the tw o planes Ya za 
and yz Eeet. The st rai~~t line then defines the cross­
wind axis Ya , The definitive body axis, which is always 

at ri~ht an~les to t~e strai~ht line, is tereb? t~e x 
axis. No~, it is q~ite p o ssible t~at, !n an a~alysis of 
air~lane cotion with re spe ct t o the surroundi~< air, un­
der n orm~l flow conditions, ~~e t~o systems o~ axes are 
in n e u t r a I set tin e; toe a c:h 0 t h 8 r w her e the b 0 d;r x a xis 
coincides with the wind axis x~. On the Cardan system 
(fi ~ . 2), the ~ ic ture is as folrows: The axes of rotation 
~or the two reference an~les are Aa = 7 a , and the defin-

itive ~ody axis A= = x. Axis A of the Cardan ~odel 

represents t~e wind axis x a ' ~n neutral settins t~e in­
n er rine; Ra is parall e l wi th the outer rin~ R 1 • Set­
tin~ an a~e;le of autorotation ~~ a rotation ~bcut t~e de­
finitive axis x ~hilc t~e ane;le, whic~ measures ~ rota­
tion anout Aa , is to remain zero, this a~torotation an-
~le (a~~le of roll) d o es n ot at all describe the ~osition 
o~ the Cardan axis Al (~ind axis xa) relative t~ the 

airc raft system, o~t it Q8s cribes a rotatio~ about the 
".:J • A (i d ' ,. + h ,. , t' . d Var ll.an ax~ s 1 '.7 n C,Xl S xa I '.7~ v • • ',7ill cn .'le !)o:v x 
axis coincides. Viewed phys ically, any rotation of the 
bod~ axes about axis x" c an take place without modifying 
the sta~e of flow r elattve to the airplane . The autoro­
tation ane; le can t~erefore b7 ~ccord of ~ind axis xa 

with body axis x, assume qny va l~e without chan~in~ the 
state o~ flow. In other words, it is uns~it ~ole !or coup­
ling the ~ od~ axes to the win~ axes, 

It is 8mThasized t~at, ~o r icst an ce, in t~e choice 
of the principal axes o~ inertia as bod- axes, the case 
cited ~ere - ~here the x azis coincidee ~ith the xa 

at practically any time Unde~ norrral 
and conditions o~ flo w. 

axis -
f }_i <:;h t 

Can o ccur 
pos itions 
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F Couplin~ between Aircrnft and Wtnd AXAS 

The intersection of the }l~ne Ya za at ri~ht ~n­

~les t o the wind axis with the pl ana xy of the air­
plane, manifests t~at the str~i~ht line between the two 
pla~es definitely defines the cross-~ind ~xis Ya . and so 
ties onB of the two exes ~t ri~ht an~les to wind axis xa 
in a well-defined manner to the airplano ~xes. for Ya 
alw~ys in the xy pl~ne of tho airnlane axes. With the 
t~us-'Bven pO ::1 ition of xa ~-\Uc. Y:1 the t .hird, or 1i·ft 
axis za' is ~lso asco rt~inBd. It is alw~ys situated in 
the pl~no Z xao The senee of direction of the positive 
wind axes sh~ll be def ined conformably to tho ~r~umGnts ~d­
v~nced i n reforence 9, n~ ich ~re as follows: The xn axis 
o,posite to the stre~m direction of tho relativ~ wind, is 
positive. Tho positive Ya ~xis, viewed oppocite to tho 
relative wind, points in normal fli~ht to the ri~ht; t~e 
posit ive za axis, under tho samo conditions, d~wnwRrd. 

For this particular couplin~ of b od~ ~xeB and wind 
axes, tormod the IIF couplin~1I and c!H1racterizGc1. by tho· 
definition of tho cross-~ind ~xis as n trQce botwoon tho 
p lnnes xy nnd Yn za' the z axis represents tho dEJfin-
itivo ~xis of rot~tion of tha ai rcrnft axos. 

Tho tno couplin~ ~ll~10s of tho F couplin~ bctw8cn air­
crnft and wind system arc cx?l~inod in 

TAPLE II -------,---------.--------- -;~~t-----------------------------

An.c;le I S;rmbol Definition pl~no I ' of a'1~le of 
AxiS of r otati on 

nn<?;le 
--------1.------- - --------.-----. ---.------ ---.------.-- - .- .----------

Anr:;le 
of 

attack 

I 
I 
I o,F 
I 

xy p l'1no 
a-<;ainst xa 

or 
7. a~ainst 

.Jllncti on l i ne , 
Y axis 

[\, 

i. e . , 

-------~-------- ----.--~~- -.---- ---_._-_. -_ ._---.--_._--- _._-----_.--- - --

Anr:;le 
of 
y.3. \V 

I 
I 

I SF 

I 

x a~ninst 
zax.3. plane 

o r 
-;,- a~n.i n st 

Defin i t ive b o dy ax i s , 
x~r 

i 0 0 . I Z a.x i s 
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The trace between th e planes Ya 

1 on~e r define d at a.F = 90 0 • b.e cause 
inciJe. I ~ this cas e the position of 
undet e rmined. 

Za and xy is no 
both planes then co­

Ya and za o ecomes 

The F cou~lin~ is illustrated o n the Ca rdan model. 
fi~ur8 3 . 

The tri O aerodynamic an~les ~ and f3F CC'.n also be 

v e r v clearly defined wit~ the v el ocity compon e nt v Xt 

of the airp lan e in the 
resultant fli~ht speed 

applicable: 

cos l' 

tan a.F 

sin f3F 

co s f3F 

tan f3F 

direction of tho body axes and 
VXa" The following relations 

= 
_______ .:!.1l ____ 

,---_ .. --------
/ v 2 +v Gl 

'V x y 

= -----~~---
Vx cos a.F a 

Vx 
= ---- ------

Vx co s a.F a 

Vy 
= Vx 

( I ) 

( I I ) 

( I I I ) 

(IV) 

(V) 

(VI) 

T!l e tie-up betw ee n the 
erence an~ l e s a.F and f3F 
to the wind axes, iR traced 

d irec t ion cosines and the ref­
tha t orientate the body axes 
wjth the aid of fi~ure 4. 

The application of the cosine law yields: 
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? 1'" om trian~:!.p. x xa P: J.. • cos (x 
, 

Xa,l = cos a'F cos PF 

2 . co s (x ,~ ) 
.i .... 

"" 
= sin ~F 

F rOLl trian~:e x za P: 3 . cos (x \ 
za' = -sin C,F cos SF 

:ifrorr. t::'ian~le Y xa P: 4: . cos ( :,r xa) = -co s aF s::'n PF 
5 . cos (y Ya) = cos PF 

FrolL triar...I2;le P: 6. (y \ sin aF sin PF y .., cos za i = "a, 

7 . ( z \ sin c:.F cos xa i = 

From triar:<z;le Z Ya ?: 8 . cos ( Z Ya 1 =- 0 
94 cos ( Z .., ) = cos aF ~a' 

The transfer froe aircraft axes to wind axes, b~sed on 
the ? c01J.pl i ne; , i s s::'ow~':. :. _. 

:liABLE II:!: 

---
il i n d ~'I. X e s 

x 

x a I 
~r a..., I Z 

-i- .e aF 

~ aF cos P]' I + sin PF - sin a'F cos PF -- ---- I 

~--~-----~~------------

-
---- +cos f3 F +sin aF 

~:-------------~ 
I --~cos 

sin f3F 
f- ;}zr ,I - CO" o"F sin ilp I 

+sin aF I o 

(~efer to fi~ . 4) 

It ir a~ain p oint e d out that the axes Ya and za 
are difierently defined for e ac~ of the two couplin~s F 
and E, and t~erefore do ~ot ~~r d e; ~~en in an ana l ysis 
of a certain flow nttituae , fo r exnmple, first the F 
couplin~, ~nd then the E couplin~ is used ar, basis. The 
wi nd axis xa is unaffected by t~e choice of coupline;. 
Honce, in compa~ntive studios of E and F couplin~s, 
a x es Ya qnd za ~ust a lso carry the ~ ubscripts E nnd 
F, ns ~ ell as th o ~er odynnhlic ~n~les a and f3 (fi~. 4, 
tnble III). 
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E Couplin~ between Aircr af t Axes and Wind Axes 

The intersection of the cross-wind ~lane Ya za with 
the zx p lane of the body axes, defin9s an axis at right 
an~les to t~e body ax is, ~hich is a lway s in t~e p lane of 
symmetry zx of t~e airpla~e. Since t~e li:t is record­
ed nlon~ this a xis, it is c a l!ed lift a x is. With the p o­
sition of the wind axis a nd of the lift nxis, the p o si ­
tion of th e cross-wind ~xis at ri~ht an~les tc the other 
two, is ~tself defined. The positive direction of the 
axis is a s stated O~ pa~e 8 . 

This couplin~ between body axes and ~ind axes is 
termed the liE coupling.1I The definitive c..xis of rota t ion 
is the y axis. The two reference an~les hetwec n body 
axes a~d wind axes are explaine d in 

:;:'A:BlE IV 

-------~----.--- ---------I;~~~l---------------------

An~le ISYm~Ol Defi n ition plane Axis of rota t ion 
of an~le of of a ngle 

i 
~n gle 

:::~:- ----- -~a;~a~~=~~-+------ D~~~:~ti::-~Od~-::iS~ 
of I a.::I: z x 

atta c k or z i.e., yaxis 

:::le --1------ ;;:;~;;~~- ------~:nc:~on l~:~~-~~~-
of Q x . V • 

~E or y a wa z~ ax~s "iiraw I:..I,t 

I a~ainst y L 
i J a ------------- --- --------- --_ ._------ ---- ------------------

~he tra ce be tw een plane Ya za an d ~ l~ne 

defines the lift ax is, is no 10D~er defined a t 
zx, w~ich 

f3E = 90 0
, 

thus leavi~~ the p osition of 
d.e t ermine d. 

Y ~n d za in t~is case un­a 

~i~ure 5 sho"s th o O ~ r dQn Model f or the E couplin~. 

The t wo aerodynaMic an~les 
be defined u it h t he help of the 

v Y ' Vz of the ~irpl~ne a~d the 

aE an d ~? enn ~~a~ n 
""" velocity comp on ents v x , 

resultnnt fli~~t speed 
The followin~ forffiulas are app licabl e : 
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sin a,..., :::: 
___ -2~ ___ 

.."J vx co s SE a 

(V1I) 

co z a,...~ :::: ----::~~--., cos S'H: ::en -'" 

(VIII) 

tl"'.n ~ :::: ~~ 
vx 

(IX) 

v .. 
(x) si n (3-, . / 

:::: 

" 7~ 
-~ ... c.,. •• 

jv-'-- ._---
V 2 + v z 

2 
X 

co s i3 = ------------
E 7" 

(XI) 
-~a 

tan SE 
vy 

= - ---------jv-------v a + v a x z 

(XII ) 

The tie-up cetween the direction cosinec m:d coup1in~ 
8. n~1 e e c:,~ a Cld ~E is now deduced I'rom fi ,,!; ure 6. 

