


N O T I C E  

T H I S  DOCUM-ENT H A S  B E E N  R E P R O D U C E D  

FROM THE BEST C O P Y  FURNISHED U S  BY 

T H E  SPONSORING AGENCY. ALTHOUGH IT 

I S  RECOGNIZED TEAT C E R T A I N  PORTIONS 

A R E  I L L E G I B L E ,  I T  I S  BEING R E L E A S E D  

I N  THE I N T E R E S T  O F  MAKING A V A I L A B L E  

A S  MUCH I N F O R M A T I O N  A S  P O S S I B L E .  



t ( second) ,  ' 

x (cm), 

I (cm) I b l a d e  l e n g t h .  - .  

b ( c m )  Y 

r a d i u s  of p r o p e i l e r  hub. 

a n g l e  of a t t a c k ' o f  a p r o p e l l e r - b l a d e  
e lement .  

1 .  

Aa (x) 

bending  v i b r a t i o n  of r 



. c ” X I . .  . . . . , .  . . .  . , .  ” . .  . . - . .‘. 1 I’ . . : - / .  , . .. 
2 N.A.C.B. Techn ica l  :Iernoraiiduzn no .  657 

> ... , .. . 
I I . L . .  . .,. . - . *  4 

3’((x)=Fof (x )  (em2), s e c t i o n  of p r o p e l l e r  b l a d e  at p o i n t  x ,  

F, (em“),  ’ .:. r o . o t ’  s e c t i o n  of p r o p o l l 6  

J (x)=Jo i (x) (em*), s e c f f o n a l  i n e r t i a  noneiit a g a i n s t  t o r -  

Jo h4)¶ s e c t i o n a l .  i n e r t i a  moment at  b l a d e  

.- . . . .* , .- .. . . .. ”* .  

s i o n  o r  bend ing  at p o i n t  X. 

r o o t .  

.. ,- . 

G (kg cm-l) 

E: (kg cm ) , -2 

e x p o n e i t s  i i i d i c a t i n e  r e d u c t i o n  of 
c r o s s  s e c t i o n  and c r o s s - s e c t i o n a l  mo- 
inent o f  p r o p e l l e r :  : b l a d e  ( e q u a t i o n  1 7 ) .  

nodu lus  of  s h e a r !  

modulus o f  e l a s t i c i t y .  

, I  

... r , 

P,, (kg emw4 . s’) , d e n s i t y  o f  mat e e i a l .  

P (kg em--& s”)  ; Elensitg ’of a i r .  I 

J, (kg ci-~ s”)  , 

. .  

i n e r t i a  moment o f  p r o p e l l e r - b l a d e  el- 
ergent o f  u n i t  l e n g t h  a b o u t  t o r s i o n a l  
a x i s  o f  r o t a t i o n  ( e l a s t i c  a x i s ) .  

e (kg CEl s“ )  y i n e r t i a  morneat ‘ o f  ‘ p r o p e l l e r  b l ade  
w i t h  r e f e r e n c e  to f i x e d  a x i s .  

,. s (kg S Z )  , . stat ic”mornent  62 - p r o p e l l e r  b l ade  w i t L  
r e f e r e n c e  t o  f i x e d  a x i s .  

,. . 

0 ( s - V  Y a n g u l a r  v e l o c i t y  ‘ o f  p r o p e l l e r .  

r e v o l u t i o n  speed  of  p r o p e l l e r .  

c y c l i c  f r e q u e n c y  of  v i b r a t i o n s .  

c y c l i c  f r e q u e n c y  of  v i b r a t i o n s  on 
s t a n d .  

~. . 
u = 60 h/2fi. (1iIin-1) 

c (kg c 4  Y e l a s t i c i t y  c o n s t a n t  ( e q u a t i o n  7 )  

v i ‘ u r a t i o n s  p e r  minute .  

, . .  
.. : ,rQolpent c’oeff iciest .OX aergd-ynarnic . 

f o r c e  w i t h  r e f e r e n c e  t o  e l a s t i c  a x i s ,  
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- XI. MAEBER OF PBESE2TATIOD . 
- .  , I  , .  

The f i e l d  opened up by t h e  Inves tBgntPon of  t h e  v i -  
b r a t i o n s  of a i r c r a f t  $roge!.lers i s  SO l a r g e  that  a d.ivi- 
si02 o f  t h e  g e n e r a l  p rdblem bnd g r e s %  s imnp l i f i ea t ions  ars 
a b s o l u t e l y  n e c e s s a r y  i f  i n t e l 3 . i g i b l e  r e s u l t s  a r e  t o  be 
o b t a i n e d ,  1% i s  t h e r e f o r e  i t a n t  t o  s t a t e  c l e a r l y  t k e  
assurnptibns and l i n e  o f  r e a s o n i n g  employed f o r  simlplify- 
i n g  t h e  probl-era and f o r  i t s  s t i l l  v e r y  t roublesome solu- 
t i o n .  I t  i s  u s u a l l y  n o t  ve ry  s a t i s f a c t o r y ,  when t h e  

. - - p r o % l e m  i s  f i r s t  t a c k l e d  ra&thenat ica l* ly  and t h e  p r e l i m i -  
n a r y ‘ a s s u m 2 t i o n s  and a s s o c i a t e d  p h y s i c a l  r e s u l t s  are i n -  
t e r p o l e t e d  i n  t h e  c a l c u l a t i o n . ‘  Hence t h o  a t t e m p t  h e r e  i s  
first ,made t o  d.escr he w a y  t h e  c a l c u l a t i o n  i s  t o  fol- 

h e n  t o ’ c a r  t ‘  t h e  a c t u a l  c a l c u l a t i o n ,  which 
c a d s  t o  nti a l ‘ r e s n l t s .  

. I  

‘S’UIEPSY OF PR03LEId, ldtIlTi3OD OF S O L U T I O B  
i 

. I  

AiTD GEl!T’ERAL RESULTS 

i l i t y ’ o f  D i f f e r e n t  Kinds of. P r o p e l l e r  V ibEs t ions  

P r o p e l l e r  Y i b r a t i o n s  have co t o  ’be of p r a c t i c a l  i i a -  
’ p o r t a n c e ,  s i n c e  p r o p e l l e r  b r e a k s  tre f r e q u e n t l y  occ- i r red  
v i t h  t h e  meXl-Bnown c h a r a c t e r i s t i c s  o f  f a t i g u e  i ” r ac t i i r c s .  
L ight -meta l  p r o p e l l e r s  have s u f f e r e d ‘  v a r i o u s  k i n d s  o f  
b r e a k s  due t o  v i b r a t i o n ,  s o  that t h e i r  i nc re s s s t ag  use iil 

a v i a t i o n  c a l l s  f o r  a m o r e  thorough i n v e s t i s a t i o n .  

P r o p e l l e r  v i b r a t i o n s  nay be produced i n  e s s e n t i e l l y  
d i f f  er‘ent w a y s ;  

-- n l -Uns tab le  .__-._ - _..L--.--- v i b r a t i o n s ; -  -_- F i r s t  ( the same as f o r  zird 
i n g s )  t k e r e  may ’be, at a t a i n  c r i t i c s S .  spe.;d, 
e v i b r a t i o n s ,  mBich a r e  .i eased  by a b s o r p t i o n  of  

eiierCj7 f r o m  t h e  air u n t i l  a n p l i t u d e s  a r e  r e a c h e d  minick 
’ r e s v l l t ’  i n  f r a c t u r e s .  I f ,  l i oneve r ,  trfo co i l s ide r  tLe &rea t  

t o r s i o n a l  r i g f d i t g ,  o f  a p ron’e l l c r  b l a d e  a f t h  r e s 2 e c t  t o  
‘the acr-bdynamic f o r c e s  a c t i n g  u>on i t ,  me can  e s t i m a t e  
niathema-t ical ly  (Sectfo-n IV, 2,  c)., t h a t  t h e  c r i t i c a l  s p e e d ,  



P 

at which s u c 5  v i b r a t i o n s  caq, &e. produc,ed,, i s  s o  g r e a t  that 
t h i s  kind- of v i b r a t i o n s  i's" ve ry  improbable .  

. .  . f  
I n d e y e n d e n t l y  o f  any m a t :  a t i c a l '  c o n f i r m a t i o n ,  i t  i s  

obv ious  t h a t  t h e  u n s t a b l e  v i b r a t i o n s ,  which are  o f t e n  fa- 
t a1 f o r  wings ,  can . h a r d l y .  *be ,das.gerous f o r  p r o p e l l e r  
b l a d e s .  To a cer '%bin'  d e g r e e ,  a ' p r o p e l l e r  b l a d e  r e sembles  
a y i n g  c o n s i s ~ t i n g  e n t i r - e l y  ,of &, s i n g l e  spa r .  The e l a s t i c  
s t a b i l i z i n g  fo,rc.es mu,st" he,$,e. s t a n d  i n  a v e r y  d i f f e r e n t  r e -  
l a t i o n  t o  t h e  eerodyngInAc e s  t h a n  i n  t h e  c a s e  o f  zn 
air91a:ie wing, Iii t h e  .l- t h o  e l a s t i c  f o r c e s  are main- 
l y  coucen ' t , ra ted i n  t h e .  i p  
l y  s'ervcs t.0 s b s b r b  ti?@ 1 namic f o r c e s  and t r a n s m i t  
them to t h e  spar's. . .  I O .  

w h i l e  t h e  wing i t s e l f  r-iero- 

$ ) R e s o i1 aiigc.xgkr a t i o 2s due t o d i _ _ s ~ ~ i ~ E f f f ) _ _ _ ~ f - ~ - ~ ~ i . ~ - ~ ~  - 
B n o t > e r  czw-se of  p r o p e l l e r  v i b r a t i o n s  map be sought  i n  a 
resoi iance between t h e  na tv-sa l  f r e q u e n c i e s  of p r o p e l l e r  
b l s r ? e s  and t h e  f r e q u e n c y  o f  tlie p e r i o d i c c l  d i s c h s r g e  o f  
v -#. L c i ~ e s  J- - f r o m  t h e  boundary l a y e r  i n  what i s  o r d i n a r i l y  
t r e a t e d  as ;t s t a t i - o n a r y  c o n d i t i o n ,  This r e f e r s ,  e.g., t o  
t:ie ;?ileaonenon Yhich l h a d s  t o  t h e  familiar ' * s i n g i n g f f  of 
w i r e s  in t i le  wind. I t  s i iou ld  n o t  be confounded w i t h  t h e  
f o r n a t i o n  o f  f r e e  v o r t i c e s  due t o  v a r i a t i a n s  i n *  $he t h r u s t  
o r  i n  t h e  c i r c u l a . t i o n  about  t h e  b l a d e .  These v o r t i c e s  r e -  
su l t  l r o r n  e v e r y  p r o p e l l e r  v i b r a t i o n ,  however produced.  

The n a t u r e  of t h i s  v o r t e x  d i s c h a r g e  i s  s o  complex, 
however,  and i t s  c a l c u l a t i o n  h i t h e r t o  s o  d i f f i c u l t ,  t h a t  
i t  lliay 'de c o n s i d e r e d  i m 2 o s s i b l e  t o  e x p l a i n  t h e o r e t i c a l l y  
any v i S r a t i o n  phenomena produced 3y i t ,  I t  sbould be n o t -  
ed t h a t  the  rilost i m p o r t a n t  p a r t s ,  t h e  b l a d e  t i p s ,  r e v o l v e ,  
on r s q i d  p r o p e l l e r s ,  a t  i i ea r ly  o r  q u i t e  t h e  v e l o c i t y  of  
Bound. I t  i s  ve ry  p r o b l e m a t i c  as t o  whether  t h e  v o r t e x  
disc'ilqrge c o n t a i n s  s u f f i c i e n t  e n e r g y  t o  p roduce  t h e  v i b r a -  
t i o i l s .  ? h i s  can be deterii l ined on ly  by expe r imen t ,  

c L R e  ---..--.. sonance v i b r a t i o n s  due to- unequal  impgsLs-o-ckLlg 
~r_-~G>-g-y_--:o~ ade s E - s t i 1 I. s i o  t:ier c a u s e  05 p r o p  e 1. I e r  v i  b r  a- 
ti on.^, a ; l c .  proi)ably t h e  m o s t  i m p o r t a n t  one,  i s  t h e i r  p r o -  
d u c t i o n  by unequal  impact  o f  t h e  b l a d e s ,  due t o  an uneven 
f i e l d ' o f  f l o w ,  
v o l v i n g  n e a r  tile a i r p l a n e .  

such as a l m a y s ' e x i s t s  f o r  a p r o p e l l e r  r e -  

The l7 rope l l e r  b l a d e ,  e.g.,. sweeps c l o s e  by a st rut  o r  

On r-iulti- 
v ing .  In p a r t i c u l a r  a , ,Susher  p r o p e l l e r  beh ind  t h e  wing 
i s  6 i s t u r b , d d  3y t,he v,o.rt,ex t$a i l , .T rom t h e  wing. 
c n z i n e  a i r p l a q c s  it ' sohetimes,  h&pens t h a t  t h e  p r o p e l l e r  

> ,  . . q ., , '. . 
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d i s ' r s  o v e r l 2 p  one a n o t h e r ,  These and s i n i l a r  phenomena 
a f f e c t  t i e  impact  v o l o c i t y  of t h e  a i  

e p r o p e l l e r  S i a b  as i t  e 
s c q u o n t l y ,  t h e  pro_ne 
u t i o n  a d  nay' ~ S O ~ U C  

t h e  3 l ac l e s . .  Ordin 
~ o n e t i ~ i s s  t w i c e ,  d 

' I . <  , .  . Sfiice a X Q  'aindraf-t p r o p e l  
z o a e s  0: d i s t u r b e d ' z i i r  f l o w ,  and six 
a s d  bi-eaks have o c c u r r e d  on ' h i r p l a n e  

rope1l'er.s a s  mentioned'  a%b+e w a s  m a r t i i e s t l y .  
resone,nce v i b r a t i o n s . @ r o d u c e d  by e x t e  

ailces r e p r o s e n t  ohe o f  t h e  p r a c t i c a l l y  m o s t  i m p o r t a n t  , 
c l a s s e s  o f  all c o n c e i v a b l e  k i n d s  o f  p r o p e l l e r  v i b r a t i o u s . '  
I t  i s  t l i e r e f o r o  i q o r t a n t  f o r  t h i s  lass o f  v i b r a t , i o n s  t o  

. e  

f ' %  

$ti:g$~'ce.d anong t h e  fi;rs2;. 
". 

1 ,  

2. i,atv-r*al i?reqb.encie's of  P r o p e l l e r  Blade's T i t h '  Re'ferezce 
t o  T o r ' S i o h a l  and- Bchdfng VPB 

. .  
2hoale'dge of t h e  n a t u r a l  f r  

b l a d e s  i s .  o f  fundamenta l  i n ? o r t a  
p ln in i rzg  t h e  p a r t i c u l a r  v i b r a t i o n  phenomenon, 
nature i,t mag be. The n a t u r a l  f r e q u e n c i e s  ' d e  
m a t e r i a l ,  on 1 5 % ~  b l a s t i k  p r o p e r t i e s  and '  on til 
t h e  gro;JelIeG blade. - T!ie$r a r e  a l s o '  a f f e c t e d  
dynenic  cnd c e n t r i f u g a l  f o r c e s  a c t i n g  on t h e  p r o p e l l e r ' a n d  
consoyuc:itly by t h e  v e l o c i t y  and r e v o l u t i o n .  s;3eedo 'By 
"acrodyazmic f o r c c s "  i s  n e a a t  t l ie  v a r i a t i o n s  i n  the. p ro -  
p e l l e r  thrust and i n  t h o  t o r s i o n a l  moment of the aerodyiiaiaic 
f o r c e ,  due t o  t h e  v a r i a t i o n s  i n  t h e  a n g l e  or" a t t a c k  caused  
by t:ie v i b r a t i o n s .  

t h e  p i o p e l l k r  

The c a , l c u l a t i o n '  o f  t h e  f r e q u e n c i e s  i n  t e r m s  o f  t h e  
above  q t . a r i t i t i e s  5 o r m s  t h e  e s s e n t i a l  p a r t  o f  t h e  p r e s e n t  
r q J o r t ,  m h i c i  dea ls '  e s p e c i a l l y  w i t h  r e sonance  v f b r a t i o n s  
o f  a i r c r a f t  p r o p e l l e r s  caused by l o a d  v a r i a t i o n s .  

*--. iraf t n t i o n  I - z g  k i  n d ~ c -  y t 5 o n . -  The pr'opel-. 
t i o a s  m&y 'DO ' r d p r e s e n t e d  b t h  t h e  ' c o o r d i n a t e s ;  

t o r s i o n a l  an& bending.  'On account  o f  t h o  d i s t o r t i o n  ex-  
h i j i t c d  by t 'ne , s c a r a t e  c r o s s  s e c t i o n s  of t h e  p r o p e l l e r  
and 't'ilo corresponding main c r o s s - s e c t i o n a l  axes  w i t h  r e -  
spoc t  t o  one LanotLori t o r s i o a a l  sild bending v i b r a . t i o n s  
must t:lmays occur  s i m u l t a n e o u s l y r  I f ,  thnoref o r e ,  ' f o r  ninth- 
c a n t i c a l  1 'easons,  t h o  n a t u r a l  f r e q u o n c i s s  . f o r  t o r s i o n  mid . .  * 

. ._. . - ' . . I _  i . .  . 7  , . ~, -, .;.> . . , . - . ' I - . '  ' .. ., . ._ . . . .., . 
, . . .  . 

. :  . .  I . I  

. _ . . .  . . . .  I . .  
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bonding a r o  calculated scpnrn t .e ly ,  each  w i t h  t cmporwy  
d . i s rogard  of  t h e  o t h e r ,  v a l u c s  c r c  obta i i lcd ,  ono of which 
i s  sornowhat g r e a t o r  t h a n  t h o  s n n l l c r  and t h e  o t h e r  some- 
nh2t  s q r l l o r  t han  t h o  g rea to r  of  t h e  n a t u r a l  f r o q u c n c i e s  
of t ho  p r o p o l l e r ,  i . e . ,  of t h e  f r o q u o n c i o s  of t h o  n a t u r n l -  
l y  o c c d r r i n g  combined v i b r a t i o n s  of  t h e  p r o p c l l a r .  ( C f  . 
C o u r a n t - S i l b o r t ,  (Nethoden a. math, Phys , ,  rVof'. I ,  Chap. 
5 ,  3.) The d i f f e r e n c e  between t h e  s e p a r a t e l y  c a l c u l a t e d  
f r e q u e n c i e s  f o r  t o r s i o n  and f o r  bend ing  and t h e  f r equen-  
c i e s  of t h e  combined v i b r a t i o n s  cannot  be v e r y  g r e a t ,  be- 
cause  (as found by c a l c u l a t i o n  and  exper iment )  t h e  t o r s i o n -  
a l  and bend ing  f r e q u e n c i e s  o f  p r o p e l l e r  b l a d e s  d i f f e r  g r e a t -  
l y  Tram e a c h  o t h e r .  

