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This is the final report describing the research performed under the NASA
Grant number NAG-1-477 at Hampton University during the years 1984-92.
During the grant period, four M.S theses, NASA technical reports, and
papers in refereed journals were published. Most of the research work
performed under this grant were concernad with strong interaction
processes ranging from kaon-nucleon interaction to proton-nucleus
scattering calculations. Research performed under this grant can in
general be categorized in 0 three groups: (1) Parametrization of
fundamental interactions (2) Development of formal theory, and (3)
calculations based upon the first two.

Parametrizations of certain fundamental interactions, such as kaon-
nucleon interaction, for example, were necessary because kaon-nucleon
scattering amplitude was needed to perform kaon-nucleus scattering
calculations. Of cause it was possible to calculate kaon-nucleon
amplitudes from the first principle, but it was unnecessary for the
purpose of the project. Similar work was also done for example for anti-
protons and anti-nuclei. Formal developments to some extent were also
pursued so that consistent calculations can be done.

Note that all research projects supported under this grant NAG-1-477
were done with the aim that the results and knowledge obtained from
these projects will be used in the shielding calculations of long space
missions.
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The following is the list of awards, papers in refereed journals and NASA
technical memos/papers published during the duration of the grant, NAG-1-477.
The rest of this report consists of a collection of these papers. Since the NASA
technical papers, memos and students’ M.S theses are very lengthy, we include
only the cover pages of these.

Awards (W, W. Buck):
The first OQutstanding Service Award from the User's Group of The Continuous
Electron Beam Accelerator Facility (CEBAF) 1986

Honorary Superior Accomplishment Award from NASA/Langley Research
Center for "significant contributions in radiation physics enabling practical
shield designs for manned space missions, and for authorship of the Space
Systems Division Best Paper for 1990-1991."

Outstanding Publication within the Space Directorate at NASA/LaRC (1992)

HUGS at CEBAF. U.S. Department of Energy,
The Nuclear Physics Group, The National Science Foundation
The National Conference of Black Physicists, The National Sdence Foundation

"Possible Complementary Cosmic Ray Systems: Nuclei and Antinuclei”, W.W.
Buck, J.W. Wilson, JW. Norbury, NASA Technical Paper 2741(1987)

"Theoretical Antideuteron-Nucleus Cross Sections”™ W.W. Buck, J.W. Norbury,
L.W. Townsend, J.W. Wilson, Phys. Rev. C33, 234 (1986)

"On the Biological Hazard of Galatic Antinuclei” J.W. Wilson, W.W. Buck, L.W.
Townsend, Health Physics, Vol. 50, No. 5 (May 1986), 666

“The NN Interaction as a Composite System” . W.W. Buck, CEBAF RPAC
(1986) p64

"Atomic Traffic Cops Love High-Speed Collisions™ W.W. Buck, Daily Press
Newspaper (Hampton Roads,Virginia) Commentary Section, p .., October 20,1985
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“Structure Functions for Electron-Nucleon Coincidence”, Soon C. Park and W.W.
Buck, CEBAF RPAC (1986), p8-24

“Hampton University Graduate Studies (HUGS) at CEBAF Proceedings”, CEBAF
PuLlication (1986), Editor, W.W. Buck

“Nuclear Forces in a Dirac Harmonic Oscillator Quark Model®, W.W. Buck, F.
Gross, W-Y.P. Hwang, L.S. Kisslingler, F. Wang, CEBAF RPAC (1987) p527

“Electroproduction of Antiprolons™, W.W. Buck, CEBAF RPAC (1987)

“2nd Anrual HUGS at CEBAF Proceedings”, CEBAF Publication (1987), W.W.
Buck, Editor

"“BRYNTRN: A Baryon Transport Computer Code: Computational Procedures
and Data Base™ 5. W. Wilson, L. W. Townsend, S.Y. Chun, W.W. Buck, F. Khan,
F. Cucinotta, NASA TM 4037 (June 1988)

"Nucleon- Nucleus Interaction Data Base' Total Nuclear and Absorption Cross
Sections™, J.W. Wilson, L.W. Townsend, W.W. Buck, S.Y. Chun, B.S. Hong, S.L.
Lamkin, NASA TM 4053 (August 1988)

"Relativistic Antinucleon-Nucleon Interaction: A New Leve¢l Ordering™, W.W.
Buck, Workshop on Relativistic Nuclear Many-Body Physics P'roceedings, World
Scientific Publishers, Editors B.C. Clark, R. Perry, J. Vary (June 1988)

“The Third Annual HUGS at CEBAF Proceedings”™ CEBAF publication, W. W.
Buck, editor in chief (1988)

"Eikonal Solutions to Optical Model Coupled-Channel Equations”, F. Cucinotta,
G. S. Khandelwal, X. M. Maung, L. W. Townsend, J. W. Wilson. NASA
Technical Paper number 2830. (1988)

"High Energy Nucleon Data Bases™, J. W. Wilsor;, S. Y. Chun, W. W. Buck, .. W.
Townsend, Health Physics, Vol 55, pp817-819, 1988

"BRYNTRN: A Baryon Transport Model™J. W. Wilson, L. V/. Townsend, J. E.
Nealy, S. Y. Chun, B. S. Hong, W. W. Buck, S. L. Lamkin, B. D. Ganapol, F.
Khan, and F. A. Cucionatta, NASA TP 2887 (March 1989) - NASA/LaRC Space
Systems Division Best Paper for 1990-1991

"Isospin Flip as a Relativistic Effect: NNbar Interactions”, W.W. Buck, CEBAF
preprint 89-023, HU preprint 89-1

"Kaon-Nucleus Scattering”, B. Hong, K.M.Maung, J.W.V/ilson, W.W.Buck,
NASA Technical paper #2920 (July, 1989)
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“Nuclear-Fragmentation Studies for Microeiectronic Applizations”, D.M.Ngo,
J.W.Wilson, W.W.Buck, T.N.Fogarty, NASA Technical Memorandum #4143(Nov.
1989)

“The Fourth Annual HUGS at CEBAF Proceedings”, HU/CELAF publication, W.
W. Buck editor in chief{1989)

* Meson Exchange and the Relativistic Multiple Scattering Fromalism”, F. Cross
and K. M Maung. Phys. Lett. Vol 229 188(1589).

“"Pseudoscalar pi-N coupling and relativistic proton-nucleus scattering”, F.
GRoss, K. M. Maung, J. A. Tjon, L. W. Townsend and S. J. Wallace. Phys. Rev C
Vol 40, R10(1989).

"Progress in Proton Transport Code Development: Microelectronic Application”,
Duc Ngo, W. W. Buck, T. N. Fogarty, and J. W. Wilson, p371, NASA/HBCU Space
Science and Engineering Research Forum Proceedings, March 22-23, 1989, Y, D.
Saunders, Y. B. Freeman, M. C. George Editors.

“Kaon-Nucleus Scattering Calculations™, B. Hong, W. W. Buck, K. M. Maung, J.
W. Wilson, and L. W. Townsend, pl146, NASA/HBCU Space Science and
Engineering Research Forum Proceedings, March 22-23, 1989, Y, D. Saunders,
Y. B. Freeman, M. C. George Editors.

“Covariant Multiple Scattering Series for Elastic Projectile-tarzet Scattering™
K. M. Maung and F. Gross. Phys. Rev. C Vol 42, 1681(1990).

“Relativistic proton-nucleus scattering and one-boson exchange models™, K. M .
Maung, F. Gross, J. A. Tjon, L. W. Townsend and S. J. Wallace. Phys. Rev. C
VOI 43 1378(1921).

“Theoretical angular distributions from coherent subthreshold pion production”
P. A Neutchman and K. M. Maung. Phys. Rev. C. Vol, 41 R423 (1990).

"A Nuclear Fragmentation Energy Deposition Model”, Duc Nygo, J. W. Wilson, T.
N. Fogarty, W. W. Buck, Transactions on Nuclear Science,Vol38, no. 1, February
1991.

“Confining Potential in Momentum Space”, J. W. Norbuty, I).E. Kahana and K.
M. Maung, Can. Jou. Phys. Vol 70, 86 (1992)



Seminars and Conference Talks under NAG-1-477:

"Optical Potential Calculations of Antideuteron Absorptive Cross Sections”,
Presented by W.W. Buck,with J.W. Norbury, L.W. Townsend, J.M. Wilson,
Fall1985 Meeting of the APS Division of Nuclear Physics, Pacilic Grove, CA

“Antimatter-New Frontier in Science”, Battelle Pacific Nortawest Labs (March
14, 1986), Invited

“A Search for Galactic Anti-ion Cosmic Rays”, 1st NASA-HBCU Forum, Atlanta,
GA (April 20-22, 1986),Invited

“In Search of Anti Iron”, Florida International = University, Miami, FLA (1987),
Invited

“Relativistic Isopin Exposure”, The University of Kentucky, lexington, KY (May
1988), Invited

"Nuclear Physics at Hampton University”, Virginia State University, Petersburg,
VA (May 1988), Invited

"Relativistic Antinucleon-Nucleon Interaction: A New Level Ordering”,
Workshop on Relativistic Nuclear Many-Body Physics, Columbus, OH (June
1988), Invited

“Antimatter Predictions from an Optical Model”, The Ohic State University,
Columbus, OH (August 1988),Invited

"Relativistic Antinucleon-Nucleon Interaction: A New Level Ordering”, Fall
Meeting of the APS Division of Nuclear Physics, Santa Fe, NM (October 1988)

"Some Aspects of Antimatter Annihilation”, University ol Grenoble, France
(March 1989), Invited

"Some Aspects of Antinucleon&Antinucleus Interactions”, joint seminar @ Univ.
of Pittsburgh and Carnegie-Melon Univ., Oct 5, 1989 Invited

"HUGS at CEBAF", talk presented at the AAPT Chesapeake Section Fall 1989
Meeting, VA Beach, VA, Oct 21,1989

Session Chairman, Fall Meeting Southeast Section of the APS, Tuscaloosa, ALA,
Nov. 9, 1989

"Nuclear Physics at Hampton University”, Morchouse Univarsity, Atlanta, CA,
Nov. 14, 1989, Invited

"Physics: Scierce or Art", 1990 Stone Symposium on Sociology of
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Subjectivity, St. Petersburg Beach. FLA Jan. 25-28, 1990, Invited

“Relativistic Dynamics: NNbar and qgbar”, University of Illinois, Champaign,
I, March 26, 1990, Invited

"A Covariant Quark Model of the Pion", Argonne National Laboratory,
Argonne.lll, Oct 16,1990, Invited

*A Covariant Quark Model of the Pion”, Carnegie-Mellon University
Pittsburgh, PA., March, 1991, Invited
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Covariant multiple scattering serics for clastic projectile-target scattering

Khin Maung Maung
Depurtment of Physics, llempion University. Hampion, Virgivia 23668
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Franz Gross
Department of Physicy. College of Williem and Mery. Williomsburg. Virginia 23183
and Continwous Elcctron Ream Adoclerasor Facility. Newport News, Virginia 23600
(Recervad 14 Scptcmber 1959

A covanast formulation of the mmltiplc scattcring scnics for the optical potestial i prescoted.
We cusnitber the cone of a scalar “nuchnn™ intcracting with a spin zoro baspia o 4-body targct
theor2h mcson exchange. We shei . that a covariant cquation for the projectilc-tangct £ matrix caa
be obtaincd that swars the ladder amd cnnsed badder diagrames cfiicicntly. From this cquation, a
multiple scaticring scrics for the optical potestial s derived. and we show that in the impulse ap-
proximation, the two-bady ¢ matris aociated with the Ent-onder optical potential is the one n
which onc particle is kept on mass s.ofl. The meaning of varioen icrms in the multiple scaticring
serics i given and we doseribie e 1o comtruct The Snt-nder optical potestial for clastic scaticrng

calculatinas.

1. INTRODUCTION

It is well known that the relativistic (Dirac cquation)
calculations give superior resulis to the noarclativindce
{NR) calculations n the cave of p-nuckeus clatic scatter-
ing and have been widcly used in recent cakculations. ™
The first-order optical potential used in these cakulations
is the relativistic impulse approximation' (RIA) which is
a relativistic gencralization of the noarclativistic 7 ap-
proximation. In the NR theory the clastic scattening of
the projectile from the target nuckeus s deseribed by an
cffcctive interactum (optical potentiall which is to be used
in the Schradinger cquation, and the scaftening observ-
ables are then oblained. The optical potential itxelfl can
be expressed as an inlinite series of scattening terms, sin-
gle. double, cic., scattcrings thence the name muluiple
scattering series) in which there are no ao scvessive
scattcrings from the same target particle. By keeping
only the finst term of the infinite senes of the oplical po-
tential we obtain the ind-order optical potential. The 1p
approximation i achicved only after two more approxi-
mations, namcly the impulse approximation which treats
the struck target nuckeon as though it were free, and the
factorization approximation which assumes that the
range of the interaction is small compared to the size of
the nuclcus. The last approximation is usually applied in
order 10 avoid the complexitics of performing the folding
integral to obtain the optical poteatial. The existence of
a multiple scatiering senes for the optical potential in
fact there are scveral in the hiterature) provides us with a
mcans o calculate systematic corrections o the fin-
order results,

In the relativistic p-nucleus scattering calculations the
cffcctive one-bady equation s taken 10 be the fixed encrgy
Dirac equation. Thiy choice i intuitively appealing as
long as onc considens the proton as an clementary fer-
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mion, but the actual validitly of this assumption is still in
question. This type of question will be answered oaly
when once has the noaperturbative aspects of QCD under
the same degree of control as in NR theories. Now the
question arises as to what cffective interaction loplical
potential) should be used in the Dirac equation o de-
scribe p-nucleus scaticring. As mentioned above, in all
the relativistic cakeulations, the optical potential used has
been iiie RIA.' The RIA optical potential is obtained by
samply folding a relativistic NN amplitude with the nu-
ckear density matnix. Strctly speaking, use of the RIA s
an intuitive guess guided by the nonrelativistic multiple
scattering formalism, since a relativistic multiple scatter-
ing theory (RMST) has not heen available.

It s important to realize that without 2 multiple
scattening theory the 1 matnix assaciated with the fird-
order optical poteatial cannet be urambigoously deter-
mincd and conaequently the characters of the corrections
(o be made to the find-order optcal potential are not well
defincd. The absence of such a theory prevents us from
making systematic corrections, such as Pauli blocking, in
a conustent manner. Thercfore it s highly desirable to
have an RMST. Probably the mont appropriate approach
might be 1o apply the methods of ficki theory to the prob-
lem. But the development of the RMST in this direction
has been hampered by the problems arising in the treat-
ment of the interacting many-bady ground  state,’
dexeription of the residual interaction hetwoen the projec-
tile particle and the target constituents, and many oliver
obstacles not encountered in the NR theory.

In this work we take a kess formal but more intuitive
approach and describe the projectile-nucleus scattering
problem in a moson exchange madel. A bricf account of
this work has alrcady been given.! In this paper we will
develop the ideas reported there in more detail.

From the beginning, we would like to make it chear

16§ ««:1990 The American Physical Society

PRECEDING PAGE BLANK NOT FILMED



9,

that our aim is (0 derive a multiple scattering theory for
the progectile-nucicus scattering in the contest of meson
exchange. We will not comider the Tull implication of
the formal ficld theorctical trcatment of the interacting
many-body problem, which is admitiedly very difficult.
We develop an approach which permits the standand
multiple scattering techniques of NR theory to be applicd
with slight madification. We ignore the full complica-
tions of antisymmctry rogaired by the Pauh prioe iphe and
abo ignore the spin pat of the problem. We do not as-
sume any particular form of equatum for ihe progectibe-
nuckeus ¢ matnix, but begin with the mast obyvious tact
that the 7 matrix is ohtained by summung an infinite sct of
diagrams in which the projectile & interacting with the
tarpet particks through meson exchange. Although the
appraach we take in this wark scems much bes compli-
cated than the form=! Seld theorctical approach, o has its
share of problems, such as the appearance of spurious
singularitics and the uccenity for pudicious treatment of
the crossed meson diagrann. In thes work we show how
an RMST can be formulated within the context of meson
exchange, unambiguously determine the £ matrix asswi-
ated with the optical potential, and show that under the
impube approximation the ¢ matrix 10 be used n the
irst-arder optical potential s the solution of a relativiixe
two-body equation in which one particke s kept on ity
mass shell.

This paper is arranged as follows. In Sec. I the deriva-
tion of 2 multipke scattering series of the aptical potential
is reviewed, following the approach of Watson' 1a Sec.
HI A it s shown how the crinsed meson diagrams shoukd
be trcated 1ogether with the bux diagram fur the case
where the intermediate state target i in the pround state.
1n Sec. HI B the complications that anise in the case of in-
termediate target cxcited states arce discussed, and it s
shown how to handle the box and cnnsed box diagrams
in this case. In Scc. 11 C a covanant equation for the
projectile-target 1 matax s proented and it iy shown how
a2 multiple scattenng serics for the optical potential can
be derived. The meaning of vanious terms in the muliphke
scattering serics are dincussed, and it iy shown that the
most appropriate two-body ¢ matrix o be used in the
first-order optical potential under the impubse approxima-
tion is the onc cakulated from a covanant cyuation In
which one pariicle is bept on the mass shell. A general
discussion and conclusion follows.

1. NONRELATIVISTIC FORMALISM

In this section the nonrelativistic multiple scattering
forcmalism is reviewed. The approach of Watson® is tol-
lowdd, since it is more chnely related 1o our relativistic
formalism than the more commonly used Kerman-
McManus-Thaler® (KMT) method. Since we are interest-
cd in deniving a relativistic multiple scattening senes for
tke optical potentsal, we will bypass the muluple scatter-
ing treatment of the 1 matnix and will concentrate, in the
present section, on the multiple scattering analysis” of the
nonrelativistic optical potential.

We begin with a total Hamiltonian /1 for ahe
projectile-nucleus vystem given by

KHIN MAUNG MAUNG AND FRANZ GROSS

<]
H=H,+V, Q.n
with
Hy=H,+hg o
and
A
H,=Sh+3s,. Q.3
s 1 -y
Q9

4
VF=3Xo,.

Nuotice that the total Hamiltonian /7 is scparated into two
parts, the unperturbed Hamilionian Hy and the residual
interaction V. 1t is the senarability of /] into Hg and ¥,
which permits the derivation of 2 multiplke scattering for-
malism. The residual interaction Vs taken to be the sum
of the two-body interactions between the progectile part:-
cke 0" and the target particie “i.” The unpernurbed
Hamiltonian /,, is written as the sum of the target Ham-
iltonian M/, and h,, the kinetic encrgy opcerator for the
propctike. In NR formalinm, the target Hamiltonian s
yust the Kinctic encrgy operators of the tarpet panticks
plus the sum of their pair interactons.

The separation of the total Hamiltonian in Eq. (2.1) im-
plics that we have some means in finding the solution o
the target Hamiltonian /7 ,. Thercfore in NR theory the
complexitics of the A-body problem are scparated from
the rest at the very beginning. Now wrnie the
Lippmaan-Schwinger cquation for the projectile-nucious
£ matnia in opcrator form as

T=V+VG,T 2.5
with

Gy=\E —Hy+in) *. Q.6

Here G, is the unperturbed Green's function and the iy
prowription has boeen used 10 incorporate the outgomg
boundary condition. The many-body nature of Ey. (2.5)
in apparent since the propagator G, involves the target
Hamilionian I .

