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NATIONAL ADVISORY COMMITTEE FOR 2ROTATT.ICS 

TECHNICAL MEMORANDUM NO. 647 

SPATIALBUCKLING OF VARIOUS TYPES OP


AIRPLANE STRUT SYSTEiS*: 

By Alfred. Teichiriann 

Not at ion 

ei,h	 - 
u unit rotation" of end h or i, respectively, 

•'	 of a strut	 pin-jointed iii h and. i, 
due to a single bending moment M = 1 (in the 
sense of this mothent), applied at the same end 
h or i, respectively. 

(One support of member "i" is assumedly displace.-
able in the direction of the axis of the rueri-
ber, The first index at e denotes the mern-
ber, the second the end, where e occurs. In 
reports Nos. 183 nd 224 of the D.V.L. (Deutsche 
Versuchsanstalt fur Luftfahrt) no differentia .

-tion was made between 01,h and	 because 
there the arguments pertained. to members with 
evenly distributed. stiffness.) 

* II Das: r.ümIicho iCnicken einiger Stabverbindungon des Flu-
zeugbaus." Zeitschrift ftlr Flugtechnik und ° Motorluftschif-
fahrt, Sept. 14, 1931, pp. 525-526. 

In extension of report No. 183 of the D.V.L.: 
A, Teichmann, "Effects of the End Fixation of Airplane., 
Struts." T.M. No. 582, N.A.C.A., l93. Zeitschrift far 
Plugtechnik und Motorluftschiffahrt, May 28, 1930, pp. 
249-254; and D S V.L. Yearbook 1930, pp. 221-226, which also 
contains a list of references. 
A, Teichmann, "The Spatial Buckling of Various Types of 
Airp lane Bracing Systoms." Report No. 224, D.V.L. Year-
boo1 1931, pp. 230-232.
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"unit rotation" of end. h or i, respectively, 
of member 11111 due to a single bending moment 
M = I (ln the sense of this 'momQut) at the op-
posite end. i or h, respectively. According 
to &axwelI, 

eih:= 

d 1	 e,h - 

e ,h
'unit rotation" of free end h or i, resiective-

e1, i	 ly, of a beam	 restrained in i or h, 
respectively, in consequence of a twistiiig mo-
ment T	 1	 (in the sense of this morhent) ap-? 
pliedat the free end, It is 

9i,h	 = e. 

-	 - Xh	 y -	 -	 - Zh 
-	 ,	 Y].	 Z1	 -	 ,----.	 uni-

L. 1	 ('1	 1. 

vector-comp onent of member "i .."	 (The unit vector 
points fr	 tie lower numbered. end. h toward the 
higher end. i.) •	 . 

xi , i , zi
unit vector components of the principal 

Xj	 , yj t1' ,zj'"	 axes of inertia of the cross section of 
member	 'i, . (The sense of rotation of 
these unit vectors to be such as to form 

a clockwise system with • jthe unit vector x ,yj 
-	 .	 .	 . 

	

For the most frequent case of 	 member with evenly 
distributed bending stiffness EJ 	 i.nd of length 1., 

stressod by •a centraIly ap1ied foice S, ve have, with 

a = 1	 .	 ..	 .	 .	 .	 .	 .

a 
eib-ei

EJ a2 '.	 tan a' -
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•	 1	 • 1 •/	 :a 
e1-----(l----	 -) 

EJ a2 	 sin a' 

and inthe limiting case S = 0: 

	

li	 •,7•	 1 

	

-	 e- • =--; e-	 —t--•.. 

	

EJ 3	 EJ	 61 

(For tension loads we may figure with e and 
for S = 0. D.V.L. report. No. 183.) 

	

If. G- d	 the. evenly distributed. torsional stiff-

nes.s,, then	 .	 .	 -	 -.	 - 

	

-.-	 1 e 1 - ____ 
0d. 