':l:he fo11o"",ir..~ re1a.tior..s recu1t: 

From tria.nc;le x x~ P: , cos (x x ) = co s ~ cos SE -0 e. 
FroI:', trian~lG x Ya P: 2. cos (x iT a) = sin ~~ co s (X,E L 

3. cos (x z" ) 
<-

:::: -sin 0"'E 
4. coc (y xa) = -~in SE 
5. I \ 

~E cos " ~r Ya ) :::: cos ., 
From tr:an ;~lc y Zo. P: 6 • coc (y z ) :::: 0 ro. 
From tri3.Cl~le z Xc. P: 7. cae ( i xa ) = sin (X,E co :1 SE 
?rorr. t riz.n--;:!. e z v P: 8. COG ( Z ... ~ ~ = sin oJ}!; sin SE '. " oL' Et~ / <. 

9. cos ( z z" ) 
c...v 

:::: cos ~. 

The transfer from bod;,r a~es to wind axes, based on the 
E couplin~. is in ·iicated in table .~ , . 
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TABLZ V 
----------l------- .- ------------------~--------------------

.I)' I ~---------------~ =.-::.-~---;~-~-~-~--- -. ---z~:---
-~ ~- t-;- I-;::~~-~"-:~~-~~-- --~~~-~"-~~~ -~~- --=~~~"'~~-

C) I .JJ 

~}:;~ - I ------------ --------------- -----------
~~J Y I -sin ~ +cos PE 0 

-~~. -~.-t:_~-~.~~~~--~;- --~~~~-~~.-~~~-~~-- -~~~~--~=-
--- -::-___ .-__ .J_. __ - ____ ~_________ ~.u ..!:; 

- --- --- -_._----- - _._-_._-._-------------

A c o m~~riso n ~ith tab le III Gh o ~s t~at table V is ob­
t~i~ed by r efl ec t ion of the separate expre ssions on the 
dashed ~ i a~o~al of table III. Tha prefixes of ~he re­
flecte~ ex~ressio~ s are reve r sed . 

Th e Experimental Sy s ten of Axes 

The E coupling between body a=es a~ d wi nd axes leads 
tc a further syste~ of axes whose si~nificance is fully 
p roved later on. 

3~_ nce nn~ le a E in t~18 E c01.,;.plin-s has the ~r axi s o f 

the b od~ sys tem as axis o~ rotation, and is therefore meas­
ured. :'n tOne ,!, la!lB of s~~mmetr.r of the n.i r p l ane, the axes 
xe' Ye , ze c a n be defined as follow s : 

1 ) ~h e t race of the intersection of the pla~e of 
symmetry with the p lano xa YaE ~ iv es an aX 1 S %e = OP 

(fi~. 6). This ax is xe is therefore always in the plane 
of symmetry zx of the nirplanc (fi~. 7). 

2) Since xe lies in the p l ane of s~~metry - that 
is, at ri~ht an~les to th e b ody late r~ l ~x is y - tho ~ody 
later~l axis is a further ax is of t~i E system of ax~s ; 
hence, ;,Te = y. 

3) The t~ird axis ze' ~hicb Gust JC at ri~ht a n­

~los to xe nn d Ye , the refor e lios also ·in the p l ane of 
symmetry of t ~8 a ir~lene. Th e p osition of z e is like­
wige defined b7 th e t rac e p3ss i n~ throu~h the p lano of syrn­
motr:,c nnd tho cr o ss - .... iind :p lano Y ... za _ Since, ir. addi -

(..\;~ E 
tion, this trQce dafinos t he l ift axis Z n itcs lf , we 

. ~E 



~--.. ------.--------..,.------...... 

14 NACA Techni cn.l MQmoran·d-J.m No. 958· 

have ze = zaE. The xe Ye ze axes are called aexperi­

mental axes ll becau~e of their ~eneral use for presentation 
of wind-tunnel data. Axes xe and ze for~ a syst em of 

axes bound tO , the plane of s~mmetry, which can rotate about 
y in the plane of symmetry. 

Axis xe can also be explained as follows: First, 
xe results when the bod7 axis x inclined at an~le a E 
relative to plane xa YaE is · visualized as bein~ turned 

back · throu~h the very an~le a e in the plane of symmetry. 

This backward rotation ~as t~e Y axis of the bod~ system 
as axis of rotation. Secondly, t~e xe axis results from 
visualizin~ ~he wind axis xa inclined throu~h an~le SE 
relative to zx as bein~ turned back throu~h the same an­
~le ~E in the xa Ya~ plan e. This ba ckwa rd r~tation 

"" has the lift axis zaE as axis o~ rotation. 

Of the three axes of t~e experimental s ~s tem, one re­
fers to the bod7 axes (Ye = Y), cne to the wind axes 

(ze = zaE)' defined by the E couplin~, and the third, t o 

the trac e between a plane of the body axes (zx) an d a 
pl~ne of the wind axes (xa Ya ). In addition, the axis 

of th e experimental system related to the wind axes 
(ze = zaF)' is at the same time a trace between n plane 

(zx) and a plane (Ya za)' and the axis of the experimen-
E E 

tal belon~in ~ to tho body axes (Ye = y) is at t~e sane 

time the trace betrreen a plane of b ody axes (yz) and a 
plane of the wind axes (xa YaE'. 

~ecause of the described connections, the experimental 
axes s7stem can be looked upon as a type of b ody and of 
wind system. In fact, it represents to a certain extent, 
a combination of both systems and is an excellent brid~e 
betw ee n the body a xes xyz and the wind axe s xa YaE zaE' 

defined by the E couplin~, wh ich a f fords a simple ~ay of 
brid~in~ the two systecs. The excellent p osi tion of the 
plane of s~nm etry of the airplane and ~he body y axis at 
ri~ht an~les to it, is readil ~ ap parent. With t~e E coup­
lin~ the plane o~ symmetry is the natural mediator betw e en 
the body-axes and the wind-axes systemG. 

Particu~ar i~portance is attached to the eX~erimental 
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a A e sin win d - tun n e l t est s . I t has aIr e a d;r b ee r. po i n t e 1 
out (re:erence 9) that " r ind axi sl! and ntunn el axis" are 
merely t~o diffe r e~t terDs for one end the same concept, 
hence x aK = xa. Wit~ t~e conven~ional sus~onsion systems 

in tunn e ls, the setti n~ of 3n an~le of yaw i s achieved by 
turn i ~~ the mod el a bout t ee vertical axis at right an~los 
to th e fl ow axis - whicc is at the same t ime, the lift 
axis. The total balance system turns with it about this 
v e. rtic a l axis . The monen t refer en ce axe s in the ~ re at 

n ajorit~ o f Ger~a~ wind tunnels the refore are -

For the yawin~ moment: the ve r tical lift axis 
Z = Z • 

ax: aE' 

Fo r the rollin~ moment : an 
d ra~, l ~ t e r al force plane 

axis in t:10 horizontal 
rotnted r-tbout x y 

a~C ~ aK' 

an'S l c o f ~-aw PE 
is [lls o d.efined 
symme try of tile 
p la:'le . 

with r espect to xaK - ~his axi s 

a s the trace between the p l ane of 
!!:odel ani the clr a e; , 

For til e lon~itudinal ~i tchi n~ momen t: 
~orizontnl dr~~, cr oss - force p l ene 

cross-force 

an ax i s 1:1 the 
x y turned 
J aK ~. n.K 

throu~~ ~n~ le of yaw ~E wi th res p e ct to 

and identical with the .y axis o f t h e model. 

I t is ren.dily seon tha t th ese momont refer en c e axes are 
in a~ r eemen t with the axes x e ' Ye' ze of t~e oxpe ri men t a l 
sys te m and there~ore fo r~s a n e xcellent bri~e;e oe tw een 
wind- tunnel measuremen ts a nd a ? p lications i n fli~~t mechan­
i c s . 

It i s ~~ai n po inted out that the experimental s y stem 
possesses t h is significance o n ly in com b ination with t~e ~ 
cou~~ine; between air?lanc a xes an d ~ind axes, w~ere one ~ 
th e two aeroc.yna:r.1ic a~ '~les , :r.amel:- , ~nc. an~l e of attc::: CtE 
as axi s of rotation, has ~~ e 7 axis at ri ~ht an~les to 
the p lane of sy~me try - hen ce, i s ceasured in the plano o f 
symme try. 

In con cl us ~on, it is noted tha t t~e axes x e ' Ye ' ze 
a<;re0 ',-:-ith those ter~cd " wind axos:1 in U .3. and British 
litera ture. 

The connection between the direction cosines and an~le 
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whiCh directs the body axes x, ~ z to the experimen-

is easily seen in fi~ure 7. 

The transfer from airplane axes to experimental axes 
ootaina~le f~o~ taole V, when putt:n~ ~E = 0, has the 
form indicat e d in 

'2:1ABLE VI 
-------r--------------- .-------.. ---.. ----I Experimental Axis 

5 I===~=---==~~==-~i~==:i==~~;"=== 
~ ~;-i--~~~-~---+-- i--=~':~-':~-

1---1---------- ------.-'1----------

-_-L':_J __ :~~_ o'E __ ~ ___ .J __ _=~.:_~~ 
The connections between the direction cosines and an­

gle ~E orientatin~ the wi~d axes to t~e experimental 

axes, are seen at a ~la~ce i~ fi~ure 11. The transfer 
tuole from wind axes to experimental axes, which ~re also 
o"8tain8.ble :rom t['.ole V, after puttin,; o'E:: 0, has the 
form ~iven ir.. 

TAB::'E VI: 
-----r---------------------------

CIl 
'IT d A xes Q) -" n 

~ -------- ----y---]-;--
xa 

....-! 
a1l' a.H' 

~ ----_._--- --.---:::--- --::::.-
.p 

~E sin fE j 0 ~ xe cos 
Q) 

G -------- ------- ----
.r-! 

Ye -sin ~E co s SE 0 M 
Q) -_._------- -_._---_._- -- ---
~! 

0 ° 
l 

1 rxl ze I 

The Practicability of tne Z and ~ Couplin~s oetween 
Aircraft Axes and Wind Ax e s in t2e Solution of 

Fli~ht-Mechanic Problems 

An attempt is ~aae to ascertain the superiority of 
one or the other coaplin~ me thods. 

In an;' a~praisal of t~e advanta~es and disadvanta~es 
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of these coup:in~ ~eth o is, representatio n of the a o rodv­
n~mic pri~cip:es of a theoretical and recordable nature 
e~~loy e d in the tre~tment of fli~ht-mec~anic proble~s in 
stability ani cotion equ~tions, must form the startin~ 
point. So from tnis p oint of view, it should p rove ex­
tremely a~vanta~oo~s if the sane couplin~ of an~les be ­
t woen aircraft and wind axes can be used as basis. Wheth­
er this accord can be achieved without invitin~ disadvan­
ta~es o f another ki~d, forms ~ part of the study. 

