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Preface

The fourth Summer Program of the Center for Turbulence Research was held
during the four-week period July 13 to August 7, 1992. As in the past summer pro-
grams, direct numerical simulation databases were used to study turbulence physics
and modeling issues. Twenty-seven participants from seven countries were selected
based on their research proposals. They joined twenty-three local participants from
Stanford and NASA-Ames Research Center who devoted virtually all of their time
during the Program to this activity.

The Program included a special emphasis on the physics of small scale turbulence
which was, in part, motivated by the recent advances in subgrid scale modeling for
large eddy simulations. A relatively large effort was also devoted to turbulent re-
acting flows. Direct numerical simulation of turbulent reacting flows has been an
integral part of CTR’s summer and core programs. A panel of experts (Thierry
Poinsot, Stephen B. Pope, and Forman A. Williams) were invited to discuss appli-
cation of these simulations (which due to computer limitations are performed with
limited ranges of parameters) to turbulence combustion. A summary of the panel’s
deliberations was prepared by James Hill and is included in this report.

As part of the program, four review tutorials were given on Vortical States, Vor-
tez Filaments, and Turbulence (Philip G. Saffman), PDF Modeling (Stephen B.
Pope), Energy Transfer Mechanism (Shigeo Kida), and Ezperimental Studies of
Local Isotropy in high Reynolds Number Flows (Seyed G. Saddoughi).

The databases consisted of a turbulent mixing layer, turbulent channel flow with
passive scalar, forced homogeneous isotropic turbulence, compressible homogeneous
turbulence, compressible free-shear flows, and reacting flows. Additional calcula-
tions were made when time series of the flow fields were needed. In particular, very
large simulations of forced isotropic turbulence with 512% degrees of freedom were
made on the massively parallel Intel/Delta computer at Caltech.

This report contains twenty-four papers that resulted from the 1992 Summer
Program. The papers are divided into four groups and are preceded by an overview
written by each group coordinator. Early reporting of some of the projects occurred
at the Forty-Fifth Meeting of the Fluid Dynamics Division of the American Physical
Society in Tallahassee, Florida, November 22-24, 1992. Fifteen abstracts based on
the work accomplished during the Summer Program were presented at this meeting.

We are grateful to Ms. Debra Spinks for the compilation of this report and her
invaluable assistance in the organization of the Summer Program.

Parviz Moin
William C. Reynolds
John Kim
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I. Small turbulence scales group

Inclusion of the study of small scales in the 1992 Summer program was, in part,
motivated by the recent resurgence of interest in large eddy simulation of turbulent
flows which in turn was brought about by the development of the dynamic subgrid
scale model during the 1990 Summer Program. In contrast to the 1990 Program
where several models were developed and tested, this year’s studies mostly focused
on fundamental questions about the small scales. The eight papers in this group
can be divided into three parts: structure and kinematic properties of small scales
(Lundgren; Jimenez et al.; Soria et al.; Antonia & Kim), nature of energy cascade
and interaction among scales (Meneveau, Lund & Chasnov; Kida et al.), and pa-
rameterization and predictability (Meneveau, Lund & Moin; Shtilman & Chasnov).

Lundgren revisited his earlier theory in which he had shown that a model of small
scale turbulence consisting of randomly orientated axially strained spiral vortices
generates Kolmogorov’s k~3/3 spectrum. A numerical formulation of his model
provided some flexibility for experimentation with parameters of the model that
was not possible in his earlier analytical work. For example, he showed that the
results are insensitive to the time dependence of the strain rate imposed on the
vortices. Lundgren also gained new insight into his original model by noting that,
in the inviscid limit, it gives a self similar enstrophy spectrum which is the key for
obtaining the Kolmogorov energy spectrum.

Jimenez, Wray, Saffman & Rogallo conducted a comprehensive study of the cel-
ebrated tube-like intense vortical structures in homogeneous turbulence at several
Reynolds numbers. The diameter of the tubes scale with the Kolmogorov scale and
their lengths with the integral scale. Since these structures, also known as “worms”,
have been observed only in forced isotropic turbulence calculations, there was some
concern that they may be artifacts of the forcing. Jimenez et al. present evidence
that the worms are robust and occur without forcing. The worms apparently form
from the roll-up of vortex sheets in the regions where two large scale structures
come in contact. They occupy a smaller fraction of the flow volume with increasing
Reynolds number and are not significant contributors to the flow dynamics. The
worms are the primary contributors to the intense events manifested in the tails of
the probability distributions of functions of velocity gradients. The tails get longer
with increasing Reynolds number with no apparent sign of convergence, a result
which supports multifractal models of turbulence.

Soria et al., in a continuation of their study during the 1990 Summer Program,
investigated the topology of the dissipating motions in turbulent mixing layers.
Three incompressible mixing layers with different initial conditions were considered.
The objective was to study the effect of initial conditions and Reynolds number on
flow scaling and the topology of dissipating motions. Interesting observations were
made on the evolutionary changes of structures in different flow regimes, but the
underlying mechanisms remain for future investigations.
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The concept of local isotropy in turbulent flows with mean strain or shear has
been contested in some recent studies. Antonia & Kim investigated this issue using
fully developed turbulent channel data at relatively low Reynolds numbers. They
demonstrated that the isotropic relation for temperature derivatives and vorticity
(both of which have significant contributions from small scales) is approximately
satisfied as the channel centerline is approached. It was found that the criterion
for local isotropy suggested by Corrsin (and Uberoi) is too restrictive although the
parameter involved, which is the ratio of the Kolmogorov time scale to the time
scale of mean shear, is appropriate. As long as this parameter is less than about
0.1, local isotropy is satisfied independent of Reynolds number.

The nature of interactions among different scales of turbulence has been a central
one to turbulence research due to its fundamental role in the cascade of energy
from large to small scales. Kida et al. studied the locality of the interactions
using quasi-normal theories and data from highly resolved numerical simulations of
forced isotropic turbulence. Whereas in the inertial range local triad interactions
are dominant, in the dissipation range nonlocal triad interactions are dominant.
Moreover, the nonlocality of the interaction was related to the form of the energy
spectrum in the far-dissipation range.

The locality of the energy cascade was also studied by Meneveau, Lund & Chasnov
in both physical and Fourier spaces. A novel Lagrangian space-time analysis of
isotropic turbulence data provided evidence that fluid elements in a given energy
band are better correlated with smaller eddies of nearly the same energy content at
a later time than with eddies of the same spatial scale. This of course, supports the
classical energy cascade phenomenology that large eddies break into smaller eddies
as they decay.

The practical problem of parameterization of subgrid scale stresses in terms of the
large scale data was considered by Meneveau, Lund & Moin using the projection
pursuit algorithm. This is a powerful regression technique for many-dimensional
parameter spaces which was originally developed to analyze experimental data in
particle physics. The objective was to identify large-scale flow quantities that could
be used in the modeling of subgrid-scale stresses. For isotropic turbulence, the
search algorithm led to the strain rate tensor which is used in eddy viscosity mod-
els. For homogeneous shear flow and channel flow, more complex relationships in
terms of other tensors were identified which resulted in some improvement of the
correlation between the model and modeled terms. Overall, the improvements were
not as high as expected, and it’s unclear whether the new models will impact future
large eddy simulations. '

Shtilman & Chasnov performed a detailed study of the statistical predictability
of LES calculations. They found good agreement between several statistics of an
LES field and the corresponding statistics of a filtered DNS field in forced isotropic
turbulence. These results are encouraging, providing evidence for the accuracy of
large eddy simulations.

Parviz Moin
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A small-scale turbulence model

By T. S. Lundgren!

A model for the small-scale structure of turbulence is reformulated in such a way
that it may be conveniently computed. The model is an ensemble of randomly ori-
ented structured two dimensional vortices stretched by an axially symmetric strain
flow. The energy spectrum of the resulting flow may be expressed as a time integral
involving only the enstrophy spectrum of the time evolving two-dimensional cross
section flow, which may be obtained numerically. Examples are given in which a
k~3/3 spectrum is obtained by this method without using large wavenumber asymp-
totic analysis. The k~3/3 inertial range spectrum-is shown to be related to the
existence of a self-similar enstrophy preserving range in the two-dimensional en-
strophy spectrum. The results are insensitive to time dependence of the strain-rate,
including even intermittent on-or-off strains.

1. Introduction

One of the issues in turbulence theory is to understand what kinds of elemen-
tary flow structures are responsible for the part of the turbulent energy spectrum
described by Kolmogorov’s celebrated =5/ law. A number of years ago, Lund-
gren (1982) proposed a model of the small scale structure of turbulence which gives
this spectrum. The model was put together as an ensemble of randomly oriented
vortices with spiral structure, each vortex being subjected to an axially symmetric
irrotational straining field. The strain was made constant and axially symmetric
for analytical reasons and this should be thought of as a representation of much
more complicated strains. The idea was to model the most important property of
turbulence, namely the mixing property which causes fluid particles to rapidly sepa-
rate, stretching vortex blobs into elongated tubes. This model generalizes an earlier
model by Townsend (1951) which assumed randomly oriented Burgers vortices and
gave a k™! spectrum.

Differential rotation in the vortices (the inner part has higher angular velocity
therefore winds faster) causes the vortex layers in the spiral to tighten, and the axial
straining decreases the cross section of the structure. These mechanisms cause a
cascade to smaller scales which differs from the traditional concept of a cascade
through eddies of different sizes induced by instabilities.

Many turbulent flows have distinct two dimensional vortices, and often flow vi-
sualization by laser-induced-fluorescence or smoke shows vortex cross sections with
some spiral structure. Such structures may be seen in sections 4 and 6 of Van

1 Department of Aerospace Engineering and Mechanics, University of Minnesota



6 T. S. Lundgren

Dyke’s (1982) book. Schwarz (1990) identified intermittently occurring layered vor-
tex sheets (apparently spirals) in oscillating grid turbulence by flow visualization
with small suspended crystalline platelets. On the other hand, the numerically
simulated periodic box turbulence of Vincent and Meneguzzi (1991) contains very
pronounced two-dimensional vortices in which very little internal structure can be
seen. (However, there is some spiral structure in their figure 15.) Perhaps the
Reynolds number is too small in this kind of flow.

A number of authors have made further studies based on the original paper by
Lundgren. In particular, Lundgren (1985) applied the model to the calculation
of the scalar spectrum of the product of a fast chemical reaction. Gilbert (1988)
used similar ideas for the study of two-dimensional turbulence. Buntine and Pullin
(1988) and Pullin and Buntine (1989) used the model as a basis for computations
of spectra produced by the merger of vortices. Pullin and Saffman (1992) used it
to calculate vorticity and velocity derivative moments for homogeneous isotropic
turbulence. Recently, Gilbert (1992) has produced a qualitative cascade argument
based on the model to explain the Kolmogorov spectrum.

In section 2, the model is reformulated in such a way that the two-dimensional
part of the model, the spiral flow or some more general two-dimensional vortical
flow, may be conveniently carried out numerically.

In section 3 numerical computations of two-dimensional flows are used to generate
three-dimensional energy spectra.

2. Reformulation of the spiral vortex model

It will be useful to separate the strictly two-dimensional part of the model, the
flow in the cross section of the vortex, from the straining part of the model which
is performed by a transformation. The 1982 paper will be referred to as L and
equations from that paper will be referred to by L:( ). It was shown in L that
if a two-dimensional flow with vorticity given by wq(z,y,t) is placed in an axially
symmetric strain flow with velocity components (—.5az, —.5ay, az) where the strain-
rate a may be a function of time, then the vorticity in the resulting three-dimensional
flow (which has the same initial vorticity as the two-dimensional flow) is given by

w(z,y,1) = S(t) wz (&), S(2)?y, T(1)) (21)

S(t) = exp ( /0 t a(t')df') (2.2)

is the amount the flow is stretched and

T(t) = /0 t S(t")dt' (2.3)

is a strained time. The energy spectrum of an ensemble of strained vortices of all
ages, accounting for the greater length of the older vortices, may be deduced from
L:(58), L:(75) and L:(76) and expressed, in a new form, by

where

E(k) = k—(“; /o " S(T)/?F, (S(T)"/Zk,T) dT (2.4)
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where C = 2n%l,N./L? is a constant. The function F; is the enstrophy spectrum
(the vorticity power spectrum) of the strictly two-dimensional flow. This is defined
by

' 27
F(k,t) = k/ |@2(k cos Bk, k sin 6, t)|* db (2.5)
0

where )
Wz = (ZTP//exP [—i(kzz + kyy)] wa(z,y, t)dzdy (2.6)

and represents the enstrophy in a circular shell in wavenumber space, divided by
the width of the shell. The integration variable in Eq.(2.4) is the strained time
and the stretching function S must be expressed as a function of this strained
time. When the strain-rate is constant, the usual case considered, S = exp(at) and
T = (exp(at) — 1)/a and hence

S=1+4+aT (2.7)

is the appropriate function. In appendix A, it is shown by example that, even when
the strain-rate is variable and quite different from constant, the stretching function
is roughly a linear function of the strained time and the energy spectrum computed
from Eq.(2.4) is insensitive to these modest deviations from linearity.

In Eq.(2.4), the function F; is all that is needed from the two-dimensional flow,
and it may be specified numerically or analytically. The time integral represents the
effect of stretching. The finite time cut-off on the integral is to prevent the vortices
from being stretched indefinitely. It was assumed in L that they ultimately coalesce
into shorter vortices and renew the spiral structure.

In L an analytical spiral vortex solution was developed. An approximate solution
of the two-dimensional Navier-Stokes equation was given in the form of a Fourier
series in the cylindrical angle variable 6,

w(r,6,t) = Z wn(r,t)exp(inf) (2.8)
. 2 _
wn(r,t) = fa(r)exp [-—inQ(r)t - %nz (%) uts] (2.9)

where the functions f, are arbitrary and the angular velocity Q(r) is related to the
average vorticity wo by
d ,
= —r°Q(r). 2.1
rwo = T (r) (2.10)
The function (r) must be monotone decreasing — the property which gives differ-
ential rotation. If the functions f, are all the same (independent of n) the solution
looks like a spiraling vortex sheet in the inviscid limit. The approximations in
Eq.(2.8) require that ¢ must be large, i.e., the error becomes small as t — oo.
However, it will be seen numerically that it is quite good even for fairly small ¢.
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By using this analytical solution, the enstrophy function F> may be expressed as
a series of integrals which involve Bessel functions. These may be evaluated by the
method of stationary phase, which requires both k and t to be large, an asymptotic
result which may be written

Fy =t71G (k/t) exp(—2vk?®t/3) (2.11)

where

G(k/t)— z Q"( )Ifn("'n)l (2-12)

with
k+nQ'(rp)t =0. (2.13)

The last equation results from the method of stationary phase. One is supposed
to solve this for r, and substitute it into Eq.(2.12). Note that r, is a function
of k/t, hence the form of the argument of the function G. In writing this result,
the contribution from the n = 0 term has been omitted. This term has a different
functional dependence and was shown in L to contribute little at high wavenumber.
Equation (2.11) does not appear in L but may be deduced from L:(66) and L:(64)
(with S=1and P =1t).

It is the functional form of Eq.(2.11) which is important. First note that the
functions f, are assumed to be of limited extent so that the spiral is restricted to
a halo around a central vortex. Then the function F; looks like a localized hump
when plotted versus wavenumber (this will be clear when some computations are
seen). If the viscous factor can be neglected, the area under the hump stays constant
because

/ £-1G (k/t)dk = constant. (2.14)
0

The similarity form of the function shows that the top of the hump moves to higher
wavenumber with constant speed, while the width broadens and the peak decreases
in such a way that the area stays constant. This is an enstrophy preserving temporal
cascade. The physics is clear: as the spiral turns tighten due to differential rotation,
the enstrophy shifts to higher wavenumber while being conserved.

The function F; given by Eq.(2.11) is only part of the enstrophy spectrum. There
is an additional large part at low wave number (the n = 0 term which was omitted).
If viscosity is neglected, the total enstrophy is preserved, i.e., [w?dA = [ Fydk =
constant. What has been shown here is that the spiral solution has scale separation
of the enstrophy spectrum into two distinct peaks, and the enstrophy of each of
these parts is independently preserved.

The energy spectrum expression given by Eq.(2.4) could also have been cast in
terms of the two-dimensional energy spectrum, E; say. For the spiral solution, E,
also has scale separation into a large low wavenumber peak and a secondary smaller
(much smaller because of the k=2 factor) high wave number peak with a similarity
structure. While the total energy is conserved (in the absence of viscosity), the
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energy in the separate peaks is not. The energy in the high wavenumber peak
decreases like =2, giving up this energy to the low wavenumber peak.

This enstrophy preserving similarity form is responsible for the k~%/2 part of the
three-dimensional energy spectrum. When Eq.(2.11) is substituted into Eq.(2.4),
the result

E(k) = Ak™3/3 exp(—2vk?/3a) (2.15)

is obtained if one takes the upper limit to be infinite and approximates Eq.(2.7)
by S ~ aT, i.e., most of the contribution to the integral comes from large values
of S. Equation (2.15) results from a simple change of the integration variable to
T/k%/® and doesn’t depend at all on the specific form of G. This generalizes the
model since there could be other kinds of flows with scale-separated self-similar
conservative enstrophy spectra, although none are presently known.

The following qualitative derivation of the functional form of the enstrophy spec-
trum was motivated by a discussion with Javier Jimenez. Assume that the enstrophy
spectrum has a self-similar form ¢t~*G(k/t?), then it is easy to see that conserva-
tion of enstrophy implies @ = 8. One may argue that in a fairly steady shear flow
the length of an element of a vortex sheet increases linearly with ¢; its thickness,
therefore, decreases like t~!. The largest wavenumber in a system of such vortex
sheets behaves like the reciprocal of the thickness. Therefore, k ~tand a = § =1,
as desired.

It can also be noted that if there is no axial straining, so that S = 1, Eq.(2.4)
and Eq.(2.11) (without the viscous part) gives

E(k) ~ k™2, (2.16)

This was also noted by Gilbert (1988) and is consistent with Townsend’s (1951)
observation that a k=2 spectrum results from random arrays of vortex sheets. The
conclusion to be drawn is that the axial straining gives the extra k!/3.

The integration in Eq.(2.4) may be understood as follows. Imagine a K, T plane
with S1/2Fy(K,T) plotted in a third dimension. This function looks like a ridge
centered along a ray from the origin of the K, T plane, decreasing in height and
spreading for increasing T. The argument K = S~'/2k required in Eq.(2.4) is a
curve in the K, T plane starting from K = k at T = 0 and moving to smaller K for
larger T. The integrand in Eq.(2.4) is the height of the ridge seen as one traverses
this curve. In order to get k~3/3 for a band of k-values, the integration must extend

through the ridge into the small values on the far side, for all k-values in this band.

3. Computations

The formula expressed by Eq.(2.4) makes it possible to test some of the ana-
lytical limitations of the spiral vortex model, since the two-dimensional enstrophy
spectrum may be computed from numerical solutions of the two-dimensional Navier-
Stokes equations rather than depending entirely on asymptotic methods. Further,
one can use more general two-dimensional solutions. Buntine and Pullin (1988)
and Pullin and Buntine (1989) used numerical analysis in a similar context. Their
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approach was somewhat different than that described here. They expanded the
two-dimensional vorticity in a Fourier series, as in Eq.(2.8), and solved numerically
for the coefficients wy(r,t). These functions were then used to evaluate the Bessel
function integrals required for L:(60), and finally the energy spectrum was obtained
through the appropriate time integration. The advantage of the present approach is
flexibility. Having identified the required physical quantity as the two-dimensional
enstrophy spectrum, it may be computed by any method and processed through
Eq.(2.4) without further reference to the detailed analytical expansions of Lund-
gren (1982). ‘

In the computations reported below, a pseudo-spectral method was employed in
a vorticity /streamfunction formulation in a square region with periodic boundary
conditions. Aliasing errors were removed by the 2/3 rule and most of the compu-
tations were done with 2402 resolution. The computations were performed at the
Center for Turbulence Research at NASA Ames Research Center on a Cray YMP.

The characteristic length in the flows was taken such that the sides of the box
have dimensionless length equal 27 units; this makes the wavenumbers be integers.
The actual unit of length was related to some measure of the initial radius of the
vorticity distribution, thus the vortex is quite a bit smaller than the box. The
characteristic velocity was selected such that the dimensionless circulation of the
vortex was unity. This makes the Reynolds number of the flows be I'/v where T is
the dimensional circulation of the vortex. The Reynolds number would be about
an order of magnitude smaller if an average swirling velocity at unit radius were
used for the characteristic velocity. The dimensionless turn around time is about
40 units.

The enstrophy spectrum, given by Eq.(2.5), was approximated by summing all
values of the squared magnitudes of the discrete Fourier coefficients with z,y wave-
numbers in a cylindrical shell of unit wavelength in wave space. This value is then
assigned to a wavenumber which is the midradius of the shell.

Two series of computations were done with the spiral vortex solution. In the
first, the two-dimensional enstrophy spectrum was computed from the analytical
spiral solution by a fast Fourier transform algorithm. The second computes the
enstrophy spectrum from a numerical solution of the spectral equations with the
spiral solution as an initial condition. Comparison thus tests the integrity of the
spiral solution.

The spiral solution was taken in the form of a two-sided rollup with two halo
spirals of amplitude f, with 180° separation, plus an additional central core. The
specific functions used here are expressed as .

wa(r,0,t) = wo(r) + 2f(r) Z cos [2n(6 — Q(r)t)) exp (—4n?Q'(r)?vt*/3), (3.1)
exp [—(r/a)?

we(r) =T % +2f(r), (3.2)

f(r) =T h(r/a)? exp [—-(r/a)z] (3.3)

2(1 + h)mwa?



A small-scale turbulence model 11

a0 [ as rw
&0 F
w.
so b a0

o~ ~N

€
20 F 3 .
w.
o0 PR VTPV YOOI PPN WO s (T POV VO WOV TPV 00
G0 L0 20 30 40 SO0 60 00 10 20 30 40 60 60 [V} 60.0

(a) (b) () k

FIGURE 1.1. =0, tsirai=50. See caption below.

)/

(=]
eo F 05 ‘.w
80 F
40 ¢ M}\_’
so b 00

N o~
2 b 3 Ry
w.
00 TPV YOO WP RV TOTVON 1 -5 TR RPN TPV RTO TRV WY o0
00 10 20 30 40 S0 &0 00 10 20 M 40 S0 60 a0 600

(a) (b) () K

FIGURE 1.2. t=50, tpirai=100. See caption below.

e € 05 Y?n.o

l

o AN

bl 3 NM o~

20 b 3 €3

N

a0 I N

G 10 20 30 40 8 8 oo 10 20 35 40 80 0 o0 o
(a) (b) () k&

FIGURE 1.3. t=100, t5pira1=150. See caption below.

[1 +h—(1+h+ h(1'/a)2) exp (—(7'/“)2)]
2(1 + h)mwa? ’

_ leo(r) = 20()].

7

Q) =T (3.4)

Q'(r) (3.5)
where I is the circulation of the vortex, a is a radial dimension and h is a constant.
If0 < h < 1, Q(r) will be monotone decreasing. In dimensionlessformI'=1,a =1,
v is the reciprocal of the Reynolds number and in these computations h =1/2 .
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FIGURE 1.5. =200, tgpirai=250. See caption below.

FIGURE 1.1-1.5. Analytical spiral solution at selected times. tgpiral is the time
in Eq.(3.1), t is for comparison with figures (2.1)-(2.5) which have the same initial
condition. T'/v = 25,000. (a) vorticity contours. (b) vorticity along a horizontal
cut through the middle of (@). (c¢) Enstrophy spectrum versus wavenumber.
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FIGURE 1.6.  k5/3 times the three-dimensional energy spectrum calculated by
using Eq.(2.4) with the analytical spiral solution.
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FIGURE 2.3. t=100. See caption below.

The first series, displayed in figures 1.1-1.6, is computed from the analytical
solution with I'/v = 25,000. The required discrete Fourier series were computed by
means of Temperton’s fast Fourier transform algorithms. The figures labeled (a) are
vorticity contours at 5 times starting with the partially wound state corresponding
to a dimensionless time t;piral = 50; the figures labeled (%) show the vorticity along
a horizontal cut through the middle of the contour figures. The figures labeled (¢)
are of the enstrophy spectrum. There is a huge peak at low wavenumber which
is off scale in these figures. Enstrophy similarity, which was found asymptotically,
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FIGURE 2.5. t=200. See caption below.

FIGURE 2.1-2.5. Computed spiral solution at selected times. I'/v = 25,000.
(@) vorticity contours. (b) vorticity along a horizontal cut through the middle of
(a). (¢) Enstrophy spectrum versus wavenumber.
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FIGURE 2.6.  k%/3 times the three-dimensional energy spectrum calculated by
using Eq.(2.4) with solution computed using the analytical spiral solution as initial
condition. '
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FIGURE 3.3. t=100. See caption below.

is not perfect but is qualitatively recognizable. As time increases, one can see the
number of turns in the spiral increase due to differential rotation and the peak in
the enstrophy spectrum move outward to larger wavenumber as the spatial scale in
the spiral decreases.

Figure 1.6 shows the three-dimensional energy spectrum computed from Eq.(2.4).
The integration was carried out from T = 0 to T = 250 with a coarse integration
time interval of AT = 5, which was adequate here. (In computations where the
Navier-Stokes equations were solved numerically, AT was taken the same as the



16

8 58 5 8 & & B

(a)

T. S. Lundgren

MW

00 10 20 30 40 SO0 60

(b)

FIGURE 3.4. t=150. See caption below.

8 5 B EBE & 8 8

(@)

00 10 20 30 40 &S0 60

(b)

FIGURE 3.5. t=200. See caption below.

8 58 5 B & 8 B

00 10 20 30 40 S0 60

(b)

FIGURE 3.6. t=250. See caption below.

