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NATIONAL ADVISORY COWITTEE FOR AERONAUTICS.

TECHNICAL MEMORANDUM NO. B78.

CALCULATION OF TAPERED HMONOPLANE WINGS.*
By E. Amstutz.

For some time there have been built in increasing numbers
monoplanes with cantilever wings, which no longer have the cus-
tdmary rectangular or elliptical contour, but are decidedly ta-
pered.s The flying boat "Romar," built by the Rohrbach Company,
is a striking example of this type (Fige 1).

Obviously this shape increases the 117t in the middle of
the wing and thus reduces the bending moment of the lifting
forces in the plane of symmetry. Since this portion of the wing
is the thickest, the stresses of the wing material are reduced
and desirable space is provided for stowing the loads in the
wing. This statically excellent form of construction, however,
has aerodynamic disadvantages which must be carefully weighed,
if failures are to be aVOided; This treatise is devoted to the
consideration of these problems.

The wing theory, as developed principally by Prandtl,*
shows that the resistance forces of a wing can be divided into
two sharply distinguished portions. First there is the so-called

profile drag, which is produced by the skin friction and separa-

¥"7ur Berechnung von spitzendigen Eindecker-Tragflugeln,®
Schweizerische Bauzeitung, April 5, 1930, pp. 181-186.

**L, Prandtl, "Tragflligeltheorie I gnd II," in Vier Abhandlungen
zur Hydrodynamik und Aerodynamik, Gottingen, 19a7.
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tion of the boundary layer. It dépends on the profile form and
on the total area, but not on the particular plan form, with
‘which we accordingly have nothing further to do. The second
portion, which alone interests us here, is produced by the sec-
ondary motions imparted to the air by the wing, which thus sup-
ports the weight of the whole airplane. Since there is energy
in the secondary motion, the wing must experience a resistance,
which is termed (not very aptly) the "induced" drag.

The induced drag is produced somewhat as follows. The air
over which the wing moves receives a downward thrust, the nearer
layers of air receiving a more vigorous impulse and the more re-
mote layers a less vigorous impulse. Through the yielding of
the downward impelled air masseg, lateral and upward currents
are produced near the wing tips, thus causing, in connection
with the downward motion below and above the wing, a circulation
about the wing tips which, due to the inertia of the air, ex-
tends as an elongated vortex system over the whole flight path.
The wing itself lies in a downward flow which it has produced
and up which it must climb as up an inclined plane. An element
of the wing (Fig. 23) is not met by this upward flow in a direc-
tioﬁ‘opposite to the flight speed V, but at an angle smaller
by w/V (measured in absolute mass), W denoting the downward
velocity of the induced motion at the iocation of the wing ele-
ment. The hydrodynaﬁic 1ift is then perpendicular not to V,
but to the resultant speed, so that, with respect to the flight

direction, the component Aw/V offers a resistance, namely, the
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induced drag W;.

The magnitude of the downward velocity w at every point
of the wing depends on the 1ift distribution along the wing
" span. Prandtl and Munk have shown that the emergy of the sec-
ondary flow, and hence the induced drag, is the smallest when
the 1ift is distributed over the span in the form of a half-
ellipse. The downward velocity w 1is then along this constant,
whereby the mathematical treatment of the resistance problem is
much simplified, since it then reverts to the solution .of an
easily solvable potential problem. Noreover, this minimum theo-
rem is very generally applicable and can be used for complicated
wing systems,

Every nonelliptical 1ift distribution generates downward
velocities, which are the greatest in the middle aor at the tips
of the wing, according to Whether they are fuller or less full
than the elliptical. Since the downward velocity affects the
flow direction of the individual wing elements, it also affects
the 1ift distribution and, due to this interchange, offers con-
siderable difficulty to the determination of the induced drag
for any given wing shape. The rectangular~wing was Very accu—
rately treated by Betz,* thc result of whose investigation is

represented in Figure 3.