For clastic scattering problems it is usceful 10 introduce
an cffective onc-body potential (optical potcatiall. The
optical potential is defined as the potential that deseribes
the pasaage of a projectide through the nucleus with the
nuckeus treated as a passive medium, i.c.. the nucleus is
treated as though it cannot be excited. 10 accomplish
this, first define a projection operator P which projects
onto the ground state of the target and @ which projects
onto the excited states of the target including the breakup
sates. Therefore,

P+Q=1, 2.7
where
P =igy) (0l . 2.8

and [¢,) is the target ground state. Now Fq. 2.5) can be
rewritteon as

T=U +UPG,PT (.0
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U=r+¥9G,0U . 2.10
The U appearing in these equations is the optical poien-
tial operator and Ey. (2.9) together with Eq. (2.10) are
cquivalent to Eq. (2.5

Since we are dealing with strong interactionm, il i~ im-
practical 1o solve Eg. (2,100 for U as it stands. Nis at this
poiat that the multiple scattering approach provides us
with a big advantage. We may cxpress Uas 3, , U, and
rewrite Ey. (2,100 as

]
U=etr0G,Q 3 U,. 2.an
s 0
Now define the Watson 7 operater as
r.=rt i ".maqf. '2.'1,

and observe that Eg. (2.11) can he written i terms of 7,
U=r110G,03 U, . 2.1
f

Summing over the index 7 in the last cquation gives the
Watson muliiphk: scaticring seris for the oplical potential

opcralor,
' 1
U=3 75+ 3 reGLIL,. 2.14)
[ | [ | ]

Nuotice that Eq. (2.14) is an infinite serices in 7 invead of
the two-hody ntcractions ras in Eg. (2.100 Fach term of
Eq. (2.14) can he interpretad as singhe scallering, double
scattering. and so on, hence the name maltipke <caticring
serics. By keeping only the first ferm of the series we ob-
tain the frst-order Watson oplical potential

L
uv=3Yr, . .18
[ |

The operator 7 i ot the free two-budy £ matrin be-
camnse of the many-hody propagator in Eqg. (2.12), but re-
lated 1o it by

=1 QG0 - 7. 1216
where the free two-bady f-matnx is defined as
r-r trelr, 2mn

with g the free two-body propagator. For tugh propectile
incident energics one wually approximates = by 1 tim-
pubc approximation’) and obtams for the tint-order
Watson impube approxmation optical potentaal
'
U3, . (Q2.18
« 9

We can aba rewrite Eg. (2140 in ierms of the free two-

body 1 matrin, 1:

U 301 X06,0 ol 1350600, .

L ’ o

122.I'n

As we have mentionad above the fint term in g, (2,19
gives the first-order impulse approvmation ophical poten-
tial. The second term can be interpreted as the propaga-
tor corcection term. This 1erm originates Trom the Ft

1683

that we have writicn the optical potential in terms of the
free 1 matrix 1 imstead of 7. For high projectile encrgics
the differences between 1 and 1 become negligible and the
impulse approximation should give pood results. The last
term represents the multiple scattcning terms.  For NR
scatiering cakoulations the ¢ matria appearing 0 By
(2.19) can be oblained from Eqg. (2.17) by employing 2
choice of p, for cxample the Reid potential, or by Stting
the NN cxperimental data directly by wing an appropri-
atc fanctional form. Aficr the choice for the ¢ matnix s
made, solving Ey. (2.17: together with Eq. Q.9 s jud 2
technicality. -

L. RELATIVISTIC FORMALISM

In the lavt section we revicwed the nonrclativistic mol-
tipke scattering formalism and outlined bow a2 mubtiple
scattering scrics for the oplical potential can be oblained.
We pointed out that the key faature that cnables o (o
comdruct 3 multiple scatfering scrics is the scparability of
the 1otal Hamiltonian into an unperturbed Hamiltonian
donenhing the froe peogectike-target system and the rodd-
wal interaction which i the sum of the two-bady interac-
tions between the projectike and the target particks. Un-
fortunately, there i no analogous procedure in the rela-
tivisti case.  First of all, onc canaot naivcly write the tar-
el Hamilionian ax the sum of the Dirac Hamiltonians
phs the sum of two-body interactions. unce the Hamil-
tonian writien i ths manner docs ool have o kower
bound.' In onder to treat the progectile-target scattering
consivently in 2 relativistae formalnm once accds 1o fesord
1o a Gkl thooectical approach.

In this work we take a kess ambitious roote and show
that a relativistic multiple scattering scries can be forme-
Iated in the conteat of a relativistic meson exchange mod-
cl. In the following we will consider a saalar “nuckeon™
intcracting with an 4-body span zcro tvspin zere tarngct
where the interaction between the progectile and the tar-
=t is described by mevon exchange. Since we do not a~-
sumc any particular form of equation for the projectike
target £ matrix. we will Mart from the modt obvioas fact
that #t can be obtainad by summing all poaaable mevon ey-
change diagrams for the projectile targel sysiem. A
minimal «t of mewn exchange diagrams requined for any
such theory i the set of ladder and cronsed ladder dia-
grams.  In the imit when the heavy tarpet bevomes
mfinitely massive, thin st reduces 1o a one-body cquation
for the lighter particke moving in an imstantancous poica-
tial produced by the heavier particke (the one-budy him-
w71 and at high energicos gives the cilbonal approximatew
1o seattering.”  In thin work we seek 2 theory o which
thew relatividtic Lwdder and cronsed ladder diagrams are
summed cflicicntly,

In Fig. 1 the target i representad by a double hine, the
dished laes represent the exchange paricke tmevon?, aml
the solud line represents the propectsle. For the internweds-
ate stades the target can be m its groaned state, denoted by
a0, or m excitad states, w2 O, which includes the
breakup states. The notation s very compact: cach dia-
gram in Fig. 1 actually represents a st of diagrans which
car b obtamed by openinz up the bubbles at the mewon-
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FIG. 1. The prcctile-target 7 aminis s shown s the sum of all mooa cxchanpe proceses ep 10 the siz onder diagrams. The sin-
ghe lime represents the projectile and the double hince reproseats the target. The dinbed lines are the eaxchanged meson. (a) is the one
maon exchange term, (b) is the box, and () the crinsed bos. In the fusrth and bighcr onder diagrams, all poasiblc intermediate tarpet

siatcs are summed.

target vertices. For example, the sct of diagrams con-
taancd in the box, Fig. lib), and cnnsed-box, Fig. 1), are
shown explicitly in Figs. 2and M.

In our view, the solution of the relativistic problem in
the meson cxchange approximation is cyuivalent 10
finding an integral equation which sums all of the dua-
grams shown in Fig. 1. The coustruction of such an
cquation confronts us with three problems. The firat
problem, which docs not occur 1n the noarclanivistic case,
iy the appearance of the crovied meson diagrams. These
and all other irreducible diagrams (ie., those which can-
not be separated into (wo picces by a line which intermects
only the projectike and the target) will be included in the
kernel of the integral cquation. The second problem con-
cerns the treatment of excited states. AN diagrams, ox-

cept for th: one meson exchange term, include terms in
which the target propagatces in an eacited state. A third
problen: is that each diagram includes terms in which the
projectile may interact with two or more diffcrent target
particlkes Gauluple scattening). In this scction, we will
first discuss how the crossed diagrams are handkad, and
then discuss the complicanons anising from  the oc-
currence of exdted stales.

A. Caacclintion between the bax and crossed-bex dingrams

We Lnow from the two-body problem that the ladder
sum does not give a good approximation to the true solu-
tion of the Bethe-Salpeter equation. There is no reason 1o
belicve that i1t would be otherwise here. In fact, in the

—

FI1G. 2. Figure 1tb) is redrawn by opening up the bubbles at the movon-target vertiees. The sum is over the target partiche.
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11G. X, Figurce He) is sadrawn by opening up tlne bubbles at the meaon-targe vortices. The sum is over the target fenichs.

two-hady problem the box diagram amd the crimaad-hay
diagram tcnd to cancel, showing that ¥ i unpntificd 10
ncglect cromsadd mewn diagramns.

In this section we shaw that the cancellations between
the box diagram amd the cnns-hbon diagram Atill occur in
the caw of propviihe ancks wattering.  In onder 1o
demondrate this cancellation, we pedom the integration
over the relative energy for the intermadiate sates.

In Fig. 4 the box diagram, Fig. I(b), and the crossed-
hox diagram, Fig. lc), arc redrawn and for the (our-
momentum cariabley for cach nternal particke arce Ia-
heled. For our purpose now, it s sufficient (o consider
the tarpet as 2 Mructurcles particke as shown in Fig. 4
By cmploving sandand Feynman rubs the boa amd
cronsed-box diagrams of Fip. 4 arce given by the following
CXPresIon:

-4 ‘I.'d -{etk) plLY -
TP paler Pyl an
oz [c'lk l—p,; -—n,“l-' k) - (W —pL ¥ n,]
AR _".t‘ . d'kdpole” - etk - po) - iyl ¢ . an
QP {etq@r- Qetk) p ¥ g EIKY - oW - pr ¥ -y

where the total four momenta m thecm.

pEP= W0V p P =pT A P

and the three momenta and the on-shell encrgies arc defined as

p=—P ki q p-plpT p P K.

S TRE R S 15 SR A | TR TR 3 S NP 1 SN VAN N S

We assume forward seattering. ek k7 wo that 1the mewon poley become double poles. The external particles are tak-
on o be on therr mass shell

Figurey SG1 and Stht show the fovations of the poles twhien ik and (K78 are smaally for the box diagram and croned-
bov diagran, revpectively. We will evaluate the bos ad cronaed-ben diagrams by usang the reidue theorem. In the fol-
lowing cyprosaons the superacapt on M distinguinhes between the box and the cronsed-box diagrams. the subseript s
for the type of pole mider comvideration. and the kettens 1 wapper Wi planct and 1L or lower halfl plane) are used 1o re-
mind us how the conteur is chnad. For example M 00C s 0 means the negative energy projectile pole (- p) contri-
bution from the fourth-order boy diagram (4401 for 2 70, and the integration contour is chned in the upper hall plane.

Fvaluate the box diagram for # - 0. Close the contour i the uppoer halfl plane and pick up the target positive encrgy
pole, douhle mesvon pole, and the projectile ncgative pole:

AU MUVl 0t M e i M e

where we have usal the subwenipt 7 supgestively for the meson danble pole contrnibution. These contibutions are
d Al Eain] -

¢ (I %
m _ ' .
Qa0 2EA Lk E k0]

MU
(etkrt Kook

T I H

e THE ik

3
MU m ¢ : .
(zy f e[k (e ik

(Fokrt )|

1
v ;« ' -m

LY f od &
07 7 Jer ke N2k E AR (W ek
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where
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A =g ) —(E g+ @) e (k) — (etk ) - w)' | + 2aletk)—w)] .

B =2dEgk)+o)e (k) - (clk)—w)’] .

For the crassed-box diagram we close the contour in the lower half plane for all » and pick up the double meson

poles and negative energy projectile and target poles:
ML) =M"Lm 1 ML)+ M (L)

The individual pole contributions are

d'%[F +G)

i ______8__
M¥Lm) pﬂ,[

MLm= S

4"t qI— (e k) — P PIEAK ) —(E (k) — ) T
k.

Iu -u'(k) h'(q’) ][’r(q)“l-"(t') (l',(-k) r(k)—r(q)) S

Qs
4 d 'l —(E k) HE_IK')) :
MCIAL‘.)=—_L!. T~ ,_--n____.._‘._l ______ .
(27) [etq)— —EJK)—E_(K° ) ) 2F_ (k"))
where

F=EXK )~ (E K —w) i [c’(q) - (c(k)—w) ]+ 2ade (k) —w)] ,

G =2l Eglk)—w)e’tq)—(c(k)~w)) .

At this stage onc could show that, at threshold, the
dominant contribution of the box diagram fir 7 =0
comes from the positive energy target pole and the maeon

poles give the scvond largsst contribution.  For the
| 4 P’ |
—— »— —
Ver Ve
P : P'= Pep-p P Pepep
>0) Q>
n
(a)
P PP +p” P”
——- > — o
N 2t e
AN
P 7 Papmpt N P+p-p
— ’ r -

(b)

FIG. 4. Figures Hb) and 1ie) are redrawn with eaplicit labels
for the projectile and the target momenta.

-
croxsed-box diagram, the weson pole contribution is the
dominant onc and is ncarly equal to the meson pole con-
tribution from the box diagram but with a cclative nega-
tive sign. Since we are interested in other encrgies beside

F plane {Bex)

()

P, plane (Crosacd Hox)

Qe .~
g,

vl

- hd A -
ot @ .
L Ir.'r‘ "l‘-.-

(b)

FIG. 5. The pole Mructures of the box diagram [Fig. 4]
and the crmacd-box diagram [Fig. 41b)) are shown i the comi-
ples py, plane. The circked dots reprevent the double mcvon
poles.
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threshohl, we cvaluale the varions poke contributions
without any Toether approsiosiions, The only restenciion
s fornard scaticring,

Figure 6 demonstrates the cancellation between the
box diagram and the crossed-box dingram. The dashed
Hoe is MY L M0 /ML the absolute magnitude of
the ratin of the sum of noepative cocrpy progecide pole amd
meson pole contribution 1o the positive cacrpy Largel poke
contribution for # >0 The dotted Bioe i the ratio of all
the pode comtabutions Trom the crossad bos 1o the pou-
tive encrpy Tarpet pole of the bos diagoam.  Thow two
Bses e practically om top of cach otbee. Pmally, the
solid e s 03 L 400 LM which s the -
Hio of the sum of the 1T crosacd g amd acgalive cocrey
progestike pode plos e seson poles of the bos dageam 1o
the positive enerpy pole of the box disgeam. In thow cals
culationn, e tarpet mass is takon 1 be M, Tbor, where
m s the mass of the projectile partick: and the sscwon
miass i taken to be poom /1. Thic ligure shows that,
whon the target is i the gronmd state te = 03 the poles of
the hox diapram. which rempin afier she farpet b pat on-
shedl. aod e crosabboy duagram, are cacl of the ander
of 10- 307 of the keading MY term, amd honce are far
from being nephpible.  Howeser, when the boy and
ceonsdd oy are tuken fopether, an cxccliont concclbtion
ocenrs, as shown by the solid lme for the encrey range
shown. Afier the cancellation, the positive ongrey targct
pole clearly dommates, aad whatover s Ll mer o hews
than 0,395 of this dominaat contribution.

§f the projectihe by put on mass shell, dostead of the tar-
get, the ratio of the correciaon from the boa and the
crosscd byt the  Jemding  term wouhd b
WML 8 M0 L and ths b the dotdinhed
fine shown m Fip. 6. This resell shows that the congrlia-
tum between the ey aed crood-box dingranms 1 pol
complete whon the prowectile oo onschell, Do addl gt
goand. The tormes whech somonn sec now beineen 1 49

T e

W

4¥
s
i
t
#
e
&

oy

By VY

P o The cmectionns Betweon the boy diapam soul tlee
vrmasedd boy dimeen wie shown for v 00 He tepd s i
alhen to e 3L B whone s the muve o 1 propeetile, Sy
e gdpsomeanm m thy e,

g7

of the keading term, an order of mapgaitude larper than
when the tarpet o onslell,

Figure 7 shows the 4 dependence of these cancella-
tions. The kepead of the corves mean the same as in Fig,
6, but they are shown as funciions of the larget maw
M, Am, where the binding energy i neghected. The
propectile bboratory Linctic encrey & fined 3t 1 GeV, As
wan he seen from the solid Hee, i the turget s onshell the
canvellations become better s A increases, and exact
canccllation occum when A - . As shown by the sold
hine, this is an excellent approximation even For light au-
clei. H the proiccike b onadiel] the cancellation does ml
maprove an 4 72, shows by the doldiched hoc,
reflecting the foct that, in this case. the cancellation de-
posds on the propertios of the progectile and not on the
tarpel.

The above rovalis sugped that, whes the targel o in
the grovmd sste, it » an oxecliont approximation 1o keep
only the posttive energy targel pole Yor the intermediate
states, which is equivalont te keeping the groumd siate
tarpel on s moess shell o all sdermadinie states. The
canceliation i hoss complete amd 1the approximation hos
scenrate for reolistic cases with spin amd charpe oxe
clamge, so that 1 i dewirable, in the general case, 1o -
chude fat keast in principle) these extra terms o higher or-
dor corrections e the beemd fthey ecomc part of 10 0
g 115 andescribed below].

The slivomstive approock of putting the propectile on
shedl Bas bovs sevs 1o be Jess wicdl isdifiad: the sdiditional
oorrection lerms are larger amd do nol decrene s
A s, We believe that this analysis provides o salivfac-
tory mastivation for vsmg o fised encrgy Dirac equation,
s which the progctiie w offshell amld the tarpet 1 on:
shichh, 1o deseribe chstic nuckon-nuclon waltering,

. Teratment of the excited states

In the suleevthom we will consdor bow $o teeat the in-
termediate Larpel owcited states. Tt would be rempting 10

b b GV 6o 0
- # % ‘ % £} » i ; s
£33
B
i3
-
e : % # ! e e iw«, 85 i B B
1] £ b 14 £

My anundy

B T The targer o dopeidonce ot the cancellainm i
shown hrw (0 The prowetile Lbwrators it energs v iabs
vt b PV See the dive v i the tond
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say that the same approzimation that we have advacated
in the case of # =0 should work here atso, and that the
excited state of the target should be put on mass shell.
But for n 70, further complications may arise because of
the so-called dissolution singularities.™

which arise whea a highly excited heavy target is put on
its mass shell. To see how they come about, consider put-
ting the excited target on its mass shell in the cxpression
for the box diagram, ic.,

b[p.—(W I:,,Ik'l)l

U — — |h’ Bk
[I:';Ik) (W —p.r—iy) 2mi %K, W

The projectile propagator in (3.1) can be l'aclonu.-d into
[ =pZ ) ‘=l )V HW—E k'D] !
X[ek )~ (W -E k)] '.

In the last expression we see that there ane two singulari-
ties, one at W =elk')+E_IKk’) which is the usual clastic
cut and the other onc at W =E_(k')—e(k’) which is the
dissolution singularity. This second singularity is spuri-
ous because it does ot occar when the diagram is caku-
Iated cxactly. (it can be shown that it is cancelled by a
similar singularity in the M*} term.) When # =0, this
singularity occurs at W =FE,—e¢, which s way below
threshold and hence ot of importance.  However, when
the intermediate state is highly excited (s #0), the singu-
larity can move into the physical region and is 2 cause for
concera. It has been an obstack: in developing an RMST.

To see when this singularily becomes polentially
dangerous, study the locations of the poles in the box dia-
gram, Fig. Sa). By approzimating W= M, +m (theesh-
old) and taking Ikl to be small so that e(k’)=m and
E_K')=M,, we sce that the negative energy projectile
pole and the positive energy target pole are separated by
an amount M, —M_ +2m in the upper hall planc. As M,
increases, the positive energy target pole moves towards
the negative encrgy projectile pole amd when the eacita-
tion encrgy of the target reaches 2m the poles touch and

KHIN MAUNG MAUNG AND FRANZ GROSS
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a singularity arises. In this situstion it is clearly aot a
good approximation o take one of these poles and
“megheet™ the other. o addition to these spurious singu-
tarities in the projeciile propagator, there are other spusi-
ous singularitics arising from the meson propagators
when the cxcited stale larget is put on its mass shell. For
cakulational purposes these meson singularities are even
worse than the ones from the projectile propagator since
they can anse for relat’vely low cacitalion cnergics. At
threshold they will appear when the excitation encrgy
reaches the meson mass.
'l‘lncsuualmunklowetualfphu[l‘ig. Ska)} is
different. As £, increases the negative encrpy tanget pole
moves away I'mm the positive energy projectile pole. To
see this caplicitly we put the projertile on its mass shell
Eq. (3.1):
u’. _f(t"’

2e(k°)

(k) —p2) ' —2ni

and the target propagator is now
(BRI —(Ww —py)] *=[EK)—(W —etk'D] *

X[E K )H(W —ctk'))] !

and exhibits no spurious singularitics in the physical re-
gion. It can easily be seen that meson propagators do not
have any such singularities either.

The above analysis suggests that, when we evaluate the
expression 13.1) for # =0, we should close the contour in
the upper half planc (to obtain the best approximation),
but for n 70 we should close the contour in the Jower
half planc to eliminate the problem of spurious singulari-
tiecs.

