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+o Minimun cstructural weight of .a wing is ensured "waen
witdin .bounds of the selected support system, the:istrue~
tural. material -having.the- nigvest efficiency. (Gh/Y j;or
ten51on, E/W for buc llng) ‘is 'so disposed that its- crovs~
sectlonal ‘areas are eveérywhere- utilized up to the strength
llmlt Cn partlcular, unecononic: Dbending - stresses (becouse
“of- “the only locally restrlcted Waximum s stress - of the mate-
rlel) should bve av01ded wherever possible. - ThlS’"tlpula4
'tlon “of resolving all stresses into pure: tension and com-
pregsion intimates the utlllty ‘of truss beams, - and”thué :
explains their’ ever~increasing use 'in the des1gn of the"
modern Large airolanes. The outer anpe of a- cantllever
wing and with it the’ height of- the ‘pean is determined by
the aorodyqamlcally defined alrf011._’T 10 problem then 'is
to- dOCldO on the typo of COustructlon, a mattor which- do—
.ponds-on tho maturce of the oxternally imposcd loads, -
Tdeir resultant can bo readily: resolvod into components -
parallol and normal to the wing- cnhord, = Tho parallel com~
ponont-is 1nvor1ably, as a glwnco at Figurc 1 shows, a ‘
small fractlon of: tho normal componont and, in addition,
oncountors tho wing chord ‘as ‘beam hoight; hbncc,-w111 not
bocome decisive for beam shapc or calculation: 1In diroct
contrqst ‘thc normal -componont is prodomlnant and, becauso
of tho émall beam height, docisive; aside from that. the
points of application of their resultants are extremely
variable. (See fig. 1.) In view of this variability,
the lightest weight is contingent upon the whole struc-
ture helping to carry the load, i.e., -a very high combined
effect between all supporting parts, By combined effect
we imply, for example, the_subsequently examined multispar

*"Zur genauen Berechnung v1e1holmlv—parallelsteﬁlger, genz—
und halbrreltraaender, mitteldbar und unmittelbar belas-=
teter Flug elgerinpe. Zeitschrift fur Flugtechnik und mo-
torluftschiffahrt, October 28, 19231, »p. 597-603,
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_wing, in which a .spar not only carries tii's ' load dbut at the
same time is helped by addacent spars through the agency

of the ribs, Combined effect is 1mposszole in a two spar
wing unless tae bond between rid and spar: ‘affords-th
transmission of a torsion moment to the spar and the 1atter
itself. is resistant to torsion. 4 two—spar lattice wing
has no combined effect. In three- spar or mul tispar wings
torsional stiffness of the individual. spar is.no longer
necessary; resistance to beqdlng sufflces.

In our case, i.€e, letlspar cantllever Wlng, the Dar-
allel webs are 1nterconnected bv transverse rlbs.,_t

Con31stently w1tn our - preced:ng stipulation, we now
vigualize spars and . rlbs as truss beam or grllla@e. qu"
normal 1oeds are .taken up and transmitted dy th “nornal -

Tift-truss of " the spar°; The eoually normal rlb -truss to—5*

gether: with the spar. 1ift- truss form a beam grillage and. -
effect the reculslue oond. Tne 1nd1v1dua1 Lift-=trusses -
of this grillage are. 1ot rlgld in torsion nor is .the gr11~7
lage stable against 1oad actlng 1ﬂ its:plane, - To take

up- the small- parallel londs the saear strengtn of a. corru-
“gated metel  skin is us ed exclusxvely, which also takes un
the air loads and tqelr transu1ss1on to the 1ift-truiss:
flangeés: of tue spar in form of. an equlvalent load, 'The
unloaded transverse structure (rlos) merely serves” to pro-
ducé the combvned effect and prevents overstress- in. the.
metal s..lnc “These ribs make the complete structure stat<u’
ically indeterminate.  Such designs. should.ordinarily beé -
avoided for wing structures becahse the statically inde--
terminate .structure is usually neav1er than the. equ1valent
statically determlnate structure, due to the incomplete -
usa olllty of the sections of the members.,.But this par—
ticular case is an cxcepthn., The. 5reat variability of

the locatlon of the applied load produces, -in view of. the
combined effect through the ‘statically indetcrminate lat-
tlcos,'such a farmroachlng unloadlng of tho rospec»zve
member uander load as to make the comploto suwtlcally in-
doterminate strucuure 11gbtor in. spite - of-it, ' This com- -
binecd e;Icct moreovor, becomcs vitally 1mport;nt whon, -
duc to failuroc. of one.pa .the romulnlng meabors uast

take over tne 1oad_o the otﬂere . - N

For -OUT PUTPOSES we selec¢t the spar sna01ng at 1/10,-,.