We proceed from the wind-tunnel test. from which a 
l~r~e gha re of tbe aerodynamic data is obtained. In th e 
tunnel the m o~el is direct e d to the flow by t~e an~les 
uE and I3E of the E c011plin.:;. T!"lat tl1e E couplin~ is 
th e natural couplin~ bat~een axes solidly connect e d ~ith 
the model and th e flow ~n wind-tunnel tests, is easily 
understood. Eef e rence 9 also p oints out that in the study 
of a win~ model in the wind tunnel, a d efinite body axis -
in this case a model-fixed, lon~ i tudinal axis x and co~­
sequently, a defini te n ormal axis z -!s n ot ~iv en. 
wh e reas a n axis a~ ri~nt an~les to the plane of symmetry 
of the pertinent a irfci::' Darts is alwav s definitely known. 
Tbis axis is ~ody y axi~ (latera l axis). For this rea­
son, the y axis - the only known axis of a system of 
body axes fro rr. t~e s tart - becomes the definitive axis of 
rotation. The choice of y axis as definitive axis of 
rotation indicates, however. ( se e tabl e II, the use of the 
an~les of the E co~plin~ to dire ct the body axes to the 
flow i ~ the tun nel. From it follows the c onven tional ap­
p :ication 01 the wind-tun nel calances of ~or~zont a l wind 
tu~nels, where on e ver~ical a x is at ri~ht an ~ les t o the 
stream ax i s, is the axis of rotation ~o r tne an~le of yaw 
SE and so, for t he mo me nt refere n ce axes xe. Ye. The 
wind axes x~, va ' za defined by the E cou~lin~. are 

~ ~ E E 

therefore identical with the tu~nol axes x v z 
aA:' ~ aK' aK· 

~ith this application of t~e E coup lin~ , it is 
to transfer mo~e~t co efficients referred to e 
any bod.y axos b:r moans of a!l~le of attack a-n. 

~ 

v e ry simple 
axes, to 
y bain,?; 

equal to Ye , ~akes a conve rsion for the lon~itudinal mo-
ment K e , superfluous. ~he 

and the tU:"lnel ~raw i n .;; rr:on:ent 
VI, tre"nsferrei to -~od;)r axes 

tunnel rollin~ mom ent T .u e , 

~e a re, co~formable to 
in the follo~in~ maLner: 

Ne sin ('(,E 

table 

( I ) 

(I I) 
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Here ~airplane a nd Na~rplane d enote moments re­
ferred t o any selected b ody - x axis or z axis, re sp ec­
tively. The an~le of a ttack aE is d e fine1 as an~le be-

tw e en the chosen x axis, to ~hich Lairp la~e is a lso re­

ferred, an d the dre~, cross-~ind pl~ne xaX YaK. 

If the b ody reference axis fo~ i s other than the 

body moment refersLce axis x, th e transfer is easy, as 
aE is meas~red .i~ the p lane o f symmetry. To illustrate: 

The a n~ le of attack a~o is cefi n o d as the an~le be-

twe en zero lift axis x o ' and the dra~, cro s s -wind plane 

The moments T ; ' .we' -' e , are distributed over a 

sy s te m of bo~y axes x , y, z, whose x axis is ~ iven by 
the line int e rsectin~ the pl Rne of symmetry an d · ~ lane of 
the win~ chord (c~ord axis), the ~i~g be in~ assuned with 
zero t wi st . 

The anf;le 
e r e n c e ax i s x 
plane X ~T 

aK " aK 

of attack o,~ between t~e 
(chord aXis)-and the dra~, 
is built up of an~le ~ o 

ane;le 
Ef'ln ce, 

ax between the zero lif t a.xis and 

o,E = o,1l' + a ,,. 
""'0 "~ 

Con s equen tl ;,~, 

Lairplan e Le ( O' 1i! + c!.k) N sin = cos 
""'0 e 

Nai rplane = N cos ( aI o -I- '4: ) + La si n e 

body monent ref­
cross-force 

and the constant 

th o chord axis x. 

f + 
, 

( I I I ) ,aE (X,k l 
0 

( a ." + 0" 1: ) (I V) 
""0 

The transf e r from one syctem of body axes Xl' Yl' Zl to 

another, xa. Ya' za, is readily achieved with the E coup­
lin~, s ince a rotation of the body axos in the plane of 
syI:\metr~r prod.uces 0. chan~e in o,Z' \vhich merely c onsists 

of the addition of the constant an~le ~ to th e an ~le o,E
l 

referred to Xl ' Here C,k is the a n ·:; le bct"een xa a.nd Xl 

or be tw een za an~ Zl, res~ectivoly. Th es e conriections 
arc explained in conti ~uat io n of the above example: 

T~e co np onent s Px ' Py , P z of a d irected quantity P 

(moment , an~ular velocity, etc.) are first referred to a 
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system of body axes Xl' Y1' zl~ Now if they are to be re­
ferred to another system x a ' Ya , za' the followin~ con­
versions apply: 

Px = "0 cos cx,k P z 1 sin C(.k (V) 
a "'x l 

"0 = P cos cx,k + Px sin <4:. (VI) ... ", 

~a 7,1 ~ 

?v ::;: "0 (VI I) 
- '7 • a "1 

or, since 

cx,k = a,1i' - cx,E .u 
;:) 1 

Px = ?X COS (CL", -aJl ) Pz sin (a"!;' -a'E ) ( VI I I ) 
2 1 -'2 ..... 1 1 """"8 1 

Pz = Pz cos (cx,-w -cx,-:;- ) + Px sin (a..., -a'E ) (I X) 
a 1 -"'a ..... 1 1 ..... a 1 

"0 = Py (X) 
- ~T 

01 2 1 

For fli~ht-!ilechanic applications, t :h is .; , s ... mp_e trans-
fer from one r.;,{S t em of -:) ody axes to another , has a sub-
star..tial advanta.:;e. 

The problem involve d is as fo l lows: The forces and 
monents of an airfoil or of a co~plete airplane ~odel, are 
recorded by wind-tunnel tests. T~e recorded coefficients 
are then to be introduced in the motion and stability equa­
tions. Uhile the coefficients in the tunnel tests referred 
to anyone system ofaxcs dBe ~ ed su itable in practical ap­
plication, t~e mo ment eouations are usually referred to 
the principal ax e s of :~ertia of the airpia~e. To refe~ 
t~ese coefficients to prir..cipal axes of inertia in tunnel 
t e sts, is usually unsuccessful for the reason that in a 
t~nnel study the actual posi t ion of t~e principal axes of 
inertia of the subsequ0nt f~ll-scale desisn of the airplane, 
is not known at all. 

The problem t~erefore consists in transferrinp, the co­
efficients =rom one system - say, e axes - tp anot~er 
system of body axes. Likewise, a chan~e in th~ position 
of the princi~al e xes of in e rtia of the same airplane, for 
insta::lce, b;T subsequc!lt structural char.<?,;os. rna;T !nake it 
necessary to transfer the co~fficionts or a~~ular veloci­
ties referr8cl. to principal axes of inertia Xl' y, Zl to 

another system xa' 7, za ' whose x a ' za axes are rotat-
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ed throuO?;h an<,;le Ct,-k in tp.e ~t~ne of s:rrJI'1.etry witb. rosnect 
to Xl' Zl-

This sho~s that tho use of t~o cocfficio:1.ts from wind­
tun~ol tests in fli~ht-~ochanic equetionc is ~articularly 
si!!lplc 1V~tb. t~o aid of 'ehe 8.n.o;los of tho E couplin..g;; he:'1co, 
from this point of vie~ the choice of the E coupl i n~ in 
tho L.at~enatic~l troat~e~t of fli~ht -nech~nic p robl oms, is 
advanta~cous. Another ad7anta~e aGcruos fro~ the fact t~at. 
bec[l.uce of tho sin:!,)].e trar.sfcr -:roIil one s~rstO!:1 cf "Jody axes 
to another, no previa~s body axes ~,z Rr e necesD~ry . 

This latter ~dvanta~e beca~e 2Jarticulc, rly c, y~c,rent in a 
~eneraliz ed represe:1.t~tion of the !ate r ~l stabi lit y the ory 
where, if the eq~ations ~re written so tha t tho deriva­
tives of mome:1.ts L an~ N are !"efer r ad to e axes , the 
repr-esentation can be l~r~cly for~ulated independent of 
the si z e of the an~lo of Lt t ack . It merely invclv~s, then, 
a s~mple tra:1.sfor~a~ion of tho derivatives of e ax es to 
body axos ; tho transfer fron ~xcs x o ' ze to the pr inci­
pal axes of inerti a x, z is extre~ely s imple ~ith the 
aid of a~.s le aE -::>etv;een xe and x. 3y effectin,o; this 
transfo rn~tion , the size of ~ is, of course, unrestrict­

ed. This is a SUbstantia: aivanta~e, es p eciall~ wnen for­
mulatin~ the :ateral stability equatio~, where it becomes 
evi~en t t ha t the ef f ectuated omissio~s in nowise depend 
upon the size of tho an~le 0f attack. 

The F couplin~ between bo dy and wind axes offers far 
less advantages . The an~les by wbich a ~ o&el. and hence 
its !"elatc~ axes, x, y, Z, is di!"eoted ~ith rBS? 8c t to 
tho tun~B l axes, are the aL~los ~ and PE of the E 

co up 1 i :1. ~ . If, i n t}"1 e n UY.l 0 ric D.::' t roc. t l.. e n t , 0 f f 1 i q; n t -
nechanic equa-:;ions the a!:.~les aF c,n d ;lp 0-: tbe F COUl)-

lin~ a re enploye d. tho transfer of the tunnel data ~o 
fli~ht-~ochanic applications ~cquirns ~ conver s ion of the 
quantiti es recorded in t h o t~~nel w~ich, as will bo shown, 
i s quite co~plicated. 

Fron the equations (1) t o (XII), the followi n~ equa­
tions botuoen the Gn~los of the F and E couplings can 
bo derivod : 

(XI) 

(XII) 
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t C.n 13w. = -----~ ( XI I I ) 
c o s all} 

= ~~~-~ 
c o s PF 

(XIV) 

Fron (XI) n.ClQ. (XIV) or equations (V) a::~d (V::II), follows: 

In additi on, it requiros a table 
rec t ed ~uantities f r on the wind axes 

b~ the E couplin~, 

b~ the F co~plin~ o 

to the wind axes 

for 
xo.' 