We now study the accuracy of this prescription by
evaluating the box diagram for # 7 0 by closing the con-
tour in the lower half plane. The contributions come
frum the positive encrgy projectile pole, double meson
pole, and acgative caergy target poke:

MU La# 0 =M (LatOV+ M UL,n OV M U L,n/0).

The contribution from these poles is

(o’ —letk) —c (k") P2 (KO EAL )~ (W —etk' ]’

Jor! —(E KD+ E (K )P Fle Xk — (W + E (2K, (k)]

4 Ve
MY (Laro)=-—E_ d's
) Qw)
‘ ‘ »
AL/ O)=— e [ —m e dk
Qg
4 d4°
MM Unr01=~-F — U Ry

2a°

where

C=[EAK )~ (EyR)~a P | ek )~ (e tk) + ) )~ 2ule (k) +w)} ,

D =20l E (k) — w) ek )~ (elk) +w)') .

4«-: 'tk ) (etk) + @)’ ') ll’ k)

\I’.,ik)“‘w)’]z ’
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In Fig. 8 calculations of the # 7 0 cases are shown. The
dashed line is the ratio of the sum of the meson poles
(box) and target negative energy pole (bor) to the positive
encrgy projectile pole thox), ic., (M4 +MI /ML
The dotted line shows the ratio of the crossed-hox dia-
gram 1o the positive energy pole of the bux dizgram. The
solid line is {(M 4+ M4+ M1 1/M 4| which is the ra-
tio of the sum of the full crossed box and the negative tar-
get pole (box) plus ~icson poles (box) to the pasitive ener-
gy projectile fiole. Fur this calcufation the target mass
and the mesoa mass are the same as the # =0 case, and
the excitation cozrgy of the larget is laken o be
Am =m /7100. As in the # =0 case, the cancellations be-
tween the box and the croa.ed box still occur to a very
larpe cxtent, shhough the cancellation is not as pond as
in the previous case. It can be seen that, aficr the cance)-
lation, the leflover terms in the cucrgy range shown are
less than 4% of the domitant projectile positive energy
pulc contribution.

In Fig. 9 the curves mean the same as in Fig. &, but ace
shown as the function of target excitation encrgy with the
projectile kzhoratory kinctic encrpy facd 21 § GeV. As
before the solid line shows the act result and it is seen
that the cancellation becomes better as the excitation on-
gy increases. This is a pood sigratere, since as the exci-
tation cncrgy becomes higher, the one particlke knockout
term, which is the dominant inclastic contribution at
medium cnergics, will become more imporfant, and it is
advantageous o have the cancellations iiaprove as these
contributions hecome larger.

The preveding analysis suggests that for the intermedi-
ate tarpet excited siates, keeping the pusitive energy pro-
Jectile pule of the box diagram provides us with a very
good approzimation and al the same time avoids the
spurious singularitics that would arise by pusting the ca-
ciled targel on the mass shell.

n=0
il v~v-‘—'-v—-v—-r—r-v—-r—r’w—1—v ‘r--—v*rﬂ—*-r-—v::-v:

P - PP

- T

10z ;-/ -
[
! ;
LI 4 -

03 2l L oeseiclvsocidon i e ) andccnmd
200 400 500 mno 1o

Tiaty (MeV)

FIG. & The cancellations between the bos diagram amd the
crrssed-boy diagram are shown fir o 20, 3, i the s @
Fig. 6 and the excitation cnergy dm = m /U0, Sev the disen-
sion in the feat.
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FIG. 9. Cascellation Giw 8 7 0 shown as a functine of cacita-
tom coerpy. Soc te discusion in the teat.

C. Multiple scattering sevies far the wptical potential

la the proceding subsections, we have discussed the
cancellations boetween the box and the crossed-box dia-
grams for both # =0 aad « ¥ 0. We have conclnded thay,
bovause of the excellent cancellations between these dia-
prams, we shonld keep the tarpet on the mass shell G
# =0, and that for # 7 0 we can avoid spurious singubari-
tivs and still kave a very good approximation if the pro-
jectile s kept on mass shell. Note that thewe approxima-
Tioes are oblained hy considering the hox and crossed box
topether. If one considercd the bux disgram only, these
approximations would nof be as paad, as can be wen by
the dashed curves of Figs. 6 and K.

We now fullow she suggestion provided by the last two
subsections and write an integral cquation for the
projectife-target ¢ matrix in the following form:

T=V+PrG! pT+VoGr OT, 3
where G, is the propagator for the tarpet in its prosnd
Atate and on #s mass shell, GF i the propagator for the
farpet in its excifed states with the projectile on mas
shell, and £ and @ are target groard state amd oxcited
state  projection  uperatons,  respeclively. The  three-
dimensianal propagatons appearing in Eq. (3.3 can be
writfen in s manifostly covariant form as

VAWM

G g == ;35')‘ to” p™)
which i c.m. Frame in
G : i h[p.’.' i G
270 2ESR etk - (W -1k )
(R
aned
Gr ., T NV

Q' (A i poy)
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which in can. framwe is

Gr - - 1 Mp..~c(t 1 )

.
Qat 2 HEIE) (W (k)]

Lguation 3.2 is the st major cesalt of this paper. It
is a three micnsional covariamt oquation  for  the
projectile-target ¢ mateis. I the multimeson cxclange -
roducible diagrams o be describod below) are neghectod
the driving term of this cquation, F, assuns a very sim-
ple form. It i the sum of one ieson exchanges between
the projectike and the target particies. The special feature
of this cquation is that it has twe three-dimensional prop-
agators in which the target is on mass shell when the tar-
get is in the ground state and the projectike is onmass
shell when the target is in an cxcited state.

In Eg. £330 17 is the sum o " ali irreducible meson ex-
change contributions. In onder 10 derive o inultipke
scattzring serics B the optical potential in a Gashion
similar to NR theory we write

P=Sii, 34

.
where the fint term is the one meson exchange liagruns
summed over the target partick imles. The secomd term
¥ includes the contributions from the srreducibie dia-
grams involving multuncon exchange. o be eaplicit,
the fourth-order contributions 1o §7° would be the pans
of the box diagram, which do st have the target on mass
shell when # =20, and the propecsile ou mass shell when
n 70, and the crossed-boa diagram. Thow are ilfustrated
in Fig. 1. Higher order disgrams  with  similar
qualifications constitute the rext ol 1%, 1 is now clear
that F through #°° can mclude diageams in which the
projectife particle interacts with more than one target
particle through mown excliange. W therelore separate
out the processes in which only one target pasticle is in-
vohod and write

== $K, i $K, V-1 TA,, .35
L] ¥ '
A=K, 0 S K, b 130
F el
where k.',,. K e cle. are the contributions ivom the mul-

tmeson cvchange irreducible diagrams in winch only one
target pariiche v invobved. A e the mnllimewn oy
change irreducible diagrams with mose than one target
particle inferacting with the projectile. W have demon-
strated, to the fourth order, that these eems tice, K, aud
K, ,Vare very small compared ta 7, T was shown in Rels.
l" and 13 that hegher order teras such as A,,, are abw
small when the seattering tahes place a threshiokl. We
bulicve ta the higher order K°s will abso b simall aben e
threshold.

We note that it s passible 1o define seporsate 1 nirices
with deriving leenn K, K,y acs, amd derive aomultiple
scattering serivs.  ln the? approach the ol muluple
scattering series will hiave o whole set of ¢ matric~. We
want (0 formubaie our multiple scattering wrics in wnms
of a new 7 matrix whose hernel s thie sum of irreducible
diagrams  involviag  only  one  targer particle,

ORIGINAL pa
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FIG. 10, Diagrams which contribte 1o 1 anc shows w0
fourdh onder. The v term is the one s oxschange term.
The st of thwe diagrams are the iraducible dagrann o definad
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el K Lo As pninlnl out above, the torms l:'.. el
.m sl n:mulmral 1o 8, but we will inchude these terms
in the kernel of the new 1 matrin for the sake of complete-
ness. The terms given by A, involve more than one target
particle and they will be ircated in such 2 manoer that
they would appear as higher onder corrections in the
rexuliant muluple scattering series.

In the following we will show how a muliiple scattering
series for the optical potential that correspomds 10 Ey.
3.3 cun be abained. By ciploying the projection
operator methad, we can rewrite g 13.3) as coupled
cyuations:

T 0+ 0rGt pr=

UV erQGr U =1 UOGE OV .

ovirc! pu . 3.7

3.7

Here U7 s our optical potential operator aml we sock a
multiple scaitering series expression Jor this operator. ht
isuld be noted that Egs. (A7 are three-dumensional
cquations. The firsi one, B 13700, 8 ahe ellective one-
baly cyuation tos the projectile, amd for a ferimon progec-
tile it becomies the fised coerpey Divac ayuaaiion,

Neat, as in the NR theory, we write X, 1/, and ob-
tn

SU S K, 0 HA)D
L L]
(3.5

1 ¥ A‘,, e, TH{

"

I the above equation, & 1“ Vo the Iu!luwuq.. the projec-
tion operators £ and O arc appeessed. 18 is (o be umder-
stond that P goes with G pand Q poes with G . Add-
g and subtractiag the guantity ¥ e K" - lt:(‘l,
amd dropping the sum over i gives

U, & 1 K, 0
+ @K, NG,

’

I A

S R R I S R ™Y

€ 0,

Y AGY

[ - 180 ,
'

(AR )
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where we have introduced a new propagator g whose
propertics are not specified at this stage. Taking the
second term on the right-hand side (RHS) of Eq. (3.9) 1o
the lefi-hand side (LHS) and opefalmg from the left with
the inverse of [ | —(#; +R,;+ - - )g) gives

0,=7,+ 3G, ,—gd, )0, +F, ||+ 3 G!..0,
’ . 4

where we have defined §; and F, as
L=, 4K+ -1+, +K,+ --- T, (x5
and
G =A 4+, +K,+ - )W,
=A; 4+, +K,+ - A+ -+
=A;+igA,; . Q.tn -
Resumming over the index i gives
0=37+ TG o—)0,+ 3 7GL.,1,
' i i

3.12)

+3 IF, I|+ 3 G2.aU; “ .
' ’ [

Equation (3.12) is our multiple scattering series for the
optical potential, and it is the second major resuli of this
paper. 1t should be comparced with the NR analogue Eq.
2.19).

The first term of this series can be interpreted as the
singhk scattering term for the optical potential and it is
given by a ¢ matrix driven by a kerne! which is tie sum of
all irreducible diagrams involving only onc target parti-
cle. The sccond term s the propagator correction ferm
which obviously depends on our choice of the propagator
£ and its NR analog is the sccond term of Ey. 12.19). The
third term on the RHS of (3.12) is tae relativistic analog
of the third term of Eqg. (2,19 and corresponds to multi-
ple scattering corrections and they are directly reluted to
two, three, cte., particle correlations and can be assumed
10 he small in the first approximation,

The last term includes iterations with the irreducible

diap which have more than one target particle in-
vol' = = the detinition of 7 and A,) and i1 does not
con  _in the single scattering processes, These terms

have .0 NR analog and they onginate from the mul-
timeson exchange irreducible diagrams. We note that it
is also poscibic o recombine this last term with the third
term by scparating the picces according (o the number of
target particles involved. For example the first contiibu-
tion to the douhle scattesing would be ¥, k",,. {1
should be noted that because of the conspiracy among the
diagrams, these terms are quite small and will not carry
the same weight as the truce double scatiering term such
as 7,Gl.of,, but they would constitute an in*:resting
currection to the double scattering term.

Keeping the first teem only gives a singhe scattering ap-
proximation for the oplical potential. The propagator g
has not yet been specified.  In principle, one could use
any convenient 1 matrix for the i operator in Eq. (3.12) as
long as we are willing to incorporate the corrections
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represented by the rest of the terms in Eq. (312 In
praclice one usually ke » only the first term of the series
and the judicious choice of g is then essential.

Under normal conditions, the second term gives the
Largest correction to the single scatiering approximation,
and we therefore should pay the greatest attention to this
term. We waukd like to choose our propagator g s that
this correction is minimal. This can be accomplished by
chousing the propagatar € as shown in Fig. 11 In this
figure, both the heavy 4 — 1 cluster and the projectile are
kept on their mass sh " In tie medium cnergy range
the terms represented by the sum 3 7,067, 0 are dom-
inated by the one nucieon knoackout term and our choice
of g described abave would exactly cancel these dominant
inclastic contributions and cnsure that they are exactly
accounted for in the 7 malrix itself givea by Eq. (3.10)
Restricting the A — 1 cluster to the mass shell ensires
clusl'c'r scparability of the cemaining two-nucleon sys-
tem. -

With this choice of g, Eq. (3.10) for 7; in the NN sub-
space reduces to the one particlc on mass shell ispectator)
eyuation previously introduced by onc of us.'' A feature
of tiis equation, discussed in Ref.. X and 13, is that the
mulitineson irrcducible diagrams K, K. cfc, are ex-
pected 1o be small compared to 8, and can he neglected.
To be specific, after neglecting these terms the 7, of Eq.
(3.1 hecomes

=&, bogl, . (3.10a)

]
-

The projection a. £; onto this subspace will be denoted
by r,. The only diference between £, and the free two-
body ¢ matrix is the shift in the total energy of the twe-
body subspace due 10 the motion of the free A -1 clus-
ter. I analozy with the NR theory, this choice of ¢ can
he vicwed as the “impulse approsimation”™ choice of ¢ in
our theory. The spectator Eqg. (3.100) is shown diagram-
matically in Fig. 12.

We conclude that the most appropriate ¢ matrix (o be
uscd in the optica! potential should be calculated from a
covariant three-dimensional cquation for two particles in
which onc particle is kept on its mass shell. This choice
will minimize the leading correction to the multiple
scattering series FEq. (3.12).

The last step is 1o carry out the secosary projections

FlG. 1 Phe optimesn chace of the propagator ¢ of Fe.
(L0 The projecitle sad the A4 1 chinter are both on the
mass shell, indwated by a croma. This choree of ¢ minimizes the
leading correction teem {the seeomd werm of Eg. (3.4,
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FIG. 12 The spoctaton fone goricke onbodl oguatum o
shown dngramantecally. The Gonaes on 3 B sccan that the
partacle s om the s sboll,

samae

I
s

10 obiain final cguations for chantic scattoring m the im-

pube approsuration. The clatic scatteneg amphitude

T = PTP, which satinios the cquation
T=U4+VUG! T .

where U = PUP. Eguarion 1113 is just the projection of

B 13730 In the vnghe scattening approsistion,
=317,. RRET

a.an

shore U - PUP. Fysation (113 st the projection of
!’4 11731 Ia the simglhe woatlering approsmeation,

=p digre, . 13.10m

Ustag both 3.1 amd (3.10b) we obtaim an shiernatine
cyuatem for 7,,

i=F, vhgh tRgi, - 218
i we define r,(2,1 10 be the progection of 171 onto the
subnpace of Mates coancciad to ¢ the Bnt-order opiacal
potcntial m the impabe approvamation (1A o Sinally ob-
m = 33

up= }_: mpr
=S UF Lt Prge Py IF g er PV, 13 thal
where
f,er it e, tige | 13 16h)

Note that Fg 13.16D) n oquanadent to the tao-body cgua-
tron with the propoctile onesbicll, o doonbad shove aml
ihsirared w Pag. 12 amd 131530 1ol Bow il foer bops of
this two-bexly 7 mairis ase extrapolatod off sbcl for use m
the opticad poteatial. Note shat 1 sas ol foar ees ol
ahcll tand snclados o dolta Tuncion w the o

g it
: e
h

‘bxb‘ éww} el b

I speoctaten

TG 1L

Thin Brure soprowats the gquadiderns ogastsm
Ll Tl fully offbell 2 ot 7 o shown by an open anal
The shadad oval w the spevtater ¢ mastns of 1 (LR Tl
frv torm om the RIS o the Tully off-shell vorvon o ane newm
eachange contribution wwed i T 03,300
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covndieates), but is identical to 1, if one particle & on-
shiofl in the initial and Soal state and the dehia foacton
the 1 | coordiates i droppol).  Funbceraorne, no fur-
ther cyuations st be solvod 1o obiaia it; # & oblascd
dircetly from ¢, by guadrature, Eq. (1L16al. Equation
1116 i esicated in Fig. 13; ats fourth-onder coetribe-

tiva was alveady cocounterad in onc of the ormn s Fip.
3

-

IV. DISCUSSION AND CONCLUSION

The wdea that the projectile-target scaticnag amplitude
B given by a relativintic oquation where the kol of the
cquatica b the sum of cortain diagrasn wan proviously
troduced in Rl 17, However, thow asthors dud not
dicins meson eachange, nor ded they denve any dhetath
about the muliiple scaticring wrks or 1the appropriate
chotoe of rebativistic cgquation amd two-body amphitade.

In this paper we hase considored 3 covaram formoalisn
for progecitke-target scaticting in the contoat of meson ox-
change, and have shown that a multaple scaticring series
for the optical potontial can be dosivad. We do mos cham
that we have denvad an RMSY sarnting froen a2 Bokd
theorcti-al o prangion, hut we do clate that we have de-
oved a multiphe wattering theory in 2 covanant manner.
Every step of ver doerivation is manifosly covanant and
the end et the 7 matns associatad with the impube
approzimation optical poicatial, muxt abe Ix calcalsted
from a eclativisinally covanant cquataon,

in conclnen, we will revtate what we have sccom-
plishct n thi. pager. In the conteu of moson ewchonge
we have derivad a covanant cgestion for the progecttle-
nucleos 1 ooty By 13330 This cguation s derived by
vonsidering  the cancedlations boiween  the boy  and
creswed-bus diagrams and we have abo shown bow the
spursous angularities can be avesded. We then dorived 3
muliple seattening wris for the optical poteaiial and
showad, in the mapabee approsamation, tha the 7 matnis
asociatal with the optical potentiat s 10 e cakulated
irom a3 relativintic three-dimesvional aquation i whech
one partich: s Kept on its maos sbell,. We abses desernibod
bow the fully offsbell caxtemvon of dhs 1 mion Bqg.
£3.10a1 can be ciculated from o guadature, Py (31600
We rmphasize that our developusent feads 1o 2 preciw
detimition of the 7 matn o be uwad m the mpube ap-
proxsmation of the int-onder aplical potential. This
the prncipal difference between var sosalt and the RIA
as commonly sl The £ nmtns s to be obtamal from a
ane padticke on mass shell cquation. Hence intermediate
states with both nuckeons in seGiive cnergy Males caneot
oveur, eacept 3t the “end poims.” as illusicaed v Fig.

1} The rowll & obincd from a carclul analysis of
wicson cwhange diagrams, amd seems 1o be the ment ap-
peopriate for e pooblem of chstic auckon-nuckens
scatterimg. Numenical tosts support this approach. 1t ioes
bovas found that the contributions from closncls i which
Both suclheons are 0 0 calinge eacres dates are soplige-
Ble. The amphin Combated From 3 03 Tob have
Been tsed s an an. s o 22" Ca elaste w:mcfmg.““'
amd cacel] G oagree at with expormsental data hos e
obtzmed. Dhfboyen o between o and ther of §jan and
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pb ot

Walksce! were visible, but pot large.

Since our frst-pnder impulse approxsimation optical po-
tential is denveu from o maltiple scattering theory, it is
possible to make systematic corvections 1o the frstorer
calculations. We Birst intend 1o calcubate the four ke off-
shell 1 matnix from the quadrature equation (1.160) and
then evaluate other corrections. For cxample 1he doubie
scattering orrrection term can be calewlated i o straight-
forward manncr a5 s the NR theory. Calculation of
two-particle corrclation Tuactions, in 3 relativistically
coasistend. manncr, will be an obsiacle. In the Brst ap-
prossmation, one could Teeat the excoited stale tarpet a5 2
ponrelativistic object and ncglect the small contributions
from the nepative encrpy propagation. In this approxi-
mation the second order Idouble scatiering terms) in the
expansion of 1the optical potential can be calcubaiad in 2
standard manncr by emploving the ¢ matrix vhiainod
from the speciator equation.