Wing-qﬂOId anu svec1f1ca11y, We arrenge seven snar 11ft—gL
brusseseist LU ST P S
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Ribd spacing and thickness are defined in keeping with
the fact that the combined effect is considerable even
with.few small ribs and shows but little increase when in-
creased in aumber or size, ~kHaximum combined effect even
with comparatively small ribs is then obtained when the
latter are.in the v1cin1ty of maxlmum qpar doflectlon,
1.0., at the W1ng tlpS.~ﬁ Lo )

. In accordanco W1tn calculatlon, we nresumo eoual
.stlffness in bondlng in all six ribs, (See fig, 2.)

_ After thus exp1a1n1ng the most essential p01nts for
.obtalning the requisite "llghtest" wing, there remains .
the statical anlysis . of the- complete structure, so as to
be able to decide upon the dimensions of the individual

parts. -This is done by an- unusual metnod the“principaln
'advantages of wh1ch are: : B . :

A 1.~ rreedom of statlc examlnation from special 1oad
case- by introduction of influence lines, consequently. one
investigation covering ‘all load casés (pull-up, glide,
steep dive, 1nverted fllght, pull-up in 1nverted flight,
etCo) -

. 2w Slmple 1nc1u31on of d1rect 1oads in the stat1c
analysis, T Lol

:3. -Prov1s1on for actual support conditions on fuse-~
lage and eventual bracing. - : :

4, Regard as to 11m1t of rib stlffness.
lS;' Calculablllty of-covering.pffect,A
"6, Examination of each spar inertia moment occurrence.

7« - Utmost possibility of approach to actual load at-
titude, ‘ - '

8. Special qua11f1cat10n for calculatlng extremely
large and “all-w1ng" alrplanes. Lo

“In conclus1on, it May bo- observed that the study is

o equally applicable, with suitable modlflcqtlons, of

course, to wings with varying chord and that the consid-
eration of a load varlaole along ‘the spars (tapering at
the tip, for example), presents no obstacles.
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: Here also it is essentlal to-differentiate between
‘external- 1oads parallel’ and - normal to-the plane of the
grillage. The Darallel loads.@re balanced Dy tle shear
strength of ‘the suln, tae'uormal loads are treated as fol—
lows (see figo 2): With the. stlpulated four—point ‘sup- -

port the complete ‘spars and two .ridbs, let .us say, x =6,
and . = 7, ‘suffice to maintain stability, with the ré—~
sult that 12 ribs may be altogether removed, Since each