*10™

F;

*10*

Fa

0™

F,

L E—

(¢) k

FIGURE 3.1—3.6. Computed spiral solution at selected times. I'/v = 100, 000.
(@) vorticity contours. (b) vorticity along a horizontal cut through the middle of
(a). (¢) Enstrophy spectrum versus wavenumber.

updating time step, namely AT = .05.) The strain-rate was taken to be unity. The
low wavenumber end of the spectrum was suppressed by cutting off the integration
when S(T)~!/2k is less than 5, thus avoiding the large low wavenumber enstrophy
peak. The result in figure 1.6 has a wavenumber range from about 60 to 120 where



A small-scale turbulence model 17.

kS/3 E(k)

FIGURE 3.7. k5/3 times the three dimensional energy spectrum calculated by
using Eq.(2.4) with the solution depicted in figures 3.1- 3.6.

the spectrum is approximately k=5/3, Note that since 2!/3 ~ 1.26, one should be
able to tell the difference between k~3/2 and k=2 on this figure.

The second series of computations, seen in figures 2.1-2.6, are presented in the
same format as the first series. The Navier-Stokes equations were solved numerically
with initial conditions the same as the initial frame of the first series. Here the object
is to show that the analytical spiral solution is a good approximation to the Navier-
Stokes equations even though time (#spiral) is not large enough at the beginning for
the spiral to have many turns. Comparing the two series of computations, one can
see that the results are quite close but not identical. In particular the enstrophy
spectrum of the second series is smoother and more compact. The energy spectrum
is very similar but perhaps slightly tipped toward k2.

A third series of computations has been carried out with quite different initial
conditions with the objective of producing a spiral solution without actually start-
ing with one. The vorticity distribution at the initial time is shown in figure 3.1.
One large vortex, with radius 1.5, almost uniform vorticity and circulation .6 is
surrounded by 10 smaller vortices with centers 2 units from the center of the large
vortex. Each of these smaller vortices have radii .3 units and circulation .04 so
that the total circulation of the configuration is unity. The Reynolds number was
I'/v = 100,000. The smaller vortices get sheared into bands of vorticity which
continue to tighten in the differential rotation of the combined vorticity. The re-
sult is a multilayered spiral vortex with a decent enstrophy cascade. Similarity is
approximately satisfied; comparing the enstrophy spectrum at ¢ = 50 with that at
t = 100, the amplitude is almost half and the peaks have moved approximately to
twice the wavenumbers as required by similarity. However, comparison of ¢t = 100
with ¢ = 200 is not quite as satisfactory.

The energy spectrum in figure 3.7 has a short k~3/2 range from about k = 36 to
k = 72 and then falls off faster. The viscous factor in Eq.(2.15), which is about .9
when k = 120, is not small enough to account for all of the observed decrease.
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4. Conclusions

The original 1982 spiral vortex model was reformulated in a form where the effect
of the two-dimensional flow in the vortex cross section was more clearly separated
from the axial stretching. While this was done in order to be able to use compu-
tational methods more effectively, the new formulation has allowed greater insight
into the workings of the model. It was shown in section 1 that, in the inviscid limit,
the analytical spiral vortex solution gives an asymptotic time-dependent enstrophy
spectrum in a self-similar form which conserves enstrophy. It is this self-similar
form which leads to the k~3/3 energy spectrum.

Computations with flows which develop spiral structure showed, qualitatively cor-
rect, but imperfect, self-similar enstrophy spectra. The resulting three-dimensional
energy spectra nevertheless showed short ranges with the k=3/3 power law. These
results seem quite rugged and verify results which were previously obtained asymp-
totically.

The integral which processes the computed two-dimensional enstrophy spectrum
to produce the three-dimensional energy spectrum requires integrations over a very
long times, of the order of 6 turn-around-times, during which the vortex is stretched
by a factor of about 250. The result from appendix A, which shows that the strain
may be applied intermittently, make this seem more reasonable.
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Appendix A. Insensitivity to time dependent strain-rate

The strain-rate which a real vortex feels is generated by the presence of other
nearby vortices and is unlikely to be constant for very long; therefore, it is important
to see if the results are sensitive to time dependence of the strain-rate function.

Equation (2.4) calls for the stretching function S to be expressed as a function of
the strained time T. When the strain-rate a(t) is constant this leads to the simple

linear relationship given by Eq.(2.7). When the strain-rate is not constant, S and
T are defined by

S(t) = exp (/ot a(t’)dt'> : (A1)

T(t) = /0 t S(t')dt' ‘ (A2)

and it is not simple to relate them analytically, though it is clear that since S is
positive, T is a strictly increasing function of time which can be inverted in principle.
It is easy to get the relationship numerically in special cases. As an example, the
strain-rate function

a(t) = 1 + .5sin(2nt) (A3)
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FIGURE 4. Time dependent strain-rate. (a),(b) generated with sinusoidal strain-
rate, a(t) = 14 .5sin(2nt); (c),(d) generated with on-off strain-rate of same period,
a(t) =1+ (-1)n .

has average value unity and periodic variations of +50%. During each successive
period, the stretch increases by a factor e. These functions have been computed (by
solving the pair of differential equations dS/dt = aS, dT/dt = S) and presented as
S vs. T in figure 4a. The relationship is roughly linear. This function was used in
Eq.(2.4) to compute the energy spectrum using the analytical spiral solution with
the same set-up as for the “series one” computations. The resulting energy spectrum
in figure 4b is almost identical with that in figure 1.6 which had constant strain-rate.
Therefore, it appears that the spectral results are insensitive to moderate variations
in strain-rate.

A more extreme intermittent case was tried in which there are alternating periods
of positive strain-rate and zero strain-rate. The function used was

a(t) =1+ (—1)i"t2" (A4)

where the function “int” truncates the decimal part of a number. This strain-rate
function has the same period as Eq.(A3) and the same average value. Alternating
half-periods have @ = 2 or a = 0. The S vs. T result in figure 4c is still very roughly
linear, and the energy spectrum still has the same range of k~5/3,
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As one increases the frequency of the strain-rate function, the relationship be-
tween S and T will become more nearly linear and will have little effect on the
spectral result. Lower frequencies could have an effect. In the extreme case of very
long on and off periods, one would get either k~3/3 or k~2, depending on which
period comes first. :
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The structure of intense vorticity in
homogeneous isotropic turbulence

By J. Jiménez! , A. A. Wray? , P. G. Saffman® AND R. S. Rogallo?

The structure of the intense vorticity regions is studied in numerically simulated
homogeneous, isotropic, equilibrium turbulent flow fields at four different Reynolds
numbers in the range Rey = 36-171. In accordance with previous investigators,
this vorticity is found to be organized in coherent, cylindrical or ribbon-like, vor-
tices (“worms”). A statistical study suggests that they are just especially intense
features of the background, O(w'), vorticity. Their radii scale with the Kolmogorov
microscale and their lengths with the integral scale of the flow. An interesting obser-
vation is that the Reynolds number based on the circulation of the intense vortices,
v/v, increases monotonically with Rey, raising the question of the stability of the
structures in the limit of Rey — oco. One and two-dimensional statistics of vortic-
ity and strain are presented; they are non-gaussian, and the behavior of their tails
depends strongly on the Reynolds number. There is no evidence of convergence to
a limiting distribution in our range of Re, even though the energy spectra and
the energy dissipation rate show good asymptotic properties in the higher Reynolds
number cases. Evidence is presented to show that worms are natural features of the
flow and that they do not depend on the particular forcing scheme.

1. Introduction

It is generally agreed that homogeneous isotropic turbulence is approximately
described by the Kolmogorov (1941) cascade theory. In particular, the k=5/3 energy
spectrum and the almost universal scaling of the dissipation range in Kolmogorov
variables stand as two of the most successful predictions in fluid mechanics. It
has also been known for a long time that this description is incomplete. It was
first shown by Batchelor & Townsend (1949) that the statistics of the velocity
derivatives are incompatible with an uncorrelated random behavior of the velocity
field at scales comparable to the Kolmogorov dissipation limit. This intermittent
behavior becomes more pronounced as the Reynolds number increases, and flatness
factors ~ 50 have been reported in the atmospheric boundary layer (Van Atta &
Antonia, 1980), suggesting that any theory based on uncorrelated gaussian fields
might be seriously deficient in the limit Re — oo. It has to be stressed that, even
in these cases, the energy spectrum remains self similar and agrees reasonably well
with Kolmogorov’s predictions. Energy, and even energy transfer, are large scale or

1 Center for Turbulence Research
2 NASA Ames Research Center
3 California Institute of Technology, Pasadena
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inertial range phenomena and do not seem to be strongly affected by intermittency,
while the higher moments are associated with rare, intense, small scale events which
do not influence the low order statistics.

It is not a priori clear whether this state of affairs will persist for large Re.
Moreover, since experiments at much higher Reynolds numbers than those presently
available from geophysical flows cannot be expected in the near future, some sort
of theoretical understanding of the intermittent small scales is clearly desirable. In
this paper we present new data from numerical isotropic homogeneous turbulence at
several Reynolds numbers. Even if numerical constraints restrict our experiments to
Re < 200, it may be expected that the exceptional level of detail that can be derived
from numerical simulations might help in the theoretical study of the phenomena.

It was discovered recently that strong coherent elongated vortices (“worms”) are
present among the small scales of many turbulent flows (Siggia, 1981, Kerr, 1985,
Hosokawa & Yamamoto, 1990, She et al., 1990, Ruesch & Maxey, 1991, Vincent &
Meneguzzi, 1991, Douady et al., 1991), and this discovery generated considerable
excitement in the turbulence community. One reason for this interest is that, being
strong and therefore presumably decoupled from the influence of other flow compo-
nents, the behavior of the worms should be relatively easy to understand. Should
these vortices be found to form an important part of the turbulence phenomenon,
their relative simplicity would give us a tool for the analysis of at least some part of
the flow. Failing that, if it could be shown that they are nothing but extreme cases
of a more general population of weaker vorticity structures, it might still be true
that their study contains some clues as to the behavior of those background vor-
tices, which in turn would constitute an important part of the flow. Even if none of
these possibilities turns out to be true, the strong vortices are still relatively simple
objects submerged in a turbulent flow, and they may be used as probes for the flow
structure. ‘

We will show below that, of these three possibilities, the second seems to be the
correct one. In terms of integrated quantities, the strong structures constitute a
negligible part of homogeneous isotropic turbulent flows, although they are made
conspicuous in flow visualizations by their local high intensities. Moreover, their
statistical properties are generally similar to those of the background vorticity, and
they seem to be just especially intense realizations of the latter. On the other hand,
since they are easy to identify and relatively few in number for any given simulation,
their behavior can be studied easily and can be extrapolated to a description of the
behavior of the background.

2. The numerical experiments

Our observations are made on direct numerical simulations of isotropic homoge-
neous turbulence in triply periodic boxes at four different Reynolds numbers ranging
from Rey = 36 to 170. It is surprising that we are able to find similarity laws span-
ning the whole range of Reynolds numbers, and that even the lowest Re) flow seems
to be essentially turbulent. This gives us some confidence that our observations may
represent asymptotic trends for high Reynolds number turbulence.
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Line Re) N L L/A L/p eL/u® &'T t/T -5

Chaindot 358 64 2.02 259 31 1.08 10.0 12.8 0.496
Dotted 628 128 187 354 56 0.83 13.0 5.3 0.503
Dashed 945 256 131 421 80 0.66 162 7.6 0.518
Solid 171.5 256 1.62 7.50 193 065 29.0 5.9 0.500

TABLE 1. Numerical and flow parameters for the four basic cases analyzed in this
paper. t/T is the total run time in eddy turnover units, and Sy is the skewness
coefficient. Line types are used consistently in later figures.

The numerical method is fully spectral, using primitive variables u, p, with
dealiasing achieved by a spherical mask and phase shifting (Canuto et al., 1987).
The resolution N, given in Table 1, reflects the number of real Fourier modes in
each direction before dealiasing. The time stepping procedure is a second order
Runge-Kutta for the nonlinear terms and an analytic integrating factor for the
viscous ones. The time step is automatically controlled to satisfy the numerical
stability condition. Unless stated otherwise, all experiments are forced to achieve a
statistically stationary steady state. Forcing is achieved by introducing a negative
viscosity coefficient for all the modes with wave numbers k¥ = |k| < 2. The Fourier
expansion functions are exp(ikjz;), kj =0, 1,...,K = N/2, so that the length of
the box side is always 27. The magnitude of the negative viscosity is adjusted every
few time steps so as to keep constant the product K7, where n = (v3/¢)'/4 is the
Kolmogorov scale. The instantaneous energy dissipation rate, €, is computed in
terms of the three dimensional energy spectrum E(k), as '

(o ]
e=w'? = 21// k2E(k) dk.
0
Other scales used in this paper are the r.m.s. velocity, defined by

w?=2 / E(k)dk,
3 /o

the integral scale, .
" [TrE k) dk

L=—
2“’2 ‘/0 ( 2

and the Taylor microscale, defined by A? = 15vu’?/e. The microscale Reynolds
number is defined as Rey = u'A/v, and the large eddy turnover time as T = L/u’
(Batchelor, 1953).

Table 1 summarizes the characteristics of the different runs. Each of them was
continued sufficiently long for the instantaneous spectra and other integral charac-
teristics to become statistically steady. This typically took a few large eddy times,
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FIGURE 1. Three dimensional energy spectra for the four different Rey used in
this paper. Left: e~2/3k3/3E(k), to enhance inertial range. Right: ¢~2/3p~3/3 E(k),
to display the dissipation range. For symbols see table 1.
20

1.57

isotropy

FIGURE 2. Isotropy coefficient for different Reynolds numbers, defined in eq. (1)
in text. Symbols as in table 1.

which may not be long enough to guarantee absolute statistical steadiness for the
large scales, but which should be enough for the small scales to reach equilibrium.
The quantities in table 1 and the spectra in the following pages are averages over
whole flow fields and over periods of time that vary between 0.25 and 6 large eddy
turnover times. The shorter averaging times correspond to the highest Reynolds
numbers. The histograms presented later in the paper are spatial statistics, further
averaged over 3 to 5 different moments in time. The variation between the averaged
spectra and their instantaneous values was smaller that 1%, but larger deviations
were observed in the extreme tails of the histograms.

Note that the dimensionless energy dissipation eL/u'® decays slowly with Rey but
stabilizes around 0.65 in the last two cases. This is consistent with the behavior ob-
served by Sreenivasan (1984) in a compilation of data from grid turbulence, in which
the dissipation stabilizes above approximately Rey > 60. His asymptotic value of
the dissipation, eL/ u'3/ & 1, is different from ours, but this is not too surprising since
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the integral scale is dominated by the large eddies, which are presumably different
in the two cases.

The statistics of the small scale intense regions are sensitive to the numerical
resolution. After some experimentation, it was found that Kn = 1 was the absolute
minimum needed for convergence of the velocity gradients histograms, and that
Kn = 2 was very desirable. We tried to maintain this latter resolution uniformly,
but it was not possible to do so for the highest Reynolds number case during the
time limits of the summer school. In the experiments presented here, this case is
only resolved to Kn = 1. _

Three dimensional, shell averaged, energy spectra for the three cases are presented
in figure 1. The two cases with the highest Re) show a short “inertial” range with
a power decay close to k~3/3. No such interval is present at the lowest Rey, but
the collapse of the dissipation range is satisfactory. Figure 2 displays an isotropy
coefficient, defined by

Eyi(k1) — k10E11(k1)/Oky (1)
2E;;(ky) ’

where E;; and E,; are the longitudinal and transverse one dimensional spectra.
This quantity should become equal to 1.0 for an isotropic field (Batchelor, 1953),
and it does so approximately for the small scales in the two high Re) cases, suggest-
ing that the they have attained equilibrium. The two cases with lower Reynolds
numbers do not satisfy isotropy, and this is true as much for individual realiza-
tions as for averages over fairly long times, although the direction of the deviation
is different for different realizations. This lack of isotropy is probably due to the
relatively low number of structures contained in such low Reynolds number flows.

In summary, the flows used in this paper seem to be typical of experimental
approximations to homogeneous isotropic turbulence. It is particularly important
to note that the two highest Reynolds numbers display a short k~3/3 inertial range
and appear to have reached the asymptotic regime in which energy dissipation
becomes independent of the Reynolds number.

3. Worms

Implicit in the Kolmogorov (1941) model for the turbulent cascade is the idea
that the small scales of turbulence are fully controlled by the viscosity v and by
the energy dissipation rate ¢ = vw'?. This and the dimensional arguments of the
original theory imply that the velocity gradients should reach some asymptotic
statistical distribution as Re — oo, whose single scale should be w'. Evidence
that this is not so has accumulated over the years, starting with the measurements
of higher statistical moments mentioned earlier and more recently in the form of
increasingly non-gaussian histograms obtained from numerical experiments at in-
creasing Reynolds number (Siggia, 1981, She et al., 1990, Vincent and Meneguzzi,
1991, Ruetsch & Maxey, 1991). We will concentrate here on the statistics of the
quantities appearing directly in the vorticity equation,

dwl*/2

o = wiSiwi + vw;i V2w, (2)
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FIGURE 3. One dimensional histograms of the volume fraction occupied by points
above a certain threshold. (a) Vorticity, (b) Strain, (c) Stretching. (d) Fraction of
total enstrophy associated with points above a given vorticity magnitude. Lines as
in table 1. Open circles are from (Ruetsch & Maxey, 1991) at Rey = 62.

where |w] = (wiw;)'/? is the vorticity magnitude, and S;; = (8u;/8z; + Ou;/0z;)/2
is the rate of strain tensor. In particular, we will be interested in the statistics for
wl, Is| = (8i;S:;)'/?, and

_ wiSijw;j

el

The square of the total rate of strain, |s|, is proportional to the local dissipation, but
it does not appear explicitly in equation (2). It is probably more a consequence of
the events that lead to turbulence than their cause. The quantity o is the part of the
strain which is aligned to the local vorticity, and it is the one doing the stretching
of the vortex lines in equation (2). Its mean value is related to the skewness of the
velocity derivatives.

One dimensional histograms for the volume fraction occupied by values of these
three variables above a given threshold are given in figure 3. They are all far from
gaussian, except perhaps for the lowest Reynolds number, and show few signs of
converging to a limit distribution for large Res. Note, however, that the variable
tails involve only relatively small fractions of the total volume. The figure also
contains a histogram for the fraction of the total enstrophy contributed by points
with a vorticity magnitude above a given threshold. Even if the decay of this



FIGURE 4. Vortex lines for homogeneous isotropic turbulence, Rey = 209. Length
of z-axis &~ 100n. Left: Only 0.20' < |w| < w'; Right: Only |w| > w’; Vortex lines
are the same in both sets.

histogram is slower than that of the volume fraction, most of the enstrophy is still
contained in a relatively “weak” background where |w| &~ O(w'). In fact, for the
Reynolds numbers of our simulations, the contribution of the intense tails to the
integrated value of any of the low order statistics of the flow is only a few percent,
although they would clearly dominate sufficiently high order moments. Similar
results were obtained by Ruetsch and Maxey (1991) at Rey ~ 60 (see fig. 3).

The conclusion from these histograms is that most of the volume in the flow is
occupied by relatively “weak” vorticity with strong vortices filling only a small frac-
tion of the space. The structures of the weak and strong vorticities are also very
different. Figure 4 shows a collection of vortex lines passing through randomly cho-
sen points on the middle plane of a subset of a high Re) simulation and continuing
until they leave the cube. The vortex lines are exactly the same in both cases, but
in the left hand side of the figure they are only displayed where 0.20' < |w| < W',
while in the right hand side they are displayed where |w| > w’. While there is little
apparent structure in the low intensity component of the flow, the strong vorticity
tends to be organized in tubes or ribbons, which are the “worms” reported in pre-
vious experiments. It is remarkable that this seems to be true even at a threshold,
w', which is much lower that the one used in most previous reports, and which still
contains most of the total enstrophy.

For the rest of the paper, we will arbitrarily define weak vorticity as that having



28 J. Jiménez, A. A. Wray, P. G. Saffman & R. S. Rogallo

FIGURE 5. Intense vorticity isosurfaces, |w|/w' > 2.5, at two different Reynolds
numbers. Resolution is similar in both subsets, with the length of each axis ~ 1007.
Left: Rey = 63, integral scale L = 56n. Right: Rey = 95, L = 80n. Thresholds are
chosen so that worms contain about 1% of total flow volume.

lw| < W', intense vorticity, or worms, as that above a threshold covering 1% of
the total volume, and background vorticity as that above w' but weaker than the
intense threshold. This definition of worms results in pictures roughly comparable
to those of previous experimenters and is about as low as the threshold can be
taken before the visual complication becomes overwhelming. Figure 4 shows that
the organization in coherent structures is still present at the background level. At
the Reynolds number of the figure, the vorticity above w' fills 25% of the volume
and accounts for 80% of the total enstrophy, while intense vorticity fills 1% of the
volume and accounts for 15% of the enstrophy.

The length of the horizontal (z) axis in figure 4 is one eighth of that of the
whole cube and one half of the integral scale of the flow. Some ribbons are seen to
span the whole subset, although not with uniform intensity, and they may appear
disconnected in plots of the high enstrophy worms. Long intense worms, comparable
to the integral scale, are found occasionally.

The shape of the regions of highest vorticity (1%) is displayed in figure 5 at two
different Reynolds numbers. In agreement with previous reports, they are shown
to be either cylindrical vortices or ribbons of various widths. Although no real
statistical analysis was made, the impression from different fields is that sheets
and ribbons are predominant at low Reynolds numbers, while cylindrical vortices
dominate at high Rey. This is apparent in figure 5 and is consistent with the
idea that the worms are the result of stretching by strains which are generally not
axisymmetric.
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If a generic strain is applied to a weak vorticity blob, the vorticity component
along the most extensional eigenvector is amplified most, but the other two principal
strains remain active and try to stretch or compress the vortex unequally along the
two equatorial axes. As the axial vorticity becomes stronger, it dominates the local
flow and its rotation tends to make the vortex axisymmetric. The result is a vortex
of elliptical cross section whose eccentricity becomes smaller as the ratio of the axial
vorticity to the driving strain becomes larger. It will be shown later that the strain
is generally O(w'), while it is clear from figure 3 that vortices in higher Reynolds
number flows attain larger vorticities. This, together with the previous argument,
explains their more circular cross sections.

The spatial distribution of the worms is not uniform, although this is difficult
to see in graphical representations of large subsets. Figure 6 displays a thin slab
across a complete flow field. The worms are seen to lie on the borders of large
scale velocity eddies, the energy containing scales, which are themselves relatively
free from vorticity. This is even clearer in figure 7, which represents the mid-plane
of the slab in the previous one. The light colored regions in this figure mark the
background vorticity, |w| > w’. The darker regions are the worms, which are seen
to be embedded in the background of which they constitute the local maxima. The
large eddies themselves are mostly free even from background vorticity.

4. Truncated fields

Even if the results in the previous section suggest that, at least at these Reynolds
numbers, the worms contribute relatively little to the turbulent statistics, it is
conceivable that they may be important indirectly in some other respect. There is
also the possibility that the worms themselves may be spurious effects of the forcing
method and that they would not be present in “natural”, decaying turbulence.

To clarify these points, we have carried out a series of experiments in which the
worms are artificially removed from a flow and in which both the properties of the
truncated field and those of the isolated worms are studied independently. Consider
a flow field given by a velocity u(x) and a vorticity w = rot u. We wish to generate
a new field us, associated just with the worms, by eliminating the vorticity at
points where its magnitude is smaller than a given threshold, |w| < Q. This field
cannot be constructed by just zeroing the vorticity of the original flow at the desired
points. The resulting vortex lines would not be closed, and no velocity could be
constructed. Consider the naively truncated field

wo=w if |w|>9Q, wo =0 otherwise. (3)

This field is generally not solenoidal, divw, # 0. We define the worms as the field
Ws = woe + A such that divws = 0 and such that the extra enstrophy [ |A|?dx
is as small as possible. Note that vorticity of this field is not strictly zero outside
the worms, but that the construction guarantees that the undesired residual is a
minimum. It follows from straightforward variational analysis that A = -V,
where the scalar \ satisfies VZA = divw,.
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FIGURE 6. Intense vorticity regions |w| > 2.7w’, and velocity field, Reyx = 209.
Size of the display domain, (8002 x 50)n, periodic in the two long directions. Velocity
vectors correspond to points in the mid plane.

FIGURE 7. Background vorticity |w| > w' (light gray), at center plane in figure 6,
in relation to darker intense regions, |w| > 2.7w’. Vectors are velocity.
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FIGURE 8. Effect of the truncation threshold on the worm fields truncated to
|w| > € as described in text. (a) Simple solid line: volume fraction above vorticity
threshold in original field. Dashed: enstrophy above threshold. Dashed with circles:
Enstrophy of truncated field, as fraction of original. Solid with triangles: Kinetic
energy of truncated field. (b) Enstrophy spectra. Threshold in order of decreasing
enstrophy at low wave numbers: Q/w': 0., 1., 1.41, 2.45, 2.83. Rex = 209.

Note that the new field is nothing but the solenoidal projection of w, and that a
velocity can be computed from it.

The effect of this truncation is shown in figure 8a, which displays both the enstro-
phy and kinetic energy of the truncated worm fields as a function of the threshold
as well as the volume and enstrophy associated to regions of the original field whose
vorticity is above that threshold. It is seen that the effect of the projection is to
decrease only slightly the enstrophy contained in the worms. A visual check of
the corresponding enstrophy isosurfaces confirms that the intense regions in the
truncated field correspond to those of the original one but that the vorticity in the
background has been mostly eliminated. The energy of the truncated flow is al-
ways small, roughly proportional to the volume occupied by the worms themselves.
There seems to be no appreciable local enhancement of the kinetic energy because
of the presence of the worms. This is confirmed by inspection of the velocity fields
in figures 6 and 7.