A s  r e g a r d s  t h e  f r e q u e n c i e s  o f  a n o n r e t o l v i n g  p r o p e l -  
l e r  b l a d e ,  t h e y  can be c a l c u l a t e d  more o r  l e s s  a c c u r a t e l y . ,  
b u t  can be m o s t  a c c u r a t e l y '  and qu ' ick ly  de t e rmined  by- ex -  
p e r i m e n t ,  The f r e q u e n c i e s  of a r e v o l v i n g  p r o p e l l e r ,  ex- 
posed t o  aerodynamic and cen t  f u g a 1  f o r c e s  a r e ,  hornever, 
of  m o s t  i n t e r e s t  h e r e .  Hence e q u e s t i o n  t o  be answered 
i s :   HOW d o  t h e  aerodynamic and' c e n t r i f u g a l  f o r c e s  a f f e c t  
the t o r s i o n a l  and bend ing  f r e q u e n c i e s  of a g i v e n  r evo lv -  
i n g  p r o p e l l e r  w i t h  g i v e n  f r e q u e n c i e s  on t h e  s t a n d ? "  I n  
o r d e r  t o  de t e rmine  f i r s t  only t h e  o r d e r  of magni tude of 
t h e s e  e f f e c t s  i n  comparison w i t h  t h e  o t h e r  f o r c e s ,  i t  i s  
on ly  n e c e s s a r y  t o  r e p l a c e  t h e  t a p e r i n g ,  t w i s t e d  and spa- 
t i a l l y  b e n t  p r o p e l l e r  b l a d e  by t h e  s i m p l e s t  p o s s i b l e  sub- 
s t i t u t e ,  p r o v i d e d  i t  a b s o r b s  p r a c t i c a l l y  t h e  same aerody- 
namic and c e n t r i f u g a l  f o r c e s  as t h e  r e a l  p r o p e l l e r .  

a.-gTz&onal v i b r a t i o n s  i n  t e rms  o f  t h e  ae-_r_c-dgna&_c_ 
I- and __1------. c e n t r i f u g a l  f o r c e s . -  I n  t h e  s e n s e  of t h i s  s i m p l i f i c a -  
t i o n  and f o r  t h e  p r e l i m i n a r y  d e t e r m i n a t i o n  o f  t h e  t o r s i o n -  
a l  f r e q u e n c i e s  o f  a r e v o l v i n g  p r o p e l l e r  b l a d e ,  t h e  l a t t e r  
i s  r e p l a c e d  by a b l a d e  o f  un i form s e c t i o n .  By s o l v i n g  t ire 
d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  t o r s i o n a l  v i b r a t i o n s  w i t h  a l -  
lowance f o r  t h e  aerodynamic f o r c e s ,  i t  i s  f o u n d  t ha t ,  
t h rough  t h e  i n f l u e n c e  o f  t h e  aerodynamic f o r c e s ,  even zvit 'n 
t o r s i o n a l l y  weak p r o p e l l e r s  and v e r y  h i g h  r e v o l u t i o n  and 
f l i g h t  s p e e d s ,  t h e  t o r s i o n a l  f r e q u e n c y  i s  r educed  by such  
small .a ;mounts  (1 t o  2$), t h a t  i t  can  be e n t i r e l y  d i s r e -  
garded.  This r e s u l t  i s  s u r p r i s i n g ,  at f i r s t ,  because t h e  
aerodynamic f o r c e s  r e p r e s e n t  no damping of t h e  t o r s i o n a l  
v i b r a t i o n s ,  b u t  an i n c r e a s i n g  moment p r o p o r t i o n a l  t o  t h e  
ampl i tude .  . (See e q u a t i o n  (11, S e c t i o n  I V ,  I t a . )  F o r  t l ie  
c e n t r i f u g a l  f o r c e ,  a, s m a l l  comgonent of which f a l l s  i n  t he  
d i r e c t i o n  o f  t h e  c r b s s  s e c t i o n  o f  t h e  b l a d e ,  i t  i s  only  
n e c e s s a r y  t o  demons t r a t e '  tBat i t s  p a r t i c i p a t i o n  i n c r e c s e s  
t h e  t o r s i o n a l  f r e q u e n c y ,  



. 1.f- I't I i s n'06 dehons ' t r a t  by c n l c u l a f i o ' n '  
m e n t ;  t h a t  %he t o r s i o n a l  f r e q  csies*+ of res- t ' ing 
a r e  oP.-t*he o r d e r  o f  magni tude of 10 ,000  v i b r e t  

Can B e  i n f e r r e d ,  o the  b a s i s . o €  t 
the  aerodynarni c f o r  

aye ~nri 'r~p-o-&tns?t ai1.d t h a t  t h e  cen t r i fu  
incrsksie  t h e i r  t o r s i o n a l  f r e q u e n c  
twoei  v i ' b r ' a t i ons  c u r r i n g  w i t h  t 
p l e  0.1- twofold  r e  l u t i o n  speed o f  normal ly  1600 t u  2000 
r ,p.m. t h a t  t h e  t o r  s i o n a ' l  V i b r a t i o n s  of t h e  p r o p e l . l e r  
d o  no t  come i n t o  c o n s i d e r a t i o n .  T h i s  i s  t h e ' f i r s t  r e s u l t  
n h i c h  sinu1kan'eoxsly,  r e s t r i c k  s t h e  problem u n d e r  d i s c u s -  
s i o n ,  

-r ..--_ R e ---- c t i I__d...._ 1'1 n ear ---- b e n d i  ng v i  b;&zg i&& p r o p e l -  
-------.. Lcr under '  ----I .-_I_ t h e  l_-l_--_^_ a c t i o n  of  t h e  aerody+_n_ ----- 
f€G-r-ce-s-,- If  t h e  bending  v i b r a t i o n s  
xiaiiiier (by, ' m p l a c i i i g  them p r o v i  s i o n a l l y  by r e c t i l i n e a r  v i -  

. . b r a t i o n s  o f .  t h e  nssurnedly r i g i d  p r o p e l l e r  b l a d e ,  f l e x i b l y  
i;llounte'd on t h e  hub p e r p e n d i c u l a r  t o  t h e  p l a n e  of r o t a t i o n ) ,  
t h e r e  i s  a g a i n  found,  i n  very  s i m g l e  manner, a n e g l i g i b l y  
s r i x l l  dependence 'of %he bending f r e q u e n c y  on t h e  aerody- 
n n u i c  f o r c e s ,  This' rksd l t  is t o  be expec.ted i n  bending 
v i b r a t i o n s ,  because.  i n  t h i s  c a s e  t h e  aerodynamic f o r c e s  
on ly  s i g n i f y  2. d:mpi:ng p r o p o r t i o n a l  t o  t h e  bend ing  ve loc -  
i t y .  (Gf. e q u a t i o n '  (10) i n  S e c t i o n  IT, 2 , a . )  I t  can 
t L e r e f o r e  a f i e c ' t '  t h e  f r equency  o n l y  i n  t h e  second o r d e r .  
OE tile c o n t r a - y ;  t he  c e n t r i f u g a l  f o r c e s ,  which  exep t  a 
stroiI.ili; r e t u r n  moment, c o n t r i b u t e  g r e a t l y  t o n a r d  i n c r e a s i n g  
t h e  'oexding I r e q z e n c i e s .  Noreover ,  s i n c e  t h e  t rue  bend- 
i n g  f r e q u e n c i e s  'of a c t u a l  p r o p e l l e r s  a t  rest; are.' LO00 t o  
2000, p e r  minute;  t he .  p o s s i l j i l i t y  of r e sonance  Uktmeen 
bend ins  v i b r s t i o n s  and- d i s t u r b a n c e s  w i t h  %'ne p e r i a  
s i iaple  o r  . t w o f o l d  r e v o l u t i o n  speed  i s  d i r e c t l y '  i n d  

- .  
Tjiis i.s %,he second im2ortanf  resul t .  From; t h i s  p o i n t  

on,  i10 t h e o r y  o f  p r o p e l l e r  v i b r a t i o n s  can be s a t i s f i e d  
w i t h  e s t i m a t e s  of t h e  3 i t h e r t o  customary n a t u r e .  The g i S %  
of  our t z sk  i s  r a t h e r  the m o s t  a c c u r a t e  p o s s i b l e  c a l c u l a -  
t i o n  sf t h e  bending f r e q u e n c i e s  of p r o p e l l e r  b l a d e s  'ifi 
t e r n s  o f  t h e  r e v o l u t 3 o n  speed ,  i n  which t h e  e f f e c t  of  t h e  
aerodynamic f o r c e s  can  be d i s r e g a r d e d .  

- -  62 _. ..I E -_.--L_--_ e s t r i9o.t - I-I_--- i on o 3 -- ,t --I-- :2 e en ___--- i ngfr&qu_en_X--oL- __e_&3;_t. ic 
lower--J&iA-,- Even t h e  r e -  

s t r i c t n d  t a s2  noets, masi?;~ d i f f i c u l t i e s ,  , The unknown bsnd- 
i n g - v i b r a t i o n  l i n e  v a r i e s ,  l i k e ,  t h e  f r .e-quenc. ies ,  w i t h  t6.e 
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a n g u l a r  v e l , o c i t y  of t h o  p r o p e l l e r .  The. s o l u t i o n  o f  t h e  
g e n e r a l  i n  t egro-d i f  f e r  e q t  i a l  e q u a t  i o n  i s p r a c  t i tally i m -  
p o s s i b l e ,  Another p o s s i b i l i t y  of  d e t e r m i n i n g  t h e  v i b r a -  
t i o n - e l a s t i c  l i n e  i s  o f f e r e d  by t h e  Ray le igh  p r i n c i g l e  o f  
t h e  minimum natural  f r e q u e n c y  of a v i b r a t i o n - e l  
tern which,  f o r  t h e  c a s e  under  c o n s i d e r a t i o n ,  m 
l y  e x p r e s s e d  as f o l l o w s : *  Of all. p o s s i b l e  bending  l i n e s  
compa t ib l e  w i t h  t h e  marg ina l  and c o n t i n u i t y  c o n d i t i o n s  
o f -  t h e  Tro’ulem, t h e  t r u e  bending l i i i e  i s  t h e  one which 
y i e l d s  t h e  minimum f requency .  

F r o m  t h e  mathemat ica l  v i e w p o i n t ,  t h e  R a y l e i g h  p r i n c i -  
p l e  p r e s e n t s  a v a r i a t i o n  2roblem. If i t  i s  s o l v e d  by t h e  
methods of  v a r i a t i o n  c a l c u l a t i o n  ( i n  t h e  p r e s e n t  c a s e ’  
p r a c t i c a l l y  by t h e  s o - c a l l e d  d i r e c t  method-s of v a r i a t i o n  
c a l c u l a t i . o n )  , t h e  R a r l e i g h  t h e o r y  d e t e r m i n e s  the  e l a s t i c  
d o f o r m e t i o n s  d u r i n g  t h e  v i b r a t i o n ,  and c o n s e q u e n t l g  the 
>e- id ing  f r e q u e n c i e s  of t h e  r e v o l v i n g  p r o p e l l s r ,  w i t h  p e r -  
f e c t  t : c c u r ~ c y .  (See C o u r a n t - Z i l b e r t ,  Iieth. d .  n a t h .  Phys., 
V o l .  I ,  C1iq1. 2 ,  p a r o  2.) The nbove-nent ioned methods, 
h o a e v e r ,  . a r e  g e n e r a l l y  t roublesome aiid, f o r  convergence 
r e a s o n s ,  d o  no t  a lways y i e l d  s a t i s f a c t o r y  r e s u l t s .  ( C o u r -  
a n t - H i l b e r t ,  V O Z .  I ,  chap. 4, p a r .  1 ,4  and 2,4.) 

I n  any c a s e ,  however ,  t h e  f o l l o w i n g  s t a t e m e n t ,  based  
on t:ie R n j ~ l e i g h  p r i n c i p l e ,  i s  c o r r e c t :  I f ,  i n s t e a d  of t i e  
a c t u e l  d e f o r m a t i o n s  a t  t h e  v a r i o u s  a n g u l a r  v e l o c i t i e s ,  ’ 

ot l ie r  bend ing  l i n e s ,  which s a t i s f y  t h e  m a r g i n a l  and c o n t i -  
n u i t y  c o n d i t i o n s ,  b u t  which a r e  o t h e r w i s e  a r b i t r a r y ,  a r e  
adopted  as t h e  bas i s  f o r  t h e  c a l c u l a t i o n  o f  t h e  bending 
f r e q u e n c i e s  o f  t h e  p r o p g l l e r  b l e d e ,  t h e  c a l c u l a t e d  f r e -  
q u e n c i e s  will s u r e l y  be t o o  g r e a t .  The h y p o t h e t i c a l l y  
c a l c u l a t e d  ’bending f r e q u e n c i e s  r e p r e s e n t  t h e  uppe r  l i m i t  
f o r  t h e  still unknown t r u e  bending  f r e q u e n c i e s .  The d i f -  

* R a g l e i i h l  s t h e o r y  ( “ T h e o r y  of Sound, If V o l ,  I ,  par. 88 and 
89)  s r g s  n o t h i n g  a b o u t  t 3 e  m a r g i n a l  and c o n t f n u i t y  condi-  
t i o n s  of t h e  Lypothe t ica .1  d e f o r m a t i o n s  adop ted  f o r  compar- 
i s o n .  I t  s a y s  only  that, when t h e  comparison f u n c t i o a s  
d i f f e r  f r o m  ths t r u e  ‘ fna tura , l t J  d e f o r m a t i o n s  by s m a l l  v a r i -  
a t i o n s ;  t h e  c o r r e s p o n d i n g  f r e q u e n c i e s  d i f f e r  by s m a l l  q.u-an- 
t i t i e s  of t i le s e c o n d . o r d e r ,  f rom which i t  nay be f u r t L e r  
deduced that t h e  f r e q u e n c y  o f  t h o  v i 3 r a t i o n s  c o r r e s p o n d i n g  
t o  aziy h y p o t h e t i c a l  f o r m  o f  v i b r a t i o n  l i e s  between t h e  n i n -  
i rmn and :saximun v a l u e s  o f  t b e  n a t u r a l  f r e q u e n c i e s  of t h e  
sj-stem. The above r s s t r i c t e d  c o n c e p t i o n  n i g h t  be b e t t o r  
f o r  p r a c t i c a l  a p p l i c a t i o n .  



a n o t h e r ,  s econd ly ,  s a t i s f y  t h e  c o n t i n u i t y  a,ild marg ina l . -*  ' 

that,- t h e g  r e p r e l e h t  a'pproxkmakion.8 of t h e  ' behd3i'ng f r i q n e n -  
c i e s '  o f  u n i f o r m  and t a p k r e d ' b l a d e s .  . Horeover;  t h e  gron@ . 
c o n t q i n s -  c u r v e s ,  which be considkr '&d-'*as '  G-&r'i'v'ed from' 
t i l c .  ab o v e -  i e i i  'C i on e cur v e s by c 011 t i Guou s * d e  f o razit i o n'. ~ u e  
t o  t k e  increas in l? ;  e f f e c t :  o f  tho c e n t ' r i f u g h i .  f o r c e s  rnl'tL '- 

increasing r e v o l u t i o n  speod.. I n  t h e  s i a p l c s t  c a s o ,  one 
uses  a g roup  of culv'cs; s o l e c t e d  a c c b r d l n g  t o  t h e s e  v i ew-  
p o i n t s ,  i n  t h e  f o r m .  of a f u n c t i o n ,  y = y ( % , m ) ,  h av ing  
only.  .. on0 a r b i t r a r i l y  v a r i a b l o  parametQr. '  I n  t h i s  ' f u n c t i o n  
y .  i s  tlic ampl i tude  o f  t-ine. a b f I . c c t i b n ,  t".. t i l o  coord inz te .  
i n  th-e l q n g i  t u d i n a l  d i r o ' c t i o n  'of 'the $rop'oI.lcr b l a d e , '  and '  
m ' t h e  v a r i a b l e  pa ramotc r .  (Thp a c t u a % l y  c h o s e n  g:Poup of 
s imple  'inf i n i t o l y  numorous 'bend.'ing- l i n e s  ' is r'ciT3csonted 
i n  Secti.on I V ,  2 , c  b'g e q u a t i o n  (18) aacl"Figuro 4.) 

.- Gogditions.  o f , t h e  p rob lem and,  l a s t l y ,  mere s o  s e l e c t e d  

, .  . .  
I f  t h e '  f r e q u e n c y  A' i s  nom c a l c a l a t e d  by denns'of t h e  

.. energy: %*heorem on t h e  bas i s  of t h e  bending l . i i ie .y.(t-, 
m), at f i r s t  l e f t  undetermined  by t l ie a r b i t r a r y  pa-Pametm 
m ,  h t h e n  a p e a r s  as a f u n c t i o n ' o f  m. Fu r the rmore ,  tllb 
expres s ion .  f o r  .& also c o n t a i n s  t h e  c o n s t r u c t i o  
t e r i s t i c s  of '  t h e  g i v e n  p r o p e l l e r ,  nr,r;lefy, %he' 2, 
t h e  m a t e r i a l  P,, t h e  modulus o f  e l a s t i c i t y  E, the '  . %  

L'ength. 2 ,  t h e  c0urs.e of t h e  c r o s s  s e c t i o n  F(E) through-  
o u t  t h e  l e n g t h ,  cind t h e  angular v e l o c i t y . . & ;  The fr.equen- 
cy may t h e r e f o r e  be e x p r e s s e d  by t h e  fo ran la  . 

y 

h = h (m, Pm,  1, 2 ,  F, J, w) 

F o r  t h e  g i v e n  c o n s t r u c  n a l  c h a r a c t ' e r i s t i e s ,  P,, E ,  1, 
he g iven  an- ar ve1ociC.y Qj,A. i s  r2 f u m c t f o c  
meter  qi . . a l o n e ;  and t h e r e  r ema ins  .ooly t l ie 

t h e  m o s t  eleri leatary problem,  ' t o  detefmi'nb t h a t  

t e  v a l u e ,  m.= mI c h a r a c t e r i z e s ,  however ( a g a i n  wit11 
v a l z e  o f  m f o r  -which h becomes a minimum. T h i s  q u i t e  

I .  
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r e s p e c t  t o  t h e  Bayleilgh t h e o r y ) ,  w f t h f n  t h e  c u r v e  y, (&,a), 
the bending,,lj.De which m q s t  c l o s e l y  approaches  t h e  true . 
l i n e .  LikeIwiBe, X ( m * >  = &in i s  the v a i u e  o f  t h e  fie- 
quoncy, y h i c h ,  w i t h  t h e .  a d o p t i o n  of t h e  v i b r a t i o n - e l a s t i c  
l i n e s  y(t,rn) . f o r  agreement  w i t h  t h e  Rc,yleigh m i n i m u m  
p r i n c i p l e , ,  m o s t  c l o s e l y  approaches  the t r u e  f r equency ,  I t  
i s  s u r e l y  t o o  g r e a t ,  however. 

. . *  . .  

f l  The lower l i m i t . -  T h i s  i s  o b t a i n e d  by means of t lre 
f o l l o w i n g  g e n e r a l l y  a p p l i c a b l e  thearem set  f o r t h  i n  Sec- 
t i o n  I Y ,  2,f (q.v.1: 

The s q u a r e  of t h e  f r e q u e n c y  o f  an e l a s t i c  system, sub- 
j e c t e d  t o  s e v e r a l  f o r c e s ,  i s  a lways  g r e a t e r  t h a n  t h e  sura 
of  t h e  f r e q u e n c y  s q u a r e s ,  which t h e  system mould have tf, 
at  t‘ne g i v e n  t i m e , + . o p l y . o n e  of t h e  f o r c e s  were a c t i n g  on 
t h e  system,, This theorem can be e x p r e s s e d  by .the ; o rmula :  

h2.’7 c x , ~  (i = L’, 2 , ‘  . ,) 
. The p r o p e l l e r  b l a d e  i s  a c t e d  on.sirnultaaeous3.y bg t h e  

e l a s t i c  and .  c e n t r i f u g a l  f o r c e s .  The theorem. t h e n  main- 
t a i n s  t h a t ,  i f  t h e  . c e n t r i f u g a l  - f o r c e  i s  dt f i r s t  e n t i r e l y  
d i s r e g a r d e d ,  and o n l y  t h e  e l a s t i c  f o r c e s  a r e  considered- ,  
t h e  p r o p e l l e r  h a s  a d e f i n i t e  bend ing  f r e q u e n c y  hod !Chis 
i s  t h e  same, however, as t h e  f r e q u e n c y  of  t h e  n o n r e v o l v i a g  
p r o p e l l e r .  I f ,  on t h e  o t h e r  hand, t h e  e l a s t i e  f o r c e s  a r e  
d i s r e g a r d e d ,  and o n l y  t h o  c e n t r i f u g a l  f o r c e s  a r e  regardecl 
as a c t i n g ,  t h e  p r o p e l l e r  has a n o t h e r  f r e q u e n c y  h,. The 
l a t t e r ,  however,  i s  t h e  f r equency  of  t h e  p r o p e l 3 e r  r evo lv -  
i n g  at i n f i n i t e  speed ,  o r ,  as i t  may a l s o  b e  e x p r e s s e d ,  
o f  B p e r f e c t l y  f l e x i b l e  rope  h a v i n g  t h e  same mass and re- 
v o l v i n g  abou t  an a x i s  l i k e  a s l i n g .  I t s  v i b r a t i o n  freqv.eii- 
cy ,  as may be e a s i l y  c a l c u l a t e d  ( S e c t i o n  Iv ,  2,a), i s  i lom 
e x a c t l y  t h e  same as the  a n g u l a r  v e l o c i t y  w o f  t h e  s l i n g ,  
Hence, t h e  above-mentioned theorem r i e l d s  t h e  ex t r eme ly  
s imple  f o r m u l a  

v a l i d  f o r  p r o p e l l e r s  o f  any sliape,  i n d i c a t i n g  t h a t  t h e  
squa re  o f  t h e  f r e q u e n c y  o f  t b e  r e v o l v i n g  p r o p e l l e r  i s  
g r a a t e r  t h a n  t h e  sum o f  t h e  s q u a r e  of t h e  f r e q u e n c y  of t h e  
p r o p e l l e r  at r e s t  and t’ne square  o f  t h e  a i igu lar  ve loc? . ty .  

I t  shou ld  be remembered that  t h e  r e l a t i o n s  are r e a l l y  
n o t  q u i t e  s o  s impla ,  s i n c e  t h e  p r o p e l l e r  b l a d e  i s  ruounted- 



on  a 'hub w%ic must be' r ega rded  a d  r i g i d .  Soe f u r t  
t a i l s  i n  S e c t  on I V ,  2,g r o g a r d i n g  a n e c e s s a r y  .COP 
of t h e  above f o r m u l a ,  which t a k e s  i n t o  accoun t  the e f f e c t  
of t-e 'nub. I n  any c a s e ,  we have  now foimd a lower  l i m i t  
f o r  t L e  bending  f r e q u e n c y  of  t h e  p r o p e l l e r  (approximate  

t ,  s i n c e '  th  2 can  never b e .  