1069

Finally we point out that we have not considercd the
problum of antisymmetry between the projectile and the
target partickes, nor the scif-comsistent treatment of the
Abody target state. We have 2k ignored the complica-
tions duc 1o spin. It is very likely that the projeciile
target antisymmetry can be chosely approzimated by the
Takeda-Watson™ prescription used in NR cakulations.
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Relativistic p-"Ca clastic scaticriag obscrvables are calcslated wsing relativistic NN amplitudes
obtained from the solution of a two-body relativistic cqeation. Results at 200 MeV arc presested
for three scts of NN amplitudes, two with pure psesdovector ccupling for the pioa aad onc with a
25% admixture of psewdoscatar coupling. Differences between the predictions of these three mod-
cis provide a mcasure of the unccrtaiaty is constructing Dirac optical potestials from NN ampli-

todcs.

It is well known that the relativistic impulse approxima-
tiva (RIA) gives a good description of medium encrgy p-
nucicus scattering obscrvables.! [n this approach the
scattering of the protoa is described by a Dirac equation
with an optical poteatial U of the form

USP ) = [ TR )

where the p superscripts (known as p spin) are positive
{ncgative) for nucicons in a positive (ncgative) energy
state. This equation therefore cxpresses the optical poten-
tial as a folding of the NN T matrix describing scattering
of two initial nuclcoas in p-spin states (p,p;) to two final
aucleons in p-spin states {p’,p3) by a nucicon density dis-
tribution p which depends on the p spin of the initial and
the final bound nucicon.

Previous work? has clearly established that the success
of the RIA depends strongly on the u*tad yt—v
amplitudes, which in turn depend on knowledge of T-
matnx clements in which af leasr one particic in the initial
or Faal state is in the negative energy state. (In this paper
these amplitudes will be referred to collectively as “nega-
tive p-spin amplitudes.”) Furthermore, the size of these
ncgative p-spin amplitudes at low mc?y has been found
10 be very sensitive to the amount of y oouplmg used for
the pion. It has come 1o be accepted that pure y*y” cou-
pling is required to give a satisfactory description of p-
nucicus scattering at low energies. In this paper we report
results which show that a surprisingly sizable admixture
(25%) of y* coupling will still give good agreement with

)

49

p-%Ca data at 200 McV, provided the NN T matrix has
been obtained from a relativistic meson exchaage calcula-
tion which fits the observed NN data. This 25% admix-
ture scems to us Quite large; in the recent it tothe NN T
mztrix used in this paper and reported in Ref. 4, no larger
valuc could be found, and Fleiscner and Tjon? found some
time ago that it was impossibie to fit NN data with pure
(100%) r* coupling.

Before describing our calculation in detail, we bricfly
review previous work, focusing oa results which depead on
lhefamoflhco(f-shdlpioacoupling. In the original cal-
culations,! the values of the negative p-spin amplitudes
were inferred by expanding T in terms of five Fermi co-
variaLis, and fitting these 10 the on-shell T4 *-* *) data 3
It was found that this procedure is ambiguous and sensi-
tive to the choice of the five covariants. ® For example, us-
ing the covariant y{y{ [which corzesponds to ussuunng the
pion coupling is pscudoscalar (PS)) or —(y’¢-7)h
x(y® 9 );I4mz {corresponding to the assumption that
the pion coupling is psendovector (PV)] gives ideatical re-
sults in the (4+,4++) sector, but their extrapolations 10
the negative p-spin sectors arz very different, resulling in
generzlly poor fits at Jow energy (200 McV) when the
71 y$ covariant is used. One finds divergent energy depen-
dence of scalar and vector potentials as encrgy decreases
and consequently divergent virtual pair contributions to
proton scattering whea the yfy? covariant is used. To
overcome this problem Tjon and Wallace? adopted a
mesor exchange model of the NN interaction with pure
PV « _pling for the pion as a basis for predicting all

R10 21989 The American Physical Socicty
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TY%m) patrix clemeats ia Eq. (1). Use of a dynamical
model which describes the NV observables ia a qualitative
way over the 0-1000 McV range was thought to be the
best way to mimimize the ambiguity in prediction of the
optical potestial. The optical poteatial based oa 2 com-
plete et of amplitudes (referred to as 1A2) produces good
memhsmnvdenmd
projectile encrgies from 200 to 800 McV.® The divergeat
behavior of the potentials at lower eacrgics is abseat in
this case.

In this paper, we study the seasitivitics of the p-aucleus
scattering observables to realistic variations in the amoust
of y* vs y’y" coupling of thc pion. We coatisme to
demand that our NN T matrix be the solution of a relativ-
istic equation with a mesoa exchasge kernel which has
beea adjusted 10 give a quantitatively accurate fit to the
NN data. Two ncw scts of relativistic NN amplitudes are
obtained from the solutioa of the relativistic cquatioa in
which oac particic is on shell.’ To easure that the resslt-
iag amplitudes satisfy the Pauli priaciple, the onc-bosoa
exdngc(OBE)huaekudnlh:scalalammu-

4% Hence the four classes of
..Tm.cs T(f—fﬂ' T(-f oﬂ Tl*ff ) and
T! ’""mallbcobuuedthmnghanm,mmﬂq.ot
umcmvusalmmac:sl’mmT" ”’-ludl-cmll
refer to simply as 7¢7-* andlhcamplnudsT“ *-
T(f‘-fl 1-( * - )mr(f -4) snnilarlybc
obtained from T+ ~-¥~ mrmed:oasr"" The
amplitades 7'~ =" and 7%~ " arc all taken t0 be
2ero. Fisally, the N coupling used in these new solutioas
is a mixed coupling of the form

s
s — )9
Ay’+(1-1) Tyt

The parameter A varics the mix of pscudoscalar and pscu-
dovector coupling, and is defined so that the on-shell am-
plitude is independent of .. When 1 is unity the coupling
is purcly pscudoscalar and whea it is zero the coupling be-
comecs pure pscudovector.

Two OBE modcls have beea found which fit the NN
data cqually well, but which have significantly differeat
T~ amplitudes.* In model 1, only the four mesoas x,
o, @, and p are used. This is the minimal number nceded
to represent the long-, medium-, and short-range nuclear
forces, and a very good fit to the positive energy NN am-
plitudes is obtained when the parameter A has the valuc
0.25, which is 2°% pscudoscalar i.nd 75% pseudovector
(the 6t tightly constraints the vaiue of 1). In another
OBE model, model 2, the N coupiing is coastrained to be
purc pseudovector (A =0) coasisten! with pair suppression
and chiral symmetry. In order to fit the NN data cqually
well, two extra mesons, 8 and 7, must be included. (The §
meson is needed to get the correct splitting between 'S,
and 3S, central terms, which cmerges automatically when
1 =0.25.) These two models allow us to explore the seasi-
tivity to the amount of pseudoscalar coupling onc may use
and still obtain a good fit to the NN obscrvables. They
both differ significantly from the model used by Tjon and
Wallace.

The results for the polarized p-*Ca clastic scattering at
200 MeV obtained from the two models are shown in Fig.

1. Calculations are based on the [A2 formalism of Ref. 8,
and we wsed the relativistic *“Ca deasities supplied by
Horowitz and Serot.'? Surprisingly, both models give a
reasomable description for the p-aucicus obscrvables, and
it can be scea that the mixed coupliag mode! gives superi-
or results over the pure pscudovector coupliag case. How-
ever, since the integral in (1) has oaly beea evaluated in
the 1p approximation (ia which the 7 matrix is evaluated
oa shell and (actored out of the integral) and other cffects
such as Pauli blocking and vacsum polarization have not
beea included, it cannot be concluded that the mixed cou-
pliag case will costinue to give the best results after these
cffects are takea into accouat

We would like to cmphasize that the relativistic NN
amplitedes wsed were the results of dysamical calcula-
tions based os 3 relativistic equation, ia which all parame-
ters were fixed by the NN data. No ferther adjustments
in any parameter were made ia calculsting the p-*Ca ob-
servables. Calculations have also beea performed at 300
and 500 MeV aad the predictions agree with the data as
well as for the case of 200 McV.

Ia order to isolate other possiblc model depeadence
arising from negative-energy componcats of 7, we com-
pare modcls | and 2 above with a caiculation of Tjon and
Wallace” ia Fig. 2. In this case we standardize the com-
parisons by replacing the 74* *-**? amplitudes in cach
casc by the on-shell amplitudes determined by Arndt ef
al."’ First note that the two pscudovector models (model
2 and Tjoa-Wallace) are in closc agreemeti ia spite of the

0. u(deg)

FIG. 1. Prediztions for p-*Ca observables for the 1 =0.25
mode! 1 (solid linc) and A =0 mode! 2 (dashed linc) described in
the text. The stars arc data from Ref. 11.
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8. o (deg)

FIG. 2. Resuhts {or the p-*Ca observables with theoretical
T*-*% amplitudes replaced Ly the Amdt amplitudes, and
theoretical amplitudes in other p-spia scctors lkeft wachanged.
Modd 1 (solid linc), model 2 {dashed linc), and the calculation
by Tjom and Wallace (dottcd linc) arc shown. The data arc as
imFig L.

fact that the Tjon-Wallace model uses a Blankeabecler-
Sugar reduction of the Bethe-Salpeter equation which in-
cludes (— —) channels (in which bork of the uitial or
fina! particles have ncgative p spin) in the NN sector, and
additional NA channcls, ** both of which were ncglected in
model 2. We have checked that the differences shown in

Fig. 2 are mot due 1o the additional (— —) channels.
Thus the seasitivity of Dirac results to the heavy mesoas
and the presence or absence of VA and AA channacls or the
(— =) states of the NN chanacl scems to be minimal.
Next, notc that the larger differences betweea models 1
and 2 attributable to the form of pioa co-plmgmsab-
stantially unchanged, in this standardized comparison,
cven though the depth of the oscillation in A, has in-
creased somewhat for both models. This shows that the p
auclews results are seasitive to fine details in the
T ***) amplitade, but that the differemces betweea
r.odels | and 2 cannot be attributed to these sensitivitics.

In summary, we have showa that the differences in the
predictions of models 1 and 2, both of which fit the on-
shell NN data very well, are duc to the differeaces in their
admixture of y* coupling, which cannot be uaiquely deter-
mincd by the on-shell data. While this model dependeace
issigniﬁunlitknrptﬁnglymﬂmmehrge
admixture (25%) of y* coupling required by model 1.

Finally, it is amusing that the simpler model 1, 'ulllbe
exchange of oaly four mesons and a 25% admixture of y*
ocoupling for the pion, fts the observables as well as it
does. This result suggests cither that some degree of pair
nonsuppression oa the Born level may be allowed, or that
the o counter terms required to control the y* part of the
pioa coupling may alrcady be included as part of the phe-
nomenclogical o exchange polential used in the NN mod-
els. In vicew of the success here, it may be worth examin-
ing the results of such mixed coupling models, both at
lower cnergies where the seasitiity to xN coupling is
larger, and in other reactions, such as clectromagnetic
processcs of processes involving pioa production or ab-
sorplion.

Two of us (F.G. and S.J.W.) gratcfully acknowicdge
the support of the U.S. Department of Encrgy. Onc of us
(K.M_M.) gratefully acknowlcdges the support of NASA,
Grant No. NCCl1-42. K.M.M. and J.AT. would like to
acknowledge the hospitality of the Continvous Electron
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For the first time, we have calculatod theoretical angular distributions for caclusive £® produc-
tioa in C+C collisions at 84 McV/aucicoa wsing 3 quastum-coherest, microscopic, many-body
formalism. We wse & model spia, trassition-spia, A-isobar-formation interaction thet is cxpanded
ia angular momestum multipoies and we sow have the results from 3 compicte cede that includes
these multipoles 10 all orders which couple (0 shell-moded information.  Also the ficst lime, we cal-
culate pios contributions coming from both the target and projectile and fiad that these contribe-
tioas arc impoctast ia determining the shape of the theoretical angular distributions. We com-
pare the theoretical calculations 10 x® data sed find that cur results are similar 10 the shape of
the data at highcr pioa cacrgics and bear some similarity in trend W the pioa bremsstrablong
model. We also find that the shape of the theorctical sagular distribution is scasitive 10 shell-

modcl information.

There continues to be interest in finding a sensitivity to
collective or coherent mechanisms in subthreshold beavy-
ion pioa production.'? This interest is enhanced by the
experimental ability t0 measure neutral pioas’ ™ which
leads to data that arc not complicated by final-state
Coulomb effects on the outgoing pions. The preseat mod-
cl interaction has been described bricfly in previous
works®? where pion spectra were calculated over a range
of incident enmergies from subthreshold to relativistic
values for %O on '’C. however, those calculations used
only the lowest-order (k =0) angular momentum mul-
tipole. We have now included all orders and discovered
that the multipole expansion is highly coavergent in the
subthreshold region. For the first time with this model we
calculate the angular distributions for coherent x° peoduc-
tion in C+C oollisions at 85 McV/auclcon at threc
different encrgy cuts.

The Lorentz-invariant differeatial cross section calcu-
lated in the projectile rest frame for a given target isospin
M(T) is given by

e _2x EV’ d
d’pJE. hv (2xh)* dEf

where o is the incident speed of the target as seen in the
projectile rest frame, E, is the total pion cnergy, and Vs
the quantization volume which cancels an ideatical term
coming from the second-order amplitude C;. The total
energy of the final state Ef is the sum of encrgics from the
pion, recoil projectile, and cxcited target of momentum
Pre. Making the high momentum, forward scattering ap-
proximation that py«>» P,x where p.x is the momeatum
of the recoil projectile plus pion as scen from the projectile
rest frame, then d/dEf==(Eg/pyec®)d/dpy-. Further-
more, the scaticring amplitude is assumed to be approxi-
matcly independent of the target solid angle. Thesc as-
sumptions arc consistent with peripheral collisions of lew
recoil and simplify the integrations over the larget

Jdprlcal.
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momeatum preo. The sums over all target isospins M(T)
of the differential cross section arc then takea. The
second-order amplitude

TEIV NNV, 1D

Ca=— . (b))
E. vt Mucl— Ml +iT)2

where |7) refers to the initial state of target, projectile,
and the kinctic encrgy of the target, | V) is the intermedi-
ate state where the target is excited to 2 J*=1*, T'=1
spin-, isospiri-cohcrent, isobar-analog, nucicar state, and
the projectile is excited to a similar state except that a av-
clcon has been excited to a A(3,3) isobar of mass
Myl =1232 McV and width I, =115 McV. The final
state | F) contains the pion that decays from the A and it
is assumed that the projectile returas to its ground state.
Also, it is assumed that the decay of the A from the pro-
Jectile does not influence the target after the A is created
so that the center-of-mass planc waves and the internal
target wave functions between the intcrmediate and final
states arc orthogonal. A noarelativistic Breit-Wigner
propagator for the A resonance is used where the encrgy
dependence of the width® has been ncglected since we are
concerned here mainly with angular distributions.

The matrix clements for A formation and decay in Eq.
(2) are evaluated using the techniques of second quantiza-
tion and involves a great deal of Racah algebra. The for-
mation matrix (N]¥,|1) which excites a particic-hole
statc in the target and creates a A-hole state in the projec-
tile is reduced by Wick's theorem to matrix elements of an
interaction between particle hole and scattering states. In
order to do an estimate calculation, a scparable model A-
formatior interaction was chosen to be

01 =200g(r)g (£, )g(£,)(S, - 0,)(T,- 1,)
";CA“':)'CA(Q,). 3)
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where g(r), g(£,), and g(£,) are Gaussian shapes which
are functions of the coordinate magnitudes of the
nuclcus-aucicus ceater of mass, projectile nucicon, and
target aucleon, respectively. This form was motivated by
the work of Gaarde, Kammuri, and Osterfeld,” but
simplified to take into account target Lorentz contraction.
The main features of this mode! interaction arc the spin
and isospin flip where the target is excited 0 a giant reso-
mance as well as the projectile with the added feature that
a A is created in the projectile through the transition spin
and isospia. The scalar product of spherical tensors of
rank k allows for an exchange of orbital angular momen-
tum Ak between the projectile aucicon and target center
of mass. The target aucicoas, although spin flipped, are
lcft in their spatial ground state so that the matrix cle-
meat in the target can be approximated by a Lorentz-
contracted form factor. This model represents a
compromise where orbital 2agular momentum changes
arc ncglected in the target single-particle states, but al-
lows for a simpic handling of the target Loreatz contrac-
tioa as described previously.® The strength of the interac-
tion ts givea by vg which is initially determined from two-

P. A. DEUTCHMAN AND KHIN MAUNG MAUNG 4

the streagth of the ANx vertex is approximately twice as
large as the NNx vertex where quark theory gives
Cana™(6v2/5)gnne"® This model represeats a step for-
ward compared 10 our previous model.!' The calculation
of the A-decay matrix clement (F| V3| N) has also beea
described previously. '

The auclear, particle-hole states are spin-orbit coupled
to produce the j values of the particie and hole and thea
coupled to produce the total angular momentum of the
nuclcus. The isospins of the particle-hole state are also
coupled to produce the total isospin of the nucicus. Then,
lincar combinations of these states with particle-hole
cocfficienis X are takea to produce the total auclear
stacc and each matrix clement contains 95 symbols after
lengthy colculations in angular coupling are donc. The
particle and hole states arc gencrated from the three-
dimensional harmonic oscillator and are described in Ref.
6 except that we now apply the model to '*C on "’C. The
sum over intcrmediate states [N) in Eq. (2) contains
sums over particic-hole states for both nucici as well as a
sum over angular momentum multipoles & as given by Eq.
(1) in Ref. 6 and described theicin. This sum coatains a

body scattering and the factor 2 has been included since  product of terms which is given by
1
L ks
- - a f ]
5‘.‘ L ir(Kr)g(r)ridr j; R jy Kk L)RE(£)2de [o 0 0] Pi(cosO.g), “
. r
where the first integrsl is in the Born approximatioa with  symbol

respect to the target momentum transfer AK, and the
scoond integral comes from the projectile A-hole decay
matrix clement with respect to the outgoing pion momen-
tum Ak, The propertics of the 3j symbol
[l. kil
000

restricts k 1o evenf/odd values if /,+], =cven/odd values
and scvercly truncates the k sum through the tniangular
condition [/u—N | <k <I,+I,. The pion angular dis-
tribution is contained in the Legendre polynomial of order
k with respect to the correlation angle O,.x which is the
angle between the pion and target momentum transfer. In
previous work,* we only hand calculated the differential
cross section for the k =0 term and only calculated the
squarc of Eq. (4) for k =0 plus k =2 10 dctermine the rel-
ative effect of the higher-order multipole. Presently, we
have a complete code which includes all & multipoles and
have calculated the diffcrential cross section as a function
of the corrclation angle. After including higher A-hole
states, we discovered that the main contributions to the
cross section come from the 1p,.372.3n2-4 states and the
1psn-hole state in '2C (A) for the k =0 and 2 multipole
values. For example, when we included the A states for
the 1d-2s shell which corresponds to k = 1,3 and k =1, re-
spectively with the 1p,,-hole state, we found these contri-
butions to be negligible. This occurs because the overlap

between the functions in the first and second integral in
Eq. (4) diminishes considerably and the value of the 3j

{l. k 1.}

000

drops. It appears that the k sum in Eq. (4) is highly con-
vergent. Also, since we assumed equal weight particle-
hole coefficients X (P), they become smaller when more
shell-model states are included. If these cocfficients were
calculaied in the schematic model,'? we would find that
they are inversely proportional to the particle-hole cacrgy
difference which cuts down the contributicns from higher
shell-medel states and justifies our truncation to lowest
states. We also included the 1/ shell and found that these
results were also negligible. Thercfore, the main contribu-
tor to the nonisotropic shape of the differential cross sec-
tions comes from P, although the actual shape is deter-
mincd by the relative weighting between Pg and P in the
multipole sum.