Similar experiments on the truncated background fields, resulting from the re-
moval of the vorticity above a given threshold, reveal a complementary effect. The
effect of removing the worms is small, both on the enstrophy and on the energy,
and it only becomes appreciable when the truncation threshold is made comparable
to w'. N

In addition, no particular part of the energy spectrum seems to be especially
associated with the worms. Figure 8b displays enstrophy spectra, 2k?E(k), for the
high vorticity component at different truncation thresholds, each of them normalized
by its own Kolmogorov scaling. The spectrum of the original field is consistent with
an inertial range, E(k) ~ k~5/3, while that of the high intensity worms is close
to E(k) ~ k™1, but the effect is gradual, proportional to the removal of the total
kinetic energy. The latter spectrum was shown by Townsend (1951) to be that of a
random array of vortex tubes of uniform radii and is, therefore, consistent with the
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FIGURE 9. Time evolution of the histograms of volume fraction above a given
vorticity threshold, during decay of a flow field initially truncated to |w| < 1.5w'.
Rey = 96. Decay time, left to right: u't/L = 0, 0.019, 0.037, 0.056, 0.073, 0.158.
All normalizations refer to the initial field before truncation.

general structure of the worms.

Since the integral of the dissipation is proportional to that of the enstrophy, the
effect of removing the worms, which contain only a small percentage of the latter, is
not expected to have a large effect on the decay of the kinetic energy of a turbulent
field. This was tested directly by comparing the evolution of the decay of identical
initial conditions with and without the worms removed. An equilibrium field was
generated (Rey = 96), and the forcing was removed to initiate a decay. The same
initial conditions were truncated to |w| < 2.5w' and left to decay. The behavior
of the energy in both cases was almost identical when normalized with the initial
enstrophy of each field. The enstrophy of the truncated field decayed initially faster
but, after a short transient during which it decayed by about 7%, it also behaved
similarly to that of the equilibrium initial condition. The difference in the total
enstrophy of the initial fields at this truncation level was 20%.

A more severe truncation was applied to check whether the presence of the worms
could be somehow associated with the forcing scheme. The same flow field as in the
previous experiment was truncated to |w| < 1.5w' and left to decay. Figure 9 shows
the time evolution of the volume fraction histograms. It is clear that, after a short
time, the worms reappear even in the absence of forcing. This was checked directly
by visualization. '

It follows from these experiments that the worms are a natural product of the
evolution of turbulent flows, both forced and decaying, and that their importance in
the dynamics of turbulence is only proportional to the magnitude of their integrated
quantities with respect to those of the whole flow. They do not seem to play any
special role besides that which corresponds to the energy and enstrophy that they
contain. At the Reynolds numbers of our experiments, both are small fractions of
the total.

An interesting observation is that the skewness coefficient of the truncated worm
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fields, those formed only by the high intensity regions, was always negative and
roughly of the same order as that of the full turbulent field (Sx = —.5 to —1.0).
The high intensity regions are still straining each other, and they would be capable
of generating new enstrophy, although the relatively low kinetic energy that they
contain means that the Reynolds number of the truncated flow is low and that the
viscous diffusion would dominate before any appreciable evolution is possible.

5. The dynamics of worm formation

Even if the worms do not seem to have a special function in the overall dynamics
of turbulent flows, the process by which they are formed is interesting in itself.
Moreover, since they appear to be part of the general O(w') background vorticity,
we may look at them as particular cases of the evolution of that component, which
is responsible for most of the turbulent dissipation. Finally, since they do not scale
correctly in Kolmogorov variables (i.e. the histograms do not scale with w'), their
generation mechanisms might point to some deficiency in the standard cascade
theory, especially as Rey — oo. ‘

Qualitatively, it is clear that strong vortex regions have to be formed by straining
of weaker vorticity. No other mechanism is available, away from no-slip walls, for
the production of enstrophy. Strain itself is generated by the vorticity, and the pro-
cess may become nonlinear. It has been realized for some time that nonlinear self
interaction of vorticity can, in principle, lead to a singularity of the inviscid equa-
tions in finite time and that it may therefore be invoked to explain the generation
of vorticity of almost any magnitude.

Some orders of magnitude might be relevant at this point. If we apply a strain a
to a viscous fluid, the smallest flow features that we may expect to generate are of
the order of the Burgers’ radius, § = (v/a)!/2. There are two “natural” straining
scales in turbulence: the strain generated by the large eddies, 1/T = u'/L, and
the inverse of the Kolmogorov time scale, which is equal to the r.m.s. vorticity
w' = (¢/v)!/?. The Burgers’ radius for the former is the Taylor microscale \, while
that for the latter is the Kolmogorov 7. Moreover, if we think of a cylindrical
equilibrium Burgers’ vortex generated by a strain a, its peak vorticity would be
Wmax ~ Reya, where Re, = v/v is a vortex Reynolds number based on its total
circulation. If we assume, e.g. on stability grounds, that Re, cannot be larger than
a given limit independent of the applied strain, the peak vorticity should never be
more that a fixed multiple of the strain.

We have evidence in the histograms in figure 3 that some component of the
turbulent flow contains peak vorticities that increase with Reynolds number faster
that w'. From the previous discussion, this implies either that there exist stretching
motions which are stronger than w' or that there exist vortices whose Re. grows
larger as Re) increases. The first possibility implies that we should find structures
whose transverse scale is smaller than 7 and that this discrepancy should increase
with increasing Rex. This contradicts the relatively good collapse of the energy
spectra in the dissipation range, expressed in Kolmogorov variables, although some
weak effect can not be ruled out from the experiments. The second possibility raises
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Rexr ¢/L R/n Re,/Re)/? Ny
35.8 3.16 4.22 21.1 26
62.8 2.60 4.16 17.0 32
94.5 3.15 4.16 18.1 14
171.5 2.88 4.61 21.1 15

TABLE 2. Average worm parameters as identified by the tracking algorithm defined
in the text. N, is the number of worms in each sample, £ their average length, and
R their radius.
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FIGURE 10. Probability density functions for worm radii and circulations at four
different Reynolds numbers. Symbols as in table 1. Normalization has been chosen
so as to optimize collapse.

the question of how such high Reynolds number vortices remain stable long enough
to form.

To answer this question, we undertook a statistical investigation of the dimensions
and circulation of the intense vorticity structures. Most of the previous investigators
who have treated this subject give their radii as a few Kolmogorov scales and their
lengths as being of the order of the integral scale. A survey including some new
measurements of radii and intensity is contained in Jiménez (1991). It was concluded
that, for the available flow fields, the average radius was approximately 3-57, and
Re., =~ 150-400. It was noted, however, that most of the data had Rex = 100
and that no reliable scaling trend could be deduced. We believe that the present
investigation is the first one in which enough data sets with uniform resolution and
overall quality have been collected over a wide enough range of Reynolds numbers
to allow for some scaling information.

An automatic tracking algorithm, described in detail in the appendix, was imple-
mented and applied uniformly to all the data fields. Briefly, a point in the worm
axis is identified as a vorticity maximum, and the axis is followed until either its
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R/n

FIGURE 11. Radial vorticity distribution for different cross sections along a typical
worm. Rey = 62.8.

peak vorticity falls below w' or until the worm closes into itself or intersects a pre-
viously known one. At each point in the axis, the vorticity in a normal plane is
averaged azimuthally, and the resulting radial distribution is fitted to a gaussian.
The local radius of the worm is defined as the 1/e radius of the gaussian, and the
circulation as that of the fitted distribution. It was, unfortunately, impractical to
continue this process until no more worms could be found, and the samples used
here represent what could be achieved in a fixed amount of computer time (3 hours).
A rough estimate of the total volume of the worms in the sample compared to the
volume occupied by vorticity above w’ suggests that the sample contains most of
the worms in the lowest Reynolds number case, but only about 1% of them in the
highest one. Average values of worm length, radius, and circulation are given in
table 2. A comparison with the range of scales in table 1 is enough to show that the
normalizations chosen here are fairly robust, at least in this range of Rey, and that
other choices would lead to significant trends. In particular, the worms radii scale
with 7 and their lengths with the integral scale L, and their circulation increases as
Ref\/ Z

The trends of the radii and circulations are consistent with those observed in
Jiménez (1991) for the intense longitudinal vortices in the wall region of a turbulent
channel. It was shown there on the basis of rather limited data that the radii of the
vortices scale well in wall units, within a range of Reynolds numbers Re, = 100-
200. The circulations, however, do not remain constant, and increase by almost a
factor of two in the same range. Since wall units are the near wall equivalent of
Kolmogorov scaling, those trends are equivalent to the ones observed here. In the
same spirit, the recently established tendency of turbulent fluctuations to increase
with Re, beyond their dependence in wall units (Wei & Willmarth, 1989) can be
considered as related to the failure of Kolmogorov scaling in figure 3.

Actual probability density distributions of radii and circulations are given in figure
10 and a sample of azimuthally averaged vorticity profiles across a typical worm is
given in figure 11, showing that the gaussian model is at least reasonable. This
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FIGURE 12. Distribution of normalized radii and circulations along worm axes as
function of arc length €. Each figure contains four worms chosen at random. (a)

Rey = 35.8, (b) 62.8, (c) 94.5, (d) 171.5.
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FIGURE 13. Portrait of a worm interaction, identified by a local maximum of the
stretching term o. Re) = 94.5. Length of axes, approximately 407. (a) Intense
vorticity isosurfaces, |w| = 2.8w'. (b) Vorticity vectors within the surfaces in (a).
Vector lengths are proportional to vorticity. (c) Stretching and vorticity magnitude
in the horizontal plane outlined in (a). Isolines are o at 0.2w’ increments; negative
contours, dashed; zero contour not shown. Light gray, w' < |w| < 2.8w'. Dark grey,
|w| > 2.8&". (d) Same as (c), but isolines are strain magnitude |s| > ' at 0.2w'
intervals.

model is consistent with that of an axially stretched equilibrium Burgers’ vortex.
The distributions of radii and circulation along the length of a few typical worms is
given in figure 12 for the four different Reynolds numbers. It is difficult to extract
general trends from this figure and the number of actual coherent worms in each
field is not enough to allow for rigorous statistics, but the most striking feature
in these traces is the increase in complication as the Reynolds number increases.
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Since we know from the previous analysis that an increase in Re) implies an increase
in the Reynolds number of the vortices themselves, this is not surprising. It just
means that, as their Reynolds number increases, the worms themselves are becoming
turbulent, and it is an interesting question whether at high enough Re) they would
retain enough coherence to be identified as separate objects. This question can not
be answered directly here, but some analysis is possible on the type of complexity
which is being added by increasing the Reynolds number. It is clear from figure 12
that the circulation traces are noisier that those of the radii. Part of the noise is
doubtlessly due to detection problems, but the difference between the two sets of
measurements is probably true. Since the circulation of a coherent vortex, defined
as a fixed set of vortex lines, is constant along its length, the peaks in the circulation
traces can be interpreted as interactions with other vortices, and it is the number
of interactions that appears to increase with Re,.

Interactions between adjacent worms are indeed common in the flow fields and
can often be found by looking for “active” spots in which either the vorticity or the
stretching are especially large (see figure 13). Interactions between strong vortices
and weaker vorticity are still more common, and they do not usually result in the
destruction of the stronger partner.

The question of what is the origin of the stretching that generates the worms has
still not been addressed. Figures 14 and 15 show two dimensional joint probability
density functions for vorticity magnitude and strain. Figure 14a compares total
strain |s| = (5i;S:;)!/? with vorticity magnitude. It is clear from the figure that
there is a correlation between these quantities, even if a rather weak one. Strong
vorticity coexists with strong strain either because strong vortices generate high
strains or because they are generated by them. That alternative is addressed in
figure 14b, which compares vorticity magnitude with the stretching term o¢. This
histogram shows that the highest stretching rates are not associated with regions
of high enstrophy, but with the background vorticity O(w'). In fact, the stretching
associated with the highest enstrophy regions is fairly low and seems to scale well
with w', with little evidence of self stretching by the strongest structures. This
apparent lack of correspondence between the behavior of the total strain and of
the stretching component is also clear in figure 15, which compares both quanti-
ties. Although there is clearly a correspondence between strong strain and large
stretching in the sense that strong stretching or compression is associated more
often with strong strains than with weak ones, the correspondence is only moder-
ate, and the distribution of the ratio o/|s| is broad, peaking at low values rather
than near the extremes. This ratio can be shown to be kinematically limited to the
interval £(2/3)'/2, which accounts for the sharp lateral cutoffs in the histograms
in figure 15, but, within those limits, o and |s| are only weakly correlated. Strong
strain does not necessarily mean strong compression or stretching, and the direction
of the principal axis of the strain tensor seems to be relatively independent of the
local vorticity direction. This is also seen in figures 13c-d, in which the total strain
and the stretching terms are plotted independently. The total strain (fig. 13d) is
relatively well correlated with the presence of strong vorticity, but the stretching
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FIGURE 14. Joint probability density functions of strain magnitude and stretching
versus vorticity magnitude. All values are normalized with w'. Density contours
are logarithmic and spaced by a factor of 10. Lines as in table 1.
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FIGURE 15. (a) Joint probability density functions of stretching versus strain
magnitude. (b) Univariate probability density function of o/|s].

is much more randomly distributed, and both strong compressions and extensions
are present close to each other. Plots of o over larger sections of the flow field
reveal a spotty distribution with a tendency to concentrate on the periphery of
background (or intense) vorticity but not on its interior. Apparently, once vorticity
gets stretched to a high enough amplitude, it decouples from the original strain field
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and loses its orientation relative to it.

All this is consistent with the result obtained by previous investigators that there
is little preferential alignment of the vorticity with the strongest strain axis at low
vorticity magnitudes and that the alignment is to the intermediate (weakest) strain
eigenvector in the intense regions (Ashurt et al., 1987).

It is interesting to note that there seems to be a fairly good collapse of the
distribution of ¢/|s| for different Rey and that this distribution is tilted both in
figures 15 and 14b towards positive values of ¢. This asymmetry corresponds to
the negative skewness of the velocity derivatives in the flow field and is what makes
possible the net amplification of vorticity.

One of the most striking features of these probability distributions is the sim-
ilarity of their shape at different levels. The probability distributions, scaled on
w', collapse closely near the origin, corresponding to the good collapse of the one
dimensional histograms in that range. Even away from that point where the higher
Reynolds number cases display much stronger tails, the shape of the distributions
are very similar for the high and for the low Reynolds flows. The outer, low prob-
ability isolines of the low Reynolds number distributions coincide almost exactly
with the inner, high probability ones at high Rey. This suggest again that, what-
ever mechanism is responsible for the generation of high enstrophy or of high strain
regions, it is independent of Reynolds number and that the only difference is that
it becomes more common as the Reynolds number increases. The correspondence
of inner and outer contours also suggests that the dynamics of the intense regions
is not fundamentally different from that of the O(w') background.

6. Discussion and conclusions

We have presented results on the structure of the intense vorticity regions in
numerical turbulent flow fields at four different Reynolds numbers ranging from
Rey = 36 to 171. Numerical resolution in terms of # and running time in large
eddy turnover units were kept as constant as possible. The fields themselves are in
statistical equilibrium with a suitable forcing, and the two higher Reynolds numbers
are already in the “asymptotic” range in which dissipation becomes independent of
Rey. In this sense, we are dealing with true turbulent flows. These last two fields
also exhibit an inertial k~3/3 spectral range that, in the highest Reynolds number
case, spans almost a decade. The collapse of all the spectra in the dissipation range
when expressed in Kolmogorov units is excellent, although there is a suggestion of
a weak trend to slightly fuller spectra at higher Reynolds numbers (Fig. 1). The
energy spectra in this range are exponential with an algebraic prefactor.

We give univariate histograms for several quantities related to the velocity gradi-
ents, especially for those related to the terms of the vorticity production equation.
They are not gaussian, and they do not collapse in Kolmogorov units (w’). There is
a strong trend to longer tails of intense events at-higher Reynolds numbers, which
show no signs of converging to an asymptotic distribution within our experimental
range.

We have confirmed in accordance with previous investigators that the physical
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structure of these intense events is that of long coherent vortices of more or less ellip-
tical cross section (“worms”). Although we lack adequate statistical confirmation,
the eccentricity of the cross section appears to decrease as the Reynolds number
increases. We have offered an explanation in terms of the relative strength of the
strain and vorticity in those regions.

By means of an automatic tracking algorithm, we have computed the scaling laws
for the kinematic properties of the worms. Their radii scale with the Kolmogorov
microscale and their lengths with the integral scale of the flow, and their circulations
increase with the Reynolds number as Re, = v/v ~ Re}\/ . With respect to this
latter scaling, the data might be consistent with a slightly higher or lower exponent,
but they are not consistent with the obvious guess that Re. should remain constant.

We have tried to clarify the dynamics of worm formation by means of joint prob-
ability densities of strain and vorticity. As expected, high enstrophy and high strain
are associated with one another, although rather loosely, but, surprisingly, strong
vorticity is not associated with high values of the stretching term, ¢ = wSw/|w|?. In
fact, the stretching of the high intensity worms is low and seems to scale well with the
background vorticity w’. Since the Burgers’ length for a strain ' is (v/w')'/%2 =3,
this is consistent with the scaling of the radius quoted above but strongly sug-
gests that self stretching is not an important factor in the evolution of the intense
vorticity.

An interesting observation is that the shapes of the probability isolines in the tails
of the joint distributions are essentially similar to those in their central parts and
that they are quite independent of the Reynolds number. This, together with the
previous observation on the lack of self stretching, suggests that the worms are only
particularly intense realizations of the background vorticity field, |w| > w’. This
background component is responsible for most of the turbulent dissipation (80%)
but fills a much smaller percentage of the volume (25%). We have presented some
indications that it is concentrated in large scale, turbulent, vortex sheets separating
the energy containing eddies at the integral scales. The worms are imbedded within
this background (Figs. 6-7).

We have also shown by removing the worms artificially from an equilibrium tur-
bulent field and studying its further development that worms are not especially
important in the overall dynamics of turbulence and that they are only responsible
for a fraction of the kinetic energy proportional to the volume that they occupy and
for a fraction of the dissipation proportional to their integrated enstrophy. Both
are small numbers at the Reynolds numbers of our simulations but could become
bigger in the limit Rey > 1. We have also shown that worms are not artifacts of
forced turbulence. If they are removed from a decaying field, they reappear within
a small fraction of a turnover time.

The lack of convergence of the probability distributions appears to support the
multifractal models of turbulence in which cascades of increasing intensities are
concentrated on increasingly small regions of space. The way in which this local
concentration is implemented is, however, somewhat surprising, although consistent
with previous indications from the near wall region of turbulent channels. Instead
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of having vortices of fixed circulation being stretched more at higher Reynolds
numbers, our data imply increasingly stronger vortices being stretched by a fixed
amount. .

The question of how these vortices are formed will not be addressed here and will
be the subject of coming publications. The purpose of this paper is to present a
data base that can be used to constrain any such future model. It may still be of
some interest to discuss briefly the nature of some of these constraints. There are
three basic problems: how the large vorticities are generated, why Re. increases
with Rey, and how a small scale structure can maintain a length of the order of the
macroscale.

The first question presents no qualitative difficulty, although its quantitative an-
swer lies at the heart of turbulence theory. High vorticity is generated by stretching,
and stretching is generated by the integrated effect of the rest of the vorticity in the
flow. We have seen that the highest vorticity has transverse dimensions of the order
of n. This is already implicit in Kolmogorov theory and implies that the prevailing
rate of strain is O(w’). Since we know from the histograms in figure 3 that the
predominant vorticity is also O(w'), this implies that the Reynolds number of a
typical dissipative eddy, Re, is O(1) and independent of Rey. This is in agreement
with intuitive stability arguments.

A relatively small percentage of dissipative eddies (at our Rey) seems to be
strained while maintaining a much larger Re,. Large Reynolds number vortex
sheets are subject to inviscid instabilities and will quickly roll into individual vor-
tices, but columnar vortices are linearly stable, although they are subject to inertial
waves and will probably break up if perturbed hard enough. There is little doubt
that a sufficiently high Reynolds number vortex will eventually become internally
turbulent, but it may survive long enough to be observed in rare situations. We
have seen in figure 12 that worms become “noisier” as Re) increases, in general
agreement with this argument. Note also that the evidence suggests that the strong
vortices are subject to rates of strain that are much weaker than their own vorticity.
Under those circumstances, they would behave as essentially unstrained and they
could only be appreciably perturbed by self, or mutual, interaction.

It might even be possible to shed some light on the scaling law Re., ~ Ref\/ 2. The
relation that comes to mind is

u'n/v~ Re;’[2

9

which implies that the velocity increment across an intense worm is of the same
order as the characteristic velocity of the energy containing eddies. A simple model
is that of large eddies straining vorticity at the interfaces in which they meet (see
figures 6 and 7). On most occasions, the vortex sheets generated in that way become
unstable and break into smaller eddies that strain each other into the O(w') vorticity
background. Occasionally, however, a small part of the vortex sheet survives the
instability and is strained to thickness n while still retaining across itself the full
velocity difference u’. The eventual roll-up of this sheet generates worms.

Note that this model does not predict the conditions for the formation of worms,
but that it singles out the observed scaling law as an upper limit for Re,, since
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strong intermittency of the velocity itself is not observed. Note also that it suggests
that the initial stretching takes the form of sheets since the velocity increment across
a stretched sheet is maintained while that of a cylindrical vortex increases in inverse
proportion to its diameter.

Finally, the problem of the long lengths of the worms is harder. It is inconceivable
that a rate of strain O(w') remains coherent over a region of space of size O(L). Since
we know that velocities are only O(u'), the largest possible coherence length for a
strain w' is u'/w’ ~ A. This suggests that worms are not formed in a single stage,
but that they grow or coalesce along their lifetimes. Several possible mechanisms
come to mind, but they are beyond the scope of this paper.
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Appendix I: Data processing for vortex radii and circulations.

In order to elucidate the geometric structure of the worms, an algorithmic def-
inition is needed for the set of points in space which will be taken to constitute a
single worm. Such definitions necessarily contain some degree of arbitrariness, and

the one used here is certainly no more than one among many possibilities.

We are interested in the strong vortical regions, and we take maxima of enstrophy
as starting points. We define a worm axis and core starting with:

(1) Find the point of maximum enstrophy not yet included in any worm core.
This is the first worm-axis point of a new worm.

From that point one could reasonably proceed along the vortex line through the
point to define a worm centerline. However, an elongated region of high enstro-
phy, which we take intuitively as a worm, does not have vorticity perfectly aligned
along its axis, nor does a given vortex line necessarily remain within it over its en-
tire length. Therefore, to increase the chances of staying within the high-vorticity
structure, the worm-core definition is taken as:

(2) Follow the local vorticity vector from the current worm-axis point until it
intersects the next grid plane, then choose as worm-core points the four grid points
in this plane which surround the point of intersection. The new worm-axis point is
the one with the maximum enstrophy. A

This is done in both directions from the first worm-axis point until:

(3) The worm is taken to end when the new maximum enstrophy is below the
global mean value, w'?, or when the worm axis intersects its own or another worm’s
core.
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From the set of worm-axis points we compile radial distributions of axial vorticity
in the next two steps: '

(4) Define the radial plane around a given worm-axis point as that set of points
for which the given axis point is the closest point on the worm axis.

(5) Average the component of vorticity parallel to the worm axis (at the given
axis point) over these radial-plane points. The averaging is done into radial bins of
width Az.

With the distributions of axial vorticity as a function of distance from and position
along the axis, we can compute approximations to the worm radius and circulation
as functions of axial position. The radial distribution is fitted to a gaussian shape,
with the measured value of wp the axial vorticity at the axis. The 1/e radius, R, of
the distribution is estimated from the distance r, at which the vorticity falls to a
fraction ¢ of its value at the axis:

R=r,/(~In(g))}.

This estimation is repeated for several ¢ € (0.25 — 0.75), and the average of the
different estimations is taken as the final radius. The circulation 4 at this section
is then approximated by integrating the gaussian, assuming axisymmetry:

v = womR?

We have found this procedure to give clearer results than computing the circulation
directly from the radial distribution. The latter is hampered by the difficulty of
doing the circulation integral over a quite noisy distribution containing vorticity
from other worms and the background.

Steps (1)-(5) are repeated to obtain a database containing a few tens of worms.
Statistics of radius and circulation are collected over this database.
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On the local nature of the energy cascade
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The local nature of the energy cascade in space and time is studied using direct
numerical simulation of decaying and forced isotropic turbulence. To examine the
concept that large scales evolve into smaller ones, we compute the Lagrangian corre-
lation coefficient between local kinetic energy at different scales. This correlation is
found to peak at a Lagrangian time-delay that increases with scale separation. The
results show that, on average, the flow of energy to smaller scales is predominantly
local in physical space and that the view of eddies decaying into smaller ones while
transferring their kinetic energy appears to be, on average, quite realistic. To ex-
amine the spectral characteristics of the cascade under unsteady conditions, a pulse
of large-scale energy is added to the large-eddy simulation of forced isotropic tur-
bulence. As time progresses, the evolution of this pulse through bands of increasing
wavenumbers is studied.

1. Introduction

The theoretical framework underlying most turbulence modeling hypotheses is
the Kolmogorov phenomenology, in which the cascade of energy from large to small
scales occupies the central stage. It is postulated that the rate at which energy is
dissipated is dictated by the large-scales and that the transfer of energy is mainly
local in wave-number space. The —5/3 decay exponent in the inertial range, its
extent, isotropy of small-scales, and so on, follow directly from these assumptions.
This spatially averaged view is of importance for modeling at the Reynolds averaged
level and is consistent with the 1941 version of Kolmogorov’s theory. In the realm
of sub-grid scale modeling for Large Eddy Simulations (LES), a slightly stronger
version of the Kolmogorov phenomenology is at work. Spatial features of the energy
cascade have to be taken into account, and the equilibrium between the local energy
flux (or subgrid-scale energy production) and rate of dissipation is used to derive
the popular Smagorinsky model. A spatially local version of the energy cascade is
also invoked in models for small-scale intermittency (Kolmogorov, 1962; Meneveau
& Sreenivasan 1991). In spite of the wide use of these ideas, the hypothesis that
kinetic energy originally associated with some large-scale structure gets transferred
to smaller flow structures that have evolved from the bigger one has never been
directly tested. The purpose of the present work is to perform such an explicit test
using direct numerical simulations. Several issues complicate this task. To properly
account for the time needed for the energy transfer between scales as well as to
take sweeping by the large scales properly into consideration, the flow structures
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have to be followed in time in a Lagrangian fashion. Also, proper statistical means
have to be employed to ensure that the observed trends are robust. The calculation
methods and results are presented in section 2.

