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ABSTRACT

A Higher Harmonic Optimal Controller
t

o
Optimise Rotorcraft Aeromechanical Behaviour

by

Jane Anne Leyland, PhD/AMES
NASA-Ames Research Centre
Moffett Field, California

Three methods to optimise rotorcraft asromechanical behaviour for those cases where the rotorcraft
plant can be adequately represented by a linear model with a system matrix, were identified and
implemented in a stand-alone code. For convenience, the helicopter vibration reduction problem was
selected as the subject problem for this investigation. These methods determine the optimal control
vector which minimises the vibration metric subject to constraints at discrete time points. These
methods differ from the commonly used non-optimal constraint penalty methods such as those
employed by conventional controllers (e.g., the Deterministic, Cautious, and Dual Controllers) in that
the constraints are handled as actual constraints to an optimisation problem rather than as just
additional terms in the performance index. The first method is to use a Non-linear Programming
algorithm to solve the problem directly. The second method is to solve the full set of non-linear
equations which define the necessary conditions for optimality. The third method is to solve each of
the possible reduced sets of equations defining the necessary conditions for optimality when the
constraints are pre-selected to be either active or inactive, and then to simply select the best
solution. The effects of manoeuvres and aeroelasticity on the systems matrix are modelled by using
a "proportional navigation™ type pseudo-random pseudo-row-dependency scheme to define the
systems matrix.

Cases run to date indicate that the first method of solution (i.e., the direct optimisation of the control
vector subject to constraints, herein referred to as the "Optimal Controller) is reliable, robust, and,
easiest to use. The algorithm employed for direct optimisation is particularly suitable to this problem
since although it is designed to sclve the general non-linear programming problem, it employs a
successive quadratic programming method to solve this more general problem. Since this method
initially estimates the Hessian and then updates it successively as the quadratic solutions are
updated, and since the only difference between the problem of interest and the standard Quadratic
Programming Problem is that the constraints are quadratic rather than linear, the Hessian is invariant
to the optimisation process and is analytically known. Correspondingly, modifications to this
successive quadratic programming method which will enhance its reliability, overall robustness, and
speed, appear feasible for this particular problem of interest.

The second and third methods successfully solved systems of non-linear equations which define the
necessary conditions for optimality. It doesn't appear to be practical to use these methods by
themselves however, because there exist many (perhaps infinite) solutions to these equations and
no real way to recognise the solution yielding the global minimum or 1o even guarantee convergence
to this solution if it were known. The second method can however, be used to verify that the
necessary conditions are satisfied when the first method is employed. The use of the second
N}ethogogor verification after the first method obtains a solution was made an option in the stand-
alone code.

The Deterministic Controller was added to the stand-alone code to provide a convenient means of
comparison. Options to directly optimise the weighting coefficients of the Deterministic Controller
either in a specified ratio to one another (i.e., the *Canventional Controller” as referred to herein) or
individually (i.e., the "Optimised Conventional Controller” as referred to herein) whilst satisfying the
constraints were provided as a means to obtain a more representative and meaningful comparison
of controllers and to help access the relative merit of solving the actual optimisation problem.
Occasionally a mathematical conditioning problem occurs with the direct optimisation of the

individual weighting coefficients of the Optimised Conventional Controller which causes a numerical
overflow and subsequent error termination. This occurs when the optimisation process converges to
a "solution” which has a harmonic phase angle with an n7t/2 value. In this case the value of one of
the associated harmonic coefficients approaches zero whilst the value of the associated weighting

coefficient has no finite upper bound.

Cases run to date indicate that the ﬁerformance (i.e., the reduction of the vibration metric) of the
Optimal Controller was superior to that of both the Gonventional and the Optimised Conventional
Controllers. In accordance with theory, the Optimal Controller yielded a zero vibration metric for
square non-singular T-Matrices (i.e., 'when the number of measurements equals the number of
controls with no redundancy). As expected, the Optimised Conventional Controller was superior to
the Conventional Controller in performance, but inferior to the Optimal Controlier for all cases except
a few degenerate cases where the performance of the three controllers was essentially equal. The
performance gap was widest for square non-singular T-Matrices.

v






Nomenclature

diagonal l.u.b. constraint limit matrix with dimension (MxY)  The
diagonal elements are the A, valuesin Eq (13).

coefficient of the scalar quadratic term in Relationship (34).
general vector with dimension (Ix1).

coefficient of the scalar quadratic term in Eq (72).

constraint limit for the n-th harmonic constraint equivalent to (l.u.b.)%(n in
Relationship (13).

equality constraint linear coefficient matrix with dimension MxM) in
Relationship (40).

inequality constraint linear coefficient matrix with dimension (MxM) in
Relationship (41).

diagonal constraint weighting matrix in Relationship (31) with dimension
(MxM). Bis normally the identity matrix L.

coefficient of the scalar linear term in Relationship (34).

general matrix with dimension (rxs). -

general vector with dimension (¢x1).

coefficient of the scalar linear term in Eq (72).

equality constraint value vector with dimension (Mx1) in Relationship (40).

inequality constraint value vector with dimension (Mx1) in Relationship
(41).

proportionality constant € [0,1] for Eq (8) which defines the elements of
the “flexible” part of the T-Matrix.

constant term in Relationship (34).

matrix of dimension (MxM) equalto F+F".

scalar constant term in Eq (72).
(i,j)th elementof C equalto fi; + f;.
scalar L.u.b. in Relationship (35).

matrix of dimension (MxM) equalto T' W, T.

performance index value for the General Non-linear Programming
Problem.
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Nomenclature (Continued)

performance index function for the General Non-linear Programming
Problem.

(i,j)th elementof F.

quadratic coefficient matrix of dimension (MxM) in the performance index
of the general QPP (Relationship (39)).

.
vector of dimension (Mx1) equal to [Zg WzT] .

linear coefficient row vector of dimension (1xM) in the performance index
of the general QPP (Relationship (39)).

greatest lower bound.

scalar equal to Zg W, T,

scalar in the performance index of the general QPP (Relationship (39)).
higher harmonic control. '

helicopter vibration reduction problem'.

duty cycle number.

index for the elements of the @-Vector.

identity matrix of dimension (MxM).

pseudo-identity tensor of rank three and dimension (MxM xY).
performance index value.

performance index function.

augmented performance index for the Conventional Controller problem.
performance index for the general QPP.

performance index for the scalar non-linear programming problem.

performance index for the scalar Conventional Controller problem.
augmented performance index value for the Min/Max calculus problem.
augmented performance index function for the Min/Max calculus problem.

duty cycle number.

dimension of the “reference base set of sensors”, the “base measurement
dimension”, the number of rows in the “core matrix”.
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Lu.b.

Nomenclature (Continued)

general dimension used for vectors and matrices.
left hand side.
least upper bound.

number of control variables to be optimised, dimension of the @-Vector
{the contro! vector), number of columns in the T-Matrix.

total number of sensors, dimension of the Z-Vector (the measurement
vector), number of rows in the T-Matrix.

harmonic number.

number of equality constraints for the general non-linear programming
problem.

general symmetric matrix of dimension (r x r) or (Ix1).

number of inequality constraints for the general non-linear programming
problem.

upper left sub-matrix of the partitioned Jacobian with dimension (%'ix M).
quadratic programming problem.
upper right sub-matrix of the partitioned Jacobian with dimension (%‘-x M).

common value of harmonic magnitude constraint limits equal to (Lu.by,
for i = (n-1), n, (n+1).

(i,j)th uniformly distributed pseudo-random number used to generate a
T-Matrix.

right-sub-matrix of the partitioned Jacobian for the k-th reduced set of
equations with dimension (9x3).

general dimension used for vectors and matrices.

Euclidean M-Space.

Euclidean 31-Space.

right hand side.
general dimension used for vectors and matrices.

lower left sub-matrix of the partitioned Jacobian with dimension (¥ xM).
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Nomenclature (Continued)

quasi-static transfer matrix (the T-Matrix) as identified for the current duty
cycle which is common to both Local and Global models, and which relates

the Z-Vector to the @-Vector with dimension (NxM).
general matrix with dimension (NxM). -

lower right sub-matrix of the partitioned Jacobian with dimension (3 xM).

quasi-static transfer matrix as identified for the current duty cycle for the
Global model which relates the Z-Vector to the 6-Vector with dimension

(NxM).

quasi-static transfer matrix as identified for the current duty cycle for the
Local model which relates the Z-Vector to the 8-Vector with dimension

(NxM).

(i,j)th element of the T-Matrix.
time.

vibration control system.

diagonal weighting coefficient matrix of the quadratic term in Z of
dimension (NxN).

general diagonal matrix of dimension (NxN) whose diagonal elements are
all greater than zero.

i-th diagonal element of W;.

diagonal weighting coefficient matrix of the quadratic term in A6 of
dimension (MxM).

diagonal weighting coefficient matrix of the quadratic term in @ of
dimension (MxM).

scalar weighting coefficient of the quadratic term in @ in Relationship (36)
for the scalar Conventional Controller problem.

i-th diagonal element of W,.

amplitude of the n-th harmonic sinusoid.

value at time ¢ of the n-th harmonic sinusoid.
measurement vector (the Z-Vector) with dimension (Nx1).

measurement vector function with dimension (Nx1).
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Nomenclature (Continued)

actual measurement vector during the current duty cycle for the condition
where no control is applied with dimension (Nx1).

i-th element of Z,.
i-th element of Z.

estimated measurement vector for the current duty cycle with dimension
(Nx1).

actual measurement vector for the previous duty cycle with dimension
(N=x1).

slack variable vector with dimension (3 x1).
k-th element of c.

diagonal slack variable matrix with dimension (¥x¥").

vector comprised of the @ and A vectors with dimension (Mx1) and equal
to [e:] -

vector with dimension (3x1) comprised of the k-th possible combination of
elements from the o and 1 vectors as specified by Relationship (123).

0 if i#]

Kronecker Delta ={ .
1 if 1=

change in the value of @ from that of the previous duty cycle with
dimension (Mx1) and equalto 6, - 6, for the k-th current duty cycle.

increment in the k-th element of 6.

general vector of dimension (Mx1).
general vector of dimension (Nx1).
general vector of dimension (Nx1).

control vector (the @-Vector) with dimension (Mx1).

scalar control variable for the scalar non-linear programming and scalar
Conventional Controller problems.

solution value of 6.
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Nomenclature (Continued)

coefficient of the n-th harmonic Cosine term.
i-th element of 6.

control vector (the 8-Vector) defined for the current or i-th duty cycle with
dimension (Mx1).

control vector (the 8-Vector) defined for the previous or (i-1)th duty cycle
with dimension (Mx1).

I.u.b. constraint limit for 8 in the scalar non-linear programming problem.

coefficient of the n-th harmonic Sine term.
constraint matrix form of @ with dimension (Mx ¥).

vector comprised of the 6 and o vectors with dimension (%xl) and
equal to [ega]T.

adjoint vector comprised of 151 Lagrangian multipliers with dimension
(¥x1).

k-th element of 4.
general vector of dimension (Mx1).

(Mx1) dimensional control vector counterpart of the 6-Vector for the
quadratic programming sub-problem of the successive quadratic
programming method used to solve the general non-linear programming
problem.

vector comprised of Equations (103) and (100) with dimension (%Mx 1) and
T
T -
equal to [Equation(103) : Equation(1 00)]' which equals { %%] : ‘Pc(@)} :
equality constraint vector function with dimension (P x 1).
equality constraint matrix function with dimension (=),
equality constraint vector function with dimension (%‘-xl) formed by

compression of the corresponding equality constraint matrix function
¢(e) into a column vector by the process described in Section 2.4.1.

k-th element of @(s).
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Nomenclature (Continued)
equality constraint vector function with dimension (Mx1) for a QPP.

vector comprised of the © and 4 vectors with dimension (2Mx1) and
T
equal to [@:2]' = [g:aia] = [6:T] -

vector comprised of the 8 and I, vectors with dimension (9x1) and equal
T
to [9:L] -

inequality constraint vector function with dimension (Qx1).
inequality constraint matrix function with dimension (%‘x%i)

inequality constraint vector function with dimension (%XI) formed by
compression of the corresponding inequality constraint matrix function
w(e) into a column vector by the process described in Section 2.4.1.

(i,j)th element of y(s).

inequality constraint vector function with dimension (Mx1) for a QPP.
vector comprised of Equations (103), (100), and (104) with dimension
(2Mx1) and equal to [= : Equation(l 04)]T which equals {:-3 [%]T}T.
zero vector of dimension (Mx1).

zero matrix of dimension (3x3).

zero vector of dimension (Nx1).
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1FD
2FD

Nomenclature (Continued)

Superscripts

matrix transposition

solution or unique solution to a problem.

Subscripts

denotes a column matrix (vector) formed from a diagonal matrix by shifting
the diagonal elements to a single column.

global model.

duty cycle or element position number.
element position number.

duty cycle or element position number.
local model.

dimension of the “reference base set of sensors”, the “base measurement
dimension”, the number of rows in the ‘core matrix”.

dimension of the control vector (the 8-Vector).
harmonic number.

dimension of the measurement vector (the Z-Vector).
quadratic programming problem.

value when no control is applied.

one-sided finite difference method.

two-sided finite difference method.
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1.0 INTRODUCTION

Given the predicted growth in air transportation, the potential exists for significant market
niches for rotary wing subsonic vehicles. Technological advances which optimise rotorcratt
aeromechanical behaviour can contribute significantly to their commercial development,
acceptance, and sales. An example of the optimisation of rotorcraft aeromechanical
behaviour which is of interest is the Helicopter Vibration Reduction Problem (HVRP).
Although the HVRP was selected as the subject problem for this investigation, it is
emphasised that the analysis described herein is applicable to all those rotorcraft
aeromechanical behaviour optimisation problems for which the relationship between the
harmonic control vector and the measurement vector can be adequately described by a linear
model.