' I t  can  be iiernonstrateil , t h a t  the .above I n e q u a l i t y  i s  

I .  . 

. I  . ,  

n o t  o i l l y  a lower l i m i t ,  bu t  a l s o  an  a p p r o x i m s t i b n  f o r  t h e  
bey-ding Zrequency of t l ie  p r  e r .  

. &---g-gEErence ge tween the-gxgr and-k-r l i m i t s , -  On 
' t h e , b a s i s  o f  thi? l a s t  remark and. the  f a c t + t h a t  even t h e  

uai3er l i m i t ,  o n  accoun t  o f  the p h y s i c a l l y .  based assump- 
t i o n s  f o r  t h e ' b e n d i n g  l i n e s ,  can show 910 great d e v i a t i o n  
2 r o m  t k e  t r u e  v a l u e  o f  tine bending  f r e q u g n c i e s ,  it  must be  
coiicluded that t h e  d i f f e r e n c e  between t h e  u p p e r  and t h e  
lower li*&it i s  srnall .enough t o  s a t i s f y  t h e . p r s c t i c a 1  r e -  
quirer?ieats f o r  accu racy .  I n  f a c t ,  t h e  a c t u a l  c a l c u l a t i o n  
(Sed$ion I V )  by t h e  here-descr ibc-d method s h o w s  t h a t  t h e  
d i f fe re i ic -e  between t h e  upper  and lower  l i m i t s  9 s  about  5 
p e r  c e n t  i n  t h e  m o s t  u n f a p o r a b l e  c a s e ,  and normql ly  much 
l e s s .  2 o r  v e r y  small apd v e r y  g r e a t  c e n t r i f u g a l  f o r c e s  
t h e  e r r o r  t e n d s  toward  zero.. (See F i g u r e  8 i n  S e c t i o n  I V ,  
L e . )  

A f t e r  t l ie amount of t h e  g r e a t e s t  e r r o r  had  been d e t e r -  
mined,.".tine p rob lem o f  c a l c u l a t i n g  the n d i n g  f r e q u e n c i e s  
o f  a p r o p - e l l s r  i n  t e r m s  o f  t h e  rellrolut n speed  w a s  prBc- 

. ' t i c a l l y  s o l v e d o  
. .  

The p r a c t i c a l  numer i ca l  a p p l i c a t i o n s  of  t h e  above- 
mentioned p r i n e l p l e s  w i t h  r e s p e c t  t o  p r o p e l l e r s  endangered 
b y  r e sonance  v i b r a t i o n s  are i n t r o d u c e d  nea r  t h e  end o f  t h e  
r e p o r t .  ( S e c t i o n s  V and V I . )  The c a l c u l a t i o n s  w i l l  f i r s t  
be  a c t u a l l y  made, as & r e a d y  e x p l a i n e d  i n  a g e n e r a l  way. 

IV. t ;ATXEhiATICAL A P P L I C A T I O N  OF THE P X I B C I P L E S  

E X P L A I N E D  I N  SECTIOTT I11 

Cosrespondihg t o  the '  s t a t e m e n t s  i n  S e c t i o n  ITL, t h e  
a f - f e c t  o f  t h e  aerodynamic and c e n t r i f u g a l  f o r c e s  on t h e  
f r e q u e n c i e s  .o a T r o p e ' l l e r  w i l l  s t  be c a l c u l a t e d .  S i -  
m u 1  t an dou. s l y  e q u e s t i o n  m i l l  b nswe.red as t o  'whether 



1 2  3T.A.C;A. T e c h n i c a l  IJemorandtm %To, 657 

t h e  ' t o r s i o n a l  and  bend ing  f r e q u e n c i e s  can approx ima te  t h e  
r e v o l u t i o n  q o e d ,  

. 1. T o r s i o n a l  V i b r a t i o n s  

c a2 IC---....-- Preliminar~assurilptions and t h e o s e  c e  no 
ti1eor;r o f  t h e  t o r s i o n a l  v i b r a t i o n s  of a i rc raf t  p r o p e l l e r s  
i s invo. lved,  b.ut o n l y  t he  s o l u t i o n  of t h e  above-ment i oned  
pr.oblemS, t h e  c a l . c u l a t i o n s  mag be based  on t h e  s i m p l e s t  
as sum.? t i on s 

- o r  t h e  s imple  d e t e r m i n a t i o n  of t h e  t o r s i o n a l  f r e -  
e s ,  t h e  a c t u a l  p r o p e l l e r  b l a d e ,  which i s  t a y e r e d  a n d  

rrarped f r o m  r o o t  t o  t i . p ,  i s  r e p l a c e d  by a b l a d e  of u n i f o r n  
s e c t i o i i  and t o r s i o n a l  i n e r t i a  m o m e n t .  F o r  t a p e r e d  b l a d e s  
the f r e q u e n c i e s  mill have  s t i l l  h i g h e r  val-xes t h a n  t h o s e  
h e r e  - ca l cuSa ted .  

-. 
. E;loreover, t k c  small. components o f  t h e  c e n t r i f u g a l  

f o r c e ,  whfckl l i e  i n  t h e  d i r e c t i o n  - o f  t h e  b l a d e  s e c t i o n ,  
are a i l t i r e l y  d i s r e g a r d e d .  The t o r s i o n a l  f r e q u e n c i e s  c o u l d  
o; i ly  be f u r t h e r  i n c r e a s e d  by i t s  c o n s i d e r a t i o n .  These a s -  

o n s  v a l i d a t e  %'ne f o l l o w i n g  e q u a t i o n  

* ,  .. 
wkere Aa. i s  t h e  t o r s i o n a l  a n g l e ;  x ,  t h e  l e n g t h  c o o r d i -  
n a t e  i n  t h e  G i r e c t i o n  o f  €he p r o p e l l e r  r a d i u s ;  J,, t h e  
i s e r t i a  noment o f  a wing element of  u n i t  l e n g t h  about t h e  
a x i s  o f  r e v o l u t i o n ;  J ,  t h e  c r o s s - s e c t i o n a l  moment agaiilst 
t o r s i o n ;  G ,  t h e  nodulus OS s h e a r ;  aad t ,  t h e  t ime.  

T o  t h i s  e q u a t i o n  t h e r e  i s  added s t i l l  a n o t h e r  t e r m  
which a c c o u n t s  f o r  t h e  aerodynamic f o r c e s .  

Tllo 8econd t e r m  r e p r e s e n t s  t h e  a d d i t i o n a l  soment  & o u t  t27-e 
a x i s  o f  revor-0-tion, which i s  e x e r t e d  by the  aerodynamic 
f o r c e s ,  ,when t h e  a n g l e  o f  a t t a c k  a o f  t h e  wing element  
i s  changed -627 t h e  t o r s i o n a l  v i b r a t i o n s ,  Cm i s  t h e  non- 

f f i c i e n t  o f  t h e  aerodynamic f o r c e  
i s  o f  ? e v o l u t i o n .  P i s  t h e  a i r  

c o q o n c n t  U I  e q u a l i n g  t h e  t a n g e n t i a l  v e l o c i t y  and v 
3- t h e  resxLlta,nt v e l o c i t y ,  w i t h  t h e  
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t k e  p a r a l l e l  f l o w  i n  t h e  l l e r  d . i  sk, . approx 
f l i g h t  speed.  The wfdt'ki e b l a d e  i s  r e p r e s  

30t3 t,le, t .o rs iona1  v e l o c i t y  (aAa/at) and t h e  i 
v m i a t i o n  i n  t h e  e f f e c t i v e  a n g l e  of a 
melit were d i s r e g a r d e d , .  as a l s o -  the  e t h e  
T e r i o d i c a l l y  r e l e a s e d  f r o m  t h e  v i b r a t i n g  b l a d e ,  
r e s v - l t l n g  e r r o r  i s  u n i m p o r t a n t ,  i s  demons t r a fed  by a su 
sequent  c o n s i h e r a t i o n  of  t h e  r e d u c e d  f r e q u e n c y , *  which i s  
t i ic c r i t e r i o n  f o r  t h e  s lowness  o f  3 b l a b  v i b r a t i o n .  The 
ro9uced f r e q u e n c y  o f  a p r o p e l l e r  b lade  i s  10 t o  100  t i m e s  
s i m l l e r  t h a n  that  o f  a normal 'wing.  

E q u a t i o n  (1) assumes t h e  v i b r a t i o n  t o  be t t ~ l o m . l t  

g-1  S o l u t i o n  o f  t h e  tors_ion.al  o q u a t i o g . -  The lowes t  
n a t u r a l  f r e q u e n c y  o f  t h e  v i b r a t i o n  r e p r e s e n t e d  by e q u a t i o n  
(I) i s  o b t a i n e d  by t h e  f o r m u l a  

A a ( x , t )  = y (x) s i n  h t .  

Xqvat ion (1) t h e n  becbmes 

If 

3-31 d 

t h e n  e q u a t i o n  (2)  w i l l  r ead :  
2 

_y_ p2 + ( c ,  - c;! x2) y = 0 
d x  

I f  t h e  s o l u t f o n  of e q u a t i o n  (3) i s  p u t  i n  t h e  f o r m  of  a n  
i i i f i n i t e  p o t e n t i a l  s e r i e s  and t h e i r  c o e f f i c i e n t s  a r e  de- 
terixi:ineC! by t h e  i n t r o d u c t i o n  o f  t h e  f o r m u l a  i n t o  t h e  d i f -  
f e r e n t i a l  eq i ia t ion ,  a simple c a l c u l a t i o n  y i e l d s  
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This s e r i e s  ani? l i k e w i s e  t h e  s e r i e s  o b t a i n e d  f r o m  i t  by 
di-ff  e r e n t i a t i o n  converge  as  a l t e r n a t i n g  s e r i e s  w i t h  ter ias  
whose  a b s o l u t e  v a l u e s  c o n t i n u o u s l y  d e c r e a s e ,  Hence, cq7J.a- 
t i o n  (4) r e p r e s e n t s  a s o l u t i o n  of  equation ( 3 ) .  

Tplne marg ina l  c o n d i t i o n  at  t h e  y o i n t  o f  f i x a t i o n  
(y = 0 f o r  x = 0) i s  d i r e c t l y  ' f n l f i l l e d .  The c o n d i t i o n  
f o r  t h e  f r e e  end (x  = 1 )  r e q u i r e s  that  t h e  t o r s i o n a l  ino- 
ment s;izll t h e r e  d i s a p p e a r :  

This c o i i d i t i o n  y i e l d s  an e q u a t i o n  f o r  d e t e r n i n i n g  t h e  f r c -  
quency k. 

I f ,  i n s t e a d  o f  x = 1 ,  t h e  d i f f e r e n t i a t e d  e q u a t i o n  
(4) i s  s o l v e d  b y  u s i n g  oiily t h e  f i r s t  terms a c c o r d i n @  t o  
h ,  by p u t t i n g  h as t h e  sum of t h e  lriionn t o r s i o n a l  f r e -  
quency i n  t h e  absence  of  aerodynamic f o r c e s  and of a cor -  
r e c t i o n  f a c t o r  A ,  w e  o b t a i n  

If f u r t h e r  so lved  a c c o r d i n g  t o  A ,  i t  'Decomes 

Here 1,- deno tos  t h e  i'requency of: t h e  p r o p e l l e r  at r e s t .  
'IJoreovcr, the  f o l l o w i n g  f o r a u l a * i s  v e r y  a c c u r a t e .  
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. A and t h e  second e x p r e s s i o n  unde r  t h e  radi'cal i n  e q u a t i o n  
(5) d i s a p p e a r  f o r  t he  p r o p e l l e r  at r e s t :  W = 0, v 0. 
la t h i s  c a s e  e q u a t i o n  (5) becomes 

&Jgegg&t-s,-' The numer ica l  e v a l u a t i o n  o'f formulas 
(5) and ( 6 )  w i t h  r e s p e c t  t o  the r e sonance  v i b r a t i o n s  of ' 

t h e  p r o p e l l e r  b l a d e s  i s  h e r e  t h e  m o s t  i m p o r t a n t .  If ne 
s e l e c t ,  a s  a sample o f  t h in -b laded  metal  p r o p e l l e r s ,  a 
r ec t a ,ngu la r  . bar o f  t h e  f o l l o w i n g  d imens ions  and m a t e r i a l  
c o n s t a n t s :  

' 1 = 1 5 0  cm, G = 3 X lo5 kg and 

b ,= 20 " P, = 3 X 10q6kg cm-* s 2 .  

a =  2 ' 1 .  

we w i l l  s u r e l y  o b t a i n  u n f a v o r a b l e  r e s u l t s ,  s i n c e  a real 
meta l  p r o p e l l e r  i s  t o r s i o n a l l y  abou t  t n i c e  as r i g i d .  If 
c a l c u l a t e d  a c c o r d i n g  t o  f o r m u l a  ( 6 ) ,  t h e  s t a n d  f r equency  
o f  t h e  chosen example i s  Xo = 6 6 0  s'l. 

If n e  a l s o  adopt  t h e  f o l l o w i n g  c h a r a c t e r i s t i c  nnmbers 
f o r  t h e  o p e r a t i n g  c o n d i t i o n s  of t h e  p r o p e l l e r ,  

v = 6000 cm s-', P = 1.25 X lo- '  kg s z  

an d 
, 

-- a e m ' =  0.4' 
aa 

( c i r c u l a r  measure) 

and c a l c u l a t e  w i t h  t h e s e  numbers t h e  t o r s i o n a l  f r e q u e n c i e s  
a c c o r d i n g  t o  . ;qcat ions (5) and (5a) f o r  a l l  p o s s i b l e  angu- 
l a r  v e l o c i t i y s  0 o f  t h e  p r o p e l l e r ,  we o b t a i n  t h e  v a l u e s  
p l o t t e d  i n  F i g u r e  1. 

It ,  i s  known t h a t ,  i n  t h e  p r a c t i c a l  Gange of  a n g u l a r  
v e 1 , o c i t i e s  o f  0 5 0 5. 200, t h e  aerodynamic f o r c e s  have  
almost n o  e f f e c t  on t h e  t o r s i o n a l  f r e q u e n c i e s  o f  t h e  pro-' 
p e l l e r  + 
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t -  

Reraernbering t h a t  t h e  ado2ted  form of c a l c u l a t i o n  r ep -  
r e s e n t s ,  t h rough  i t s  a s s u p p $ i o n s  i n  t h a t : r e s p e c t ,  an 'un - ,  

s t i m a t e  6 f ' i I i e  ' t o r s i o n a l  f i . equenc ie s  ( 'see a l s o  S e c t i d n  
2,a) and t h a t  t h e  chosen ezample was e s n e c i a l l y  un fa -  

v o r c b l e ,  we o b t a i n  t h e  fu-rth'er r e s u l t  that  t h e  n a t u r a l  
t o r s i o n a l  f r - equenc ie s  of prope1l.er.s  d i f f e r  so* g g e a t i y  frbm 
k h k  Sreqcehcy  ' o f  t h e  impu l ses  c o r r e s p o n d i n g  *-a t h e  revo'- .,. 
l u i t i on ' . speed ,  that r e s o n a n c e  i n  t h e  form o f  torsional v i -  
b r a t i o i l s  does  not  e n t e r  i n t o  t h e  q u e s t i o n .  

F i g u r e  1 r e p r e s e n t s  a second resu l t .  The t o r s i o n a l  
v i b r a t i o n s  become u n s t a b l e  vhen t h e  e x p r e s s i o n  under  t k e  
r a d i c a l  i n  e q u a t i o n  (5) disa1)pear-s. This..hsp;I,ess. f o r  o u r .  
e:rai;lplo, rr'nen (1) M 1300  s-'. Obvfously e q u a t i o n  (5) be- 
comes i3eani i igless  f o r  o ; 200 s-', s i n c e  t h e  p e r i p h e r a l  
v e l o c i t i e s . o f  t h e  p r o p e l l e r  a r e  s o  g r e a t  i n  t h i s  r e g i o n  
tha t  t h e  a.erodyna;-iic a s sumpt ions  o f  t h e  c a l c u l a t i o n  l o s e  
t h c i r  v a l i d i t y .  T i g u r e  1 shows, honeve r ,  t h a t  t o r s i o n a l  
v i b r a t i o n s ,  such as c a n  b e  c a l c u l a t e d  f o r  w i n c s  on t h e  
b a s i s  oI" t h e  s im2le a s scmpt ions  ( s t a t i c  i n s t a b i l i t y )  h e r e  
m d e ,  d o  n o t  e n t e r  i n t o  t h e  problem f o r  p r o p e l l e r  b l a d e s ,  
s o  l o n g  .as t h e i r  p e r i p h e r a l  v e l o c i t i e s  remain below . the 
v e l o c i t y  o f  sounda* I t  i s  t r u e  that  t h e  c r i t i c a l  a n g u l a r  
v e l o c i t y  f o r  t o r s i o n a l  v i b r a t i o n s  nay  be c o n s i d e r a b l y  r e -  
dilced by combina t ion  w i t h  bending  r i b r a t i o n s ,  though i t  i s  
iimrobtkble that i t  m o u l d  drop i n t o  t h e  r e g i o n  o f  W < 200 
s--i. I t  i s  f o & t d *  that"the c r i t i c a l ,  v e l o c i t y  i s  rnost r e -  
duced,  n'nen t h e  t o r s i o n a l  and bend ing  v i b r a t i o n s  m o s t  
i i e a r l y  a g r e e o  F o r  p r o p e l l e r s ,  IioTever, t h e  r r . . t i o  o f  bend- 
iilz t o  t o r s i o n a l  f r e q u e n c y  d i f f e r s  much f rorn  u n i t y .  

S o a i e w h a t  d i f f e r e n t  i s  t h e  p o s s i b i l i t y  o f  v i b r a t i o n s  
b e i n g  o c c a s i o n e d  by t h e  s p e c i a l  aerodynamic r e l a t i o n s  i n  
t h e  v i c i n i t y  of t h e  v e l o c i t y  of sound. Here,  however, no  
mathemat ica l  d e t e r m i n a t i o n  i s  y e t  p o s s i b l e .  

In l i m i t i n g  t h e  p r e s e n t  r e p o r t  t o  r e sonance  v i b r a t i o n s  
produced- by e x t e r n a l  d i s t u r b a n c e s ,  t h e  t o r s i o n s 1  v i b r a t i o n s  
on t h e  b a s i s  o f  t h e  abDvc-mentioned r e s u l t s  c a n  be  d i s r e -  
garded  i n  t h e  f u r t h e r  i n v e s t i g a t i o n ,  

*'3lenk and Lie'oers, "Gekoppcl te  T o r s i o n s - ,  Eieegu-ngs- und 
. - .--.-- ~-IIIcIr-----LI~---I-------LcII-cI-. ----._ 

errudet ;  schningungen voii f r e i t r a g e n d e n  und h a l b f  r e i t r a g -  
den ? l u g e i n , "  L u f t f a b t f o r s c h u n g e n ,  V o l e  IT (1929) ,  p 0  



-, , I  

F o r  . th i s  pur-pase%.the f l e x i b l e  p r o p e l l e r .  b'lade i s  re: 
p l a c e d  by a r i g i d  bztade flexibly a t ta .ched  . t o  tFie hub by a 
s p r i n g ,  s o  t h a t  i t  can v i b r a t e  p e r p e n d i c u l a r l y  t o  t h e  pl 'ane 
o f  r e v o l u t i o n ,  (F ig .  2.) If t h i s  .blade, i s  S e n t  t h rough  
t h e -  s m a l l  a n g l e  A $ ,  t h e  r e a c t i n g .  . e l a s t i c  moment w i l l  be 

T'he c e n t r i f u g a l  force,' a c t i n g  on a b l a d e  e lement  o f  l e n g t h  
d:: and c r o s s  s e c t i b r i  F(X)  . a t  t h e  d i s t a n c e  x f r o m  the 
c e n t e r  of  r e v o l u t i o n ,  e x e r t s  on the l e v e r  a r m  x s i n  A g 
a moment:' 

d XZ = - Pm P(x)  d x w2 (x c o s  A f3 -J- E )  x s i n  A 8 

Here E i s  the r a d i u s  o f  t h e  n o n v i b r a t i n g  p r o p e l l e r  hub. 
For  t he  w h o l e  b l a d e  (on t h e  assumpt ion  of a small a n g l e  
A @ )  t h e  r e a c t i n g  c e n t r i f u g a l  f o r c e  i s  

t , -  L 
MZ = - Pm U2 A ( J  F(x) X 2  

. 0. 0 
d X - I - €  f F(X) X d X )  

= 2 w 2  A f3 ( e . +  c S )  (8)  

where 6 henot ,es  t h e  i n e r t i a  mornent'and S t h e  s t a t i c  no- 
ment o f  t h e  b l a d e ,  b o t h  w i t h  r e f e r e n c e  t o  t h e  a x i s  o f  f i x -  
a t i o n ,  

Due t o  t h e  v e l o c i t y  o f  t h e  bending  rnotfon dr l@/dt ,  
t h e  e f f e c t i v e  ang le  o f  a tback  of a b l a d e  e lement  v a r i e s ,  
such  v a r i a t i o n  b e i n g  p r o p o r t i o n a l  t o  t h e  d i s t a n c e  x f r o m  
t h e  a x i s  o f  f i x a t i o n .  C o n s i d e r a t i o n  o f  t h e  v e l o c i t y  t r i -  
a n g l e  o f  t he  r e l a t i v e  motion ( f i g .  3) y i e l d s  a v a r i a t i o n  
o f  

i n  t h e  a n g l e  of a t tack .  Hence t h e r e  i s  produced  on t h e  
b l a d e  e lement  of l e n g t h  dx and w i a t h  b ( x )  an addi -  
t i o n a l  a i r  damping, e x e r t i n g  a moment'.of.. x Cos A @ on 
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t h e  l e v e r  a r m  (fig, 2 ) ,  which, a c c o r d i n g  t o  t h e  cus tomsry  
aerodynamic method a f  nof;at i .un,  i s .  w r i t g e n  

, *  .- \ 

The aerodynamic f o s c e  i s  o y e r e s t S a a t e d  on&y yhon-the v a r i a -  
b l e  bl.ade w i d t h  b ( x )  i s  exchanged w i t h  t h e  maximum m i d t h  
b, If t h i s  i s  i n t e g r a t e d  a f t e r  i n t r o d u c i n g  t h e  va.lue 
( e q u a t i o n  9) f o r :  6a, t h e . e q u a t i o n  for -  the tvhole Islade 
r e a d s  

T h e . e l e m e n t a r y  i n t e g r a l  i n  145 i s  v e r y  d i f f i c u l t  t o  m r i t e ,  
If i t s  v a l u e  i s  e x p r e s s e d  by a s e r i e s ,  w e  o b t a i n  w i t h  suf- 
f i c i e n t  a c c u r a c y  t h e  ,aerodynamic moment 

A f t e r  combining 'all o f  t h e . f o r c e s  a c t i n g  O i l  t h e  v i b r a t i n g  
b l a d e ,  t h e  d e s c r i p t i v e  e q u a t i o n  of motion r e s a s :  

o r ,  with the a i d  of e q u a t i o n s  (7), ( 8 ) ,  and (lo), - - 
d " A $  P a c a w  L4 d A $  ' e --_- 
. d t2 2 aa 4 a t  

I f  the  s o l u t i o n  o f  e q u a t i o n  (21) i s  p u t  i n  t h e  form 

(.K-+ih) t 
A $ = e  

tine f r e q u e n c y  X becomes 

. .. .. ,- ., . . I , .  . .  