*"Beitrage zuT Tragflagel Theorle"mlt besopderer Berucksichtig-
ung des einfachen rechteckigen Flugels " Gottingen dissertation,
published in Munich in 1919,
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The 1ift distribution on tapered wings can be represented
with»sufficient accuracy for practical purposes by a series with
only three terms. In fhe present treatise, it is first shown
how, for such a 1lift distribution, the wing shape producing it
can be found. For this purpose, the distribution of the bend-
ing and torsional moments of the air forces along the span are
determined, and the formulas for the comparison of the drag
and maximum bending and torsional moments of tapered and ellip-
tical wings are given., An example of a warped wing shows hoWw
the 1ift distribution for a given wing can be found approximate-
1y by solving two linear equations; The simplified equations

are given for an unwgrped wing.

Notation

X distance from axis of symmetry (m).
gpan {(m).
— 3 X
¢ = b
% chord at distance x (m).
v flight speed (m/s).

vertical induced velocity (m/s).
angle of attack.

angle of décalage.

air density (kg m~ *s®?).

2
= g- = dynamic pressure (kg/m2).

Qo O oo =g
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have

F projected wing area (m2).

A total 1ift of wing (kg).

w total drag of wing (kg).

Wé profile drag (kg).

Wy induced drag (kg).

M moment of air forces about intersection point of
vertical line from foremost point of wing profile
with chord (m kg).

Cy, defined by A = cy QF

Cy " W = oy aF

Cyrp " " Wp = Cyp qF.

Cwi " "Wy = oy OF

Cy " "M = oy qFt

B bending moment (m kg).
torsional " (m kg).

r circulation in me /s defined as
T = 1if% pgrvm span _ cg VE

a,B coefficients.

A1l values which apply to the center of the wing (x =£= o)
the index o.

Prandtl gives ' '

P =Ty, /1 -t (1+at?+BE +.i.) (1)

as the proper function to represent the 1ift distribution., We

will

confine ourselves to the use of the first three terms.
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Exémbles of 1ift distribution, thus obtained, are plotted in
Figures 4a, 4b, and 4c. TFor the elliptical distribution

a= B =0, while less full distributions, applicable to tapered
wings, yield negative values of «. From the above-mentioned-

gource we also take

A =Feb VT (1+5+8) (2)
r
) 2 _ 1Y (5 g2 _ 3 g2 _ L
W= lra(BE s (5E -2t - (3)
_Tmppaf; .0, B, 02 11 18\
W = 22T <1+2+4+4+ 2“5’*1385}* (4)
and taking equation (3) into consideration
« 8 o 11 | Bz\
oo (rgrgtatazef toy) (42)
i1~ 2 2
Tq b o 5 BN
q (1 +Z+5)

The bending and torsional moments are also of interest. For

the bending moment in x, or 51 (Fig. B) we obtain

x=b/2
/ (x - x,) d 4 (5)

M
Xy J
1

i1

2 f=
oV Tof J1-F (raf+pi) (-t

’
On substituting ¢ = sin ¢, we obtain, after several transfor-

-mations
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. b? i 1, £ 2 7 42, 1
Mp=p ¥ h - G ) e (Hot P e b

, 8 41 . 11 4" 1 e

+ 8 (105 -~ 1880 ¢ ~ 840 ¢ \}
VNN RN 1

- ¢ (3% 35+ Bj arc cos %J (8)

and, especially for the moment in the center of the wing,

v’ N 8 |
g = p Vg Ty <1+§oc+-3-—5-6> (7)

and, taking account of equation {(2)

1+20+ 8 3

Mo:—%ﬁb- ]E_) 55 (Za.)
1+z(1+-—8—f3

The torsional moment cannot be represented by this general equa-~
tion. As shown below, the circulation distribution does not
definitely determine the shape of the wing. Hence the torsional

moment is also affected by other limiting assumptions.

Determination of the Shape of a Wing for Producing

a Given Lift Distribution

We now proceed to the solution of the problem as to what
wing shape will give the desired 1ift and circulation distribu-~
tion I'(E).

A wing is characterized by its plan form or contour t(¢),

its profile and its warping ©&(f). An element of the wing should
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show the circulation
jrm— c
P =Ty J1-8 (L+at®+Bt%) =274 (8)

The necessary chord +t 1is thus fixed when ¢y is given. For
a given profile, ¢ is affeoted only by the angle of attack,
as 1s obvious from profile books on the basis of ekperimental

results. In the practical range c, (Y) may be assumed to be
linear by putting A Cgq = kK A Y. Theoretically, k = 3m for
thin slightly cambered wings, but somewhat smaller values are

obtained experimentally.