The reduction of rotorcraft vibration and loads is an important means to extend the useful life
of the vehicle and to improve its ride quality. Although vibration reduction can be
accomplished by using passive dampers and/or tuned masses, active control has the
potential to reduce vibration throughout a wider flight regime whilst requiring less additional
weight to the aircraft than passive methods.

Active control is achieved using a closed-loop "feedback” controller (Figures 1 and 2 and
Reference 1). Typically, the measurement vector is defined from the measurements obtained
with vibration sensors (e.g., accelerometers), the relationship between the measurement
vector and the control vector (i.e., the helicopter plant matrix) is determined (i.e., plant matrix
identification), and then a new control vector which will hopefully reduce the vibration metric is
defined and used to control the system (e.g., rotor blade pitch). It is this last mentioned
function, that is the selection of the new control vector, that is the subject of this research.
Commonly used conventional classical controlier schemes (e.g., the Deterministic, Cautious,
and Dual Controllers described in References 1 and 2 ) employ a non-optimal constraint
penalty method to define the new control vector, whilst the Optimal Controller which is the
primary subject of this document employs a non-linear programming optimisation technique
that accounts for the constraints in accordance with optimisation theory.



20 TECHNICAL

The systems models used by the controllers described herein and their mathematical
equivalency are presented first. Next, a heuristic "seat-of-the-pants” proportional navigation
type technique used during controller performance verification to model aeroelastic effects for
the Helicopter Vibration Reduction Problem (HVRP) is described. The equations used by
both the conventional (Deterministic) and Optimal Controllers presented in Reference 1 are in
general matrix/vector form. One of the purposes of this documentation is to present these
equations in their expanded form which is amenable to computer coding. These equations
together with their associated equations defining the necessary conditions for optimality and
the required equations to solve the non-linear programming problem (i.e., the analytic
gradient, the Hessian, and the Jacobian) are then presented. The pseudo-random pseudo-
row-dependency scheme used to generate the systems matrix (i.e., plant matrix) and the
initial measurement vector to heuristically mode! the aeroelastic effects is described next.
Then the Stand-Alone Optimal Controller System is described, and finally the results of a
numerical study comparing the Optimal Controller with optimised conventional controllers for
various "proportions” of aeroelasticity is presented.



2.1 General Controller Definition

The general controller scheme (Figures 1 and 2) uses the measured state (i.e., the
measurement vector) to define a new control vector which will hopefully reduce the vibration
metric during the next duty cycle. To accomplish this, it is necessary to have first assumed a
plant model (i.e., a mathematical model relating the estimated measurement vector to the
control vector). A linear model with a Systems Matrix (also commonly referred to as the Plant
Matrix or the T-Matrix) that estimates the measurement vector is assumed for all the
controilers mentioned herein. It is necessary to identity or define this systems matrix (T-
Matrix identification) before the new control vector can be determined because the new
control vector is, in general, dependent on this matrix. This identification of the systems
matrix is, in general, dependent on the actual measurement vector which defines the plant
state of interest (i.e., not the estimated measurement vector defined by the assumed
mathematical model) and is not a subject of this research.



2.1.1 Systems Models of Controlled Vibration Response

The mathematical model (i.e., the plant model) relating the estimated measurement vector to
the control vector is assumed 1o be linear for all the controllers mentioned herein. The Local
and Global model and their mathematical equivalence are presented first, then the sensitivity
of the plant matrix elements for higher harmonic Fourier models and their representation by
uniformly pseudo-random numbers are discussed, and lastly the modeliing of aeroelastic
effects by means of a Proportional Navigation type scheme to introduce some degree of
linear dependency to the rows of a non-square matrix is described.
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2.1.1.4 Sensitivity of the T-Matrix Elements and Its Modeliing Using Random Methods

The helicopter applications of interest typically require the definition of the harmonic content
of the responses of interest to the harmonics of a specified control. The responses are
measured by various sensors (e.g., accelerometers) mounted on the helicopter and its rotor
system. A Fast Fourier Transform (FFT) is then performed on this response data to define
the coefficients of the associated Fourier Series which describe these responses of interest.
The measurement (response) vector is typically comprised of the coefficients of selected
higher harmonic sinusoidal terms of these Fourier Series. The specified control vector is
typically comprised of selected mono-frequency Sine/Cosine coefficient tuples, or
emwmwmﬁmmymmmmw.fmﬂmemmme
higher harmonic sinusoidal excitation of blade pitch. Once the measurement vector for the
mmdnycycbsdtheTMmbeidaﬁedbyvaﬁwsnwﬂwds(Refmme
3). The elements of the T-Matrix can, however, appear t0 have random values when
deﬂhmmrbrapanmlardnycydemwappearbvarysigmmwy
between duty cycles because of the sensitivity of the components of the measurement vector
(i.e., the selected higher harmonic coefficients of the Fourier Series which describe the
responses of interest) to minor variations in the wave-form of the sensor measurements
which include the effects of process and measurement noise. This apparent randomness
appeasbhavemﬂmnd&buﬁonraﬂmhmadistrhﬁonwiﬂmdustapoﬂsanndes.

This apparent randomness can be exploited to greatly simplify the T-Matrix definition process
for controlier feasibility and desirability analyses. The elements of the T-Matrix can be
generated simply by using a uniform random distribution generator with a range of values
appropriate for the problem rather than using a detailed rotor simulation for the purposes of
the study reported herein. in general, the largest square sub-matrix of the T-Matrix will be
non-singular (i.e., its rows and columns will be linearly independent) if its elements are
generated in this manner. This fact provides a simple means to verify that the optimisation
algorithm is working properly for a square T-Matrix when the constraints are not active. In
this case, the minimised performance index should be identically equal to zero (see Section
23.2).



2.1.1.5 Modeling Aeroelastic Effects by Means of a *Proportional Navigation” Type Scheme
to Introduce Some Degree of Linear Dependency to the Rows of a Non-Square T-
Matrix

Ingeneral,theelemettsofmecommlvectorshouldbeatleastpartiallyindependemofone
another. FOMnatelyﬂistWemmsrelaﬁvelyeasywsaﬁstybyMappmpdatesebcﬁon
of the control variables 1o be optimised (e.g., mono-frequency Sine/Cosine coefficient tuples
orampimde/phaseangleuplesﬁommeexpeesbndeﬁtﬂlgﬂwcom'ob.

it is also desirable that the elements of the measurement vector be at least partially
independent of one another to eliminate redundancy in the performance index and to reduce
the computational burden resulting from a larger number of rows in the T-Matrix. For the
HVRP, the independence of the elements of measurement vector depends to some extent on
the elasticity of the aircraft. For example, if a helicopter had purely transiational motion and if
two sets of three orthogona! accelerometers were firmly fixed in different locations in its
fuselage, one would expect that the acceleration vector determined from each set of
accelerometers would be the same if the airframe was perfectly ridged and there were no
measurement errors. On the other hand if the airframe was not perfectly ridged (e.g., elastic),
one would expect that the acceleration vector determined from each set of accelerometers
would differ somewhat. In the first case, the two sets of accelerometers would be fully
dependenrt while in the second case the two sets of accelerometers would exhibit some
degree of independence from each other.

The least number of possible independent measurements (i.e., the minimum number of
measurement degrees-of-independence) occurs for an ideally perfect rigid aircraft whose
motion is purely translational. For convenience, this least number of possible independent
measurements for this “ideal aircraft” is referred to as the "base measurement dimension”,
and any reference set of sensors of "base measurement dimension" which spans the
measurement degrees-of-independence space for this “ideal aircraft® is referred to as a
“reference base set of sensors”. Additional sensors mounted on this *ideal aircraft™ will not
provide any information in addition to that obtained from the “reference base set of sensors®.
Indeed, if any additional sensor is identically equivalent to, and has identically the same
orientation as one of the reference base set sensors, the corresponding row of the T-Matrix
for this redundant sensor would be identical to that corresponding to its associated reference
base set sensor even though the two sensors might be mounted at different locations on this
"ideal aircraft”.

If the aircraft is flexible and "bends" under loads, sensors in addition to the “reference base
set of sensors” will provide additional information, and the dimension of the measurement
degrees-of-independence space will be greater than the "base measurement dimension™. In
general, the greater the flexibility of the aircraft, the greater the degree of independence
additional measurements will have. This fact, together with the recognition that a perfectly
rigid aircraft with pure transiational motion (e.g., transiational vibration) is the limiting case
having the minimum number of independent measurements, suggests a simple means by
which elastic and non-transiational effects can be added to the simple random model defined
in the previous section (i.e., Section 2.1.1.4). The degree of independence of the elastic and
non-translational effects as measured by sensors in addition to the *reference base set of
sensors” can be simulated by a “"proportional navigation™ type scheme in which the required
additional rows of the T-Matrix are defined as a linear combination of the row corresponding
to one of the "reference base set sensors” and a new randomly generated row.

The ideally perfect rigid aircraft whose motion is purely translational would be most efficiently
modelled with a minimum size (LxM) T-Matrix where M is the minimum number of
independent controls which comprise the Theta-Vector (i.e., the control vector) and L is the
"base measurement dimension” (i.e., the least number of possible independent
measurements for this “ideal aircraft”). For convenience this ideal minimum size T-Matrix is
referred to as the "core matrix". Each row of this (LxM) “core matrix" corresponds to a
specific sensor in the “reference base set of sensors®. Each sensor in the "reference base set

10



of sensors” has a corresponding row of this "core matrix”, consequently this mapping is "one-
to-one onto™. Although it is usually the case that L is greater than or equalto M, it should be -
noted that the controlier optimisation algorithm should be sufficiently robust to provide a
usable non-catastrophic control update if sensors fail and L becomes less than M. An
algorithm was devised to generate a synthetic T-Matrix which would simulate a fiexible :
aircraft. This algorithm uses pseudo-random “uniformly distributed” numbers to define the -
rows of the more general (NxM) T-Matrix system according to:

1 Gk row 9 He (ZXM) ‘core matyix" (I',e., =d row
Cofrcslaomlmi to o sensor éC/ang/nJ to He Iz’t,[Crcnce basc

set of .S‘cnSorS‘ﬂ) /s gaoerafcd éy using 8 pseudo - random
umforw A{:sfr/éa fo number genera lér fa z/c/rhe cac[, element
tn the row. frs /orocedarc (s the seme a5 Haf described i
e previous sectron (/, e, Section 2.1.1. %) The fcnera/
element 77‘/' 0/ the ‘core matrix" is d. ned (:cf Frﬁurefﬁji

(for}fL$jsM (7)

ULere

K,‘j € {um[ormly distributed F:eua/o—f’%dam humLerS}

( row number tw the T- Mstrix Corrcs,oonll»‘j fo
ﬂ‘c I-ﬂ. Sensor € ﬂrclerehct éas: se=f a'[ Stusors g

j: Colunann numécr in the T- Matrix cwrcs/aonJMJ s
te j—f[, ele menf of be control vector

L dimension of fhe "rc)[c'cnce Lase sef of sewsors
the ‘base messurement dmension”, He munber
0'[ rows In '/Ac ”Con matrix”

M Num ber o/ control varisbles o be qp‘[zm:‘:u/,
dimension 01[ the G- lector [C:ufro/ Vec/or),
l/mméer o‘L Cb/uhms /n f/c 7:/416—:*)(
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2. Rows in addition to fhe /frs{ L rows a/ He ‘core matrix"
define He “Hlexible” part of fhe T-Matrix aud are Aefined
é}’ a ‘/(orolaarf/‘ona/ Iaaw‘ﬂa‘{ﬁbn ’ ‘l[/,ﬂe S‘c[e/uc . The gcaefa/
e/emen-‘ 77{ a,l fhes ‘\{"/exil/e”}aar{ of {ﬁe FMa{n‘x ’'s
 defned (see Figure 3):

Ty = CTy + (1-¢)Rij forl<i=N ¢ 5-“'”\ )

Where
C is Hhe propr-(ioma{tfy constant € [0, t]
,Q Je{a‘nes ﬂc row hu.mLer o/ ﬂ( rq[ereucf sensov
o‘[ fhe Hrcqlereuoe base sed O[S'euu./s" LJAFCL /'3

used In #c /6%‘“? ion 0/ ﬂc -t rew d/ 146
T- MQ'{‘V}X ac‘corﬂl‘ud f‘o Elu;-&‘on C?)

N 7%'{@{ nqu« a'Z fevthY‘SJf ‘humzer a'[ yows ia
‘ﬁl-e T‘Ma‘{n‘x, d)mension o'[ ﬂ.( Z~ vec'(gr

Notes:

1. A [easf upper Louml (f.,uj) wzose Vav/ue /s meam‘nm[u/
\&Y the f)rbLlew of Fssue s Sfeci‘[a‘eo( ngr the um%-rm//
d,s,{r,‘éu-[w{ P‘gem(o —rau[om huuéers (,_J;rcl are generafeag.
Ze 4 reafest lower bownd (ﬁ Zz /) Czua«/ fo fe he;a-/;*u/c

71[ j,,a./. /s as'Samea{ r ﬂ Ay c{o-—ram’am humLfv’:S‘.
0 € V:Iues Oq[ K?J are scalu’ éo Leeaﬁfz; flese Louul's.