rib as beam on seven supports is five times statically in-
determ;nate9 the total’ number. of the- statlcally 1ndeter—
minates-is 12 X 5 = B0, Substituting the word "ridb" for
"spar," and viceiversa, yields the seme'final result
Géneral rule"<A;cr111age, extraneously supoorted by
four conditions (llmltatlons of displacement- and distor-
tion) with- ‘menbers’ ‘unstable.in torsion-is externa11y stat-
ieally determinate and 1nterna11y ag many .bimes statical- "
ly indeterminate as it aas internal joints (from which
four members emanate) Every external additional condi-
tion s+1pu1ates an external statlc indeterminateness, Al-
beit- thi's ‘total number of statlcally indeterminate gquan-~ -
tities is 'now reduced to. 30, beceuse of the symmetry of
the loads, 'an exact treutment by conventional methods of
stmtics is still out of the question; so recofirse is-had
to the method of dlflerontlal equations as broached by
Professor E.unst ielan, Vienn Instead of the trﬂss beams
‘'we substituic solid beans with inertia moment: /2
In-addition, we discard tie hitaerto customary, ut very
arbitrary assumption of cantllev”r wing rigidly restrained
at the fuselcge, It.is felf that this !free body" diragran,
as illustrated - in Flgure 2, is more nearly correct. It is
the same as consideriag tne two. semi-wings, Connected di-
rectly or by meaas of a central frame, as static unit on
whicnh the load, now symmetrical to the airplane axis, is
Jdmposegd and wrerein the load encounters its opposing
forces in the attachment forces. of a fuselage or in direct
wing load’s -as encountered when approaching the "all-wing"
type of airplane, where engines, tanks, cabins, controls,
etco, are mounted on the wing. .. Since these are conditions
very largely devendéent” upon the repgpective type of con-
struction, we confine ourselves to representing the meth-
od with a statically.determinate arrangement of the oppos-
ing forces, as ind*c ted in Flgure 2y and exXplaining any "
occurring cnanges undor ot er suDoort condltlons during .
the -ensuing co lculation. ' That .this method is. partlcular—'T”
ly suited for the calcalatlon of giant alrplane types,: :
such as the uunkers, Rumpler, and Dornier is obvious. An-
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other 1L'ea.ture from tne structural 901nt of v1ew is. ta%t
the perIectly free truss is unstable aoaﬂnst asymmetrical
normal loads, such as are 1mposed DJ el1erou effect, in
spite of the covering, fto the extent that, duc to the laclk
of: any forsional .stiffness of the grlllage members, the
entlre grlllage can, without r651stance deform 1nto a- ay-
perb0101da1 area,. because all. grlllage members. rermain )
stralght This 1ustab111ty can be remcdied by restrain-
ing.at lecast four 301nts of the grillage, 8ayy- four fusec-.
lago. attachment 901nts relative to the grillage or else
by, resortlng to spat1a1 stlffenlng. In the numerical ex-
:ecut1on, we. conflne the accuracy to tnat ootalned oy‘
sllde rule.

: To comprehend the static benav1or of the comp1ete,.w
wing - structure and in partlcular of the combined effect.
between the 1nd1v1dual -spar walls, as well as for prov1d—
ing the requlslteAbases_of'theAproportlous we .rely on
the influence lines. - Qur influence lines, somewhat at
. variance with their orthodox definition, have as ordinates
the influence of an equivalent ‘load- of 1 per unit leangth -
of spar extendlng over one whole spar (From . x =0 .%o .

13 in our -example), when this load constant. by 1t-
»sclf travels from spar %o spar in rib dlrectlou = no.: di-
rect rib" loading -being presumed herein -~ to.the requisite
magnitude ‘(spar moment, ribd moment, -displacement of joint)
at the respective point.,. Altogether there are seven dif-
ferent load positions. .  When one spar ¥y = constant sets
up a uniform load along its whole longth, all other spars
are unloaded, " Hence the.computation of all reguisite.
gquantities for cach of these scven load positions makes
it possible to.plot each influence ‘line - of these. quanti-
ties. By virtue of the symmetry of the wing structure to
the center spar, it is necessary to investigate only four
instead of seven attitides,:  To assure-inclusion of di-
rect wing loads .the procedure is as follows:  arbitrary,
direct wing loads.:are always knovn .and constant in maz- -
nitude. and place, hence .are .counted .among tae other
known external loads which merely have to comply with the
general -conditions. of lexternal loads on the free grillage.
In order to be able to retain our method of defianing tae ..
influence lines we select one of the "unit loads™ of tae
whole wing ‘(all spars. loaded with .1 per meter. 1ength),
bearing in mind the relation between actual weight of the
direct load (engines, cabin, fuel tanks, etc, ) .and in di-~
rect actual wing loading,. a corresponding, oart of the di-
rect lgadlng aprly, durlug loading of one of the m spars,
the m'* part of the direct loading at the requisite
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poi“ts define the reactions recessary ne”eto (occurrlng
eitifer. as bOdJ attachment forces or as’ dlrect control
forces on tae "zll-wing" airplane), af ter WJlCL we can
proceed as in tﬂe ordlna“y case. '

To 111ustrate'i Let ‘an averagé;'equable sngr 1oad1ng
of 150 kb/m' e synonymous ‘to the mean actual wing load- -
ing; an eng 1ne of 800 kg actual weight’ i3 assumedly mount-’
ed on the top of the wing in form of a single.load. Our .’ :
influenceé line calculation was carried out with a stipu-
lated equlvalent spar -load of 10CO° kg/m" .Conseguently,
we must, in order to maintain similar loading conditions, -
determine a'corresponding part of the direct loading

