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2NASA, Lewis Research Center, Cleveland, Ohio 44135, USA

It is well known that the presence of a weak cross flow in an otherwise two-dimensional
shear flow results in a spanwise variation in the mean streamwise velocity profile that
can lead to an #mpliﬁcation of certain three-dimensional disturbances through a kind of
resonant-interaction mechanism (Goldstein & Wundrow 1994). The spatial evolution of an
initially linear, finite-growth-rate, instability wave in such a spanwise-varying shear flow is
considered. The base flow, which is governed by the three-dimensional parabolized Navier—
Stokes equations, is initiated by imposing a spanwise-periodic cross-flow velocity on an
otherwise two-dimensional shear flow at some fixed streamwise location. The resulting
mean-flow distortion initially grows with increasing streamwise distance, reaches a maxi-
mum and eventually decays through the action of viscosity. This decay, which coincides
with the viscous spread of the shear layer, means that the local growth rate of the insta-
bility wave will eventually decrease as the wave propagates downstream. Nonlinear effects
can then become important within a thin spanwise-modulated critical layer once the local
instability-wave amplitude and growth rate become sufficiently large and small, respectively.
The amplitude equation that describes this stage of evolution is shown to be a generaliza-
tion of the one obtained by Goldstein & Choi (1989) who considered the related problem

of the interaction of two oblique modes in a two-dimensional shear layer.




1. Formulation

To fix ideas, we consider an incompressible shear flow formed at the interface between
two parallel streams of differing velocity or alternatively between a single parallel stream
and a flat plate. The Cartesian coordinate system (z, y, z) is attached to the interface with
z in the direction of the external flow, y normal to the interface, and z in the spanwise
direction. All lengths are non-dimensionalized by 6, where 8, characterizes the local shear-
layer thickness at # = 0. The time ¢, velocity w = tu + jv + kw, and pressure variation
p from the external value P, are non-dimensionalized by 6./U., U, and p,U2, respectively,
where U, characterizes the velocity of the external flow and p, is the density. With this

non-dimensionalization, the Navier—Stokes equations become
V.u =0, (1.1)
u +u-Vu+ Vp = RV, (1.2)

where V = 19/0z + 73/0y + kd/0z is the gradient operator,
R=68U. /. > 1 (1.3)

is the local Reynolds number, v, is the kinematic viscosity and an independent variable
used as a subscript denotes differentiation with respect to that variable.
The solutions to (1.1) and (1.2) that are of interest here can be represented as the sum

of a steady base flow plus a time-dependent perturbation,

u = U(z) + ez, 1), | (1.4)

p= P(m) + fﬁ(m’t)a (1'5)



where € characterizes the local amplitude of the perturbation at z = 0. Substituting (1.4)

and (1.5) into (1.1) and (1.2) gives

V.U =0, (1.6)
U.-VU + VP = R7IV?U, (1.7)
for the base flow and
Vi =0, (1.8)
U+ U-Vi+ 4-V(U + edt) + Vp = R™1V24, (1.9)

for the perturbation.

The steady spanwise-periodic base flow {U, P} evolves over the long streamwise scale,
zy = z/R, (1.10)

and has an O(d,) wavelength in the spanwise direction. This implies that the base-flow

solution expands like
U= ":UO(:E% y,z)+ R—IVO("I"?, Y, Z)+ Tty (111)

P = R‘2P0(m2,y, Z) + .-, | (112)

where V' denotes the base-flow velocity in the transverse (or y~2) plane. Substituting (1.11)
and (1.12) into (1.6) and (1.7) shows that the leading-order base-flow solution is determined

by the parabolized Navier-Stokes equations (Rudman & Rubin 1968),
Uog, + VoV =0, (1.‘13)

Uo(iUo + Vo)z, + VoV (ilo + Vi) + V2 Py = V2(ily + V), (1.14)

where V1 = j0/8y + kd/dz is the gradient operator in the transverse plane.
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It is assumed that the initial amplitude of the perturbation is small enough so that
€ < Up over the streamwise region of interest. Substituting (1.11) into (1.8) and (1.9)
then yields

V.4 =0, (1.15)
D + i(VUo+t) + V= O(R™?) (1.16)

where D = §/8t + Uyd/0z is the leading-order convective derivative relative to the base
flow. These equations are just the familiar equations for the linear perturbations about
a uni-directional transversely sheared base flow (Goldstein 1976; Henningson 1987). It is
well known that the velocity fluctuations can be eliminated between (1.15) and (1.16) (see
Goldstein 1976, pp. 6-10 for a detailed derivation) to obtain the following equation for the
pressure fluctuation

DV25 - 2V, Uy Vi, = O(R™Y). (1.17)

Attention will be restricted to perturbations that are spatially growing and periodic in
time with, at least initially, a single angular frequency, say F.. The relevant solutions to
(1.15)-( 1.17) then form a spanwise periodic instability wave that propagates in the stream-
wise direction. The local amplitude of the instability wave increases as the wave propagates
downstream, but its local growth rate will ultimately decrease owing to the combined effects
of the viscous spread of the basic shear layer and the viscous decay of the mean streamwise
vorticity. Nonlinear effects can then become important first within a thin critical layer
located at the transverse position where the phase speed of the instability wave equals the
base-flow velocity Up (once the instability-wave amplitude and growth rate become suffi-

ciently large and small respectively). In this stage of development, the unsteady flow outside



the critical layer remains essentially linear but the instability-wave amplitude is completely
determined by the nonlinear motion inside the critical layer.

With this in mind, the origin of the z axis is chosen so that the deviation,
051=85-5<0, (1.18)

of the local Strouhal number (or non-dimensional angular frequency) S = 6, F, /U from its
neutral (or zero-growth) value S is O(c) where o < 1. The precise relationship between €
and o will be specified below when the flow in the critical layer is analyzed. The relevant

solutions to (1.16) and (1.17) are then of the form

@ = Re (Ade™) +..., (1.19)

B = Re (ApeX) +..., (1.20)

where A(z1) is an amplitude function that accounts for the slow growth of the instability

wave,

T = oz (1.21)

is the streamwise scale over which the wave growth occurs,
X = apz — St, (1.22)

is a normalized streamwise coordinate in a reference moving with the wave, and ag is the
neutral wavenumber. The ellipses in (1.19) and (1.20) indicate harmonics of the fundamental
instability wave that are generated by the critical-layer nonlinearity. Since these harmonics
do not interact outside the critical layer (to the order of accuracy considered here), their

outer solutions can be determined a posteriori.