2. The 2o~ bﬁc{of Is é{c(f'hw{ accoro/fug 1‘&- ﬂe Same
praca/«rf ﬂa‘{ (s usec{ Ito olew[iue tq.( ﬁMa‘{n‘X eémen-/s .
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2.1.2 General Controller

The Vibration Control System (VCS) described herein consists of a closed-loop controlier
(see Figures 1 and 2) which computes a new Higher Harmonic Control (HHC) vector to be
used during the next duty cycle. This computation is designed to reduce vibration and is
based on the latest measured state vector and the latest identified T-Matrix. The relationship
between the measured state vector (i.e., the Z-Vector) and the control vector (i.e., the 8-
Vector is referred to as the “helicopter plant function” and can be highly non-inear. The
“helicopter piant function" is that part of the actual helicopter itself which relates the measured
state vecior to the control vector. It is assumed that the “helicopter plant function” for the
controllers described herein can be approximated with sufficient accuracy between
successive duty cycles by a linear relationship such as those described in Sections 2.1.1.1
and 2.1.1.2. It is emphasised that these linear approximations define an “estimated” state
vector based on a computed control vector rather than an actual measured state vector, and
that in general the two state vectors wil not be equivalent. The computation of a new control
vector is, in general, dependent on the T-Matrix part of this linear relationship and
consequently the T-Matrix must be known before this computation can be accomplished. A
T-Matrix identification process such as one of those described in Reference 3 is usually
employed to define the T-Matrix. It is assumed that the T-Matrix is identifiable and is
consequently known for the subject research described herein. identification processes
themselves are not the subject of this research. The emphasis of this research is the
computation of the new control vector for the next duty cycle given the T-Matrix.
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22 ~ibration Minimisation” Via the Conventional Controller

TheCommﬁonchmoﬂefissmplyaspedalcaseotmeGeneralCmWM(seeSeabn
2.1.2 and Figure 2) in which a specific computational procedure is assumed for the
determination of the control vector to be used during the next duty cycle. The assumed
i sdlemissinﬂartothaaottheoetemirisﬁcCommlerwhichisdescrbedh
References 1 and 2. The definition and disposal of constraints, the definition of the
index and s non-optimal augmentation with constraints, the definition of the

problem to be solved and its necessary conditions for optimality, and the specific
computational procedure used to determine the new control vector are presented in Sections
221and2.22.



221 Comwventional Controlier Problem

The Conwentional Controller is the "classic™ controller which has been in use for many years.
Although sub-optimal, this controller has worked well in many applications, particularly for
steady state operating systems whose control approaches a steady state value as the
desired operating conditions are achieved. Instead of solving the “real® problem which seeks
to minimise the “real” performance index subject to “real" constraints imposed on the system
and the control vector, the Conventional Controller solves a simpler problem which does not
impose any "real” constraints during minimisation. This is accomplished by adjoining a
specific form of the constraints with weighting coefficients to the “real” performance index to
form an augmented performance index, and then by directly minimising this augmented
performance index. This constraint form is designed to be positive for all conditions and to

zero from this positive "side” as the system approaches its desired steady state
value. This technique of adjoining constraints to the performance index is referred to as
“Internal Limiting" (References 1 and 2). The idea is that by minimising this augmented
performance index the constraint functions will be minimised simultaneously with the “real”
performance index. The motivation behind this approach is simply that a known analytic
solution exists to this problem, while solution of the real problem has historically been much
more difficult. The Conventional Controllers described in References 1 and 2 also employ
what is referred to as "External Limiting” which is an after-the-fact imposition of constraints
with corresponding adjustment of the control after the minimisation of the augmented
performance index has been accomplished. The Conventional Controlier used during this
research and described herein does not employ this External Limiting.

A convenient and simple form for the “real” part of the performance index which can provide

an excellent measure of the helicopter vibration is a simple quadratic metric of the individual
vibration measurements; specifically:

[J-Zwz] )

where:
J (s ‘H;c l‘rea/' Fer/ormanfe fm[ex
Wz Is fe 0{7330143/ Netgé-ﬂnj matrix /or Z
ith dl“tensfon (/UXA))
Z s Hhe measurement vector (2_ VCC{OV')
with diwmension (,Ux{)

N Is ﬂe dlmen.fiom 0/ ﬂe Z‘Vec'ﬁr) Muméer
o/ rons i He T- Matix

It is emphasised that this choice of a performance index is but one of many possibilities. This
performance index is relatively simple, representative of the control objective, and amenable
to the pertinent mathematical derivations.
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TMwmolvedabrmmmpterapplmnsofmerestistypbauywnpﬁseddsebded
Wwwmmmbsfmmtmmtemwwmm
hughefhamomcsuusocdalexcdanonoibladepad\ The actual hardware imitations require
wmmmmmaabastuppefbound(l.ub.)imosedonﬂmanwmdeadl
of the higher harmonic frequency sinusoids of interest (i.e., the mono-frequency Sine/Cosine
coefficient tuples which form the control vector). For each frequency of interest, the
corresponding sinusoid has the form:

1= 4 So(0t) + 4, G0a) ()

where

m s 'Me Aaﬂmom‘c m{mécr
‘f Is ﬂue flme
ym (s ﬂze p;{CL QM{';L“//W’ 0/ tgc n‘{[AarmaniC &nué’o)a{

96;, Is ﬂe Ooc!,[}c)or/ o/ Hre n-{[ bismmonic ésmc 'ferm
@M ls He M#fblbu{ 0'[ {Lc M-fz Awon}( e fcrm

The amplitude of the sinusoid Y, is then expressed (see Reference 4):

Y-Jaee ()

from which the "real” (or "actual”) l.u.b. constraint can be written:

Y= JEL =(uk)y 0

where

(jul)}/ is the leasf upper Lound Constraint
" /imif /or K
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For convenience, this constraint is expressed in the form

L@Q + 0; = (/,ﬂ,z,)}; =4 (13)

—l

where

k. s the constratnd fimil for the n-th bhormonte

cons{ru‘nf .
Instead of attempting to solve the optimisation problem with the constraints expressed by
relationship (13) treated as actual constraints to the problem, the Conventional Controller
seeks to drive the harmonic coefficients in the control vector to zero by adding a weighted
summation of their squares to the "real” performance index defined by equation (9) to form

the augmented performance index to be minimised. This weighted summation is sometimes
referred to as "internal limiting” and is expressed by

M
ZWO‘ g l-z = ng'\/e 9 Th!(rn@l L('mrfmd Term ( { 4)

[ = 1
where
B is the Codrol Vec/or (9'Vcc{m’ with Awmension (Mxl),
Q‘. IS ﬂe l-fj e/Cme_h{ 0{ the ’l/éq‘or %wva,em, fo
an element /rom one of fhe ((95',, gch) ﬁflcs
LJL\CL comlarlﬂ fle é-Vcc/ar

W4 IS 'ﬂt Let Z‘/Ing Qc/{/ua«/ fw ﬂc i-fz e/cnpa«w/ 091
'H\C G'Ve or I fé( ’)u'/ernal /l‘mﬁtlnd *WI'J ;"“4
a’ia?o‘na/ e/cbuem/ o/ ﬂc % haa'/r-rx-

WB s fhe a[laﬂona/ belgl/lﬁnj C"bt#laehf w;-{/k[)( fn ﬂ(
"fnffema/ //l:vz/'f/ny fw" w,'fly Jlmtnsfon ‘ (MX M)_

(s e index f{ar He elements o/ He Q'Vea[or.
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M ;S f[e Jl'mcnsl*an o% «ﬂc 9-V3¢forl naméerd/ @/umns
i fre T-Matrix,

The augmented performance index J, is

\JA = W7 + QTM,HJ (is)

The Conventional Controllers described in References 1 and 2 also include a A8 term of the
form

M
Z%, (86.) = A Wy, A6

i =1

where

Ag = ék— ek"! Lith dimension (MX[)

WAO is ‘H.e a{iagoma, welgl{/nj Coe#(‘ac”{
matrix with dimension (MxM).

K 15 fhe O(u{y C7CI€ number.

This A@ term is not included in the analysis reported herein for simplicity, and because its
inclusion will not enhance the performance of the Conventional Controller.

The Conventional Controller problem in its simple form is

Minimise.' J = ZTWZZ + ﬂngg
geR" T (16)

Suéjec‘f 7L0‘. _N_O_ Consfraimlls ‘00’ se
—H
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where

/R i denotes Luclidesn M——S/ace.
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2.2.2 ﬂ/cces:e,r/ CDnJi?llans V[of ”ﬂfﬁ‘mall‘tfvi

71: hcce.fsa? Cond/‘fions /or ”d/’f/‘ma/;'f/ ) /or ﬂr Gm/ehz[fone/
Con‘fw//er‘ are rcaJ,;v Jcrh/ec{ l V4 J,A/ercn //aﬁ,j ah a/a,ars/ar/a‘/c
ezuarf‘ou a/e/r‘m‘uj Jq it rEs/ec/ ?ﬁ 57, Seﬁl‘uj f[c FC.Yw/‘/Mj
derivative ef‘“’/ fo gero, aud Dhen So/w‘mj /4( 8 tn sccordesce
with patrix Max/ Min Colculus, [orst fhe g/o/a/ model

JCAMMJ Z&S‘ S chhC{iou O/ Q (/‘eg é':eaa/;oh (1)) fs S‘aés?’i/a'/ec/
into é;ue/ioh (16) )’ie/&[rhj
o= [T6+2] We[Td +2] + 0W, 4 (17)

U[ert‘ ﬂe c{afy c;c/f l‘aa/ex las ée::h omn‘fec/ /or Conyenleuce
and

T hes c{l‘meus;on (NXM)
Wg has dimca.w‘oh (N XA})

A has dimension (MXM)
Z, has dimension ( k)x{)
4 las Jf“'en.ﬂ\on (Mx i>

ExFauS‘/‘on 0/ gzua‘/]o» (l?) 'fo(jc‘tqcr uiﬂ h.am‘,ﬂa/a‘/io” a/
ﬁ:e Verfous z[ems yfe[d[.r

W= O THTE + T W2 + ZoW, T8 +
ZoTNZ: Zo Al élTwé é (l?)
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Noting Bt
TT W2 = 0T [T ]T = [76] [ W]
= (Ewrel)” = [2TwsTe]’ (19)
Since W, s c{iaganalj Wi = W,
and since ZoaWi T @ is scolor,
lzowiTe]" = ZW; T6
sud so &gustion (19) o be writfen as
0T W2, = ZW,TH (20)
Substiution of bguation (20) tto Egustion (18) yields
= O T WeT O + 22 WaT 9 + 2T W2, +O'W, 0 (21)

Lef 1
F=T WeT | with dimension (Mxm) (22)
6= 2TW,T | with dimession (1x1) (23)
H = ZOT wzzb ‘ QA S’ca'ar (i.?.) wiﬂ J;menS:'OA({X{)) (Z*)

Ja = O'F) + 269 + H+ QTWéQ ] (25)
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Dz#ercnhaf)nj Eﬂua_{t’on (15) il res/aecf to O oud S’e{//'nj
fesul{ihj ezaa'ﬁ‘on ezua/ 7€:> je(fo )q‘e/ds

A

30 - ZQT[F+W9] +2GT =0 (2¢)

from whicl
0 = - [FemT”
or equivalently (niting thet Faud Wj are Symmebric)
6 = - [F“t’e]_fé (27)
Nefing tha
6= [671= (27w, T] = [w,T] 2 = Thy 2,

Siuce I/\jz Is a/iagoma/J NZT =W2 aud Co@éf&fﬁ‘/é’
G =T Wa2, (28)

Substituting Egustions (22) and (26) 1uts Eyustion (27)
yrelds

\

R B

wLn‘cl agrees w?‘ﬂ. ‘ﬂa*[ pr&ren-/ed In I(e/efencel {a"ﬂ{ Z .

6
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Selection 07[ Hhe Control vector (/:C‘J e Q-Vec/or) u‘//'//‘S/hj
Ezaa'ﬁ‘wﬂ [-U ) Safir/r‘c: ﬂc neCessary cond; tross /ar /{077%»@/ /70
,[or 7%( am/CM{a"bna/ G»\‘/ro//a’ Ss FC" ma/rzk’ Ma.x//[;‘n @/Ch./a.:.