I? . A C .:A T e c h n i  c a1 Id erno r andurn' 17; . * 6.5 7 1 9  

wher'o Lo' i s  t h e  f r e q u  ey when o n l y  t h e  e l a s t i c  f o r c e  
. .  a c t s ,  ' 

hw i s  t h e  f r e q u e n c y  when o n l y  t h e  c e n t r i f u g a l  
f o r c e  acts.  

h~ i s  t h e  d e c r e a s e  i n  t h e  f r equency  due t o  t h e  
'aerodynamic f o r c e .  

If we nox 'choose t h e  f o l l o w i n g  v a l u e s ,  c o r r e s p o n d i n g  
t o  a t h i n - b l a d e d  t a p e r i n g  meta l  p r o p e l l e r  at 1500 r.p.m. 
* .  , <  

1 = 1 5 0  cm P, = 3 X low6 kg cnM4 s" 

* 6 1 /12  Pm 3'0 Z3 = 33.75 kg cn  s2 

& =  2 I I  ' ' S/e = '2 /1  = 0.0133 crn" 

€ = 15 If c / e  = h02 = 2.25' x 104 s - ~  

2 P = 1.25 X lo-' kg cm-* s 

v = 6000 cm s-l  

w = 150 crn s-' 

4.5 a C a  = 
a a  

';7e o b t a i n ,  a c c o r d i n g  t o  e q u a t i o n  (12) 

A,; = 22500 s - ~ ;  Jbw2 = 27000 s - ~  ; hs2 = 300 s - ~ ;  

a3 d. h2 = 49200 s e c Z  ; 

or t h e  c o r r e s p o n d i n g  r e v o l u t i o n  speeds  ~ 

u o  -- 1430 rnin-l; vu - - 1570 min - l ;  uL = 1 7 0  mine' 

and u = 21.20 min-l .  

F o r  t h e  p r o v i s i o n a l l y  assumed i d e a l  p r o p e l l e r  b l a d e ,  
t h e  above numbers g i v e  2" good i d e a  of t h e  p r o b a b l e  o r d e r  
o f  magni tude of t h e  bending  f r e q u e n c i e s  of a c t u a l  a 
p r o p e l l e r s  a n d .  of  t h e  irnport8,nc.e of t h e  i n d i v i d u a l  
n e n t s  of t h e  f r e q u e n c y  h and a l s o  of u .  The aero 
f o r c e s ,  mhich a r e  n o t i c e a b l e  o n l y  as dzmping f o r c e s ,  a r e  
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n e g l i g i b l e .  as r e g a r d s ,  t h e  magnitude of t 
quenc ie s .  I n  t h e i r  o r d e r  o f  magni tude,  t h e  %end ing  f r e -  
q u e n c i e s  approximate  t h e  r e v o l u t i o n  speed,  t hus  making 
r e sonance  v i b r a t i o n s  po s s i b f e  . 

Before  p r o c e e d i n g  t o  a more  a c c u r a t e  i n v e s t i g a t i o n  
o f  tile a c t u a l  bending f r e q u e n c i e s  o f  p r o p e l l e r s ,  W e  w i l l  
ment ion s e v e r a l  s p e c i a l  c a s e s  o f  i o r m u l a  ( 1 2 )  which w i l l  
s u b s e q u e n t l y  be  u s e d o  

, , 1; Omit t ing .  t h e  un impor t an t  t e r m  --& = O., d e r i v e d  
a c  
a a  

f rom tile aerodynamic f o r c e s ,  e q u a t i o n  (12) be- 
comes 

= J Lo2 + hQj2 = J h o 2  + W2 i' 3- € f) 
I n  c a s e  o f  the l i n e a r  r e d u c t i o n  o f  t h e  c r o s s  sec-  

t i o n  
for n e a r l y  a l l  p r o p e l l e r '  t y p e s ,  eqinatiolr (13) 

F = Fo (1 - X t), ,as zpprox ima te ly  happens  

(1 38.) 

F o r  comparison,  we g i v e  t h e  co r re spond ing  formula,  

(13%) 

f o r  a p r o p e l l e r  blade: o f  un i form c r o s s  s e c t i o n .  

2 .  V i t h  a v a n i s h i n g l y  small Lub (t: = O ) ,  w e  have 

h =Jr 
f o r  any d e s i r e d  c r o s s - s e c t i o n a l  D a p ~ r .  

3, T i t i n  van i s l i i ng  e l a s t i c i t y  o f  t h e  p r o p e l l e r  b l a d e  

(ho = 0 )  o r  at  v e r y  g r e a t  a n g u l a r  v e l o c i t i e s  
( w = m), w e  have 

h = h o = O J - + € $  

I f  s i m u l t a n e o u s l y  f = 0 ,  e q u a t i b n  (15)  becomes 

h.  = @ 
. -  
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The assumpt ion  o f  vap4qhing e l s s  c i t y  - c o r r e s p o  
t o  t h e  c a s e  of a p r o p e l l e r  b l a d e  f 1 e x i b l y . a t t a c h e d  t o  i t s  
hub ,  or t o  t h e  c a s e  o f  a rope  which v i b r a t e s  pe rpend icu -  
l a r l y  t o  i t s  p l a n e  o f  r e v o l u t i o n  (which, due t o  t h e  r e c t i -  
l i n e a r  f o r m  o f  v i b r a t i o n ,  o b v i o u s l y  m o u n t s  t o  t h e  B a m e  
t h i n g ) .  

a-D_fierminat i o L o f  t h e  bending -f .reqwncj.e s-- 0.f. -e_d.a-s-- 
t i c p r  o p  e 1 1 e r  bl ade s fi2;r e l  i m i  n.a_g-~,_a_.;s~;apt~qg~~-. - I n  o r  11. e r  
t o  o b t a i n  r e l i a b l e .  numer i ca l  d a t a  f o r  p r a c t i c a l  a p p l i c a - .  
t i o n ,  t h e  bending f r e q u e n c i e s  ( o n l y  t h e  o r d e r  of magni tude 
of  which h a s  t h u s  f a r  been e s t i m a t e d )  must now be c a l c u -  
l a t e d  by a more a c c u r a t e  method, which t a k e s  i n t o  cons id-  
e r a t i o n  t h e  e l a , s t i c  p r o p e r t i e s  of t h e  b l a d e s .  

A f t e r  we d e c i d e d  (as e x p l a i n e d  i n  S e c t i o n  111, 2,a) 
t o  reckon w i t h  s imple  bending v i b r a t i o n s ,  n o t  combined w i t h  
t o r s i o n ,  w e  c o n s i d e r e d  t h e  p r o p e l l e r  b l ade  as ansunwarped  
b l a d e ,  i n  which  t h e  main a x e s  o f  a l l  t h e  c r o s s  s e c t i o n s  
a r e  p a r a l l e l  t o  one a n o t h e r .  Wereby t h e  d i r e c t i o n  of t h e  
main a x i s  c o r r e s p o n d i n g  t o  t h e  s m a l l e s t  i n e r t i a  moment i n  
each  c r o s s  s e c t i o n  c a n  b e  i n c l i n e d  t o  t h e  p r o p e l l e r  d i s k ,  
and t h e  v i b r a t i o n s  a r e  n o t  n e c e s s a r i l y  p e y p e n d i c u l a r  t o  
t h e  p l a n e  o f  r e v o l u t i o n .  The p o s i t i o n  o f  e q u i l i b r i u m ,  
a b o u t  which t h e  b l a d e  v i b r a t e s ,  may be a d e f l e c t i o n  f r o m  
t h e  p l a n e  of t h e  p r o p e l l e r  , d i sk ,  e i t h e r  p roduced  by t h e  
Chrus t  o r  i n c l u d e d  i n  t h e  o r i g i n a l  d e s i g n ,  p r o v i d e d  o n l y  
t h a t  i t  remain  i n  t he  r e g i o n  i n  which  t h e  act i ’ng f o r c e s  
can be  t r e a t e d  w i t h  s u f f i c i e a t  a c c u r a c y  as l i n e a r  func-  
t i o n s  o f  t h e  c o o r d i n a t e s .  Idoreover, w e  have raade a l l  
n e c e s s a r y  a s sumpt ions  f o r  t h e  a p p 1 i c a t i o z  o f  t h e  e lementa-  
r y  e l a s t i c i t y  theo ry .  

p e l l e r  b l a d e  by d e s i g n a t i n g  t h e  c o u r s e  of  t h e  c ross -sec-  
t i o n a l  a r e a  and i n e r t i a  moment. Both a r e  ?ssuined t o  v a r y  
w i t h  t h e  p r o p e l l e r  r a d i u s  a c c o r d i n g  t o  t h e  s imple  poten-  
t i a l  l a w :  

I t  o n l y  remains  t o  c h a r a c t e r i z e  t h e  shape o f  t h e  p r o -  

. C r o s s . s e c t i o n ;  F=Fo f ( k )  = F , ( 1  - 
I n e r t i a  moment, J=J, i ( E )  =J,(L - 
x i s  t h e  d i s t a n c e  o f  a c r o s s  s e c t i o n  f r o m  t h e  c e n t e r  and 
1 i s  t h e  b l a d e  l e n g t h .  The exponen t s  K and 9 are any 
d e s i r e d  p a r a m e t e r s  t o  be adap ted  t o  t h e  g i v e n  p r o p e l l e r  
b l a d e ,  According t o  t h e  d imbns ions  of o r d i n a r y  p r o p e l l e r  
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b l a d e s ,  we can  n e a r l y  a lways  w r i t e  K = 1, 9 usually l i e s  
betmeen 2 and  3.5". 

. .  , .  
c )  --_-____________-__-__^__ C a l c u l a t i o n  o f  t h e  bendikc. &.---.--- f r e q u e n c i e s  ---I----- a 

m u m  prob&en_,- I n  e x p l a n a t i o n  o f  why t!ie g e n e r a l  d 
e q u a t i o n  f o r  t h e  bending  v i b r a , t i o n s  o f  r e v o l v i n g  p r o p e l l e r  
b l a d e s  i s  n o t  u sed  f o r  s o l v i n g . t h e  p r o b l a n ,  a t t e n t i o n  i s  
c a l l e d  t o  t h e  d i f f i c u l t i e s  a n d  t h e  inconven ience  of t k e  r e -  
s u l t s  o f  t h e  m a t h e m a t i c a l l y  exac t  t r e a t m e n t  o f  t h e ' b e n d i n g  
v i b r a t i o n s  o f  t a p e r i n g  nonrevo lv ing  ba.rs**, .so t h a t  g;regh.s 
o r  o t h e r  approx ima t ion  me. tho&s*** must g e n e r a l l y  be. em- 
p loyed .  

. S e c t i o n  III,2,d e x p l a i n s  t h e  s i m p l e  ziet'izod of s o l u -  
Cion which can  be u s e d ,  when t h e  R a y l e i g h  p r i n c i p l e  of v a r i a -  
t i o n  l e a d s  from t h e  minimum o f  t h e  n a t u r a l  f r e q u e n c i e s  ap- 
p r o x i m a t e l $  t o  a n  o r d i n a r y  minimum problem w i t h  o n l y  one 
v a r i a b l e ,  

For t h i s  pu rpose ,  0 0  t h e  bas i s  o f  a s u i t a b l e  bUt funda- 
m e n t a l l y  a r b i t r a r y  s e l e c t i o n  from t h e  nupYerous forms of v i -  
b r a t i o n  y ( e ) ,  me s e l e c t  t h e  fo l lo l : . ing  g roup  o f ,  simpple in-  
f i n i t e l y  numerous bending  l i n e s :  

and  adopt  onlx. t h i s  as  t h e ' c o m p a r a t i v e  f u n c t i o n  f o r  t h e  
Ray le igh  minimum requ i r emen t .  E e r e  m i s  a c o n t i n u o u s l y  
v a r y i n g  p a r a m e t e r ,  t o  eve ry  v a l u e  o f  rvhich t h e r e  c o r r e -  
spounds a d i f f e r e n t  v i b r a t i o n  . l i n e ,  T h i s  groug of c u r v e s  
( eq ;18 )  i s  p l o t t e d  i n  F i g u r e  4. . _  

F o r  any  v a l u e  o f  m, e q u a t i o n  18 may be considered.  a s  
a n  i n f i n i t e  p o t e n t i a l  s e r i e s ,  whose c o e f f i c i e n t s ,  from t h e  
o u t s e t ,  a r e  s o  e s t a b l i s h e d  as t o  s a t i s f y  t h e  marginal con- 
d i t i o n s .  ' Fo r  Thole  numbers m ,  t k e r e ' i s  d e r i v e d  f r o m  i t  a n  

* 3'. Seemala " 3 e i t r a g  z u r  E r r n i t  tlui-ig de r  Beauspruchungen 
und d e r  Formanderungen von Luf t sch rauben . "  J d i r b .  d. 7f.G.L. 
1926.  See  F i g u r e s  4 and  7 ,  i n  T,-rhich t h e  r e s u l t s  o f  t e s t i n g  
a n  o r d i n a r y  m e t a l  p r o p e l l e r ?  a r e  p l o t t e d .  
* *  Schwer in ,  flerh. 11. I n t e r n a t .  Xorgr.  f .  t e c h n .  'Ilech., 
Z u r i c h ,  1926 ,  p. 138. 
***  IT. 

----_----- ---__ - l_-l----_._- -----------_------.----- --.-_-----.- ----- 
II 

d e r  Eigeiztbue 'n ic l i t  g l e i c h f b r m i g e r ,  
i n s b e s o n d e r e  t e r  Sb&be." Z . f . t e c h n ,  Phys. 1925 ,  p. 
181. See f l o l .  I ,  e d i t i o n  2 5 ,  p. 403. 
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i n f i n i t e  p o t e n t i a l  s e r i e s  with m + 3 t 

The f o u r  s a r g i n a l  c o n d i t i o n s ,  d i s a p p e a r a n c e  of ,ampli- 
tude (y = 0) and i n c l i n a t i o n  (9' = 0 )  at t h e  p o i n t  o f  

and s h e a r i n g  f o r c e  (y"' = 0) ' at t h e  f r e  
a r e  s a t i s f i e d  by e q u a t i o n  (18) f o r  m 3 0 .  
a1 c o n d i t i o n s  ar no l 'onger  f u l f i l l e d ,  .however, f o r  rn I; 0 ,  
a c a s e  w h i a c h  i s  r e  o f  - r ' e l a t i v g l y  l i t t l e  impor t ance ,  Ac- 
c o r d i n g  t o  R a y l e i g h I s  t h e o r y ,  t h e  c u r v e s  (18) may even 
t h e n  be adop ted  as,. h y p o t h e t i c a l  bending  l i n e s .  The r e -  
s i l t i n g  f r e q u e n c i B s  can  l i k e ?  b e  t o o  , l a r g e .  

f i x a t i i o n  ( 6  = 0)  and o f  t h e  bend ing  moa (y"  = 0) 

F o r  m = 1, e q u a t i o n  (18) pa i n t o  t h e  known 
benc?ing l i n e  o f  t h e  b l a d e  -of u n i f o r  o s s  s e c t i o n  f i x e d  
a t  one e n d ,  under  t h e  l o a d  of i t s  own we igh t ,  I t  should 
be h e r e  n o t e d  t E a t ,  f0.r ' t h e  b l a d e  of un i fo rm c r o s s  s e c t i o n  
i n  t h e  absence  o f  c e n t r i f u g a l  f o r c e s ,  t h e  s t a t i c  bending  
l i n e  and t h e  t rue  v i b r a t i o n  l i n e  s o  n e a r l y  c o i n c i d e ,  t h a t  
t h e  d i f f e r e n c e  i n  t h e  f r e q u e n c g ' o f  t h e  t w o  l i n e s  i's i e s s  
t h a n  2 p e r  c e n t .  The c u r v e s  m < 1 and m 2 1 a r e  de- 
r i v e d  f r o n  tile l i n e  m = l by c o n t i n u o u s  t r a n s f o r m a t i o n  
i n  t h e  d i r e c t i o n  of 'an i n c r e a s e  o r  d e c r e a s e  i n  t h e  mean 
c u r v a t u r e .  For t k e  l i a e  m = m, . e q u a t i o n  (18) becones a 
s t r a i g l i t  line, 

1 

The R a y l e i g h  minimum r e q u i r e m e n t  w i l l  now s e l e c t  t h e  
s t r o n g l y  b e n t  c u r v e s  as b e n d i n g - e l a s t i c  l i n e s  f r o m  t h e  
group o f  . c u r v e s  . p l aced  a t  t t s  d i s p o s a l  i n  t i le  c a s e  o f  
srnall r e v o l u t i * o n  s p e e d s  and c e n t r i f u g a l  forces . ,  The f l a t -  
t e r  bendiqg  l i n e s  w i l l  b e t t e r  s a t i s f y  t h e  minimum r e q u i r e -  
ment as t h e  r e v o l u t i o n  speed  i n c r e a s e s  u n t i l ,  at i n f i n i t e -  
l y  g r e a t  r e v o l u t i o n  s p e e d s  where t h e  e l a s t i c  f o r c e s  must 
be d i s r e g a r d e d ,  t h e  s t r a i g h t  l i n e  (m = a) b e s t  sa t i s f ies  
t h e  R a y l e i g h  r equ i r emen t .  

- d l - - G e n e r l  sof.utLgik o f  t h e  ni&num prok_2_93-,- For t h e  
a c t u a l  s o l u t i o n  o f  t h e  rninimun problem,  t h e  group of bend- 
i n g  L ines  (18) aust nom be i n t r o d u c e d  i n  some e x p r e s s i o n  
f o r  t h e  f r e q u e n c y  h. The ene rgy  e q u a t i o n  i s  s u i t a b l e  f o r  
t h i s  p u r p o s e ,  I f  the  p r o p e l l e r  b l a d e  i s  i n  t h e  p o s i t i o n  
o f  e q u i l i b r i u m ,  on ly  k i n e t i c  e n e r g y  i s  p r e s e n t .  I n  t h e  
p o s i t i o n  o f  t h e  nax inun  v i b r a t i o n  a m p l i t u d e s ,  however, t h e  
k i n e t i c  ene rgy  d i s a p p e a r s  and a l l  t h e  ene rgy  i s  s t o r e d  up 
i n  t h e  f o r m  of p o t e n t i a l  energy. This i s  t h e  s u m  of t h e  
absorbed  ene rgy  o f  t . r a ,n s fo rna t ion  . and  o f  t h e  work p e r f o r n e d  
aga i i i s t  t h e  c e n t r i f u g a l  f o r c e s ,  g a l c u l a t e d  f rom t h e  p o s i -  
t i o n  o f  e q u i l i b r i u n  t o  t h e  a t t a i n m e n t  o f  t h e  naxinun v i -  
b r a t i o i l  a n p l i t u d e .  Accord ing  t o  t h e  energy  theorem, b o t h  



e izerg ies  ( t h e  k i i i e t i o  s i iergy T a n d . t i i e  sum of t h e , t r a - n s -  
f o r m a t i o n  w o r k  Ul a a d  tlie cen t r i fugp2,  w o r k  V 2 )  aust be 
e qv-a1 . 