Substituting (1.20) into (1.17) shows that, outside the critical layer, the function p of

z1, y and 2z is determined to the required order of accuracy by

Vip J a?p
Ve [(Uo —op o= o2 = 0 (1.23)
where
a=ag—oid'/A, (1.24)
and
c=95/a, (1.25)

are the generalized wavenumber and phase speed, respectively, and a prime denotes differ-
entiation with respect to the argument. It follows from (1.15), (1.16) and (1.19) that the

velocity fluctuations are determined in terms of $ by
t-(ladt) + Vi = 0, (1.26)
and
ia(Up — )it + (Vo Up-t + iap) + Vp = 0. (1.27)
The solution to (1.23) that satisfies

py=0at y=0 ;boundary layer
, (1.28)
p— 0 as y — —oo ; free-shear layer

and

p—0 as y— oo, (1.29)

is analyzed in the following section.




2. Unsteady flow outside the critical layer
Outside the critical layer, the shape functions {,p} expand like
w = o(y, z) + oty(z1,y,2) + -+, (2.1)
p = po(y, 2) + opi(21,9,2) + -+, (2.2)

as 0 — 0, where the Reynolds number R has been assumed to be large enough so that the
coeflicients {@,pm} depend only parametrically on the slow streamwise variable z5, i.e. 5
plays the role of a constant. Substituting (2.2), (1.24) and (1.25) into (1.23) and equating

like powers of o leads to

Vrho ] o po
v [ - =0, 2.3
T L(Uo—co)?i  (Uo— co)? (2:3)
and
Vi1 o py aopo V1Up*Vrpo

V.[ T ]— = 2 +2¢ 2.4
" (U0 —e0)2]  (Uo — co)? Wo—c0)2 ™ " (Uo - o)t ’ (24)

where ¢ = Sp/ap, oy = —1A'/A, and ¢; = (51 — e1¢0)/ 0.

Equations (2.3) and (2.4) must, of course, be solved numerically subject to the bound-
ary conditions (1.28) and (1.29). However, for the present analysis, it is only necessary to
know the behavior of the solutions near the critical level. This is most easily determined
by first expressing (2.3) and (2.4) in orthogonal curvilinear coordinates, say (7, (), with one
set of coordinate surfaces corresponding to surfaces of constant base-flow velocity Up - as
was done, for example, by Goldstein (1976, pp. 6-10). The functions 7 and ¢ of y and z are
chosen so that

Uo = Uo(z2,7), (2.5)

N=% at y=%, N— 00 as y— oo, (2-6)




and

VU V( =0, (2'7)
(=0 at 2=0, (=2n/8 at z=2n/B, (2.8)

where

0 ; boundary layer
Yo = ) (2.9)
—o00 ; free-shear layer

B is the (non-dimensional) spanwise wavenumber of the base flow and (2.8) requires (without
loss of generality) that z = 0 and 2 = 27/ be the planes of symmetry of Up. In terms of
7 and (, the gradient operator in the transverse plane is

10 190
VT = l—_ +m?7,-52’

2.10
g0 (210)

where (I, m) = (¢V7, hV() are the unit vectors and (g,h) = (|Vn|™1,|V({|™!) are the scale
factors corresponding to the coordinates (7, (), respectively.
It follows from (2.5) that the critical-level position is given by 7 = 7, where
Uo((L‘2,’I7) =c¢9 at n= 7. (2.11)

The near-critical-level expansions of pp and p; can now be found by the method of Frobenius
(Hall & Horseman 1991; Horseman 1991; and Hall & Smith 1991). To the required level of

approximation, these expansions are

Po = aoo + aoa(n — 1) + (aly In |y — 7| + %) (7 — ne)°
+ (a§7 In [ = nc| + aos + bE)(n — no)* + O[(n — 1c)° In | — 7c]], (2.12)

and

P1 = a0+ dii(n = ne) + (d3 In | — ne| + a1z + d5)(n — )’
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+ [(af5 + did) n |n — no| + 650 — 1e)* + Ol(n = me)*In [n—mef),  (2.13)

where the & superscript denotes differing values for n 2 nc and the fact that the pressure is
continuous across the critical layer to O(oe) (see (3.13), (3.17) and (B 3) below) has been
used. At this point, the coefficients a,;,p and bis are arbitrary functions of (. Expressions
for the remaining coefficients in terms of these functions are given in appendix A.

The boundary-value problem (1.28), (1.29), and (2.4) only possesses solutions for cer-
tain values of a; since fip is a homogeneous solution to (2.3). These values can be found
without explicitly solving for f; by integrating the diﬁ'erence between py times (2.4) and
P1 times (2.3) over the transverse domain, applying the divergence theorem to the simply
connected regions and then making use of (1.28), (1.29), the z periodicity of $ and the ex-
pansions (2.12) and (2.13) to arrive at a solvability condition. For definiteness, we consider
the simplest case where the critical level forms a single closed or open curve that divides the
transverse domain into two simply connect regions. In this case, the solvability condition

becomes

27 /B 1P
/ o | | 2a00—— + a0 (b — bg3) — aoo(bfy — b5)| d¢
0 Uoy, %o

2U,
_ 2oy, (1,,9-1 + JPﬂ) . (2.14)
3ap o Co

where the functions & and &, of { are given by (A 26), the ¢ subscript denotes evaluation

at =7,
2w /B poo 012132
I, = / ][ __%0P0_hdpd 2.15
P o " (UO _ co)zg 77 C’ ( )
_ 2n /B poo co ) . 2.2
Jp = /0 v (Uo— o) (VTPO'VTPO + aopo) ghdndc, (2.16)

and F denotes the Cauchy principal value.