(xv) 

tr2.ns=erri!1~ di-
y,., • Z.... do:::ined 

<- .. E '-J3 
def:'ned 

The table is obtained b y the foll o win~ Get~od: Vis­
ualize fi~urcs 4 and 6 plott e d tO~Gthor. w~ile bearin~ in 
mind th2.t the f our exes y v z Z are situn ted o.-:S' .' n.]' , a.~ , uF 
in the sa~e pla~e, n~~cly, the c~ess-uind pla ne 2.t ri~ht 
~n~les to xn o IL t~is inst~nce, the followin~ relat~ons 
ho l d : 

Ya ;: = 
..... 

za'!:' = 
.u 

8 den o tes the .:c.n-<; 1 e 

Yo. ' F 
r espe c tive l y. 

'r co s 8 + .... sin 8 (1 ) .. ' c..F 4JD,p 

zil'[;1 
..: 

cos 8 - YnF sin 8 (2 ) 

betwe 8 __ ZaE and za\l' :1. l1 d v . n.Z n.ad 

Z" ,za is :.'..t ri !-;ht n.n~les to 
~:. E '-? 

Since the plane 

plo.~ e z xa in which 
cos 0: 

aF i s neasured, it follows for 

cos 8 
COG CI.:E 

= -----

and, since pl::tnes xy ana. xa Ya"l)' ~eet at ::1.1':,;>;le cx,E' it 
.u 

fo llow s fro ~ t ri an~le 

sin 8 = s i n cx,:s sin PF 
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T::"uc t:1C CO r:l:?lete transfel' fron xU' v 
" aF' 

Z 
aF 

~T a-, , za.,.., has th e forD ~ivcn i r~ 
~ .r:. 

TABLE VIII 
• 

~roc (XI) to (XV) fur~hor, fdllow: 

(XVI) = ---------------------

J
--------.-.. ----.--.-----

., 2 • a 
~ - cos ~ s~n a F 

sin sin ~F = 
sin Cl.F sin Sp 

(XVII) 

CO!l rtF 

= _________ ~~s aE _____ _ 
,--------------_. __ . .. -_ .. _-

Jl . 2 8 Q 
- Sln aE cos ~E 

(XVIII) 

Gin sin flF = 
sin aE sin I3E (XIX) 

Throu~h these formulas table VIII c a n equally well be 
written with the an~les of the E couplin~ or those of the 
F couplir"e;. 

Now the followin~ case is analyzed: The coefficients 
cXc' cYe' c Zc recorded in tho wind tunnel are, as usual , 
ref e rred to e axes. The equations arp. to ~e co~putea 
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with the an~l e s of th e F couplin~ aF and ~F and with 
principal i ne~tia ares. The r~corded wi nd-t unnel coeffi­
ci ents Du~t the refor e be trancferrod to principal inertia 
axes x, y . z. 

Based upon tho an~les ~ and ~E' the conversion:. 

f ormulas for the coe ff icients cx' cy ' c z r ef erred to the 
princ i p al inertia axes, read as follo ws: 

cx = cx co s a E - c z sin aE 
e e 

(xx) 

c y = c y e 
(XXI) 

c = c co s a ...., + cx sin a E Z ze -'!J e 
(XXII) 

Then with 

i ns tead of ~, 

a F and ~F fro m equations (XVI) ~nd (XVII) 
tne three copver si on ~ormulas read: 

cv=cy • . , e 

CZ=c ze 
COS aF cos /3-, ------_________ :E-__ + c 

J~=~~~2-a;-~~~2-~F xe 

_______ ~~~~l-___ __ (XXa) 
a . a 0 ji--- ---------------

I-cos aF s~n PF 

(XXla) 

(XXIla) 

It is r eadily a~~aren~ that the use of the F couplin~ 
entails a lot of p aper work ; and the s u pe riorit7 of the E 
couplin~ with re spect t o sinp licit y of conversion when 
tran ~ferrin~ fr o m o ne system of b ody axes xl' Yl' Zl to 

anoth e r x a ' Y a , za' is als o plain . Clearly , such a 

transfer i s much mor e readily acco mplished with the E 
coupli n~, s ince a rotation of a xes x, Z in the plane of 
symmetry of t he ai rp lane, ~o difies on17 one of the two an­
gles (aE); rrh ile with t h e F couplin~, both aF and /3F 
are c han~ e d. This is due t o t he fac t tha t in the case of 
the E couplin~, the p lane f ix ed to the body , as ~sed for 
defini n~ the aerodynamic an~les, is the p lane of symmetry 
ZX, which docs no t chan~e p osi tion by a rotation of the 
axes z,x ~ut chan ~es if the F couplin~ is r eso rt e d to. 
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T~~ tra~sfor of dircctDd q~~ntitie~ fro~ one system 
of body axes to a~other bv the F-counlin~ met~ o d, there­
f 0 l"e, is accoT'lpani eel by th,e g~.Jpearan~e 0 f bo th CtF an d 
j3 • t' . f' 1 -. 1.- • F ln ~e converg~on _ ormu as wnlCu are, ln c onseque~ce, 

quite cOLplicated and difficu!t to present. 

For the derivatio~ of these reducti o n fo r culas, the 
correspondin~ equations for the E coup~in~. a~pl i cable when 
transferring; :rom Xl. Zl to Xa ' Za' are repeated: 

(XXIII) Xa = Xl co S 
I ) sin (Ctz - CtE ) \ a~ -a,..., Z 1 '2 .I.J 1 a 1 

Za = Zl co S (o.~ -cx,'t;" ) + Xl sin (a":;' -a]] ) 
""a --1 ...J a 1 

( XX I V) 

or 
Xa -- Xl (cos a,.." COfl cx,'t;" + s::n aZ sin CGE ) lja ..... 1 a 1 

- Zl (si n Cl'E co s a...:;. - cos o.i<' s i n ~ ) 
a ""I .!.!Ja 1 

(XXIII a ) 

Za = Zl (cos O'E co s a.r,. + sin 1a sin c(,,-. ) 
' a ...Jl b l 

+ Xl (sin 0"E 2 co s CtE - cos o.Ea s in o.E ) 
1 1 

( XXI Va) 

The transfer from ~, o.E to o.F • o.F • 
1 a 1 2 

is 

achi eved by mean s of formulas (XVI ) and (XVII). 

(XYla ) 

s in 
sin o.F = ________________ 1._. ____ _ 

Jl-=--~~~a-~;--~i~a-~;-
1 1 

(XVIIa) 

Corre sp ondi n,~ f ornulas for ~a can 'b e wri t ten. 

The exp ressions fo r s in ~ l' co s O-zl' sin o.E a ' 

(equa t ions (XXIII) and (XXIV )) written in, ~ive: 



4F NACA Tecil!!icq,~ ·MemoraI1dum No. 958 

cos ~ cos a~ cos ~F cos ~~ +sin aF sin ~ 
~' 1 ~2 1 ·8 1 ~a -----------------------------------------------r--------2--------a------------a-------~-2------

.j (1 - cos ap q i n i3F ) (1 - cos aF (H n PF) 
1 1 2 8 

cos aF cos i37 sin aF - sin ap cos aF cos i3~ 
1 1 2 1 8 -2 

- Zl - ~===~======================================== 
.j (I - cos 8 a.", s i n 2 i3F ) (I - cos 2 a'F sin 8 ~F ) 

-1 1 2 2 

cos ~ cos a F cos 13.,." cos ~F + sin a"!i' sin a F ~'1 8 ~l ' 8 -1 a 
-------_._-------.------------------------------

j(~ __ - c 0 ~2-::--~~:a-~~-)-(~--~:~2-:;-'-~~:2-';;-) 
, ~l ~l 2 8 

cos ar;;, cos 13" sin ar;;, - sin a,..." cos ali' cos f3F "1 ""1 ""2 --j!' 1 ""8 8 
---------------- _ ._------ --- - - - ----- --------------1.-----2'---------- 2'--------------'2--------8"-----
...; (I - cos a F sin ~~) (1 - cos a F sin i3p ) 

1 ~1 8 2 

25 

(xxv) 

(XXVI) 

Accordin~ to these fcrm~las, the use of the E coun­
lin~ a~fords substantial advanta~es by enablin~ a con­
v enient transfer from on e s ~stem of body axes to anothe r , 
with t~e ai d of a sin~le an~ le measured in the plane of 
syrr.metr:r . 

Hopf 's (reference 2) claim 0: supe~iority of the F 
couplin~ over the E couplin~ is, that t he resulta~ t air 
load - based up~n the F coup lin~ - is l a r~ely dependent 
upon the ans~e of a tta ck only, and is not c~an~ed by small 
an~le s of yaw . Citi n~ a circul~r plate as example , he 
states tha t in a rotation of the dis k about the ax is, 
e~ecte d in the disk c enter at ri~ht angl es to the disk sur­
f a ce, the posit ion of th e disk in re ~ard to the flow a n d 
hence on th e flow cond~tions. re mains the sa~e. This ob­
jection to t~e E cou?l~n~ is r-ow investi~ated from t~e 
point of view o! p r acti c al application. 

Since on an airplane it does not .e ntail a rotational­
ly symnetrical body, aR on the cited circular disk, it may 
be ex~e cted that the inde,endenc e of the result a nt aerody­
namic f orce - t~at is, principal:~ of the lift from an an­
~le o f yaw ~F - really exists only within a v ary restrict-

ed ran~e of ~F' Naturally, t4cre always will be an axis 
(opti mum a~ is) for a certain airfoil in the an~l c- of-attack 
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ran~e of normal. unstalled fli~ht TIA~ca ' has t~e property 
that , in a rot ati on of the w1n~ about this axis the lift 
coefficient c a has e minimu~ of de~e~dence up on this ro-
tation. Complete independence of lift upon an~le of yaw 
in unsym~etrical flow is ~ot presen~, even in a small 
ran~e of ~F' as lon~ as the c a yalues are n o lon~er 
small - this, even if the cited optimum axis is chosen as 
axis of rotation for ~F. For an unt~isted win~ of the 

usual contours. this' optiL1um axis is ir.. approxim£'.t"e a..:>:ree­
ment with t~e axis at ri~ht an~les to the plane of the 
chord which passes throu~h the center of gravity. 

11 
It ~ill be shown on ~hree examplos f ro m Gottin~en 

wind-tunnel tests. to r.h~t extent the lift de~ends on the 
an~l~ of yow if one or the oiher an~le couplin~ ~s used 
ftS ·oD.sis. 

The first measurement rras made on the complete nodel 
of a hi~h-wing land~lane. The ca' c q • Cw racordea at 

different a i~ relation to the an~le of yaw, n re used. 
The a~~lQ of yow wos variod from 0 0 to 45°. 

The second Deasurernent was made on the complete model 
of a hiq;h-\Tin~ flyLl.'; ' boat in the s~.r2e \7ay c.s on the land­
plane model ; the on~le of :aw va ried from 0 0 to 15 0 • 

The third =easure~ent was mad e in the same way on the 
~odel of a lou-win~ landplane. The an~les use~ in the Ggt­
tin~en measurements to ori en tate the model ~it~ respect to 
the flow, are aE and P::;. The recorded lift coefficient 

is 

The ~ransfer from to c aF was effected by trans-

formation of an~les aE and ~~ describin~ a certain state 

of flow into aF and ~F with the help of formulas (XI) 

to (XV). Then caF is comput ed from" caE and c qE by 

means of table VIII. By ~his comp lete transforDatio~ of 
the an~1 0 s and :orces. the pertinent floTI condition can 
then be described b: the an~les of the F couplin~ and re­
lated wind axes xa. YaF' zaF defined by t~e F couplin~. 