F o r  t h e  fundaioents l  y i b r e t i o n  Y = y ( k )  s i n  & t t h e  
k i n e t i c  eilergy i n  tLe  p o s i t i o i i  of e q u i l i b r i u m  is. 

. ,  
(d w = mass.of blad-e e l emen t ,  vrhicb v i b r a t e s  with t h e  ve- 
l o c i t y  Vmax through t h e ' z e r o  p o s i t i o n . )  

L i s t L y  tlie c e n t r i f u g a l .  w o r k  i s  t h e  p r o d u c t  o f  t h e  
ceqt r i f i iga .1  f o r c e  and t h e  radial  d i s p l a c e n e i i t  o f  i t s  
;3oi i i t  02 a p p l i c a t i o n  d u r i n g  .a v i b r a t i o n .  (~ig. 5.) I t  i s  
t h e r e f o r e ,  

I 1 

The 1 - e d i a l ,  d isplacei i lent  6 at t h e  d i s t a n c e .  x from t h e  
b l a d e  c e n t g r ,  a c c o r d i n g  t o  a s i m p l e  geornetr ic  c o n s i d e r a -  
t i o i l  ( s e e  Stodola,  t "D~~inpr"-  v-nd G a s t u r b i a e n ,  I t  . pa r .  195), is 

f 

Ti13 c s o t r i f u g a l  f o r c e  i s  t3.eref o r e  f i n a l l y  

If 770 p u t  T = A.' TI and s o l v e  a c c o r d i n g  t o  k2, 
t:ie ene rgy  equation i! U, +- U, then  r e a d s  
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If we h e r e  i n t r o d u c e  t h e  v a l u e s  f ( t , K )  and i ( & , $ )  f o r  
t h e  c o u r s e  o f  t h e  c r a s s  s e c t i o n  and i n e r t i a  moment over  
t h e  b l a d e  l e n g t h  ( e q u a t i o n  17)  and t h e  i n d e t e r m i n a t e  ex- 
p r e s s i o n  y ( [  ,m)  f o r  t h e  v i b r a t i o n  e l a s t i c  l i a e  a c c o r d i z g  
t o  e q u a t i o n  (18 ) ,  t h e .  d e t e r m i n a t e  l n t e g r a l s  w i l l  t hen  j e  
f u n c t i o n s  of  m,.K and 9. Equa t ion  (22) t h e n  assumes t h e  
f oriil - .  

. r .  . .  

where t h e  f u n c t i o n  X, and X, a r e  i d e n t i c a l  w i t h  t h e  tro 
q u o t i e n t s  o f  t h e  d e t e r m i n a t e  i n t e g r a l s  i n  e q u a t i o n  ( 2 2 ) .  

Hence we have a n ' e q u a t i o n ,  which, € o r  g i v e n  charac-  
t e r i s t i c s  of  t h e  p r o p e l l e r  ( 1 ,  F,  J ,  2; P m , , K ,  4) and 
g iven  a n g u l a r  v e l o c i t y  W, y i e l d s  t h e  f r e q u e n c y  X i n  
t e rms  o f  t h e  pa rame te r  m r  The minimum v a l u e  o f  t h e  f r e -  
qaency,  ?L = &in (m) (which i s  c ~ n t a i n e d  I n  e q u a t i o n  
(23) and which,  a c c o r d i n g  t o  R a y l e i g h ,  i s  t h e  one niost  
c l o s e l y  appboximat ing  t h e  t r u e  v n l u e )  i s  Ellen' e x p r e s s e d  by 

The v a l u e  m ( d e r i v e d  f r o m  e q u a t i o n . 2 4 )  = m (1, F, 5, E ,  
P m ,  K, 9, 0 )  i n t r c d u c e d  i n t o  e q u a t i o n s  (23)  and- ( 2 2 ) ,  
y i e l d s  t h e  d e s i r e d  f r e q u e n c y .  

The problem i s  t h u s  p r a c t i c a l l y  so lved .  Before p a s s -  
i n g ,  however,  t o  t h e  a c t u a l  ma themat i ca l  d e t e r n i n a t i o n  o f  
t h e  minima o f  e q u a t i o n s  (22) and ( 2 3 ) ,  t h e  l a t t e r  e q u a t i o n  
i s  t r a n s f o r m e d  as follows. F o r  t h e  c a s e  of r e s t  ( W =  O), t 
t h e  second term d r o p s  o u t  and w e  have  f o r  t h e ' b e n d i n g  fie- 
quency on.. the s t and  . . - -  

- 5 .  x ,  = x2u,o - - _I----- ( m '  I b 8 )  (25) 
a 

3y m *  i s  expres sed  the.  f a c t  t h a t  t h e  minimum f u n c t i o n  
. . .  . .  .. ..... , .  

. .  . .  . . ., . 
' . .  . .  . .  

. . .  
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X, i s  a l r e a d y  found.  X ,  min i s  a c o n s t a n t  f o r  de t e rmi -  
n a t e  p a i r s  of  v a l u e s  K , Q .  

If t h e  v a l u e  (25) i s  i n t r o d u c e d  i n t o  e q u a t i o n  ( 2 3 ) ,  
t h e  l a t t e r  t h e n  becomes 

o r  

i s  in t rodi rcod .  Xl - 
tvhel-eby the new a b b r e v i a t i o n  X, = ----- 

X I  min 
I n  t2ie f o r m  o f  e q u a t i o n  (27) t h e r e  a r e  on ly  t w o  i r n - p o r t a i i t  
va r i a ' u l e s ,  X/X, and m/ho. T h i s  g r e a t l y  s i m p l i f i e s  t l i e  
c a l c u l a t i o n ,  f o r  W Q  nom have,  t h r o u g h  e q u a t i o n  ( 2 7 ) ,  eq-cnl 
K and 9 v a l u e s ,  i . e . ,  f o r  a l l  p r o p e l l e r s  of  t h e  sfimc tc- 

p e s ,  r e g a r a l e s s  o f  o t h e r  s t r u c t u r a l  d i f f e r e n c e s ,  a s i n g l o  
r a t i o  between t h e  bending: f r equency  and the a n g u l a r  v e l o c -  
i t 7  o f  t h e  p r o p e l l e r .  

~ . _ _ ~ . e n d ~ ~ ~ . ~ ~ e n c i - i _ n _ s _ _ _ o f _ r ~ - s t ; _ ~ n g _ _ a _ _ n d r _ e _ v . ~ - ~ ~ ~ - ~ - ~  P s 0- 
-pgl&yg.- I n  o r d e r  t o  s o l v e  n u m e r i c a l l y  t h e  rninimura p r o b -  
l e a ,  s t a t e d - i n  g e n e r a l  f o r m  i n  t 'ne las t .  p a r a g r a p h ,  t h e  
func t i0n . s  X, and x2 i n  equati'o'n ( 2 7 )  n u s t  now be n r i t t c i i  
i n  e x p l i c i t  f o r m .  .XI ( t h e  scme as  X1) and X, a r e ,  
a c c o r d i n g  t o  e q u a t i o n  ( 2 3 ) ,  a b b r e v i a t i o n s  f o r  t h e  q u o  ticnts 
o f  tlie d e t e r m i n a t e  i n t e g r a l s  i n  e q u a t i o n  ( 2 2 ) .  These must 
t h e r e f o r e  be  e v a l u a t e d  by s u b s t i t u t i n g  f o r  f ,  i a n d  y 
t h e i r  va lues  from equa t ions  (17) and (18) .  I f  t h e  i n t e -  
grals i n  e q u a t i o n  -- ( 2 2 ) ,  f r e e d  f r o m  t h e i r  c o e f f i c i e n t s ,  .%re 
des igna ted .  by U,, q2 and ! f t v  we t h e n  have 

and l i k e w i s e ,  
1 t 

V2 = f f f 7 '  a t d [ = 
0 0 
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(30) 

IT we d e r i v e  - -  f rom this , '  by d i v i s i o n ,  V, /Ff = X, 
( i ~ ,  K, 9) ana  J J ~ / T ~  =. , and i n t r o d u c e  t h e  qv-0- 
t i e n t s  .ia.to e q u a t i o n  ( 2 2  t i o n  (23) .  If 6 

we ilow de t e rmine .  t h e  rnin X, min and i n -  
t roEuce  t h i s  i n t o  e q u a t i o n  ( 2 3 ) ,  n e  o b t a i n  e q u a t i o n  ( 2 7 ) .  

The cour se  o f  t'n'e 'q and X, i s  shown 
gr?&?Liiczlly i n  F i g u r e  6 ,  i n  which X, and X, a r e  -plotted- 

p o r . t m ~ t  c a s e s  of: 1 e c t i o n a l  t a p e r -  o f  t h e  p r o -  
mul,t ane,ou s r e  du c t  i on of  t 'ne 

3 ,  F+om F i g u r e  6 ,  i t  m ~ , y  
ng ;m t e n d s  toward t h e  

;a.ims.t t h e  par8m.o and i n d e e d ,  f o r  t h e  m o s t  im- 

n d i n g  ' t o  e q u a t i o n ,  (1131, which' changes 
t o  :a. str a i g b t  1 e a l s o  f i g .  4,) T h i s  

. l i ~ i i t  is  t h e  r i i  1 v a l u e s  o f  K ,  as 
e v a r i o u s  func t . i ons  X, 

c o r r o sp o n d i 1i.g:. ve  t heFr  minima i n  t h e  
:j o f  m = 0 .  . T ar,e agg in  r e p r e s e n t  ed , .  , 

1 

a_) _Thefre l c r  a t  _rest . -  X, min 2tc- 
coi-6s n i t h  e q u a t i o n  (25)  o f  t h e  numer i ca l  f a c t ' o r ,  depend- 

t k e  f r e q u e n c y  AD2 of tlie p r o p e z l e r  at r e s t .  F i g u r e  
, ept .  O i l  .$!le t a p e r i n g . - f a c t o s s  K and. 9, i n  t k e  e x p r e s s i o n  

e f o r e ,  a l r e a d y  - c o n t a i n s  a numer ica l  t a b l e  for t h e  
n s J o n a l  s t a n d  f r equency  

P, F, 1" h," = -_..--- 

E Jo  

o f  all p r o p e l l e r  b l a d e s  wfth l ine-;tr  c r o s s - s e c t i o n a l  t a p e r  
a n d  any d e c r e a s e  Sn t h e  i n e r t i a  m o m e n t  between 9 = 0 and 
'5 = 3. This  c l a s s  c o q r i s e s  p r a c k i c a l f y  a l l  c o n v e n t i o n a l  
p r o p e l l e r s .  I n  6esignf'Dg a new p r o p e l l e r ,  i t  would be 
ne11 t o  nake use  o f  F i g u r e  7. 1 I f ,  honeve r ,  i t  conce rns  
t k e  s t a n d  f r equency  of a f i i i i s h e d  p r o p e l l e r ,  

! - .  



-- 2% 1% . A .  0 . A .  Techn ica l  N&siiorancl.um Bo a 657  

mental  de te rmin?- t ion  i s  always s i m p l e s t  and m o s t  r e l i a b l e .  

Por  v e r i f y i n g  t h e  c a l c u l a t i o n ,  t h e  s t a n d  f r e q u e n c i e s  
a r e  i i i d i c a t e d  by c r o s s e s  i n  Z i g u r e  7 ,  as o b t a i n e d  from 
E o r t 1 , s  f o r m u l a s  f o r  s l i g h t l y  t a p e r e d  b l a d e s .  These v a l -  
u e s  c l L  l i e  above t h e  ones  h e r e  de te rmined .  S i n c e ,  how- 
ever, t k e  l a t t e r ,  o n  accoun t  o f  t h e i r  d e r i v a t i o n ,  can c e r -  
t a i n l y  i l o t  be  t o o  s m a l l ,  they  come n e a r e r  t h e  t r u e  f r e -  
quoi ic ies  t h a n  t h e  v a l u e s  of  l i o r t .  

I .  

F o r  t h e  c a s e  o f  s i m u l t a n e o u s l y  l i n e a r  r e d u c t i o n  o f  
c r o s s  s e c t i o n  and i n e r t i a  momenC (K = 1, 4 = x ) ,  we have 
f o r *  comparison t h e  e x a c t  s o l u t i o n  of Ono:* 

i n  i e r f e c t  agreement ‘ w i t h  the  v a l u e  h e r e  o’btained ( a s  i n -  
d i c n t e d  i n  F i c u r e  7 by a small  s q u a r e ) .  L i k e w i s e ,  f o r  
t i s  c a s e  o f  t h e  b l a d e  w i t h  u n i f o r m  c r o s s  s e c t i o n  (K = 9 
= o ) ,  our c a l c u l a t i o n  ;lust be c a r r i e d  t o  t h e  t h i r d  d e c i -  
~ i ~ . l  2 l .ace ,  i n  o y d e r  t o  show a d i s c r e p a n c y  i n  comparison 
-7 j - t i i  t h e  e x a c t  v a l u e  12.3596.  

l o r  s t s o n g e r  t a p e r s ,  where t h e  9 o r t  n e t h o d  y i e l d s  t o o  
k i &  f r e q u e n c i e s ,  t he  m o r e  a c c u r a t e  i n t e g r a l - e q u a t i o n  
metkod o f  Sc lwer in  i s .  u sed  f o r  c o r q a r i s o n ,  I t  y i e l d s ,  
e.:;,, i n  t h e  c a s e  correspondi. . ig t o  K = 1, 9 = 2 ,  the 
v a l u e  o f  
I n  ho o u r . . q a l c u l a t i o n  d i f f e r s  f r o n  t h i s  by o n l y  abou t  

. 2 93cr cent;, 

ho2 i n d i c a t e d  i n  F i e u r e  7 by a s n a i l  t r i a n g l e .  

@--.Tlie f r eguen c i e s -G~-JX-=~L~ e r  i< mo t i o n .  - T o r  t he 
c a ~ c u l a t i o n  o f  tile bend ing  f r e q u e n c i e s  of a r e v o l v i n g  p r o -  
p e l l e r ,  ve  now have t o  de te rmine  t h e  minima o f  by 
equ.r?tion (27 )  f o r  a l l  p e r t i n e n t  t a p e r s  K a n d . 9 .  I t  w a s  
n o t  a d v i s a b l e  t o  d e t e r m i n e  t h i s  iit t h e  u s u a l  Manner by 
s o l v i n g  t h e  d e r i v a t i v e  a (X/ho) /am p u t  e q u a l  t o  ze ro  ac-  
cord-ing t o  m, on accoun t  o f  t h e  l o n g  and t roublesome 
e x p r e s s i o n s  f o r  Zl aiid S2 f o r  d i f f e r e n t i a t i n g .  (See 
formulas 28,  29;. and 30.) ( T h i s  w a s  n o t  done even in t h e  
d - e t e r n i n a t i o n  of Lo. )  I t  i s  riore p r a c t i c a l  t o  d . ispense 
mj, t;z ‘ sng  c1 o sed expr-e s s i  oil f o r  t h e  f r  eq?lenci e s and t o  de- 
t e r ln ine  them d i r e c t l y  f r o m  e q u a t i o n  ( 2 7 ) ,  by o b s e r v i n g  
f o p  nliat  v z l u e s ‘ o f  t h e  2a rame te r  m m i t h  g i v e n  K and 9 

*A, Ono, J o u r n .  S O ~ .  iIech, Xas., Tokyo, 1925. 

h/ho 
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v a l u e s ,  the  e x p r e s s i o n  j X / h ) , ,  i n c r e a s e s  i t s  minima f o r  
t h e  d i f f e r e n t  r a t i o s  (w L o ) " .  ' S ince  F i g u r e  6 p l a c e s  a l l  
t h e  p e r t i n e n t  v a l u e s  of  t h e  f u n c t i o n s  X,  and X, ( a s  
l i 2 e w i s e  t h e  f u n c t i o n  x,, which d i f f e r s  f r o m  X, onl2- 
by t h e  c o n s t a n t  f a c t o r  1/X1 b i n ' ) .  a t  o u r  d i s p o s c l ,  t h e  
e s s e n t i a . 1  p a r t  of t h i s  w o r k  i s  a l r e a d y  done. Tile r e s u l t s  
a r e  shown i n  F i g u r e  80 

F i g u r e  8 ,  moreover ,  conta ims  a nomogram.fron whick 
t h e  bending  f r e q u e n c y  at any a n g u l a r  v e l o c i t y  Cs,n be rea?. 
d i r e c t l x  f o r  e u e r y , p r o p e l l e r  o f  any s t r e n g t h  
and t a p e r  ( i . e .% v a l u e s  o f  A*),. . ~n t h i s . c o  
i s  assumed a knowledge o f  t h e  f r e q u e n c y  on t h e  s t a n d ,  as 
based  on e q u a t i o n  (25) and F t g u r e  7, o r  ( s t i l l  b e t t e r ) ,  on  
e q c r i w e n t a l  determina, t ion.  

T h e  mutu,al po.sdt.i;on of t h e  c u r v e s  i n  F i g u r e  8 i s  i n  
t h e  r i g h t  sense. F o r  c o n s t a n t  ' 3 5 6 ,  t h e  r a t i o  K / 9 ,  
i . e . ,  .'the . l , e s s  t h e  c r .oss  s e c t i o n .  t a p e r s  i n  p r o p o r t i o n  t o  
t h e  i n e r t i a  moment,, t h e .  g r e a t e r  w i l l  be t h e  e f f e c t  o f  t i le  
c e i i t r i f u g s l  forces .and . just .  so. much h i g h e r  w i l l .  be t h e  

f .  

. For t h s , v a r i o u s  c a s e s  of  t a p e r i n g  . in  t h e  r e -  
t h e  $ v a l u e s  r e p r e s e n t  t h e ,  d i f f e r e n c e s  $11 

t h e  growth o f  t h e  f r e q u e n c i e s ,  as shown i n  F i g u r e  8 ,  
though o n l y  t o  a s l i g h t  d e g r e e ,  The c a s e s  o f  q u a d r a t i c  
c ros s - s sc t t i ona l  t a p e r i n g  (IC G 2) w i t h  s i n u l t a n e o u s  r e -  
d u c t i o n  o f  t h e  i n e r t i a  moment (0 6 9 4 3 ) ,  which were 
l i k e w i s e  . caLcu ln ted ,  y i e l d e d  c u r v e s  s o  c l o s e l y  c o i n c i d i n g  
m i t h  tho'se a l r ,eady p l o t t e d ,  t h a t .  t h e y  hzd t o  'be l e f t  o u t  
o f .  F i g u r e  8. G r e a t e r  d i f f e r e n c e s  occur  w i t h  s t r o n g e r  ta- 
p e r s ,  f a r  which, however., on ly  t h e  r e g i o n  up t o  t h e  l i n e  
h = -ho, , f .u  i s  a v a i l a b l e ,  which i s  v a l i d  f o r  a b l a d e  o f  

' s e c t i o n  w i t h  v a n i s h i n g  i n o r t i a  moment (9 = to),* 

We conc lude  t h e r e f o r e  t h a t  t w o  p r o p e l l e r s ,  which may 
o t h e r w i s e  d i f f e r  i.n a l l  t h e i r  d imens ions ,  m a t e r i a l  con- 
steilts a n d  ( w i t h i n  w i d e  l i m i t s )  even i n  t h e i r  t a p e r s ,  b u t  
which have t h e  f r e q u e n c y .  ho on. th,e s t a n d ,  a l s o  have 
p r a c t i c a l l y  c o i n c i d e n t  bending f r e q u e n c i e s  w h i l e  r evo lv -  
i a g ,  

T h i s  f a c t  j u s t i f i e s  t h e  s i m p l i f i c a t i o n  e f f e c t e d  by 
r e s l a c i i i g  t h e  c u r v e s  of F i g u r e  8 ,  which embrace a l l  p r a c -  

* 9 = cx, i n d i c a t e s  t h e  v a n i s h i n g  o f  tLe bend ing  s t i f f n e s s  
o f  t h e  b l a d e .  Eq,uation (16) of S e c t i o n  I V ,  2,a i s  t 'nero- 
f o r e  v a l i d  (h = w I and,  h = h, + ' @  , w i t h  h, = 0).  