ﬂc ﬁ/u‘/rons 147 ﬁree {/aw‘a/rons a/ %c /rcé/ch,, /cra/ // /@A//‘ansll}ﬂ

( /e ) wert /rovr/e/ /n 7%@ %/—aénch Code w/weA/a{ wl%/% ﬁ/‘:
S'/a.a(/,‘ Bese aret

1. S,eci{y Wé é/ lhlpa'/ a»J Sb/ve leeA//‘ouSL'/o [/é) cxp/i(‘/‘f// é/
ustng Eguation (29). Thes 15 NOT computstion il =

humert‘ca/ dp?flmma'//‘oh /aro[/cm Stnce f%e Comﬂ'a/ VCQ%V [f,t.,
fle H—Vecz’;r) I's cxp/rch‘l/ aé/erh,,‘,,a{,

2. S,aecf/} Mg sud 2y o‘m‘ﬁ‘a/ seslor sca/mj co rent (hg 74”’
Wy by inpul, sud then gptimice Cuy Lo yreld the mintmunm Ja
g/w‘nj fe/aflbfa:/i,o ( /{} 3*,0//6/!,4; 37’ @—J qﬂf/‘m/:ra f?bh S‘?‘ep
é/ a.v'nj é;euaﬂ‘on [29) Zm- /S 3 one dlf'mm&zw/ cyff;‘mz‘_m ﬂbn
problem . The Conths Jlor tihich, solves Hhis problem rs referred
fo AerCI‘h as ﬁ:c ”&h Vcnz/;‘anef Gh /;—o//a’ fl

3 S}:eu‘/} ﬂc l‘m‘/ia/ % é/ l‘h/)u/ ond flm ?/Um”&' @CL a/ its
d‘aiona/ e/cmcmé I[o )//e/a’ ﬂ( Mmiaimuna JA é/ S‘o/w‘hf
:ee/a'téfanflz}o [ /¢ ) exlp/)a"lgv of &CZ qﬂ///nfsa‘/fon S‘/e,o [7
f:iaa//'aq [19 ) Zhrs 15 &n M-c{/‘mcn:/ahe/ qulim/ra'/;'on
fm[/eln. ﬂ‘e C'on#‘o//Cr LJZI*CZ solves 2[41‘: /oro//efn (s

rc/Crr:d 7«[0 /;ektl’n 5 ‘ﬂc hé/"le'lnl‘.f‘cd @‘“/L‘/iohafl Qn/ru//er f’
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23 Vibration Minimisation as a Non-Linear Programming Problem

TheOptMCorumlerBskwlyaspecialcasedtheGemICommuer(seeSedbnzjz
and Figure 2) inwlichaspeciﬁccompmmbnalpmoedureisassumedtormedeteminaﬁon
of the control vector to be used during the next duty cycle. The Helicopter Vibration
Reduction Problem (HVRP) was posed as a non-linear programming problem and a
successive quadratic programming method developed by Schittkowski, Stoer, and Gill et all
(References 7 and 9 through 15) was employed to solve it. The definition of constraints,
performance index, the problem to be solved, and the specific computational procedure used
1o determine the new control vector are presented in Sections 2.3.1 and 2.3.2.
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23.1 General Non-Linear Programming Problem
The general non-linear programming problem can be expressed in the form

Minimise J = {[2(9)] )

ge R"
Subject to: Pl6)=0 ? (3())

v(8) z(0 J
where |

RM denotes Euclidesn M*..;oacf.
Z(’) is fhe measurement Veclor with dimensron (A} XI),
Is ﬂe Con/ro/ Vccfor wi‘f‘ alin\cnsmn (Mxl)'

Z

;[0] rs ﬂw Sc&/ar/acr.{omeucf )M/ex tJlfA dlmw:/on (l X/).
4)(,) Is He ezua/ifv constramt veclor with dimension ( pxl).
(/,(. ) ts The ,,,eﬂaa/,{/ constraimt veclor tsith dimensron (0)([) ,
'0

!s ﬂf Mu.mééf‘ 0/ €1us/i{7 CDMS‘A’é/hIS-
Q ’S 'He huméer 0/ lnezua/i-// Ceus*/rol‘ufs‘.

The helicopter vibration reduction problem was described somewhat in the text prior to the
definition the Conventional Controller Problem in Section 2.2.1. The performance index is
that defined by Equation (9) and the control vector (i.e., the Theta-Vector) is comprised of
mono-frequency Sine/Cosine coefficient tuples which typically describe the blade pitch
sinusoids as per Equation (10). Since the control vector is comprised of tuples, its dimension
is always even. It is assumed that there is an amplitude constraint of the form defined by
Equation (13) for each mono-frequency tuple in the control vector, consequently the number
of constraints is identically half the dimension of the control vector. The helicopter vibration
reduction problem can be expressed as a non-linear programming problem in the form

Minimise J = [Z(@)]TW 2(9
ge R” 2 [2(e)] (31)

T <
Sué_)ecf fo: 9¢89¢ = A
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where
Z2(e) = TO+2Z, with dimensron (M x l)
WZ— /s D 0[1'3 c)na«/ el /61«7 cOeACr‘ciehf matrix [or Z(g) w;fA
J/‘mensign (A/xﬁ./
O s the Control vector with dimension {Mxl)

where M s even
9![ ls ﬂe CO»S'/VaI‘n{ IMQ'{H\X qlorua a/ (9 Lﬁflp J}menr/‘on
(Mx ). Oy hos He form

re, 0 0 =« o+ (0 )
6, 0 (0 ee= o « 0 0
0 & 0 o 0
0 6¢ 0 0 0
0 0 6 0 0
0 0 8, « 0 0
. . ¢ o v ° 29,
9(/: o o . . . : : (3)
.. < Ous 0
* v B2 0
R T T/ gM—/
b 6 ¢ o o e o o ( 9MJ

~—

A Y ﬂt’ 6/i8j‘0ha/ ./,ﬂ/ C@'S?{’al‘u/ //‘mi/ malrix 077‘4
d:‘mequ‘On g x%’) . 7Z€ C/iago;«a/ e/eEineh/S‘ 3rg

fhe Am Volues tn é;{aaﬁ‘o» (13).
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R s ﬂe c/iAﬁona/ constraint LJEIg[/;‘n/ malrix AJ)/Z a('/»w.w”an
(MXM)- 8 is harina//; He ZM N{enfy matrix .

In accOra/atoCP with ﬂ)r 6/¢E’V€/o,0h4cn/ a% ézaa‘/loh [z,s‘) (,' €.,
Euafohs (17) flro A (9»4)) e /c/ay-/er- vibvation yeduction
/roé/eh« a/c//hed é/ /efé‘/th [31) Can e e,(/re.?s‘ed{

[ Te(e)] We 12(6)]

ov qu?valeu‘{ly

Mén'émlglﬁ J = { QTTTWETQ ‘f'ZZIWZTQ"\'Z:WEZO rﬁ (33)

oV e1ui Va‘en“/
k 0'FQ +2670 +H

gU-LJCC{ 7[0 0;8 9¢ —_

wlerc ﬂ/e Various l/CC{orS suj ma{r/‘ces are alq[fheo( a8

prevlous/y (/‘. €., ln accerc/ahce uiz‘4 /ee/affo;vs (17) ﬁf“yl (32))

/ee/a‘(l‘ou (33) art Mos‘/ /I%e/y ﬂe S’I‘m//es{ rascmaé// &C'Car'a/e
expression 4 ﬂe ”f‘fé/ " /e//c::,ﬂfer- W\é'a'llfo'q ﬂ‘vé/em ch‘;‘.r‘/ehf

UHL[! 1‘49 aSsumeJ /t‘hear /”/ah'/ Ihaa{e/S' c{e.rcn'ée/ /' M‘ON

2,444 aud 2.4, (.2, The Contro ler Libich, solves Hhis proé/em
Is m/érm( to heretn as fhe Dot rna] Controller .

2%



Ve ZL-QS‘A‘QM avises as fo LJ[:/ bother fo ‘fr/ to solve tle
more Comf//ca'/ea( pron-linear rog rammming froé/eh- #nu{
éy /@a/afron:/ ip (33) then He Conventions! Cg,,/m//er /on,[/em
Je/;,,a{ é/ /&é-/fon:///o (14/ Las frw(a(‘ec/ w/a/ las sppeered
fo be sa'ﬁ‘s/acﬁy results Ar many years. A;ry/fca/

Cem/arrfon a‘l a S’ca/ar GXMf/f 0/ Aoﬂ hqe/Zoa/_y /row‘a[u
(‘nS’fyZ‘{ In/o [,JZ/ 1[4( SDA/I‘OA 710 /[C arore @m///‘(e'/e/

hon-//near lnmjralhmz‘n/ /Orol/w Uou/ﬂ(l AC }orc,'[cra«é/e

/(c/v/ioms/.‘,o (33) /or =4 S(‘az/ar‘ 0/916'/1«3// &n?fro//er‘ /fdé/cm

(i.e.l S S’C&/&V‘ Ac/fco/afer Vllra?fion ﬂ‘.’.&[kc‘/{“on froé/em
/o:ea/ as & soalor hOn-//‘near /Dro;ramm/nﬂ /orol/cm ) /s

M/‘nimfre-' Ji = /4 92 ‘Hfé + C (34‘)
Ge R

Sgectb: 02D > 4=y =4, (5
ere:

A, B C, and D ave scolor constonts
A >o0
D 70

J, s He ‘resl ' perérmauoe Index
@ ’s fér S’C&/ar Con fm/ Variaé / 4
gMAx Is the ,Zl(.;{ Constreint fimit ,45’ ¢

M =1 28



/ee/a'fl‘o;«ns'l)/o (lé) /ofa S’C&/ar then/hn&/ GAZZVO//CI"
lﬂroé/em /s :

J/ + Wg gZ
Minimise S, =

. (3¢)
6 ¢ RN AO + BE+C+W,0°

Subject fo: M_d Constraints per s

LJA ere.

wegl Is the /Il‘n[tma/ /imf{iuj " alp'fem'm[ to

cons 't[ru‘n 6’

Jz /s Hle a«gmu.fca/ performsnce fadek

5\/0 !s Iléf S’C&/QV A)el\g//a'n\; &CM‘CITLI‘/ #t" #f
“internal [ f,‘,,i " form

The g’?—,ﬂA/‘CB/ thrﬁmh‘t[e‘/)‘on 0/ 'fAeSe SXpPress lons /4" \/{J

Jz’ nd lﬂ/a 92 s s{"“" n /"'%“fﬁ . ,Zcﬁ[l'ry He Sufcr.rCn’/f
&S“ILet’t‘S/r &{CﬁO‘/é f/e Va/ae a{ s’o/u//‘an a{ eiﬂer )Ze 0//,,,,./

or Com/eh//‘onal axa‘/l’o//er /roé/em asg apfropria{e, /“f Con
c/car/y Ae Seeu %a/.‘

{. ﬂe So/w//on /oer,émauce fno[ex J:‘ fa {7./( ﬂf//'/na/

G:h/ro//er‘ Iom[/em i) /eSS ﬂeh f[e S‘o/u'//:au /er/oﬂ"ah(_(

MJCX s/2:‘ ?[G l‘lc Gmlc;»/z'oppa/ @u/ro//er ,aroé/e/m
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2. 7Ze S)O/u)zidn C@v»/ro/ Var?aL/e Q: '/'o f[{ ap{ima/ @nn[fo//er'
/Droé/em JAY C/I//erem[ Itl\au ‘//»e So /u z[ior; Con /ro/ V&Vl‘e—L /e
4" 4o the Conventrons! Guntroller 7ok lesm.

3. The colution Can/;m/ variad /e 9‘( to He ﬂfflmsv/ Gw/ro//er
roblem s be on fe constraiot hoif Gy bl ssver
aéove })[Mi/e Il/(’ 5'0/;«//“on Ccm'/ro/ Vaw‘aé/e é; fo fle

Gnventions! Gontroller cow be belows or above s limit
Q/.ux éu‘/ dn// Col‘MC('JeM'[@/// ou ,*f

4. The sbove /greg aéseﬂa‘léons pndicates B ere will
tn g&ere»/ be /rsae,oanc)es tn Hle solution /oer,émance
tndex oud Con/f'o/o e rolue a/Jz Can hever be fess
Fhon ﬂa-r/ a/ \/{ sud if is fos.w‘//e/ a{qﬂeh/fnj on the
value of A, B, C, 2ud W, Haf 9; could be
gk&a'/er #an éM/rX _1Iq /prac'//cel }L[c all.rCrcFa«uC/ n
/»cr'érmaaoe and coutrol can be srgm'[icanf// /grge.
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2.3.2 SZ)/M'{:‘OV:

The //c/rco/fer Vibratron Keduction ﬂoé/cm (/’/ V/afjpél*ne/
é)/ ﬁe/a%‘on:[)/a (33) exprl:.ssec( o Stoudavd orm ss

—
Mirnimise J= gTF@ +26@ + H (37)
g€ R

.
Subjectfo: W) =A- 0,868, = Gy (29)

Lhere

F,GT/ sad H are de‘(‘ined Ly éjzua‘f{‘ons [ZZ)J (23)/

| and (Z‘F)) respectively

81/ /s Je'zl‘uea( Ly é'iua‘/ion (32—)

A aud B ave de/l‘nea{ QCCOFJinj to ﬂct‘r u.ragc la
giua-ﬂ‘on (3 l)

0% rs He 3evo madrix ot /imeMI}M (’-11 X /-‘;:,)

(//(') Is f/e COMS‘/I'BM'/ Emc‘/ion Ma‘/r?x wifA drmcnstn
L M.)
2 <
H i3 uscful é‘u{ Convenient af 7%7: /Dorm/ /o ,Drtsa--/ //‘Vc
_S‘l‘mp/e, éml ’Mﬂo"‘/alﬂl, ﬂcorems a/ca//uy uiﬂ. méf{erg o’[
S’}’lmme*/ry auJ /oosf{ive c{c/)n/"/encss a'[ fﬁrltl'heutl ma‘/rrces.
[{ r’s essumu[ féa[ alf haa/rrces aud Vecﬁrs as Lcscd In ﬂese

Theorems ave conq[ormaé/e aud ﬂa-/ #cc'r e/emcnfs are

rCa/ numécr.r .
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Theorens " {

—
[Q[ gl‘va’ 7‘23'/

WZ Is & C{iagone/ Wt‘afrl‘x 0/ é“mehsl‘on (A] K/U) tJ/os*c
Jfagom/ e/emem[S e a//gr&‘/er ﬂ-% ;cro
; 75 any vectr £ ﬁM

and 1, sre vecto N

T /s a matrix o/ 6//'men:4'on (,U)(M)
0” /s He gero VCC'/D'“ d'[ Jl‘mens)bh (N Kl)
OM Is the jcr-o Vector o,l Aimension (fo)

Then
A. /7’ 2 >0 JVIA({/?N/”(?‘@/
ov eiouv-a/em{/y l/‘/g. s @sl//‘(/c De/fm’/e.