For the first time, we compared the results of this model
to x° angular distributions in '2C+ '2C collisions at 84
MeV/nucleon transformed to the nucleon-nucleon, cen-
ter-of-mass system.'’ Since we arc considering small
momentum transfers in the forward direction, we assume
that the correlation angic O,x is approximately the pion
angle measured from the forward direction ©,. For fixed
values of the pion kinctic cnergy and angle (75" ,05*)
in the nucleon-nucleon center of mass, we calculate the re-
lativistically transformed set (77,07) for pions produced
by the projectile in its own frame to obtain the Lorentz-
invariant differential cross section which is further
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transformed to the soninvariant cross section in the
center-of-mass system, A similar procedure is applied to
coatribution comieg from the target. These two cross sec-
tions are then added so that our results contain the in-
coherent addition of pioas coming from projectile and tar-
get; however, the A's are prodeced coberently in cach nu-
cleus. The results are shown in Figs 1-3 for three
different encrgy cuts. Since we are concerned primarily
with shape fits, the calculations have beea noemalized to
the data at cos8, =0.02$ since that data poin! has an error
bar shown in Fig. 3. We do not expect to fit the data in
absolutc valu: since the calculation is exclusive whereas
the data is inclusive. It is interesting to note that the
theoretical shape improves at the highest-cnergy bin from
100-150 MecV where the peak-to-valley ratio moves to-
wards the data. This trend is compatible with the con-
clusions of Braun-Munzinger and Stachel' where they
point out that the low-cacrgy pions arc probably emitted
from a local hot spot, whereas the pions produced approxi-
mately above 100 McV caanot be fully understood by
thermal models aionc and may suggest the presence of a
cohereat mechanism in the production process. It is also
interesting that our normalization factor drops by a factor
of 10 from the lowest-cacrgy cut to the highest perhaps in-
dicating a convergence at the higher pioa energics. It is
also intriguing that for the lowest-energy cut, the results
from the bremsstrablung model compared to similar
data'® shows a coavex trend as do our results under the
condition of incoherent ad “tion of projectiic and target
pioas, whereas the bremsstrahlung calculations and our
results improve at the higher-energy cuts.

In conclusion, for the first time, we include pson contri-
butions coming from the target and projectile and find
that these coatributions arc important in determining the
theoretical shape of the 2% angular distributions. We
compare the present model with experimental x° angular
distributions but do not cxpect to obtain absolute-value
fits to the data because our calculation is exclusive
wherecas the data to whicl we compare are inclusive; how-
ever, we wanted 10 find out if the qualitative shape and cn-

® Lo 5O Ne¥ smergy et
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FIG. 1. Theoretical £* production compared 10 the data (Ref.
12) of C+C collisions at 84 McV/nucleon for the 0 to 50 MeV
cut,

i .o astsbgtlisa. .-

R425

a....l..-.l....I.

v[vff

30 Lo 106 WeV aneryy ot

€%0/dudl (nd/MeV or)

F1G. 2. Samc as Fig_ 1 except for the 50 to 100 MeV cut.

ergy trend of the theory bears some resemblance to exist-
ing experimental angular distributions before cmbarking
on the more complicated phasce of this calculatioa which is
to include the teasor term. We find that the theoretical
shape displays a forward-backward peaking similar to the
shape of the data at the higher pioa cacrgics. The for-
ward peaking in our model is due to pions coming predom-
inantly from the projectilc whereas the target predom-
inantly contributes to the backward peaking as seen in the
nuclcon-nucleon center-of-mass system. We expect this
qualitative result would also obtain when the tensor in-
teraction is included. The calculations is also very sensi-
tive to the shell-model information since the multipole
sum is very convergent and not much of 2 washing out of
the shell-model signature occurs. This was not ohvious
from previous work®? where hard calculations were done
and it was not known if a washout of the angular distnbu-
tior: would occur with the inclusion of higher-order mul-
tipole values. We again expect a similar result with in-
clusion of the tensor term and now have a ientative ex-
planation for the forward-backward peaking seen in the
data.
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FIG. 3. Same as Fig_ | except for the 100 to 150 MeV cut.
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The model isobar-formation intcraction, cven though
incomplete, lcads to a complicated, microscopic, quan-
tum-mechanical, many-body, angular momentum formal-
ism. Our approach was to stzrt with the simpler spin-spin
term but include orbital-angular momentum exchanges
between projectile and target nucleons as well as the
scattering of the relative nucleus-nucleus system and cal-
culate angular distributioas to discover the nature of the
signature for coherent production. From Ref. 8, in an ex-
amination of the momeatum transfer dependence g of the
ceatral and tensor interactions, it is seen that for low
momentum transfers of ¢ <0.5 fm ™', the central term
dominates over the teasor term. In fact, at ¢ =0, the ten-
sor term is zero. Al increasing values of g, the central
term drops and the tensor term rises until at the critical
valuc of ¢ =3 fm ™", the tensor term dominates the cross
section because the central term goes to zcro.  However,

P. A. DEUTCHMAN AND KHIN MAUNG MAUNG 41

for peripheral collisions at subthreshold energies, it is like-
ly that the lowest values of momentum transfer will be
favored and that the central term might dominate these
reactions. With this work, we are encouraged to include
the more complicated tensor interaction and compare the
roles of the ceatral 10 the teasor term. Ia Ref. 2, where
the teasor term was iacluded, oaly total cross sections
have been calculated for the subthreshold process using
the impulse Feshbach-Zabek'* approach. In our work, we
are atiempling a more {undamental, microscopic, quas-
tum-mechanical approach. We are presestly developing a
heavy-ion calkculation with a more rezlistic interaction
modz] that includes the teasor term.
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Relativistic p-"Ca elastic scattering observables are cakulated using four sets of relativistic NN
amiplitudcs obtained from dificrent one-boson-cachange (OBE) models. The first two scts are based
upoa a relativistic equation in which one partick is on mass shell and the other two scts are ob-
tained from a quasipotential reduction of the Bethe-Salpeter equation. Results at 200, 300, and 500
McV are preseated for these amaplitudes. Differences beiween the predictions of these models pro-
vide a study of the uncertaiaty in comstowting Dirac optical potentials from OBE-based NN amph-

tudes.

L. INTRODUCTION

In this work relativistic p-nucleus calculations based on
four different sets of NN amplitudes obtained from rela-
tivistic meson-exchange modcls are presented. The com-
parison of the results based upon these different reladivis-
tic NN amplitudes s motivated by the fact that the main
ingredient in the success of the Dirac approach to p-
nucleus scattering is the virtual NN effects’ which are im-
plicit in the solution of the Dirac cquation. For the posi-
tive enc: gy component of the wave function we can write

(E-E,—U"'' U, W' =0.

where
UM,=U"U:'+£,—U'” yv'uot.

To a good approximation U * ' is the nonrelativistic
potential and it is essentially determined by the AN on-
shell data and the density profile of tite target nucleus.
When one uses meson-exchange models 1o calculute the
relativistic /N amplitudes the pure positive energy am-
plitudes are fitted to the on-shell data aind the amplitudes
which belong to the pure relativistic scctors are ther
determined dynamically. In  principle all meson-
exchange model calculations should provide the same
peaitive energy amplitudes (since they are fitted to the
on-shell data) but the amplitudes in the other sectors
would be different depending on the dyaamical model

49

used. Therefore the ambiguity in the Dirac optical po-
tential lies in the U, term, which is determined by am-
plitudes other than the on-shell one. Since different
dynamical models will give different amplitudes, except
in the pure positive energy sector, it is important 10 study
these differences and possible effects on the p-nucleus
scattering observables which may arise because of these
differences.

In previous work,’ preliminary analyses of relativistic
p-*¥’Ca clastic scattering at 200 McV, using relativistic
nucleon-nuclcon (NN) amplitudes obtained from the
solutions of two-body relativistic equanions, were report-
ed. In the present work the calculational methods are de-
scribed and an extensive array of results for 200, 300, and
SOC MeV protons incident upon a *’Ca turget are present-
ed. Calculations are preformed with two sets of NV am-
plitudes obtained from a relativistic wave equation in
which one particle is on positive energy mass shell* and
also with third and fourth sets of NN amplitudes based
upon a quasipotential method*?® for solving the Bethe-
Salpeter equation. The use ol the relativistic NN ampli-
tudes obtained from a one particle on-mass shell equation
is motivated by a recently formulated covariant multiple
scattering theory.® In this formalism the authors argued
that the NN amplitudes associated with the relativistic
impulse approximation optical potential should be the
one obtained from a one particle on-mass shell equation.

The outline of the paper is as follows. In Scc. 11 we
present an overview of the oplical potential methods used
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4 RELATIVISTIC PROTON-NUCLEUS SCATTERING AND ONE-. ..

to compute the elastic scattering observables. A brief dis-
cussion of the Tjon and Wallace method’ for obtaining
the invariant NN amplitudes is also included for com-
pleteness and further discussions. In Sec. 111 the meson-
exchange models used are described together with the as-
sociated relativistic equations and the one-boson-
exchange (OBE) parameters are tabulated. 'n Sec. IV re-
sults for clastic scatlering observables are presented for
all four sets of NN amplitudes. To test these results for
possible model dependencies arising from the differing
negative energy compone:ts of the 1 matrix, the on-shell
amplitudes are replaced by the ones determined by Arndt
e1 al.® and the resullant scatiering observables cemputed
and discussed. Finally, Sec. V summarizes our major re-
sults and conclusions.

11. THE DIRAC OPTICAL POTENTIAL

It is well known that the relativistic impulse approxi-
mation (R1A) is a useful method for predicting intermedi-
ate energy p-nucleus scattering observables.” In this ap-
proach one begins with the fixed energy Dirac equaiion

[y-p—m—Dirpr=o, )

where the energy E is E=(p>+m?)'”, p is the on-shell

momentum, y-p =7, “.p"=|E,p), and the rcpeated in-
dices are summed over. The optical potential U, obtained
from the RIA, is written in momentum space as'’

0p'p)=—1\Tr,
X [fdk Mip.k—2g—p'k+ gk | .

)
where M is the Feynman NN amplitude and j3 is the rela-
tivistic nuclear density matrix for the target. In Eq. (2)
particle 2 is the target nucleon and the trace is taken over
its Dirac indices. Using the factorization approximation
Eq. (2) yields

Otp\p)=—{Tr(Mp.— fg—p".1qlq)] . )

Therefore to construct U we require M and . For this
work involving *'Ca target, the relativistic densities of
Horowitz and Scrot'' are_used for 5. The remaining
problem is then to specify M.

It is customary to separate the full NN amplitudes into
a sum of 16 terms cach representing a particular p-spin
sector. They are labeled by indices (p)pip,p.) wher - cach
p is cither + or —, and primed (unprimed) quantities
denote findl (initial) nucleon states. Tjon and Wallace
have determined M for all 16 p-spin sectors by solving the
Bethe-Salpeter equation using a quasipotential method*?
with pure pseudovector coupling for the pion. In that
particular formalism, the invariant NN amplitude is ex-
panded as

S ASASEenAnAn g

'y
PPy

where each p is summed over + and —, and « is a kine-
matic factor [see Eq. (2.10) of Ref. 8] In Eq. (4) the
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F"#%2 are amplitudes restricted to act only within one
p-spin sector (hence there are 16 different sets of them)
and the A’s are covariant projection operators given by

pLE,—y-p)tm

P =
AP(p) 2m

, {5)

where p is + or —. Details for determining the various

p-spin sector amplitudes F "2 are found in Refs. 7 and
10. This complete calculational program is referred to as
the 1A2 formalism.'™"?

111. RELATIVISTIC MESON-EXCHANGE MODELS

In this section we briefly describe the relativistic
meson-exchange models used in this work. In operator
form the relativistic two-body equation can generically be
written as

M=V+VGM , 6)

where M is the invariant amplitude for the two nucleons
scattering process, V is the interaction determined by the
OBE modci, and G is the relativistic two-body propaga-
tor. M satisfies the Pauli principle provided that V is
suitably antisymmetrized.

The first two OBE model amplitudes'’ used in this
work are calculated from a one particle on-snass shell
equation and in this case the propagator G in Eq. (o) is
the propagator with one particle on the mass shell. Fig-
ure 1 depicts Eq. (6) for this case diagrammatically. The
open boxes represent the combined OBE terms, properly
antisymmetrized, for the mesons used. The horizontal
lines represent the nucleons and a cross on a nucleon line
indicaies that it is on the positive energy mass shell. Ex-
plicit antisymmetrization of the OBE kernel insures that
the M matrix is correctly antisymmetrized under particle
interchange. The first OBE model uses four mesons
(w, o,p, and @). This is the minimal number needed to
represent the long, medium, and short range nuclear
forces. The N coupling used is a mixed coupling of the
form

H— e
-
= % -)(——1—4.‘— j —
e —

FIG. 1. Diagrammatical representation of one particle on-
mass-shell equation. A cross on a nucleon line indicates that
the particle is on the positive energy mass shell. Open boxes
stand for rhe antisymmetrized kernel, and vertical dashed lines
stand for combined m, 0, p, and @ exchange for modet 1 and
m, o, p, w, 1, and o, exchuange for model 2.
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FIG. 2. Diagrammat: 1l representation of Bethe-Salpeter equation for coupled channcl NN + NA +AA scattering. The A states
are indicated by double horizuntal lines. The dashed line indicates 7 +p exchange; the wiggly line stands for combined @, 1, €, b, p,
and @ exchange. The single NN channcl case can be oblained by keaving out the diagrams with A lines.

s
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where the paramcter A varies the mix of the pscudoscalar
and pscudovector coupling, and is defined so that the on-
shell amplitude is independent of A. When A is unity the
coupling is purcly pscudoscalar and when i1t is zero the
coupling becomes pure pseudovector. Use of this cou-
pling permits us to study the sensitivities of the scattering
observables to relative variations in the amount of * vs
r*r" coupling of the pion. The best value of the mixing
parameter A to fit the data was found to be 0.22 which
corresponds 1o a 22% y* coupling admixture.

TABLE 1. Mcson masses (MeV), cutofl masses (MeV), and
coupling constants for OBE models and 2.

Muded 1 Maodel 2

wgl/4n 13.54403 13.35757
m, 1380 138.0
A, 0.22557 00

o gl /iAn 551322 5.04720
m, 516.0 5140

p3i/ew 0.3829] 0.586 86

«, 752525 6.14920

A, 1.0 0.75218
m, 760.0 760.0

©gl/An 9385106 9.830 54

x, 0.142 59 0.15050
m, 782.8 782.8

o, 8., /4n 0.32593
m, 5710

n gy /4w 6.40798
m, S4RR
Ay 16100 1685.0
A 2135.0 1830.0

In ihe second model, the 7N coupling is constrained to
be pure pseudovector {(A=0) consistent  with pair
suppression and chiral symmctry. In order to it the NN
data equally well with this constraint, two additional
mesons 7 and g, were added. The o meson, a phenome-
nological spin zero isospin | meson, is needed te obtain
the correct splitting between the 'S, and 'S, central po-
tentials wien A=0. Note that ncither of these OBE mod-
cls contain NA or AA channcls but both models are able
1o fit the NN phase shifts very well up to 300 MceV.

Stnce in these models (1 and 2) we reguire that onc par-
ticle is on the positive cnergy mass shell p-spin ampli-
tudes latzled by (— — pp,) und (p},ps, — =) arc zero by

TABLE 1. Mceson masses (MceV), cutoff masses (McV), “nd
voupling constants for OBE raodels Yand 4.

foel 4

Modd 3
Tl /A 142 14.2
m. 138.7 1.7
b g /4n 0. 0.3
m, 260.0 960 0
y g, /4 309 U
m, $4%.0 S4%.0
p R, A 0.4 0.4}
m; 763.0 761.0
P /aw o8 6.8
.n,f 7616 7630
w gl /Arn 11.0 12.0
", 7830 %30
€yl/dAm 7.65 47
m, 570.0 $70.0
Sis/Am 0.0 0.38
Soa/dm 0.0 Lo
Asx 11500 1150.0
A 10702 1070.0
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FIG. 3. (a)-(d) The Wolfenst=in amplitudes A4 and C at 200 McV are presented for models 1, 2, and 3. The mixed coupling case

(model 1) is showa by a -, line, pure pseudovector case (model 2) is shown by a dot-dashed line, and model 3 is shown by a dot-

ted line. For comparison_ ihe empirical Arndt amplitudes are shown by a solid line.
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FIG. 5. al-(d) The Wolfenstcin amplitudes 4 and C at 500 McV arc presenied for modcels 1, 2, and 4. The mised coupling case
{madet 1) is shown by a dahed line, pure pscudovector caxe (madel 2} is shown by a dot-dashed linc, and modcl 4 is shown by a Jot-

ted line. For comparison, the empirical Arndt amplitudes are shown by a solid line.
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definition. In addition, the {(+— 4+ +), (—+ ++),
(++,4+ ) and (+ +,— +) amplitudes, which we will
label simply as (—.,+), are obtained from the
(+—,++) amplitudes using antisymmetry or time re-
versal  properties. Similarly, the amplitudes
(+—,+—-)(+— —+)(—+ . +-)and (—+,— +),
labeled as ( —, — ), are obtained from (+ —, + — ) ampli-
tudes.

The third and fourth OBE model amplitudes®? that we
employ in this work are calkculated from a quasipotential
equation based upun the Bethe-Salpeter equation. In this
case the propagator G of Eq. (6) is the quasipotential
Blankenbecler-Sugar propagator.*® The third model in-
cludes only the NN channcls* [n our calculations, the g,
coupling constant of model 3 has been increased shightly
as compared to Ref. 4, in order (0 improve on the fts of
the S-wave phases. It is neceded because of the inclusion
of the negative energy spinor state channels, which has a
repulsive nature in the S-wave channcls. In addition to
the NN channel the fourth model also includes the NA
and AA channcls® The scadering equations for these
cases arc shown diagrammatically in Fig. 2. The cqua-
tion for the case where there are no NA and AA channeks
can be obtained by leavirg out the diagrams with the A
limes.

The meson masses, coupling constants, and cutoff
nasses for these models are given in Tables [and 1F. To
sce the goodness of fit to the on-shell NN data, the Wol-
fenstein A and C amplitudes at 200 McV are shown in
Fig. 1 for the first three OBE models together with the
empirical Amndt amplitudes. It ts to be noted that while
the firsi iwo modcls resulted in reasonably close fits (n
each other, the third model differs quite visibly from the
first two and also from the Arndt amplitudes. This gocd-
ness of At 1o the on-shell datz is also one of the possible
ambiguities that can arise in the optical potential when
the NN amplitudes cMained from OBE modcls are used.
At 300 and S00 McV, models 1, 2, and 4 give reasonable
fits to the Arndt 4 and C amplitudes and they are shown
in Fig~. 4 and . The fits of models | and 2 z2re generally
less good than at 200 MeV, but it turns out that the fils to
the NN amplitudes at 300 and 500 McV arc not as crucial
to the success of the p-nuclcus prediction

IV. RESULTS
Flastic scattcring observables.

The results for p-*Ca elastic scattering observables are
presented in this section. Calculations are based on the
1A2 formalism of Refs. 7 and 10 and usc the relativistic
nuclear densities supplied by Horowitz and Scrot."!

sigures 6-2 Jisplay results for elastic scattering ob-
servables, obtained with the OBE modcls discused above,
for proton encigics 200, 300, and 500 McV. In all three
figures, results from the mixed coupling mocel' are
shown by a solid line, results from the pure pscudovector
model'’ are shown by a dashed line, and one of the two
models of Ref. 4 is shown by a dotted linc. In Figs. 6-8
p-nucleus calculations are done by using the theoretical
amplitudes. For comparison purposcs experimental data
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from Refs. 14, 15, and 16 arc included for 200, 300, and
SO0 McV, respectively. At 200 MeV, NA and AA chan-
ncls are omitted in all three models. At this energy. mod-
el 4, which is designed to study the effects of coupling to
the A states at higher projectile cnergies, is not used in
the zalculation. All models give a reasonable description
of the scattering observables, although model 3 (Ref. 4:
with no N& or AA channcls) scems to describe the A4,
better in the forward angle region. Note that, although
model 3 scems to describe the 200 MeV p-nucleus data, it
does not reproduce the Wolfenstein 4 and C very well as
can he seen from Fig. 3. At this stage our conclusion is
somewhat uncertain. It would be an interesting study in
the future 1o compare the p-nucleus results of these mod-
eks with the same quality of it to the NN on-shell ampli-
tudes. These results also show that the two OBE models
of Ref. 13 (A=0 and A=0.22) give similar rcsults al-
though model 1 {A=0.22) scems to describe the experi-
mental data somewhat better."’