If the middle of the wing has a geometrical angle of attack
Yo o » that is, if the wing is warped at ¢ by an angle 6§,
that is, 50 steeper than in the middle of the wing, its geo-
metrical angle is

'Y®=‘Y(DO +6

The index o is used, because for a wing of infinite span, the
induced velocity vanishes and the geometrical angle of attack
equals the actual angle of attack.

The secondary flow, however, generates at ¢ the induced
velocity w perpendicupar to V, so that the wing does not
have the geometrical angle of attack Y, but the actual angle
of attack (PFig. 3).

Y= % -

If c50o Tepresents the 1iff coefficient in the middle of the
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wiag, when there is no induced velocity there, then, for ¢,
W

Taking account of equation (9), equation (8) becomes

C.
D/l -t (1+at® +8t*)= <_i€§—9 + % 5>4'Vt _<§ wt (8a)

This shows that the wing form 1 (¢) 1is not fixed, but depends

on the wing werping & (£) for a given circulation distributiomn,

a) The flat wing.- We Willvconfine ourselves to the flat un-

warped-wing, which has the same geometrical angle of attack

Yoo = Yot = Yeoo On taking equation (3) into comsideration,

equation. (8a) reads

Po /1 -8 (1+at®+8t")= %% Vit~

Ty 4b [1+ o (3 2 % + B /5 g

Co! €A
Yy
[0

I

and, solved according to %,

J1- 8 (1 + o+ B EY)

t = v
Caw V Kk 2 _WNip(stt 3¢ L
- l+o (3 ¢ - 5)+ B (5 £* - 2 ¢ 16)3
Then
, 3 o o X Ca » o kto o B

from which we obtain
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i= «/N]i—»- Eg (l"'a 52 + 3 54) (9)
to 1_%%[3a§2+6<5€4~%52>3

For the flat wing the circulation distribution is therefore in-
dependent of the angle of attack and + (¢) is a function of
the ratio of the central chord to the span for a given circula=
tion distribution.

The application is best illustrated by an example. It is
desired to construct a flat unwarped wing of 40 m (131 ft.) span
and 8.5 m (31.3 ft.) central chord, so that, with a thick pro-.
file (No. 449 of the thtingen collection), the thickness is 1.1
m (346 fte).* The circulation distribution is characterized by
o == 045 and B = - 0.1, while the theoretical value 2T is
used for k.

In Figure 6a the circulation I', the chord %t and the in-
duced velocity w are plotted along the half-span, and indeed
all as ratios to the values in the center of the wing. Figure
7a represents a practical contour for the calculated wing chords.
Figure 7b gives, for comparison, the wing of minimum iﬂduced
drag with the same area and span, which must have the ellipti-
cal form.

The comparison of the induced drag, bending moments and
torsional moments of both wings is nowlof interest. If we mark

all the symbols referring to the elliptical wing with an asterisk

*I,. Prandtl, "Ergebnisse der Aerodynamischen Versuchsanstalt zu
Gottingen," Report I, Oldenbourg, Munich and Berlin, 1921.
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and compare the ratios for the same 1ift, which alone has sense,

we obtain, from equation (3)

oo 44
° npbv<1+%+%>
4 A
L S
= TEebV
e U < N S 1 B
W; - - B A - (10)
W' . - a BE
1 min (/1+___+ \
S\ %8y
3 8 .
g, LTtEoetzeB (11)
Mo* 1 +Lq+ip
» 4 8 -

According to Figure 8, therefore, the chosen circulation distri-
bution exceeds the minimum drag by 8.8%, but.reduoes the bending
momént by 9.9% and increases the torsional moment in diving
flight by 14.1%. In this connection, however, it should be noted
that the elliptical wing, likewise with 163 m° area in the mid-
dle, has a chord of only 5.19 m and a height of only 0.88 m
against ty = 6.5 m and hy = 1.1 m of the wing used for com-
parison. Moreover, the induced drag is only a portiom of the
total drag, 5 to 15% in straightaway flight and 30 to 30% in
climbing, so that the drag increment, especially in flight with
with small cy, has a still much smaller peroentile.Value.
Figures Ba and 6b also show the course of the bending and

torsional moment along the span. Diving flight, i.e., the angle
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of attack with zero 1ift, was chosen for the comparison of the
torsional moments. In this case, the induced velocity for each
element +t dx of the wing is also zero, and each element has
the same moment coefficient cp (ca = 0) and yields a torsional
moment of