In t~is manner n clear ~icture may be ~ained of the 
extent of dependence existin~ in a number of flow condi­
tions, betw ee n c a ,.,::: f(~) and ca";l' ::: f(F3F). :Sut e ven 

~ . 
then. no direct comp aris on of the curves 
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c aF = f(~F) can be effected. ~llile ~ is conctant clur­
ir~ the ~easurc~ e nt and ~E varies, it follows from the 
conve rsion that ~F' as \~;e l1 as Cl.p is vari a ble, so that 
a c=~ = f(~F) obtajned from th e conversion Qust, because 

.J! 

of tho v a ri able aF' be corrected. caF becomes smaller, 

not o~ly as a result of the risin~ an~le of yaw but also 
owin~ to the decrease in an~ le ~, caused.by the conver-
si o n. The correction for c was ~a de with the aid of aF 
the curve c aE = f(aE) for . ~3 = 0 since, in tee 

symmetrical flow - i.e., absence of an~le of yaw -
c a • 

F 

case of 

Fi~ure 8 shows the cur v e c = f(~~) for ~ hi~~-aE ...:J 

win~ land~lane as recorded in the ~ind tunnel, und the 
c orrected caF = f(~F). T~e Doiy r o:oronce axis for ~ 

is th e chord axis. 

The curves d isclo"B t~B follo~in~ : 

1 . Com p lete independence of c" from 
c~F 

~F do e s not 

exist, even in t~e ro~ion of sm~ll a~~les of yaw . 

2. T!lO curves ca ::;] = f(~E) and c aF = f(~F) are not 

materi~lly ~ifforent in tho r an~e of small an­
~les nf yaw . At 11.5° an~le of nt tack and 20 0 

an~le of yaw, c has dro pped to 88.2 pe rce nt aE 
of the v alue r ecorded a t i3 = 0, and to 

91 . 5 pe rc e n t the va lue recorded at 

3 . While c ( rops much mo re t~an c a nt hi~her 
a~ F 

an~le8 of yaw , t~e nb~olut e drop of ~o th CaE 

and c a is sub c tantial. Accordin~ly, the 
F 

choice of c aF by ~F > 20° presents no mate-

rial ad va~ta~e ove r ca~ • 
..:J 

It s~ould a:so be remembe r ed that the b ody reference 
ax i s of ajJ \'Tas the cho r d. axi s . Hence. a conversion to 

the an~les of the F couplin~ ~ i~os an an~le ~F which has 

a body n ormal axis perpendicular to the ~ lane of the chord 
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as axis of rotation. Eerewith the ~easurAments are re­
ferred to the previously quoted approximate opti~um axis, 
and the nresented dcucndGnce c a = f(~F) apuroximate17 - • F - -
represents the most favorable case. 

Fi~ures 9 and 10 show ~eas~rements on moiel hi~h-win~ 
sea~lanes and low-win~ landpla~ es. taken at different an­
~les of attac~. T~e curves of caZ = f(~E) and c aF = 
f(~F) are fundamentally similar for the mest dissimilar 
ty~es. ~he relat~on ~f . lift . tc an~le of yaw.~i~hin 0 to 
20 - a.n~le of ya .. ~s slrn1ar l::! r.rder c-,f TJI'I_ <?;nl~UG.e, One 
~enor81izetion at l Oast is ro~dily a~par 8 ~t, n ~ncl~, that 
even with t~e F couplin~ as c~oice, e complete indepe~d­
ence of lift from an~le of yaw does not exist even at 
small an~les of yaw, up to about 20° if no smal~ c a value 

is present. In this case, however , CaE is practically as 

little variable as caF in the ran~e of small ~, and 

then the F couplin~ p res ents no app re c iabl e supe riorit y 
over the E couplin~. 

In this connection, th e only case enc ountered in prac­
tice wh ere lar ~ e ~ OCC'.1rs needs me ,_tionin-2; . narneJ. :". the 
case of the seaplane a tlo at on ~eter and subject to any 
a n ~ 1 e 0 f ~7 a w • 

In this ran~e of lar ~ e S, two ob j ections may b e 
raised a~ainst the us e of the E couplin~: 

1. Th e p o s itio n of lift axis zaE is no lon~er def­

initely defined at SB = 90°; 

2 . Th e lif t CaE is ~arkedly affected by Sz and 

becoL;es, in :act, a:t o ~ ether inde~e~dent at SE = 90 0
, be­

cau s e in thi s c a se t~e a xis of rotation of an~le a; (y 

axis) coincides with the wind axis_ Anent these two ob­
jections, the followin~ should be noted: 

1. Th e p ositio~ of lif t axis becomes u~ (l eter-

mined only when S! actuall v amounts to exa ctly 90 0 , At 
the least depar ture from it, zaE is definitely fixed. 

zaE is wholly inde~ende~t o f the ~a~nitude of the Rn~le 

of ~aw in accord with ze - i.e., with the axis of rota­
tion of an~ le eEl ~ho Be position is practically al~ays 
defined. 
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Moreo ver, with the . F coupling for ~xis YaF' the 

conditio l1!'l a. re en tirely similar nlien of = 90 0 ; and o,F = 

900 is attainable in a flat s~in. So £rom this point of 
view, th o F couplin~ is ~0~ise6more proyitious than the E 
couplin~. 

2 . Accordin~ to fi~ures 8, 9, an ~ 10, ~ passablp ~n­
dependence of ca ' as of c a froD the sn~le of ya~ 

F E 
prevails only nt very small an~les of y~w. Hence, in th e 
rallp.; El of hip.;h .'l..nf';les of Y:l..i7, t:'1 C depolCdence of the lift 
upon the angle of yaw must be experimentally ascertained 
for the i. ii'ferent vnlu8s of anc;lo of attack, no n:attcr 
wh~t couplin~ is chosen botw ~ en tho body and the wind axes. 

liowaver, the two objections cited a~ainst the E c oup­
lin~ at l a r~e an~les of 7RW Cnn be i~nored from the v e ry 
be~innin~ for a much de opo r renson; fnr the lar~e an~les 
of yaw are practi cally confin ed to seap lanes floatin~ on 
tho w~tQr . And in this caSEl, Rtabil it~ ~roblcms of the 
senplano ns floatin~ bod~ a ro usually involved rather than 
a purely fli~ht-ruechanic appl ication . Then the seaplane 
is, in fact, orientated in a p lano which in the practical 
al)plication, is f?;iven b~r the snrfncs of tIle water, ir-- the 
wind-tun~el test by a ~round plate. ThIs implies, however. 
that the body ~xes in this instance must be ori en tated with 
respect to a second complete system of axes, two axes of 
~hich are situated in the p la ~ e o~ the water surface or 
f?;round plate, respectively, w~ile the third axis is at 
ri~h t an~lps to the other two. This orientat:on requires, 
as des cribed in reference 9, three Euler an~les which ~en­
erally are ot~er than zero, w~ereas .in the Case· of orien­
tation of the body axes relative to a s~stem of wind axes -
of which, for the time boin~, the n osition of only one 
axis (wind axis) is ~iven - one of

6
t he three Euler an~les, 

throu~h a ·certain arbitrary tic of wind axis Ya or za 
to the body axis, is zero. This sDecial ~ase of orienta­
tion by two an~les only is utterly- inapp licable to the 
complete orientation of an airplane relative to a ~round 
plate. For by the orient ~t ion of one system of axes with 
respect to another by menns of thre e Euler an~les, it is 
impossible to prescribe beforshand n certain tie of . an 
axis of the orientatin~ system to a plane of the axes sys­
tem to be orient a ted - as a chieved in the case · of couplin~ 
betw ee n body axes Rnd wind axes. 

The orie~tation of n se~plane afloat on t~e water re­
quires the use of an an~le that enables, at ~ = 90 0 , the 
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definition of the inclin~tion of the win~s with res~e ct to 
the surface of the nater. This - case tnerefore calls for 
an extension of the couplin~ ~etween t~e ~ody and wind 
axes. ~he appropriate couplin.cz; an~le to oe used in this 
case is described in section IV. 

IV. EX~EilSION OF THE COUPLING BETWEEI ~5E 30DY AND WIND AXES 

TO INCLUDE THE CASE OF AU AlrtPLA:rE I N A FLOW OVER 

A GROUnD PLAT:: 

The case of an airplane in a fl ow above a ~round 

plate - while bein~ orientated in res y ect to tho flow and 
the ~round plate - is practically realized by a seaplane 
afloat on the water. (Since t~is case involve s aerodynam­
ic problems of static stability. t~e presence of a ~round 
plate - i.e., surface of water in tho case of a sea~ lane -
is physically conditione d nnd the orientation must ~e made 
wit~ re~ard to this surface.) 

This case ~oes beyond the previous17 described coup­
ling betwee n a system of b ody axes a~d a system of ~ind axes 
achieved by two &n~le8. Throu~h t~e ~ ivon surface, a com­
pl e te s ystem of axes is ~i ven as ori on tatin~ system, in 
respect to which the body axes arc directed by three Euler 
an~les. The orientatin~ axes (xap ' Yap' zap) conditioned 

by the .cz;rouLd plate. are explained as follows: 

Th e ori~>in of ~xes x v za is placed in the 
~ &p' '0 a1) , P 

center of ~ ravity of th e airplane; that is, the .cz;round 
plate is, similar to t~e ~ro~nd axes, shifted parallel 
along the earth1s v e rtical axis into th 8 center of ~ravit~ 
of the airplane. 

Axis xap a<;rees with the a:<is of flo\v located in 

the plane of the p late (plane of water surface). 

Axi s y . a p 
is nt ri~ht an~les to x in the plane fl,p 

of the plate. 

Axis za is at rir.;ht ~n.cz;les to x[t and Yn ; 
p ~p p 

i • e. , 

also at ri~~t an ~les to the plane of the plate. 
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o.xis of fI oIT. 
za_) itself i~ 
. 1: 

'he i n,o; al wa;ys in 
at ri~ht .'l..nq;lcs 

the plano of t ho 
t o tnu axis of flow. 

An examination of ~ind-tu~nel data with ana without 
~rQund plate, discloses the folloTIin~: 

Gen~rally. the plane of pla~e a~rf)e s ,,;i th 

the resistance transverse force plane x v of t~e tun-aK <aK 

ncl, because the axis of ~otation of an~le aE(znK) iz at 

ri~ht an~1 8 s to the ~l nne ' o~ t~e u lnte. I L practice, the 
choice of the E coup~in~, ther0!o~e . in w~ich t~e wind 
axes of the tunn el xay':' YaK,zBK are :'c1.en't:'c?-1 ':lith the 

nind axes Xa, ~raE' zaE used in f ree :fli~:h.t. would make 

t~e surface of the water corres~on o with t~e tan~ential 
flow plane xa ~aK; that is, zaE would a~ree with zap. 