Thxcklinguations.- In the following we give the 
conditions under which buckling occur.s for a number of 
strut types consisting of members connected. by joint 
-which are- bendingand torsion resistant. The buckling 
stage is so characterized- that, in the absenc .e,of trans-
verse loading--of the individual members, rotations at the 
strut end -cen- occur; this possibility exists on1 when 
the denoinat.or determinant of that linear symmetrical 
system of equation which with existing transverse loading 
would. supply the rotations of the strut ends, disappears: 

. 811	 812 . . •' • . 8ifl 

821	 822	 •	 82fl 

8fl. 6fl2

=0 
(buckling condition) 

= 8ki) 

The 8 tercas to 1e inserted. when disregarding the strut 
length changes, are given i-n the table of the formulas. 

*Por evaluation of these expressions, see tables in: 
Zimmerman "Buckling Strength of. Struts," (Ernst. &S6hn, 
1925) ;	 d).ler-Bres1au, "Graphic Statics of Building Con-
structiOn.r3,' Vol. II, 2 (Krner, 1925); Bleich, "Theory and. 
Calculation of Iron Bridges," (Springer, 1924).
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Two-Dimonsiona]. Struts (figs li_6) 

For these strut types it is stipulated that the prin-
cipal axes of inertia are perpendicular or parallel, re-
spectively, to the plane XL or else that circular sec-
tions or other isotropic sections are available. We dif-
ferentiate between 

a) buckling within the XY plane, 

) bul,ging dut of the XY plans.

The values e,	 , and. EJ, respectively, refer in 
case a) to bending about the cross section axes perpen-
dicular to XY, and in case ) to bending around the cross 
section axes in the XY plane. 

l The strut-type connected by joints .free of bending 
and twisting, to the s p atially defined po.nts i = 1, 2, 
3	 0 • • •	 - 

a) Three or more struts with a common, but otherwise 
unsupported joint (for instance, K and X 'orac-
ing systems, Figures 1 and2). In cursory es-
timations of case ) , the effect of struts "3" 
and	 may be disregarded, as a rule, for K 
struts. 

b) N strut (fig. 3). 

c) V atrut (fig. . 4), this strut buckles out of its 
plane as soon as the force in a member fljhl 

,	 2 

attains Si 

Pig.]. K strut	 Fig.2 X strut	 Fig.3 N strut 
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z 

l"2" 

t	
I A 3.. /4 .	 ___ 

.'2'\ /3	 03	 '2"!	
/'\.2"	

1 
I	 /

__	

xl 

x	 Z1	 2 4	 ' •4 ••	 3 2	 1]. 

Fig.4 V strut	 Fig.5	 Fig.6 N strut with Fig.? Three space 
0 strut	 incomplete joints,	 strut system.


d) Rectangular frame system. (Pig. 5.) The 6 
terms here given for buckling case a) have 
the advantage over those given in D.V.L. re-
port No. 183, in so far as they still hold 

E.Jir2 when S = -	 in one or more struts. 

For buckling case	 we find two determinants 
(cases	 and. 2) . Buckling occurs when one

0±' these becomes zero. 

2. Strut type connected by bending-free Cardanic 
joints to sDatially defined points i = 1, 2, 3 ..; the 
Cardanic joints are designed to take twisting moments 
whose vector falls into direction y, The treatment is 
restricted to strut types conforming to 1 b and: c (fig. 
6) ; the conditions for buckling case a) are the same as 
under 1.

Three-Dimensional Strut SystemS (fig. 7) 

An arbitrary number of struts not lying in one plane 
is connected in one joint 0, stiff in bending and tor-
sion; the other strut ends are connected by joints, free 
of bending and torsion, to spatially defined points ± = 
1, 2, 3 ....	 e'	 and.	 ,	 respectively, refer to 

bending about the principal axis of inertia with the unit 

vector Xj	 Yj	 z	 and xi" , Y1 , Z	 , respectively. 