----- --A --I-, ---_-__ --- _ I _  --_ 
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t i c a l l y  i m p o r t a n t  c z g e s ;  b37 .EX s i n g l e  'carve.  . T h i s  curve  i s  
c l o s e l y  approximated . by  ' t h e  * i n t e r p o l a t i o n  f o r m u l a  

* -  

The cu rve  correspond. ing t o  e q u a t i o n  (31) t a k e s  i t s  c o r c s e  
i n  t2ie r e g i o n  
c v r v e s  p l o t t d d .  in. F i g u r e  8.  %ence e q u a t i o n  (31) r e p r e -  
s a q t s ,  i n  abbrevi.ated,  f o r m ;  t h e  n e t  r e s u l t  o f  t h i s  tiileorcm. 

o r w/X0 r_ 3 i n  t h e  n i d d i e  of  t h e  group o f  

Y .- 1 -..- Y r e =e ---IC-- n c i e s o I! a r e v o 1 vriggpr _q_pg-ee~-w~ gi;.-resp!_c__t_ 
-...--. t o  t h e  ---- e f f e c t  ------- of t h o  .-_..----. hub - Up t o  t h i s  p o i n t ,  me have en- 
t i r e l y  d i s r e g a r d e d  t h e  . f a c t  that t h e  c o n v e n t i o n a l  p r o p e l -  
l e r  b l a d e  i s  a t t a c h e d  t.0 an a s s u q e d l y  r ig i . d  iiv-3, wliic3 i s  
i l o t  a f f e c t e d  by t h e  bei ia ing p i b r a t i o n s  of t h e  b lade .  . "As 
a r e s u l t  o f  t h i s  a r r a n e e m e n t ,  .the b l a d e  does  n o t  t u r n  
a ,3out  an axis p a s s i n g  through 1t.s r o o t ,  bu t  abou t  ai1 z r i s  
outside t h e  a c t u a l .  b l a d e ,  This. r - e s u l t s  i n  augmenting t 2 e  
cen t s r i fuga l  f o r c e s  . a c t i i i g  on a d l a d e  element oina i n c r e a s e s  
t 3.e b e,nd i ng  . f-r e qqe n o i e s . 

T l e r e  would have  been n o  s e r i o u s  d i f ' f i cu2ty  i n  .making 
a l lowance  f o r  t , h i s  p r o p e l l e r  e f f e c t  i n  our f o r m u l a s  and 
c L l , c u l a t i o n s .  S t i l l  our f o r n u l a a s  mould have been r e n d e r e d  
more coislplex by tlie a d d i t i o n  of a n o t h e r  p a r a m e t e r ,  t h e  
r a t i o  or" t he  hub. r a d i u s  t o  t h e  ' b l ade  l e n g t h .  Bence i t  vas  
a t  f i , r s t  d i s r e g a r d e d ,  . i n  o r d e r  t o  avo id  p u r e l y  msthemati-  
ca,l d i f f i c u l t i e s .  I n  c o n s i d e r a t i o n  o f  t h e  sna11 hub redi- 
.us of a p r o p e l l e r  as compared w i t h  t h e  b l a d e  l e n g t h ,  t i e  
pi-evious r e s u l t s  and f o r m u l a s  m i l l  be c o r r e c t e d  i n  t h e  
f o l l o n i i l g  approximate  manner. 

On t h e  basis of t h e  f o r m u l a s  f o r  t h e  quasi-bend-in: 
v i b r a t i o n s  of a, b l a d e  i n h e r e n t l y  r i g i d  b u t  e l a s t i c a l l y  
mounted ( S e c t i o n  IT, 2 , a ) ,  t ho  f r e q u e n c i e s .  of F. b l z d e  
mounted on a hub o f  l e n g t h  f a r e  i n c r e a s e d  as coa9are.d- 
n i t h  t h e  f r e q u e n c i e s  o f  a b l a d e  r o t a t i n g  a b o u t  i t s  i n n e r  
eSlgs i n  t h e  r a t i o  

( 3 2 )  

(See e q u a t i o n s  13 and 14 . )  I f  i t  i s  now assumed that t h e  
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c o r r e s p o n d i n g  f r e q u e n c i e s  of a 
t k o u g h o u t  i t s  whole l e n g t h ,  i n c r e a s e  i n  t h e  same r a t i o ,  
theil o a l y  t h e  augrmnta t ion  of t h e  c e  i f u g a l  f o r c e s  due 
t o  t k o  outward d i sp lacemont  o f . . t b e  b e i s  t a k e n  i n t o  
c o n s 4 h g r a t i o n . .  , B o  acconn t  i s  t a k e n  of . t h e  cLnange t h e  
v i b r a t i o n - e l a s t f c  l i n e  due t o  $he same c i r c u n s t a n c  
~ ; i o u g h  t'ie f o r r n s  of v i b r a t i o n  p r e v i o u s l y  emy3loyed as t h e  
3asis  o f  t h e  c s l c u l a t i o n s  wer,e t h e  b e s t  t h e  a v a i l a b l e  
f o r i n s ,  t h i s  e r  t h e  c a s e  unde r  e changed cond i -  
t i o n s .  Acco lie Rayleig'n p r i i i c i  e ,  t h e  f r equen-  
c i e s  c a l c u l a t e d  i n  t h e  p r e v i o u s l y  d e s c r i b e d  nann'er f o r  t h e  
hub e l ' f e c t  can a g a i n  be  oqly  t o o  l a r g e .  . 

d e ,  which 3 s  e l a s t i c  

327 i n c r e a s i n g  t h e  bending f r e q u e  i e s  r e p r e s e n  
e q u a t i o n  (31) i n  r a t i o  3 2 ,  e f i n a l l y  o b t a i n  f o r  t h  
i i g  f r e q u e n c i e s  o f  a p r o p e l l e r  w i t h  r e s p e c t  t o  t h e  
09 t ke  liub: 

= [. 
J 

t e d  3y 
.e 'oend- 
e f f e c t  

TLore3y t h e  v a l u e  
equc.tiozi (33) f o r  a l l  p r o p e l l e r s  l i n e a r l y  t a p e r e d  i n  t h e i r  
c r o s s  s e c t i o n .  ( C f .  e q u a t i o n  1 3 a . )  

S / 6  = 2 I i s  a l r e a d y  i n t r o d u c e d  i n t o  

. . A  

As soon as t h e  f r equency  A, of t l ic n o n r e v o l v i n g  
'alade i s  de te rmined  i n  any vay ,  e q u a t i o n  (33) g e n e r a l l y  
j.ie1d.s t h o  bendi"ilg f r e q u e n c i e s  i n  t e r n s  of t l ie  r e v o l u t i o n  
s y o e d  f o r  a i l 2 7  p r o p e l l e r  w i t h  any r a t i o  of hub r a d i u s  t o  
bl..e.de l e n g t h .  Yne f o r i x u f a  i s  s i m p l e  and v e r y  a c c u r e t e ,  a s  
mc s i a l l  see.  E q u a t i o n  (33) i s  p l o t t e d  i n  Zigu-re 9 f o r  
d i f f e r e n t  v a l u e s  of t he  r a t i o  of t h e  hub r a d i u s  t o  the 
b i e d c  l e n g t h  0 S €/7, 5 0.5. F o r  o r d i n a r y  p r o p e l l e r s  
C / Z  = 0.1 t o  OT2. There i s  a n o t i c e a b l e  i n c r e a s o  i n  t h e  
bending  f r e q u e n c i o s  due t o  t h e  c o n s i d e r a t i o n  of t he  hub, 

. -  
Vith e q n a t i o n  (33)  tile ma themat i ca l  d e t e r m i n a t i o n  of  

t h e  bend ing  f r e q u e n c i e s  o f  revol .vi i ig  p r o p e l l e r  b l a d e s  n a y  
S o  r e g a r d e d  as s e t t l e d ,  a s  soon as t h e  x a g n i t u d e  of t h e  
d e v i a t i o n s  f r o m  tile t r u e  f r e q u e n c i e s  can be s a t i s f a c t o r i l g  
doternir?_ed by a c c u r a t e  e s t i m a t i o n  of t h e  e r r o r s ,  A t  p r e s -  
eilt me l a o w  o ~ i l y  that. o u r '  formulas y ie , ld  t o o  g r e a t  f r e -  
q u e n c i e s ,  Beiice t h e r e  s t i l l  r e m a i n s  what i s  p e r h a p s  t 2 e  
r-iost i s q o r t a n t  p a r t  o f  t h e  i n v e s t i g a t i o n ,  namely, t h e  de- 
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t c r i a i n a t i o n  of 'a l i m i t  vk i ch  nus'l. n o t  be 'exceeded by t i e  

* _  

- f )  --~-.. A y i v e 2 s a l l y  _L____-C. -- ----- v a l J d  --I--- l o w e r  --_--. l i m i t  -.-- ---.-_I--- f o r  t 
- c i e s  --- o f  ____ c?,n -.-- e l a s t i c  --- -- -- jsy  ;Ao-  2'6r v e r f f y i i i g  t h e  
made ~a t h e  basis of  t h e  B a y E e i g h - p r i i b i p l e  
s i q > l e  theQrer2 w a s : f l r s t  develope'd. 

Te vi11 c o n s i d e r  a sr 'stem c a p a b l e  of v f b r a t i n g ,  which 
i s  s u b j e c t e d  t o  s e v e r a l  d i r e c t i o n a l  f o r c e s ' a c t i n g  e i t h e r  
si;.i-c-ltaneously o r  ' s e p a r a t e l y .  , The p o t e n t i a l  ehe rgy  of t i le  
system tzien e q u a l s .  t h e .  sua o f  t h e  p o t e n t i a l  e n e r g i e s  o f  
tLe n i n d i v i d u a l  f o r c e s .  I f  t h e  p o t e n t i a l  e n e r g i e s  
freed f r o n  thi3:  : c o n s t a n t '  c o e f f i c i e n t s  n r o  d e s i g n a t e d  by 
U i  Ci = I., 2 ,  ....-' n) and t h e  k i n e t i c  energy  of t h e  sys tem 
Fy T = h2 Tt, - t h o  enePgy e q u a t i o n  then  r e a d s  

A" T I  (Y) = a l  U, (Y)  + ,% I J ~  (Y)  + ... . . + an  u,('J), 

ll T t  and U i  b e i n g  f u n c t i o n s  of t h e  v i b r a t i o n  f o r a  y. d r o m  
t h o  e n e r g y  e q u a t i o n  f o l l o w s  t h e  f r e q u e n c y  

A" = c1 ~ ~ ( 7 )  + c2 X2(y)  + . . . a  f cn Xn(y) (34) 

i n  nhiclx U i  $ 1  i s  s h o r t e n e d  t o  X i . *  If y i s  a t  f i r s t  
c o a s i d e r e d  as unlmonn, i t  can be d-etermined f o r  t h e  c a s e  
of t h e  fundamenta l  v i b r a t i o n  a c c o r d i n g  t o  Rag le igh r  s t h e -  
o r y  by t h e  r equ i r emen t  that t h e  f r e q u e n c y  rrt-ist become a 
rniriiirxn. Tile t r u e  f r e q u e n c y  i s  t h e r e f o r e  r e p r e s e n t e d  by 
tLe v e r i a t i o n  f b r i n u l a  

Corres2oi iding t o  t;ie assi7.mption that  all t h e  , f o r c e s  a f f e c t  
tLe  c o n s i d e r e d  system i n d e p e n d e n t l y  of one a n o  tl-ter, a l l  
t h e  S i  i n  e q u a t i o n  (34) can sometimes be made equal  t o  
zero .  R ien  o n l y  bne o f  t 3 e  n f o r c e s , i s  r e g a r d e d  as ac t -  
i v e ,  t k i a  y i e l d s  

f o r  t h e  l o w e s t  f r e q u e n c i e s  o f  t h e  system. If t h e s e  v a l u e s  
a r c  i n t r o d u c s i l  i n t o  e q u a t i o n  ( 3 5 ) ,  i t  becomes 

+ -e---- -j- xn hZi i = min x2  x," + ;. . . *  
X, min Xn rain * 

(36) 
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h2 2 h I 2  3- h22 3. *.... 3. )h2. 

The e q u a l i t y  s i g n  i s  v a I i d  0i l l .Y when a11 t h e  suamands i n  
equatioiz ( 3 6 )  as'sume t h e i r  minima, f o r  t l e  s t t n e ' v a l d  of 
t h e  v a r i a b l e  y. T h i s  happens o n l y  w'xre-n %lie v i b r a t i o n  
form o f  t h e  f o r c e s  a c t i n g  on t h e  system i s  n o t  a f f e c t e d ,  
i , e , ,  i n  t h e  c a s e  o f  a. v i b r a t i n g  s y s t e a  composed of  rigic? 
masses  and s p r i n g s ,  I f  tlii's unimporta.nt  c a s e  i s  exc lude$ ,  
me h a v e ,  f o r  all a c t u a l l y  e l a s t i c  sys tems,  t h e  i n e q t a 1 i t - J  

n . .  
(w) 

o r ,  e x g r e s s e d  i n  W Q r d s ,  i f  s e v e r a l  independent  f o r c e s  ac t  
s i x m l t a n e o u s l y  on any  e l a s t i c  s y s t e n ,  t h o  square  o f  t l ie 
f r e q u e n c y  o f .  t h e  fundamenta l  v i . b , r a t ion  i s  ' a lways  S r o a t c r  
thar t h e  sum o f  the  l o w e s t  f r o q n o n c i e d '  which the* system 
vrov-ld :lave, ' i f  on ly  one o f* tLe . ' fo sc ' e ' s  rrere a c t i n g  on t?ie 
system,* 

- 3  , .  
€9 A 1 o m e r : _ _ l ~ ~ z _ ~ : t ~ - f O - ~ t t ~ e _ - b Q  i-11 g f_r 0.990 n c i e s of  e.v 0 %-x- 

,.&- i n p  2.- - r o p e l l e r  - _-------. i .  b l a d e s .  .-- ...__..... 
e q u a l i t y  (373 i s  a p p l i e d  t o  the s p e c i a l  c a s e  of  t h e  p r o -  
p e l l e r  v i b r a t i o n s ,  i t  t h e n  r e a d s :  ' 

-4nal~s~s_p_f--t-~~e_.__r_e_su2~,- If t h e  i n -  

h2 h," -I- Lo2 

w i e r e  ho a g a i n  d e n o t e s  t h e  f r e q u e n c y  of t l ie  propeller 
blad-e w i t h  d i s r e g a r d  o f  t h e  c e n b r i f u g a l  . f o r c e ,  i . e . ,  t 5 o  
f r e q u e n c y  o f  t h e  blade.  at r e s . t ,  and hu' t h e  f r e q u e n c y  

* I n e q u a l i t y  ( 3 7 ) ,  i n  t h e  s p e c i a l  f o r m  f'or t h e  p r o s e n t  - 2 ~ 0 3 -  
l e n  02 p r o p e l l e r  v i b r a t i o n s ,  m a s  o r i g i n a l l y  d e r i v e d  i ' r o n  
ec-ca t ion  (26)  o r  (27'). ( s e e  a l s o  2 .  f,. techil .  PLys.  1929,  
pp, 361-369),  t o  nkic'n f o r m u l a  (37)  i s ,  c3.oselg r e l a t e d .  
SuTosequ-ently i t  mas d.iscouered t h a t  .the g e n e r a l  q ? T l i c a -  
b i l i t g  o f  t h e  l o w e r ' l i m i t  (37) 'had been p r e v i o u s l y  demon- 
s t s z t e d  by Southlwel'L. (~z rab  and Sa-Lthwell, P r o c .  Boy. SOC., 
v o x ,  9 9 ,  London, 1 9 2 1 ) ~  03 accoun t  02 t h e  u t i l i t y  of t h e  
a p p a r e a t l y  l i t t l e - k n o w n  theor-7 o f  Sou thwe l l ,  . e v e n  i n  o t b o r  
c a s e s ,  i t .  i s  h e r e   given i n  g e n e r a l  ' f o r m ,  whereby, i n  t h o  
formal  d e m o n s t r a t i o n ,  v e  have a g a i n  coinbined i t  w i t h  o m  
e q u a t i o n s  ( 2 6 )  and ( 2 7 ) ,  

----_CY - ----- ------------- ..-- -..--...-- --- - - --- 
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w i t h  d i s . r ega rd  o f  t h e  e l a s t i c  f o r c e s  o f  t h e  bl 
e t h e  p r o p e l l e r  b1ajl.e behave's l i k e  a 

f l e x i b l e  heavy rope .  Equ'ataions.  (15) ' and - ' (16 )  ( S e c t i o n  I V ,  
2 , a )  a r e  t h e n  v a l i d ,  s o  t h a t  we o?j t&in t h e  €ol . lowing low-  
e r  l i m i t s , '  which can be  n e i t h e r  exceeded no r  gone 'oolow 
by t h e  bend ing  f r e q u e n c i e s :  

. .  For E = 0 ,  

T o r  

h2 7 ho2 -!- w2 
= 0 ,  

with S / S  = 2 / 1  f o r  p r o p e l l e r s  of c o n v e n t i o n a l  f o r m  w i t i  
l i n e a r  c r  o s s - s e c t  i o n a l  t a p e r  , 

The lower  l i m i t  (38)  i s  shown i n  F i g u r e  8 ,  where i t  
i s  t h e  common lower l i n i t  f o r  a l l  t h e  cu rves  i n  t h e  fig- 
u r e .  For  p r o v i n g  t h e  r e l a t i o n s  w i t h  r e g a r d  f o r  t h e  pro-  
p e l l e r  e f f e c t  ( e q u a t i o n  3 3 ) ,  b o t h  t i ie c a s e s  E / Z  = 0.1 
and E 1 = 0.5 a r e  a g a i n  r e p r e s e n t e d  i n  F i g u r e  1 0  w i t h  t h e  
co-rresponding lower l i m i t s  ( 3 9 ) .  

T3e g r e a t e s t  p o s s i b l e  e r r o r s  tail now be r e a d  from 
F i g u r e s . 8  and 10. F o r  3 0 t h  l a r g e  and srilall c e n t r i f u g a l  
f o r c e s ,  .t$e p e r c e n t i l e  e r r o r  t e n d s  toward z e r o .  I n  t h e  
i n t e r n e d - i a t e  r e g i o n  i t  cannot  be z r e a t e r  tiian 5 p e r  c e n t  
a c c o r d i n g  t o  F i g u r e  8. I n  t he  c a s e  </I, * 0 ,  t h e  maxi- 
m u m  e r r o r  (as w a s  t o  %e  expec ted )  i s  about 2 p e r  cen t  g r e a t -  
e r ,  As a m a t t e r  of f a c t ,  i t  i s  c o n s i d e r a b l y  s m a l l e r ,  f o r  
t h e  f r e q u e n c i e s  computed on t h e  basis  o f  the  bendiiig l i i i c s  
(18) by Rayle igh !  s method c l o s e l y  approximate  t h e  ac tua l ,  
v h i l e  t h e  l o n e r  limit o n l y  r e c e i v e s  a n o r e  f o r m a l  impor- 
t a n c e ,  For  rough c a l c u l a t i o n s ,  on t h e  c o a t r a r y ,  t h e  s in-  
p l e  e q u a t i o n s  (38) and. (39)  can be used  w i t h  <oo& r e s i i l t s  
f o r  t3.e lower  l i m i t s .  