The Kolmogorov phenomenology can also be used to make predictions about
how the cascade should react to overall unsteadiness at the large scales. In a recent
article, Lumley (1992) used the Kolmogorov phenomenology to predict that an
energy pulse at largest scales will tend to ‘propagate’ along the spectrum, only to
‘arrive’ at small scales at some later time. This hypothesis is tested using simulations
of forced isotropic turbulence. The results of these tests are reported in section 3.
Conclusions are presented in Section 4.

2. Spatial structure of the energy cascade

Let the local kinetic energy of the flow-field composed of scales smaller than r',
at location x and time ¢ be denoted by e, (x,t). As defined more precisely below,
the effect of advection by scales larger than r’ is excluded from e, (x,t). Let us
assume that at a certain instant and position this local energy is larger than the
corresponding spatial average. The question we wish to address is how such a pulse
will evolve in time if the underlying turbulent structure is followed as it is advected
through space. The simplistic view of the energy cascade as consisting of large
eddies breaking down to form smaller ones would suggest that if we follow a fluid
element initially located at (x,t) in a Lagrangian fashion, this pulse should become
associated with local kinetic energy at decreasing scales as time progresses. In other
words, we would expect that after following a fluid element with excess energy at
scale r' for some time, we would find an excess of energy not at scale r', but at some
smaller scale, say r = r'/2. To quantify such an effect statistically, it is useful to
compute the correlation coefficient between local kinetic energies at different scales.

Several alternative definitions for the local kinetic energy will be used. The first
is the trace of the subgrid-scale stress tensor (minus the Leonard term),

o
ew(X,t) = Uxuk — Ux Ur. (1)

The hat represents low-pass spatial filtering at scale r';

&t = [ o 06 (x - X)X, ()

where G, is a filter of characteristic scale r'. eq(x,t) as defined according to Eq.
(1) is the total kinetic energy minus the resolvable portion of the large scale kinetic
energy. Decomposing the original velocity ug into ux = Ux + u} shows that this

———
definition also includes cross-terms of the form u}#;. We shall also consider the
kinetic energy of the small scales only, defined as

—
er(X,t) = upuj. (3)

Notice that these definitions of local kinetic energy differ from the local wavelet
spectrum (Meneveau, 1991) in the sense that they include the energy of all scales

o
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smaller than the characteristic scale r' rather than just that of a particular spectral
band. :

The spatial filtering to be used can be of several forms. First, a spectral cut-off
filter is considered, i.e.

G.(k) = 1if k| < 7, (4)

and zero otherwise. G (k) is the Fourier transform of G, (x — x'). We shall also
consider Gaussian filter,

Gr(x—x')= (\/—-g%)aexp [_G(xr;mx')z] ) (5)

(6)

At instant ¢y, we compute the local energy at scale r', at some position xo. At
later times, the local kinetic energy at a smaller scale r < r’ is computed at position
displaced from xo along the trajectory of a particle moving with velocity ;;

and top-hat filter,

o) L

1
Gr(x~-x')==if x—x'| <
r

-

X = %o + /0 B, t)dt, (1)

where tilde now represents filtering at a smaller scale r. This posterior and smaller-
scale local kinetic energy is defined either as

er(xy to + t) = uﬁk - u~ku~ka B (8)

or as in Eq. (3), by replacing the filtering at scale r' (hat) by filtering at scale r
(tilde).

Finally, the correlation coefficient between the two local kinetic energies depend-
ing on the Lagrangian time delay ¢ and the scale ratio b = r'/r is defined as

< epr(Xo,to)er(X,t0 +1) > — < epr(Xo,t0) >< er(x,t0 + 1) >

p(b,t) = 5 (9)
aebr aer
Here 02, and o2, are the variances of the local kinetic energies at scale br and r,

respectively. Figure 1 illustrates the variables to be computed.

The correlation coefficient p(b,t) will be used as a measure of how fluctuations of
local energy propagate between different scales of motion as the underlying turbu-
lent structures evolve in space and time. It can be measured for different definitions
of local energy as well as different types of filters.

The next section describes the direct numerical simulations from which p(b,1) is
measured.
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FIGURE 1. Sketch of local energy at ‘large’ scale r' = br, and at ‘smaller’ scale r
after following a fluid particle for some time t.

2.1 Description of flow fields

Both forced and decaying isotropic turbulent fields were considered. They were
generated with a pseudo-spectral code (Rogallo, 1981) on a 128 cubed mesh. The
initial phases for the complex velocity field were chosen randomly but in such a way
that the divergence-free condition was satisfied (see Rogallo, 1981 for more details
on the initial conditions). Forcing was achieved by adding an anti-diffusion term
(negative diffusion coefficient) to the Navier-stokes equations. The diffusion coeffi-
cient was wavenumber dependent and non-zero only for modes within wavenumber
shells less than 3. The value of the coefficient for low wavenumbers was chosen
so that the maximum wavenumber, scaled in Kolmogorov units, was unity (i.e.
kmaz/n = 1). To generate realistic steady-state turbulence, the flow was evolved
for approximately 2 large scale eddy turn-over times. The Reynolds number, R),
settled at 95.8, while the velocity derivative skewness settled at —0.486. The en-
ergy spectrum is shown in Figure 2, where the vertical lines indicate the cut-off
wavenumber at scale r (4 mesh spacings) and the maximum value of r', equal to
2.6r. Note the tail-up in the energy spectrum at high wavenumbers. This results
from the desire to achieve maximal Reynolds number for the given resolution. The
dissipation range is not fully resolved, and, as a result, energy piles up there. It
is generally believed (Rogallo, 1992) that the tail-up at high wavenumber will not
adversely affect the data in the central portion of the spectrum used here. To gen-
erate data for the Lagrangian test, the simulation was run for approximately an
additional 2 small scale eddy turnover times. In order to follow the evolution in
time with sufficient accuracy, the entire velocity field was stored at 14 intermediate
times, each separated by roughly 1/6th of the turn-over time associated with scales
of size r (as estimated by (%5)—1/2)‘
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For the decaying turbulence, the energy spectrum was initialized according to

4

E(k) = 515 (;—) exp (—g) . (10)
This spectrum has its energy peak at wavenumber 8. In order to develop realistic
turbulence from the random phase initial condition, the flow was allowed to evolve
freely for 1.4 small scale eddy turnover times (based on quantities derived from the
end of the initial run; 7, = %,% where )¢ and u'y are the Taylor microscale and the
rms turbulence intensity, respectively). Over this period of time, the total turbulent
kinetic energy decayed by 20%. The Taylor microscale Reynolds number (u')/v)
was 56.1. The 3-D radial energy spectrum at the end of this initial run is plotted
in Kolmogorov units in Figure 3. Also shown are the experimental data of Comte-
Bellot and Corrsin (1971), as well as two additional spectra for the later times t¢
and t,3 discussed below. The simulation spectra collapse reasonably well with the
experimental data for wavenumbers beyond the energy peak (where the universal
scaling is expected to hold). As in the forced simulation, there is a noticeable energy
pile-up at the highest wavenumbers.
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FIGURE 2. 3-D radial energy spectrum for the forced isotropic turbulence.

Data for the Lagrangian test was generated by evolving the flow approximately
an additional two small scale eddy turn-over times, with 13 velocity fields saved at
intervals of 1/6 of a turn-over time. Over this period of time, the kinetic energy
decayed an additional 43%. The velocity derivative skewness changed from —0.382
to —0.302 in progressing from tg to t13, while Ry changed from 56.1 to 35.2. The
vertical lines in Figure 3 correspond to the cut-off wavenumber of the scale r (4
mesh spacings in physical space) and the maximum r’ = 2.6r considered.
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FIGURE 3.  3-D radial energy spectrum for the decaying isotropic turbulence,
plotted in Kolmogorov units.

2.2 Calculations and results

The filtered velocity 1 was computed at scale r and sampled on a 323 mesh for
each time tg to t;3. Also computed were the local energies e, and e, at every point
of the coarse 32% mesh. For each grid-point on this mesh, Eq. (7) was integrated
numerically using Euler’s method with time increment At = t,4+; — t, and using
muitilinear interpolation to find the velocity between grid points. The local energy
at t = 0 (o = 0, say) of the larger scales (up to br) is computed for positions
Xo corresponding to each grid point, and the final energy at scale r is obtained by
multilinear interpolation of the field e, at the end-points of the Lagrangian tracking,
at all times ¢, to t;3. This calculation was repeated for different ratios b = r'/r
between the larger scale and smaller-scale energies, in a range 1 < b < 2.6, where r
is kept fixed and r' is increased.

First, we consider spectral cut-off filtering and the definition of local kinetic en-
ergy as the trace of the subgrid-scale tensor, according to Eq. (1). The results
corresponding to the forced field are shown in Figure 4, and the results pertaining
to the decaying field are shown in Figure 5. The time delay ¢ has been normalized
with the characteristic time-scale corresponding to the lower cut-off scale r at t,3:

IS|=/< 5‘:5‘; >. (11).

The upper curve corresponds to b = 1 and represents the Lagrangian autocorre-
lation function of the local kinetic energy. It exhibits the expected overall decorre-
lation time of the order of a few turn-over time scales of structures of size r.

The curves for b > 1, on the other hand, do not peak at ¢ = 0, but at some later
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FIGURE 4. Correlation between local energies at different scales, as a function of
Lagrangian time-delay. The flow is forced isotropic turbulence. The local energies
are computed as the trace of the subgrid-scale stress tensor, using cut-off filtering.
Different curves are for different scale separation; from top to bottom curve (at
t=0): b=1.0,
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FIGURE 5. Same as Figure 4, but for the decaying isotropic turbulence simulation.

time. This time (T})maz is an increasing function of the scale-ratio b. It implies
that to exhibit maximum correlation between energy occurring at different scales
some time must be allowed to pass. Pulses of higher local energy tend, on the
average, to correlate better with pulses at smaller scales only after allowing the
cascade to proceed for some time. As the ratio between scales becomes larger, this
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time increases.

To verify that the approximate integration scheme to compute the Lagrangian
path is sufficiently accurate for present purposes, the calculation is repeated using
an even coarser resolution in time. This can be done by using every second field
at to, t2, t4... t12. The symbols in Figure 6 show the resulting correlation (for the
forced flow, for b = 1, b = 1.4 and b = 2) as compared to the lines corresponding
to the higher temporal resolution employing all fields o, t;, t,,.. etc. Only minor
variations (less that 0.015 in the correlation coefficient) are visible, and we conclude
that the procedure is sufficiently accurate.
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FIGURE 6. Test of sensitivity of results on accuracy of time integration, for the
forced isotropic flow using the trace of the subgrid-scale tensor. Different solid
curves are, from top to bottom: b = 1, 1.4, 2.0. The circles are obtained from a
time-step that is twice as large, i.e. using every second of the stored fields only.

Next, we consider the second possible definition of local kinetic energy in terms
of the product of small-scale velocities (Eq. (3)). Figure 7 shows the resulting
correlations for the forced isotropic flow-field. The overall trend is the same as
before, but the time at which the curves peak is slightly reduced.

The importance of different types of filtering is now quantified. Figures 8 and 9
show the correlation as a function of Lagrangian time for the Gaussian and top-hat
filters. The local energy is now defined again according to Eq. (1). It is clear that
considerable differences are present in terms of the peak time-delay as well as the
magnitude of the correlation. Nevertheless, the basic trend of a time-delay that
increases with scale separation is robust.

Finally, as an illustration of how the cascade of energy is associated with de-
creasing length-scales when following a fluid particle, we plot b=! as a function of
the peak time-delay (T})maz in Figure 10. It contains all results pertaining to the
cut-off filtering and the mean trend through the results pertaining to the Gaussian
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FIGURE 7. Same as Figure 4 but using Eq. to define local energy, and cut-off
filtering applied to the forced isotropic flow.
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FIGURE 8. Same as Figure 4, but using a Gaussian filter.

and top-hat filter calculations. It can be seen that the data is consistent with a
reduction in scale by a factor of 2, in a time that is of the order of |S|™!.

Considerable scatter about this mean behavior is seen to exist. The largest vari-
ability is due to the filter type: The decrease in length-scale is considerably faster
for the Gaussian or top-hat filter as compared to the spectral cut-off filter. The re-
sults for b > 2.5 are physically not very meaningful since the large-scale br already
approaches the peak in the energy spectrum.
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FIGURE 9. Same as Figure 4, but using a top-hat filter.
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FIGURE 10. Plot of 1/b as a function of the corresponding time delay at which the
two-point energy.correlation peaks. It can be viewed as a decrease in length-scale
of eddies as a function of time. Symbols are for the cut-off filtering. & : decaying
flow, local energy according to Eq. (1); o : decaying flow, local energy according
to Eq. (3); o : forced flow, local energy according to Eq. (1); o : forced flow, local

energy according to Eq. (3);

: mean trend through symbols; ---~ : mean

trend through all results corresponding to Gaussian and top-hat filtering.

3. Spectral evolution of sharp pulse of energy

In this section, we consider the temporal evolution of a sharp pulse of kinetic
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energy originally present at low wavenumbers in the spectrum. To attain high
Reynolds numbers, a large-eddy simulation was employed to study this case. We
consider a high Reynolds number forced 1282 LES using the subgrid-scale model
described in Chasnov (1991). The method of forcing entails adjusting the energy
of each Fourier mode in the first wavenumber shell 1 <= k < 2 to a fixed value.
The component distribution of the energy and the Fourier phases in the first shell
evolve according to the Navier-Stokes equations. A long-time evolution of this
forced flow together with the subgrid scale model results in an approximate k—s/3
energy spectrum over the entire range of computational wavenumbers. The spectral
subgrid-scale model used here contains both an eddy-viscosity and a stochastic
backscatter term, that effects most strongly the evolution of modes closest to the
cut-off wavenumber.

Starting from this fully-developed statistically-stationary inertial subrange, we
have doubled the energy in the first band of wavenumbers at an initial time ¢ = 0
by a simple rescaling of the Fourier amplitudes and followed the cascade of this
energy to higher wavenumbers as a function of time. Figure 11 shows the results
of this calculation. We plot the time-evolution of the energy in logarithmic bands
of wavenumbers from the initial instant of time. The n** band plotted represents
the energy in the Fourier modes with wavenumbers between 2"~! <= k < 2".
The energies are normalized by their values at ¢t = 0. A plot of the energy in the
first band would be a horizontal line at a value of two, and we expect that, for
large-times, a statistically asymptotic state would develop where all the normalized
energies approach a value of two.
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FIGURE 11. Time-evolution of the energy in logarithmic wavenumber bands after
a pulse of energy was added to the first band. Band n represents the energy in
wavenumbers 2"~! <= k < 2" normalized to its value at ¢ = 0. Band 1 would be
represented by a horizontal line at a value of 2.
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There is evidently a large amount of statistical fluctuation in the data so that we
limit ourselves to qualitative observations based on this single realization. A large
eddy-turnover time based on the length of the computational box and the initial
root-mean-square velocity may be computed and corresponds to approximately t =
3. The initial pulse of energy is, therefore, seen to become distributed more-or-
less evenly among all the wavenumber bands on the order of a large-eddy turnover
time. Furthermore, the cascade appears to proceed in a manner such that most
of the energy is passed locally in wavespace (for 1 <= t <= 2, the normalized
energy level of the bands are ordered consecutively), but some of the energy is
passed to all higher wavenumber bands (the normalized energy levels do not rise
in a delayed step-like fashion, but rather begin to rise early on). Also, the time
difference between consecutive peaks in Figure 11 is seen to decrease for the bands
corresponding to larger wavenumbers, implying shorter turn-over times-cales for the
smaller scales of motion. _

These results are in qualitative agreement with the scenario described in Lumley
(1992), where at each step in the energy cascade most of the energy is passed to the
next higher wavenumber band while a diminishing fraction of the energy is passed
to all other higher-wavenumber bands.

4. Summary and conclusions

First, it was shown that ‘pulses’ of kinetic energy of flow-structures at a particular

scale will propagate to smaller scale structures as fluid particles are followed in
time. This effect leads to a peak in the correlation between local energy at different
scales occurring after a time delay. It was also shown that the time needed for a
length-scale reduction factor of b = 2 is of the order of the ‘characteristic’ time
scale in the energy cascade. Although these important qualitative results were very
robust, quantitatively they were strongly dependent on filter type and on the precise
definition used to compute the local energy density. Also, the increase in correlation
after a Lagrangian time-delay was typically not very large. This is to be expected
since the ‘forward’ flow of energy to smaller scales is itself a weak effect, coming
from the difference between local forward flux and backscatter.

Secondly, unsteadiness in the large-scales of the flow were studied from the spec-
tral point of view. A pulse of energy added at low wavenumbers in a high Reynolds
number forced isotropic turbulence was observed to propagate to higher wavenum-
bers such that the energy levels increased faster in wavenumber bands closest to the
initial pulse and slower in wavenumber bands farther away. The energy of the ini-
tial pulse was seen to be more-or-less evenly distributed among all the wavenumber
bands in a time on the order of one large-eddy turnover time.
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Search for subgrid scale parameterization
by projection pursuit regression

By C. Meneveau’, T. S. Lund? AND P. Moin?

The dependence of subgrid-scale stresses on variables of the resolved field is stud-
ied using direct numerical simulations of isotropic turbulence, homogeneous shear
flow, and channel flow. The projection pursuit algorithm, a promising new regres-
sion tool for high-dimensional data, is used to systematically search through a large
collection of resolved variables, such as components of the strain rate, vorticity,
velocity gradients at neighboring grid points, etc. For the case of isotropic tur-
bulence, the search algorithm recovers the linear dependence on the rate of strain
(which is necessary to transfer energy to subgrid scales) but is unable to determine
any other more complex relationship. For shear flows, however, new systematic
relations beyond eddy viscosity are found. For the homogeneous shear flow, the
results suggest that products of the mean rotation rate tensor with both the fluc-
tuating strain rate and fluctuating rotation rate tensors are important quantities
in parameterizing the subgrid-scale stresses. A model incorporating these terms
is proposed. When evaluated with direct numerical simulation data, this model
significantly increases the correlation between the modeled and exact stresses, as
compared with the Smagorinsky model. In the case of channel flow, the stresses are
found to correlate with products of the fluctuating strain and rotation rate tensors.
The mean rates of rotation or strain do not appear to be important in this case,
and the model determined for homogeneous shear flow does not perform well when
tested with channel flow data. Many questions remain about the physical mecha-
- nisms underlying these findings, about possible Reynolds number dependence, and,
given the low level of correlations, about their impact on modeling. Neverthe-
less, demonstration of the existence of causal relations between sgs stresses and
large-scale characteristics of turbulent shear flows, in addition to those necessary
for energy transfer, provides important insight into the relation between scales in
turbulent flows. [

1. Introduction

Of central importance to the numerical simulation of the large scales in turbu-

lent flows is the proper parameterization of the subgrid-scale (sgs) stress deviator,
defined as

—_— .. 1, ..
Tij = Uiuj; — UiUj; — —(ukuk - ukuk)6ij7 (1)
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as a function of the resolved velocity field #;. Here 6 represents spatial filtering at
a particular scale r. The most widely used model is Smagorinsky’s (1963):

rij = —2 C?r? 1/25;;Si;, 2)
where 1 O ou
6= L (2, 05

Si=3 (g, * 52 3)

is the strain rate of the resolved motion. The model constant C, can be prescribed
or can be determined dynamically based on information provided by the resolved
field, as in the recently developed dynamic model (Germano et al., 1991).

Although the Smagorinsky model has been in use for nearly thirty years, for
roughly half that period it has been known that the model provides only a very
crude estimate for the stresses. This fact was first demonstrated by Clark et al.
(1979), where direct numerical simulation (DNS) data for homogeneous isotropic
turbulence was used to evaluate model predictions. Clark et al. found a correlation
coefficient of approximately 0.2 when comparing predictions of the Smagorinsky
model with the exact stresses. McMillan et al (1979) found that the correlation
.coefficient was even lower in homogeneous shear flow, being of order 0.1. Later,
‘Piomelli et al. (1988) found similar results in turbulent channel flow.

When contemplating these extremely low correlation coefficients, it may seem
striking that the Smagorinsky model works at all. Of course, the resolution of this
paradox is that, by construction, the Smagorinsky model insures that there will
be a net drain of energy from the large scales to the subgrid-scale motions. This
is the primary objective of a subgrid-scale model, and as long as this requirement
is met, reasonable results may be expected. On the other hand, the Smagorinsky
“model provides poor predictions of the individual elements of the stress tensor. It is
natural to expect that superior results could be obtained with a model that yields a
more accurate prediction of the stress tensor. The objective of this work is to seek
out potentially more accurate models.

The Smagorinsky model relates the subgrid-scale stress with only the resolved
strain rate. It is reasonable to expect that the stresses might also depend on other
resolved quantities such as the vorticity. If simple models based on a limited number
of such quantities are postulated, conventional least-squares fitting techniques can
be used to test the modeling hypothesis. Such a test was performed by Lund and
Novikov (1992), where the stresses were assumed to depend on the anti-symmetric
as well as the symmetric part of the velocity gradient tensor (rotation rate and
strain rate tensors, respectively). It was shown that the stress tensor could be
expanded in a series formed from products of these two tensors. Tests of this
expansion in isotropic turbulence revealed that inclusion of rotation rate did not
significantly improve the model prediction. The results of Lund and Novikov thus
suggest that it is necessary to search for other quantities on which the stresses could
depend. Velocity gradients taken at neighboring points or perhaps gradients filtered
at different (larger) scales are possible candidates which would not violate Galilean
invariance.

L T

S
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Unfortunately, as the list of possible independent variables increases, the task of
finding statistically meaningful relations from the DNS data becomes unmanage-
able. In principal, if a multidimensional scatter-plot of 7;; as a function of several
independent variables is generated, a high-dimensional cloud of points would be
obtained. This may (or may not) exhibit some clustering around a most probable
behavior. If such a hypersurface exists about which the data appears preferentially
clustered, it would constitute a clear basis for modeling. However, finding such a
surface from the DNS data represents a difficult problem of regression in a high-
dimensional space of variables. Parametric regression, such as least-square error
fitting to some assumed functional form, is quite difficult because there is little
indication as to what such a function should be. Finding the surface by dividing
the high-dimensional space into small hypercubes and performing local smoothing
of the data is impractical because even large amounts of data become extremely
sparse in a high-dimensional setting (curse of dimensionality).

Although the challenges in performing a high-dimensional regression are apparent,
recent advances in statistical science allow such problems to be tackled. An elegant
method that circumvents many problems inherent to high-dimensional regression
was proposed by Friedman & Stuetzle in 1981. Known as the Projection Pursuit
Regression algorithm, this method was originally developed to analyze experimental
data in particle physics involving a large number of variables. The algorithm consists
of a numerical optimization routine that finds one dimensional projections of the
original independent variables for which the best correlations with the dependent
variable can be obtained. The dependent variable can then be written as a sum
of empirically determined functions of the projections. We shall use the projection
pursuit regression algorithm to investigate relationships between the subgrid-scale
stresses and quantities in the resolved field.

In section 2, we briefly summarize the projection pursuit method, present an
illustrative example, and comment on both its strengths and weaknesses. Section 3
describes applications to isotropic turbulence, both decaying and forced. Section 4
presents applications to homogeneous turbulent shear flow and section 5 to channel
flow simulations. The results obtained from these anisotropic flows suggest possible
modeling strategies that are explored at the end of sections 4 and 5. Section 6
summarizes this work and presents the conclusions.

2. Review of projection pursuit regression

The problem is to find the ‘best’ relation between a ‘response’ y and a set of
predictor variables z;, z2,...z,. In our problem, y will be identified with each of
the elements of the sgs stress tensor, and the z;’s will be the elements of resolved
rate of strain, vorticity, etc., i.e. all the variables that the stresses are assumed to
depend upon. When performing tests with DNS data, there will be a large number
of realizations (essentially at every grid-point) of the ‘response variable’ 7 (y) and
of the ‘predictor variables’ strain rate, vorticity, etc (z;, : = 1,2...n).

Friedman & Stuetzle (1981) summarize the inherent problems of traditional meth-
ods, such as parametric regression and regression based on local smoothing. With
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the former, one has to assume a particular functional form and determine unknown
coefficients or parameters by some method such as least-square error fitting. Since
we do not wish to impose such relationships a priors, this is not a method of choice.
Local smoothing consists of fitting a hypersurface in a small hypercube of data and
repeating this in each cube. The regression surface is then the union of all these
local fits. In high-dimensional settings, this is practically impossible. Consider the
following example (Friedman & Stuetzle, 1981). Let x € R!?, i.e. n = 10. If the
width of the cube used for the local smoothing spans 10% of the range of each
variable, each cube will contain typically only a fraction equal to 0.1!° of the data,
which is too sparse. On the other hand, if one requires each hypercube to contain
10 % of the data, then the window has to span 0.1%! ~ 80% of the range of the
predictor variables, which is too large.