P
d T = cp(ca=o) gV t° dx

so that this becomes

T(E) =5V®

o
plo

Cm( ca=0) él t° d ¢ (12)

We now introduce t from equation (9). The resulting integral
is not solvable mathematically, however, and is best solved

graphically by planimetry for the surface area

+1
F o= § S otdt (13)

-1

Figure 9a shows gnother wing with the same circulation distribu-
tion as the wing in Figure 7a, but with a different t,/b. The
corresponding elliptical wing of like area and span (Fig. 9Db)
stands, as regards drag and bending moment, in the same relation
to it as the two other wings, but with a slightly different tor-
sional moment.

Corresponding to the circulation distribution of Figures
4a, 4b, and 4c, Figure 10 shows the drags and bending moments as

compared with the wing having an elliptical distribution.
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b) The warped wing.- A given circulation distribution can be

pioduced not only by a flat wing whose chord is determined by
equation (9), but also by a suitable warping, within certain lim-
its, of aAwing of any other form.

Assuming the wing contour + (), we now seek the wing
warping & (£) required to produce the desired 1ift distribu-
tion. We arrive at the solution indirectly, by first calculat-
ing the 11ft coefficients c¢g 4 corresponding to the geometri-
cal angles of attack ¥, =%, o+ 6 () - and then proceeding, ac-
cording to the experimentally known relation between c, and ¥,
to Y, and then to &,

If we eliminate I'y from equations (8b) and (8c) and solve

them according to c¢g,., We obtain

_— g
Caoo"'caooOTx

v/1-&2(1+Q.E‘?+B£4’)'_+ z§[1+a 387 \+B( * % ¢° .jg>]

4
1+ 8 to (1-%- B0

— mea e—— ]

4o\ 3 16/

(14)

The relation cgo (Yo ) 1s plotted in Figure 11 for the profile
No. 449 on which the following examples are based. The measure-
ments of the thtingen_model wing refer to the so—célled normal
wing with an aspect ratio of %% = % .  For our purposes, there-
fore, the measured angle of attack must be converted by calcula-
tion to the corresponding angle for a wing of infinite span with

no induced velocity, whose angle of attack, on the assumption of
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elliptical distribution, is smaller than that of the model wing

by the amount

O ' c iy
w = 0 = -...a_'__. =
'_{;) =AY = 5703 5 ’:52— 1.833 Cao,
the number 57.3° being obtained by the conversion of the circu-

. o ’
lar measure into angular measure, &aT = 360 and hence

Q
= 57.3°

If a fixed o©g 4 o 1s prescribed in the center of the wing, then
the ¢4, Tedquired for the production of the desired circula-
tion distribution is everywhere known through equation (14) and
Figure 1l. The geometrical angle of attack corresponding to
every value of ¢4, Can be read from Figure 11,‘and the angle

of decalage & can be obtained from the formula

The statement of Yo, suffices to characterize the geometric
angle of attack of the wing.

Figure 12 shows the relations for a tapered wing (Fig. 13)
with a Tectangular middle section, which agTees in area and span
with Figures 7a and 7b and which, moreover,’is éupposed to have
the same circulation distribution as Figure 7a. The outermost
wing sectlon must accordingly be set 99 less steep than the
middle section.

For the flat wing, the circulation distribution along the

span is the same for all angles of attack, so long as &y Var-
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ies proportionally with the angle of attack. This does not hold
true for the warped ﬁing. The latter has,"along the span, quite
different 1ift coefficients, which, due to their linear depend-
ence on the angle of attack, cannot change to an equal per cent
with the changing of the latter. 1In the case of a ngnelliptioal
flat wing, slight discrepesncies occur in the 1ift coefficients,
due to variations in the indﬁced velocities, but, with varia-
tions in the angle of attack, the induced velocities always vary
by such amounts that the 1ift distribution remains unchanged.