B. £UW.TIs >0 Ve R|§# Oum
or enga/ew//7 [TTWZ.T] (s loosr‘/iw Dql:‘al'[E-

R

Proof:

Pt A 1t
T = 0 0 ++<0
The %% 7% mnszzo....o /%

0 0 Ws“"%’ G

0 0 0+:.- Woll ]
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4{”\/27 = N,/(lz-(- ,_/Zz-t- 3%Z+ i l’\/u ’Z,Z
Since W = 0 'Vké{i,z,?,“"l\)} |

AZTng( >0 V?{KUI/?#&V

or eiuu/a/enfé/ wz s /”os'n[)re Oe/fm'/e

Art B

Consider 4 =714

Hhen ;€ RY

wlbyBdt LW =0 LR (40,
I | ?’—'T;f-/z ’V;f/fM

Hen =op-z = Tf

and  PWe g = [THTW, [T4] = [T, [T4]

;Twaz — gT[TTwZT]é > 0 ‘Vfg /?M 5#0/&4
or ezulva/eu‘{/y [TTWZT] ’s /%srllfue D%lfh}[f O,ED

*
Theorem Z

rff gf&’eu 143‘/

pfS a S‘7hvmc‘/l'1‘c ma‘{ﬁx 0/ Oll‘mehS)On [VXV‘)
Brs 2 metrix o/ a//».ensron [I’KS')

Then
ngg ’'s s'/»'mer’n‘c
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Froo
 Stnee P s symmcfric, P =p7

ﬂen T AT T T T T T
B8P8 = B'P'8 = [PE]'B = (67[r6]) = [67PE]
2o BTPB IS Symmetric, Q.£.D. |
Theorem #3

4 given Hlaf
Wz (s a O(Iagana/ Ma{r;x ov[ 6{/‘mens}on (A/XA/) whose
G{I‘agona/ e/emem/S are &//grca‘/er '/'Zvah Jer“o

T s a zme'frl‘x G’Z 0{1%&"1‘0"' (NXM)
F is & mafrix of dimensron (MXM)/ F"'TTWZT
C rs a matrix 0( c{rmensfon (MXM), C=F+F'

Then C rs Bsitive De/"ni'{e , S’)’Wme‘\trl‘cl and eiwals 2F

oo

F s Positive M&-i{e éy 7Zeorea,, *{
WZ /s S‘/mmc'/ﬂ‘c since 1/1/2 /s &liaﬁoaa/

F s S‘/mme'[kf(' éry ﬂcorm‘l) ﬂus F:FT
aud

C=F+F" = F+F = 2F
. C s S‘/;ume'frlc and (C = 2F
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Since F 15 Positve Defomite
L'FE >0 Y eRY| ¢+ Op
51 = Safls = 20TFZ >0
V¢ e /EMM # Opm
S Cots Positive Definite Q.E.D.

ﬂeorem 4

Zg" gr‘v’Cn TZZa‘/
p /s S‘/MM:!"I‘C LJifA Gll'meth‘On (//X/)
a and lo are Ve.c‘(ors (,J?‘f[, a()mension (/X/)

Then ;
a"PL = L Pa

Froof
Stace P 15 S‘/mme'/rtc/ P=7prT
and

’Pb = [aPlL = [57PT]b = [Pa]7
SPb = (47pa])" = [67Pa]
Sivce [TPa s 5 sawlar, bPa = [L7Pa]’

Joo8Pb = 4TPa QED.
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7heoren, S

r Z( 66(6[1’63574'5 7%( /raé/em /as‘ea( éy /ee/af/dh://’lo (33)

and I‘/%I‘V& ﬂa/

4 Z(@) =T¢ +Z, (%aa‘ﬁ’oa (2))
T Xy ?asre auo( MOM-S/hgu/QV‘

and

_A_/g cons‘/rafn{s are ac//\/e ; 7[1‘3 Ky

9;5 6’¢ < A ‘Vﬂ € Solution S;oacf

Then = ( '4,6):9‘
}auwjuﬂ g"‘?é 0,14 =" J>0 VH 7567‘6"4‘(4‘710,\4

.
Ky G'amer'g' ﬁearem , «
3- 3 au,‘zue (9*?44‘1 >- Z(g’):Tg ‘f’Zo = ON

Ten J = [2(69TW,[26%)]) = 4Tk 0, = O
K/ ﬂcorem /

J >0 ‘V‘Z{/;?N‘?%ON
or eiwva/ew///

J>o0 VacRrR"| 6+’
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Jheorem 5,0mvl/cs a convenient means To fest 74mr error in fhe
B/gort‘ﬂ-ms aud code c/crgncd o ssle He HIRP posed by Relationshir
(33), or czw‘va/enfév A/ /?c/a/}ah://,os (37) 2ud (38). 74 T s bon—nngwér
Sud Squere, sud I Hle constraints sre not sctive, Hlen He @/gorifém

Should yic[c{ > mivimum Yalue o/ J eiaa/ % 3e0-

[;wcsf/;a/ron of vartous methods fo solve He HYRP as a voun-17near
Programming frdé/cm fed 15 Be selection of e Argé// Successful
Successive Zuaa/ra't‘rc Progromming metbod developed by Sebitthowski,
Sher, sud Gill ef af (fq[a'cnccs 3 f/roujl 15) cbied solves Hhe ?&-m/
Non-linesv programming /amé/ezm éy so/w'hJ > sequence of relsted
guadrotic programming sub-problems. One sdvantsge of hrs methed
}s Pt ch/ralafc Progremming problems can be solved eflicrently.

A very ""‘/""'{3“‘{ Pﬂ‘/’e"‘f/ of Zaac{ra‘frc prograveming pmééms is Brad

I{ fhe Zaeé{m'fic Coe#rcien/ wistrix In the /a—ﬁnmmce fodex bs /w}fiw
Jc/f-f‘fe, Hhe proé/cm bas a Unlque solution AJZI‘J /s, alZ Colrse, The
y/céa/ solutron Fors mesus Hof Ble seguence o/{ sofutrons To #,
gusdrstrc progromming sub-problems coill Converge teo The globo/
Solutran of Hhe gem:r&/ Problens pn Yo limit- Thos smethod rs
co»'pa-/affana/// l‘mf/ewen/e/ /n /ée ﬁ‘anJJ/m ﬂ/fima/ Conwtro //C"
System (Sechon2.7) by selection of the TMSL sysien (Reference 7)

of codes (l.e, the IMSL marn driver voutines DNCONF and DNCONE
and thetr Suérnu{mcs) whrd Lere J&i’rgn&/ to solve zuife gc»era/

Moh—/ihcar proiramnihj fm[/cpns wfnj ‘Z%‘s /me//oa{.
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The 7enera/ Quac[r-a/rc Fr‘ogrammmj froblem (ﬁ/"/ﬂ) /‘s:

Mmimise \/67,"/" = g”'g-«g + az/‘ffr(g + # (39) |

Qe R"

Subjet o P6) = [ -4 8 = O (40)

arP

y(o) = k-0 = Oy (1)
—

Is ILZC S'ca/ar‘ 0/”/0 per,émaéwce tndex
s ﬂ‘e ﬂuaa(re‘{fc CoeA[rciew( matrix &J;’f[l
a(hnensron (MXM) ’

is Hee //‘ncar Cm#clehl[ row vector with
a(rmensron (IxM)

/S & S /ar

/s ﬂe eiaaﬁl/ cOns{kafm[ /)hear CoC#fc)%‘/
Pna‘frix wiﬂ Cll.Mensl‘on (MXM)

s 7%C I‘heﬁua/j/ ConS¥I"3)n’/ /mear- Coq[‘CICl‘en{

matrix uth dimension (MxM)

s #f Ciua/)‘\l/ Ocms"/lraln'/ Va/ue Vecr[or-uiﬂ,
dl‘lmenSl‘On (MX[)

is #c )hczaar/i{] Cons‘/raln/ Va/ue vec{or Lﬁﬂ‘

| dlmension (fo) _

)s fle Jera Vcc{or witd, a,lmm.Won (MX f)
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6 s ﬂe Co;n[ro/ léCfDV LJI\ZLA /I‘menfl’on (MX[)

¢(') ’S 7‘4: eiua/i‘fy Cbhs?lre,/‘u/ JZ,“”C'/I‘OH Vecfor
it Dronstan (Mx1)

RVONS tnciaa/;f/ constrotnf fanctron vector
%PF with Oll‘men.r/“on (MX!)

7Ze zaaejl’a{fc //ojrammfnj S‘ué-—fra[/ems uscd’ éy f[e
SucCessive Zuaa’mf/‘c pregramming method are Ar’mu /3/3”(
é)/ annj S Zuajf’a)[/'c appra,wwaﬁon o/ ﬂe /er/ormshce

index sud [inesr éppmxf‘ma/lbns of He Constroint /ancyé‘o»;s ‘
a‘f eacé. s[ep o/ fhe n[eféﬁ‘wr precess, These > ﬁaro)(l‘ma'//‘ons |

are aéz[a}nec{ by s?m,a/e rclo/accu.cn/ o/ He {, cf?} and W
Ahc-/rons o /(e/;/rons/)/a [30) with Heir alpfrolor/a&/),

fmuca/ea{ matrix 757/0" Sevies exponsrons, cJ/erc I/ f/e

//esszao. 0/ K(') (s uaf /a,ri?live A/C/im‘/e, Hie e/gorh[lm
aJJu_sfs i s fhof if 5. The s‘ué-/orné/em 7S :

Subject to (_j_‘; )§ + ¢(g) =0 (#3)

44
o6

O

Blc

); + $lo) Z 0 (44)

|
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(A’Aerf SR
(_a_{ ) ls tqe fas)ﬁVf g{eﬁhh[e e}o/roxi».a-//on o,é
9

ﬂe //cS‘fia,u aq[ F(‘) eVa/ua{‘Ez/ af (9k
With dimension (Mx M)

-a-£ is 'ﬂe raa()en o (‘ CVé/ua‘/eﬂ/ 3‘{ (9
(ae‘gk) N f fof 1) d
\) I's ﬂe graa/)cu/ ol CP(*) eve/ua‘/&/ 6‘{ Hk

k

6{“ mension ({ X M)
el
a 6 ék éJHI'L meeMS‘ion (PK M)

o,
s

rs ll/e r&a,ien{ 0‘[ SL’(O) eva/aa/ez/ a‘f 6/\,
i fc[hmeus)on (Q XM)

rs ‘H:e Cm‘/t’b/ Vec/or Ccu,ufer‘ou\[ o.l 5 /or
ﬂe uaa/ka'[ic frogramm:‘nj S‘ué-'orola/eh.
with o{imenmbn (M)(l)

If O/ﬂ‘ma/f{/ ’s not ac[ievea/ af {Ae Co»;p/e/r‘or) a/ an

ife"éfl‘l/f S{eFJ ﬂe ”PS’S/&V) ’s ufJa:/eJ [fe/crehces {0
sund {1) and o new step is affcm,o/d .

[{ Is once a?afn nofeJ sud em//asv‘_m/ ﬂa/ // IZeZhaJra{fc
Cac#rcieu[ m:{ﬁx in 746 'Pe"{om«.ucf fn/cx (/'.C,J 32;//‘-,

Reltionship (33) sud e Hession (S| )1 Bouslip (12)

06219,

[s @S}/;V pe f“i/e ) Z%em ﬂere s & uni‘;ae sO/u/Ion ().e._, éex

for Kebtimships (39), (#0), ok (#1) ; and §* frfRbivuslips
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(42.)} (43), aud (4*)) to He QPP hich s q[courseJ e |
g/oéa/ s*o/uf/om

The attraction a/ s method lased on S-O/W,,,y g wadlratrc
/ngrammmj sué—/?roé/ems 5 ﬂe C/ore resemé/ance /Za‘/

fhe HYRP has £5 Ale GFF éa./arr:oh a/ e /{V,e/g/q[mcj
é;' (e/eﬁms{ilns (37) aud (38’) witl, ﬂe 67/"/0 /c/fuea/ é/
/eeé‘/ioms‘ll‘/s (3’3)) (40)J 2ud [44) S'Zous 7[/9/:

'1.7Ze /ﬂcrr/orwuncc Inp(eX J 0{ ZLAe /41//2/-’ Za.r /‘/ch//‘ca///
fle seme iaaa[ra‘/r‘c ,46’144 as J@f’ﬁ 0‘/ f/c alof.
l. 74e I‘/V/elo /;as ho c:zaa/if/v C’OnS‘/ral'n/S‘J or eiulifé/chf/y

,41 (s rden/i(a/& ﬂc evo I/CC‘/or and AI s w(ewf:callj 'H-t
}CWO matrix iw Re[aﬁoustu?‘os (‘fo) and (43) ,lpf ‘He Quaa[i‘a'[l'c

Frogramm;‘ng S‘uL—Pnsé/eln s"a/vec{ af@ﬁl i?lera.‘/)on S’fe/o.