In reality, however. the con~it:'ons between the p lane of 
the plate xa ~a and the ~lanG xa- Yay of the dra~ p p A ~ 

t r ansverse ~or c e, manifes t a fundamental difference de ­
spi te forma] a~., r e8ment. The p o sition ofaxc s ~ and - - ..; aK 

z aK and ~cnce, that of p l ane xar.: YaZ ( or xa YaE' i~ 
at first physically uniEport~nt , ~nd is o nl~ detined in 
the above - described manne r by one of t~e tw o couplin~G for 
reas o ns of expediency . Onl v the flow ax i s xaX is of 

~ra c t i cal si~nif:'ccnco in wi~d- tunncl ~ests wi thout ~round 
plate , which corresp o ~~s to the conditi o ns of an airplane 
in f r ee fli.q;ht. To 1irect t.~ i s .'3.xis 7. 0 the b o d3r s;}rstOI!l 
requ i res onl ~ tuo o.n~lcs _ On tho othe r hQnd , t~e ~round 
p l n t e x v (in practicnl a~plicati on to se~pl~n0s, ap • ap -
the sur fnce of tho ~ate r ) rep r ese~ts, th r ou~h t~e spQcinl 
type ~f problems invo!vod i n this caso, n physical o~p o r­
tunity whic~ is ~cfinitc l y kn o ~~ !ron the very start. To 
direct the ~ody uxes to this pIo.ne of tho p l ato, requires 
however, three nn~lc9 . 

Throu~h th e formnl ~~ r ce~ent bc t~ cc n tnc pla~c of the 
p l o.te o..nd x y the o riontatin~ ~xos ~ i von by t~e nK::lK ' 
£; r ound p l ate, can be 
axes of tho tunnel . 

v - y "o..p - aK - By prope r 

Gxp l ~ i ncd as a s ) cc i ul typo of ~ind 
Fo r x x Z z hence a p = GK' a p = aK' 

t r ansfe r o f the E ~oup~ i n~ to the 

dis cussed orientati on o f tho b od? ~xe ~ to the otientat i n~ 
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axes x y z ~iven ap' au' ap . by the flow, the principal axis 

of rotation of the orientatin~ system is axis zap = zaK' 

and the definitive axis of rotation of t~e body system to 
be orientated i8 fur~ed by axis y. Wit~ tae axes o! rota­
tion for t~o of the three counlin~ an~les known, it be­
comes readily apparellt that t;e an~les cx,Z (axis of rota-
tion y) and aE (axis o f rotation zaE = zaK) in their 

ori~inal definition, also appear as couplin~ an~les be­
tweeL the body axes and the axes of the ~round plate. The 
third an~le is CPe' termed " an .c;le of roll of the tunnel," 

whose axis of rotation is immediately ~iven by the junc­
tion line between body axen x, y, Z and the ~round­
plate axes xa ' Ya ' za. This junction line is in for-p p p 
mal a~ree~ent with axis xe of the axa s of th e p lane of 
·symme t ry. 

Now it is to be n ote d that axis za' in whose di-
R 

rection the lift is neasured is, in the presence of an 
an~le CPe. no lon~er in the plane of sy~metr7 of the air-

plane, but rather t~at the plane of symmetry inclines at 
1 cP . t' t t· m-· co an~ e e W1 n respec 0 aX1S zan = za~' ~ne prern1ge 

- ~ 

that the lift axi~ s~all be a t ri~ht an~les to the axis 
of flow in the l) 1,g,::18 of s~.~mmetry of t~.e a irplane C3.n, in 
this case, no lon~ er be ~ositively ~Bi~tai~ed since, by 
orientation of o~e system of ~xes with rec~ect to another 
co~plete system ty three Euler an~les, every prescribed 
anchora~e of one axis of the orientatin~ system to a plane 
of the system to be orientated represents an a~reement and, 
conseque::1tly, a contradic t ion. Such a prescribed anchor­
a~e is timely nnd necesBar~ only in the cuse where ~ sys­
tem is to be orient ~ted with respect to a knpwn axis. 

The application of the conditions obtainin~ in wind­
tunne l tests on a ~odel with ~r6und plute, to the prnc­
tic~l case of a seaplane af loat on the water cnn be effect­
ed !orth~itn if , ~s in the wind tu~nel, an~18s cx,E and 
aE ~ re i~entical ~ith two of the throe coupli~~ an~les 

betw o on tho body axes and the axes of the ~ater surface. 
In this caso, the axes x~ , y~ ,~" o£ the zystom de-

'_p up '-'p 

scribin~ the ~low on the sc~plBne,. ~ec~me the 

YaK' zaK of the tunnel system. x~n and Yap 

plnne of tho wat~r surf~co or par~llel to it. 

n.xcs 

'l.rc 

The nxes 
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system x~ , Yn ,z~ is, as in the . wind tunnel, termed 
""p CNp ""'p 

the II "IV i n d C'.. xes s y s t emf 0 r r;: e n. 3 U rem e!l t s w' i t h ~ r 0 un d }J 1 ate . " 

The seaplane is orient~ted with res?e ct to the w~ter 
surface throu~h the fol!owin~ three an~les: 

of 

aE .::me;le of n.~ tn.ck: The 3.n~le be t".7cen boc1.y x Dxi s 
~nd the line of intersecti on betwe er.. n.irplane 

CPe 

pl~!le of symmetry an~ nlar..e Xn Y (~lane 
'-'p aj) 

pa r a llel to w~ter s u rface t~rou~h t~e ce n ter of 
~rnvity). T~e body y . ~x~s is the axis of rota­
tion of t he an~ le. tho ~ln.ne of sYBme try of 
the a irplan e, the plQne of measurecent. 

an~le of yaw : The an~le bet0cen nxis 

t~e line of int e rsection of p l~ne 

with the p l~ne of sy~rnetry of 
Axis of ~otation of the ar..~lo 

the airpln.ne. 
~s n.xis z" 

'"'p 
ri~ht D.n~l ~ s to w~ter surf~ce; plnne of measuro­
~on t the water surface. or one parallel to it. 

~n~ l e of roll: An ~ le betwe e n axis zn. Qnd the 
p 

plane of symmetry of the a irplane. Axi~ of "ro­
t a tion of an~lo is the trace betw een plane of 
symne tr~ of n.irp lane Rnd p lane x Yn _ Pl a ne 

flp Uop 
of Deasurecer..t i s plane y z,., • 

"" p 

The l in o of int e rsection bo t wo or.. the p lane of sy~ce try 
tho n irplane an d p lan e o f thc n l~te x~ ~ oc currin~ - ""p of 3.p 

by tho definition of aE an d ~E and forrni n~ the axis of 
rotn.ti on for CPo' is none otilcr tn.::'.n axi s xe of the ox-
9c rir. cn t ~1 systcn. 

The relations b etween t ho direc t ion cosin e an d tbo 
coupl in~ an~les aE' SEt c'e oet \7cor. t~o O OC.;'T el( es x, y, z 

~nd the ~ind axes x,-~ . ' Y ... " ,z" in n8 asure~ents u ith ~ 
'-'p L'p <--p 

~roun d ~late , c n n b e deduced ~roc fi~urc 1 1 7i~h th e ~ id o f 
tho cosi ne l aw . All ~n ~l es s~ own aro ~ ositive. 

The f oll owin~ relations hold t~uc~ 
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FroE tri['..n ~ lo xF x,., l. cos~x x.:J, ) = cos ~ c o s ~E r.,."p ]J 
-sin ~ sin f3E sin CPo ~ 

Fron tri~~~IG xF Yo.. : 2. co s(x Yn ) = co s ~ sin ~E p p 
~";;' sin sin +CG s cx,E CPo .... 

FroT:": tri nne;le xB 3. I ) = - s in ~ co G % Zn cos,x Z 
-"'''p [1.1') 

FroT.'! trip.n~le yA Xo.. : 4..1. cosey \ = - sin f3E co s CPo x", I 

P '~p 

Fron trio.n.gle yA 5. co s (:.r 
, 

~E CPo it • Ynp ) = cos co s a . p 
6. co s (y 

, 
sin Z~ ) = CPe 

"21 

From triaue;le zF x • 7. co s( z \ = sin ~ cos f3 ..... xa i a p • p .l:J 

+ccs ~ sin f3E sin CPe 

From tri an .r;le zF . 8. cos(z \ sin sin f3E ~r 

Y2wp ) = a..r:. 
~' a . 

""" 21 
~E sin -cos ~ cos CPe ..:J 

From tri p.n.r;le zB 
Zap 

s. cos(z zr-\. 
" p 

) = cos ~ co s CPe 

The t r .':I.n sfer :::rom ' bo dy a xes to wind r-\.xes in presence 
of a ~round =J2.ate, :!:lence cf a n an~le of roll CPe' h:>.s the 
fo r m sno\,in in 

TAE13 IX 

y -sin f3E cos CPe cos ~ cos CPe sin CPe 
>:. 

_ g l~J:_:~~;~~~~_:~~_~t::~'_~~:~:~:_~:o~~~_c:~~~ 
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Equatin~ CPe to 0, table IX beco:!le:::; table V, which 

contains the transfer from bod~ axes x y z to wind axes 
xa Ya~ zan use d wit~ the airp lane in free fli~ht. 

~ J!I 

Bu.t there is yet 
selectin~ axis x of 
axis of rotation, the 
\vi t ~ res p e c t t 0 a xes 

Rnot~er coupling possibility, for on 
the n ircraft sy s tem as definitive 
orientation of t ~e ai rcr~f t system 

xa ' Ya ,za ~iven b v the ~round 
c p p 1) 

p l a te nnd the flow, is made thro u~h thr ee nn~ l es, whi ch 
formnlly a~ r ee wit h th e an~ l e s ~,~. ~ (exp l ained in 
(VI)), by ~hich the ~ody CXBS a r e dir o ct e d w it~ r espec t to 
the ~ roun d ~xes. By ~h is cou,l~ng th e ~r0und ~l ~ te is 
supposed to explain n s ys t em of ~ rou~d ax ~ s (re fe r ence 10); 
thereby axis x~ i s s itu~ted in the ho rizont al p l ane pas s-. ., 
in~ throu~h the cent ~ r of ~ r o. vi tv an d i s i n a~r c cment with 
the nxis of th o wind streac. T~ e dra~b3 c ~ of t~ is coup lin~ 
i s th~t axis x a s de fini t ive ~xis o f rot at ion, whos o p o­
sition is ne v e r ~ cfi n itel~ kn own fron th e ~t art , is arbi­
trarily defin e d from ore c nse to the nex t. 