For 300 and 500 McV, the dotted lines are the results
of model 4, which includes NA and AA channcls, while
the other two models (I and 2) remain unchanged. At

de/d0 {(mb/sr)

e bt Y emme Ve N e

0 10 20 30 40 50
0. . {deg)

FIG. 6. p-"Ca xcatlering ohscrvables at 200 McV. Madcl 1
rosults are shown by a solid line, model 2 results by 2 dashed
line, and madel X results by a dotted line. Note that in all three
cakculations NA and AA channcls are omitted. Data are from
Ref. 14.
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these encrgies, all three models give reasonably good fits
to the on-shelt Amdt NN amplitudes, although there are
some differences. From the 300 and 500 Mc ¢ results, it
scems that the experimental data do not appear to favor
any onc of the NN amphtudes over the other, although
the polanization obscrvables at 500 McV seem to be
somewhat better fit by models 1 and 2 in the region of the
Gint mintmum. We abo notice that at these energics the
differences between the A=0.22 (model 1) and A=0
tmadcl 2) appear 10 be very small suggesting that the p-
nuckeus scattening observables are ool very semsitive to
the relative admixture of * coupling at these cnergics.

As mentionsed above, the best way 0o compare the p-
nucleus results of these different modehs would be to have
the same goodness of fit to the AN on-shell data. Since it
» impractical to do this at the current stage of develop-
nent we prxceed as follows. In onder 1o separate the
effects of the ncgalive conergy compoaents  from
diffcrences which may amne from the goodness of it, we
standardize the comparnons by replacing the 8+ 4, £ +)
amplitudes in cach madel with the on-shell amplitudes
determined by Amnt of al.* The resulis are displayed in
Fige 9-11. First note that all three modeb are in reason-
ably chone agreement with the eapenimcenial data atthough
the previous agreement with data and madel 3 at 4K

DR SRS S S ST (IR

(4] 10 20 10 40 50

0. m(dcg)

FI1G. 7. p-"'Ca seatiering oinervables at W0 MceV. Madels |
and 2 rexulis are shown by solid and dashed lines, sovpectnedy.
Maodel 4 twhich contains N3 and Ad channely) reulis are
shown by a dotted hine. Data are from Ref. 18,
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McV scems !0 be destroyed somewhat. This shows that
at vhis energy 200 McV) p-nucieus resulls are very sensi-
tive to the positive energy sector of the NN amplitudes.
Standardized cakculations based on madel 4 at 200 McV
iNA and Al states included) have been shown in Ref. 12
10 give a very good description of the data.

At 300 and 500 McV, the mixed coupling made! (mad-
el 1) and model 4 are in very close agreement in spite of
the fzct that madel 4 uses a Blankenbecker-Sugar reduc-
tion of the Bethe-Salpeter cquation which includes
{ —. — ) channcls tin which both of the intial and final
particles have ncgative p spin), and additional ¥4 chan-
nchs, both of which are absent in models | and 2. There-
fore the sensitivity of the results to the presence o ab-
sence of NA and AA chaanck or { —, — ) statcs appeans to
be minimal at best, indicating that the p-nuckeus theory at
high cncrgy lat kast up to 500 McV} is oot critically wen-
sitive 10 the goodness of the it 1o the NN syntem. Com-
paring Figs. 6-8 with Figs. 9-11, we ako note that the
diffierenee between madeh 1 and 2, attrtbutable 10 the
form of the pros coupling, are substantially uachanged in
the standardized companson.

For muxt=h 1 and 2 at 200 McV, use of the Arndt am-
plitudey appeary 10 give a shight improvement in the
agreemient with the capenmental data.  In addition the

do/d0 (mb, sr)

-05

-.-_.L.....—L:—---l.—.___l.__._l_‘.....a
¢ % 10 15 20 2% 30

0., (deg)

FKi. K. p-"Ca wattering olnenvabbs at S0 MoV, The
meaning of the curves is the same as in g S0 Data are from
Rell 16,
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minima in 4, appear decper and the minima in Q appear
shallower with the use of the Arndt amplitudes thereby
demonstrating that the p-nuclcus scattering observables
are sensilive (0 the details of the (+ +,+ +) amplitudes,
at this energy, even though differences between model .
and model 2 are not attributable to these sensitivities.

V. SUMMARY AND DISCUSSION

Ia this work we have presented p-aucleus scattering
calculations based on (our differ=nt s-ts of relativistic NN
amplitudes. The first two sets of amplitudes are abtained
from a three dimensional relativistic two-body equation
in which one particle is kept on the positive energy mass
shell. The difference between these two models is that
onc uses a pure pscudcevector wN coupling and the other
uses 2 mixed coupling (22% pscudoscalar). The results
for 00, 300, and 500 McV proton cnergies are presented.
For all three energies both models include only the NN
channels. Comparisons of the results of these two models
show that, although both modcls give reasonable agree-
ment with the experimental data, there are some definite
model dependencies. This model dependency seems to
lessen at higher proton cnergics. Since these two models

do/dNl (mb/sr)

os}
o oof
_o 5 -
3 A ) S 1
0 10 20 30 49 50
8. m(deg)

FIG. 9. p-"Ca scattering observables at 200 McV. The

meaning of the curves is the same as in Fig. 4, but the positive
cnergy amplitudes in all three modeks are standardized 1o the

Arndt amplitudes.
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reproduce the on-shell NN data equally well, as shown in
Fig. 3, we cannot attribute these differences in p-nucleus
obscrvables to the ambiguity in fitting the on-shell data.
Tais statement is also supported by the fact that the
differences in p-aucleus results scem relatively unchanged
when the Arndt amplitudes are used (¢ standardize com-

parisons.
The third and fourth set of NN amplitudes are based
o the quasipotential reduction of the Bethe-Salpeter
cquation. The third mode!l includes only the NN chan-
ncls while the fourth one includes both the NA and AA
channels. Both models use pure pscudovecior sN cou-
pling. The p-nucicus calculation at 200 MeV was done
with amplitudes obtained from model 3 (see Ref. 12 for
onc based on model 4) and at 300 and 500 McV modecl 4
amplitudes were used. Since model 3 does not reproduce
the NN oa-shell data at 200 McV very well, there s some
ambiguity in comparing its results to models | and 2 at
this encrgy. When Arndt amplitudes are used for stand-
ardized comparison, the results of models | and 2 change
in a minimal way whilke the model 3 results change quite
visibly. This obscrvation shows that p-auclcus obscrv-
ables are very sensitive (0 the positive energy NN ampli-
tudes at this energy. This in turn suggests that in order

10 300 MeV

CS5f

oSt

-05F

—d A 3

0 10 20 30 40 50
0. m(deg)

FIG. 10. p-"'Ca scaticring observables at 300 McV. The
meaning of the curves is the same as in Fig. 5, but the pnitive
encrgy amplitodes in all three nwdels are standardized to the
Arndt amplitudes.
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do/dN (mb/sr)

r
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i 1 1 A i
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0_ .. (deg)

F1G. 11. p-*Ca alicring obscrvables at 500 McV. The
mcaniag of the curves i the same o in Fig. 6, but the pusitive
cencrgy amplituda in all three models are standardized to the
Aradt amplitudas.

1o use relativistic NN amplitudes obtained from OBE
models without ambeguity, it © essential to have a good
quality fit to the onshell data. Although this statement
Is quilc obvious and scems unnccessary, it is important o
note that p-nucleus scattenng is onc of the arcas in which
the purc relativistic amplitudes can be tested and these
amplitudes are determined only dynamically {through
fitting the oa-shell amplitudes) once an OBE maodel s
chunen.

At 300 and 500 McV, model 4, which includes the del-
ta iobar channels, and models 1 and 2 are compared.
They all describe the experimental data very well. In par-
ticular, the results for models | and 2 are very close and
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there are no obvious model dependencies. Fzoept for the
(act that model 4 scems 0 give a very ocp first minima
for A, and Q at 500 McV, all thee models give very
similar predictions for the p-nucleus scattering observ-
ables. When the standardized comparnison is made, the
differences in the models disappear almost totally. These
resulis suggest that at high encrgics (up to 500 MeV), p-
nucleus theory is insensitive to the quality of fit to the NN
amplitudes, including the presence or absence of NA and
AA channck, and the ( —, — ) chaancls in the NN sector.
Most of the effects of the A’s in clastic p-nucleus scatter-
ing may be described as giving risc 10 an attraction in the
NN chatinels at medium range and which are cffectively
simulated by a stroager epsilon coupling constant in the
other madel.

In summary, we conclude that OBE models provide an
unambiguous way of determining the relativistic AN am-
plitudes provided that 2 good quality Bt (0 the on-sheil
data s achicved. There is a definite model dependency in
p-nucicus results depending on the choice of N coupling
but this dependency seems 10 disappear as the incadent
proton encrgy becomes higher. It is well known that the
onginal RIA, which uscs the ive Fermi covanants, gave
unreasonably large scalar and vector componcents at low
energics. This has been attributed 10 the large pair con-
trbutions which result from pseudoscalar N coupling.
Since one of the OBE models (model 1) studied in this
work contaius 22% psecudoscalar coupling, 1t scems to
suggest that this amount of pscudoscalar admixture is
tokerable at this energy. Whether the same amount of ad-
mixturc is allowabke at Jower encrgics and/or 1s con-
sistent with the nuclear matter results is still an open
question at this time. Up 1o S00 McV the cffects of VA
and AA channeks in g-nuckeus results seem to be minimal
and the specific choice of relativistic equation used to
determine the relativistic amplitudes does not appear to
matter as long as the on-shell NN amplitudes can be
reproduced with reasonable accuracy.
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ia the previous work, Ref. 2, we have coacluded that the
mized coupling model, model |, was superior 10 model 2
which vse: purc pscudovector sN couwpling. Receatly we
have discovered an error in the trestment of the correction
for the high partial waves in the p-nucicus calculations with
the two OBE models | and 2. This error has been corrected
in this work and modet | results still scem 1o be betters than
mzwlkmmmd&l«lﬂwtk
diffcrences arc aot as substantial as before.
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A retativistic multiplc scaticring theory s formutated in the context of meson exchange. The clastic scatiering amplitnd= for a
fermion projectile satisfics a Dirac equation with aa eptical potcr tial derived from a relstivistic multiple scatieniag scrics. It is
shown that the two-body -matria associated with the optical poscatial is the oac with one panticic on its mass shell in all inter-
mediate sates.

In almost all the relativistic (Dirac) projectile-nucicus scattering calcuiations done in the past few years, the
optica! poiential used has been the relativistic impulse approximation (R1A) [ 1] which is the relativistic ana-
logue of the non-relativistic first-order impulse approximation optical poteatial. The tacit assumption behind
the use of RIA, together with the Dirac equation, in which the heavy target is taken 10 be on its mass shell, 1s
that there exists a multiple scatiening series for the optica! potential (in which the RIA is an apprmozimation to
the first term). However, neither the existence of the relativistic multiple scattering theory (RMST) nor the
relation of it to the R1A has been consistently derived. The lack of a RMST not only prevents us from performing
a systematic study of the higher-order multiple scattering terms, but also from making other corrections, such as
off-shell effects and Pauli blocking, in a consistent manner. Therefore it is highly desirable «0 have 2a RMST,

In this work we show that 2 RMST can be formulated in the context of a relativistic meson exchange model.
In the following we will consider a scalar “nucleon™ interacting with a spin, isospin zero A4-body target through
meson exchange. A minimal set of meson exchange diagrams required for any such theory is the set of ladder
and crossed ladder diagrams. In the limit when the heavy target becomes infinitely massive, this set reduces to
a onc-body equation for the lighter particle moving in an instantancous potential produced by the heavier par-
ticle (the one-body limit {2] ), and at high energies gives the eikonal approximation to scatiering {3]. We will
assume that the theory we seek is cn< in which these relaiivistic ladder and crossed ladders are summv-d efficiently.

The contributions to second oruer in the projectile—-meson interactioa are box and crossed box diagrams,
shown in fig. 1. Since the target is a complex system with (in general) many closely spaced energy levels and
conlinuum states with different combinations of clusters, we assume that all of these states can contrioute, at
least in principle, 10 the intermediate states. These states will be labelled by the index », with 2=0 referning 1o
the ground state. Included in this sum are states where one, two, and possibly many nucleons are knocked out
of the tarpet. The elastic scattering matrix for the two diagrams in fig. 1 is, for spin zero particles,

' Preseat addresss Depanment of Physics, Hampton University, Hamptoa, VA 23668, USA.
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where the total four momentum in the conter of mass is P= (¥, 0), g=p" 4+ p—K& and the mcson propagators arc

1 i
4(k-p)= e (k—pY—ie  @l-1—(ko—po)i—ie" *

The meson—projectiie verticies which couple the ground stalc 10 the nth excited state are g, and 2.6, and
a=(m+k%)'"*  E (k)=(MI+Kk*)'*, (4)

where m is the projectilc mass and M, = A, + 4, is the mass of the nth excited state of the A nuclcon system with
excitation energy 4., with 4y=0.

The «cy to our derivation is the analysis of the singularitics of the box and the crossed box diagrams in the
complex ko planc. For this purpose we work at threshold where p=p° =0 and 1 = M, + m. The singulantics arc
shown in fig. 2.

(i) If the &, contour for the box diagram is closed in the upper half planc. the poic at M, — E, (k) +m domi-
nates. This pole corresponds 10 restricling the larget ground stafe 10 its positive energy mass shell.

(it) The next largest contributions to the box diagram, and the lcading contributions to the crossed box dia-
gram, comc from the meson poles. Furthermore if the &, contour for the box diagram and the crossed box
diagrams arc closcd in the upper half planc, these double meson poles at &, = m - w nearly cancel. The sum of
these two terms is proportional to

l 1 2{M,—E,)

Ec-Motw Mo—E.vw @i~ (M,—E.)" ¢

50 that when n=0 and M,—o0, the pole calculated in (1) above gives the exact answer (the negative energy
poles arc also negligible in this case). If M, # oo, an estimate of the ratio of the mcson pole contribution to the
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dominant target pole contribution, (i) above, is g (m+ A, ) /4AmM ;.

(iit) For excited states of the 1arget nucleus, the pole in the box diagram at M, — E,_ (k) +m may overlap the
double meson pole or even the negative energy nucicon pole ai —¢;. (This happens when 4, w or 2m.) Such
overlaps, which scem to be a manifestation of dissolution singularities 14 ], introduce spurious singularities into
the cquation. However, all of these snurious singularitics are eliminated if the contour is closed in the Jower half
planc. Kceping the pole at &, =« still pcrmits us 1o scparate out the lcading term from the box, but in this case
the cancellations in (ii) will go like (m—¢,)/w?, which does not approach zero as A —+ao. However, this loss of
convergence can be accepied since the contributions from excited states are generally smaller anyway.

These observations lead us to write the equation for the projectile target 7-matrix in the following operator
form:

T=V+VGIT+VG?, T, (6)

where GJ is the propagator for the projectile and the target in its ground state, with the targer on its mass shell,
and G2, . is the propagator for projeciile and excited states of the target, with the projectile on the mass shell. In
this equation

I'= ¥ e+l )

wherc i are the OBE diagrams describing the interaction of the projectile with the ith nucleon in the target and
1™ is the sum of all imeducible terms remaining from the full tadder and crossed ladder sum. Points (i)-(iii)
imply that ¥~ is very small, and if { and m both approach infinity the leading OBE 1crms are exact [2]. In
general cq. (6) sums ladders and crossed ladders exactly if 17 is included.

While ¢q. (6) is an cxact formulation of the problem, it is too complicated 10 be uscful. We need a philosophy
for identifying lcading contributions which will be summed cxactly and others which will be treated perturba-
tively. The philosophy wr use is familiar from non-relativistic multiple scattering theories [5). The leading
cfferts are assumed to arise from muluple scatiering through the intermediate states in which the projeciile
interacts repeatedly with the same target nucleon. This is imporant compared 10 the terms where the projectile
is interacting with two er more different 1arget panticles since ithe matrix clements of the latter are proportional
10 (small) correlation functions involving 1wo or more particles. !: is not our intention 10 improve on these
basic assumptions, but rather 10 describe how they can be implemented in a relativistically covaniant manner.

For clastic scatlering. a convenient first step is to introduce an effective potential U (the optical potential).
In operator form, the /-matrix in terms of the potential Uis

T=U+UG)T, (8)
where the equation for the optical potential follows from q. (6):

U=V+VG?, U=V+UG? V. (%)
U=V VGh, V+ VG, UG.,,V. (%)

Eq. (92) sums all inclastic contributions; (9b) is convenient for projecting the result onto the elastic subspace
needed in eq. (8). For large A, ¢q. (8) is an cffective one-particle equation for the projectile moving in a fixed,
instantancous ficld generated by the target. If the projectile has spin §, eq. (8) is a Dirac equation.

To 1ake into account all the leading eflects from rescatiering from the same nucleon, which controls the strong
short range NN interaction, we introduce the multiple scattering serics as discussed above. To this end, scparate
‘out I from ¥, introduce a new propagator g, such that

'=v'+i'gl’, (10)
v=V"+red, (1)
190
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where V"= V' /A. Note that g, describes the propagation of the ith nucicon in the nucicus, but is othcrwise
unspecificd. With these definitions, ¢q. (9a) becomes

Vet'+ ¥ ,~(c:,,-g,a.,)u:'+.r(| +G2,0 Y u'). (122)
where
U=y U (12b)

Eq. (12) is our final result for the optical potential. It gives the exact result for the sum of all ladders and crossed
ladder diagrams. and in the nonrelativistic limit (m—0), #*-0.

The propagator g, should be chosen 10 minimize the contribution from inelastic channels, so that the second
term on the right hand side of eq. (12a) can be treated perturbatively. If these contributions are dominated by
onc nuclcon knockout processes as discussed above and illustrated in fig. 3, choosing g, to be the propagator
with both the heavy A~ 1 cluster and the projectile on mass shell will exacily cancel the dominant inclastic
contributions from the second term in eq. (12a) and ensurce that they are cxactly accounted for in the summa-
tion of cq. (10) which produces r’. Restricting the A— 1 cluster to its mass shell ** ensurcs cluster separability of
the remaining two nucleon system [7]. Eq. (10) for ¢ then reduces, in the NN subspace. to the one particlc on-
shell (spectator) cquation previously introduced by onc of us {8], the only change being the shift in the total
encrgy of the two-body subspace du~ to the motion of the A4 — 1 cluster.

Finally U can be projecied onto the clastic subspace using cg. (9b). This lcads 10 an cffective two-body ¢-
matrix for the fisst tcrm on the right hand side of eg. (12a) (denoted by 7} which has both nuclcons in the initial
and final states off shell and is obtained by quadraturc from the spectator amplitude ¢

I'=0'+i'g, 0"+ g 1'g b . (13)

Here ¢ is the OBE potential with all four legs ofY siicll (unless onc of the legs is projected on-shell by g,). In
applications the first term in cq. (12a) is usually simplificd by using the 7, approximation and is referred to as
the RIA. Our derivation suggests that the full first term of ¢q. (12a) with g, defincd as in fig. 3 is a more precise
definition.