In the case of a warped wing, the more the angle of attack Yo
recedes from the above-considered "fundamental value," just so
much more the circulation distribution will differ from then
"fundamental distribution," i.e., the coefficients a and B,
which characterize them, will assume other values, which we now

have to determine,
Approximation of the Lift Distribution for Given Wings

Only ailimited variety of 1if£ distributions can e repre-
sented by the two parameters o and B. The distribution for any
given wing generally requires other parameters and, if strictly
taken, an infinite number of them. In practice, however, two
parameters often give a close enough approximgtion, if so chosen
that the distribution characterizing them corresponds as nearly
as pdssible to the actual. This applies especislly to distri-
butions which are more difficult to determine than the ellipti-

cal ones are, as generated by tapered wings.
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By two parameters we obtain complete agreement in four
points along thé half-span, namely, in the middle of the wing
and at the tips, where the circulation must sink to gzero and
also for any two selected intervening points. For these interme-
diate values El and Ee we are in the position to establish two
conditional equations whose solution will give the desired param-

eters o« and RB.*

a) The warped wing.— For the development of the conditional

equations, we introduce into equation (14) the values of ¢ m‘o’
Ca ws To and t first for ¢ and then for £, corresponding

to a definite Y, o, thus obtaining two equations of the form

A, - a B, - C, =0
1 1 Bl (15)
A, —a B, -B G =0

with o and B as unknown guantities. .In the above equations

c t, kt. sc \ T
Al" a o 3 1 1 a, oo i -1 ’/.—L__Elz

— + - e ¢ 16
Ca » 0 To 4 b\eg & o A (16)

kt c k% P

= 1 ./ a e 1 — \, 1 2 2 ~ ?2
By 8 P\ Caw o l/ * 4 D 5 El + g:!. '\/ 1 5. (1'7)

1Etl 08,03 1

N\ L kb 4 S ¢

and A,, B,, and 0, are formed by exchanging ocg, ., ¥t

*The problem is treated according to the same line of reasoning
although in a formally different way, by Glauert in his book
"The Elements of Aerofoil and Airscrew Theory," Cambridge, 1936
(recently published also in German by Springer). His theorems
are used by Klissner in his digsertation "Das wirtschaftliche
Ozeanflugzeug," Zeitschrift fur Flugtechnik und Motorluftschif-
fahrt, 1938, p. 513,
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and £ for cy . ., t,, and £,. In the example, for

Cg » 0 = 0.4 according to equation (11), Y, o = ~ 4.,3°, In

£, = 0.5, according to Figure 13, &, = - 0.4°. Hence
Yoo 1 = = 4,6° and, from Figure 11, c¢g. , = 0,385. It is pref-

erable to choose 0.5 to 0.6 for £, and 0.85 to 0.95 for ¢&,.
The true 1ift coefficient of the whole wing is obtained by

combining equations (3) and (8c) to

while the coefficient of the induced drag is obtained from equa-

tions (4) and (8c).

o 2
£ 2 (1 + 24 By % 4+ é% a B §8>
6oy = o, 2 I 5% A - o8 L (20)
Wl a8 w O 16 7 [1 . I .to /’] _q‘___.____B__\‘]g .
v \t "2 716,

In Figure 14 there are plotted the results of the calcula-
tion for £, = 0,5 and £; = 0.9 for the wing shown in Figure
13, It is obvious from Figure 15, which shows the 1ift distri-
bution for several angles of attack that, for 1ift coefficlents
greater than the "fundamental value," the 1ift distribution is
fuller and approaches the most favoréble form but, for smaller
1ift coefficients, continually recedes from the elliptical form.
In particular, the induced drag no longer vanishes for zero 1ift.
This is also to be expected, since, in the case of a ﬁarped wing,

zero 1ift is not due to the fact, as in the case of a flat wing,
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that all the elements of the wing produce no 1ift and hence no
secondary currents, but that a portion of the wing (for the pres—
cnt example, the inner portion) produces some 1ift, which is off-
set, however, by the negative 1ift of the outer portion of the
wing. This 1ift distribution, which differs considerably from
the ellipticzl, produces secondary flows and, consequently, in-
duced dreg. Figurc 15 represents the induced drags of the three
wings shown in Figures 7a, 7b, ond 13 in the form of polars.