Ii1 t h i s  c o n n e c t i o n ,  i t  i s  o f  s p e c i a l  impor tance  t h a t  
t h e  loi.rer l i m i t s  (38) 'and (39) a r e  e n t i r e l y  independent  
02 any p r e l i m i n a r y  a s sumpt ions  r e g a r d i n g  t h e  shape of tils 
p r o p e l l e r  b l a d e ,  I n e q u a l i t y  (37)  i s  v a l i d  f o r  any e l a s t i c  
system on t h e  b a s i s  o f  i t s  d e r i v d t i o n .  L ikewise ,  t h e  s p e -  
c f z l -  lome'r .  . l i m i t s  (38)  and- ( 3 9 )  a r e  v a l i d  f o r  eve ry  r e -  
volvi i?g e l a s t i c  sys tem,  which behaves  l i k e  a r e v o l v i n g  
r o p e ,  when t h e  c e n t r i f u g a l  f o r c e s  a r e  r e g a r d e d  as a c t i n g  
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a l o n e *  The l o w e r  l i m i t s  (38) and (39)' c m  t L e r e f o r e  bo 
u s e d  j u s t  as w e l l  f o r  e s t i m a t i n g  t h e  f r e q u e n c i e s  of  b e a t  
and vr~rped. p r o p e l l e r  b l a d e s ,  whereby Oiily t h o  cor r .ec t  v s l -  
u e  (as de te rmined  e x p e r i n e n t c l L g  2 s  t o  be i ised f o r  
On t h i s  basis'  and t h e  f a c t  t h a t .  fOrnil?<t . ( 3 3 ) ,  dire t o  
l e c t  o f  t h e  t o r s i o b ,  c o n t a i n s  an. ex3,zp;cratiou o f  t h e  
i n g  f r e q u e n c y ,  no refin 'eraent o f  t l i e  t h e o r y  by  t a k i n g  ac- 
count  o f  t h e  e x a c t  f o r m  o f  s p r o p e l l e r  i s  n e c e s s m y  frain 
t h e  p r a c t i c a l  s t a n d p o i n t  ,* 

I t  i s  p o s s i b l e  t o  g o  .a s t ep  f u r t k e r .  33:- t h e  cboscn 
margina l  c o n d i t i o n s  ( S e c t i o n  I V ,  2 , c ) ,  v e  assumed. t h a t  t h e  , 

p r o p e l l e r  blade mas f i r m l y  s e c u r e d  at 9t.s r o o t .  This  coil-  
d i t i o n  i s  n o t  a l n a y s  p e r f e c t l y  f u l f i l l e d .  If  i t  i s  n o t  
f u l 3 i l l e d  ( B y / S [  + o :Cor t = o j ,  tlie f r e o u e n c i e s  o f  
t h e  p rope l l . e r  b l a d e  d i m i n i s h ,  due t o  t h e  rei-novnl of c?. com- 
pu l so ry  c o n d i t i o n .  They cannot g o  lower, h o n e v e r ,  tilni? 
i n d i c < i t e d  by t h e  loiver l i m i t s  (38)  and ( 3 9 ) ,  which ne.ni- 
f e s t l y  r e t a i n  t h e i r  v a l i d i t y .  Heqce, even i n  t i le cc?se ol 
t h e  p r o g e l l e r  b l ade  rrhich i s  n o t  r i g i d l y  mounted, f o r i n ~ ~ . l c ? .  
(33) can be s u c c e s s f u ~ . ~ y  used., asga in  wit> tlse a s s i u 2 t i o r  
t h a t  t he  6.0 r r e c t e x p  e r i iii e i1 t a1 1 y d e .I; e r ni. n e d s t and f r e que 11 - 
cy i s .  :?.sed f o r  Lo.  

According  t o  t h e  r e s u l t - s  o f  the e s t i m a t i o n  o f  t k e  
maximum e r r o r s  p o s s i b l e  i n  equa , t i ons  ( 5 2 )  and ( 3 3 )  ( 3 s  c ~ s o  
on t h e  b a s i s  o f  t h e  comparisons r-inde f o r  t L c  c a l c u l a t e d  
f r e q u e n c i e s  o f  t h e  nonrevo lv ing  p r o p e l l e r ) ,  i t  iiln>r 5 e  as- 
suxied t i a t  t h e  p r n c t i  c a l l y  r e q u i s i t e  c.ccuracy i s s s t i  s- 
f a c t o r i l y  o b t a i n e d  by t h e  c a l c u l a t i o n .  

I 

gote-,- I n  t h e  i n i t i a l l y  c i t e d  r c g o r t  i n  I1Z. f .  tec:la. 
Phys ,  1 9 2 9 ,  It r e f e r e n c e  W A S  :m,ldle t o  v a r i o u s  o l d e r  f o r a u - ? _ s s  
f o r  t h e  bending  f r e q a e n c i e s  o f  r e v o l v i i i g  blncles. H C ~ B  i t  
w i l l  o n l y  be  rnehtioned- tlrat t l i e r e  i s  a l s o  ii:iven i n  % & t t e  
V-01 ,  I ,  e a .  25, pago 407,  a formula f o r  ' I b l adcs  0x1 t h o  
edge o f  n r evo lv i l l g   disk,^' nbicli, cxpresscc? i n  tho  h e r e -  
u sed  s p b o l  s * read.s 

-.. 



Comparison. w i t h  e q u a t i o n  ( 3 9 ) ,  whore t h e  c o r r o s  
u e  S/8 = 1.5/1 (constan:  cros 's  s eck ion)  i s  t o  be  i n s e r t -  
ed shovs, however, t h a t  I I u t t e I s  f o r m u l a  y i e l d s  v a l u e s  be-  
l o w  t k e  p o s s i . b l e  ' lower l i m i t . '  F o r  s m a l l  c / 2 .  r a t i o s ,  h 
may eveil be  srnai ler  t h a n  U, a c c o r d i n g  t o  t h i s  fo rmuia ,  
So t h a t ,  i n  t;ie z i v e n  c a s e ,  i t  i s ' p o s s i b l e  t o  c a l c u l a t e  
r"ror.1 i t  r e s o n n n c e s  w i t h  t h e  r e v o l u t i o n  speed which .cer -  - 
t a i n l y  cznno t  e x i s t .  

.. 

V, P R B C T I  CAL RESULTS 

1. Genera l  Conclus ions  
. .. 

T h s  whole o f  S e c t i o n  IV naJr be s u m i a r i z e d ,  from t h e  
s t a n d p o i n t  o f  i t s  p r a c t i c a l  a p p l i c a t i o n  by e q u a t i o n  (33) 
f o r  t h e  c a l c u l a t i o n  o f  t h e  bending f r e q u e n c i e s  of  r evo lv -  
i a g  proyol .1er  b l a d e s ,  i n  c a s e  of  need  n i t h  t h e  a d d i t i o n  
o f '  e q u a t i o n  (2'5) ar;d T i p - r e  7 f o r  t h e  f r e q u e n c y  o f  tiie 
p r o ; 3 e l l c r  at, r - e s t .  

I t  nay b o  concluded  from e q u a t i o n  (33) and l i k e w i s e  
f r o x  Z i g u r c  9 ,  that  t h e  bending f r e q u e i c i e s  a r e  a l v a y s  
g r e a t e r  t h a n  the r e v o l u t i o n  speeds .  A n y  d e c i d e d  r e sonance  
'netmeen t h e  n a t u r a l  f r e q u e n c i e s  of . t h e  b l a d e  and t i ie d i s -  
turba;i-Ces, which r " o 1 l o m  w i t h  t h e  f r e q u e n c y  o f  t h o  s i m p l e .  
r e v o l u t i o n .  speed,  i s  t h e r e f o r e  exc luded ,  

Tlie. e x a c t  r e s o n a n c e  g o i n t  i s  n0.t the, o n l y  t h i n g  o f  i m -  
p o r t a n c e ,  however. It; i s  ? o a s i b l c  t o  c a l c u l a t e .  with c013- 
2 l c t c  d-amping o f  t i le '  i n p u l s e s ,  o a l y  when t h e  f r equoncy  03 
t h e  iiB-yilses i s  c o n s i d e r a b l y  g r e a t c r  t han  t h e  n a t u r a l  f r a -  
quoncy. T ~ C  l e s s  f a v o r a b l e  c a s e  ( impulse  f r e q u e n c y  sma:.l- 
e r  t h a n  t h e  natural  frequonc;P) o c c u r s  i n  t h o  bending  v i -  
b r a t i o n s  oT p r o p e l l e r s ,  Hence t h e  c h i e f  t h i n g  t o  k120i7 i s  
hon c l o s e l y  t i le na tu ra l  f r e q u e n c i e s  can approach  t h e  revo-  
l u t i o n  speeds f o r  p o s s i b l e  d inen .s ions  o f  the p r o p e l l e r  . 
b l a d e s .  

A s  nn i l l u s t r a t i v e  exanTle,  t h e  bond-in$ f r e q u e n c i e s  
a r e  p l O t t 0 d  a g a i n s t  t h e  r e v o l u t i o n  spocd  i n  F i g u r e  11 f o r  
a t h i n  m e t a l  b l a d c  on 3110 b a s i s  o f  F igu ro  7 nnii e q u a t i o n  
( 3 9  8 and indeed  i n  t h e  custonarjr  u n i t s  

The d i a c n s i o n s  and o t 3 e r  b l a d e  c o n s t a n t s  a r e  Givciz i n  t 9 e  
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f o l l o n i n g  t a b l e .  The c u r v e s ' I  t o  IV therefore cor n d 
t o  f o u r  z r o p e l l e r  b l a d e s  of e q u a l  l e n g t h  and r o o t  
s e c t i o n ,  b u t  of d i f f e r e n t  t a p e r s .  Curve I r e p r e s e n t s  t i e  
b l a d e  of un i fo rm c r o s s  s e c t i o n ,  w h i l e  cu rves  I 1  
r e s e n t  b l a d e s  of r e c t i l i n e  c r o s s  s e c t i o n ,  but 
i n @  i n  i n e r t i a  riioaent, sori  i me s r e c t i 1 i n e  ar 1 y 
a l l y  and c u b i c a l l y ,  

' .  
TABLE: DIXEiTSI Oils OF IiETAL BLADES 

I:i order  t o  d e t e r m i n e  t h e  dange r  l i n i t s  f o r  a g i v e n  
p r o p e l l e r  b l a d e ,  one m u s t  f i r s t  know t h e  v i b r a t i o n  s t r e n g t h  
02 t k e  .51ade9  e x p r e s s e d  By t3.e g r e a t e s t  p e r m i s s i b l e  a m G l i -  
tud.e, a n d ,  s econd ly ,  t l ie  magnitude of  t h e  d i s t u r b i n g  f o r c e ,  
bot:? o f  wliich can be de te rmined .*  I t  i s  t h e n  p o s s i b l e  t o  
coi ic lude,  on  t h e  b a s i s  of t h e  known re sonance  c u r v e s ,  t h a t ,  
f o r  a c e r t a i n  r a t i o  of t h e  d i s t u r b a n c e  f r e q u e n c y  t o  t l ie 
i1cturnI. f r e q u e n c y ,  t h e  a m p l i t u d e s  exceed t h e  v a l u e  i n d i c a t -  
ed b S  t?-e v i b r a t i o n  StreiIgt 'n. I f  i t  i s  a s s u n c d  t h a t  t h i s  
l i i l i t  mould be r e a c h c d ' f o r  n / v  = 0.8 thei i ,  i n  F i g u r e  12, 
t l ie i i i t e r s e c t i o n  p o i n t s  o f  t h e  l i a e  v = 1.25 n w i t h  t h e  
d i c f e r e n t  f r equency  c u r v e s  i n d i c a t e  t h e  r e v o l u t i o n  speeds  
at  mhic-i t h e  g iven  p r o p e l l e r  b l a d e  b e g i n s  t o  prOduC8 dan- 
gc rous  v i b r a t i o n s ,  .The p r i s i m t i c  b l a d e  mould a l r e a d y  'ue 
eiid,-,ngered at n M 700  r .p .n . ,  but t h e  t a p e r e d  b l a d e s  o n l y  
above 1500 r.p,m, 

*TP-e d i s t u r b a n c e  e x p e r i e n c e d  by a p r o p e l l e r  n e a r  a wing 
( v a r i a t i o n  i n  tile a i r  v e l o c i t y  and i n  t h e  ang le  o f  a t t a c k  
of t h e  p r o p c l Z e r  b l a d e )  cai i  be a p p r o x i n a t e l y  ca lcu l? , ted .  011 
t h e  b a s l s  of s imple fornulas of t h e  wing t h e o r y .  F o r  t h o  
v e l o c i t y  f i e l d  behind  :a, wing we a l r e a d y  have data  o b t a i n e d  
? o r  a n o t h e r  pc rpose  on an a i r p l a n e  i n  f l i g h t .  See,  f o r  ex- 
am>le, ~ i .  Sc,;lrerik;, "Ueoer P r o f i l w i d e r s t a n d m e s s u n g  i m  Fluge '  
nach der? I m > u l s v e r f a h r e n , i l  Luf t f a h r t f o r s c h u n g ,  ;,fa? 1 8 ,  
1 9 2 8 ,  pp. 1-32. h r  t > r a n s l a t i o n ,  s e e  i P . : s 4 .  Xes: 557 and 
558: tt:;ea.su3:ernent o f  P r o f i l e  Drag on an A i r p l a n e  i n  ? l i g h t  
by t h e  ::oixentuxn Xct'nod,tf P a r t s  I and 11, B . A . C . A . ,  1930. 

-. 
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I n  F i g w e  11, ~ ~ o ? . ~ i ~ v e r , '  t h e  - i n t e r s e c t . i o n '  p o i n t s  of 
c u r v e s  I t o  IY w i t h  the l i n e s  v = 23 s h o m l d  be. espe-  
c i a l l y  n o t e d ,  I t  i s  d'bvi.ous that a l l  t h e  b l a d e s  may ' f a l l  

, i n t o  'proi1ouncad resonan.ce v i b r a t i o s s ,  even a t  r e l a t i v e l g  
lonr r e v o l u t i o n  s p e e d s ,  as sooa  as t h e r e  i s  a p o s s i b i l  
o f  d i s t u r b a n c e s  w i t h  'a f requency  of  twice  the. r e v o l u t i o n  '. 
speed. T h i s  case i s  of  s p e c i a l  p r a c t i c a l .  imp'or tance,  a s  i s  
obvious  from t h e  g e n e r a l  r e p r e s e n t a t i o n  of t h e  d i s t u r b a n c e  
due t o  any kiild o f  d i s t u r b a n c e  f i e l d .  

Resonance then1 a l w a y s  occu.rs, when 

h = j . w  (i = 1,2 ....,co ) (,+1) 

i r e o ,  alien t h e  n 8 t n r a l  f r equency  of  t h e  p r o 2 e l l e r  e q v a l s  
a2 integral  m i - l t i p l e  o f  t h e  aiigular v e l o c i t y  o r  o f  t h e  
r e v o l u t i o n  speedo  The c a s e s  = i o  f o r  i 2 3 f o r  all 
91-cc t i cn l  p r o p e l l e r s  ( f i g "  11, @*ild especial127 cu rve  I ,  o f  
fi<;* 13) l i e  at r e v o l u t i o n  speeds  s o  f a x  b e l o y  t h e  norijlnl 
tiiat thlcy c a n ,  f o r  t h i s  r eason ,  r e p r e s e n t  no dange r ,  16 
i"o1lo;iVs tha t  t h e  a m p l i t u d e s  A i  and 3i of ' t h e  d i s t u r b -  
a l e e  a r e  f u i i c t i o n s  of t h e  flow v e l o c i t y  toward . t h e  p r o -  
p e l l e r ,  which d i m i n i s h  a$jjroximate.ly as t h e  s q u a r e  o f  t he  
di . ! inis ; i ing v e l o c i t y .  Xence, f o r  t h i s  r e a s o n  a l g o ,  t h e  
r e s o n a i c e  c a s e s  a t  lorn r e v o l u t i o n  speeds  (h = i w f o r  
1 zr ge i) a r e  of PO iraporta,nce. :Ioreove'r, s i n c e  t h e  c a s e  
h = w i s  exc luded  (as  ve  'rrav'e s e e n ) ,  t h e r e  r ema ins  oi1Ly 
t i le !renounced resoiiaiice case  h = 20, ml?ic l r i  can s e r i o c s -  
13- enilazger the p r o p e l l o r ,  T h i s  i s  tyae esse whic'n o c c u r s  
a t  t h e  maximum r e v o l u t i o n  speed aa?. c o n s e q u e n t l y  e x h i b i t s  
the maximum v i b r a t i o n  a m p l i t u d e s ,  and which, at t h e  sarae 
t lrne,  xost  c l a s s l y  ap2roaches  t'he c r u i s i n g  speed  of nor- 
m a l  p r  ope l  1 e r s .  . .  

T i g u r e  9 roay be td'iren as t h e  second. g e n e r a l  example. 
T 3 . s  i n d i c a t e s  n u u e r i c a l l y  t h e  i i q o r t a n c e  o f  a f i r m  hu3,  
n o t  onl-y f o r  i n c r e n s i l i g  t h e  s t a n d  freq71ency, but a l - s o  i o r  
i ; ieroasing tS.9 f r b q u e n c i e s  o f  t b e  r e v o l v i n g  p r o p e l l e r .  
Tbe wel l -kncsn  Reed p r o p e l l e r  i s  an u n f a v o r a b l e  example 
i n  t h i s  r e s p e c t .  

F o r  i l l u s t r a t i o n ,  s e e  a lso F i g u r e  12. If 0110 t a k e s  
blade 1 and i n s c r i s  it unc'llanged . i n  a hub ( c a s e  fV), t h e  
stand f r e q u e n c y  .ail5 t h o  f l i g h t -  f r e q u e n c y  a,re ' i o t i i  i n -  
c r eased .  If c a s e  is t a k e n  t o  r e s t o r e  t h e  s t a n d  frequqncB 

. . .  



t o  that o f  t h e  o r i g i n a l  3 ! & & ;  p'erhlxps.by c id t ing  i t  t h i n n e r  
( c a s e  1 - 2 1 ) ,  t:ie f r e q u e n c i e s  .olt7' t h e  5 e v o l v i n g  . m a d e  IIL ,.. 
s t i l l  exceed  t h e  cor res j Jonding  v a l u e s  of t h e  o r i g i n a l  
b l a d e  I. . These ' c a s e s  c plemente'd %y a ' f e w  g r a c -  
eice.1 .ex,?5raglos. 

. .  \ .  
2 .  P r a c t i c a l  Examples ,  ' , 

. I  

S o g o  t i m u  ago' t h e  ReeCE p r o g e l l e r s  v e r e  csBiaf lp  ased. 
PropeELers 1 0 11. t hr e e e n g i n e 0 e r raan c o mra e r (5 i ak -" &S 2 p  1. k m  s 

of t h i s  t y p e  hcve ,  i n  n e f d u s  ins- tnr lc  SUP f e r e d rug 8 ar e 
mhi le  r u a n i x g .  

,, 

F o r  such a Reed p r o p e l l e r  o f  3 m (9.84 f t , ) . d i ? . m e t e r ,  
t;ie c r o s s  s e c t i o n  and  i n e r t i a  moment of .whicn  a t  every  
70iiit o f  t h e  blnd-e w a s  known, t h e  s t a n d  f r e q u e n c y  accord-  
inS.to i i igure  '7 and- t h e  3dnding f r e q u k n c t e s  a c c o r d i n g  t o  
e q - m t j o n  (33) were c a ~ c u l a t e d  i n *  t e rms  o f  t > e  r e v o l u t i o a  

, r  speed hnc? p l o t t e d  i n  F i g m e  13, 
.. 

F r o p ~  t i ie C O T L ~ S ~  o f  t%e Yreqweney c u r v o  , i t  i s  obvious  
thxt; f a  t h e  r e g i o n  o f  normal r e v . o l x t i o n  s p e e d s ,  t h e  n a t -  
i.~r:..I. f r e q u e ' n c i b s  o f  t h e  p r o p b l l e r '  d o . n o t  Pall i n  t h e  v i c i n -  

" i t y  o f  t h o '  re-v'ol'nt'ion s 3 e e d c  They $do,. however,  a s suae  

::ce o c c u r r i n g  just i n  t l ie ' r a g t o n  o f  tll:c c r u i s i p g  
t i o n  s?r!ods o f  1000  t o  1203 r .p ,  

e q u a l  t o  tw ice  t':~e r e v o l u t i o n  s @ c o d , : t h i s  decided- 

- .  , .  
If m e  'coizsider t.ke f i e l  or" P l o w  o-f 5t' tzhrce-engine 

a i r p l a n e '  ( f i g o  14), i t  . i s  0bvioL.s that sthe p r o g e l l e r s  m'i is t  
p a s s  t h r o u g h  t w o  'ai sturba.n'ce r e g  o'izs during e a c h  r e v o l n t i o n .  
F o r  t l ie s i d e  > r o p e l l e r s , t  b o t L  di txrban-ces .  o c c u r  i n  pass- 
i u s  t 3 e  v ' ing at '8 d i s t a n c e  04 mbont 1/3 o f  t h e  wing chord.  
On t1:e i n s i d e  they  s i m u l t a n e o u s l y  c x t  t h e  sl.i-p'streE-,m .of;: 
t h e  ' m i  i d l e  p r o p e l l e r ,  nkic'il i s  spread r ea rward  by the LU- 

s e l a g e .  The .rLiiddlc pro;3el le ;  r e v o l v e s  at a b o u t  t n i c e  t h e  
d i s i z x c e  o f  t h e  s i d e  p r o p e l l e r s  f r o m  t h e  wing. I t  i s  o n l y  
s l i g h t l y  a f f e c t e d  by tile wing and by t h e  s i d e  p r o p e l l e r s  
back  o f  i t .  a s  a m a t t e r  o f  f a c t ,  c e i i t r a l l y  l o c a t e d  p r o -  
p e l l e r s  z r e  less d - i s t u r b e d ,  thou& no t  a l t o z e t h e r  f r e e  
f r o r.1 d i s t 'cm '0 nn c e . 