1000

(800 X 356 5330 Kg) in view of the relationship be- .

tween actual weight of direct. loadlng (800, zg) '2nd mean
surface loading (respectively, of the equlvalent spar load
150 kg/m' dependent the“eon) So when 16ading the wing:
with the originslly assumed eguivalent load (1000 ! kg /mt) :
over all spars and using up the computed direct loading - .
proportion (5330 kg), tais system of forces must be brought
into equilibrium by normel forces:applied at those points
"where, by nature, fuselage attachment forces or control
forces must occur." Our method of defining the influence
lines stipuiates loading of only one of the m spars at
one time, s¢ that obviously only the nb'R part of the
direct load nortion must be applied, because all m spars
together are to- corresnond to.the complete portlon again,
After defining the reactions for tais loading attitude,
the calculation can be carried through for this case.

The method is appllcable to any airplane attitude, even
for case C where, as is known, nv compoaent of the direct
loading must be incurred in the normel direction of the
wing, ;e ‘ :

Before beginning the actual calculation, the inertia
moment of spars and ribs and some notations must be de-
fined, The spars are assumed as trusg-cantilever of equal-
resistance in bending, tapering linearly in height from -
the root toward the wing tip. Counting x beﬁipﬁ“ng at
the wing tip and stipulating an equlvalert 1oad q per
neter of length, we have Y “ :

ilx = q x2/b;."0 = MX/WX; Tg = ¥x/o = g x2/2 ©

and therefron, R Lo e
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which, with h = ¢ reveals moment of inertia

¥

q a/40 z3 = k x3,

]

Jx

wherein k is the spar inertia moment at the first joint
x = 1, Besides, we stipulate equal stiffness in bending
in all spars, and equal and constant inertia moment of
magnitude k in all ribs, so that 'Jy = Ik,

Fotation: _spar spacing h = 1; rib spacing 1 = 4,
°= = 3 gx T3 i = T £3§; B ég;
Py = P13 = 4&2003 P, = 127 ’539“3
P = ¢11.= Oéi48; Yo T @loz Oégss;
¢, =P, = OéEZB : Qe =g, = Oé§19;
0, = oéglg.

As cantilever beam of egual resistance in bending, the
spar dewands, consistently with tane foregoing, an inertia
moment conformably to a cuvic parabvola. truss beam with
constant flange profile and linearly chaanging height would
yield a square parabola, TFor that reason the flange pro-
files must be graded, These conditions, which are alto-
gether subject to the particular case in point, are ac-
counted for here by using in each spar penel the maxinunm
instead of the mean inertia moment for defining ©. For
designating Q¢ the number of the joint following the

~pancl was uscd, .

¢ 1is independent of y, ¥ is independoant of x
and y., Thc displacoment af joints X, y normal to plaane
of grillage is Zxye

The moments at the joints in direction =x: Lx-1,y3
’ ny; Lx+l 2y

The moments at the joints in direction y: Mx 4.1
Mx,y3 ¥x,y+1e
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The support -pressure of the freely borne beam at "Joirnts
x,y set up by external loads, is Tvy = 4, The support
pressure of the moment loading of the free 2ly supported
bean at joiat x,y induced b} this member is ny = 8/3

only tne an;s y = constant ”are loaded tH@t is, Gni-=-
fornly with uanit loadlng 1 per 1n1t lengtn,_hence

= % X % £l % X 3 X 2 X -4 = %’g because fl = 4,jf'? 

i = 2,) Torce and displacement are countéd positive in

the same direction, The oenélng noments are positive when
the center of curvature of the deformed memoor lies on the
side of negative =zgxy.

The “eVoTO“ ent of tie aﬁife“entlal equatlons begzns
with Clapeyron's taree-moment equabticn:

‘:p}.'. I“X—l-i- 2(:{}3( +r~px+l)LX -+ Cl’/x_*_l Lx+l Fode

R AN S Skt P giE T Q*c “rvl\
= = N
bty lx o lx lpdy 7

o~

modified for our purposss bo:
Pg Lga:t 2(Px T Pxt1)0x T Pxty Dxty T
+ 6/U (g~ 2 Zx T Zx.y) == 6 B/l (Pxt Pgha).