Projection pursuit regression (ppreg henceforth) circumvents these difficulties by
projecting the high-dimensional data onto a single variable z = a;z; + azy +
...+ anTy,. Local smoothing is then performed to obtain an empirically determined
function f(z) that follows the main trend of the data as a function of z. The
smoothing algorithm is described in Friedman & Stuetzle (1981) and consists of
several passes over the data (y as a function of z) to adjust the bandwidth of
the smoothing to the local conditions. The variance 0% =< (y — f(2))? > — <
(y — f(2)) >? of the data around f(z) is computed. The core of the algorithm

is a numerical optimization procedure in which the coefficients «; are selected so

as to minimize the variance 2. Let the a’s thus found be denoted by asl) , and

let 2 and f()(2(1) be the corresponding univariate projection and the empirical
function giving a good fit for y as a function of z(!). The procedure is repeated
for the residues, defined as y — f(1)(2(1)), and a new projection 052) and a smooth
empirical function f(?)(z(?)) are found. This procedure is repeated until the variance
stops to decrease appreciably by adding new projections. Finally, the model consists
of the sum

M
Ymod = Z F™ @™z + al™zy + .+ o(™ay). (4)

m=1

For the case that the response variable is a linear combination of z; (i.e. y =
prz1 + ...Bnzy), ppreg reduces to the usual n-dimensional linear least-square error
fit (where the a’s are the coefficients and f(!) is a linear function). In general
however, the functions f(™ need not be linear. ‘The fundamental advantage of
this procedure is illustrated in the following example. If y is the product of z’s,
say y = Z1T2, then this can be represented as a sum of two univariate functions
according to y = 1(z(V)? — 1(2)?| where (V) = z; + z; and z(V) = z; — z,. The
ppreg algorithm is thus able to find some nonlinear relations without stipulating
them a priori.

As an illustrative example, we consider 1000 realizations of a ten-dimensional
random vector x where each z; is normally distributed with zero mean and unit
variance. Then y is prescribed as follows:



Sgs parameterization by projection pursuit 65

y = z3z4 + tanh(ze + z7) + &, (5)

where £ is another Gaussian random variable with zero mean and variance of 0.1.
However, £ is not included in the list of predictor variables z; and, therefore, repre-
sents extraneous noise. Projection pursuit is applied to this artificially generated set
of data. The projections found by ppreg are, successively: agl) = 0.69, as,l) = 0.72;
agz) = 0.66, af) = 0.74; and a:(f) = —0.67, 0123) = —0.73; other a’s are negligible.
The empirical functions (solid lines) resemble the tanh function in the first projec-
tion, parabolas in the latter two. The projected data are shown in Figures 1(a)
to (c). If we least-square error fit a tanh profile through Figure 1(a), we obtain
yy = 1.1tanh({1.3(0.69z¢ + 0.72z7)]. The scatter plot in Figure 1(b) is then y —y; vs
the second projection 2(®) = 0.66z3 + 0.74z4. Parabolic fits through Figures 1(b)
and 1(c) give y; = 0.4(0.66z3 +0.74z4)? and y3 = —0.4(—0.67z3 +0.73z4). (These
fits are not exactly equal to the empirical smoothing functions constructed by the
algorithm, this being the reason why the scatter plot of Figure 1(c) falls below the
smooth.) The final model then consists of y; + y2 + y3 which is plotted with the
original y in Figure 1(d).

The residual noise is mainly due to the non-deterministic dependence of y with
respect to £. The initial correlation coefficient between y and e.g. z4 was 0.012,
while the correlation coefficient between y and the model, ymod, is now p = 0.96.
Finding such a non-trivial dependence from few data points in a 10-dimensional
space is quite remarkable.

Although impressive in the above example, ppreg is not fool-proof. For cases
when y depends on the z;’s in ways that cannot be written as sums of functions
of linear combinations of z;’s (such as divisions), ppreg is usually unable to find
good projections. Therefore, while the method works remarkably well for an entire
family of non-trivial relations, it cannot be considered entirely general.

In addition to application to sgs modeling to be reported in the following pages,
we believe that the ppreg method should be applicable to a host of other prob-
lems where large amounts of data need to be analyzed and functional dependencies
established (Reynolds-stress modeling, reacting flows, control, etc.).

3. Isotropic turbulence

In this section, ppreg is used to search for possible functional dependence between
the residual stresses and a host of resolved variables in homogeneous isotropic tur-
bulence. Both decaying and forced isotropic turbulent fields are considered.

3.1 Flow-fields and calculations

Both the forced and decaying isotropic turbulent fields were generated on a 128°
mesh with the pseudo-spectral code of Rogallo (1981). For the decaying turbulence,
the energy spectrum was initialized according to

E(k) = 3—12 (5)4@@ (-g) .
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FIGURE 1. [llustrative application of ppreg to a test case. (a) Response y as
a function of first projection z() = 0.69z¢ + 0.72z7 (symbols) and mean trend
FD(zM) found by local smoothing (solid line). (b) Second projection of y — y;,
where y; has been found by fitting a tanh profile through Figure 1(a). Solid line:
F®(2?) found by the algorithm. (c) Third projection and f((z(). (d) Response
variable y as a function of the sum of empirically determined fits in (a), (b) and (c).

This spectrum has its energy peak at wavenumber 8. The initial phases for the com-
plex velocity field were chosen randomly but in such a way that the divergence-free
condition was satisfied (see Rogallo, 1981 for more details on the initial conditions).

In order to develop realistic turbulence from the random phase initial condition,
the flow was allowed to evolve freely for 2.9 small scale eddy turnover times, 7y,
(based on quantities derived from the end of the initial run; r,, = %% where Ao and
u'g are the Taylor microscale and the rms turbulence intensity, respectively). Over
this period of time, the total turbulent kinetic energy decayed by 34%. The Taylor
microscale Reynolds number (u’A/v) was 45.3, and the velocity derivative skewness
was —0.32. The 3-D radial energy spectrum at the end of the run is plotted in
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FIGURE 2.  3-D radial energy spectrum for the decaying isotropic turbulence,
plotted in Kolmogorov units. The experimental data were taken from Comte-Bellot
and Corrsin (1971). The vertical line indicates the scale at which the velocity field
was filtered to obtain the synthetic large eddy field.

Kolmogorov units in Figure 2. Also shown are the experimental data of Comte-
Bellot and Corrsin (1971) at somewhat higher Reynolds number. Agreement with
the experimental data between 0.06 < kn < 0.4 indicates that realistic turbulence
has been achieved. The tail-up in the simulated spectrum at high wavenumbers
indicates some lack of resolution. It is generally believed (Rogallo, 1992) that this
will not adversely affect the data in the central portion of the spectrum used here.
The vertical line in Figure 2 indicates the scale at which the DNS data was filtered
in order to generate the synthetic large eddy field. This scale corresponds to four
grid spacings.

For the forced simulation, energy was added to the large scales by including an
anti-diffusion term (negative diffusion coefficient) in the Navier-stokes equations.
The diffusion coefficient was wavenumber dependent and non-zero only for modes
within wavenumber shells less than 3. The value of the coefficient for low wavenum-
bers was chosen such that the maximum wavenumber, scaled in Kolmogorov units,
was unity (i.e. kmaz/n = 1). To generate realistic statistically stationary turbu-
lence, the flow was evolved from the random phase initial conditions for approxi-
mately 2 large scale eddy turn-over times. The Reynolds number, R), settled at
95.8, while the velocity derivative skewness settled at —0.486. The energy spec-
trum is shown in Figure 3, where again the vertical line indicates the scale used to
generate the large eddy field.

The sgs stresses 7;; and resolved rates of strain S; ; and vorticity Wi were computed
using a spectral cut-off filter with scale r corresponding to 4 grid points. The data
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FIGURE 3. 3-D radial energy spectrum for the forced isotropic turbulence. The
vertical line indicates the scale at which the velocity field was filtered to obtain the
synthetic large eddy field.

was sampled on every 8th grid point, producing a total of 162 realizations. Also
computed at each 16% point were resolved variables at a scale twice as large as r,
Sij and @g. The invariants of the tensors were computed as follows:

IIz = \/SmnSnm, (6)
IIIg = (gmngnpgpm)%, (7)

I = \forn, (8)

and a similar list of invariants for the larger scale rates-of-strain and vorticity.

The search procedure consisted of considering separately each element of the
tensor T as the response variable. Each element of 7, in turn, was assumed to
depend on all 24 of the predictor variables mentioned above (each element of the
tensors plus all invariants). The search is thus a high dimensional one indeed.

It is important to note that when performing independent searches for each ele-
ment of 7, the resulting model expressions are not expected to be tensorially correct.
This weakness stems from the fact that the projection pursuit regression operates
most effectively on scalar data. The findings of projection pursuit are still quite
valuable, however, since they may be used to guide the construction of tensorially
correct models. Such a procedure will be followed here.



Sgs parameterization by projection pursuit 69

3.2 Results

We begin with the decaying field and consider first the normal stress element

11- To limit the scope of the search, we initially restrict the predictor variables to

quantities filtered at scale r. Furthermore, since S';,- = 0, we eliminate 5'33 from the
search, reducing the list to 11 variables.

The main result is the following. The ppreg algorithm finds only one projection
(in which the variance of the data around a mean trend is reduced), namely that
corresponding to $;;. The coefficient a corresponding to Sy, is close to unity, while
all others are less than 0.1. The same is true for all other tensor elements, i.e. the
only causal dependence appears to be between corresponding elements of 7;; and
S; j» The smoothed dependence is approximately linear, but the variance about it is
still very large. The correlation coefficient between each element of the stress and
rate-of-strain tensors is, averaging over all 6 elements, about p = 0.26. Notice that
the Smagorinsky model requires the product between each rate-of-strain element
and the second invariant IIz. Given the discussion in section 2, this could have
been detected by the present approach by yielding pairs of projections with similar
la|’s for both ITz and S;; and canceling parabolic dependences. However, such
projections were found to produce more variance than the ones corresponding to
constant eddy viscosity. This was checked a posteriori by computing the correlation
coefficient between each element 7;; and the corresponding term —I7 55',-1-. The
correlation was marginally smaller than for S; ; alone, about p = 0.25 on average.

The same procedure was repeated for the forced isotropic flow, and the same
observations were made. The correlation between 7;; and 3.- ; was even lower (about
0.12 instead of 0.26), but this was again the only causal dependence captured by
the algorithm. All other projections did not reduce the variance in any fashion, and
correlations with — I S'. ; were again smaller than with Sii ; alone.

Inclusion of the velocnty gradients filtered at a larger scale yielded projections
that include a weak linear dependence on these gradients but again in terms of the
same tensor elements only. In other words, for 7y, the ‘best’ (and only) projection
is onto §11 + (’)\.2.’5'\11. Nevertheless, this leaves the correlation virtually unchanged
since S;; and S, are themselves correlated. Similar results were obtained for other
tensor elements.

We also considered the possibility that the sgs stresses depend not only on the
resolved velocity gradients at the point in question, but at the 26 closest nelghbormg
grld points as well. To do this, the 6 elements of S,, at each point S,,(z +i.ry +
tyTy 2 +1:7); iz,%y,1; = —1,0,1, as well as 3 vorticity components at each of these
points was considered. The dimensionality of the space of these predictor variables
is 243. It appears unrealistic to expect ppreg to perform adequately in such extreme
circumstances. In order to at least explore this direction, we considered 71;(z,y, 2)
and investigated how it depends on the first element of the rate-of-strain tensor at all
27 neighboring points on the coarse grid, i.e. the predictor variables were Sy,(z +
t2T Y + 1y, 2 + 1:T7), iz,8y,t; = —1,0,1. The projection pursuit projected again
most strongly on $)1(z,y,z) (a = 0.8), while the a’s corresponding to neighboring
points were below 0.25. Inclusion of these weak dependencies left the correlation
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coefficient virtually unchanged. Since this test is incomplete (one should include all
243 elements in the test) the conclusion that the neighboring velocity gradient does
not affect the sgs stresses is somewhat premature. Nevertheless, the partial results
obtained here give no indication of any substantial influence.

3.3 The model of Bardina et al.

The only model which has been reported to yield high correlations when tested
with DNS data is the model of Bardina et al. (1983). The correlation between
7ij and B;; = u;u; — u;4; can be as high as 0.7 to 0.8 when the filter used in
creating the synthetic large eddy field from the DNS data is Gaussian. In spite of
this, experience shows that when the model is implemented in actual simulations,
it dissipates almost no energy, and a Smagorinsky term has to be added (giving
the mixed model, Bardina et al. 1983). This is puzzling since a high correlation
implies at least some alignment between the modeled stress and rate of strain tensor
required for dissipation. This issue is addressed below.

Using a Gaussian filter on the decaying isotropic data, we reproduced the quoted
correlation of 0.8. We found this result to be misleading, however, since the Gaus-
sian filter produces a ‘large-scale’ field that contains considerable contributions from
the ‘small scales’, as viewed from a spectral analysis. This ‘small scale’ information
is, of course, not available in an actual large eddy simulation if a spectral method is
used. The model of Bardina et al. can be viewed as a procedure for extracting the
‘small scale’ component of the synthetic large eddy velocity field generated from the
DNS data. While this procedure yields impressive correlations in tests with DNS
data, lack of the ‘small scale’ component in an actual large eddy simulation field
results in a model that may yield a very poor estimate for the real stresses. The
near lack of dissipation is probably symptomatic of this.

This hypothesis was tested by experimenting with different filters. We feel that
the cut-off filter is the most appropriate for generating the synthetic large eddy
field since it completely eliminates the ‘small scale’ information that will never be
present in a spectral large eddy simulation. We have repeated the tests of the > model
of Bardina et al. using a cut-off filter to determine ;. The second filtering, u;, was
chosen either to be Gaussian or a second cutoff at a scale twice as large as r. Using
this scheme, the model of Bardina et al. is written as

B:j ="Tiﬂ:i_aﬁjv (9)
As expected, the correlation between the sgs stress and the Bardina model dropped
to nearly zero when the cut-off filter was used to generate u;. This was true inde-
pendent of the second filter type (u;). As a consistency check, we found that when
Bj; was included in the projection pursuit as predictor variable, no dependence on
this tensor was found.

4. Homogeneous sheared turbulence

In this section, we search for correlations between sgs stresses and resolved vari-
ables in homogeneous shear flow. The data was generated by Rogers (1987) on a
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128% mesh using a variant of the Rogallo code. We considered three different re-
alizations, corresponding to times 10, 12, and 14, in units of the inverse imposed
mean shear, § =< du;/dz, >. The mean velocity is in the z;, direction and the
mean rotation in the z3 direction. Cutoff filtering was performed on a scale r = 4
grid-points, and every eighth grid point was sampled, as in section 3. The list of
predictor variables was again S11, S22, S12, S23, S13, @1, W2, W3, IIg, IIIg and
II; = |w|. Ppreg was repeated 6 times for each element of the sgs stress tensor.

4.1 Results

In contrast to the tests performed in isotropic turbulence, ppreg was able to
find several interesting projections in the case of homogeneous shear flow. Table
1 shows the individual tensor elements and the linear combination of predictor
variables z = a; z; that dominate the projections (chosen as those whose a >
0.15). The functional dependence on each projection (f vs 3) was found to be fairly
linear. The correlation coefficients between 7;; and —IIzS;; (Smagorinsky model)
are contrasted in the same table with those between 7;; and the dominant elements
of the linear combinations found. On average, there is about a 100% improvement
above the Smagorinsky model.

Stress z, (best projection) Plri;,—1153:] | Plrii )
T —0.395;,40.415,2+40.7351340.28513+0.17&,+0.15&3 0.23 0.36
T2 —0.213,,-0.285,2-0.895,,-0.175,3 0.14 0.23
Tas 0.76 51, —0.252,40.243,,-0.235,3-0.1570,—0.44&3 0.07 0.29
Ti2 —0.665,1-0.252,—-0.752 0.13 0.21
T2z | 0.255,,-0.69525-0.625,5+0.232; 0.06 0.27
T13 0.155,,-0.25,3-0.565,340.683,+0.290;—0.17d3 0.21 0.34

TABLE 1. Results of projection pursuit for homogeneous shear flow.

It can be appreciated that causal relations exist that are significantly different
from the Smagorinsky model. The coefficients showed only minor variations for the
other two times considered (St=10 and St=14). This robustness suggests that there
is a physical mechanism by which the large-scale field consistently influences the sgs
stresses, in addition to what is required energy transfer (i.e. alignment between 7;;
and S;;). Since the relations tabulated above cannot by themselves provide an
adequate relation between tensors, it could be that dependence on other quantities
has been omitted. The next section explores the dependence on other quantities
that may provide possible mechanisms for the observed degree of causality.
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4.2 Dependence on mean shear and modeling

An important consideration when developing a model for the sgs stress is that the
resulting model be in the form of a frame invariant tensor. Clearly, the individual
terms found in the previous subsection are not invariant under rotations of the
coordinate system. A tensorial relation must be found that is consistent with the
findings of ppreg on each tensor element. We attempt _to find such a tensorial
relation in this section. To do this, we first observe that S;; and w3 are important
contributors in the model for 7;;. These tensor elements of $; jand R;; = —%e.- kW
also correspond to the only non-zero elements in the mean strain-rate and mean
rotation tensors. This fact suggests that tensor products of the mean strain rate
and mean rotation with the fluctuating strain rate and fluctuating rotation would
reproduce some of the dependence found by ppreg for 71;. Analogous reasoning
holds for most of the other elements of 7.

To proceed further, we define the mean strain and rotation rate tensors as

0 20

=15 00 (10)
0 0 0
0 50

Qj=|-5 00 (11)
0 0 0O

and postulate a model of the following form:

TG = - 2,72 11:5;; +
c2r (St Thj + ik Sij)* + car?(Rieflj + QurRij)* + (12)
car (S — QixSi;)  + esr?(RiZi; — SikRy;),

where ()* indicates trace-free part (note that some of the terms are naturally trace-
free). The first (Smagorinsky) term is also present in the ppreg results and thus is
included here. To see more clearly how this model reproduces some of the trends
of Table 1, note, for instance, that the [11] element of the product between S; ; and
¥;;j is linear in S12 and that between R; ; and §2;; will be linear in w3. Again, similar
correspondences can be found for other elements of 7.

Since Eq. (12) is linear in the coefficients c;, these can be determined by the usual
least-squares technique. This procedure is easily derived as follows. Write Eq. (12)
symbolically as

Tij = ce(mi)ij, (13)

where (m;);; is the kth trace-free model tensor in Eq (12). When the DNS data is
used, the above expression can be compared with the exact trace-free part of the
subgrid-scale stress, (75 )ij. The error in representing the stress via Eq. (13) is
given by



Sgs parameterization by projection pursust 73

eij = (T&x)ij — c(mi)ij- (14)

Assuming the c; to be constant in space, the global square error is minimized with
respect to the c; by enforcing the following condition

g
3, < ciscis >=0, (15)
where <> indicates an average over space. This operation leads to the following
matrix equation for the ci

ek =< (ma)ij(mi)ij > 71 < (ma)ij(75)ij > (16)

Note that this procedure is rather general and does not require that all five terms
in Eq (12) be included. Any subset of the five terms can used as a basis and
corresponding coefficients solved for via Eq. (16). This feature will be used to
determine which combinations of the five terms are most effective in maximizing
the correlation between the modeled and exact subgrid-scale stresses.

The quality of the fit is measured in terms of the tensorial correlation coefficient

< (1)iiMij >
V< 8)ii(1é)is >< MijMi; >
where M;; = cg(m4)ij is the composite model tensor.

The procedure developed above was applied to the homogeneous shear flow data
base. Correlation coefficients were determined for all possible combinations of one
to five model components. Figure 4 shows the results of this study where the high-
est correlation coefficient obtained for a given number of model tensors is plotted
against the number of tensors used.

The correlation increases as more model tensors are included. The increment
in improved correlation, however, deceases as more terms are added. In fact, the
correlation coefficient when just three terms are used is nearly identical to that
when all five terms are included. This fact suggests that at least two of the terms in
Eq. (12) are not particularly useful. The relative importance of the various terms
are summarized in Table 2, where the optimal combinations of terms that give rise
to the correlations in Figure 4 are listed.

Note that when only one term is used, the optimal choice is not the Smagorinsky
model (term 1), but rather term 4, rz(S',-kaj — QixSkj). For reference, the cor-
relation produced by the Smagorinsky model alone is shown as the square symbol
in Figure 4. The Smagorinsky model is seen to be only slightly inferior to term 4.
When two or more terms are included, the Smagorinsky model is always present.
Terms 2 and 5 enter the list in the last two positions and do not significantly im-
prove the correlation. It is interesting to note that both of these terms contain the
mean shear. It is also interesting that terms 3 and 4 are proportional to the mean
rotation, and it is these terms that are most effective in increasing the correlation.
This point will be discussed further in the following section.

n= (17)
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FIGURE 4. Correlation coefficient between the exact homogeneous shear flow sgs
stress and subsets of the terms in the model of Eq. (12). For a given number of
model tensors, the correlation coefficient plotted is the highest one obtained when
all possible combinations of the five terms was considered.

Number of terms Best combination
4

1,4

1, 3,4

1,2,3,4
1,2,3,4,5

Ol | W] ] =

TABLE 2. Optimal subsets of the model terms in Eq. (12) applied to homoge-
neous shear flow.

When terms 1, 3, and 4 are used, there is slightly more than a 50% improvement
over the Smagorinsky model. This compares with roughly 100% improvement for
the tensorially incorrect model listed in Table 1. This discrepancy is due to the fact
that not all of the terms contained in Table 1 can be reproduced by the model of
Eq. (12). Nevertheless, a simple tensorially correct model was found that captures
some of the trends found by projection pursuit.

The coefficients of terms 1, 3, and 4 are 8.52x 1073, —3.03 x 102, and 4.16 x 10~2
respectively.
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5. Channel flow

In this section we consider DNS of channel flow. The data were generated with a
pseudo-spectral code as detailed in Kim et al. (1987). The Reynolds number based
on the wall friction velocity was 395, and 256 x 193 x 192 grid points were used.
The data was cutoff filtered in the streamwise and spanwise directions only, with
a filter size of four grid cells. All results presented here were generated on a single
plane of data at £ = 0.126 ( y* = 49.8 ) where h is the channel half width.

5.1 Results

As a starting point, the correlation between the exact stresses and the Smagorin-
sky model was investigated. Individual correlation coefficients were computed for
each of the tensor elements, and these were found to be very low (p =~ 0.07 on
average). This trend is shown in Figure 5 in the form of a scatter plot of 712 vs

-S12.

140

FIGURE 5. Scatter plot of sgs stress 712 as a function of rate-of-strain element S12
in DNS of channel flow, at y/h = 0.126.

No causal dependence appears to exist between the two variables. The ppreg
algorithm was then applied to the data using all elements of S; j» @k and the invari-
ants as 11 predictor variables. A sequence of several projections was found for each
element of 7;;. This list of projections was reduced to a single one for each element
of 1i; by retaining the one that reduced the variance most strongly in each case.
These optimal projections are listed in Table 3.

As opposed to the results for homogeneous shear flow, the functional form between
i; and these projections was found to be non-linear. As an illustration, a scatter
plot between 712 and the projection z;2 = 0.77523 + 0.395;3 — 0.3, is shown in
Figure 6. The main trend of 71, as a function of z;2 appears to be quadratic.
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Stress z, (best projection) Pirij ,~115;) | Plri 2%
| —0.8513 + 0.51&, 0.12 0.44
122 | —0.45;; — 0.861I; 0.10 0.21
733 | 0.45523 + 0.85513 + 0170, : 0.02 0.36
T2 |0.77523 + 0.395,3 — 0.3%, 0.10 0.34
123 | —0.5151; — 0.435 + 0.3551,+

0.47523 — 0.295;3 — 0.17(D; — @2 + @3) 0.05 0.27
13 | 0.825); + 0.485;; — 0.23%, 0.05 0.31

TABLE 3. Results of projection pursuit for channel flow.
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FIGURE 6. Scatter plot of sgs stress 712 as a function of best projection onto
elements of filtered velocity gradient tensor, found by ppreg. Same data as in
Figure 5.

Similar behavior was found for all other tensor elements, the trend being strongest
for the [11], [33], [12], and [13] components. To quantify the causality between the
stresses and the corresponding 2’s, the correlation coefficients between individual
elements of 7 and the corresponding 2% were computed. Since each of the observed
quadratic trends had a minimum close to the origin, it is sufficient to consider the
single term 22. These correlation coefficients appear in the last column of Table
3. Notice that when compared with the correlation produced by the Smagorinsky
model, more than a four-fold increase is detected. This trend can also be observed
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by comparing Figure 5 to Figure 6.

5.2 Modeling

As in section 4.2, the expressions in Table 3 are by themselves not valid relations
between tensors. Unlike the linear relationship found in shear flow, the elements of
7 depend quadratically on the projections in channel flow. For example, the model
for 712 is (0.77S23 + 0.39513 — 0.30;). The tensor model found for homogeneous
shear flow may not be of much use in this case since it is not able to produce the
non-linear products that result from squaring the projection. The quadratic non-
linearities suggest that it may be possible to model the stresses in terms of various
tensor products of the strain and rotation rates. Such a model is

T = —2c1r2II§.§','j +
czrz(g.'kgkj)' + C3r2(ﬁikékj)' + (18)
car®(SisRej — RieSxj) + csr®(SueSuRij — RaSuSij)/ 115,

where ()* again indicates trace-free part. This model was studied by Lund and
Novikov (1992) and represents the most general relation between the subgrid-scale
stress and the strain and rotation rate tensors.

The least-squares fitting procedure was applied to the above model as well as the
model of Eq. (12). The resulting correlation coefficients are shown in Figure 7.

0.28

—e— non-linear model
shear flow model

0.24 1 //
0.20 4

€
K-
K]
2
S 0.161
=]
s
R 0.12;
[+
c | .- P L L R L] derrccmeem - L L L -
0.08 {p----"""
0.04 *~ v
1 2 3 4 5

Number of mode! tensors

FIGURE 7. Correlation coefficients for the terms in the models of Egs (12) and
(18) applied to channel flow data.

As expected, the model developed for shear flow (Eq. (12)) does not offer much
improvement here. The non-linear model of Eq (18), on the other hand, considerably
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Number of terms Best combination
1 4
2 3,4
3 1,3,4
4 1,3,4,5
5 1,2,3,4,5

TABLE 4. Optimal subsets of the model terms in Eq. (18) applied to channel
flow.

increases the correlation relative to the Smagorinsky model. As in the shear flow
case, only two or three terms contribute significantly to the increase in correlation
coefficient. The ranking of terms in Eq. (18) is summarized in Table 4.