For purposes of analyzing the nonlinear flow within the critical layer, it is convenient
to express the velocity perturbation as

TR T
gt tme (2.17)

=1

The near-critical-level expansions of the shape functions corresponding to 4, % and # are
given in appendix A where it is shown that the discontinuities in (2.12) and (2.13) lead to
a jump in the streamwise velocity component

a 3@0 - - [5] 451 (03]
Al = -2 |bt, — by + o(bFy - b7) — 20 [ =21 4+ 2L
ao 03 03 ( 13 13) U0nc¢0 ao

) (b3 - baa)] +e0 (218)
across the critical layer. Matching this jump with the one induced by the flow in the critical

layer determines the functions b%,. However, when determining bE,, it is more convenient

to express the jump condition as

R Uopir . . Uops
A vy — Ormc?_’ - eEJLz) + 2‘3(:)E2 — e e(:)tl (n—nc)
UOnc Uo,7c

. - - €19y, @ _
=1i3%o [(b&; —bg) + o(bfs — b35) + o (2—U0 ng - a_(l)) (bds - bos)] +-0, (2.19)
Nedc

which follows directly from (A 29) and (A 30).

3. Unsteady flow inside the critical layer

As already noted, nonlinear effects first come into play locally within the so-called
critical layer once the deviation of the local Strouhal number from its neutral value becomes
sufficiently small. The thickness of the critical layer, which is determined by the balance of
wave-growth and base-flow-convection effects, turns out to be order o on the 7 scale so the

appropriate scaled coordinate for this region is

= (- nc)/o (3.1)
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The nonlinear terms in (1.9) produce a critical-layer velocity jump at the same order as the
linear-growth effects when the scale of the frequency deviation o, which was introduced in
(1.18), is chosen to be

g = 6% (32)

(Goldstein & Choi 1989). Viscous effects will enter into the dominant balance for the critical-
layer while making only insignificant modifications to the outer flow when the Benney—

\

Bergeron parameter

A=1/0°R (3.3)

(Benney & Bergeron 1969) is order one. In the present analysis, A is assumed to be small
enough so that viscous effects, which may arise from the zo dependence of the base-flow
solution as well as the viscous-diffusions terms in (1.9), are negligible.

Since the flow inside the critical layer depends on z and ¢ only through the variables
(1.21) and (1.22), the appropriate governing equations for this region are obtained by ex-

pressing (1.8) and (1.9) in terms of 21, X, 7 and (. Upon introducing (2.17), these equations

become
0%z, + ooplix + 65 + o = 0, (3.4)
and
L+ ghUOﬁg + g*h*(0ps, + aopx) = —a3ghN (ih) ) (3.5)
L B h ra
oL+ hp; = —a® [USN (%) Jngr h " 2] (3.6)
A ’ hw gg( 22 h( 22
25—
Lw+ g°p¢ = ~ [ N(g) h2 hw s (3.7)

11




where

- 9 S$1\ @
L =aghU08.'E1 +a0gh (UO“CO—U'C;) a—)(', (38)
.0 . 0 v0  ,0
N:aué—a—;+a0uﬁ—+;3—ﬁ+wgz (3.9)

Introducing (3.1) into the expressions for i, ¥, @ and p obtained from (A 18), (A 29)-(A 34),
(2.2), (2.12) and (2.13) and re-expanding the result shows that the unsteady flow in the

critical layer should expand like

i=0"ldg+ U + oty +---, : (3.10)
D=9+ 00 + 02Ty +---, (3.11)
W = 0 Yo + Wy + oWy + -+, (3.12)
p=po+opi+o’pyrt---, (3.13)

where, in general, the functions @y, ¥m, W and p, of 1, X, 7 and ¢ have an implicit o
dependence of the form

Uy = @B Ino + @2, (3.14)

In this region, the known functions Uy, g and h are given by their Taylor series expansions
about n = 1. when expressed in terms of #.
Substituting (3.10)~(3.13) into (3.4)-(3.7) and equating like powers of o leads to the

following set of equations at leading order

ooy + Vo + Wo¢ = 0, (315)
,Coﬂ() + Uonc'l_)o + aogchcpox = 0, (316)
pOﬁ = 0, (3.17)




g

L:Q’II)Q + .h_cpo( = 0, (318)
where
Y _ 0
£Q = (.'()'5:1:—1 + (aoUoncﬂ - Sl)a__f (3.19)

The solutions to (3.15)~(3.18) must reduce to the appropriate linear solutions as z; — —00,
they must be periodic in X, and they must match with the outer solutions discussed in §2.

It follows from (2.12), (2.13) and (A 29)~(A 34) that the last condition implies that

{@o, Do, W0, po} — Re ({ifo-lq/aoﬁ, €oo, fo-1/7, aoo}AeiX) ’ (3.20)

as 7 — £oo, where the functions egy and fp-; of ¢ are given in terms of agg by (A 35) and

(A 44). It is easy to show that the appropriate solutions to (3.15)—(3.18) are
{#o, %0, Bo, po} = Re ({~Vonofor1( B eooAe'™, iaolon, for B, aoode'¥}),  (3.21)
where the function E(z1, X, %) is determined by
LoE = AelX (3.22)
together with the condition that E — 0as 2y — —oo and that E be periodic in X. Therefore

=1 / " A@)eXHT -l gg (3.23)

€0
where Y = (aoUoy 71 — S1)/co.
The higher-order critical-layer problems are derived in appendix B. There it is shown

that the relevant solutions to the order-o problem can be expressed as

_ _ _ Uotoy
By = U, + @, + (M_) . (3:24)
/7

_ _t, -1 Uy Wo
W=+ 4+ ——m1| , 3.25
1 1 1 (gcthOn‘:)ﬁ ( )




where the linear components ﬂ{ﬁ and @! are given by (B 18)-(B20) and the nonlinear

components ﬁfﬁ and 'Lbi must be determined from

aoLoit}, = aolon, B, — (a¢ — 274)Re (i4e™ ) Re(iEqy), (3.26)
Lo} = (11 - 272)Re (4e'X) Re(iE5) — 15Re (i4¢™X) Re(Ey) — 2720000, Re(E)?, (3.27)
where the functions v,({) are given as