This prescription, with some approximations, is preciscly the one recently used 10 calculate p—*"Ca scattering
at 200 McY {9]. This calculation gives very good results, showing that calculations based on the theory pre-
scnted here can work very well in practice.

In conclusion, we wouid like to emphasize that, in the context of the meson exchange model, the projectile-
nuclcus r-matrix does not readily assume the form convenicnt for multiple scaticring analysis. In order to obtain
a morc manageable kernel and the corresponding -matrix, we need to consider the explicit cancellations of

" Notc that the prescription that the A — | cluster be on mass shell has been given in ref. [6].

\ i p e i Fig. 3. Diagrammatic representation of second order rescaticring

- m - of the projectile with the same target nuckcon through interme-

: : dialz states in which one nucicon is knocked out and the remain-

LT (1] ing A—1 systcm is in some cacited state #,_,. Choosing g, as

"""""" shown ensures that these lcading terms are exactly included in
the first term of ¢q. (12a), and that the other terms arc small.
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meson poles between the box diagram and the crossed-box diagram. Once the integral equation for the -matnix
is obtained, the optical potential can be derived in 3 stiraightforward manner. The optical potential can then be
expressed as a multiple scattering series, eq. (12), and in the impulss approximstion the /-matrix associated
with the optical potential is found to be the one with one particie on its mass shell.

Tt is a pleasure 1o acknowiedge helpful conversation with S.J. Wallace, who first alerted us to the problems of
dissoluticn singularities. We would also like to thank P.C. Tandy and W. Van Orden for discussions on the
subject on various occasions. This work was supported in part by the Depariment of Encrgy, through CEBAF,
and by NASA grant NCC1-42
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Antideuteron-nucleus absorptive cross sections for intermediate to high energics are calculated us-
ing an ion-ion optical model. Gocd agreement with experiment (within 15 percent) is obtaired in
this same model for P-nucleus cross sections at laboratory encrgies up to 15 GeV. We describe «
technique for estimating antinuclevs-nucieus cross sections from NF data and suggest that further
cosmic ray studics 10 seacch for antideuterons and other aatinuclei be undertaken.

The search for antimatter in the form of cosmic ray an-
tinuclei is an intriguing and speculative endeavor. Cer-
tainly, with prescnt experimental capabilities, producing
particles heavier than antiprotons in the laboratory is dif-
ficult at best. Indeed, the qucstion as to whether or not
ane should even search for antinuclei in cosmic rays has
tesen addressed from several different perspectives. One
point of view,! for example, 2rgnes that theoretical abun-
dances, estimated from empirical observations, of antinu-
clei with Z >3 are negligible. Although the extreme rani-
ty of antinuclei events may reflect nonconservation of
baryon number in our universe, the purpase of this paper
is not to address these issues but, rather, to provide a cal-
culational procedure for determining whether or not an
antinucleus has interacted with a nucleus. To do this we
calculate antinucleus-nucleus tota! and absorptive cross
sections utilizing an optical potential model®’ of nucleus-
nucleus scattering as described below. Numerica! results
for d nuc'cus. are presented to illustrate the predictions.
Since experimenta! data for antinucleus nucleus collisions
are nonexistent, predictions for p-nucleus cross sectiors
are made, comparcd to avai'able experimenta! da’y, ard
arc found to be in geod agreement (within 15 percent;.
Comprehensive iabulaticns of the predicted antinucleus-
nucleus cross sections are published elsewhere.*

For the scattering of composite nuclei, a general
multiple-scattering theory (neglecting three-body interac-
tions) has been developed by Wilson.® The series reduces
1o the usual Watson form when the projectile is elementa-
ry. Through the use of the impuise and closure arproxi-
mations, = simple, folded, optical model potential v de-
rived’ as

W(I)=A;Ar f d’zpr(z)
)(fd’yppi'x +v+2)ley), (1)

where e is the NN Kkinetic energy in the c.m. frame, y is
the NN relative scparation, pr and pp are the 1arget and
proiectile number density distributions normalized to uni-

33

ty, fle,y) is the encrgy-dependent comstituent-averaged
two-nucleon transition amplitude obtained from scattering
experiments, and Ap and A are the projectile and target
atomic numbers, respectively. With no renormalization »

* parameter adjustments, this optical potential has been pre-

viously used in a Wentzel-Kramers-Britlouin (WKB) for-
mulation to obtain excellent agreement with experimental
elastic scattering differential, reaction, and total cress sec-
tion data at energies lower than 25 MeV/nucleon.® More
often, however, this optical pot-ntial approximation is
used within the context of an cikonal formalism to predict
nuclcon-nucleus, deuteron-nucleus, and aucleus absors ‘ive
(inelastic) cross sections to within 3% for energies higher
than 80 MeV/particle and to within 10% for lower ener-
gies.>>7 From cikonal scattering theory, the absorption
(reaction) <ross section is

Gun=2r [~ [1—exp{—2ImX(b)])* db , v
where the complex phase function is (with =1)
Xo)=—2k~" [ vtbakz, &)

with k the projectile momentum wave number and b
denoting the impact parameter. The seduced potential is
then obtained from the optical potential as

Ux)=2mApAr(Ap+ A7) 'W(x), 4)

where m is the nucleon mass. With’n the eiknna! context,
this model is similar to the comparable, bui alternative,
Glauber iheory formalism which has beer. extensively
developed by Franco and collaborators.® Aside from the
improvecd convergence to the exact multiple-scattering
series by the Wilson approximation® (due to differrnces in
higher order terms), the Wilson propagator® also includes
target recoii and terms to order k.

In order to apply Egs. (1)—(4) to antinucleus-nucleus
collisions, several assumptions, other than the applicabili-
ty of the underlying composite-particle multiple-scattering
formalism, are necessary. First, we assume that the num-

24 ©1986 The Americz v Physical Socie.y
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ber density distribution for an antinuclens is identical to
that of its “normal™ aucless counterpart. Hence, aside
from the overall siga of the charge distribution, the an-
tinuclad charpe distribution parameters and funactional
forms arc assumed (0 be idertical 10 those of the corre-
sponding nuclcar species. We then extract (he number
densitits p, frem the corresponding charge dersitics pc
obiaimed from clectron scatiering cxpeniments, by assum-
ing that

p;_-(r)=f,},¢(r'p,(r+ rd’r, (5

wlere the nucleon charge distribution is takea to be the
wsual Gaussiaa form

Pdr)=32urki Napl — 3 N2r},) , (4
with a nuclcor r0! mem-square ckarge radius set oqual
to the proton value’ of 0.87 fau.

For clememtary grojectiles, swbstituiion of (6) imto (5)
yiclds a delta fuaction for p,. For au la or antinucla

with 4 <20 we use an harmonuc vacillator form o o a3

2
pclr)=pe |1 47 -:~I iap(—r‘/-‘). V)
-

where the charge distribution parameters y and a are list-
od in Table 1. Inserting (6) ond (7) into {5) yicids

palri=1oga’ /8’1 + 3y /2)—ya’/ts?)
+{ya®r? /16 jeapl — 22 /45T , 8
where
s2:=(a?/4)—(rp/6) . v

For aecl+i or antinuclel with 4 > 20 we choose a Wood's-
Saxom form

TABLE L. Nuclear charge distribution parameters from clec-
trom scatieriag data.

y HW) a HW)
Muclews Distribution® or t ImXWS) or R (fmXWS)
b 1 | HW o 1] |
‘He HW 0 1.33
i HW 037 LN
*Be HW 0.611 L.191
ug HW sl 1.69
2c HW 1.247 1.649
N HW 1.291 .79
%o . HW 1.544 1.833
®Ne wSs 2.517 274
YAl ws 2.504 308
“Ar ws 2.693 147
®Fe ws 2611 3971
“Cu ws 2.50% 4.20
8¢ ws 2.306 4.004
“as ws 2.354 5.119
Ing, wSs 2.621 5.618
o 2 wSs 2416 6.624

“The harmecc well (hs,; Lstribution is used for 4 <20 rad
the Woody-Sa on (WS) distribution for 4 ;- 20.

pe=pol 1 +exp{lr—R)/c]} !, (10

where R is the half-density radius, and the surface dif-
fuseness ¢ is related to the charge skin thickmess £,
through

=44 (13}

Valucs for R aad ¢, are also listed in Tablc 1. lncnmg
(&aﬂ(l(‘sw'S)yneHs.aﬁume”pl:fm a
aumber density p, that is of the Woods-Saxon form with
the same R, but different overall rormalization oy and
sur{ace thickness. The latter is given (in fm) by

ia=5.08ry | I{(38—1)/3-P]]) ", 12
where
B=c.p[2.54rn/1.]) . a3

In all cases the densitics are normalized to waity.
For the antinucicon-aucicon (NN) traasition amplitude,
7, we ascume a form

fley)= [f I o e Nale)+i[2uB(e)] 37

Xexpl —y2/2Bte)] . 14

which is obtained by taking the Fourier transform of the
usual wuclear amplitede.”® In Eq. (14) 0, is the NN total
cross section, ale) is the real-to-imaginary ratio of the for-
nldmplmade.ndl(e)nstheNNslopepumdu
Witk this choice for the 'wo-body amplitude we effective-
ly treat antinu leus-aucicus scaticring as a purcly comple-
mymtoudm—m:dunmmag. Values for
Oy a1c perametrized in terms of the incident particle
momentum P by

O =(61.2 mb)+(53.4 mbGeV/c)/P
—PmbGeV/e), as)

which is ¢ modification of the expressior. given in Ash-
ford er ol."' 10 extend the cross secticas to 15 GeV.
Valezs for the slope parameter, dugh yed in Fig. 1, wese
taken from the Paris NN potential'? and from Block and
Cahn."’ Values of the parameter a are not presented for
these resul’s since only the imaginary part of the trans-
tion amplitude is used to cakulate absorption cross sec-
tions. Details of the values used for the total cross serction
estimates are found in Ref. 4. _

Predictions for p-nucieus and d-nucleus absorption
croas sections are displayed in Figs. 2—4. Also plotted in
Figs. 2 and 3, for comparison, are data from various ex-
perimental measurements.* =" Clearly the agreement be-
tween theory and experiment is good since the maximum
cross section diff=rence for any of these results is less than
1S percent. Typical differences between theory and exper-
iment are § percent. Figure 4 displays predicted d-nucleus
asbsorptive cross sections for the range from 50
MeV/nucleon 1o 15 GeV/nucleon. These are provided in
the event that techniques for producing antideuterons in
the laboratory may become available in the future. Simi-
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larly, the possibi ity of observing antinuclel in cosmic rays
raay also comtribute to the usefulness of this collision
modcl. Indoed a primary cosmic antitriton cvet was re-
ported at the 18th Intermational Cosmic Ray Confer-

l.l~ [ o ]

FIG. 2. Theoretical P-nucicus absorption cross sections as a
function of ir<ident kinetic energy. Experimentsal values were
obtained from Refs. 14—16.

ence.'” Cross sections for antinuclews-aucieus collisions
up 10 Fe-Pb are tabulated in Ref. 4. For all collision
pairs, the cross sections, as in Fig. 4, are smouth curves
displaying no complicated structure. For optical moded
calculations, however, this is not entirdy unexpected since
it merely reflects the averaging nature of the calculation
and the smooth fuactional dependencies of the input NN
data

(L1

em

l.“l -

F1G. 3. Theoretical p-Pb absorption cross sections as a func-
tion of incident kinctic energy. Experimental values are taken
from Refs. 15 and 16.
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We have also performed an saalysis to imvestigate the
seasitivity of owr prodictions to the magaitude of the slope
parasmcicr. This was dome by recalculating astiproton-
and Fe-nucleus cross sections for the cases where the NN
slope parameters are taken in & rather ad hoc fashion as
2Bi¢) snd B(e)/2. These slope peramecier ranges arc
displayed in Fig. 5 alomg with the Brookhaven measure-
ments.!" As saticipated, we found that collisions involv-
ing light nucla arc far more sensitive (o changes @ the
slope paramcter than collisions involving heavy aucle,
especially at Jower energics. For instance, with an as-
sumed slope parameter of 28, we find that o, at 100
MeV/nucieon, increases by 21% for H-C (629 mb vs 520
mb), but on'y by 10% for p-Pb (2528 mb vs 2303 mb).
For Fe-Pb at 100 McV/nucleon, the incresse is 6% (5886
mb vs 5542 mbl. At IS5 Gev/aocikeon, the increases for
these same collision pairs are 13%, 7%, and 4%, respec-
tively. If the slope parameter is halved (10 0.5 B), we find
that o, for the _ame three collision pairs decreases by
13%, 6%, and 4% at 100 MeV/nucleon, and by 9%, 4%,
and 3% at 15 GeV/nocleon. Clearly these absorption
Cross sections are not very scasitive to large changes in the
slope parameter.

In summary, we have employed a simple oplical model®
from nucleus-nucleus scattering theory 20 intcrmediate en-
ergy antinucleus-nucieus collisions. The only new inputs

to complete the calculations are the experimental
NN dlastic scattering parameters (total cross section, elas-
tic siope parameters, and real-to-imaginary ratio of the
forward scattering amplitudes). For the energy range con-
sidered hereiz (109 MceV/nucleon to 15 GeV/nucleon), the
cikonal {ormalism is certainly adequate. Although these
methods could be extended to even lower energics,” other
more suitable methods'® are currently being implemented

THEORETICAL ANTIDEUTERON-NUCLEUS ABSORPTIVE ... 37

Shpt parameter 0 mwm'
[ ]

>
N\

\

N

1Y,

" ™ < o
€ s o
FIG. 5. Range of NR slope sarameters used ia the cross sec-
tioa scasitivity stedics. The cxperissental vaiues ave taken from
Brookhaves messerements (Ref. 11).

clsewhere. We have included charge exchange only as it is
included in the determination of the Paris NN siope pe-
rameters. We have not considered pion propagation <f-
fects in the target nucleus, two-body correlation functions,
and have ignored possibly important spin and isospin ex-
citatiors of the target.”” Nevertheless, we find that the
model gives rather gend agreanent with available
Poucleus data at intermadiate energics and expect that
the predicted d-nucleus absorption cross sections are
reasonably accurate (certainly within 15 percent). While
#c realize that the production of enough antideuterons in
the laboratery (LEAR for exampie) to produce a beam is
in the distant future, the production of such a beam could
open up new aress of research since, for example, high
temperatures in nuclear matter, may be achievable™ with
antideuterons of momentum greater than 2 GeV/c. For
now, cosmic ray studies to offer the best chance
for detecting and studying d and antiruclel interactions
such as the reported antitriton event.!’
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Absatract

Resu s are presented of an analytic relativistic calculation of a OBE nucleon-nucleon (NN}
interaction employing the Gross equation. The calculetion consists of a non-relativistic reduction
that keeps the negative energy states. The result is compared to purely non-relativistic OBEP
results and the relativistic effects are seperated out. One finds that the resulting relativistic
effects are expressable as a power series in r; - ry that agrees, qualitatively, with NN scattering.
Upon G-parity transforming this NN potential, one obtains, qualitatively, a short range NN
spectroscopy in which the S-states are the lowest states.



In the quest to understand short range nuclear forces, many nuclear theorists have embraced
QCD and have made progress toward extracting the roles that quarks play. This approach
is further fed by the observation that traditional non-relativistic meson exchange models have
difficulty providing any new information on these short range forces. In this paper, new results for
the short range interactions are presented that arise from a relativistic view of the N-N interaction
that contains negative energy states. Preliminary and partial results were presented earlier.(1)
This relativistic approach is not new; it was introduced by Gross in 1974.(2) In this present work,
that pioneering work is revisited and expanded upon in such a way as to provide further insight
into the nature of the short range forces harbovred in the relativistic wave equation. It will be
shown that, for the One Boson Exchange Potentiai considered, the short range contribution can
be expressed as a power series in r; - 3, the Nucleon-Nucleon isospin operator. This short range
contribution is interpreted as a relativistic effect and is a direct result of coupling to negative
energy states. It will further be shown that, as a consequence of this relativistic effect, the G-
* parity transformation of the elastic NN potential(3} gives rise to a new level ordering prediction, at
. short ranges, for the Antinucleon-Nucleon (N N) interaction. The final result of the analytic work
presented below is a qualitative description of the (NN and N N) interactions, as no numerical
velues for the exchanged mesons’ masses or coupling constants are employed. A word of caution
is needed, however; the NI{ interaction as presented in this paper is not antisymmetrized. The
impact that this may have on the short range NN contributions presented here is uncertain;
however, it is assumed that antisymmetrization does not apply to NN.

The starting po'nt is the Gross equaﬁon(z) for the NN system written as:

- 3 - . - -
(FCuslp) = - (-;5,')‘—,",,:,..;@. £, W)G o n (b, W) (FC) o o (F) )

where

total 4 — momentum = P = (W,0); W = total rest mass
M+ §+ KlopolM + § — Klor

Ew) —
Cpprarvn (kW) 2E,W(2E), — W)
k = (kihk);s = @O)i)
- w w
ko=‘Ek"’§‘;Po=Ep—3‘
E? = M? 4+ k *, M = nucleon mass (2)

T is the covariant two body vertex function that is state dependent, and C is the charge
conjugation matrix. To facilitate making a non-relativistic reduction in order to expose the

analytic atructure of the interaction, it is useful to write



oo () e (552)

2E,
x b~k Jold(-) (3)
By intrcducing
xS0 -ATC) )
¥, (P) = W) E.GE, - W) [ (4a)
M (7ol (5)(TC) n 5)
"nm (2W (2 ),]2 E,W »y (45)

where ¥t and ¢~ are the positive and negative energy momentum space wave functions
respectively, the following set of coupled equations can be extracted:

(28, - w1 = - [ (f')‘, {vrar &)+ viovs, D) (5)
W) = - [ s (VR 4 Vv ) (©)

The V¥t V+— V=t and V~" are related to the one particle on the mass shell interaction
kernels V"lvvl by:

vt = A E -(')(p )"(.)(“5 )V“ "w'ug;l) (E )ui‘:) (—E) -
v+ = 2t 5 Wyt 1E) ®)
vt = ,E_ki;i(f)(p )v("')(’ ) "y yy’u(’))(k )u )( k—) (9)
V=~ E (f)(P )- —.)(P) p’,vv’u“: (k )v(—.')(z) (10)

Of course, the non-antisymmetrized V, s .+ represent meson exchanges and, as is customary, these
interactions will be approximated by single boson exchanges; namely, x, o, p, and w. One notes
that there is no concern at present for the numerical values of the masses and ¢ apling constants
of these bosons. Thus there is no concern that the interaction not reproduce the NN phases,
effective ranges, etc. One quite simply wants to compare qualitative features of the relativistic
interaction to that of the non-relativistic interaction. This is performed by, essentially, subtracting
the non-relativistic interaction from the relativistic interaction presented here. That is, the limit
as r — 0 is taken. What remains from: this procedure is what one considers the relativistic effect
or simply, the interaction difference. To arrive at resuits that can be treated analytically, a non-
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relativistic reduction is performed that keeps the negative energy states. Having stated this, one
continues with the calculation.

Employing expansion approximations such as (Bp+M l(g”") ss 4 and (5*‘"2}:3#“) =4
with (Ep,+ M)~ 1(Ey + M)~ = ——g(l -’—’-1 ﬁ;, 4 —---). After quite a bit of algebra, equation
5 is reduced to

«{1- o

for the sigma exchange only. Equation 11 is the result of keeping the lowest order of ¢ or ﬁ
compared to the leading term. Equation 11 as well as the other boson exchange contrxbutnons
can now be Fourier Transformed to configuration space. (Similarly treated is equation 6.) The
motivation for going to configuration space is the ease in which non-reiativistic and relativistic
contributions can be compared. Traditionally, non-relativistic potentials are zlways presented in
position space. Keeping in mind that we seek only qualitative comparisons, we then transform
our momentum space reduction into position space.