In order to render the differences more obvious, a larger scale

than usuel Wwas taken for cyi.

b) The flat wing.— The 1ift distribution of o given flat

wing is determined approximately by the solution of two linear

equations (15), as represented above for the warped wing. Since
simplified to

Caw 0= Cg w1 = Cg o 2, tHE expressions for A, B and C are/
Al:’:'g‘}"'«/]" (16a)
3k TR o
Bl=€f<z—-f} /1 87) o (17a)
kt, r 4 3 2 4 2
= =215 - \ + - 182
¢, = 73+ (B 6° -3 RIVETEY (182)

and similar values for A_,, B,, and OCg.

General Remarks

The derived formulas are based on the linear dependence of

the 11ift on the angle of attack and on the assumption that the
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induced velocities w must be small in comparison with the
flight speed V. In general, both conditions are sufficiently
fulfilled, i.e., so long as no separation of the flow takes place
on the suction (upper) side of the wing. This separation of the
flow, like the seobnd part of the wing drag (the profile drag)

is due to viscosity effects and is not yet saﬁisfactorily calcu-
lable. We must ¢ontent ourselves, therefore, with a few quali-
tative statements., The profile drag depends chiefly on the
character of the wing surface, the ratio of the thickness to the
chord and, other conditions femaining the same, on the Reynolds
Number R =Vt : v (v being the kinetic viscosity in m®/s).

In general, the greater R 1s, the smaller Cwp and even the
separation of the flow is postponed to greater angles of attacke.
In this respect, a réotangular wing with constant R should give
the best results. Tapered wings, on the contrary, have a much
gnaller R toward their tips than in the middle, and the sepa-
ration begins at their outer ends. This tendency is considerably
increased by the distribution of the induced velocity w. The
distribution of the downwash is always such that the 1ift distri-
bution is approximately elliptical. The tips of a taperedkwing
are thus morevheavily loaded than the middle portion. Due to
small or even negative downward velocities at the wing tips, the
effective angles of attack are greater there than in the middle,
where they are reduced by great downward velocities. As fegards

the maximum attainable 1ift, tapered wings may be excelled by
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elliptical wings. This suriise is confirmed by a thtingen
wind-tunnel test., Possibly the maximum 1ift is less affected
by the fuselzge than in the case of elliptical wings. Reliable
information on this point can be obtained only by wind-tunnel
tests, lioreover, it is ascribable to this equalizing effect of
the downward velocity, that the bending moment of tapered wings
1s not so small as the plan form alone might lead one 1o expect.
The downward velocity ot the stabilizer is important for
the constructor, because it affects the stability. An estimate
of 1ts magnitude for a tapered wing can be made by inoreaéing
the known downwash correction factor for an elliptical wing by
the ratio of the dowanwash velocities for the topered and ellip-
tical wings on the wings themselves and based on equal 1ift,

hence, according to equations (3) and (3), by the amount

2 1\

1+ a3 % - -k
(3¢ 16/

/= sa
> + B (5 &% -

zaloa

i

% =

For ¢ we must thereby adopt the value corresponding to 1/3 to
1/2 the helf-span of the stabilizer. For stabilizers which are
small 1n comparison with the wing span, § may unhesitatingly

be put down os gzero.

*Helmbold, "Uebgr die Berechnung deg Abwindes hinter einem rech-
teckigen Tragfluoel W Zeitschrift fur Flugtechnik und Motorluft-
schlffahrt 1925, No. 15, pp. 391-294,

Transldtion by Dwight I, Iiner,
National Advisory Committee
for Aeronsutics.
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Fig.6a,b Distributlon of circulation,chord,induced velocity,bending and

torsional moment along

the half-span for a flat wing with:

a,Circulation distribution according to eg.l for d=0.5 and §=0.1;
b,With elliptical circuletion distribution.
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Fig.1l6 Induced drag of wings

shoymn in Firs.7a,7b, and
13 in the form of polars.