2 2
_ ge %o0¢ 1 9c%0¢ 2 2 2 2
= 3.28
{71572, 73,74} 200th07,C {( 12 )Cs 7 ( 12 c’ (a0000)<7 Qplgoe ¢ » ( )

and it has been assumed (without loss of generality) that agg is purely real. The solutions

to (3.26) and (3.27) turn out to be
aotii; = —3(11 = 13)(Re(Fj — G) — (73 — 274)Re(iGx + G) — 72(Re(G)
+ 3(71 + 73) Re(H) + 72, Re( E)Re( Ezz), (3.29)
W] = 71Re(Fx —iF) — y3Re(iF) — 2v;Re(E)Re(iE5), (3.30)
where the functions F', G and H of z1, X and 7 are detefmined by
Lo{F,G,H} = {Ae*Re(E7), AeXRe(Ez;), aolo, (Fx —i2F)} (3.31)

together with the condition that {F,G, H} — 0 as z; — —oo and that {F, G, H} be periodic

in X. Therefore

U
F= 0‘0262% / / (&2 - &)A(&) {A*(gl)eﬂ’(ez &)

— A(&)eRX+T (G1ta—21 )]} dé des, (3.32)

2172
¢ = 2%,
- 4
2ch

c Li 16;(62 - 61)2.4({2) {A*(&)ei?(&‘fl)

+ A(fl)ei[2X+?(£l+£2-2xl)]} d&dé,, (3.33)

14




and

2u2
= M / / (21 — £2)(&2 — £1) A(&2) A* (&, )T C2=8)gg, dg,, (3.34)

where the asterisk denotes complex conjugation.

In appendix B, it is shown that the relevant solution to the order-o2 problem can be

expressed as

_ _t -3
g o ThYTA Uy
V21 = Va5 T V255 — @0 [gctho,,c + (69 2hU3, ) }x
iin

g .
Up Wy + u)Wo UpWo

- + 3.35
[ 9cheUoy, (2gghgug%)J (3.35)

an¢

where the linear component 17;_),7 is given by (B 36) and the nonlinear component satisfies
(B40). For purposes of obtaining the evolution equation for A(zy), it is only necessary to

determine the quantity

<
[ 2

=3
=)

2w p2m/B
/ / aooe™ ¥ o4, dcdX (3.36)

which, as shown in appendix B, is determined by
Lo}y = ARel(2k1 + ky + 3k5)GS) — (ks + 2ks + ks)Hy — (1 + k2)(EVED"),

= (k1 + 3ks ~ 3k)(EVE )50] + iARe[—i(ks + 2k4 + k)G

+ (ks + ko) EWED )30 + LA7[(2ky — ks + kg + 2k5) GO

= (k= ka)(EOWER); - (ka + Lks + 2} EOED) 1] - Ly, (3.37)
where
_ 0 . _
L= Coa—x- + l(O(QU(),.’c’I] - S1), (3.38)
27
(m) —-imX ¢ |
()= / emmX( )X, (3.39)
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the real constants k, are given as

27/ b 2 2
{k1, k2, k3, kq, ks} E/O 9—{7172, Y273, V1> N1Y3, Y21dE, (3.40)

the function @,(z1,7) is given as

by = 7—1r /0 X Re(E)[ksRe(Fx) — (k3 + k4)Re(iF)

+i(2k1 + k3)Re(iE)Re(iE;)|dX, (3.41)

and the fact that F,gg) = G’%O) has been used in arriving at (3.37). The solution to (3.37)

turns out to be
Bhsn = (2k1 + ks + 3ky + 4ks)Q1 + (2k1 — ks — kg + 2k5)Q2
+ (2k1 — k3 + kg + 2k5)Q3 — (k3 + 2kq + k5)Q4 — (k1 + k2)Qs
= (k1 — k2)Q6 — (2k1 + k2 + 3k3 — 3k4)Q7 + (k2 — ks + 1k4)Qs

— (k2 + 3k + 3k0)Qo — s (3.42)

where the functions Q,(z1,7) are determined by

L{Q1,Q2,Qs,Qa} = HAGD, 4GY, 4*GY, 24Re(H;)}, (3.43)
L{Qs,Q6} = 1{24Re(EWEL");, A EWED);} (3.44)
L{Q7,Qs, Qo} = HAEWEM )55, AEWV ED)s, A*(EWED);01, (3.45)

together with the condition that the Q, — 0 as z; — —o0. Explicit expressions for the Q,,

are given in appendix C.
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4. Amplitude evolution equation

The velocity jump induced by the flow in the critical layer will now be computed and
combined with (2.18) and (2.19) in order to determine the functions bZ,. These results will
then be used in (2.14) to obtain the governing equation for A(z,).

By using the relation

+oco
[T e = 20 5 g (4.1)

(o] CYOUOnC
where & denotes the Dirac delta function, one can show from (3.10), (3.21), (3.24), (B18)-

(B 20) and (3.29) that

+oco , _ b4 ; U, C 1
/_ _ fadi=——Re (67 4e X) - 2n 28" Yac /_ (@1 = AP+ 0(0),  (42)

which, when combined with (1.19), (2.18) and (A 36), yields
bds — by = imaly. (4.3)

In order to match with the X-independent term on the right-hand side of (4.2), a mean-
flow component must be included in the solution for the perturbation {4, $}. The ‘steady’
Rayleigh problem that governs this component outside the critical layer is given in appendix
D where it is shown that the corresponding streamwise velocity is of the same order of
magnitude as the instability wave that produced it and further that the slowly varying

amplitude of this ve}ocity component is given by

B= [ (- eylA)Pac. (4.4)

Again using (4.1), one can show from (B 37) together with the definitions of o and ¢;

17




that

27 p+o0 2w/ Us
—-iX . Nec
nA,/ / / agoe " ¢d(d7dX = 21 (Inao + JRCQ)