3. ﬂe On/y a/I#CreuCP éﬂ[weeu fle //VKIO am/a O/’f/:r ﬂe
/n%aa/i{/ Cons/ra/‘h/ ﬂmcﬁon UZ/‘C[ r's gaao/ra/;c Ar 7‘/(
HVRP (Kc/a#‘ons%f,o (3 3)) am{ //‘near /4»’ ﬂ( C?f/o (fc/a#omjz,'/o

(41)),
4 Since S and Y() of the HVRP (Rebstonship (37) and (32))

ave zuaa(ra{rcs and s Hretr gradients arve fevown |
[inear, 2ud esy o eveluate. It rs nofed thof the 7radlcn/
o/ & fadnﬁc cva/aaﬁ/u{ Ly fuo-—sv‘de.c! 'Z‘nn{c dfé[ertnces
Is exact auajy‘/lra/// (sce Sl -Secfion 2.5’.?.4) and hence
Use of graJien{s so evoleated peed not degrade gradienf

accaracy,
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5, Stnce J sud SZ‘(’) 0'[ the HVRP (Ke/a'/lo:-:s[:‘/os [37') and
(38)) ave iuaa[ra'frc: sud Wuown, their Hesstans arve
invariaut and Known. Accorc/:'n?/y, He Hessrans peed
ha?z be a,oa/a{ed durfuj f[c iferaftive procefs P (Lc‘/urc
codes dedicated o the HURP.

6. Since the usdratic Cac#fc:cm/ matrrx Fa{ #c HVRP s
fosn[h/c ﬁ/ﬁ:l/e/ ifS Hessian /s also fossfive de/ml'/e*
dud cach gfep a,[ f& Illéra#om process yieus fhe untque
go/u{ion [‘o Hpc iuadra/'c rrograw-mimj SuL-froL/ehq amJ
ﬂe HCSSI'au hce-a{ MO‘Il Lf &6{/’“3'{‘3‘/ ILo Lc faxi{o've Jc/t‘rﬁ‘/f,
7/J|i5 unitqut So/arfl'on rs ﬂeg/ala/sb/“'/““ aud ﬂt F{craffon
Pmcegs Conggiueh{// Com'erges }Lo ﬂf g/oéa/ S"o/u’/l‘on

n fe fimi {-

éj(/oen’c;vcf ?Lo Ja/e I‘mc{rca/es ‘Maf ﬂc SE/e(‘/eJ Success/vVe
uaa(e‘/fc ,Orogramm/‘n ma‘%oz/ wor/td Very L.)c// ru/eeoe 5
t s relisble , r‘oéusz reason obly ellicient, and appears
1‘0 ac{ua«//y Coqvergc ‘Ito ‘ﬂe 7/0[3«/ S’o/&‘/t‘w 0¥ f‘( /{VKIO

» H (s S‘[Ol«vh n S’cc‘/fon 2,5:{ flo/ 7‘18 ”&N‘iah d/ ‘)[’ g—;é/
eﬁuajf F'('FT LJ::‘cZ éy ﬂeo/em 3 eﬂha«/&' 2F and s

positfive definite
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2.4 Vibration Minimisation as a Constrained Calcuius Min/Max Problem

Variations of the Optimal Controller which determine the control vector that satisfies the
necessary conditions for optimality for the HVRP defined by Relationships (37) and (38) are
conceptually possible. It is emphasised however, that satisfaction of necessary conditions for
optimality does not guarantee identification of the global solution. Optimal Controliers of this
type (i.e., controliers which attempt to solve the HVRP by determining a control vector which
satisfies the necessary conditions for optimality) are simply special cases of the General
Controller (see Section 2.1.2 and Figure 2) in which a specific computational procedure is
assumed for the determination of the control vector to be used during the next duty cycle.
The condrol vector solution $o the non-linear equations which define the necessary conditions
for optimality is determined using the Levenburg-Marquardt algorithm (References 6, 16, 17,
18). The definition of calculus MinvMax HVRP problem and the necessary conditions for
optimality are presented in Sections 2.4.1 and 2.4.2, the method of solution of the tull set of
non-linear equations which define the necessary conditions for optimality is described in
Section 2.4.3., and the method of solution by selecting the best of solutions of each of the
possible reduced sets of equations which define the necessary conditions for optimality when
the constraints are preselected to be either active or inactive is described in Section 2.4.4.
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243 Solution of the Full Set of Equations Which Define the Necessary Conditions for
Optimality

investigation of various methods to solve the non-linear simultaneous system of aigebraic
equations (i.e., Equations (50) and (51)) that define the necessary conditions for optimality for
© and A led 10 the selection of the IMSL system (Reference 6) of codes (i.e., the IMSL main
driver routines DNEQNF and DNEQNJ and their subroutines) which were designed to solve a
quite general non-linear simultaneous system of algebraic equations by using the Levenberg-
Marquardt version of the algorithm employed by MINPACK routines HYBRD and HYBRD1
(References 16 and 17). These MINPACK routines are modifications of M. J. D. Powell’s
Hybrid method (Reference 18) which is in itself a variation of Newton's Method.

Experience to date indicates that these routines work reasonably well for the HVRP in that
they do reliably converge to a »solution”. Unfortunately, in general there exist many (perhaps
infinie) combinations of © and A which satisty these equations which define the necessary
conditions for optimakty. Indeed, not only do solutions exist which correspond to relative
extrema not the global minimum, but solutions can also exist which do not correspond to any
extremum at all. The solution that the algorithm converges 1o is quite sensitive to the initial
(starting) estimate ot © and A. There doesn't appear to be any practical way to select an
initial estimate for © and A which will guarantee convergence to the desired global
minimum unless, of course, the solution is already known and is used as the starting
estimate. This method can, however, be used to verify that a previously determined solution
obtained by solving the non-linear programming problem (Section 2.3.2) is indeed a solution.
Accordingly, options were provided in the stand-alone program (i.e., options defined by IOPT
= 11, 12, 13, and 14) which provide this verification to the solution obtained by solving the
non-linear programming problem.
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24.4 Solution of a Reduced Set of Equations Which Define the Necessary Conditions for
Optimality for Each Possible Combination of Active/Inactive Constraints

Recognising that satisfaction of the full set equations (i.e., Equations (50) and (51)) that
define the necessary conditions for optimality do not necessarily yield the global minimum, a
more reliable method to obtain the global minimum was sought which was likewise based on
the satisfaction of necessary conditions. The approach which was developed selects the
“best” (i.e., that which yields the minimum) of the solutions of each possible set of reduced
equations obtained when the constraints are preselected to be either active or inactive. Pre-
selection of the activity of a constraint eliminates the corresponding switching equation (see
Section 2.4.2) from the set of equations to be solved. Since there is a switching equation for
each constraint, the number of switching equations is M/2 for the HVRP. Correspondingly, it
is possible to reduce the dimension of the system of equations defining the necessary
conditions for optimality from 2M for the full set of equations to 3M/2 for the reduced set by
pre-selection of the activity for all the constraints. Since the number of arithmetic operations
are proportional to the square of the dimension, an approximate reduction of 9/16 in
computation time for solution of a reduced set of equations from that of a full set of equations
is obtained. Unfortunately this method requires solution of several sets of equations, the
amount being dependent on the M, and generally results in a net increase in computation
time. But notwithstanding this increase in computation time, the solutions (accompilished
using the same IMSL routines specified in Section 2.4.3) of lower dimension systems are
more reliable in general.
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Code (f.e, [0PT =5,6,7 aud 8) for cases wshere M=6.
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Experience to date indicates that, as in the case of solution to the full set of equations, these
routines work reasonably well for the HVRP in that they do reliably converge to a "solution”
for each of the reduced sets of equations. But likewise, there also exists many (perhaps
infinite) combinations of © and A which satisty these reduced sets of equations and not all
of them correspond to any extrema. Similarly, there doesn't appear to be any practical way to
select an initial estimate for © and A which will guarantee convergence to the desired global
minimum. Since the computation times were greater for this technique than for solution of the
full set of equations, and since there did not appear to be any useful application of this
technique such as providing verification that the necessary conditions were satisfied, further

use of this method is not recommended.
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25 Expanded Equations Required for Solution of the Non-Linear Programming Probiem
and the Necessary Conditions for Optimality

The equations presented in the previous sections were, for the most part, in matrix/vector
form and a bit more general than convenient for coding purposes. The corresponding
expanded and detailed forms of these equations and those equations required for the
computational processes described herein are presented subsequently. Specifically, the
expanded constraint and performance index equations are presented first, followed by the
analytic gradient and Hessian, and finally the necessary conditions for optimality and the
analytic Jacobian. The proof of the interesting and useful fact that the numerically derived
gradient of a quadratic function obtained by the conventional two-sided finite difference
method is mathematically equivalent 1o the analytically derived gradient of the same function
is presented right after the analytic gradient equations.
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2.5.3 Am/y?lic Gradient
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s geversl function J(0) of o (Mr1) vecsr 8, J(#) wil)
sppesr b he @) oo 5);7) s evslested, 1 J(8) 15 He
geners| guadratic funchon defined by Lyustion (7). J(8) )
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ée Com,arr:&a( o/ Onl/y fems con?[arn ,',:/ a C‘oe#fciew/ ﬁmcs
2 o
one 0'( <9k J or gk ) or K = [6 J(g) Aas‘, u»/er 7[Ae.s‘c

C,‘rcums'[ahces, ﬂe .ﬂor'm

J(Q) =J(9k) :agkz""/'(gk*c Vké {‘f,.?,--v M} (?Z)
.,
(‘or 1[116 pwfpose OV[ evaf/ua‘{imy (55\—> ,bJAerc d} ’/J and C ave

Kk
n 1]
S‘Ca/ar Consfawk sl ﬂu‘s Févfc‘culw Cfrcums{ahce . &cé O g

O{ d, /, and C rs aC‘/ua//7 a /a.nc'/f‘ou o'[ ﬂc 0‘//&' 63, /or
a«/(J € {112) - M ] 4%[«(} bud uélc‘/ ave assuned s Le
Con S/au'{ A/Z&n eva,/aaf:'ng the fa&’{lal c/en‘n‘/lt/e Ufﬂ resfcc‘/fo gk.

Sence K s ar/o}{r-am‘/y Cjosen qlnm {1, 2, =*'M}, %ua‘/iw, (72)
is frue for eacl, of the M elements ol @ wihen CVa/ae'[/'y e
_s‘ca/ar‘ ,oar'f.‘a/ /c-—r‘t/a/:‘./c with rafcc-f 7o 2[431/ e/emun/,
C::useikcn{/ , all ﬂ»e faf‘/oé// c/en‘va?lft/es Veﬂm‘rea/ /mr fle

qrac{)Ch/ ave 0/ a S’Ca/ar fuaa(ré‘/f( /‘an fonm o/ fle '44‘_ /e/:‘hez(
é/ EZaa/ion (72)

Z;_ i//as?zka'[e flc /ossié/f frcsence o/éh aha/y/l‘c Crvor (a I‘/{

h umerfca/ eva/ua-/lbh a/ the ?ra‘/'e"’[/ Cepsider /io—s{ e /riae-'//)/
used S“I/au/am/ humerf(a/ aue-sr/ra/ ﬂl‘a}‘l[e %#Crehce mc/loc[,

Fva/uaéo;a 0((-§i 61) éy ﬂ,‘_y hc%/o/ /s Sfecfvzied Z/u
Kk

94,
(_QJ; ) _ _A_JJ ) _ (80 -J(6) 73)
Bl 6 /1o Al ) A%
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?Rﬁ.\n

b%x rs & ?.ﬁ\nt.nlm ln %\«
m.smu.hl.\* [FD denotes numerical evoluation Q\ fhe derivetive
by fhe one-sided fimite difforcuce metled

Evaluation Q\ r\ﬂ&«,?bmt m\ N..w\\o\ Sries va\.vxb.ox Y\,m\\q

+u & Fm@ Dﬁhm@\v“...;
Jor08,) = J6)+ %x\%x (4% 3 %x\& 8) 3 A lg, ) £

Where
|06, | <<{

£ o5 fle n-t] order residusl

:mwbu&.x»*\..: { @t\..ox NNA.& ?\o @ho\sox mwww E\\N. u»\:\\\.\\ﬂb\\,ox V\mn\\h

) dJ _ [ t (dY

+ — F2
% lp, %»_@ w Ak 2\ 46 g,

3
VA%L + % m%

%

lrp

Stace .hn §V§n¥v$m~\\\< covrect <v\:q o\ ~m~ Kml_\w*__.\m s *Nq -

msdxx*\,no\\\ devived value {AWQW_»%J , *&n \vﬁ\‘o\ derivative
ke dJ

evolusted by tle one-sided frate difference methed, mw my D
k

has an wsv\\*R eror of

t (dY %A.&Mu ot e
Q_sv\x*ﬁ Ervor)ipy = wl.ﬂwlww mxvgurv * 3! \%N by Abmxv l..@m&
¢4

(74)

(¥5)

(7¢)
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LJA:‘CL qzor ‘Agk'\ << {
~ 1[dY
(Anslytie Ermr), p, 2 I(;@z
The practical con. ,oapé/hma/ Stgn 1 csuce d‘[ Relsfion ‘4"1" ( 76‘)
is Hhot flere exists > a/»ﬁma/ value o/ ( Aﬁk) LJZ:J 0///»19&

IlraJes-a# Co'nfu‘/er‘ Gom/ou'/af/on Srrors &334';4:)[ ﬁ/e 8443/7'//(‘
Crvor e//‘ned éy /ee/eﬁoﬂfl"/o {?6) fo yie_{o{ fie win imum

Me‘/ Crror (/‘ e. ﬂe Sunn d/ ﬂe ehe/yf/‘c crror sud 7"‘1»9
Compu‘/er‘ Conm pu 'f’&‘h on errorS), ﬂ;‘s Of{{mg,/ Va/u-e 0/ @6’,\,)
ls a/e,ﬂeha/ew/ On ch Gam/a/er cord s:‘(}e (ar eluh/a/emf/// e
number o/ a(c‘gifs available Ar eadh hu.méer) useod ta ﬂt
Cem/oa‘/a'/’o"?» 714 ge"em// /3470‘ Va/acs of Qéﬁ) resu/{ In
/aP?Ef‘ an@/y‘{:‘c eHrors but smafler CoMPu'/’éP Com'au'/a*//‘on

ak)(“"‘) (#)

ervors, aud Vice versa.