Th~ third coup lin~ p o ~ sibi!ity, in ~hich axis z of 
the body axes system is c~o s en a s definitive axis of rota­
tion, pr oves im~ractical. The relate~ Carden mod el would 
in neutral settin~ ( a ll three coup lin~ an~les = 0 ) dis close 
p arallel rin <?,;s . 

V. THE COUPLI ~G BETW~EN RELATIVE WI~D AXES AND BASIC 

GROUND SYSTEM, AND DISCUSSION OR THE COUPLING 

OF A SYSTEM FIXED TO THE FLIGHT PATH 

WITE THE BASIS GROUND S!STEM 

By the cou~ lin~ of t he ~ i nd aXG S xa' Ya' za with 

the ~round axes x~, Y~t z ~ , the ~round axes shall be­

come, in conformity with t~ e e~r~ier sta t emen ts - re ~ard­

in~ the orientation of the indivi du a l ryste~s - the ori­
er.tatin~ axes fo r the wind axes tc b o ori entated. Th e one 
axis of t ~ e ~round s ys tem with definitel y known p osition 
fro m the st art, is t~e v e rt~c al axis zu . In consequence, ., 
z~ repre s ents the natural p rinci pal axis o f rot at ion of 

the orientatin~ system x~, y~, z~ • 
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Selectio~ of the definiti7e axi 9 of retation is not 
difficult wit~ the wind pystem. Physically conditioned 
and known in position, for tne present, is the relative 
wind axis xa only. The Fosition of Ya and za is, at 
first arbitrarily established, whereby the individual coup­
lin~s af~ord various posRibilities. By choosin~ axis xa 

as definitive axis of rotation, the three couplin~ an~les 
between the wind system and t~H ~round s~stem are ex­
plained as follows: 

'( relative wind lon~itudinal an"i:le of inclination -
~he angle bCtW9C~ x~ and plane X~ y~: Axis of 

- -:> ." 

rotation of an~le is axis y projected on hori-
t1 1 . a .. tl . t z on a_ p ana x~ y~; 1.e., e nor1zon a aX1S a 

ri~ht an~les to xa' ~hose positive Aense of di­
rection viewed ~~ainst the flow, is to the right. 
Plane xa Zg is the ~lane cf measurement. 

~ rel~tive wind l~toral an~lc of inclin~tion - an~lc 

between za and pla~e xa z~: Axis xa is axis 
of rotation of the a~~le" Orosn-wind pl~ne Yn za 

is ~l~ne of meacuremont. 

X relative wind ~zimuth an~le - an~le betw d on xa 
p rojected en plane x~ Y~ and ~xis X~: Axis z~ 

~ '> ~ . > 

is axis of rotation of the an~le. Plane x~ y~ 

is the plane of measurement. 

The a:pplication of tho cosine la\v o;ives, as seen from 
~i~urc 12. tl18 followi~~ .relations between the direction 
cosine and tne couplinJ; an~los "( , ~. X. 

From triane;le xa 2' x~ : 1. cos(xax".) = co s 
<. ., 

'Y cos X 

:E'rom tri::m~le Xo. F y • 2. Cos(XaY~) = cos 'Y sin X ;:1'" ., 
3, co s (x~ Z::"1' ) = -sin '( 

l.. ; ;'";> 

From trian~lc ~r a K X t'r: 4. co s (Ye_x~) = -sin X cos ~ ., 
'Y +COG X sin ~ sin 

From tria~~le ;Va K Y3 : 5 . cos (;)~ a Y '; ) = co s X co s ~ ., 
+sin X o i Ii. ~ sin y 

FrOD trian.c.;le ;i' a :xa z~ : . 0" cos (Ya z~) = co s 'Y sin ~ ,. 
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From t rian~le x~ : 7. CbS(ZaX~) = sin ~ sin X 
+cos ~ cos X sin Y 

8. cos(zaY~) = -sin ~ cos X 
+cos ~ sin X·sin Y 

From t ri '3.11.;s1 e = co s Y co s ~ 

Now the transfer frOM ~ind axes Xa ' Ya • Za to ~round 

axes x..:; t y~, has the form of 

T .. ~:BLE A 
---------------_._----._- ._- .- - ---------- -. . _----_._---------

G r 0 1/ U;'lQ }.xec 

=~====~~~==~==t__~==~;===== -- '---,--

(f.I 

Q) 

~ 

xa +cos y c os X 

Ya +sin Y cos sin ~ 

-sin X co S ;..L 

+cos Y sin X I -sir: Y - ______________ 1 __________ _ 

+9i~ Y s~n X sin ~I 
+C09 X CO-S ~ j+cos Y sin ~ 

-------------------T' ------------
+sin Y sir. X cos ~ v 

l+c05 I cos ~ 
___ :.:.:: .~_~.:~~ __ ~ __ J ____________ _ 

Wi~d chan~ec a~d upwir:d iicrE~arded, the wind axis xa 

a~rees wit h t~e ta~~ent to the fli~~t path. In this case 
za is defined as the path nornal situ~tcd in the plane of 
symmetry of the aiFplane. If wir:d chan~es are co~sidered, 
the an~le of inclination of the fli~ht path taL..:;ent with 
res~ect to the ~round as well as tne an~le formed by its 
projection on the ..:;round with a certai~ ~nitial direction, 
is no 10:1~er in a~reer1ent i.'ith Y and X. In this in-
stance Y and X ~ust carry a subscript (for inst~nce, 
E = path ) . To desc~ibe ~li~ht-path ~otions which Rro to 
be achieved without consideration of tho force coefficients 
c W ' c q , c a ' a special sycten of path axes ca~ also be de-

fined, ~nich is theE orientated with resDcct to t~e ~round. 
Such a systen has boen proposed by t~o I~ternational Con­
mission for Ai.r Navi.:>;atiorr. (CHrA) as n n,g,l,gral lOyste~ of 
pat~ axeD. The axes of this systen arc the tnn~ent, the 
principal nornnl, and t~e binornal of t~o throe-dinensionnl 
fli~ht path. The principal nor~al in the norenl situated 
in the plene forced by two in~initosically ~djace~t t3n­
.:;ents. 
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The orientatio n of these axes ·~ith res p ect to those 
parallel to the ~!ound sy s tem, is the saa e as that of the 
wind system xa' Ya' zao 

In all cases uherB the fo rce coefficients c w' c q • c a 
are to be introduced. the wind system is preferable and 
ori en tat ed with res pec t to the basic ~round system. the 
wind chan~es usually bei~~ i~ nored'an~ axis xa therefore, 
assumed to b~ in a~ reement with the path tan~ento The use 
of the natural axe s of the fli~ht path has. undoubtedly. 
certain advanta~es i n calculatl ons deali n~ principally 
with the fli~~t path. But for the representati on of the 
force e quat ions rith c w ' c q , ca. i t is ill-su it e d since 
it requires another reference ~n~le for ori entatin~ the 
system c q • c a with resp e ct to th e principal n ormal plane. 

In conclu s ion. it i s poin t e d out that t~o ma~nitude 
of an~le ~ in an analysis of on e nrid tho same fli~ht at­
ti tude , depends upon the choico of coupl!n~ b e tw een th e 
body- and wind - axes SystODS . Its for~al d efi n itio n is, to 
b e cu re. i nde~en dent of the couplin~. but the position of 
the lift axis for a cert a in f! i~ht sta~e is di~ferent with 
the F couplin~ (ZaF) than wit~ t~e E-couplin~ method 

(za~). An~le ~ nust then al so carry ~ subscript (~E 
-" 

o r ~F) • 

VI. T5E COUPLING BETWEEN AI3CRAFT AND GEOUND SYSTTIMS 

In conformity with t ~ e ~ revious ar~uments re~ardin~ 
the orient a ti o n of the in dividu~l fli~ht -~ echanic axes , 
the e;rouncl. - nx e:.; s'rstum is c~lo sen D: S orientatin "; s ;.r stem. 
The principal axis of rotation of t:r.e <;round systeLI is 
a~ain the perpen dicular axis z. the position o f which 

~ 
is know~ beforehand. ~hile t h~ t of x~ ~n d y~ is momen-

t arily unKnown and mny be choson ar"bitr.?ri l y . 

Fundamentnlly. any of the thr e e nirplane ~xes could 
serve as definitive axis of rotation; out axi~ z proves 
li tt l e suitable beca us e in o no of tho COGm on positions of 
the airp lane with respect to the ~round a xis, z and ze 

• 
coincide, for which tho related Cardan re odel shows paral-
lel rin~s i~ the ncutr~l settin~. 

There re~ain, t horefore. ~xos x and y. Orienta~ion 
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of the airplane with respect to the ~round by three Euler 
an~lcs. O~G of ~~ich has axis y of the airpl~nc as axis 
of rotation. cnn be effe ctod immediatoly. In the described 
orientation of the nircraft axes relative to the axes 
x" , ~a ,Zn ~iven by a ~round ul~te nnd the flow, by u.p P '-"P -

the n::.::;los (tE' J3E.% this coupli!:.>; is practically aP:9 lied • 

The choice ofaxi~ x as definitive axis of rotation, has 
the advantn~e o~ ~~king the couplin~ ~n~leH between air­
crnft s~~stcm and s<;round s;,-ston aIlcn~.'-o:!.e to definition in 
tho same ~arner ~s botwoon wind and ~round systo~s; for in 
both cnscs corroapondin~ axos in a~rce~ent in neutral po­
sition arc definitive axes of rot~tion of tho systen to 
be orientated. These ~ro x an~ xa. 

~he t~rce couplin~ an~les Q, ~, ~ bot~een nircraft 
system nnd ~rouna systen nrc, 
finitive axis of rotatiorr of 
os principal ax~s of rotation 
folIo '.1 s · : 

b~sed upon axis x as de­
x, y, Z, and of axis z~ 

:> 

x ~, .• Y", Z~, explainei as 
. ., :> 

a an~:c of pi tch - an~le betwe~n x an d plane x~ Yu' ., , 
Axis of rotation of the ~n~le is axis J proje ct­
ed 0& ho~iz~nt~l pla!:.e x~ Yg; i.e., a horizon-
tal axis at r~~ht an~les to x, whose positive ~i­
rection viewed alon~ positive axi s x is clock~ 
wise. Plane x Zs<; is the plan e of m ea ~urement. 

~ An~le of roll an~le bet~een Z a~d plane x z~. 

Axis of rotation of the ~n~le is formed by axis x. 
Plane y z is plane of neasurement. 

W az iout h nn~l e - an:;l e between x proj ect e d on 
plane x~ y~ nnd axi~ x~. Axis z~ is axis of 

rotation of t~e ~n~le. Plane x~ y~ is plane of 
meaGurem on t. 

The dcf~nitions of t~c an~l ~ s with th e corre spondin~ 
couplin~ an~le s between the wind an d ~round systems. nr e 
in a<; r (>omen t. Simpl;r ropl n. ce xa b;r x, :ra by ~r an d. z" ... -
by z (fi~. 13). 