2n/p (23] C]Uo
+37r/0 ago %o [(a—o—# asy - a$B| de,

e

where

2n /B a
In= —in/ 60 (3_’2 - g”C) a2ydc,
o 9 g

gCUOWc
27/B cpago g Uo g
JE—iTL’/ — 3 e g e | ol ""°a2+Da0d
R o chg"c . 2U0nc 03 gc 0 200 C’

(4.5)

(4.6)

(4.7)

g = gUoy/h and D; is defined in appendix A. It now follows from (2.19), (3.11), (3.35),

(3.36) and (4.3) that

'M/ﬂ
/0 [261 2 (b —bgs) — 450(1’13 — bz — l"“11 ))] d¢

20Uy, i +o0 5 am
= ——Ta—o—c (IR +JR ) + '3"2 21—”—7(177@

Using (3.42) and the results of appendix C, one can show that

+0oo H o €3
L. Bmtn= g [ [ K6, @) AAEGIA s + & - m)itads,

-0
where

K = (21 - &)[ni(z1 — &)(& — &2) — va(zr — &) — va(21 — &)7),

2772 27/B g (adoc | 4 4 ’
e 0 hc hg ¢

2n/B g, | [ado,\°
= ~40303, (ka—ks) == [ [( 7 ) (aBado) ] &,
c c

2n/B 9 gca2 a?
Vg — 1V = _SagUg'ﬂc(kl + k2) = —-L F ( hgoc) ( ;ig( + a(2)a(2)0 dC'
(4 ¢ ¢ c ¢
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(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)



Combining (4.8) and (4.9) with the solvability condition (2.14) and using the result

2n/B

2n/p h
/ Po(a00aly — alRa10)d = [ 2¢ - (a0o@10¢ — Goo¢10) =0 (4.14)
0 3aoh, ¢=0

leads to the following amplitude-evolution equation

1 6
A= kA +ip /_ /_ K(21|&1,6)A61) A(62) A™(E1 + €2 — 21)dE2d6y (4.15)

where
_ ia0J51
=T (4.16)
_ wad
H= 88Uon (S = 1)’ (4.17)
2n /B oo a2ﬁ2
I=Ie+1 =/ / __0P0 _pand 418
P R o Yo (UO_CO)2g 77 C’ ( )
J=Jp+J —/Wﬁ Y __co (v* V”+a2‘2) hdpd¢ (4.19)
=Jp R= b (Uo— o) 7Po* V rPo oPo ) gndnag, .

and the 7 integration in (4.18) and (4.19) is performed along a contour in the complex-5

plane that lies below the singularity at 5 = 1.

Appendix A. Near-critical-level expansions

In this appendix, the near-critical-level expansions of {@,, .} are determined by first

expressing (2.3) and (2.4) in terms of  and {. The resulting equations are

Donn — — cﬁon + Dpo = 0, (A1)
and
Pinn — , _I_Incﬁln + Dp1 = 2a14po + 2¢1 G_an);ﬁmn (A2)
where
I=(n- nc)g(Uoii c0)? [Q(UO,: CO)zL = ;:, ILy(n - nc)", (A3)
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D) =45 B3 )]~ b’ )= S0 d-mn (a4
n=0
A= aog2 = i_o: An(n - 7e)", (A 5)
and
— 2 Uoy _ - 0N n A
QZ(n_UC)m—,;) n(n_nc)° ( 6)

Expressions for D, and 4, are easily obtained from the Taylor series expansions of D and

A about # = n.. The first few coeflicients in the near-critical-level expansions of IT and £

are
_ _ 2
9y 7 Uonmn U yn
D=2, M=% H=(L) - ey tme AT)
0 ! gc g Ne 3U0770 2Ug"lc (
and
1 Uo Ug
2 = y =0, p="TMc_ e A8

where § = gUp, /h and the ¢ subscript denotes evaluation at 7= 1.

Substituting (2.12) and (2.13) into (A1) and (A 2) and equating like powers of 7 — 1,

leads to
am2 = %DoamO, (A 9)
a%‘% = _%(Dlamo —2INhaps), . (A10)
a(nlz‘t)i = %Hla(rrzz%s (A11)
4 = ~4[Daamo + (Do — 2I)ams ~ Thalsh + 5als)], (A12)
bma = §ILbE,, (A13)
and
di1 = —2¢1pa02, (A14)
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i3 = —3c1%afy), (A15)
d3y = —onAoago — e10(aly) + 36%,) — 1(Mhdy — &§Y), (A 16)
di5 = ZayArago + Zer[202a02 + 20(aly) + daos + 4bE,)]
—3l(Do — IL)d1y — I (d3) + 2d3,)], (A17)
where m = 0, 1.

In view of (2.1), the shape functions corresponding to the normalized velocity compo-

nents introduced in (2.17) should expand like
{"7,&'&’} = {{_‘0,"2’0,'{‘;’0} + 0'{’171,’1:)1,17)1} Tty (A 18)

as 0 — 0. Substituting (A 18) into (2.17) and the result together with (1.24), (1.25), (2.2)

and (2.10) into (1.26) and (1.27) and equating like powers of ¢ leads to

iaoﬁo + 121077 + ’l'l;)oc =0, (A 19)
iag’litl + ial’lio + ‘{71,7 + ﬁjl( = 0, (A 20)

and
{0, wo} = Opoc}, (A21)
Iz w}——{95 Oprc} — (-— a—Y ){1“7 &0} (A22)

1, W1 7 — Pins OP1¢ P 177 e 0, Wo fy
where
h o0

P = —1)———— = é‘n ~ TN 'n., A23
(=) e e g (n - nc) (A23)
- - ", A24
= (n-1ne)— h(Uo 7;) On(n —1c)" (A24)

and
=(n-1) U = Z Uu(n — ne)". (A25)

n=0
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The first few coefficients in the near-critical-level expansions of &, © and ¥ are

450: 1-, 431: 1_ (ﬂm_@g),

o, aof. \2Uo,, G,
b, = 1 Uommc _ Ugnnc _ g’l’lc _ .(7,,CU07,7,C + -‘7_721c (A 26)
aog, \ 3V, 4U3nc 2. 29.Uo,, g2
1 1 Uo h
By = — = —— | Te _ e
0= ok’ T Gk (QUO,,C h ) ’
2 7 7 2
0, = 1_ Uommc _ Uognc - hn_ hncUonnc 4 Ne hnc (A27)
agh, 3U0nc 4U0"c 2h. 2h cUon, hc
and
1 UOnr, UOUTV) Ugﬂ"l
Wp = » =—575%, VYp=-— €+ €, (A 28)
Uon, 2U3nc 6U0n 4U3nc

where k = hUp,/g. It turns out that %,, and @,, expand like

Bo = eoo + (€57 In|n — nc| + €)(n — 1) + (€55 In |7 — o] + e&)( — 7c)?