For abtbrevi atlor, we writerd

6 Pry/l (@x + @x+1> = ny

L3

¢x”;x-1‘+ 2(9z + Px+1 (Ix ¥ Pz+1 Lz = (P L)
)

]
$o
N

. B ’ I 1 Ie . T } ae
Vg Hy-y T 20Wg + Vx41)lx + Vgt Hxt:

l/h (nyl -2 Zy + zy_.l) = 33,'(2*)

oA

-
v

which afford the partial differential equations.

o

$.x(9.L) + 6 D x(z)

3 y(¥ K) + 6D y(z)

0 - P (3)

it
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. Baciajoint . hav1ng three coordlneted 1nknown-oac1u*tles
(L M,z) “a.third. equation is .needed and obtalnédmfrom tqe
equlllbrlum of the joints Derpeidchlar to the’ ylaae of:”
the grillage, The proportion of moments - L ~at the Jdlﬁts

ian direction of thae external load is:

Moments - M at theijblnts_ﬁoﬂtrlhute:~

1/b (g Satt 2 Mgy *+ Mx’y_l) Dy (1) .

Contribution: of external’ load: Tx§i'“

~Thus fo1lows the thlrd equation :of the..simultanecus -
systems - . a - s . .

D X(L) + D y(M) - Txy I (3) :

Slnce our. 11ft structare has free boaqdarles 041y,,”
the conditions stipulate that the moment in dlrec ion nor-
. mali:to -the Dboundary must-disappear: . Mxzy.= O; - Lygy = 0.

The ‘cross stress in the first .panel outside of tne area :
must therefore become zero. This is proportlonal ‘to tﬂe
differenceé in moments at the ends of tie: members.:f :

y = 03 NX - ~ Mxy =“é$*’bon§$qﬁeﬂtfy}?:Mg,y_l = 0

y = m} Mx,y+1 - Mxy -0, iy gty = O;.ﬂ
= O; Lx”ll‘sy‘ = :ny = O; " ,-L_X;-l'y : 0
; =:n; Lx+i,y ~_ny = O3 | n Loty ,y = o

) ~ If the wing structure has more thazn four fuselage at-
tachments, or if outlying joints are prevented from shift-
ing by strutting, as in the semicantilever wing, for in-
stance, the attachment pressures imposcd on~ these redun-
dant attachment points are statlcally 1ndeterm1nate in
their aormal comoonent :

These pressures are temporarily.introduced.azs unknown
external.. 1oads and the.procedure is. as follows




10 W.AC.A., Technicsal Memorandum Ho. 662

-4.'

. ..1.‘?1astlca11y restralned Jo1nt Zty‘~ k Txy, . when
TXY- represents the unknown attachment pressure at joint
X,y. As shown elsewnere,(we have P

o o
Zxy = .. 2 Ty my
and N

»

f3 = (171 (Fxo - 32 %+ Ton) + 88 ()] (5 ¥ oy),
wherewith 3 ‘ S

k Ty, = :_EO ny 4fwy T1/1 (Fgpr = 2 Xg + i) + s ('K")] h
becomes the gemeral increment eéuation for definirg:the'

statically indeterminable attachment pressure at each re-
dundant elastically restrained joint»

'For redundant fuselage attachment the premise of rig-
idly restra4ﬁed JOlnts ordlnarlly should - bolad.

2. ngldly restrained joints: 'zxy = 0, .consequently,
gxy =0, nﬂ ‘the s1mp1e equatlon for defining the exter-

nal statlcallJ 1ndeterm1nates with rigidly restralned
joint is: °

1/1 (Xx+}:ﬁ92 Xx-+,Xx~1> + tl(x)-=

wherein the unknown Txy is contained within t%(y)
external load. '

Now we proceed to Professor Helan's method of resolv—
ing the dlfrerentlal equations: .