The followin~ , relations hol d true: 
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From tri:\.n~le x: F x~ : 1. co S (x x~ ) = cos ~ co s \jJ , 
From trL .. m~le F Ye; : 2. I 

y~ ) ~ sin \jJ x co s ,x = cos 

3. cos(x Zg) = -sin ~ 

Fror. t ri :, .. n~le y K Xg: 4. co s (y Xpo ) = -::lin \jJ co s It' 
'> 

+co S \jJ sin ~ sin' ~ 

F ron t ri :, .. n ..'~l e y K Yg: 5 . cos(~r \ = co s \jJ co s ~ Y po I 
"> +sin * sin sin 11 ~ 

From t ri :\n~ l e y x ~~ g : o. co s ( y z~. ) = co s ~ dr. cp , 

From trit"' .. n~le z K xl'" : ? • cos(z 
" 

:Cpo ) .., = :-;in ~ sin \jJ 

+CGS ~ cos \jJ sin ~ 

From tri a.:r.. .gle Ie 8. co s (z 
, 

- ~ in ~ Z Y.g : Ypo) = q:> co S 
"> sin \lI si IT ~ +cos ~ 

F.ro ID t ri rtnJ?;l e .,. . 9 • co s (z 
, 

~ ~ X Zu l = co s co s ~ ., 
I.J~ • , 

'm" transfer :rom o.. ircrc.ft system ~. t Z to ~round ... .:18 A t 

sy stem x.,., ~T~~ , z" h['. S t he fo rn: s~own in ., . ~ 

TABLE XI 
--------r---·--·- - - ··--------------------··---------·- -------

.? : G r on nd A.xes 
//~/ i---------~:-------i------·-;;----------r----;~-----

::--T:i--+ c:~-~~::~-~--r_--:::~-~-~~:-~--l----=~~:-~­
~ ~-=-lr::~:~-:::-~-:~:-;:::~:-~--:~:-~--:~~-;J:~:~-~-~ i n -: 

" -sin \jI cos cp , +CO G \jI COG ~ 
>. -- ------------------_.1-- - ---_._-------_.- .. ------------

'"0 , I 

~ , i +si::1 ~ cos \if cos ~ I + s in ~. s in '-V cos ~ 
I z I . . I ,I, +cos ~ con cp 
I I +c~n \jI sJ.n ~ I -COfl 'I' Gin ~ 

----"""-- .------____ _ _ __ .. ___ . ___ .l- . _____ . _____ . . _____ ~------- -_----_--

Fi~ure 14 ~ivos tho c orrec~o~din~.C~rdan 
coup1i n~ bet ween nircr~ft n~d ~rou~d systems. 
li ~~ nn~les ~, ~,~ n ro se t posi~ive. 

r:;ode1 of the 
The coup-
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VII. GaOUPING OF THE MOST SUITABLE AXES AND 

COUPLING A~GLES nI A II STANDARDtT SYSTEH 

In the selection of practical systems of axes , by 
me a ns of which fli~~t-mechanic problems are appropriatel~ 
treo,ted, an d o:,T the ,;roupin .~ of these axes and [-' . n~les in­
to a "standari tT system, n numb er of subscriptn necessary 
i n the p7esen~ report, for obv~o~s re~Dons, c an be elimi­
nate~. ~ollowin~ the ultimate choice of ~ certain coup­
lin~ between nircraft and ~ind GystOES, n~rnely, of the E 
couplin~, all subscripts in cap~tal letters (3, F, K) a re 
eliminated. All sub sc ripts in smnll lett e rs ere ret n ine d. 

On t~e basis of the ro sults of t~e invest i~at ion, the 
followin~ standard syste2 of axes an d cou~li n~ an~les of 
fli~ht mechanics, c~n be formulcted: 

A. Axes* 

1. Aircraf t axes x, y, z 

3a. t'ini axes x a ' ;"'a, za * 
3 b. Tunnel axes x a ' Ya, za* 

4. Ground axes x~ , y.,... z~ 

T~e ~xes cited u~der 1, 30., and 4, a re ox~lainod in 
detail in re~erences 9 and 10. 

*Wit~ the choice of tte ~ couulin~ b o t~een circr~ft and 
wind axes and tunnel axes, res~ectivoly, axis Ya and za 
of the wind system n~ree ~ith axis YaK and zaK of the 

tunnel system. Axes xa an d x CK a re nlways iden~ical 

(referenc e 9), ro~ardless of tho choice of cou?lin~. For 
measurements on a irpl an e s or ~odels over a ~round pl~te, 

axes xa t Yn , za' ~iven by the axis o~ flow, and the 
< p ""'p p 

~round plate are used, or olse ~round ax~s x~, y~, z~ nrc 
used, and bec~uD0 of the presence of t ho ~round plate n~y 
be considered ~s ~ivon . 
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E . Coupli~~ An~lcs 

1. Aircrnft n~eB - wi~d axos, couplin~ throu~h aerodyn~Dic 
nn~les ~ and a, w~ich ~nrrn tho nn~les of tho E 
couplir.~. 

2. Aircraft axes - experi~eLtal ~xes, coupled throu~h nn­
~le of cttack CL. 

3. Wind axes - experi~eLtal axes, coupled throu~h an~lc 
of ya't'l /3. 

4. Wind ~xes - ~round axes, cou~lod t~rou~h an~les 

x· 
;.t., 'Y, 

5. Airplane axes - ~rouLd axes, couplin~ throu~h aL~les 

C?, ~, W. 

BetweeL the i Tldi vi du~l coupl in~ ::t!lp;l e s, \7i tb. E coup­
liL~ as basis, tho fol~o~in~ relations exist bot~ o eL air­
cr~ft nLd ~i~d axos.* 

L co s ~. sin cr = rin CL si:1 ;.t. + co s CL cos ~ sin a 
I I • cos P ceG ~ = co s cp co s cr + nlr: <t' sin cr sin ~ 

I I I • cos 'Y cos IJ. = sin ~ s i n c, + co s ~ co s CL cos g> 

IV. coc 'Y sin cr = s in p co s 9 + co s a sin <t' sin CL 

Y. sin <t' co s ex. = sin ~ co s cr + co s ~ sin cr sin 'Y 

VI . ce s ~ sin <t' -- ein a s in 'Y + co s a cos 'Y sin ~ 

VI I. COG 0 , cos P = ~ i n ~ s in 'Y + co s ~ cos 'Y co s if 

In these cqu~tionG, cr s i ";11 if i 0 S tne diffo r en ce an -
'; 1 e IjJ - x. 

:B'i ·-~uro 15 illustr."..tes the urientntion (", f 'tho n ircraft 
axes relativo to tne wind n~d p,round axe s, as uell as t he 
couplin~ a~~les between rr ind and ~rou~d aXDS . 

* The detailed dcrivation of the relations ~ct\7 ee n the coup-
lin~ ~np, les for the E coupl~n~ , as well as for the F coup­
lin~ ~ ill be published in a fut ure report. 
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The i dentification of the axes of t~e a ircraft ~ ind 

and ;:; r oun d. systerr:s "b:r x , ,- . z , to~ether ',v it~ subscripts 
a and ~, has been intern ational l y standardized by the 
l . C. A . N. and by the lnter~at io nal Federat~on o~ Na tio na l 
Stan dc rdizi n~ As sociations (lSA). Axes xe . Ye' ze of t~e 

experi men tal system a~ree in definition and s ubscr ipts 
~ it~ t h e axes ~n own fr om En~lis~-American l iterature as 
II wi nd a x e s . II 

The lSA Co umit tee , 20, Av iation, select ed the E coup­
lin.o.; for aircr::tft and v. i nd s7stef:lS , ':7>.ile the "rul es "; ov­
ernin~ the use of int ~ rnat ional symbols an d t a r DS in nero­
nautical enp;in oe r i ng ll of tho lCAN co n tain at :present, the 
F coup lin~ . alt~ou~h the lCAN it ~ elf ~s now contomplatin~ 
introduction of the E couplin~ . 

The def i n it~on a~d notation for ~, ~,~ 18 interna­
tionally standardized exce? t tha t the p refixes diffe r i n 
t ~e va riou s coun t r i es , depcndin ~ on the choice of positive 
~onse o f dire c tion of the refer en c o a~cs. 

Translation by J . ,Va nier , 
Na tiona l Ad v iso r y Co mmittee 
for Aeron a utics . 
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~igure 1.- Cardan model 
illustrating 

the Euler angle •• 

Figure 6.- Orientation of 
aircraft ly8tem 

1,y,I relative to wind 
IYltem xa,YaE.laE b.r the 
aero~amic anglel Oi and 
~~ of t~e E coupling. 

rlgl. 1,4,6,7. 

rieur- 4.- Orientation of 
aircraft IYltem 

x.y,. relatlve to wind 
IYltem %a, YaF.1ar by the 
aero4ynkmlc angle. dr and 
~r of the r coupling. 

rigure 7.- Orientation of 
experimental IYltem 

Xe.Y.,I. relative to wind 
IYltem xa,YaE,laE defined by 
the I coupling. 

Q 
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J'igure 8.- Lift 
coef ­

.tlclent Cal and 
Car acalnat 
angle ot Taw ~:E 
Oil p., on a high­
wlD8 land plane . 
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rigure 9. - Lift 
coef­

ficientl CaE and 
Cap' plotted 
against angle of 
yaw p.,! or P J' on 
a high-wiD8 
le.plane . 
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11gure 10 . - cal 
or Car 

agalnat ~X or ~p' 
on a low-wlD8 
land plane. 
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rlgure 2.- Cardan model of 
couplill8 between 

aircraft Iystem x,Y.1 and 
wind system xa.ya,la for the 
case where axis x il axis of 
rotation of the aircraft 
IYltem. 

Figure 5.- Carden model of 
the E coupling; 

all8le of attack ~E and 
a1l81e of yaw ~E Bet pOlitive. 

Figl. 2,3,5,14. 

~lgure 3.- Cardan model of 
the r coupling; 

angle of attack dE and 
angle of yaw ~F are let 
pod t1 ve. 

Figure 14.- Cordan model of 
coupling between 

aircraft system x,Y.1 and 
ground system Xg.Yg.lg. 
Angles ~,~, If are in pod tl ve 
setting. 
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A 

ligure 11.- Orientation of 
aircraft Iystem 

x,y,l with reapect to wind 
system X&p,Yap,lap for 
measurement a with ground 
plate. 

Pigure 12.- Orientation of 
wind system 

xa.Ya,la with respect to 
ground system Xg,Yg.lg • 

Iff 

71gure 13.- Orientation of 
aircraft system 

~ x,1,1 with respect to 
ground Iystem Xg.lg,lg. 

Figure 15.- Orientation of 
aircraft ,wind 

and ground systeml, baaed 
on li: coupling. 

y 

Y. ------

All angles Ihown are positive . 
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