0[(77 - "7c)3 In |77 - ncl]’ (A 29)

b = e{g In | — 7| + ey + (e In [ — ne] + ek )(n — 1) + O[(n — 7)1 | = 5], (A 30)

and

Wo = fo-1(n— 1) + foo + for(n = 1) + O[(n = 1) In |1 — 7], (A31)

W1 = fia(n = 1) "2 + fr-i(n — 1) + fro+ O(n = ne) In | — nef], (A32)

as 7 — 1., where the coefficients en,, and f,, are at most functions of z; and ¢. It therefore

follows from (A 19) and (A 20) that

tio = iag [fo-1e(m — ne) ™ + €5 In | — el + €57 + € + foo

+ (2e03 In [ — me| + €83 + 268, + fore)(n — ne)] + Ol(n = 7c)?In [ = mel), (A 33)
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1 = iog [fr-2e(n— n) % + (€48 + fr-1¢ — crog for)(n = 1)

+ (67 — crag ' e§?) In|n — ne| + €85 + e + froe — arag? (€57 + et + foog)]

+ 0[(77 —7ne)In|n— 77c|])

as 1 — 7.

(A 34)

Substituting (2.12), (2.13) and (A 29)-(A32) into (A 21) and (A 22) and equating like

powers of  — 7. leads to

ego = i2Ppagy,

(L)
€01

i3d50ag§),

e = i[2P1a02 + Po(aly + 3b%)],

ey = (381485 + 4Boaly),

exy = i[2B2a00 + P1(aly + 3bE) + Bo(aly + 4aos + 4b3)],
B = 1280d + ¢y Yoel?,

efy = i[S1d11 + Bo(d\y + 2015 + 2dE)] - arag e + e1(Preo + Yoed),

ey = i[261dy + 38o(aly) + di)] — a1ag5 el + ey U1ely) + Yoely),
efy = i[Padiy + $1(di3 + 2a12 + 2d5) + So(aly) + d5Y + +3b1)]
— o105 eq; + e1( Paeqo + Yred + Yoed),
Jo-1 = i901100(,
foo = iB1a00¢,

for = 1(B2a00¢ + Ooaoye),

23

(A35)
(A 36)
(A37)
(A38)
(A 39)
(A 40)
(A41)

(A42)

(A43)
(A44)
(A45)

(A 46)



and

f1-2 = e1 % fo1, (A47)
fi-1 = i@oaro¢ — 0105 fo-1 + e1(¥1 fo-1 + Yofoo), (A48)

fio = i(Bra10¢ + Godi1¢) — @105 foo + e1(Pafo-r + ¥ foo + Yo fo1)- (A49)

Appendix B. Higher-order critical-layer problems

In this appendix, the higher-order critical-layer problems obtained by substituting

(3.10)~(3.13) into (3.4)~(3.7) and equating like powers of & are given. The order-o problem

reads
ao'l_qu + 1_20,:1 + ’l_)lﬁ + ’U_)1¢ = 0, (B 1)
_ _ N _
Loty + L1t + Vo, ('01 + 717577”0) + gehe(aopix + pog,) + 2a0(gh)n, fipox = —t1, (B2)
Pz = O, (B 3)
- _ e g’?c = —
Loy + L1Wo + 3-p1¢ + 2747 po, = —04, (B4)
he he
where f= ghUy,,
_ (gh)flc— — 8 1 "] (9
Ly = 7oh. Lo + Uoncﬂga + ‘2‘0‘0U01mc’7 X’ (B5)
._2 — - — —_
Ug UgVo UgWo
=aq + (—) + (—'—) 5 B6
v ° (gchc)x geche 7i geche ¢ (B6)
g BoWo 1 [ w3
bomao (T8 | (TE0) L (a) b
! 0 gchc X gchc 7 he 9e ¢ ( )

It follows directly from (B 3) and matching with the outer linear solution that

p1 = Re (aleriX) . (B8)
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It turns out that, for purposes of computing the velocity jump A% across the critical layer,

it is only necessary to know @, 5, %14; and @;. Therefore (B 1), (B2) and (B 4) are rewritten

as
oo(Tny = )y + iz = Olgg + (B1 = B)), =0, (B9)
Lo(@rg — ul,) = Uoy (@1 — ©1), — 91, (B10)
Lo(wy — 'wl) = —6,, (B11)

where uln, 'vI_- and 'LT)I satisfy the linear equations
ol 1y + Togyq + Bl + Bl = 0, (B12)
Cofilﬁﬁ + (?z—él_z_ 0() + aggche (‘(_]:,c gnc) Poxx =0, (B13)

¢ g 9

5017)1 + L1 + ‘prlc + 2%7_7170,; =0, (B 14)

and have the following large-# behavior

{al5: 915 01} ~ Re ({iel? /oo, €42/, foo}aeX) (B15)

which ensures that the solutions to (B9)-(B11) match with the outer linear solution as

7 — *oo. By using (3.21) and (3.22) together with the relation

cl(-)=cow1(-)1—[(”c°—:°—§%)~ 2|ize) @19

where

M- )= | (s - o) - 2|az )+ Wy, @

it can be shown that

Iﬁﬁ + wIﬁC)X’ (B18)



7 = Re(laoUo,, 601 E), (B19)

w{ = —Re [(iaoUonch-lMl + 2%7’—‘:(100(7_7 + %alo() E] . (B20)

It follows from (B 6), (B 7) and (3.15)—(3.18) that

(87 _ ’l_lo’u_JQ ’lTLo’l_to—
= — - ——) =z ’7)
¢177 UO"lcpoxuonn * (gchc )'7( ° [( fc 77] , (B 21)
1 1 [ w? figo ‘
0 = ———— The — [ =0 —
' B2, P T U p‘”‘“’“’? T e (gc )( Lo [( T )] (B22)

Combining these expressions with (B10), (B11), (3.21), (A 35) and (A 44) then leads to
(3.26) and (3.27).