1. The general resolutlons‘ ny, ny, zxy of the un-

homogeneousness, s1mu1tareous system o- partlal dlfferen—
tialrequatiOns,' o

&x(tph) +.6 Dx(z) = - ny, av(.m) + 6 Dy(z)

Dx (L) + Dy () = - Ty

can -be developed from tne proper resolutlons Yl, nl.'off

the homogeneous’ 31mu1taneous system of the same partial
differential equations,
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83WU‘+6DY()

DX(L) + Dy( N = A 'z,
and from the resolutions X and f; of' 2n unhomogensons
system in the following form:
S e moo -
Lry = (L. %1 Mis mxy lzo 13 El, Ty ='<i§-o~"i-ni'

2. For deflnlng the proper

resolutlons of tAe nomoge—

neous system of partial differentizl equatlons tae. s1mu1—
taneous system resolves itself w1tn Ly :

Lxy = X1z Yy, o

into two groups of two .ordinary.
each:

Uxy = Xnx

Yoy, Zzy = &x Ty

differential equations

9z (PX). + 6 Dx(£) = 0, Dx(X) - Mt =0 for X4 aﬁ&“ﬁ{”“

and o .”' S ' S

7MY + 6 Dy(m) £ 0, Dy(n - Nn'= 0 for T; and my.
They reveal M\ and A" ..as roots of the erQPanéuL

equation. produced by making the
of that system of equation = O
the dlLferentlal equatlon.l

3. For deflnlng resolutlons

geneous system the load terms

m

Uxy = 2, “(x) Mi»

wheredby, if the

Ni

m -
vi (X) = =Z '-UXy 'ﬂly . ,a-‘nd‘

ny and Txy
according to the proper resolutions

CIxy

coefficient determinants

which takes the place of

Ei and zi"oflthe UN:10mo-
are .dévelomed
ni determined. above.
‘n
= X

4ty s,
=P (A) ‘1'

are regulated,

th(x) = 3 Tay My

y=o

The result is - the’ 31mu1taneous system of ordlpary dif-~

'ferentlal equations
8X<@ Xl) + 6 DX(E ) = - ul(X)a

for X,

3 and

. e

Dh(k ) + Xl" ﬁl = tl(x):

Eie
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4, Wow the general-reéolufions ny,'Mky,‘zx§
are computed conformably to the equations
. m, ' m - o
Lyy = 2 X Ty Uxy = 2 T3 €5y Zxy = I £3.my
i=o i=0 : . i= .

by matrix multiplications.

' This is a brief outline of theAgeneral.hethod of. res—
. olution and we proceed to the concrete calculation of the
first loading attitude (spar O loaded).

In this case the unhomogenéous,Asimultaﬁeous;péntial
differential equations read h

$x(9L) + 6 Dx(z) = - Ugy, Sy W) + 6 Dy(z)

Dx (L) + Dy (M) = - Txy.,

wherein

Uxy = O for all y =1, 2, 3, 4, 5, 6

Uiy = 6/1 x 8/3 (px + @x+1) = 4 (9x + Qx+1) for y =
and o ' o :
: Txy = O for'all -y =1, 2, 3, 4, 5, 6 .

Txy = 4 for y = 0.
" The proper resolutions of - the homogeneous qugtioné
9x(9L) + 6 Dx(z) = 0, Sy(¥u) + 6 Dy(a) = 0, "
Dx (L) + Dy (M) = Moo
are developed in direction y (of the uﬁioadéa members) .
By the agency of | - |
X

mx Thys 2

Lxy = Xlx Yly’_ lixy Xy = g'x"ﬁyr
the homogeneous, 31multaneous system of Dartlal dlfferen-
tial equations can..ve resolved into two groups o6f two or-
-dinary differential. equations with constant coefflclents

each
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il
.>’;.
uee

9x(9X) + 6 Dx () - for X and £

M

and

‘ &y(WY),i G,Dy(ﬂ)} O, .. Dy(Y).;?C_ﬂlifqg_ Y and.m,

Bl

. . . . . . . “ Lo
wnereln the second group for  Y and 1M is of primary in-

Bearing in mihdAthe interconnections
Py T =@ e T

L D(n) = 6
(Az‘... dlfférence of seéond order, e;g.:

¢ ::“ 'ﬁF.Y”=.Yx+1H;’2 yx . ¥x-1),

wherein, : Yy = ¥ = constant
'hy_—__-h:, "
the equatlons

3x(v1‘) +6 Dy(n) = 0, DF(Y)

can be,written in the'form*
.. 2 2" —.‘.
V(A+6)Y+6J\n1""q‘

Aa(Yl =h ki“ ﬂl

Hith . C co
=y b Y and Wy = 0% MY

we obtain the normal’ form
(A2+6) Hi+6A2ﬂ1=“Of
A% Hy = w3 my |

with thefboundary oondition§:for:ﬂ
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y = O ... ?. -— .y_. ...: 1