For #he J(8,) quadretic function defined by Egustin (72), e
ana«/y{maly Aertved denrvatives sppesring In the right hand stde
(rih.s.) of Ezaa‘/rans (75), (7€), aud (77) are?

A1) .
(ng Gk) = 2a 6’,( yA (72)
(AZJZ ) = 24 #9)
Af 1y,
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aul I 1% O D - =k =0
4o lg) \d8cly) 40 g) = T =

K

Sub stitudion o\ an.\?xm va\ wa Snd m%@ tnts m«W:P\Es m.\w\v v:.n\ku

3

= 200 + 4 +al86)
96k B

?:JR kn N&P\\.\\n ervoy” Ntos. @:o.\\,es thv or mwwv wﬁ:%

(Anslytic h:e.\v;o = hmb%»v
ﬂ&n Same ﬁﬂnt\\ 0.0.\ %Wtw&.oxm NNQ NSL N.NNVV ﬁek\s\ x0<n Nﬂ@. QN\W\:&

more nvn\.\\ m\ no\.ms\n:.:,w Hle N:ok\.v,\ﬁ \rs ctons :\\%L 2id :\Q_ﬁrbm\«v
defmed by Eguatron (72) fst, sud flen Ly directly substiteting Hhem

«v.\o kn “\Qb.:..%o»q 0\ \Nﬁ Wwﬂ&@.\ h\ \m« Q:nlu.s\nk \?Kﬂ k:«mdﬂn:nn
\—.P*Nok J mWwb\\o: \ .w..wv. Mmﬁnm‘h,ﬂu\\\

) [a(6e+ 060 + L(Bc+b8) ~ <1 - [a(8) + LB + ¢

ELN Bic AP%»V
L_,n\, v&@. .ﬂ!\\\\\n& \:Qu MNPV.\E:% QC aud QNV.

In & wauner Q::.\v\. *o fhat nt.m&\n& \o\ ka n<v\rm$ox o\ *\R w&ﬁ:\

3
iaevn\t\? &%&M m&& %\:&g* AM o) b He

(80)

(31)

(%2)

Y4



tfuo-sided .&xln &\\Qd:on mefled s mﬂnﬁv\ﬁk h\

> v () _ J(8+06) - )(6e-26.)
M.mxlmrt..w - wﬂ»m_ﬂ 260 2(a6,)

I

Where
th rs wo.\&. m\«m merement aud fle h\mn\dx;n:.\ I %ﬁ N\..n,\ He Same
value s wsed for beth )

m.r%wn\..\o« 2FD K?o.\ah numertcal ﬂcv\:u*\o: 0\ \mn m_\n\:\V\\(ﬂ N\ N&n
fuo ~stded fmite difference metlod

The Nw\\z.. Series mrx\v:b_? Q\ /\Q» +b&av Is \n\\\.nk m\ mwﬁ.&,o: (74,
Evaluation o\ ./\ak..bm\b m\ .NM\R:. Series Expansion Ys,n\&u

20 = Je) - [ 1[4y Ts”-h 3\ ot o
Jo-16,) = Jo) - (£ sv;a L& JoaT - L[] JosS + &
?\\.m\ﬂ
;%LAA~

N& rs kﬂ r-m\ order w.nuwkkw\

Sebstidution o\. m;wtv\\e:u ?*vvsm vav into mev.\..?. m%*p with hi\\\.\\avxvox ,\?Cm

aly - ﬁ LT@ ) f@.vi A
umx . %xmx 3! %N mxA L 5! %M% (n L + .,.mgﬂv

6t

(54)

(55)

(%)
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>\o.\snﬂ .kw« \m.n xuns?a 09:\!.3?_% QKK \oo.\ns.u Q\ \B&«v \.o\n noxno\\nk 09.\
and do nof appear tn m'Nkw.m,o: Dﬂv. Since He §3&a§u\sm?\\\ covect
a ¢ vatli ¢ alytre eV “ dJ c
valuc of fle dert five s 1 analyf o\\\s\ ed Value Q\mmmkmeh

\W\\a\ Q.g..\v.x.,(n ﬂ.\v\ro.\nk h\ kn \Eblﬂw&hk %?:..\4 a\w.m«ﬁ\ﬂv&q 32&5&.\
J
Awmx

Q_AV 7 hm.u M w:nv\\mwn Cryor OK

. _ 1[4 v : . 1[4 ..
ﬁb!ﬂ.«‘@ﬂ m.\d\oﬁ 260 - W.m.d&%” Qﬁ‘ A>%kv + mﬁkmﬁ @Av«b%‘av +

which $e |A6] << {

FR)
3,

ﬂbsv\Y.\\n ﬁsﬂv 2D IMI A

)

Gompartson of mwkc\..oa (872 witl, mWEv*\o: Nm«w reveads Hof fle loves! order
ferm tn the snaly fic error expresston [or fhe frso -sided frrite difference
§nkox !s one order \.%\n\ m\_bs x\.!\ o_\ ‘&~ oxntﬂ\n& _&;m\a n\..}\n\.nshm
method. Since NG << 1, af least cne order of To%i.\kka tmprovement tu
accuracy (n hamertcal %U&@.\ evaluation can be omumos:nk h\ wustng the
fiso-stded .P\:.«a a\»\..\n\da«n wetled pnstead o He one-sided .m?.,% Aifferenee
metiod. As ta He case of He one-sided \?:.xs h\..\\m\nsnn. §n§okg an Q\.\\im\\
(A8,) exrsts Lhich ctll winimise the net error Q.nc Hle sun of e analyfic
Error v’& .kn h.es.\:\n\ h.bf\t.\w.m_ox g\v hutn.\n\. kn dn* ervor /s !xq\m
censifive to kmu vadue.

NN fhe Lﬂ%}v \::n\\o: s \Nn %n:n.&‘\ Nkvk.\w‘\\.n \rxu.\\,nx Kﬁ\?n\ M\ mer\\es Nwhw\
68
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AWIM mJ and Q.&QTN ﬁﬁdxvpmo ave nvm:\ evaluafed w\ m:®u$*s$:%
2FD
m-wrwr*so”m ?.3\ dﬂwv.‘ and mwOV pnto mnNt@.\SSm mnﬂv and (¥9) to yield

0J
9 = 206, + A
366k /265 « 2
snd
(Amalytec Error),., = 0 (90)
e J6) = ab; ~ 46+ ¢ (32)
The some resulf m\..mu mW:O\\oxu \N& ?.k@av could have Leen um.\w?nk more
mvﬂ\v\ h\ n.bst\n}_:% *Nﬁ Nrﬂb\\o.\vn \t:n,\\.oxm kﬁ%»;.b%».v and ,\N&A 'm&av
defincd by Epuston (72) fist, and Hhon by directly substtiting them tuls
Nmn &0&.:7\::. Q\ km W\@\»n\..\ N\ \k« \Eo-nﬁ\a\ \?y\n a\‘,?n:nﬂ ?n.\\ok.
@nn:m.,aw\v\
5] [a(0c+86.) + 4(6e+08.)+c] = [a(Be-04c) + L(0k-06.) < ]
21|\ _ (1)
ELAA 2(08,)

En:&. t\q\. w\.!\\..hnk V\R\\u m.Ntw\\,o: m%wv and G&

mw?w*so;u QGV and Nwov m&ot kv\ NRA. Xu\@p\ Knl.\v,\.,.\n Q\vw@.n\.w_ N:w\ww\R
%‘:n.\?s Q\Lruxnk sxrg«d\\\ Pu_.:Q *N_« \Coum.skn& A\N?..\a D\:Qn\n..na ?n,\No&
Js ~\m}\\mv\$\ \xn Swe as *\.ﬂ.\. m\ol.\nk WSW\\*}.WN\\ wrk hnrnd )y D}G\\m,a\\V\ wan*.
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Since e ana/yf/t error s rdenif/‘aefly ero (E;zaa{?*an (90)) for Bie
gmera/ Zua/ra Y /’w‘cﬂbn (%uazfran [72.)) , HBere rs no o,v/}*ma/ Aﬁk
which ill wminimise the nel emor [/‘,e.J the Sum of Yhe aae/7 fre
ervor aad the Comp Lfer Coupltstion ervors). T His cage, a
?Ood 7:«6@( m/f s 14: mr abce Agk /aqe eaou(74 A Sa/eév avo
unscceptalile Com'ow/er G:n.;pa/a—l‘“an evrors. 7;,9,«@/4«, velues
o A6 € [0, 10710, will be st factory.
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2.5.4 Ahély{ic /'/cssran

The anal /frc //css/‘at. witl rc:/accf t- &8 a/ 7(46 /er/ormauce (ndex J
Jqllned' éy g:zaeﬁon (37) Is easi// cva/uafeJ ollrecﬂ/ /rom ‘/4(
»-;a‘fn‘x qaa‘/ﬁw LJA?CA olc'Zlncs Cr:_JGJ, %ua‘/:‘on (éf)J ond i's

\ -9 S
/7/6$$lang\/ —BQ[G(AJGJ] = C (92)

YR

%rs //es:fah Can /l/tcwlsf’ le el/a/azr/ec( J‘Vcc‘//)/ /"Om 'ﬂt S'C&/GV‘
ezaa'/fo,, Ay C'raa(g J ) Ezaa‘//‘on {49) /n c/cmcnf ‘Qrm aow( ’'s

[ \
)
Cu Clz Cis cos T (.1!4

Co Co Gs « v ¢« Gp
//ess,‘aaéj = Clz Czs sz ¢ - 7 C;H ( 93)
JLC“" sz C.‘!M L Cmq
l U4

ﬂe ana/fﬁ‘c //c_sr/;n wl‘ﬁ{ rcs‘/ecf f—.» 6’47‘1: Caus‘/ra(‘n'/ 'an‘/l‘on ¢(69
defined ly éiu:n’ron (53) (i.e.J é}ao*/)‘ou. (38) wit, B= Z',.,,) ’s

Hocsros [400)] = (6 [vil0)]) = S = -2}, | (59

2006*

w[ere ‘He S’uLscn‘f‘F C deno‘fes S C’o/unm ma‘frrx /crmu( fnm a
a’r;gm«a/ ma{rr)( L/ SKT{{l‘nj ‘Hc c{iaaoxnal e{cmewls ;o =Y S'Mﬂ/f

Co/umn, aud U¢ s ﬂc C‘ahS"/Vé)V'"( /orm pscudé-{a(en'/»"[/ +emsor
0( ronk #-ree and C{'WEMS:‘on (MXM )(!j—j-)
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7ZI‘S "es.'u/lZ Can //4':(.‘1/‘5'3 [e a/rect‘/ Oéﬁfhd /rbm 14./e c/cmch/
f}m a/ C’“‘é["é (0] a{c/meJ Ly é'zua‘//bu (71) It /J‘C’om/eﬂleh{
e/el'l uSlnj fé:: ho'/a'/oh Zé;. cva«/ua‘/f 'l[[c ”CSS‘/ah /zor eacl
c:[‘euf /( K= [, 2, ,“, 09[ 5[[9) or %«rve/eu// /""'
each colum /( =1, Z, -— of Crea{ [(ﬁ (9)] Thrs
P,M/u(es a (MXM) /a'f{/ce (ma‘frfx) o ﬂe reuk Hree few sor
e'[mec[ [_,y é’iaa/on (94) w4 CZ covmponol_s‘ to ﬂf K d
element / [é(é‘) or e¢a¢v¢/con{/ to fe fe- d Colum n 0/
Grd [410)] .

[ for k=1
‘ 3 T 52 c

| //mmé[npci(e)] —A—G-(G%M(aﬂ)f = é;ﬁi
(050 -0
0 { 0 0 ’

g a 0 0 O

”w%wq(g)] = _2‘? 0 0 0 | : (9é>

\a . 0/
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//essia.ub [%Ck(é)] =-1

(97)



For k:%

//essrag [¢C_,:£Q)] = 3%’ (GMJ%Y@D — Sz%c.ﬁ_

Il'/essl'aa [d’c ’(0)] = -2

6l
Z

4

0

00 -+-00000
0 0

%ot

ooooo
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Z.S.g %aaft‘OnS /‘/ZI‘C[ 0&,4‘0: /’Ac A/ccessavy &ndi‘{iw-x {or Offlma/i*y

ﬂe rna'frrx /-‘onw 0‘[ ﬂt C{haﬁ‘ans u[icl 6/e rne ﬂe m:cessar/
Cona[h(a‘ons fbf a{o{m,a/i'// are a{c%fuea/ éy é'zua‘ﬁ‘ows [50) and
(51) aom/ are frcseh/ec{ Lerc ‘57"” /Lr Convepulence.

| T
Gmd@}[@,)\] = [%] =0  with dimensron (3—'1 X l) (50)

v

9(0) = 0 will dimensten (%“) (s1)

ley] = J6) + X4.(0) #5)

), 4 )
e &,

)\:. ):3 ) C#c(.) = 4‘73 esch with Aimension (’—% x{)

b (99)

L !’1‘ k¢ﬂ‘ }

and

O = [-g—l tith dimeasion (?’% X {)
J

/Uo?z/nj {[C S’CQ«/aV 7[00""1 0/ Sé 35 S'Aowh é/ Elu;‘/{'op, {Sé) ahd 7‘4(
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defintfions of &, @.‘V.L Uy whock ﬂet.\\n;ot\‘ mWsw.\_.as (¢s),
mw:n.\?su ﬂ*@ and AM@ Con be expressed In scalar \oﬂ.: as

-

(6] [A -o6r-07-07) [o

4, Ae = 0; -8, =0, 0
. - z . Nll z QDSM*VN::N
ﬁm@v - w - >w bm . %m R = w E*\OJM AA OOV

) N- 2 A
, ﬂm\ Ay - O O =8 | 0

QN a5 defined by Guatin (£5) can flon casily Le
aﬁwawﬂk tn scalsr \01.3 E\:% mw:.mdr \“Mv *0 u\ncmrm (\NQV\
Equstion (99) fo defome A, aud Egustun (100) to defme G.(O).