As in the shear flow, the Smagorinsky model does not produce the highest corre-
lation when used in isolation. In fact, it produces the lowest correlation of any single
term, while term 4, the best one, produces a correlation coefficient that is roughly
2.7 times higher! Furthermore, the Smagorinsky model does not enter the list until
three or more terms are included and adds little to the correlation at that point.
When three terms are included, the correlation coefficient is about 3.2 times higher
than that provided by the Smagorinsky model. This compares with an average of
improvement of a factor of 4.4 obtained by the projection pursuit algorithm. Thus
the model of Eq. (18) incorporates quite well the findings of projection pursuit into
a tensorially correct model.

As in the shear flow, the rotation rate enters as an important parameter. In both
the shear and channel flow, the best single term is the product of strain and rotation
rate (actually, it is the mean rotation in the shear flow and the local rotation in
the channel flow). The observed strong dependence on this term is perhaps not
too surprising since it is representative of vortex stretching. Although there is a
connection with vortex stretching, the strain, rotation product does not remove
energy from the large scales ( i.e. (SixRx ; — Rix8kj)Si; = 0). Thus, by itself, this
term would not be a useful model, and a term that has a non-zero projection on
the strain rate (such as the Smagorinsky model) must be added.

The coefficients of terms 1, 3, and 4 are 1.13x10~2, —1.38x10~2, and —8.71x10~3
respectively.

The above collection of predictor variables is by no means exhaustive. Examples
of other dependencies that could have been included are the mean velocity gradients
Lij and Q;; and the distance from the wall \; (a vector).

6. Summary and conclusions

A novel regression algorithm has been used to explore DNS data in an effort
to determine improved models that parameterize the sgs stresses for large eddy
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simulation. In addition to the rate of strain, several other variables have been
considered. These include rotation, velocity gradients filtered at larger scales, and
velocity gradients at neighboring points as well as the invariants of the strain and
rotation rate tensors. DNS data from isotropic turbulence, homogeneous shear flow,
and turbulent channel flow have been considered.

For isotropic turbulence, no statistically robust relations were found other than
the small correlation between the stress and rate-of-strain tensor required for energy
transfer. This finding may imply that, other than the weak relation between the
stress and rate of strain, the large-scale velocity gradients in isotropic flow do not
dictate the behavior of the small scales giving rise to the sgs stresses. Given that
the ppreg algorithm is not guaranteed to find all existing trends, we can not state
this conclusion with absolute certainty. Nevertheless, it is very likely that for the
Reynolds number range considered, there is no strong, simple connection between
large scale velocity gradients and sgs stresses in isotropic turbulence.

Entirely different behavior was observed in turbulent shear flows. Individual
components of the stress tensor were found to depend on several elements of the
fluctuating strain and rotation rate tensors. The dependence was found to be linear
in the case of homogeneous shear flow and quadratic in the case of channel flow.
In the case of homogeneous shear flow, the observed dependence was used to guide
the construction of a model that involved tensor products of the mean strain and
rotation rate with their fluctuating counterparts. This model was shown to produce
a correlation between modeled and exact stresses that was 50% higher than that
given by the Smagorinsky model. The proposed model for homogeneous shear
flow did not carry over to channel flow, and only marginal improvement over the
Smagorinsky model was observed. The results of projection pursuit were again used
to guide the construction of a model for channel flow. This model was considerably
more successful, yielding more than a 200% improvement over the Smagorinsky
model. Whereas the shear flow model did not extend well to channel flow, the
channel flow model did perform reasonably well in shear flow, yielding correlations
that were roughly 90% of those achieved with the shear flow model.

One interesting finding of this work is that mean strain and rotation rates enter
in the parameterization of the subgrid-scale stresses, at least in the case of homoge-
neous shear flow. This is at variance with the view that at large Reynolds numbers
the small scales should be nearly isotropic and unaligned with the large-scale mo-
tions (Kolmogorov, 1941). Indeed, recent experimental measurements of Saddoughi
(1992) confirm small-scale isotropy at high Re. Of course, the low Reynolds num-
ber data used here does not provide a sufficient range of scales to realize small
scale isotropy, and, consequently, the subgrid scales have some residual alignment
with the mean gradients. It is thus conceivable that the observed dependence on
the mean quantities would disappear if the Reynolds number and hence the scale
separation were increased.

On the other hand, it is not clear that traditional measures of isotropy (spectra,
structure functions etc.) have a direct connection with the behavior of the sgs
stresses. Alternately, the observed dependence on the mean quantities could also
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be present in a slightly different form at higher Reynolds number. In this view, the
shear and rotation produced by large scales of size, say, br (where r is the filter size
and b > 2) may take on the role of mean shear and rotation as far as the small
scales are concerned. We did not find such trends in the isotropic flow using b = 2,
but it is possible that such a trend requires large separation (b >> 2) and higher
Re. Unfortunately, this issue cannot be addressed using DNS data at low Reynolds
numbers.
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Triad interactions in the dissipation range

By S. Kida!, R. H. Kraichnan?, R. S. Rogallo®, F. Waleffe!, and Y. Zhou*

Nonlocality of the triad interactions in the dissipation range of developed turbu-
lence is investigated by numerical simulation and the quasi-normal theories. It is
found that the energy transfer is dominated by nonlocal triad interactions over the
wavenumber range 0.1 < k/kq < 4, where kq is the Kolmogorov wavenumber. The
nonlocality of the interaction has a close relation with the power of an algebraic
prefactor of the exponential decay of the energy spectrum in the far-dissipation
range.

1. Introduction

The triad interaction is the fundamental coupling among the various Fourier
components of a turbulent velocity field and transfers energy predominantly from
lower to higher wavenumbers. Properties of the triad interactions were studied by
Kraichnan (1971) and have recently been analyzed numerically using data from
numerical simulations (Domaradzki 1988; Yeung & Brasseur 1991; Domaradzki &
Rogallo 1990; Ohkitani & Kida 1992) and by an analysis of interactions among
helical waves (Waleffe 1992).

In the inertial range where the energy spectrum obeys the Kolmogorov —5/3
power form,

E(k) = Cxe?/3k™3/3, (1.1)

where € is the energy dissipation rate and Ck is the Kolmogorov constant (Kol-
mogorov 1941), the interaction is local in the sense that triad interactions of scale
disparity (see (3.4) for definition) greater than 10 (100) contribute only 15% (1%)
of the energy flux (Kraichnan 1971; Ohkitani & Kida 1992). Although the locality.
of the triad interaction is very weak, it is compatible with Kolmogorov’s (1941)
concept of local energy cascade.

The nature of triad interactions in the dissipation range is expected to be different
from that in the inertial range because the energy spectrum decreases very rapidly
(exponentially) in the dissipation range. In this paper, we investigate the interac-
tions by analyzing numerical turbulence and by its comparison with the prediction
of the quasi-normal closure theories.
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2. Fundamentals

We consider the energy dynamics of the motion of an incompressible viscous fluid
in an infinite domain. The equation of motion is written in the Fourier representa-
tion as

2u0=-1Put0 Y mEE@-L0+ [0 (21)

p+q+k=0
with the continuity equation '
kjuj(k) =0, : (2.2)
where (k) is the z i (J = 1,2,3) component of the Fourier coefficient of velocity
at wavevector k,
kik kjk
Pjri(k) = ki ( il = ";—2') + ki (6,-1; - —,chk) (2.3)

is a third order tensor, v is the kinematic viscosity, and f,(k) is the external forcing.
Here the time argument ¢ is omitted for brevity, the asterisk denotes the complex
conjugate, and repeated subscripts are summed over 1 to 3.

The energy spectral density at wavevector k,

E(k) = 3[u(k)/? (24)

evolves according to
%E(k) = T(k) — 2vk’E(k) + Re {ﬁ;(k)f‘;(k)} , (2.5)

which is derived by multiplying (2.1) by u; and taking the real part.

The first term on the r.h.s. of (2.5) represents the rate of energy transfer to the
Fourier mode k through the nonlinear interactions with all the other modes, the
second the energy dissipation by the viscosity, and the third the energy input by
the external force.

The energy transfer function T'(k) is written as

T(k) = ) T(klp,q), (2:6)
p.q
where
T(klp,q) = —3Im {Pjri(k)T;(k)ar(p)it(Q)} bkt prq (2.7

is the triad energy transfer due to the interaction among three wavevectors k, p,
and q that constitute a triangle (k + p + @ = 0). Through a triad interaction,
energy is exchanged among the three modes involved, with the total energy being
conserved. That is, the following detailed balance of energy holds;

T(k|p,q) + T(plq, k) + T(qlk,p) = 0. (2.8)
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Consequently, the sum of the energy transfer function over all the wavevectors
vanishes,

Y T(k)= ) T(klp,q) =0. (2.9)
k

k,p,q

Since the flow field is statistically isotropic, it is convenient to average each term in
(2.5) over spherical cells in the wavevector space. We introduce the band-averaged
energy spectrum

E(k)Ak = 3y ~ E(K'), (2.10)
k-jak<|ki<k+iAk

the band-averaged energy transfer function

T(k)Ak = > T(k'), (2.11)
—iak<|k|<k+3Ak :

and the band-averaged forcing spectrum

F(k)Ak = D Re {a;(k')f,(k')} . (2.12)

k—Ak<|k |<k+3Ak

The energy spectrum equation (2.5) is then written for the band-averaged quantities
as

2 B(k) = T(k) ~ 202 B(R) + B(R). (2.13)

The triad energy transfer function T(k|p, q) is also averaged over a spherical cell
as

T(klp, q)(Ak)* = Y. T(K'|p',q'). (2.14)
k-1Aak<|K'|<k+3Ak
p-Ak<IP' <P+ Ak
g-3ok<|q’|<g+iak

The energy transfer function is then written as

(k) = (Ak)* 3 T(klp,0)- (2.15)

P9

The detailed balance of energy (2.8) and the conservation of total energy by all the
triad interactions(2.9) are written respectively as

T(k|p,q) + T(plg, k) + T(glk,p) = 0 (2.16)

and

> T(k) =o. (2.17)
k
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FIGURE 1. Energy Spectrum in the dissipation range. The decay with wavenumber
is essentially exponential.

3. Numerical Simulation

The equations of motion (2.1) and (2.2) are solved numerically in a periodic cube
with an instability forcing,

fi(k) =Ciij(k) for k| < ko. (3.1)

The constant C is chosen to force the flow field to equilibrium with a specified
range of forced scales ko = 3 and a specified range of resolved scales, in Kolmogorov

‘units, kmax/ka = 4. The Fourier-spectral method (Rogallo 1981) is employed for

the spatial resolution, and time is advanced with a second-order Runge-Kutta pro-
cedure. The alias errors arising in the nonlinear terms is removed by a combination
of coordinate shifting and spectral truncation. The computational mesh (in physi-
cal space) is 256°. The initial flow field is taken after over five large-scale turnover
times from forced turbulence created at a lower resolution (128%) at about the same
Reynolds number (R =~ 65). The 256° field was then advanced until an equilibrium
between transfer, and dissipation was achieved at the higher wavenumbers. We will
study that transfer here in some detail. The Kolmogorov dissipation wavenumber,

ka = (VP /e)!* | (3.2)

is about 30, so that the maximum resolved wavenumber kmax = 121 retained in the
simulation is about four times the Kolmogorov wavenumber.

3.1 Energy spectrum

The energy spectrum at the final time of the simulation is shown in a semi-
logarithmic plot in figure 1. The nearly straight line indicates that the energy
spectrum decays essentially exponentially with wavenumber. In order to examine
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FIGURE 2. Logarithmic derivative of the energy spectrum function.
For E(k) = A(k/ka)*exp[—pBk/kq] the slope of the curve gives —f and the in-
tersection on the vertical axis gives a. , simulation data; ---~ , least-square
fit over .5 < k/kq < 3 gives a = —1.6, § =5.2.

the shape of the spectrum more precisely, we compare it with an exponential form
with an algebraic prefactor -

E(k) = A(k/ka)"exp|—Bk/ka]. (33)

In figure 2, we plot the logarithmic derivative of the energy spectrum. If the spec-
trum has the form (3.3), the slope of the line and its intersection with the verti-
cal axis give the values of 8 and a, respectively. Since this is an instantaneous
spectrum, the fluctuations are quite large. Nevertheless, the least squares fit over
0.5 < k/ka < 3 gives a = —1.6 and B = 5.2, which are consistent with those
observed before in numerical simulations by other researchers (Kida & Murakami
1987; Kida et al. 1990; Kerr 1990; Sanada 1992). More recently however, Chen
(1992 private communication) has simulated the dissipation range at Ry = 15 to
much higher k/kq. He finds a@ = 2.16 and B = 7.35 by a least-square fit over the
range 5.2 < k/ka < 10.4. The data from the present simulations do not coincide
with Chen’s for k/kq < 4, suggesting that the results are sensitive to Reynolds
number. There may also be some effect due to the method of forcing. Incidentally,
the exponential shape of the energy spectrum in the far-dissipation range has also
been observed in experiments (Sreenivasan 1985).

There is a theoretical prediction of the power in the algebraic correction. The
quasi-normal theories of turbulence (Kraichnan 1959; Tatsumi 1980; Lesieur 1987),
which will be discussed in some detail in the next section, predict a@ = 3 in the
far-dissipation range. This value of a is quite different from those observed in the
numerical simulations. But it should be remembered that the dissipation range is
restricted to k/kq < 2 ~ 3 in the simulations mentioned above so that it is not
clear whether this discrepancy results from a failure of the quasi-normal theories
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FIGURE 3. The energy-spectrum balance: ~~-- , transfer T(k) —-—, dissipation
2wk2E(k); , departure from equilibrium |T(k) 2vk?E(k)|. The equlhbnum
between transfer and dissipation is apparent over most of the wavenumber range.

or from the low wavenumbers considered. As a matter of fact, there is a numerical
suggestion that the spectrum may be consistent with positive values of a less than
3 over the wavenumber range 4 < k/kq < 10 for a low Reynolds number (R = 15)
flow (Domaradzki 1992 private communication).

In order to see the dominant terms of (2.13), we plot T(k) and 2vk?E(k) in
figure 3. Recall that the forcing term F(k) in (2.13) is restricted to low wavenum-
bers (k/kq < 0.1). We see that both 2vk2E(k) and T'(k) vary exponentially with
.wavenumber and that they are in equilibrium. Their difference is less than their
magnitude by more than two orders of magnitude over most of the wavenumber
range (k/kq > 1, say).

3.2 Triad energy transfer

The triad energy transfer function T'(k|p, q) is most efficiently calculated by an
alias-free spectral method applied to filtered fields (Domaradzki & Rogallo 1990).
In figure 4, we plot T(k|p,q) for k/kq = 2 and k/kq = 3. The finest band-width
is employed, i.e. Ak = 1. The solid and broken curves denote the positive and
negative values, respectively. We recognize the following characteristics in T(k|p, ¢).
First, there are strong dipoles at the corners ¢ « p ~ k and p <« ¢ = k of the
boundary. The signs of the dipoles are positive (negative) on the smaller (larger) side
of wavenumber p/k or ¢/k. Second, the most significant part of T(k|p, q) is localized
near the boundary p + ¢ = k, and the thickness of this part decreases as k/kq
increases. The magnitude of T(k|p, ¢) decreases exponentially with wavenumber
away from this boundary. The value of T(k|p,q) in the blank region is too low to
draw clear curves.

The first characteristic was also observed in the inertial range (Kida & Ohkitani
1992) and represents the energy transferred to larger wavenumbers by nonlocal inter-
actions. The second characteristic, on the other hand, is peculiar to the dissipation
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FIGURE 4. The triad energy transfer function T(k|p, q) for the numerical tur-
bulence. (a) k/kq = 2, (b) k/ka = 3 The solid and broken curves represent the
positive and negative parts, respectively. The contour levels are logarithmic, rather
than linear, and are separated by a factor of 4.
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FIGURE 5. The triad energy transfer function T'(k|p,q) for the numerical tur-

bulence. (a) k/kq = 2, (b) k/kqa = 3. The solid and broken curves represent the

positive and negative parts, respectively. The contour levels are logarithmic, rather

than linear, and are separated by a factor of 4.
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range. This arises from the rapid (exponential) decay of the energy spectrum with
wavenumber in the dissipation range in contrast with the slow (algebraic) decay in
the inertial range.

Similarity in the contours evidently is not obtained over the whole domain of
T(k|p,q) plotted in figure 4. Since, however, the dipole parts are very similar
in figures 4(a) and (b), we enlarge the corner region and replot the contours in
figures 5(a) and (b), respectively, with wavenumbers normalized by the Kolmogorov
wavenumber kq instead of k. This scaling of the wavenumber is suggested by the
closure theory (see (4.12)).

The close resemblance of figures 5(a) and (b) implies that the shape of the dipoles
of T(k|p, q) is similar near the corners if the wavenumber is scaled by the Kolmogorov
wavenumber.
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FIGURE 6. The (p/k,q/k) domain of integration for T(k|p,q). The measure of
scale disparity is s = max(k,p,q)/ min(k,p,q). (a) s <2, (b) s > 2.
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3.8 Nonlocality of triad interaction

The triad energy transfer function T'(k|p, ¢) represents the energy exchange among
three wavenumbers with magnitudes k, p, and ¢. In order to express the scale
locality of the triad interaction, we introduce the scale disparity parameter (Zhou
1992), the ratio of the maximum to the minimum of the triad wavenumbers,

_ max(k,p,q)
~ min(k,p,q) &)

It follows by definition that s > 1. This scale disparity parameter measures the scale
locality of the triad interaction. If s is smaller, the interaction is more local, and
vice versa. In figure 6, we indicate the (k,p,q) domains for relatively local (s < 2)
and relatively non-local (s > 2) triad interactions.

Let us denote by T(k|s)Ak the contribution to the energy transfer from triad
interactions with scale disparity parameter between s — %As and s + %As. Then,
we have ) X

T(k|s) = (Ak)? Y, T(klp, q). (3.5)

P9

s-j A< B L Y <ot LAs

In figure 7, we plot T'(k|s), obtained by summing up the terms in the r.h.s. of
(3.5) numerically for k/kq = 2 and k/kq = 3. It is seen that T(k|s) may have a
scale similarity with skq/k.

4. Closure Theory

In the quasi-normal closure theories (see Tatsumi 1980; Lesieur 1987), the energy
transfer term in the energy spectrum equation (2.13) is expressed in terms of the
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FIGURE 7. The scale disparity of energy transfer T(k|s):
k/kq = 3. (a) local scaling: s, (b) non-local scaling skq/k.

Jkfka=2--=-

energy spectrum function under the assumption that the fourth-order cumulants of
the velocity are negligible:

Q? E(p)E(q)
T(klp,q) = akpqm ((kaq + qup)W—

E(k)E(q) _ Biop E(k)E(p)

— Byy, ey *2p? , (4.1)
where
Bipe = (K — ¢*)(P* — ¢°) + K*p? (42)
and
QZ = 2k2p2 + 2k2q2 + 2p2q2 -k _p4 _ qd. (43)

Here 05,4, the relaxation time of the triple moments of velocity, takes different forms
in the various theories. In the far-dissipation range (k,p,q > k4), however, it has

the common expression
1

S )

In the far-dissipation range of statistically stationary turbulence, the first two
terms balance in (2.13),

(4.4)

T(k) = 2vk?E(k). (4.5)

In this section, we omit the hat (*) because we are considering the continuous limit
(infinite size of the periodic cube). The summation in (2.15) of the energy transfer
function converts into the integral

T(k) = / /A T(klp, g)dpdg, (4.6)

where the integration is carried out under the condition that the three wavenumbers
k, p, and g constitute a triangle.

. 4-2
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FIGURE 8. The triad energy transfer function T'(k|p, ¢) for the quasi-normal closure

theory with E(k) o (k/kq)~"®exp[~4.9k/kq4]. (2) k/ka = 2 and (b) k/kq = 3. The

solid and broken curves represent the positive and negative parts, respectively. The

contour levels are logarithmic, rather than linear, and are separated by a factor of
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By substituting (4.6) with (4.1)-(4.4) and (3.3) into (4.5) and taking the leading
terms in the limit of large wavenumber k > kq, we obtain & = 3 (Tatsumi 1980).
This value of a is not consistent with the results of the numerical simulation as
mentioned in section 3. The reason for this discrepancy is not known at present.
As will be discussed in the next section, other values are consistent with the theory
‘if the relaxation time 6y, is suitably modified (see (5.1)). We therefore proceed
to examine the behavior of the triad energy transfer function expressed as (4.1) for
the spectrum (3.3) with @ = —1.6.

In figure 8, we show the contours of T'(k|p, ¢) expressed by (4.1) with the spectrum
(3.3) with @ = —1.6 and B = 4.9 for both k/kq = 2 and k/kg = 3. Contrary to
the simulation data (figure 4), we can see contour lines at very low levels clearly.
The same characteristics of T(k|p,q) observed in figure 4 are also observed here.
That is, (i) there are strong dipoles at the corners of the boundary of the triangle
condition, (ii) T(k|p,q) is positive where either p or g is less than k and negative
otherwise, (iii) the magnitude of T(k|p, q) decreases rapidly as point (p,q) moves
away from the boundary p + ¢ = &, and (iv) it decreases more rapidly as k/kq
increases. Moreover, the shape of the contours in figures 4 and 8 is very similar.
The agreement is better for positive contours than for negative ones.

The difference in the shape of the contours can be seen more clearly in figure
9, which is an enlargement of figure 8 near ¢ < p ~ k. As will be discussed in
the next subsection, the slight difference in the shape of contours seems to be the
main reason for the discrepancy in the behavior of T(k|s) between the numerical
simulation and the closure theory.

It should be mentioned here that the influence of the forcing term may not be
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negligibly small. Since the fluid is forced at wavenumbers less than 3, the contours
at ¢/kq < 0.1 are directly affected by the forcing term.

So far, we have examined only the case of @ = —1.6. In order to see the depen-
dence of T'(k|p, ¢) on the value of a, we plot in figure 10 the contours of T'(k|p, ¢) for
various values of a ranging from 3 to -2. It is seen that the domains of the positive
and negative parts are insensitive to the value of a, but the shape of the contours
other than the zero level changes depending on the value of a. For a large value of
a, the positive and negative peaks of T'(k|p, ¢) are far from the corners. They move
toward the corner as « decreases. For a > 0, the peaks are away from the corner,
but for a < 0, a positive and a negative peak merge into a dipole at the corner (see
(4.12)). As will be shown in the next subsection, the dominant interactions in the
energy transfer are local for & > 1 and nonlocal for a < 1.

4.1 Scale Disparity of Energy Transfer

Let T(k|s)ds be the contribution to the energy transfer to Fourier modes at
wavenumber k due to triad interactions for which the scale disparity parameter lies
between s and s 4+ ds. The contribution from all the triad interactions of scale
disparity less than s is then written as

/la T(k|s')ds' = / / T(k|p, ¢)dpdg. @7

max(k,p,
min{x,p.q S’

The derivative of (4.7) gives the scale disparity of energy transfer
d
=5 [ [ TCipa)pde (48)
Ak
The integration of T(k|s) over all s gives the energy transfer T'(k), i.e.

T(k) = /1 ” T(kls)ds. ' (4.9)
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The integral (4.7) is written explicitly for s < 2 as (see figure 6)

s k P sk P
/ T(kls')ds’=2{ / dp / dg + / dp / dq}T(kIp,q) (4.10a)
1 k/s k/s k pls

and for s > 2 as

(s—1)k/s P k P
/ T(k}s')ds' = 2{/ dp dq+/ dp dg
k/2 k—p (s—1)k/s k/a

sk/(s-1) P sk P
+ / dp / dg + / dp / dg $T(klp, ¢)(4.10b)
k r/s sk/(s-1) p—k

Differentiating (4.10a) and (4.10b) with respect to s we obtain

k k sk
T(kls) =2{s—2 [ 2 krsxp+k [ T(kIsk, g)dg
k/s k

1 sk
t3 /k p_T(klp,p/S)dp} (s<2) (4.11a)
k k sk .
= 2{3—2 / T(kip,k/s)dp+ k / T(k|sk, q)dgq
(s—1)k/s (s—1)k

1 ak/(s—1)
+ S—Q/k pT(k|p,p/s)dp (s22) (4.11b)

By substituting the expression (4.1) for T'(k|p,q) from the quasi-normal closure
theory with the energy spectrum (3.3) into (4.11a) and (4.11b), we can calculate
T(k|s) explicitly. The scale disparity transfer function behaves differently depending
on the values of a and k/kq. In figure 11(a), we plot T(k|s) for k/kq = 1, 2, and
3 with @ = 3. The interaction is localized around s = 2. The peak of the scale
disparity parameter moves little as k/kq increases. In figure 11(b), we plot T(k|s)
for k/kq = 1, 2, and 3 with a = —1.5. The interaction becomes more nonlocal as
k/kq increases, and the peak of the scale disparity parameter moves linearly with
k/kq for large k/kq. '

In order to examine the wavenumber dependence of the transfer function, we
replot it in figure 11(c) against skq/k for k/kq = 2, 3, and oo (see below for k/kq =
o0). The scale disparity of the energy transfer seems to approach a universal form
for large values of k/kq. The approach is faster for large values of s.

As demonstrated in figure 10, the triad energy transfer function T(k|p,q) for
small & (see below (4.12) for the critical value) has a double peak at the corners
g < p=~kandp < q=~ k. This peak becomes steeper for larger values of k/kq
because of the exponential decay of the energy spectrum. This enables us to make
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a local analysis around the corner to estimate the asymptotic behavior of T(k|s)
for large values of k/kq. The triad energy transfer function (4.1) with the energy
spectrum (3.3) behaves around ¢ € px= k as

A% (R\® _ o« _ )
T(klp,g) = > (H) e Pk/ka (f;) 47g® — (p— k)?)ePolke (Ph-Pka _ 1),

(4.12)
The energy transfer function T(k) is calculated by integrating T'(k|p, ¢) with respect
to p and q over the whole range. When a < 1, the integral is localized at the corners
g < p=xkandp < q=kso that the asymptotic expression (4.12) can be used.
The result is

T =2 [ / ™ T(klpa)dp

(e (&)
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for —2 < a < 1,where I' is the Gamma function. Note that the integral is localized
at the corners and converges only when -2 < a < 1.
Substituting (4.12) into (4.11b), we obtain

A%kg (K" _an
T(kls)=§,,—ﬂm(g) e Pk/ka

x a~(a+2) (952(1 — o) — 4e71/7 4+ 20%(1 + 0)e?/?) ,(4.14
3

where

o= ﬁs. (415)
Note that we consider here the case k/kq > 1 so that s > 1 for a finite value of o.
The asymptotic form (4.14) of T'(k|s) for large values of k/kq is drawn for a = —1.5
and 8 = 4.9 in figure 11(c).