.

y =0 .
) y .:‘ 6 .‘.-o- Hly - Hly-l-l = oa

The normalized solutions for I'y and: mi- of this

system of: equations with such' boundary condltLons nay oe .
found in the previously mentloned volume of. Blelch~;e1an.‘
The . d931red -values ‘are SR

Yi = A3 /Vb; Mg w03/0 Ve
To determine the solutioms for . Xi and €3 of the un-

homogeneous equations, we first develop the load terms
Uxy and Txy according to the.proper resolutions mji:

Uzy M (x) 3

Il
lmda.

Uy 1 13 (%) nl’ i(x) T2,

) , x o
¢ (x) ﬂl’, yﬁl(x) = E

IIM 5]
o

T =
xy =

In the construction of the - uj (x) 1t is to be ob~
served that Uzy = O for all y other than zero, hence

the sum itself reduces to one single term; likewise in
the construction of 7% (x)...Txy = 0 for all y other

than zero, In addition, the reactions at the Jjolants x =
647 are here also to be treated as external loads,

Yow follows the calculation of ¢; and X3 from
S x(px X3) + 6 Dx(f3) = - ui(x)
Dx(X1) + A" Bi = - ti(x).

It bveing 1mpos51b1e to give a general solution of _
this unhomogeneous simultaneous system of ordinary differ—
ential equations of the second order with variable coeffi-
cient in closed form, numerical resolution is resorted to,
Resolved from the second equation and written into the
first %; is eliminated, and Xj; yields

A8 (@ X3) = 6 D D(X3) = = u(x) A" + 6 D(tg (x))

(2 differential equetion of the fourth order for Xi) e
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o

Specificall&'af'poiﬂtt xy 7 Dol

$x Xx 2 + €x Xx 1 + Yx X + €x+1 Xx+1 + 19x+2 Xx+2 =

- - w3 /¥ h® u(x) + 5/1 (tx+1 = 2ty * tX~1)

- . . ) R eome gl sbetiae

Wherein': ' ‘ '
.~-6/l cx 24/1 W] /p h ex LT L

T S8y

it

f— 2 r18/12

LS

pu

(@xﬂfi@x+1).wi/§lb?]-
This equation is to be posed for x =1 in the .ﬁ;
panel: system- the. first time, for x =n - 1: the last time,
and for x for_all. in between,_ Agreeably. to the .rednun=
dant unknowns X.,, X5, ZXn, Xp+1, there are four bound—~

ary conditions for the free bolundaries: -

X = 0...%., = Xg =0 X =13,..%5 = X, = O,
Because of the symmetry of the supporting structureé 'tm-. -
question, from the remaining twelve unknowns, it is para-
mount that S . o e - L

X, = X,y X2 = X3y Xa:= Xyoete.,

so that only the equations from x =1 to,L x.=6 have to
be worked out, T T

This group of six equations,{with sii‘unknowns, is
now developed for i=0, i=1, 1=2to i =206 and re~
solved yielding the numerlcel values for' Xi. '

" As to El,’ recourse is had to the second eqaatlon o_
tne unhomogeneous s1multaneous system and results 1n‘ ‘

_g—i = - ‘\!//0.) r-l/]' (kx-}'l - 2 X + Xx- ) + t (x)Jy Q:
wherefrom { canﬁbe'read;ly computed. For 1i = '- ald
i = 1;  this formula, .howvever, leads to the unknown: valua

per cent :and in: this range 'Ei is defined By resol¥idg -:
the first equatiorn of ‘the unhomogeneous 31mu1taneous ‘sys-
tem. In this manner the numerical values for 51 and
Bk’ g are- computed and all mon ments'at the spar and- tne
joints-cen be- expressed ‘according to ‘the formulas™ ¥*
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o~

= X; my - end Mey =

T
Lyy = ¥yt

o
i

g

The displacement at the joints, developed from

o

m
. ' '= . .?. - o
2 xy 120 51 '-T‘I-'_L_’
contain, in view of -assuming 2.,y 2,03 Zggs “Fvg = O

a displacement (or torsion) which the grillage executes

as rigid body and which is readily eliminated by linear in-
terpolation, (This displacement (or torsion)-should net

be confused with the previously 01ted hyperb0101dal curva-
ture of the complete structure. )