The order-o? critical-layer problem reads

aolgx + U1z, + 25 + We¢ = 0, (B23)

f f _
; 5 fc %90 | + gche(@opax + P1s,)
( 2 2)7777c =2

+ 2(gh)q i aop1x + pog,) + “ogoh, T oPox = -1, (B24)

Lotz + L1y + L2730 + Uoy, (172

gc P h C 5
Eﬁovo + p2; = ﬁw;‘;, (B 25)
- _ _ gc gn ( 2) c=2
Loy + L1y + Lo + 7 P2¢ + Qh—cﬂp + 99.h 7"po; = —0bs, (B 26)
where
h g _ _ L, 0 1 i)
L:g [(-;]gc)mlc - ( ) ] 2£ + (g )"Ic L:l + U07]7Ic 2(9 + OUOnnncn aX’ (B 27)
('lt ) (ulvo + 'uo'vl) (?7117)0 + ﬂow1)
+ OOV
gch geche 7 gche ¢
~9
Up (gh),, _ 1 [(gh)n ] o
[ — [+ B 2
( hc 2h2 UO'UO gchc gchc C "7u0w0, ( 8)
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_ UgW1 + Uy Wo VoW + V1Wo 2 (W
0, = ap (DLt Tado) | (Todit BiGo) 2
gche D¢ gche i he 4 /¢

UpWo 1/7g R 1 In _ _9
b (T0) 1) gy L (22 gz a9
gchc Ty !]3 h Ne gchc G (7] 0 ( )

Fortunately, only the solution for %;; is needed in determining the governing equation for

A(=1). Therefore the above equations are combined to give

Lo(D257 — ?7;——) = [aothex + Y14, + 92( + Ly¢(wy — wl)]

hﬂcwg
02 " gohe 37 — 0 7. UO"CBX] (51 - ”1)"‘ D (-!]Z_hc_) (B30)

where
-0 (g, 0 2 0?
=—|== chem=5, B31
D= g (o) +ebochegzs (B31)
and ﬁgﬁﬁ is determined by the linear equation

(gh)"c =t f"lc
i ¥ g, oM T

e i 7 . ) . 9%h2) .
+D (Z—cﬁovo) —n{ao }: Uy, Vox + [( i;m ——=po (:|c+a2(—‘%h)%l’oxx

Uonc(aO’DIX + ’l—)oxl) - (‘CICQ‘DI + Eg('wo)ﬁ

g
— 4ao(gh)n.Poz, x — 2 [(’%Plc)c + ag(gh)ncplxx] =0, (B32)
C
together with the boundary condition
'vg__ — Re[(2¢(; In |o7| + 3ely + 2e3, + &% /5)AeiX] as # — +oo (B 33)

which ensures that the solution to (B 30) matches with the outer linear solution. By ma-

nipulating (3.15)~(3.18) and (B 1)-(B4), one can show that

h. hy
7 Uoncvox-i- Dlpo+2 c'Dopo)

h
= 2a09chepog, x — g—cpopl (B 34)

Fy
Uonc(aole + Yoz, ) = 5001,, =1 (ao
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and

. . gh . 9] ge
(L1c@! + La¢wo), = — [(gc—fz:c]( [277(%> Po¢ + E‘pl(] -1 [( 7 2:"’ L z—cpo( (B 35)

where the D,, are defined in appendix A. Combining these results with (3.21), (B8), (B 16)
and (B 19) then leads to

_ 9y b\ - ~t Uofmc =t . iX
= [Ml + <g—: — 27l-c—°) 7)] Dypy t+ 7 e P Re (12450’DoaogAe‘ )

hc . g"?c gnc) 2 9 g’mc 5 5 3 (L)] }
— Re {2gc [lao ( _c - 2;0— gcaooaxl + gc agpa7 Dgaoon-}- 2013 E5. (B 36)

For purposes of computing the induced velocity jump, it is convenient to express (B 36) as

q= ?_)g_—_ Uonnci-){ﬁ_R [( (L)+2 ({})ﬂﬂc :i:) Aelx]

07,

hc Sl 2 !] c g 8
— Re { - [a(llé) - S_oag? +i 130 ( gn - 2—%‘) gfaoo;%—l] E}

fol c

U, ad-
- Re {2E [3 (____207)c - 93719-) (L) + 77"Ica02 - Dgaoo] LE}
Co Gc 9e

he (1) Uoy.  Uomn, Y+  Si|+ -
+Re{3gca03 [( o 200y L A LE; (B37)

where

1
iaoUonc

0
- B
(151 Co 8:171) ( 38)
and (3.22) and (B 19) were used in arriving at (B37).