O i l  t h e  n h o l e ,  t h e r e  i s  found i n  t h i s  example a con- 

c 

f i r m a t i o n  o f  the ' iere-$evelopcd t h e o r y  of  t b e  resonance  
v i b r a t i o n s  0: p r o ? e l l e r s ,  i l o reove r ,  F i g u r e  13  s'nons t h a t ,  

* i i i  a case Ifi;:c t'nc one - i en t ioned ,  i t  w o x l d  be. better, UZ- 
d e r  sone  con(1 i t i ons ;  t o  use. a m o r e  f l e x i b l e  p r o p e l l e r  hav- 
i n g  such  n a t u r a l  f r e q u e n c i e s  t ha t ,  under  t h e  o r d i r , a r y  OF- 

I 
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c r a t i n g  . c o n d i t i o n s ,  v i 'o ra t - ions  exceed t h o  n c t u r d  f r c -  
quenc ie s .  The v i h r a  s n i l 1  . t h e n  be  w e l l  damped, 

. I n  a d d i t i o n  t o  t h e  above-mentioned e x p l a n  
f o r  t h e  occur rence  o f  r e sonance  v i b r a t i o n s  i n  
ca l  c a s e  d e s c r i b e d ,  t h e r e  i s  a l s o  t h e  fo l . lowing  circum- 
s t a n c e .  On v a r i o u s  a v a i l a b l e  p r o p e l l e r s  i t  was observed  
t ha t ,  when one b l a d e  mas s e t  i n  v i b r a t i o n  i n  any vay,  t h e  
o t h e r  u n d i s t u r b e d  b l a d e  a l s o  began t o  v i b r a t e ,  Apparent- 
l y  t h e r e  i s  nq iiub r i g i d  enough - t o  p r e v e n t  t he  t r a n s n i s -  . 
s i o n  of v i b r a t i o n s  f rom one b l a d e  t o  t h e  o t h e r .  Th i s  f a c t ,  
n h i c h  a l s o  e x p l a i n s  t h e  occur rence  'of r e sonance  v i b r a t i o a s  
when t 3 e  iiatural f r e q u e n c y  o f  t h e  p r o p e l l a r  b l a n e s  i s  t w i c e  
t 3 e  r e v o l u t i o n  speed ,  m a s  a p p a r e n t l y  o p e r a t i v e  i n  t h e  ZtSove 
p r a c  t i c a1 ox amp 1 e , 

Lilcewi s e ,  i n  t h e  well-known c a s e  of the Koolhoven 
a i r p l a n e ,  o n  which t h e  p r o p e l l e r  du r?ng  eve ry  r e v o l u t i o n  
had t o  .sass once t h r o u g h  a cutaway i n  t h e  upi3er half o f  
t h e  f u s e l a g e ,  t h e  a l t e r n a t e  d i s t u r b a n c e  o f  t h e  s e p a r a t e  
blades produced  a r e sonance  c a s e  w i t h  a f r e q u e n c y  o f  t w i c e  
t h e  r e v o l u t i o n  speed. I t  cannot  be  assumed, however, t h a t  
t h e  d i f f e r e n t  p r o p e l l e r s  used  on t h i s  a i r p l a n e  were s o  
f l e x i ' b l e  t ha t  t h e i r  n a t u r a l  f r e q u e n c i e s  were i n  tlie v i c i n -  
i t y  of t3e: r e v o l u t i o n  speed. There  i s  no o t h e r  explsna-  
t i o n ,  h o v e v e r ,  f o r  t h e  p r o p e l l e r  i n j u r i e s  on t h i s  a i r p l a n e .  

A s  t h e  l a s t  sxa rn i l e ,  ne m i l 1  c o n s i d e r  t h o  c a s e  of a 
prope!.ler model c o n a i s t i i i g  of two  v e r y  t h i n  f l a t  boa rds  
( 1  = 9 1  cm, F = c o n s t a n t  = 10 X 1 cm2, E / Z  = .0.235).  
I t s  p r e v i o u s l y  c a l c u l a t e d  bending f r e q u e n c i e s  a r c  l i k e w i s e  

. p l o t t e d  a s  cu rve  I1 i n  F i g u r e  13, I n  t h e  s t a n d  t e s t ,  i 1 O -  

t i c e a b l e  bendixg  v i b r a t i o n s  mere produced  at a b o u t  420 
rS;3.ii., which can a l s o  b e  e x p l a i n e d  by t h e  d.oubling of  
t h e  v i b r a t i o n s  pe r  r e v o l u t i o n  t h r o u g h  t r a n s u i  s s i o n  f r o m  
one b l a d e  t o  t h e  o t h e r ,  i f  t h e  v e l o c i t y  f i e l d  i n  f r o n t  o f  
t h e  t e s t  s t a n d  i s  n o t  a l r e a d y  s o  c o n s t i t u t o d .  that t h e  c o r -  
r e s p o n d i n g  d i s t u r b a n c e  f u n c t i o n  i n  f o r m i l a  (40) a lso  GO%- 
t B i n s  the second 'harmonic t e r n  (i = 2 ) ,  

In any case t h e  observed  v i b r a t i o n  p h e n o m n a  i n  all 
t h e  examples  c o n s i d e r e d  ai-e t r a c e a b l e  t o  8 bending-reso-  
nance c e s c  h = 20, i n  whieli t h e  bonding f r e q u e n c y  of the 
propeller b l a d e  e q u a l s  twice t h e  r e v o l u t i o n  speed ,  

!Tote,- A t t e n t i o n  i s  h e r e  c a l l e d  t o  t h e  f o l l o w i n g  
p o i n t ,  which might l e a d  t o  e r r o r s ,  If t h e  i n v e s t i g a t i o n  
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o f  r?, p r o p e l l e r  break  r e s u l t i n g  f r o a  f a t i g u e  d o e s  no t  
cp,te s imple  $end-ing s t r e s s ,  i t  canno t  be concluded  from 
t h i s  f a c t  ,-,lone t h a t  t h e r e  cou ld  have  been no "bending 
r e sonance"  i n  t h e  above-mentioned s e n s e ,  but t h a t ,  on t h e  
c o n t r a r y ,  an  e s s e n t i a l l y  d i f f e r e n t  k i n d  of v i b r a t i o n s ,  
namely " t o r s i o n a l  v i b r a t i o n s "  must have been produced by  
so.;ie unknown cause.  

A S  a l r e a a y  e x p l a i n e d  ( S e c t i o n  11, 2,a), an  a i r c r a f t  
p r o p e l l e r ,  owing t o  i t s  bent  a n d  warped shape ,  can d-evel- 
op n e i t . 3 e r  s imple  bend ing  v i b r a t i o n s  n o r  s imTle t o r s i o i a l  
v i b r n t i o n s  (bending  and t o r s i o n  n o t  be ing  t h e  normal coor-  
d i n a t e s  of azt a i r c r a f t - p r o p e l l e r  b l a d e ) ,  Vhat a r e  h e r e  
c a l l e d ,  a c c o r d i n g  t o  custom, "bendingf1  aad " t o r s i o n a l t i  
f r e q u e n c i e s ,  a i g h t  b e .  m o r e  c o r r e c t l y  d e s i g n a t e d  r e s p e c t -  
i v e l y  as t h e  s raa l le r  and t h e  g r e a t e r  of t h e  t w o  n a t u r a l  
f r e q u e n c i e s  o f  a p r o p e l l e r  b l a d e ,  The j u s t i f  i c a t i o i i  f o r  
t h e  c ? i v i s i o n  i n t o  t h e  t w o  k i n d s ,  bending  and t o r s i o n a l ,  
w a s  d-erived. f r o m  t h e  fundamental  aosu.mption that ,  under  
i d e a l  c o n d i t i o n s ,  t h e  c a l c u l a b l e  s i u g l e  t o r s i o n a l  f r e q u e n -  
c i e s  d i f f e , r  but l i t t l e  f r o m ' t h e  g r e a t e r ,  2nd t h e  sirnple 

quenc ie s  d i f f e r  but l i t t l e  f r o m  t h e  s n a l l e s  of 
fundamenta l  f r e q u e n c i e s  of t h e  p r o p e l l e r ,  I n  

axtuel .  iiatural v i b r a t i o n s  t h e  p r o p e l l e r  b l a d e  sometimes 
deve lops  bending  and t o r s i o n a l  v i b r a t i o n s  w i t h  t h e  sane 
s;~la:l f r e q u e n c i e s  cnd a t  o t h e r  t i m e s  w i t h  t h e  same l a r g e  
f r e q n e n c i e s ,  I n  t h e  former c a s e  t h e  bending amplitu.des 
a r e  la rge ,  w h i l e  i n  t h c  l a t t e r  c a s e  t h e  t o r s i o n a l  ampli-  
tui ies  a r e  l a r g e .  

I n  any c n s e ,  n o t i c e a b l e  t o r s i o n a l  s t r e s s e s  can o c c u r  
at t h e  usual S r e a k i n g  p o i n t  o f  a p r o p e l l e r  % l a d e  nea r  t h e  
hub,  even when ti le osl%or ? o r t i o n  o f  t h e  b l a d e  i s  s u b j e c t -  
.ed c h i e f l p  t o  bending  s t r e s s e s .  If t h e  more p r o b a b l e  
c a u s e ,  a c c o r d i n g  t o  t'nc here-developed  c a l c u l a t i o n ,  namely, 
t h o  bend ing  r e sonance ,  i s  e l i m i n a t e d ,  tiion t h o  f a t i g u e  
s t r e s s e s  i n  t h e  form o f  t o r s i o n  also d i s a p p e a r ,  8 

VI . 
OIL t h e  basis  o f  t h e  c o n s i d e r a t i o n  o f  v a r i o u s  p o s s i b l e  

k i n d s  o f  Q r o p c l l c r  v i b r a t i o n s ,  t h e  resonance  v i b r a t i o n s  
cacsed  by unequal  i n p a c t s  o f  t h e  p r o p e l l e r  b l a d e s  aTr,car 
t o  be t h e  m o s t  i m 2 o r t z n t .  The i r  t h e o r e t i c a l  i n v e s t i g a t i o n  
i s  niarle' by s e p a r a t e  anal ; -s is  o f  i ;ors , ional  end bending v i -  
b r a t i o n s .  This method i s  j u s t i f i e d  by the very '  g r e a t  d i f -  
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f e r e a c e  i n  t h e  two n a t m a l  f r e q u e n c i e s  o€  a i r c r a f t  p r o p e l -  
l e r  b l a d e s .  A m a t h e n a t i c n l  e s t i m a t i o n  of tkie t o r s i o n a l  
f requei ic i  e s s h o w s  : 

. 1, Thak t5ey  a r e  n o t  n o t i c e a b l y  a f f e c t e d  by t 3 e  in -  
fl.tleiics o f  t h e  a e r o d y n a a i c  f o r c e s  a c t i n g  on 
t h e  p r o p e l l e r ;  

r J 8  3 That t h e i r  o r d e r  of magni tude i s  s o  f a r  above 
t h e  r e v o l u t i o n  speed o f  t h e  p r o p e l l e r ,  t h a t  
any danger  f rom resonance  i n  t h e  f o r m  of t o r -  
s i o i l a l  v i b r a t i o n s  seems t o  be exc luded ,*  

For  t h e  Sending  v i b r a t i o n s .  of a p r o p e l l e r  b l a d e ,  i t  
c a r s ,  on t h e  c o n t r a r y ,  t h a t  t b e  f r e q u e n c i e s ,  under  t i e  

a c t i o i i  o f  t h e  c e n t r i f u g a l  f o r c e ,  a re  of t h e  o r d e r  o f  m a g -  
iiitud-e of t h c  r e v o l u t i o n  speed.. T i l e  bending f r e q u e n c i e s  
z r a  c z l c u l a t e d .  i n  t e rms  o f  t h e  r e v o l u t i o n  s7ecd  of t h o  
p s o y c l l c r ,  oii t h e  bas i s  o f  t h e  R a y l e i g h  p r i n c i p l e ,  f rom . 
t h e  miainurn n a t u r a l  f r e q u e n c y  of an  e l a s t i c  s:rstem. Ac- 
coY?.iilg t o  A,-.,ylei$i's t l reory ,  th.c v a l u e s  t h u s  o b t a i n e d  
rc2.rcsoil t  an  upper  l i m i t  f o r  th.e bending  f r e q u e n c i e s .  On 
ti ic ~ ~ G s ~ s .  o f  z g e n e r a l l y  v a l i d  . tI ieorem ( S e c t i o n  IV, 2 , f )  
c o a c c r a i n g  t k c  f r e q u e n c i e s  of  a n  e l a s t i c  sys tcm s i n u l t a -  
i 1 ~ o ~ ~ - s i ~  cxposcd. t o  s o v o r a l  f o r c e s  (2n t h e  p r e s e n t  case  t o  
c l a s t i c  and c e n t r i f u g a l  f o r c e s ) ,  a lower l i m i t  f o r  t h e  
bcr?<.ing f r o q u c n c i e s  cax  a l s o  be e s t a b l i s h c d .  Thc upper  
and. 3 .onor  l i i l i i . t s  approach  each  otkncr s o  c l o s e l y  i n  t h e  
c s l c u l a t % o n ,  t h a t  tLc  c n l c u l a t e d  bonding f r e q u e n c i e s  adc- 
q i t z t c l :~  f u l f i ? , l  thc: a c c u r a c y  r e q u i r e m e n t s .  The c a l c u l a -  
t i o i l  y i e l d s  t h e  f o l l o v i n g  p r a c t i c a l  r e s u l t s :  

1, The aerodynamic f o r c o s  as3 of much l e s s  impor- 
t a n c e  f o r  t k e  bonding v i b r a t i o n s  of  ; l i rcra;f t  
p r o p e l l e r s  t h a n  f o r  t h e  t o r s i o n a l  v i b r a t i o a s .  

2. T.wo a i r c s n f t  p r o p e l l e r s ,  whidi may d i f f e r  i n  ~ ~ 1 1 .  
t h c i r  d imens ions ,  m a t e r i a l  c o n s t a 2 t s  and ( v i t h -  
i n  wido l i m i t s )  a l s o  i n  t h o i r  t a T e r ,  which, 
howevar, inust have t h e  scme r a , t i o  o f  t h e  hub 
r a d i u s  t o  t h e  b l a d e  l e n g t h  E l l  and the  SniilC 
n a t u r a l  s t m d  f r e q u e n c y  L o ,  have  p r a c t i c a l l y  

-.--I_--..--- --- --IC--II-CC----.--C--̂ ---Y.C--C--C- -c 

*;To d e c i s i o n  can be  mndo on t h e  bas i s  o f  t h i s  m n l y s i s ,  
resardin, ;  t o z ~ i o n ~ ? ~ l  v i b r a t i o n s  due t o  o t h e r  o u t s i d e  d i s -  
tui-bancBs tlian t h o s e  connec ted  w i t i i  an i r r e g u l a r  f i e l d  of 
f low. 
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t h e  same bend ing  f r e q u e n c i e s ,  even when re- 
' v  o 1 v i  ng. 

3. , ' I fence i t  i s  p o s s i b l e ,  f o r  a l l  p r o p e l l e r s  o f  wkat- 
I .  , e v e r  d imens ions ,  w i t h  any r a t i o  o f  hub r a d i u s  
-. . t o  b l a d e  l e n g t h ,  t o  adop t  c?, . s i n g l e  f o r m u l a  f o r  

c a l c u l a t i n g  t h e  bending  f r e q u e n c i e s  i n  t e r n s  
of  t h e  F s v o l u t i a n  s p e e d .  W .  (See a l so  f i g s ,  
8 and 9.), 

* >  . . .  

The s t a n d  f requgncy ho i s  b e s t  o b t a i n e d  expe- 
r i m e n t a l l y .  However, h, .can a1s.o be r e a d  
f r o m  F i g u r e  7 f o r  t h e  p r a c t i c a l l y  imTor tan t  
c a s e s  of l i n e a r ,  c r o s s - s e c t i o n a l ,  t ape . r ing  o f  t h e  
p r o p e l l e r  b l a d e  w i t h  v a r i o u s  r e d u c t i o n s  i n  t h e  
c r o s s - s e c t i o n a l  i n e r t i a  moment, 

-4 .  The Lower l i m i t  o f  t h e  bending  f r e q u e n c i e s  i s  rep- 
r e s e n t e d  by t h e  f o r m u l a  

where S i s  t h e  s t a t i c a l  moment and 8 t h e  ill.- 
e r t i a  moment of t h e  p r o p e l l e r  b l a d e  w i t h  r o f c r -  
ence t o  t h e  a x i s  of f i x a t i o n .  F o r  t h e  case  of 
l i n e a r  c r o s s - s e c t i o n a l  t a p e r ,  as approximated  
bjr n e a r l y  a l l  a i r c r a f t  p r o p e l l e r s ,  t h e  l i i i i i t  o f  
t h e  bending  f r e q u e n c i e s  may be more simply cx- 
p r e s s e ?  by t h e  fo rpu la  

+ 

F e r  E = 0 ( v a n i s h i n g l y  s m a l l  hub)  t h e  l o w e r  
l i m i t  becomes simply 

X" 7 b" i- w". 
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5 . The i n d i c a t  sd '  l o ~ e r '  . l i m - i * t  s 
p r o p e l l e r  b l a d e  o f  any s!l 
a l s o  v a l i d  f o r  t h e  bending  f r e q u e n c i e s  o f  b e n t  
an'd warped p r o p e l l e r '  b l a d e s . '  I i o reove r ,  th'oy 
a r e  independen t  o f  t h e  aann  . of mounting on 
t h e  hub. Heace they  a r e  a l s o  v a l i d  f o r  ' o lades  
whose inounMng cannot  be termed p e r f e c t l y  r i g -  
i d  (6y/6E- + o f o r  [ = 0 ) .  

6 ,  The p r e s e n c e  o f  a l a r g e  hub i n  t h e  r a t i o  t o  t'ne 
b l a d e  l e n g t h  Save rab ly  a f f e c t s  t h e  i n c r e a s e  
i n  t h e  bend ing  f r e q u e n c i e s  of t h e  , r e v o l v i n g  -.I 

b l a d e  - .  

7 ,  The bendiag  f r e q u e n c i e s  are alm&ys h i g h e r  t han  
t h e  r e v o l u t i o n  speed o f  t h e  p r c p e l l a r .  P r o -  

. nounced r e sonance  v i b r a t i o n s  due t o  e x t e r n a l  
~ d i s t u r b a n c e s  o f  t h e  f r e q u e n c y  OS' t'ie s imple 
. r e v e l u t T o n  speed a r e  t h e r e f o r e  exc luded ,  

8 ,  On t h e  'o t t ier  ' h a n d ,  pronounced r e sonance  c a s e s  
a r e  p o s s i b l e  when t h e  bending  f r e q u e n c y  of a 
p r o p e l l e r  i s  a l o w  m u l t i p l e  o f  t h e  r e v a l u t i o n  
speed. T h i s  c a s e  i s  o f  p r a c t i c a l .  impor t ance ,  
s i n c e  many p r o p e l l e r s  a r e  s o  mounted.mith r e f -  
e r ence  t o  o t h e r  a i r p l a n e  p a r t s  (e .g , ,  t h e  
w i n g s ) ,  t h a t  more d i s t u r b a n c e s  t h a n  one (geil- 
e r a l l y  t n o )  a r e  2 roduced  d u r i n g  e a c h  r evo lu -  
t i o n ,  Resoiiances of t tvice t h e  r e v o l u t i o n  speed  
can a l s o  te prcduced by t r a n s m i s s i o n  o f  t'ne v i -  
b r a t i o n s  f r o m  one b l a d e  t o  t h e  o t h e r .  

The c a l c u l a t e d  d a t a  a r e  i l l u s t r a t e d  %y. p r a c t i c a l  ex- 
amples. Thereby t h e  cbse rved  v i b r a t i o n  phenemenon i n  t h e  
g i v e 3  examples  i s  explai 'ned by  a bending  r e s o n a n c e ,  f o r  * 

which t h e  bending f r e q u e n c y  o f  the  p r o p e l l e r  i s  equal  t o  
twice  t h e  r e v o l u t i o n  speed. 

T r z n s l a t f o n  by Dvight  :i. U ine r ,  
N a t i o n a l  A d r i s o r y  Committee 
f o r  A e r o n a u t i c s ,  
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Fig. 1 Example of torsional frequencies plottod Fig. 2 Diagram 
f o r  il- against the angular velocity. 

lustrating equa- 
tions 7’ to 10. 

Fig. 3 Velocity componeilts 
02 vibrating prorjel- 

ler blade. 
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Fig. 4 Vibration-clastic lines ac- 

cording to equation 18. 
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Figs. 5,6,7 
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Fig. 5 Radical displacement 5 o f  a 
blade cleinent duriag a vibra- -j I t ion.  
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Figs.  12,13,14 

Fig. 22 :oi?cayison of similar propel.lers w i t h  reference 
t o  t:ieir bending frequencies o n  stand and i n  f l i g h t .  

Fig. 13 Curve I .  Bendirg fre-  

gropel ler .  T h i s  propeller comes 
i l i t o  resoriance a t  the  revolution 
speeds of cruis ing f l i g h t ,  when 
vibrations with a frequency of  
twice the revolution speed are 
imparted t o  i t .  

qusncies of a Reed 

Curve 11. Bending 
frequencies of a propeller 
modo1 made from 2 f l a t  boards. 
C onpari son be tween calculat ion 
and experiment. 

a, Beginning 02 vibrations 
i n  exgerirnent . 

7ig.  14 Arrangement o f  propellers on a YareC-engine airplane 