5. Discussion

The triad interaction in the dissipation range has been investigated by analysis of
numerical turbulence data and the quasi-normal closure theory of turbulence. The
results of the numerical simulation suggest that the motion at the Kolmogorov dis-
sipation scale couples directly with the smaller scales and that the triad interaction
is nonlocal in scale, at least in the wavenumber range 0.1 < k/kq < 4 investigated
here. The closure theory, on the other hand, suggests that the locality of the triad
interaction depends crucially on the power a of an algebraic prefactor of the expo-
nential decay of the energy spectrum at large wavenumbers. It is local or nonlocal
for @ > 1 or a < 1, respectively.

In the EDQNM and related quasi-normal closure theories, the triad energy trans-
fer function is expressed by (4.1). The form of the relaxation time i, differs from
theory to theory but has the common asymptotic form (4.4) in the far-dissipation
range where a balance between energy transfer and dissipation requires a = 3 in-
stead of the value a & —1.6 found in the numerical simulation. '

It is interesting, however, to note that if the relaxation time is assumed to be
independent of the wavenumber in the far dissipation range, say equal to the Kol-
mogorov time scale

Okpg o Vvle= Lga (5.1)

vkg
then any value of a (including a = —1.6) is compatible with the energy balance
equation (4.4). Asshown below, however, this is not the case in the EDQNM theory.

In the EDQNM theory, the relaxation time takes the form

1
v(k? + p? + ¢2) + p(k) + p(p) + n(q)’

where p(k) = A( fok r2E(r)dr)!/? is the eddy damping rate and X is an adjustable
3/2

Orpq = (5.2)

constant which may be related to the Kolmogorov constant Ck as A = 0.154Ck
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(André & Lesieur 1977). Note that A = 0.37 for Cx = 1.8. The first term in the
denominator in (5.2) represents viscous damping and the second the relaxation by
straining motions of comparable and larger scales. The relaxation time has the
following asymptotic forms for small and large wavenumbers for Cx = 1.8:

2.3
k2/3 + p2/3 + q2/3
1

= V(k2 +p2 + q2) (kapyq > kd) (5.3b)

(k,p,q < kd) (530‘)

akm =

The integrals in (5.2) tend to the energy dissipation for large wavenumber,

€/2v = /000 r?E(r)dr. (5.4)

The peak of the integrand lies around r = 0.15kq, and the majority of the integrand
is covered in the wavenumber domain r < 0.5k4 (see Kida & Murakami 1987). The
two effects are comparable at wavenumber

k,p,q~ A% /2 /4y ~ 0.5kq. (5.5)

Around these wavenumbers the relaxation time is written as

1 1
P97 u(k? + p? + q2) + 0.78(e/v)1/2 ~ (k% + p? + g2 + 0.78k47)

'R (5.6)

‘We may conclude from (5.3) and (5.6) that there is no region of constant i, in
the EDQNM theory.

It is possible that the value of @ &~ —1.6 observed in wavenumber range 0.1 <
k/ka < 4 is simply a tangent and that it approaches 3 in the limit of large wavenum-
bers. If so, the transfer may be dominated there by local triad interactions.
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A study of the fine scale motions of
incompressible time-developing mixing layers
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This work is an extension of a project conducted at the previous CTR summer
program and was reported by Chen et al. (1990). In that program, the geometry
and topology of the dissipating motions in a variety of shear flows was examined. All
data was produced by direct numerical simulations (DNS). The partial derivatives
of the velocity field were determined at every grid point in the flow and various
invariants and related quantities were computed from the velocity gradient tensor.
Motions characterized by high rates of kinetic energy dissipation and high enstrophy
were of particular interest. Scatter diagrams of the invariants were mapped out and
interesting and unexpected patterns were seen. Each type of shear layer produced
its own characteristic scatter plot.

In the present project, attention is focused on the incompressible plane mixing
layer, and the scatter diagrams are replaced with more useful joint probability
density contours. Comparison of the topology of the dissipating motions of flows
at different Reynolds numbers are made. Also, plane mixing layers at the same
Reynolds number but with different initial conditions are compared.

1. Method of approach

The velocity gradient tensor may be broken up into a symmetric and an antisym-
metric part A;; = 0u;/0z; = Sij + W;j where S;; = (0u;/0zj + Ouj/0z;)/2 and
W;; = (Ou;/dzj — Buj/0z;)/2 are the rate-of-strain and rate-of-rotation tensors,
respectively. The eigenvalues of A;; satisfy the characteristic equation

M+PX¥+QA+R=0 (1)
where the matrix invariants are:
= —(An + A2z + As3) = —trace[4] = =5;; (2)
1 C.S.L.R.O., Highett, Australia.
2 Dept. of Mechanical Engineering, University of Melbourne, Australia.

3 Department of Aeronautics and Astronautics, Stanford University
4 Currently GALCIT, California Institute of Technology.

g

PRECEDING PAGE BLANK NOT FM.MED %‘,ZQQJ,EHLP: s R



102 J. Soria, M. S. Chong, R. Sondergaard, A. E. Perry, & B. J. Cantwell

Q= All Al2 All A13 A22 A23
A Az Az Azs Az a3
= 3 [P~ tracel4”]] 3)

1
= 5P* - 5i;Sji = Wi; Wil

and
An Ay A
R = - A21 Azg Azs = —det[A]
A31 A3z ass

= =(—P? + 3PQ — trace[A?))

—

(4)

.-w

(P3+3PQ SijSikSki — 3Wi Wik Ski).

It can be shown that, in the P — Q — R space of matrix invariants, the surface
which divides characteristic equations with three real solutions for the eigenvalues
from characteristic equations with one real and two complex solutions is

27R? + (4P® - 18PQ)R + (4Q® — P?Q*) = 0. (5)

A detailed discussion of the properties of this surface is given in Chong, Perry &
Cantwell (1990) along with a guide to the various possible elementary flow patterns
which can occur in different domains.

Much of the discussion in this report concerns the symmetric part of the velocity
gradient tensor, the second invariant of which is proportional to the negative of the
kinetic energy dissipation. The invariants of the rate-of-strain tensor, Ps, Qs and
Rg, are generated by setting the components of W;; to zero in the above relations.
The flows considered are, with one exception, incompressible hence P = Ps = 0.
Thus the local geometry of the flow is completely described by the second and third
invariants (@, R) and (@s, Rs). The second invariant of the rate-of-rotation tensor,
Qw , is non-zero and is proportional to the enstrophy. The first and third invariants
of the rate-of-rotation tensor are identically zero.

The method for classifying the flow structure was first developed at the 1990
CTR summer program by Chen et al. (1990) and is described as follows:

(i) Evaluate the nine partial derivatives of the velocity gradient tensor at every point
in the computed field.

(ii) Evaluate @, R, Qs, Rs and Qw at every point.

(iii) Create scatter plots of the results in the space of invariants, @ versus R, Qs
versus Rg , and —Qg versus Qw.

Figure 1 illustrates the various flow topologies which can occur in the plane P = 0.
The intersection of this plane with the surface (5) is given by

2\f( Q) (6)
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FIGURE 1. Three-dimensional topologies in the Q — R (P = 0) plane.

which divides real solutions from complex solutions as indicated.
For the case P = 0, the second invariant is

Q= %[W-‘qu ~ 5i;5i;) (7

where the indices have been switched to indicate explicitly that Q is formed from
the difference of two terms, each of which is a positive sum of squares. The local
topology has complex or real eigenvalues depending on whether the (Q, R) pair
evaluated at a given point in the flow lies above or below (6).

The mechanical dissipation of kinetic energy due to viscous friction is

¢ = 2vS;jSij = —4vQs. (8)
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(b)

(d)

FIGURE 2. Scatter plots of (a) Q vs. R, (b) Q, vs. Ry, (¢) —Q, vs. Q,, for hipairez
at tU/éo = 29.8, and (d) Q, vs. Q, for a compressible mixing layer computed by
Chen (1991) at tU/éy = 72.0.

Large negative values of Qs correspond to large rates of dissipation of kinetic energy.
Large negative values of @ indicate regions where the strain is both large and
strongly dominant over the enstrophy. Large positive values of @ indicate the
reverse.

2. Results

We will consider in this paper the incompressible (P = 0) plane mixing layers
computed by Rogers and Moser at NASA Ames. Three direct numerical simulations
(DNS) are considered, namely, hipairez, mega, and tbl. The cases hipairez and mega
were initiated from laminar error function profiles, and tbl was initiated with two
turbulent boundary layer realizations with equal and opposite free stream velocities
placed on opposite sides of a dividing plate which was dissolved at time ¢ = 0. The
initial turbulent boundary layers were DNS computations of Spalart (1988).
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FIGURE 3. Planar x-z average Q, vs. cross-stream direction y for hipairez at
tU/bo = 22.3,25.3,29.8.
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FIGURE 4. Weighted Probability Density Functions P(—Q,) and (—Q,)P(—Q;)
vs. —Q, for hipairez at at tU/8 = 29.8.
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FIGURE 5. Vorticity thickness Reynolds number Rs vs. non-dimensional time for
the incompressible mixing layers.

Table I
hipairex mega tbl
AU=U, - U, 2 2 2
Initial vorticity thickness, 8¢ 1 1 1.4
Viscosity, v 1/250 1/250 1/500
Initial Re = AUéq/2v 250 250 700

All cases were computed as time developing layers and Table I shows the prop-
erties of the layers. Details of the hipairez results have been reported by Moser &
Rogers (1990) and Rogers & Moser (1992). Unless otherwise stated, all results are
normalized by half the velocity difference across the layer, U, and the initial vortic-
ity thickness éo. Figures 2(a), 2(b) and 2(c) show scatter diagrams taken from Chen
et al. (1990). These diagrams are made up of the entire data set for a given time.
Figure 2(a) shows that most of the high gradient motions belong to the topology of
stable focus stretching. Figure 2(c) is most informative. Data which falls on the line
of 45° through the origin represents high dissipation accompanied by high enstro-
phy. It can be shown that such points come from vortex sheets where most of the
rate-of-strain is dominated by the velocity gradient within the sheet. Data which
lies along the horizontal axis represents high enstrophy with little dissipation as
would occur in solid body rotation in vortex tubes. As a matter of interest, Figure
2(d) shows a plot from a compressible mixing layer computation by Chen (1990),
and, according to the figure, the data could be described as primarily sheet-like.
The reason for this is a mystery at this stage.
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(b)

FIGURE 6. Q vs R for hipairez. tU/§ = (a) 19.3, (b) 22.3, (c) 25.3, (d) 29.8.
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FIGURE 7. @, vs R, for hipairez. tU/é = (a) 19.3, (b) 22.3, (c) 25.3, (d) 29.8.

Classical arguments, based on the idea that dissipation of turbulent kinetic energy
scales with production, lead to the following estimates:
o ——0U
e=2vSSl, = —u'v’—a;- 9)

where the S;; are fluctuating non-normalized strain rates. Results from experiment
show that for fully developed shear layers

— 2 —u'v'
[P ~ —
—u'v'/(AU)® ~ .012 = TR (10)
From (9) and (10) it can be shown that
e = 2vS};S}; = .096U° /6 (11)
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FIGURE 8. —Q, vs Q,, for hipairez. tU /6 = (a) 19.3, (b) 22.3, (c) 25.3, (d) 29.8.

For time tU/8, = 29.8 in hipairez where the vorticity thickness has increased by a
factor of 6.5 over the initial thickness, the Reynolds number Rs based on the current
vorticity thickness, é, and the velocity difference across the layer is 3000. Hence

SI.St62 006 [6\*
e 0 . TR (%) = 1.704. (12)
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FIGURE 9. @ vs R for mega. tU/é = (a) 21.0, (b) 25.0, (c) 35.0, (d) 49.0.

One would expect the average value of this quantity at the midplane of the mixing
layer to be of this order.

Mean profiles of —Qs at various times are shown in Figure 3 and are half the value
indicated by (12) which is indicative of the production of kinetic energy. This ratio of
about 2 for production to dissipation is in agreement with the fully developed value
obtained from experiments by Bradshaw & Ferriss (1967). An order of magnitude
analysis similar to (12) reported by Chen et al. (1990) giving the value of 18.2 was
in error due to incorrect normalization of the variables.

Figure 4 shows the weighted probability density function of —Qgs over the entire
volume of the mixing layer, and most of the contribution comes from —Qgs between
0 and 3. Although the far flung values of —Qs on the scatter diagram tend to
follow interesting patterns, they contribute only of order 10% to the total energy
dissipation. For this reason, it was felt that scatter diagrams should be replaced
by joint probability density diagrams with contours corresponding to the logarithm
of the probability density function so that possible ridges could be seen in regions
which are highly darkened in the scatter plots.
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(a)

(c)

FIGURE 10. Q, vs R, for mega. tU/6 = (a) 21.0, (b) 25.0, (c) 35.0, (d) 49.0.

From (11) and (12) it can be seen that Qs normalized by the current vorticity
thickness scales with Rjs, and, therefore, it seems likely that Rg should scale with

R:;/ 2 This would imply that the data should follow a curve

|R,| o (1Qu])? (13)

This relationship is what one might expect purely on dimensional grounds, but
there is no rigorous proof. It is interesting to note that such a curve on the Qs
versus Rs plot represents a rate of strain geometry where the principal rates of
strain a, B and 7 are in a constant ratio to one another. For the data set hipairez,
points of high dissipation follow closely the curve corresponding to the ratio of
a:B:y = 3 : 1: —4, which was observed by Ashurst et al. (1987) in studies of
forced isotropic turbulence. In addition, as noted by Sondergaard et al. (1991), the
vorticity vector tends to align itself with the second principle rate of strain . It
should be noted that while other data sets analyzed by Sondergaard et al. (1991)
show the same vorticity alignment, the 3: 1: —4 ratio of rates of strain is not always
observed.

The result depicted in 2(b) is that motions characterized by very high rates of
dissipation (large negative Qs) clearly show a preference for the right half plane of
Figure 2(b) corresponding to a local topology of the rate of strain tensor which is
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FIGURE 11. —-Q, vs Q,, for mega. tU/é = (a) 21.0, (b) 25.0, (c) 35.0, (d) 49.0.

of the type saddle-saddle-unstable node (cf. Figure 1). From Figure 2(a), it can be
seen that the velocity gradient tensor admits all possible incompressible topologies
although there is, nevertheless, a great deal of structure in Figure 2(a). Not only
is the basic scaling (12) observed, but it appears that, with a modest amount of
scatter, the fine scale motions follow a relation of the form

R, > K(-Q,)3. (13)

The positive quantity K is expected to be a function of the Reynolds number with
an upper limit of K = 21/3/9 corresponding to locally axisymmetric flow (cf. Figure
1).

3. Comparison with high Reynolds number flows

Figure 5 shows a plot of Reynolds number based on current vorticity thickness
for the three cases mentioned earlier. Figures 6, 7, and 8 show the invariant plots
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Q Q

(a) (b)

FIGURE 12. Q vs R for tbl. tU/6 = (a) 0.0, (b) 26.25, (c) 47.5, (d) 76.25.

for hipairez in contour plot form for the joint probability density distributions.
Figures 9, 10, and 11 show the results for mega. These results are similar to the
scatter diagrams given in Figure 2 but are corrected for nonuniform grid spacing.
More structural features are apparent, and an interesting feature in Figures 6 to 8
is that velocity gradients tend to increase with time and at the latest time show
a decrease. In fully developed turbulent plane mixing layers, if dissipation scales
with production, then according to the Kolmogorov scaling, the velocity gradients
should decrease with time. According to this reasoning, hipairez is under-developed
for most if not all of the times shown. It is unclear whether, at the latest time, the
gradients are beginning to decrease because the flow is reaching a fully developed
state or because of constraining by the grid. Figures 9, 10, and 11 show the results
for mega, and there appears less pronounced sheet-like structures but more tube-like
patterns for the higher Reynolds numbers.

Figures 12, 13, and 14 show similar results for tbl. which started out as two
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FIGURE 13. Q, vs R, for tbl. tU/é = (a) 0.0, (b) 26.25, (c) 47.5, (d) 76.25.

turbulent boundary layers and then developed to a much higher Reynolds number
than hipairez. Figure 12 is most interesting. It shows that all data points for
the turbulent boundary layer cluster near the origin of the Q versus R plot and
suddenly explode to much higher gradients in the plane mixing layer. These pictures
graphically illustrate how much greater velocity gradients become when the wall
constraint of a turbulent boundary layer is removed. It should be noted that near the
wall, the Q and R of a turbulent boundary layer are small even when the gradients
aren’t. A better measure of the relative magnitudes of the velocity gradients can
be inferred from figure 14. Again, the gradients tend to grow and then diminish
at late times. The Qg versus Rgs plot shows that the strain rates tend to follow a
different curve, closer to the real-imaginary dividing surface (6). Hence, this aspect
of the fine scale motion appears to be Reynolds number dependent. The plots in
Figure 14 show that the turbulent boundary layer structures at t' = 0 are sheet-like,
but, in contrast to hipairez, there are no preferred structures revealed by the —Qg
versus Qw plot for later times (cf. Figure 8). As with hipairez the Q versus R plot
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FIGURE 14. —Q, vs Q. for tbl. tU/é = (a) 0.0, (b) 26.25, (c) 47.5, (d) 76.25.
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Y

FIGURE 15. Vortex lines for tbl at tU/é = 0.0.
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FIGURE 17. Streamlines for tbl at tU/é = 76.3.

shows that most of the gradients belong to the topology of stable focus stretching.

The highly organized patterns seen in Chen et al. (1990) for hipairez are replaced
by most complex structures in tbl. Vortex lines for tbl are shown in Figures 15 and
16. Shown in Figure 15 is the initial turbulent boundary layer, and the attached
eddies which lean approximately 45° to the mean flow direction are apparent. In
Figure 16 are shown vortex lines of the plane mixing layer after some development.
Although no clear spanwise rollups are apparent from this vorticity plot, Figure 17
shows instantaneous streamline patterns which indicate possible large scale spanwise
roll-ups.

4. Comparison of two initial conditions at the same Reynolds number

From Figure 5, it can be seen that there is an overlap of Reynolds numbers for
mega and tbl. In fact, they both share a Reynolds number of 5000 as indicated in the
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(b)

FIGURE 18.  Rescaled Q vs. R plots for (a) mega at tU/6 = 49.0, (b) tbl at
tU/é = 61.0.

(b)

FIGURE 19. Rescaled @Q, vs. R, plots for (a) mega at tU/é = 49.0, (b) tbl at
tU/é = 61.0.
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-Qs

Qw

FIGURE 20. Rescaled —Q, vs. Q,, plots for (a) mega at tU/é = 49.0, (b) tbl at
tU/é = 61.0.

figure. Figures 18(a) and (b) show Q versus R plots of tbl and mega, each scaled with
the current vorticity thickness and appropriate velocity U. The joint probability
density contours have been rescaled to account for the different population density
of points. Figures 19 (a) and (b) show the corresponding —Qs versus Qw plots for
comparison. Although the shape of the plots are roughly the same, there appears
to be a major difference in the scaling, indicating that the velocity gradients in tbl
are considerably lower than in mega for the same Reynolds number. The reasons
for this difference need to be pursued in future work.

5. Conclusions

In all flow cases considered here, motions with the highest dissipation of ki-
netic energy per unit volume were of the topological classification stable focus with
stretching as found from Q — R plots.

In the case designated as hipairez, the flow was initiated from a laminar layer with
an error function profile and the maximum Reynolds number R;s to which the flow
evolved was 3000. Here, the highly dissipative motions were usually accompanied
by a high enstrophy indicating a vortex sheet-like structure. From Qs versus Rg
plots, the rate of stain tensor for dissipating points had a topology of unstable node
saddle-saddle with the rate of strains being of a given ratio and with the vorticity
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vector tending to align with the intermediate strain 3.

In the case of tbl, which was initiated from two turbulent boundary layers placed
back to back, the highest local Reynolds number considered was R; = 9000. Here,
the —Qs versus Qw plots indicated no preferred structure for the highly dissipating
motions although the Q@ — R plots indicated a strong preference for stable focus
stretching. Also, the Qs versus Rs plots showed that the highly dissipating motions
tend toward a: 8:4 = 1:1: —2. No vorticity alignment checks were made, but it is
expected that the vorticity vectors will tend to align with the 3 axis (cf. Sondergaard
et al., 1991).

Comparison of two flows at the same local Reynolds number but with two entirely
different initial conditions was made using flow cases designated mega and tbl. Plots
of Q versus R and —Qgs versus Qw when nondimensionalized appropriately show
essentially the same topological structure and scaling from Rs = 5000 even though
mega was initiated from a laminar error function profile layer and tb! from turbulent
boundary layers. Although the shape of the plots are roughly the same, there
appears to be a major difference in the scaling, indicating that the velocity gradients
in tbl are considerably lower than in mega for the same Reynolds number. The
reasons for this difference need to be pursued in future work.
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Isotropy of small scale turbulence

By R. A. Antonia'’ AND J. Kim?®

The degree to which local isotropy is satisfied has been examined using direct
numerical simulations for a fully developed channel flow. Attention is mainly given
to the high wavenumber part of vorticity and temperature derivative spectra. The
ratio of these spectra and their isotropic values depends on the particular quantity
considered, the departure from isotropy being more pronounced for the temperature
derivative than for the vorticity. When the Kolmogorov-normalized wavenumber is
sufficiently large, isotropy is satisfied provided the (Kolmogorov-normalized) mean
strain rate is sufficiently small. This result appears to be independent of the quantity
considered and of the Reynolds number.

1. Introduction

The concept of local isotropy has been of central importance to the theory of
turbulence and continues to attract significant attention in turbulence, as can be \
gleaned, for example, from the compendium of papers in the A. N. Kolmogorov
commemorative issue of the Proceedings of the Royal Society (1991). The concept

_implies that the small scales become statistically independent from the large scales
or, perhaps more pertinently, from any orientation effects or bias introduced by
the mean shear. This implication and related questions, for example, “is local
isotropy achievable only at large Reynolds numbers?” or “do departures from local
isotropy persist irrespectively of the Reynolds number?”, are issues which continue
to preoccupy, perhaps fascinate, turbulence researchers.

Before the previous questions can be adequately addressed, there is first the need
to decide how best to measure “local isotropy”. This is not a straightforward task
given that there is a plethora of tests which can be applied (e.g. Monin and Yaglom,
1975; Mestayer, 1982) and that different tests may have different levels of sensitivity
(e.g. Antonia et al., 1986). Not unrelated to these difficulties is the issue of whether
the word “local” is interpreted to signify “in physical space”, as originally intended
by Kolmogorov (1941) or whether it is given a spectral interpretation. If the first of
these interpretations is adopted, the available evidence, which includes atmospheric
data at quite large turbulence Reynolds numbers, appears to point fairly unam-
biguously to a departure from local isotropy (e.g. Antonia et al., 1986; Sreenivasan,
1991). This departure appears to be especially emphasized in statistics, e.g. mean
squared values and skewnesses of spatial derivatives of the temperature fluctuation

1 Department of Mechanical Engineering, University of Newcastle, N.S.W., 2308, Australia
2 NASA-Ames Research Center, Moffett Field, CA, 94035
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(e.g. Sreenivasan et al., 1979; Sreenivasan and Tavoularis, 1980). The second in-
terpretation allows the focus to be on high wavenumbers or small scales (e.g. Van
Atta, 1991; Antonia et al., 1986); with the caveat that there must be non-local
interactions between small and large wavenumbers (e.g. Domaradzky and Rogallo,
1991; Brasseur, 1991). This arguably provides a better framework for testing local
isotropy than seems possible under the first interpretation. It is worth underlin-
ing that while the practical applications which follow from the first interpretation
of the concept are well known, the spectral interpretation is not without practical
significance. For example, the measurement of spatial velocity and temperature
derivatives with parallel hot wires requires their separation to be selected appropri-
ately. This is not straightforward and the analysis (Wyngaard, 1969) which provides
a possible correction for the spectral attenuation of the derivative spectrum relies
on local isotropy.

Regardless of which interpretation is chosen, it is important to select turbulence
quantities which are representative of the small scale structure when testing for local
isotropy. In this context, velocity and temperature fluctuations could be less effec-
tive than their derivatives. Direct numerical simulations (DNS) can provide more
reliable data for spatial derivatives than measurements. DNS data in a turbulent
channel flow have been used (Antonia et al., 1991; Antonia and Kim, 1992) to test
for local isotropy using both the physical space and spectral interpretations of the
concept. The first paper (Antonia et al., 1991) showed that mean squared velocity
derivative values approximately satisfied isotropy only as the channel centerline is
approached, a result which appears consistent with Durbin and Speziale’s (1991)
conclusion that the dissipation rate tensor cannot be isotropic when the mean strain
rate is not zero. The second paper (Antonia and Kim, 1992) focused mainly on the
high wavenumber part of velocity and pressure spectra; the results adequately sup-
ported local isotropy in a flow region characterized by relatively small mean strain
rates. There was no attempt, however, to quantify the dependence on the mean
strain rate. The present investigation extends the previous work in two important
ways. It focuses on quantities (the three spatial temperature derivatives and the
three components of the vorticity vector) which may have stronger contributions
from the small scale structure than simply velocity and scalar fluctuations. It also
attempts to relate the degree of local isotropy to the mean strain rate.