The resulting configuration space coupled equations are written:

rt _ e 1
ryvi ‘]":c(l’ )= 93/ (2x)3 (m2 + ¢3)

[2:30(2qzk)+2k’]d:r,‘,(k)+ o (2K - q).p,,.,(k)} (11)

,,z

- (G2 + s +€) ¥ = VW) VO (12
—2My~(F)=-V I F W F) -V (F)Y(7) (13)

The results of Equation 12 and 13 are not new. Gross presented these equations(’) without the
quartic derivative operator.

The potentials V++ V+— vV~ and V=~ are

Vtt = uc + 0y 0 0284y + Sigur + L Sizg (14)
+__i&'lo? _  tdgeF _ rTed1Xoy L =
Vi = — Vi + - LA +_2r—_ 1A +wzon¢. (15)
v—t= (V+-)T (16)
- d 3
(2 + 2ky, -
v = V:LA;rS Ve +VY - ”T) LeSvy
" (; + 2k,) L.
+ nn 01002V:+512V;+V:—T LeS Vl’
+ higher order terms (17)
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where
U=V +VS+7 /!
2 2
m m
W =1y o[V (14 k)| + e (14 )PV
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ups = == [V + (15 + 2k) V{ + 1y e my((15 + 2k,) VY]
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- 1 k
Vi =V{ -k —nent ¥
Vs =—(1+k)Vy —ryen(1+k,) V!
1
Ve= M Vo + V' +rienV]]

—n2 -az
Ve(r) = e m ¢ : where a= Mo
o (1) 4Ax r £ My
2 —azx
m: e
WO =G B = ("*‘)
TN _ 93' mz’ e *
Vo'lr) = & 12M2 1
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ITET T . Y.
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4  12M2 z z2

2 2 —p'z
g m; e * 1
V{n“’(,-):..ﬂ'. —x - (p’-{--—); p’:porw

(18)

(19)

These relations are well known(2) and one can verify them. The next step is to uncouple Equations

12 and 13 to obtain a single Schroedinger like equation. One finds that

- (%2' + e) W)= = (V¥ - Va) ¥ ()
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where vt .
otV zM(l— V)

This is the non-relativistic reduction to be examined. In all of the work that follows, V=~ has
been neglected. Thus

VR = vt (21)

v4 lv+—|3
Vp =
R=p + oYY (22)
One can show, through the employment 2f spin and angular momentum “aerobics” that equation
20 is equivalent to
v? \A
(M+€)Q ( T 4M3)Q (23)
where
,,2
o= (1 + -,;) (24)
and . . - . .
Vr=V.+01052Vse + S12Vs12+ Le SV s+ Le DVyp (25)

The V’s are the same as those described in reference 2 and are a convoluted arrangement of «x, p,
o, and w potentials.

. For the next phase of the caiculation, one can proceed either from Equation 25 or from the
potential found in Equation 21. Proceeding from the former choice, one finds after perf :: ming
some algebra and keeping only the largest contributions as r — O:

Vo=ac+beriora+ec(ryom)?—al —biryem—cl(ne )?
Vis = —aps —brsriema —cps(r o 1)?
Vsi2 = —as12 — bs1ami ¢ T2 + cs12(ry 0 12)?
Vie = agg +bosT1 972 +Cory @ "2)z
Vip =arp+brprien+crp(n o) (26)

where the a's, b’s and c’s are positive definite and, to the leading term, are given by

a=1FVS b= W klysy. P ce = (4+3k, +3k2)5Ve
a = GV’ ;b =3cVevy . o =3GVEVY
Qe = -’;V:” i by = -g(l +36)VIVY e = §Vo': (27)
app =2FVZVy ; bpp=FVeVS i eLp=%VS i
asiz =5V bsia=F+3KIVIVE  csia=f(3+ 2k, )V
ags = FVy' i brs =3FVeV) i ers=%V¢ i
and
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2 -Bz
g e
2 = 48 z B=opw
m m LLL™
0=—1;P=—£ P W= — (28)
My My Mg

One notes that in this limit the pion contributions can be neglected compared to the other terms.
To obtain the NN potentials for small distances, one G-parity transforms the NN potentials of
Equation 26. This effectively changes the sign of the omega coupling constan‘ and, thus, changes
the sign of the corresponding coefficients.

The final ingredients that we need before making concluding remarks are the spin matrix
elements; all but L e D can be found elsewhere(3) and the L ¢ D matrix eiements are found in
reference 2. For 3P, NN, one finds L = -2, §j3 = —4, 0y 003 = 1,and r; ery = 1. For
13p, NN ,_one finds that only r; e r; changes; ry ¢ ;= -3. Both of these N N3P, states have
the same L ¢ D. Making the substitations into Equation 25 gives the qualitative results ~ . “he
B3p, potential lies higher than the 33P,; a result in agreement with the numerical work -~ - .«
researchers.(4). Furthermore, through similar arguments, one finds that the 1S, NN jes .-
than the 3P, NN; an unexpected result. Finally, it is clear that all isoscalar NN pot 2"t e
more repulsive than their isovector counterparts. Hence, 115, >31 5, 11 P>t p LD, . 1D,
ete.

These qualitative results should be unaffected by a more complete interaction since it is well
known that the omega meson exchange dominates the short range interaction. The omega meson
exchange is included explicitly here. More complete interaction models should vary only in their
quantitative results such as the amount of energy level shift. It is not clear if the results presented
here will affect the pp Coulombic states widths. Although, theoretical anproaches generally “cut-
off” the pp iateraction inside 1 fm, investigating how :. = relativistic effects affec Coulembic state
widths is worth pursuing.

In conclusion, to obtain analytic results, the Gross cquation was examined in a non-relativistic
reduction of the NN interaction that keeps the negative energy states. The NN interaction was
chosen to be a one boson exchange consisting o x, 0, p, aad w. The reluction was then applied to
the real part of the NN interaction via G-parity. To get a qualitative izeling for what coupling to
the negative energy siates provides, a short distance limit was taken. One might expect that the
difference between relativistic and nor.-relativistic theoretical descriptions would show up at short
distance. This work finds that indeed that is the case; for the 116, has a real NN potential that
is more attractive than that of the !3P,: a result rather different from reference 3. The fact that
this is the case at very short distance for this work or any other work may be worrysome since
annihilation was not taken into account. On the other hnnd, there is no conclusive evidence that
annihilation contrit utes any more than giving the states widths. Furthermore, this “relativistic
effect® may start to be cvident at ranges as long as 0.4 fm in some channels. An effort is already
underway to include annihilation in order to calculate cross sections and other effects. One final
note is that the level orderings are directly rzlated to the itospin coherences of Equations 28 and
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from a purely non-relativistic viewpoint this can be thought of as a result, in part, of adding the
contribution of a Z graph.®

I wish to thank Franz Gross, Carl Dover, J.-M. Richard, and Rolf Winter for valuable
conversations and CEBAF for its continuing hospitality. This work is supported in part by
" _.ional Science Foundation grant RII-8704038 and NASA grant NAG-1-447.
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agrocment with position «pace calculations.
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Can ) Myn. 0. B0 (IWOD)

Lattice gaupe calculations (1) for static (hcavy) quarks sup-
port the notion that the terquark potential in quantum chro-
modynamics (QCD) benaves as V (r) ~ Ar for large r. Indeed.
the lincar potcntial has long been used n phenomenological
sonrclativistic cuark modcels of baryons and mesoas (2. ).
Mcson spectrascopy in particular s successfully descnibed by
a lincar potential ot larpe 7. aundificd by spin- and colous-
dependent Coulomb forocs at small r. Most calculations ~ith
the lincar potential are camed out in coordinate space. This is
the simplest procedure for heavy-quark syssems, which can per-
haps be considered as nonrclativistic; however for lightyuark
systems it would he desirable 1o have a relativisiic treatment.
Bound-staic cguations in relativistic systems (4) are penerolly
much casier to solve in mumenium space. and thus we arc bked
to cuoasider, as a starting poinl for the relativista —ase, the
Schridinger cquation for two scalar particics interacting by a
lincar potential. The methods developed will pencralize rela-
tively straightforwandiy to relativistic trealments.

To summarize: here, we treat the Scheddinger equation for
a linear r-space potential. The method is for the most parnt
straightforwand. the only difficully arising from the singularity
of the kermel at the onigin of momentuem space. Previous trcat-
ments (5) have uainiy been sppresimaie in the sonse that the
singulanty was hanuied by screening ine r-space pontential:

[ v~

What has perhaps not been gencrally appreciated is that the
limit wy — O can be taken analviically. Previous trcatinents koep
the parameter m fOinite, leading 10 some uncertainty as (o the
aaturc of the calculated cigenvalucs and wave functions. In this
conncction, recall that the screencd lincar potcntial docs not,
strictly speaking. possess true bound states, instead it has scat-
tering resonances, which for low energy approximate the bound

Arc” Y

i Traduit par b rédactoon]

statcs of the uascreened potential. We weil extract the limit of
2cro scroening analy ically. using 2 subtraction icchnique. The
resulting subtracted integral equation s relatively casy o han-
dic numcnically. An alicmative procedure, nct c.aployisg any
subtraction, and lcading to a diffcrent inteprodifferential ogua-
tion is presented s ref. 6. Qur anproach s ey to implement
and pe.xcralizes withowt difiiculty to higher parntial waves. The
Schridinger cquation for the fth partial wave s (with the
inhomecncous sorm arready omiticd, as # will not contribuste
to the bound states in the limit of zcro screening)

»

21 ﬂ“p) + I Vipp ) éAp')p'idp' = E&Lp)

Here p = momJ(m, + m.,) 15 the reduced mass and V. given
by

. (¥ (v)
3 Vipp) == ey
13 p.r) [(m)‘ Y
is the fth partial-wave compoacnt of the Fourier transfoem of
[k

£y

4 L S k b
i1 Vipp) = -;lm

— xn.
itp" = pr +
The vanable v is given by:

p'+p +~q
2pp’

51 v=
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Qx) and Q(v) arc the first and scound derivatives (winh
respect 10 ¥) of the Legendre fuaction of the second kind. To
ilustrate the methed we specialize (0 s-waves, wicre we find
by contour intcgrataon

o [ viperecar =2 [ 4 [0:.(;) + ;‘7'.0:0»]

A 2 >
=_[_1'L+_'L]=o
L4 n n

Notc that whea v = 0. Qv) and Q7(r) have dovblc and
quadruplc poles. respectively. 3t p° = p, so tha their intcgrals
do not cxist scparately. Nevertheless, the two terms added
sogether produce a function with an integrable singularity. This
is illustrated 1a Fig. |, which shows the kemel as a function of
p’ for fixed p. Onc observes that there is a contral maximum
ap = pwith height scaling as I/9". flanked by two minima
atp’ ~ p * 2v whose heights also scale with 1/9°. The integral
vanishes [6] and this allows us to rewriie the Schridinger equa-
tion in sebiracted form

gdn
{pp'y

r k[[ . i)
7 — + - +n
L LRSS o

X [dLp) — dAPpdp” = EdAp)

The limit y — 0 oow cxints, and may he extracied by splitting
the region of infcgration to solate the singalarity. We write

3 b ]
(8} I dp’ [QJ.r) + 7:,'—;0'.0)] 1$4r) — & p)]

- (Al ]
= + +
(-] r 49 LR |

=A+B+C

The limits p = 47 arc chosen so that all three extrema of the
kemel lic in the nuddke region B. The explicat forms of the
Lependre (unctivas are

{

Quxy = ——
1 -y

IQOL T T ¥ 1§ LB
[
s - —
: -
: S
E:vt- -
3 s
:asi_— -
a2 9
- 4
S oo} -
: :
N f
-2 - -
S
’ | I 1 N P
[ ] 1 2 3 [} 3
b 9" ia arbl y onlte

G, 1. The singulanty structerc of the kemc! v shown for fmiec
n = 0.07S with fixed p = 2.

-1 I
= pp’ < T+ — —
it [lp' -pr+n (pPEp +'r]

L 0um = 0+ pt 4 W)
e

| — 1
(p—pr+w ‘p tprtw
It is clear that for p° # p. as is the case n the intcgrals A and
C. the limit vy — 0 is innocuous, and may be taken immediately.
indecd onc has
9i bLim A + C]

N -2
= -4 S o2
=P L dp’ [(_,,—g_pﬁ] dp) = il
where P denotes as usual, the Cauchy principal value of the
intcpral, which has been made well defined by the subtraction.
The term B must be handked with care. howewer, sincep” = p
insade the region of infcgration. Assuming ¢ip’) is analytw: in
the asighborhood of p. and making an obvious chanpe of
variahic we find

-~

_ N -1 ° l
=1 + 1 3 e 2 3 RIRLY —&"+ ..
1o ,l:': B ,:_': ] an d.r{[p(p r)[‘_ +n (c+2p)y+ n'][d, * 2 e+ ]J-

r
- » > ~ -1
+ ln'l(( +py+p o+ 'n[‘_. -

Scaling out 47 then results in

H )

/
P

{111 lim BI

e 4n

’

. ' ~ Ity
e [ ""(i : .évr) =0

+ — FRE )
(vilZp ¢ 'n'] [r«b

= lm Bl + hm B2
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Tams 1. Encrpy cipcavalus ia GeVior !/ = O.m, = m, = 1.5GcV. a3 A = § GeV’

N

4 v 12 14 16 n Exat
E, S9N s sm S92 s S92 s9mn
E, 10.36% 10.444 10.443 10443 10.443 10.443 10341
E, 14.1x9 14.114 1411 14.104 14.104 14.104 14.10¢
E, 15.636 17.4582 17.37x 17.341 17.338 17.338 17.338
E, 2L 2042 X w7 20,38t .29 o.M .91
k, 21. 20 23Xt 240 28.251 2802 280514 BN
E, axox? 32 27214 260w 5.x42 25.64% 25 6d0
k, HIN In 224 R 29032 2.9 27.947 %119
E, RSy 1% 140 os 11.561 0.19%4 20_438
k. 5L 45w 3x8.007 Max 30 R,
E, 49,990 44.286 .87 36.409 39m
'3 Sx_Ssx 51.99% 41618 3. .aw

-
‘e

The contribution of the sccond term ia Bl chearly vanishes since # is not suagular at p° = p. the amalysis of B2 o smilar, and we
cunclude that B icads w0 zero. Therefore the hmiting fomm of the oguston s

2 A = 4 b JI .
12 ,Lé.(p)-—sl‘f W"[—..-p—"ﬁ]lﬂp')-umhfum
2p ®xp Je (P~ —p)

We now discuss the numerical solution of [12]. which is not yet a completely trivial matier, since care mant be taken o0 obtain
the Cauchy principal valuc. In this respect there o a difference between the iincar potential and the Coulomb potential, the lateer
giving rise 10 2 logarithmic singularity. 1 the Coulomb putential, the axcthod used i the liscratere (7) is w0 write the Coulomb
amkngol’ll!lditu‘lly.furcmqk.mingcamsia’npuhm.a:mrixapain.Shcc(hcsiaguhriyismlyhprihnic
this method is succeaful for the Coulomb potential . Here, such an appruach is oot feasible. Instead, we expand ¢, in a sustable
sct of banis functsoas

N
131 ddp) = X Celp)
Inscriing this cxpanion in [12]. multiplying by p'e_(p) aml intcgrating ower p. we obtain

ex r A 4p5pt . , - .
iy C.U ;x..(ms.(r)dp o J[(P—'tp—,jl eLmiz(p’) - 2 pldp dp = E ¥, C, I PrApieip)dp

which s just the matnx cquation
1St YA_C.=EY G_C.

The double integral over p and p° is performed by changing to ‘I‘integrond
vaniables (p° + p) and (p° — p). The singulanty is in the

intcgral over (p° — p). so this is carned out finst using Gaussian
quadrature with an even number of poiats. This type of inte-
grtion yiclds the Cauchy principal value automatically (%) A
convenicnt set of functions gf p) 1s

1
I‘bl K.",‘ ("!,N,.' + pl
where N is the maximum number of functions used in expansion
113 Figure 2is a 3D plat of the kemel of [ 14], showing clearly
the cancellation that keads to the pancipal value. Using the
above methad, we have calculated both cigenvalues and cigen- Fi. 2. A threc-dimcnsivnal figure of the subtracied, regulated inte-
vectars. In Table | the finst 12 cigenvalues are livied. We used grand; y = 0.075. The cancellation that produces the Cauchy prin-
m, = m, = 1.5 GeV and the string tension A = 5 GeV*. One  ciphe value is zvident.
<an see that the lower eigenvalues converge nicely as the aum-
her of functions is ‘acreased. We compare these with the eigen-  the logarithmic denivatives at the . “assical wming point), in
values obtained from a coordinate space calculation (integrating Table 1. The cakulated cigenfunctions also agree with the
the eyuation oet from 7 = 0 and in rom large 7, and matching coundiaate space cakculation.
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In conchusion, we have ircated the problem of two nonrcla-
tivisiic, scalar particles interacting via a lincar potestial in
momentum space. The relevant Scheidinger cyuation has a sin-
gular hemel. We have shown how after regulating the singu-
larity by cxponcntially screcning the r-space putential, the
scverity of the singulanity can be r~duced by a suitablc sub-
teaction. and the limit of 7oro screening oxtracted analytically.
To the hest of ous knowlcdpe., this point has st heen pencrally
undenstood in the literature. The himiting (orm of the cyuation
has boen treated numenically., and the results are in pood apree-
meni with more straightforwan] coondinaie space cakulations.
Relativistic cquations involving lincar potentials involve sim-
ilar singulantics. so that the methads developed bere will be
applicable. We intend to study the relativistic quark—antiguark
problem e the future. The mcthod presenied here can be
gencralized to higher partial waves without unduc diffaculty.

Ackmowiedpemments
We are extremely gratctul to Franz Gross fur his pencrous
contribution of cxsential ideas during all stapes of this work.
We would also like 10 thank Warnen Buck amd J. W_.N. would
like W thank Frank Cucinotta amd Barry Ganapol for uscful

convenationn. K.M.M. ard J W.N. would hike to thank the
Coatinuous Electron Beam Accclerator Facility for its hrmpi-
talty. This work was supported in part by the Departmcat of
Encrpy through Continuous Electron Beam Accelerator Facility
(D.EK.). and by NASA grants NAG-1-1134 (J.W.N.) and
NAG-1 477 (K.M_M.).

L) 0. Stack. Phys. Rev. I Paet. Fickls. 27, 412 (1983); A
Haenlratz and P. incaltatz. Ann. Rev. Nacl. Pant. Sci. 35, S99
(19%S).

. K Eicuen, K. Gtifricd. T. Kinonbita, K. D. Lanc, amd T. M.
Yam. Phys. Rov. 1) Part. Fickh, 17, 3080 (1978); 2§, 200 ( 19%0).

3 S, Geudfrcy amd N. bgwr. Phrys. Rov. 1) Pan. Fackds, 32, 1%X9
(19%S)

4. W. W. Buck aad F. Gross. T:yn. Rev. C: Nucl. Phys. 20_ 2301
(IY19). F. Gnns. Phyys. Pov. 1285, 1448 (1969): H. Crater and P.
Van Ahtimc. Phys. Rev. ) Part. Fackb 37, 19K2 (19%X),

S. A B Heowngues. B. H. Kelbctt, and R G. Mouchuwne. Phys.
Lot 64R, XS (1976).

6. J KR_Spceacc and J. P. Vary. Phys. Rev. D: Pant. Fackd 38, 2191
C19K7).

7. Y. R Kwon and F. Tahahin Phys. Rev. C: Nal. Phys. 18,922
(1978) R. H. Landau 27 2191 (1983).

5. I 1. Shan. J. Compt. Phys. 3, 332 (1968).

(2]