For struts whose moment of inertia is the same for 
all centroid.al axes of its cross section, as, for instance, 
in round tubes, we must substitute: 

2	 2	 2 
xi	 iI	

III 

	

1 - -- for	 + - 
C." 1,0	 1,0	 1,0 

or 
e	 e•u 
1,0	 1,0	 1,0
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Table of Formulas 
Expressions (5 for Various Groups of Bars 

____- I,	 la - 1,	 lb _______________ 
a____ a _____ ___________ 

1
•	

x

_____ 
2 2 2	

+	

t 

e110 e1,0
__ + 

2	 2
d3

+ 
e2	

2
d3	 e3 

22 -
.'i 1 +

e 2 y	 12 
2	

+

2 e	 x	 12 
3	 .	

+ _ 

e ,0 e4 d3 e2	 2 €3 

o
1i_1

- - ---.-+ -__-!L+ !I -
1	 ±,O

/ 04. d3 

( 44
-	 12 

---- +
'	 + - - -

e 4 . 3 d3	 e3 

12°21

x. 
'

1y. e3. 
-

I
+ X3hy3I(	

- -

1 X1 x3
12	 12 

--S

i e - i,o -_____
___ 

d3	 e3 

S	 —S 
14	 '41

- - x t 'r	 I ( _-	 - - 
\d3	 e3y 

1 ,'e'	 1'\ 

::::::: z z

::T3 ___ 

x4 1 y4 1 (3. 2 
034 043 - - - e4. +X3Iy3Id
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Table of Formulas (contd.) 
Expressions 5 for Various Groups of Bars 

1,	 ic -1 I,	 ld _________ ___________
a _____ 

____ 

L1 1

___ 

1	 1 
+

______- 

2	 i2 ____	 x3 
+

e1	 1	 e43 
+

1 e 1
+

e2	 2 + - 
e2. 2	 e3. 2 e2 . 2	 e3. 2 d1	 d4 d1	 e ei 

5 - ,i2 
'2	 +

e	 e 
2.2+

e	 . e	 1 2.1+ 
d2	 d1 e2. 2	 %. 2 d1	 e2 d2	 e3 

-
- e3	

+ e
2 83.	

+ J_ e4	
+ 1 

d 3	 d2 d	 e2 d4	 e3 

-
- + e3 2 + + I - d4	 d3 d	 e4 d	 e1 

x2y2	 x33 
a "12	 21

--

2	 e3. 2 d1 d1 d2 

1331 - - - - - 

1 1 
144i - - e, 

-23-32 - -
e.. 1 1 

e3 e3 

2442 - - - 

e e 3
A e 

a	 a
- d3 d3
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Table of Formulas (contd.) 
Expressions 5 for Venous Groups of Bars 

I,	 2'o I,2c II -

3 -. ___

y' 2 e	 x'2 
22.2+2

yt2e	 x2 
22.2+2

u2 
(X	 Xj 

a 11 d2	 e2 d2
1	 e','01 

y 2 e2 y 2 e3	 Xt2t2 yt2e +2e3.
ce0 22 d2	 e2	 e3 d2	 e2	 e3 ej0I 

y 2 e32 y 2 e44 x 2 x2 2 y'2e2 (z2	
+z2 

d 4	 e3	 e4 e3 e,0	 e1,0i 

y4__	 Xt2 
+=___ - - 

d 4	 e4 

!2 yt2 e2	 x!2 (X4YI + 
22 1 c	 e2 u2	 e2 ' e	 e 

,l	 It	 It? 
,/XiZi	 X	 Z\ 

6j3 4 - I	 - ZLTe!!t 
1,0	 1,0 

i4 = 41 - - - 

yt2y2
z	 '	 z ! 

1 

332 d3 	 e3 d3	 C3 1,0	 1,0 

2 442 - - - 

-
2'	 2 v t	 e	 x' U4	 4	 I 

r 
clt	 e4

Translation by J. Vanier, 
National Advisor:, Comriittee 
for Aeronautics.
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