In this paper, u;, 6, and w; denote the velocity, temperature, and vorticity fluc-
tuations, respectively, the subscript ¢ (i= 1, 2, 3) denoting the streamwise (: = 1),
wall-normal (i = 2), and spanwise (i = 3) directions.

2 Distributions ofﬁ and E-f

Isotropy requires that the three components of 62 ., where 8 ; = 00/0z;, and w_?
are equal. Figure 1 shows that this is approximately satisfied as the centerline of the
channel is approached. The presentation in Figure 1 clearly h_ig_hlights the strong
anisotropy which exists in the wall region. Note that 6% and w3} clearly dominate
near the wall. There is also reasonable similarity in the shapes of the component
distributions of 02 and those of w? except for the near-wall increase of w?, the mean
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FIGURE 1. Distributions across the channel of the mean square values of the
temperature derivatives and vorticity components. (a) 62; (b) w?.

square longitudinal vorticity. The transport equation for 0_2, was first written by

Corrsin (1953) who compared it with the transport equation for w?; while the two
equations can be cast in similar forms, Corrsin noted that there are apparently
significant differences (due mainly to the solenoidal nature of w;, viz. V -w; =0 or
wi; = 0 and the lamellar nature of §;, viz. V x 6, = 0).

Figure 1 also underlines the significant Reynolds number dependence in the wall
region of almost all the quantities that are plotted. Apart from w3, which is virtually
unaffected, the remaining quantities are increased as k% increases. In the sublayer,

the major increases are exhibited by wy g (15%), w?’z (32%) and 0:52 (92%). The

. . P) F] . . .
increases in w'l+ and wj” reflect the increased stretching of the streamwise and

spanwise vortices; speculatively, this stretching may increase the frequency (and
amplitude) of excursions of hot fluid away from the wall and cold fluid towards the
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wall, thus accounting for the increase in 0:’2'2.

An effective method of assessing the departure from isotropy of 0:",- or w? is to
examine invariant maps (Lumley and Newman, 1977; Lee and Reynolds, 1985) of
the anisotropy tensors corresponding to these quantities, the information displayed
on these maps being independent of the choice of co-ordinate axes. The temperature
dissipation anisotropy tensor which corresponds to 0’2,- may be defined as

6.0 ;
a y_‘J 1

— 3% (1)

tii =
1 3] eo

where €9 = af ;0 ; is the average terﬁperature dissipation (« is the thermal diffusiv-
ity). The second and third variants of t;; are given by

Il = —--;—t.'jtj,' (2)

III = %t,'jtjktk,' (3)

and all the states that characterize ¢;; are identifiable on a plot of —IT vs III , as
shown in Figure 2a. Similarly, the vorticity anisotropy tensor may be defined as

Vi = — ——6,']', (4)

and its second and third invariants are given by expressions analogous to (2) and
(3). The AIM for v;; was presented in Figure 7c of Antonia et al. (1991). It is

reproduced in Figure 2b to allow comparison with the AIM (anisotropy invariant

map) of Figure 2a.

At the wall, the only component of & is aﬂ_?; so that the top right cusp of
the AIM, with co-ordinates (2/27, 1/3), represents the one-component state of tij.
As 27 increases through the sublayer, the data points lie very close to the upper

boundary of the AIM which represents the two-component state of ti; (Figure 1

shows that b’z_l remains small by comparison to @ and EE) In the buffer region,

the invariants I, and III, approach the left “a,xi,symmetric” boundary (4, = -1)
of the AIM. In the outer part of the channel, the trend is towards the isotropic state

Figures 2a and 2b indicate a close similarity between the invariants of ¢; ; and v;;
in the buffer and outer regions of the channel. In particular, along the left axisym-
metric boundary, which Lee and Reynolds (1985) describe as disk-like turbulence,
two components are nearly equal (E o~ E, ;g Y w_32) while the third (6% or ;17)
is somewhat smaller than the other two. There are, however, marked differences
between Figure 2a and Figure 2b in the near-wall region, reflecting the different
boundary conditions for t;; and v;j. At the wall, the one-component t;; state cor-
responds to the two-component v;; state. The rod-like behavior of vorticity (right
axisymmetric boundary in Figure 2b) appears to correspond to a two-component
state for the temperature dissipation. :
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FIGURE 2. Anisotropy invariant map of temperature dissipation and vorticity. (a)

%; (b) w?.

3 Spectra of w; and 8;

The comparison between the high wavenumber part of vorticity spectra and the
corresponding isotropic calculation is a useful way of assessing the degree of isotropy
of the small scale structure.- Since vorticity is, like velocity, solenoidal (w;; =
0, u;; = 0), isotropic relations between two-point vorticity correlations are the
same as the corresponding relations between two-point velocity correlations. Using
Batchelor’s (1953) notation, '

r Of

g=f+§51j (5)

where g and f are the lateral and longitudinal correlations respectively and r is
the magnitude of the separation between the two points, the Fourier transform of
(5) obviously applies to both velocity and vorticity fields. It is convenient here to
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consider spectra in terms of k3, the wavenumber in the spanwise direction. The
isotropic relations for either the vorticity or velocity spectra may be written as
follows

(k) = bunlba) = 3 (80 = s T2 ) ©
¢ul(k3)v= ¢u,(k3) = % (¢“s - k3 ‘ifkus) . (7)

The spectra of w1, wp and w; are shown in Figure 3 for two flow locations (data for
h* = 392 only are presented). The asterisk denotes normalization by Kolmogorov
scales (length n = 13/4&~1/4 and velocity u, = v!/4€!/ 4). At the channel centerline,
$uw, and @, are virtually identical at all k3, as required by the first equality in (6).
They are also in close agreement with the calculatlon given by the right side of (6).
- By contrast to Figure 3a, the results at z7 = 15 (Figure 3b) show that, except at
the crossing point, ¢., is significantly different from ¢,,. The latter dlstrlbutlon
seems to asymptote towards the isotropic calculation, Eq. (6), at sufficiently large
values of k3.

It is possible that the logarithmic scale on the ordinate of Figure 3 may mask
small departures from isotropy. To overcome this difficulty, the ratio of the DNS
- spectral density to that obtained from Eq. (6) has been calculated at several z7
values and plotted using a linear scale in Figure 4. Note there is a significant region
of the channel for which the ratio may be assumed to be close to 1. In the case
of w), this approximation has an uncertainty of about +20% when z 2 74. For
wy, the approximation is satisfied to about +£5% for 7 2 15. The sharp increase
in the ratio at the largest values of k3 is spurious and can be ignored. In order
‘to ascertain whether the spectral ratio used in Figure 4 is sensitive to departures
from isotropy, the ratio was computed, using DNS data for isotropic turbulence
(Rogallo, private communication). The results in Figure 5 [shown for ¢., and
$u,; the isotropic calculations are based on ¢, (k1) and @, (k;)] suggest that the
sensitivity is adequate (better than +10%; the waviness in Figure 5 is a result of
fitting to.the w; and u; spectra and is therefore artificial).

The isotropic relation between the temperature derivative spectra is given by (e.g
Van Atta, 1977; Browne et al., 1983)

b0, = do, = / RUCL (®)

The comparison between ¢§ (k3) and the isotropic calculation, based on Eq. (8),
is shown in Figure 6. The’ good ‘agreement, almost independently of k3, at the
centerline (Figure 6a) contrasts with the total lack of agreement at 7 = 15. The
ratio @g , /(94 , )iso, plotted in Figure 7, suggests that, in the wall region of the flow,
the anisotropy of the temperature derivative field is more pronounced than that of
the vorticity field (Figure 4). This increased anisotropy may be associated with the
mean temperature gradient T ,, where T is the mean temperature. For example,
T , appears explicitly in the transport equation for the skewness of 1. Sreenivasan
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FIGURE 3. Vort1c1ty spectra at two locations in the flow (bt = 392) (a) 2+ =392
(z2 ~ h); (b) z§ = 15.

and Tavoularis (1980) noted that this skewness is non-zero only when Uy2and T
are both non-zero.

4 Dependence on the mean strain rate

Figures 5 and 7 suggest that the departure from isotropy may depend on the mag-
nitude of the mean strain rate U; 2 (= S). It is fairly common to normalize S by a
time scale (g2/2¢) characteristic of the turbulence, e.g. Moin (1990) and Lee et al.
(1990). Durbin and Speziale (1991) showed that the dissipation rate tensor deviates
from isotropy if §¢2/€ is not zero. A disadvantage of using Sq? /€ s that it is zero at
the wall where S is largest. There are other possibilities for non-dimensionalizing

/2 ——1/2
S. Uberoi (1957) used S [ul, uf, ,with ul, / representing a velocity gradient char-
acteristic of the turbulence, for charactenzmg the anisotropy. Another possibility is
to normalize S by the Kolmogorov time scale (v/ €)!/2; the ratio S/(¢/v)'/? will be
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FIGURE 4. Wavenumber dependence of the ratio of the vorticity spectrum and
the corresponding isotropic spectrum at different locations in the flow (At = 392).
(a) wi; (b) wa. ‘

denoted by S*. Corrsin (1957,1958) argued that the necessary condition for local
isotropy to be a good approximation at a given wavenumber is that (v/€)!/2, which
may be identified with a time scale characteristic of the transfer of energy to higher
wavenumbers, should be small compared with the inverse of the mean rate of strain,

V1Z.
(u)i < 1
€ S

or .
S*<1 . 9

: ——1/2 —

The distribution of S* is shown in Figure 8 together with §/u} , 2 and S5q%/2¢ (the
corresponding distributions at A* = 180 are almost the same as those at At = 400
in the wall region; at the wall S* is 2.6 at At = 180 and 2.3 at A* = 400). Not
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FIGURE 5. Wavenumber dependence of the ratios of spectra of uz and w; and
the corresponding isotropic spectra for a direct numerical simulation of isotropic
turbulence.

unexpectedly, S* and S /;{;l 2 follow each other closely, the former being slightly

——1/2
smaller than the latter in magnitude. S* or §/u? , / is clearly better behaved than

S(q?/2€), which increases from zero at the wall to a relatively large maximum near
z7 = 10.

The ratios of vorticity or temperature derivative spectra and the corresponding
isotropic spectra are shown in Figure 9 in terms of S*, for values of kj in the
range 0.1 to 0.7. One can identify a value of S*, S}, say, for each of the three
quantities in Figure 9 below which the ratio can be assumed to be approximately
1 (independently of k3). The magnitude of S},;, is about 0.3 for w; while it is .
almost 1 for wo. It is only 0.1 for 8 ,; in this case, the departure from isotropy is
more evident than for vorticity, especially at smaller values of k3. It would appear
that while Corrsin’s inequality (9) has general validity, significant relaxation of this
criterion is possible when the interest centers on specific quantities. For example,
it seems that S* < S% .. =~ 0.2 may be sufficient for the small scale vorticity to be
isotropic. :

A comment about the possible effect of Reynolds number seems & propos here.
The evidence we have gathered here and in a previous paper (Antonia et al., 1991)
strongly suggests that provided S* < Sy, the magnitude of the Reynolds number
should have little effect on the degree of isotropy that can be achieved at sufficiently
large wavenumbers. The magnitude of the Reynolds number is, of course, important
in determining the extent of the flow region in which §* < S;,;, is satisfied. This
can be illustrated by reference to the logarithmic region for which energy equilib-
rium (€ = —u;u;S) is a reasonable approximation. At sufficiently high Reynolds
numbers, S ~ U,/k (x is the von Kdrman constant, U, is the friction velocity),
~uyuz ~ U? and §* ~ (kz7) '/2. For S* ~ 0.2, this suggests that the region
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FIGURE 6. Temperature derivative spectra at two locations in the flow (A% = 392).
(a) =7 = 392; (b) z§ =15.

z§ 2 60 should satisfy local isotropy; obviously, the physical extent of this region
should increase with Reynolds number.

Corrsin (1957,1958) argued that a necessary condition for local isotropy is given
by the inequality

1 S
- —= , 10
2> 00)

where the right side can be identified with a wavenumber, k, say, corresponding
to the turbulent energy production. The present data suggest that in the region
where local isotropy is approximately satisfied, k, < 0.1, suggesting that (10), like
inequality (9), are unnecessarily restrictive and may be relaxed significantly.

5 Conclusions

Invariant maps of vorticity and temperature derivative anisotropy tensors in a



Isotropy of small scale turbulence 133
2’0 T T ¥

L}

x;-392

FIGURE 7. Wavenumber dependence of the ratio of the spectrum of 6; and the
corresponding isotropic spectrum at different flow locations (ht = 392).

o 20 : ;

DL = §

175

7o 10 -

¢

9

= O -

I&

% s

= O : |
-1 1 10 100 1000

:t;- o

FIGURE 8. Local mean strain rate, using different normalizations (h* = 392).
——1/2

’ S(q_2/23), TTTT S/“%,Z ) s/(z/y)l/z'

fully developed turbulent channel flow indicate a similar approach towards isotropy
as the channel centerline is approached. In the wall region, the nature of the
anisotropy is different for these two quantities.

For sufficiently large wavenumbers, vorticity and temperature derivative spectra
appear to satisfy isotropy provided the mean strain rates (suitably normalized) is
sufficiently small. As far as we can ascertain, this conclusion appears to be indepen-
dent of the Reynolds number. Using the Kolmogorov time scale to normalize the
strain rate, the value of S* at which the departure from isotropy is first observed
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FIGURE 9. Dependence on the Kolmogorov normalized strain rate of the ratio
of the vorticity or temperature derivative spectra and the corresponding isotropic
spectra for different values of the wavenumber (h* = 392). (a) w; (b) w2; (c) 8,;.

depends on the quantity under consideration. This value appears to be apprecia-
bly larger for the vorticity than for the temperature derivative. For given values
of §* and of the Kolmogorov normalized wavenumber, the temperature derivative
spectrum exhibits a significantly larger degree of anisotropy than the vorticity spec-
trum. It is possible that the additional influence of the mean temperature gradient
is reflected in the stronger anisotropy of the temperature derivatives, but further
work would be needed to verify this possibility.
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LES versus DNS : a comparative study

By L. Shtilman' AND J. R. Chasnov?

We have performed Direct Numerical Simulations (DNS) and Large Eddy Sim-
ulations (LES) of forced isotropic turbulence at moderate Reynolds numbers. The
subgrid scale model used in the LES is based on an eddy viscosity which adjusts
instantaneously the energy spectrum of the LES to that of the DNS. The statistics
of the large scales of the DNS (filtered DNS field or fDNS) are compared to that
of the LES. We present results for the transfer spectra, the skewness and flatness
factors of the velocity components, the PDF’s of the angle between the vorticity
and the eigenvectors of the rate of strain, and that between the vorticity and the
vorticity stretching tensor. The above LES statistics are found to be in good agree-
ment with those measured in the fDNS field. We further observe that in all the
numerical measurements, the trend was for the LES field to be more gaussian than
the fDNS field. Future research on this point is planned.

1. Introduction

Direct Numerical Simulation (DNS) of turbulent flows has become an indispens-
able tool in turbulence research. The importance of DNS was universally recognized
when researchers started to obtain new qualitative results. While a DNS can repro-
duce basic turbulence constants or statistics determined previously from laboratory
experiments, it is also able to provide statistical information difficult to obtain by
experimental measurements. Among effects observed in the DNS prior to labora-
tory experiments are alignments of vorticity and velocity vectors (Pelz et al., 1985),
alignments of vorticity vector and the eigenvectors of the rate of strain (Ashurst et
al., 1987), and reduction of nonlinearity (Kraichnan & Panda, 1989). All of these
effects are not present in gaussian fields. Some of the above observations can be
qualitatively predicted in the framework of the DIA or the EDQNM closure approx-
imations (see, for instance, Chen et al., 1987). Others, such as the spottiness of the
vorticity field that was observed in the DNS, have not yet been demonstrated by
closures. Nevertheless, the DNS (with all its advantages) is still limited to relatively
low Reynolds numbers. Attainment of a high Reynolds number simulation requires
use of a subgrid scale model to represent the effects of the unresolved small-scale
turbulence on the explicitly simulated large-scale flow.

The most important assumption in this Large Eddy Simulation (LES) approach
is that the subgrid scale model may be parameterized in terms of the resolved
large-scales and a relatively small set of additional parameters. The basis for such
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2 Center for Turbulence Research




138 L. Shtilman& J. R. Chasnov

an assumption is the experimental evidence supporting the 1941 phenomenology of
Kolmogorov that the low-order statistics of the small scales are self-similar in a high
Reynolds number turbulence. The task of modeling is to find a subgrid scale model
which can represent the effects of a strongly nongaussian, intermittent small scale
field of turbulence on a large scale field. For homogeneous and isotropic turbulence,
Kraichnan (1976) introduced an effective eddy viscosity ve(k|km,t) acting at time
t on scales of wavenumber k due to the effects of scales with wavenumbers greater
than k.. In this model, the eddy viscosity is derived from the turbulence energy
equation. Clearly, one should construct ve(k|km,t) (from analytical theories or
the DNS) in such a way that, at a minimum, the low order statistics of the flow
field (e.g., the energy spectrum) is preserved. The major role played by a well-
chosen eddy-viscosity is to “adjust” the spectrum to the value it is supposed to
have from analytical or DNS considerations. Strict eddy-viscosity models, however,
suffer from a lack of phase information and an eddy-viscosity model combined with
a random gaussian force has been shown to somewhat better reproduce the inertial

* range energy spectrum (Chasnov, 1991). However, it is not clear if such eddy-

viscosity subgrid models or their refinements are capable of reproducing higher-order
statistical moments of the large scales. Ideally, an LES field should be statistically
the same as the large-scales of a tully-resolved DNS, not withstanding the inaccuracy
in the representation of the small scales by a subgrid scale model.

2. The numerical experiment
Let us consider a DNS with resolution N3. One can filter (in k-space) the field

resulting from this simulation. Then we obtain an M3 field (M << N). Simulta-
neously we will perform an LES with resolution M3. We will use the same initial

.conditions and the same Reynolds number. Does the LES field remain the same as

the filtered DNS field after a long time of evolution? To answer this question, we
define a correlation coefficient for the filtered DNS and LES fields:
<u-u>

n= (1)

T <cu?>icu”? >3

In the context of unpredictability studies using closure theories (Leith & Kraichnan,
1972), it was demonstrated that two turbulent fields which are identical in the
large-scales but differ in the small scales at high Reynolds numbers will become
decorrelated after a time on the order of a large-eddy turnover time. The implication
is that an LES can not hope to follow a single realization of a turbulent flow.
Although this may have some practical importance to problems such as weather
prediction, most engineering applications only require an LES to obtain the correct
statistics of the large scales. The more important question we will therefore address
is: are the filtered DNS field and the LES field still statistically the same after
a sufficiently long time evolution after which the fields themselves are completely
different? We will check that commonly accepted effects associated with the non-
gaussian nature of turbulence fields, such as the above mentioned alignments, are
observed in an LES and are quantitatively similar to those measured in the filtered

DNS field.
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FIGURE 1. Final energy spectrum of the DNS and the LES.

Toward this end, we performed simulations of forced isotropic, homogeneous tur-
bulence with Re ~ 70 and a resolution of 128%. A fully-developed field was used
as the initial conditions for the DNS and LES comparison. Starting with this field,
we have time-evolved a 128° DNS and a 323 LES. Our subgrid scale model for the
LES consists of adjusting the shell-averaged spectrum of the LES to the value ob-
tained from the DNS by a simple rescaling of the Fourier amplitudes within each
shell without phase modification. Instead of the 128% DNS field, we therefore have
a 323 LES field plus the energy spectrum of the truncated DNS (averaged in shells
of unit thickness), which consists of 15 real numbers. Thus the LES preserves the
instantaneous spectrum of the DNS, which is better than all existing subgrid scale
models. Although such an LES is not realistic in practice since one needs to perform
a fully-resolved DNS concurrently, the failure of this LES could very well imply the
failing of the approach itself.

3. Results

In figure 1, we present the final energy spectrum for the DNS and the LES. The
plot demonstrates that all the scales of the DNS are fully-resolved. The DNS has
a maximum Kolmogorov wavenumber of 2 while the LES and the fDNS have a
maximum Kolmogorov wavenumber of 0.5.

In figure 2; we present the time-evolution of the correlation coefficient n (eq. (1)).
This plot demonstrates the impossibility of an LES to follow a particular realization
of the DNS field. Indeed, after approximately two large-eddy turnover times, the
filtered DNS field and the LES field are completely decorrelated. Clearly, this result
should not discourage us since even two DNS fields having slightly different initial
conditions will diverge exponentially with time. Our real goal is to check whether
the LES field has the same statistics as the filtered DNS field.

Some statistics of turbulent fields (e.g., the PDF of vorticity and dissipation) are
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FIGURE 2. Time-evolution of the correlation coefficient 5(t), defined in eq. (1),
between the LES and the fDNS fields. Time ¢ is in units of a large-eddy turnover
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FIGURE 3. Energy transfer spectrum

close to those for gaussian fields (Shtilman et al., 1992 ) while some statistics (e.g.,
helicity fluctuations) require statistical averaging over realizations for accuracy. We
exclude results related to these quantities in the present study. In figure 3, we
present a comparison between the energy transfer spectrum for the LES and the
fDNS. We note that the spectrum preservation in the LES does not necessarily imply
that the fDNS and the LES have the same transfer spectrum in the large-scales.
The energy equation for isotropic turbulence is

OE(k)

2 = T(k) - 20K E(k),
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Statistic DNS fDNS LES Gaussian
S3 -0.54 -0.44 -0.37 0
S 4.62 3.74 3.69 3
Ss -8.52 -5.01 -4.18 0

Table 1. Derivative skewness, flatness and hyperflatness from the DNS, the filtered
DNS, and the LES. The values for a gaussian field are shown for comparison.

where the transfer term T'(k) is defined as the shell integral of
T(k) = Re[A(k) - v*(K)),

where A(k) is the Fourier transform of the Lamb vector, A(x) = (v x w)(x) and the
asterisk denotes complex conjugate. Clearly T(k) depends on the absolute value
of v(k) and on its phase. While the mean-square Fourier amplitude in a shell is
adjusted to its DNS value, the individual Fourier phases are determined by solution
of the Navier-Stokes equations. Nevertheless, from figure 3 we learn that the transfer
term of LES has values close to those of fDNS.

In Table 1, we present high-order derivative statistics of the flow fields — the
skewness S3, flatness S3 and hyperflatness S5, where

1 ou; " Ou; : 3
Sn = §i§3< (-3?.‘) >/< (a_z.-) >

It is seen from Table 1 that the fDNS and the LES values are both more gaussian
than those values obtained from the full DNS, as one would expect for high-order
statistics. We also note that the LES values are more gaussian than their f{DNS
counterparts, although we do not yet know if this is only a statistical fluctuation
or if it is a shortcoming of LES. Additional numerical experiments which directly
address this question are planned for the future.

In figure 4, the PDF of the cosine of the angle between w and the eigenvectors
of the rate of strain S;; is presented. The results for the LES and the fDNS are
seen to be in good agreement. These PDF’s are flat for a gaussian field and most
authors relate this alignment to the tube-like nature of the vorticity field. A detailed -
examination of this plot demonstrates again that the LES field has a tendency to
be more gaussian than the fDNS field.

Another quantity we consider is the statistics of the angle between the vorticity
and the vorticity stretching vector

Wj = w.'S.'j.

It was shown in laboratory experiments (Dracos et al., 1991) and numerical exper-
iments (Shtilman et al., 1992) that W; has a strong tendency to be aligned with
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FIGURE 4. PDF of cosine of the angle between w and the eigenvectors of the rate
of strain tensor S;;.
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FIGURE 5. PDF of the cosine of the angle between w and the vorticity stretching
vector W; = w;S;j. .

vorticity. This alignment reflects the total positive production of enstrophy. In
figure 5, we present the PDF of the cosine of the angle between W and w. While
the LES and fDNS curves are in reasonable agreement, we again note the tendency
of the LES curve to be more gaussian than the fDNS curve.

4. Conclusions

We have compared the statistics of the large scales of the DNS field with the LES
field for forced isotropic turbulence at moderate Reynolds numbers. The subgrid
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scale model used is based on an eddy viscosity which adjusts the instantaneous
shell-averaged energy spectrum of the LES to that of the DNS at each time-step.
After a couple of large-eddy turnover times, the LES field is uncorrelated with
the fDNS field. Several statistical parameters of the large scales of the fDNS were
compared to that of the LES. Among them were the transfer spectrum, skewness and
flatness factors of velocity components, and PDF’s of the angle between vorticity
and eigenvectors of the rate of strain and that between the vorticity and vorticity
stretching tensor. The overall agreement between the LES and the fDNS statistics
was quite good, although we did observe a tendency for the LES field to be slightly
more Gaussian than the fDNS field. Nevertheless, the preliminary results presented
here point to the promising future of LES.

We thank R. Rogallo for use of his numerical codes and for many helpful discus-
sions. LS would also like to thank E. Levich for discussions and the CTR for its
hospitality during the Summer program.
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II. Turbulence physics group

Numerical simulation of turbulence has proven to be a powerful tool in studying
the physics of turbulence. There are three papers in this group, each illustrating
how numerical simulations are being used for this purpose. Lopez and Bulbeck
analyzed an existing database to investigate vortex breakdown in a mixing layer.
Orlandi, Homsy, and Azaiez reported preliminary results from modeling the effect
of viscoelasticity on flow structures. The last paper by Reuss and Cheng was an
attempt to develop new experimental techniques for characterizing vortices in a
complex flow by exploring different approaches in a much simpler flow situation.
Some highlights as well as critiques of these reports are given below:

Lopez and Bulbeck studied vortex breakdown in a time-developing plane mixing
layer by analyzing the database obtained by Moser and Rogers. Vortex break-
down in large-scale flows has been observed frequently, from which much of our
knowledge of vortex breakdown is derived. There exists some evidence that such
breakdown may also occur in smaller scales over a wide range of flows and that vor-
tex breakdown may play a role in characterizing a length scale for vortical structures
in turbulent flows. The objective of this paper was to investigate whether vortex
breakdown occurs in the rib v