~ For the. second load att1tude (spar I loaded) the Une
bomsgeneous 51mu1taneous equatlons read N

0 -Sx(w ) + 6 Dx(z) = - ij 3y(vd) + 6 DV(z)

DX(L) + Dy (i) = = Tgy;

wherein

Uy = 0 for a1l 'y =0, 2, 3,4, 5, &

Ugy = 5/1 x 8/3 (px + Px+1) = 4(¢x T Pgy)for ¥ =1
a.nd . . . )

Ixy = Q _for a1; y =0, 2, 3, 4, 5, 6

Txy =4 for y = 1.

The solutions of the homogeneous system of egquations
are identical Wlth those for loading condition.I.. The so-
lutions X3 and gl of the unhomogeneous- eauatlons are -de-~
fined as before and so also the desired unknowns. The
other load attitudes (third, fourth attitudeg) now can be
(empnted as the others, so that, because of the symmetry .
af the structure to- the median spar, the moments at the
joints, at the ribs and joint displacements are known for
any possible load attitude and the influence lines can be
plotted. The evaluation of these lines with the perti-
nent load attitude then yields- the moments at the joints
and.therefrom all stresses in the memoers.

The numerical data of the discussed four load atti-
“tudes are tabulated and apoended in. Tables I to IV.

.
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I o - comblned effect Were 1ntroduced bJ sultable rlbs
between “the individual " spars, each spar would ‘have to car-
ry its full proportion of ‘the load, -and ‘under these condi-
tions, tqe moments at tqe spar 301nts are readlly computed

frob:fo_= 2%* at

.~ .

L. =0, L = = 8}'Bé.= <382, Ly == 72, Ly = - 128,
L, = - 200, L, = - 288.

In order to rerresent clearly the results of the stat-
ic 'calculation and for ready reference in a particular case
the influence lines for 211 momenis at spar joints, rid
Joints and displacements of joints must be drawn. Because
of the symmetry of the beam to spar III, plotting of the
influence lines is confined to those for spars O to III,

In Figure 3 is given a sample of the actually drawn influ-
ence lines, those remaining being readily apparent from
the data in the tables,

Agside from the exact determination of the internal
loads of the grillage, the exact amount of its deflec—
tions is not only of interest from the general point of -
view, but it is rather ,precisely these whicia onable us to
draw conclucions with an accuracy unatiainable heretofore,
reggrdlng the statical combined cffect between grillage
and a metal skin, be it of smooth or corrugated strip.

SUKIUARY

In 2 great majority of modern large cantilever or sem-
icantilever airplanes the wing forms a lattice beam whose
members consist of spars (from 2 to 10, according to spe-
cial design) and ribs, Spars and ribs may be solid or
lattice, tne latter being more economical in most cases.,

Loads in form of attached bodies, engines, propellers,
controls, useful loads, wing bdbracing, etc., are impressed
at arvitrary joints of the lattice beam (comprising both
wings) in accordance with the particular case of a canti-
lever, semicantilever, indirectly, or more or less direct-
ly loaded wing., Such highly statically indeterminate lat-
tice beams yiesld readily to accurate determination by
means of differential eqguations, regardless of type of
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load,’ change of moiéents of inértia‘éf'sbar%‘aﬁd Yibs, spar
spacing, body uttacnment conditions, etc. ‘‘Because the--”
loads vary,'fhe use 01 1111uence llaes 1s recommended

i ',:.
2k

In the present report tae combutatlon is. actually
carried through for the case of parallel ’ snars of ‘&qual’’
resistance in bending without direct loading, including
plotting of the influence linesy for other cases the metn-
od of calculation is explained, The development of large
size airplanes can be speeded up by ‘accurate methods of
calculation, such as this,

Transleation by J. Vanier,
Nationnl Advisory Comu1ttee
for Aeroq<ut1cs.t - o
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1rfluence lines of moments et
snar joints Lx’z, moments at

riv joints My 2; displacement
of joints Ek zx 2
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Fig. @ Influence lines of
wing structure.

Fi¢. # Moments of inertia
2f a multi-spar,
. cantilever wing structure
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Fig. 1 Disnlacemeht of resultsnt
of 2ir load with change
in angle of attack.
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