It follows from (B 28), (B 29), (3.15)—(3.18) and (B 9)-(B 11) that

=%
1 Po¢Uy 55 Qg _
(0401/’2X + 02(),7 = (pOXulm;)X - Us ( hzhm) - Uon (pOwaﬁﬁ)(
e c c
+ i(QM_l_M +(a¢f _*_07)
he \" ge 9efe /g, PR
~ -1 =3 = =%, =1 7207
~ Lo d o UoUy n (_1%> + UoWy -i— u]Wo + (uoﬂ_uzo) (B 39)
fc 6fc 7l x fc 2fC 7 ¢ ) an
in
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where ¢; and 6} are given by the right-hand sides of (B28) and (B 29), respectively, but
with {@,9;,®;} replaced by {ﬂI, 1’){, ’U_JI} Introducing the above relation into (B 30) leads

to

2 =4
_1 _ (s 1 1 pO(ulﬁﬁ Qg _t
[:0")27777 = _Uﬂnc (pOXulﬁﬁ)X = Uoﬁc ( h? U (pOX'wlﬁﬁ)(
1 [, oW  Tonwl t t oot
+ | [2——+ —2L— + [0 x + P1q, + 03¢ + L1¢(w1 — o7)]
Yc 9efe il K
0° (gh),, 0 fn 9 = AV hy 1‘_’(2)
- AT SALLY PO - - D —=— B4
i+ Gy~ vy -+ 2 ()
where ﬁgﬁﬁ is given by (3.35). Substituting (3.21), (3.29) and (3.30) into (B 40), multiplying

the result by agoe™* /7, and integrating from ¢ = 0 to 27t /8 then using the relations

[200U0y Re(E)Re(Fx ) x5 = Re (4e'¥) [Re(Fx) + Re(E)Re(iEq)]z

+ Re (i4e'X) [Re(E)Re(Ey)l; — Lo[Re(E)Re(Fx)lsmn  (BAL)

[200Uoy Re( E)Re(iF)]x7 = Re (Ae'X) [Re(iF)]yg

+Re (iAeiX) [Re(E)Re(Ez)lis — Lo[Re(E)Re(iF))55,  (B42)
(20U, Re(E)*Re(iE7)lx x7 = Re (Ae™X) [Re(iE)Re(iEy)]7
+ Re (iAe‘X ) [Re(E)Re(iE5)l57 — Lo[Re(E)Re(iE)Re(iE7)]77, (B 43)

and integrating from X = 0 to 27 leads to (3.37).

Appendix C. Expressions for the Q,
The solutions to (3.43)~(3.45) are

z1 €3 ré2
Q1= "i%{ /_oo /u_oo /_oo(fz = &)°Ci(21, 71| &3, &2, £1)d61d&rdEs, (C1)
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) Ty €3 &2
Qs = ii; /_ . /_ . /_ (6~ £0)°Cal1, 1] o, €2, 61) 4614620,

1 €3 &2
Q=i I (62— £0%(26 — & ~ ©)C3(a1, 7| o, £2, 1) A dEadés,

1 €3 &2
Q4 =iM / ! /_ ) /_ (8- &)(& — &)(Ca(a, 11 &3, 62, 62)

- 02(331 ’ 77 I 63’ 62, fl)]d£1d£2d£39

Qs =i [ [* [* (6 - e)i(6s - &7
+ (6 ~ £0)°1C1(21, 7] €3, €2, €1)d61dErdts,
o=t [ [° [ (6~ 6020065 - & - 6)Co(en,71 60,62, 1) 061 ERdE,
Q=-im [ [ z f i(ss - 6)(E — £2)*Ca(a1, 1] 5,6, €1)dE1dExdE,
Qe=imt [~ [ i / 5;(53 ~ &)(E2 — £1)°Ca(o1, 7 €, €2, £1)dE1dExds,

and

z1 €3 &3
Qo =iM [oo /_00 /_00(53 — £1)(263 — & — £1)°Cs(z1, 77| €3, &2, £1)dE1dEadEs,

where

Cr = A(€s)A(&)A* (&)Y Gatta=timan)
Cy = A(£3)A" (&) A(£y)eT Gomtatti—an)

Cs = A™(E:)A(E) A(y)e™ (s teatti=m),

and M = o3Ug, /2¢§.
By using (4.1), one can show that

+

o z1 &3
1d = —iN/_ /_ 3(z1 — £)°D(z1 | £3,£2)dEadEs,

-0

30

(C2)

(C3)

(C4)

(C5)

(C6)
(C7)

(C8)

(C9)

(C10)
(C11)

(C12)

(C13)




+o00 00 z1 €3
/_ " Qudi = I ; Qsd7j = iN /_ ) /_ " (1= )6 - €)D(a1 €5, E2)dadEs, (C14)

+o0 T3 €3
[ asan=—iv [ [7 @1 - )z - )7 + (6 - £)AD(e1 |, £2)d62dEs, (C15)
+00 z1 €3
G = v [T 7 (@1 - )01 - £)D(o1 |65, ) dEndts, (C16)
and
400 +00 +00 400
[ @un= [ Quir= [ Qen= [ Qudn=0, (c17)
where

D = A(&)A(L)A™ (& + & — 21), (C18)

and N =madUs, /c3.

Appendix D. Mean-flow distortion

In this appendix, the solution for the mean-flow distortion generated by the critical-
layer nonlinearity is analyzed. When the mean-flow distortion terms are made explicit in

(1.19) and (1.20), these equations become

@ = Re (4e¥) + Re (iB% + laB’% + maB'E) +... (D1)
g g
p = Re (ApeiX) + Re(s?B"p) + ..., (D2)

where B(z,) is a slowly varying amplitude function and the functions #, %, @ and p of zy,
y and 2z expand like

{4, v, w, p} = {0, Do, Wo, Po}(y,2) + - - -, (D3)
as 0 — 0. Substituting (D 1)~(D3) into (1.15)-(1.17) shows that Py satisfies the ‘steady’

Rayleigh equation

Vg (Y%P_o) =0, (D4)




while the velocity fluctuations are determined in terms of g by

> . 2 - 1 hUOn - h o g 4 }
{iig, Do, Wo} = U, { g0 Pow —gPon —pPocy - (D5)

Near the critical level, py expands like
Bo = ro0 + 753 (= me) + -+ (D6)

where (3.21), (B 8) and (B 25) have been used to conclude that the mean pressure fluctuation
is continuous across the critical layer to O(o2¢). It follows from (D 5) that the discontinuity

in (D 6) leads to a jump in the streamwise velocity component

. h U,
Adig = =2
geCy

(81 ~ 7o1) (b7)

across the critical layer. Matching this jump with (4.2) yields

geV2¢

rh — T = —2W e (D8)
and the amplitude equation (4.4).
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