Hox - DL+ Oubiehdor e - v dgdy) (oD

where
M.._@M_mnavv Is fhe scalar ﬂ?3: e.N ,_ﬂ@v as expressed r\ mw:o.\\os Gmwv.

N&O\Zsu t @5\?& @uvx Nm.wvg and Qagvx :®~L Can be expressed as
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WO = £C.8 + b6 « (a0, + (86, + -

RN szml
+.w.m.F®M + ﬁD@«@u + m.ﬂ.%n@.... AL m.\t\_%ﬂ%x

P i@ G4t

« v e s .*lmwxmw%x

.
-

. * :-&:@?-o @I
..LN,mxx @M
+NAUu®p.«m~®~+mu®u+ e e e +mx®1v

+ Z*NM + ZNN.MN.TZ“NN.T s s +Zamo~z

(-6 -6 -a)
(A6 -07-00)
t yuﬁ>ul®w~|®m~| Dmuﬂv
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The Aﬂ:&.\wo‘.n \U.t.\tf& .\«ut. Q\V\:v.\\.ox o\ mWrb.\?r NW@ rhf% .thO.\?: QQNV

aud @:o*./o: ng Oot.wlun ~R~ xr\\ sef u\ scalor nﬂwv.m\oxu t\xom m\n\,xn
.\\_n heczssary hoxk:n»oxu *.o.\ o\.*:\_v\..*v\. M‘nnjbmv_\v\

3}

w& = ﬁ.ﬁ ®N + mWNQF + ﬁﬁ@w i S ﬁ;‘_ @I + .N%* |Ny*®g = 0 -J
W.Wn - h.ﬁ.@« + ﬁ.ﬂ\mﬂ+ ﬁ&@u* S X mw!m: + Nmﬂ ~2)\ mu. =0
.wmm - mmmﬁ +mump+ Cas ®w+ e e e s e +,mwxmx t 24, -Nvﬁ@u =0 Vm:wv

-

: . ‘ . . Zﬂnﬂmnvﬂ\ mus&ﬁ\‘,oxu.

W.mw = .mi@, + A.uxmv.f Cagbst~ = = = = - +mxs®x +29 |Nv:.m.®x =0 ) lor Optrmality
www*.utwy,or =0 vxqﬁuo,g
5. =" 2h% =0 Al =0
.uw%w = - .NVmeu =0 yugw =0 V lwvtw*nF:A m.uﬂro.\\.o:u Qoﬁv -
|WL| = - \ = . =
o~ " Pely =0 % =0

2

E&@.\n x&a ﬁe:mx\!.a.\ QN:o.\\.oau Sre &n\?«k w\ mW:v.\\os bev.
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2.5.6 Analytic Jacobian

7he solutrons described 1 Sctions 2.4.3 aud 2.44 of fhe ﬁs\\ sud reduced

sets u\ n&ﬁ«»&rﬂ whiel Knk.:n fhre Hecessavy conditrons \M\ o\*\!o\\%( \\.nc
Equntrons \NQ&\ \\Qw& and (104)) reguire cvaduation of the Jacobran of

Bese mNro.\..osh s\k.\..xﬂ He solution process. &\\\ut%& He 0.\\93_:“ Q\ Hese
nﬂ:v.\\oah s b\?..\ﬂ@.VQ \&n 0\&0.\ \%\ uﬂ.d. 039\\5.4 AL S mﬂ\nn*n\ mo Nn @t‘.\s\.
Qawv \?.u«s l«: %N:&.\\o\. NNQQV\ and \\:v\\\\ @x&.\\ea \\Q,\y. It > Convenient

st tors porat o define four ectors s Bhe (MXL) dpmensiomal vector \lnu;.\\\.ﬁk

of Some of fhe wnhiowns (le., the shek vavrrables ou.d He Nw%..mxm?x ?:\*\\\\va
fhe «MS:C dinensiona! vector m_._a.w ﬁo:.\!,un.o\ ox ol He k:%&&&.u Q.n: Hoe control
snn.xo\\ be slack varisdles, and fhe N&%wwx%\g :.:\\‘.\\\,n\.wv\ the ﬂwmu X mv dimensions!
vector m .008.\5,.30« o\ ovdered MWQP.\\?.« N\wa sud ({00), dud the NN\SXC
dimensionsl vector Y of fhe ordered set of il He cpustions defining He
necessavy conditrons %\ optimality (re, W.«O.\}xu (to3), (foo), aud (o).

.w\.\mhs\s,ﬂv\\\\ lo\san
X T

|
|
'
!

R

I )Y = [o, 0,0 .R.u..... AAc Dy ees A ith dimeasion ?\:;v.

b-|5)= 2= |7

Noting flot
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tw*b k..t.&:.f.n} TPI xmv

mnomv

(106)
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T
mkao.\sos QQMV tn metrix %0\.2 s MWMIQ = 6 t:&. Q«\inxn\,os Nzx O Qo..mv

26
mvmtw*\d\. Qgﬁw tn metrix .%-2: Is ﬂnmm.uv = 0 Lith &,\xmsn?x m.\,m.x\v Qamv
and T
N W = 1mension ] X
mw:&?: Qo&.v tn matrix form is \W.n%n O wifl, d \N \v ngv
%&wﬂ #WWEA-
o [t () _| o] "T_h 4.2 . ﬁ 4 o (1
el Eqstion (100) &m@ % 3 M%u ..... & _"& mm. mm aee ﬁm tith dimension «erv (110)
and
mWSO*?: ngv road \ T
= |Bpuotren (100) | =\ 7| ={2L 2} 2 ..... Y SRR ,
- [l e Rt R A g e 0
Euaton (104) z
oL
NNQ. %\ kn %p\\hﬂ* o\. ﬂNSO\?»M ENRN \nk.:n \Rn necessary hg&\,*;xh “\ Q\.}‘JQ\\*\\ )
L)homuba = Wm Cﬁk n\?xn:h\o: ﬂNKXN,.S,v m:Nv

H o 9:39,@.\ fo \wxw*\,ns the ,\wnorvs wnno\L..su *o
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[a\lf} rQ : RW JACOBIAN for (113

30) T[S 1T) | Rl St of Epatiors

where
fé';;'
Q = -g—;—-’-} Ld?ﬂr dlmcnsf“’” (%%—4 XM) (”4—)
_ O'F, ~ 3M .
R = a J with c[:‘mcns)on (-1— X M) (“5’)
WT
S = a% S| ith d’,‘mcnsiOn (—’2— xM) (Hé)
7= 2 ok duersen
— S_YZ' aa( | Lt imenSion (—Z X M) (f i?)

The Jacoé:su Can Le exlﬂre.rseo( n e[emc»-./ /’orm !rom

%ua{lons ([03) (fOO) and (fo‘f') L using é:{ua‘//ons

(119), (115), (116), and (117) fo eva/ua{e Q RS,
ahal T resfecf/VelyJ sfeu‘[rca//v
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jmm: n.NvJV A.*N A.G m.i. . . . . . Dx
Cp ADP.NV ) Ces Co¢ . . . . Com
Cis Co (Ge-2)) Gy N Cam
Cue ﬁ~+ ﬁu+ Am..x-& yU : : : : y Cen
Y Y SR (Y
20, -1, O o - ST
0 0 - 24, -20, . 0
0 0 0 0 . 0
0 0 0 0 . 0
ﬁ 0 @ .O .D . . . . ahm?-c IN%!
- —~—
M
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INQ&Q Qnuo..
-2, 0 0 -~ -~ - v

Q\N%ubo....
-Qws.....

0 20, - - - .
0 -26; - R A

O O O o o O
S O © O o o
cC O O o O ©
S O O o O O©
S O o©

with
. . . . lex &?:n:u..oa A:.Wv
o - — 10 (B xm)
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I was assumed IZ,;{ M=( oud f:{a{ ﬂe Constra inf éC'/fo'@ WS
Known 3 priori for fhe reduced Sefs a/ ezua'f/‘ons /c%‘n);zj necessary
Condifions ,Zor Ofﬁm;\/ié' as described 1 Section 2EE£ érres/on/a-(/)g
fe number a'Z au '{'hbwas and eZua'/ionS to be sofved cuss reduced /:mm
269 éy af/rofriafe//v S‘e/ecfing Hree o/ {GZUGZZJO(L A‘ , ,\?_J )‘3}

fo ée Jero #r cacj Con:/raihf dc?liwllf /assiét‘/ify ad 17 e/:'»u'nafinj
fe suifJ,‘nj eiuaz&ns (éjaa/r‘on ([ 10%)) BI{o?c‘{/cr /mm Blose ts Le Sofved.

pe-,[:‘ne
¢ - {ﬂ for k€42, 8% with dimension (5¢0) (122)
K

w/efc y‘: is dc,[:‘nca/ acr,ordiug ILo

| Farameters \

Posslif//:{y 22:/, fo Y; corth dimension (3x1)

! Ky A, O, Y: - [)“XZX;‘IT

2 MO | T = fe A k]

3 o N2 & o= o ) >\3]T

4 ) VR PR & Y; = [, & >‘3]T &Uﬁ)

g O, O, ) \¢ = [&3 >‘1 >‘1]T

. AW ds | =T o6 AT

7 O xR =16 AT

g N A U S



Then
i T
{ = [91 92.93 9{— 95 95:)‘1 >‘z>‘3] \

o o

= [6,6,0,6,6,6' 40\
= [6,6,6,6,0, 6, 0]
= [96.6686 400\
= [6,6.6,6,6,6,0,), )]
= [6,6,6,6,6,6,:0,0)]
= 16,66, 6,06 10,0\
%= 16,6,6 666 0.0]

with
A imension (114)
(9x1)

RS T O S V=Y

The eiué‘{/‘o'ls 1Lo be selved are speca‘pea( Ly ﬂc E vector
Jcﬁ'nc-a/ 47 é’zaa‘/foh [ /! 0) and C’orrCSfcnélfr?/// He Jacobjam is

r

3E | o kel 8

(JA@B’A”)k = g’ vith dimension (9,(3) (U‘S)
L k -

It ’s ConVCn:‘cn{ [‘c Ipar‘h{ton ﬂ.e Jac:oéfah écwra/inj ?Lo
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Y . JacosiaN  for
— = " or r < ».. ve e M
W@r ﬁo ! mrw— M M 2 .w Nﬂ&ﬁnﬂ& mm*h O;R[WWU*\,Q;M Qn.mv

C\_n\n 0 rs u«n\?ﬂk as \\n.\wo.&\\ N.\ MrN:i Tons N:*v 3nd m:mv \o_\ K = h WSL is

() G G G G Gl )
Co  (Cam2V)  Cu Ces (s Coc
Cps Go (Cm2)) G (s G
Co  Go G (Ge?d) G e |([°
q = Ww. S e G Gl (6D G
Cie (ae Ge Cee Ce  (Cum2))
|||||||||||||||||||||||||||||| with dimension (9x6) (127)
-2.6, -28, 0 0 0 0
0 0 20, -16, 0 0 3
f(o 0 o ¢ -10,  -26,
and ¢
R = .WM...P for k €{t,2,---- 3} with dimension (9x3) (123)
My
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[,'[ k:f{ cons'/re/nfs [/ 2, M3areac{}vej x:: [>‘i ),_)x;r; and

/ \ \
-26, 0 0
-24, 0 0
- 0 -24, 0
R, = [ ___F} - 0 0 -26 (129)
o, D 0 -24
_—— . - wt‘{‘L d(mc'nsfon(9ﬂ3)
0 0 0
0 0 0 3
Lo o 0
- —~ - 7
3

I k=21 Constraints 2 aud 3 ave ac‘fivc, y:= [Oi, Az )3]1', and
)

o o o |
0 0 0
0 '2.93 0 &é
RL = BF = 0 0 -26s (l30>
2 0 0 "194 J
—_—— e = = - wiﬁ. a(lmcnsfora (9)(?)
24, 0 0
o o0 o0 |3
L & o0 0 )
3



T{ k =3, Constraints 1 and 3 are active, Y;'z [Ol,_ }\1 Xz]T; snd

0 -200 0 ))
0 -20, O
0 0O 0
s o o |I°
R — b':' — 0 0 '255 ({31)
3
PR 0 0 -26 |/
__________ wrﬂ» a(zmcns.‘m (9 xs)
0 0 0
20, 0 0 |13
L0 0 0,
3

(0 0 0
0 0 0
0 0 0 /
- o 0 0
e [’5%} |0 s (132
f 0 0 -206
_________ 6_ L.)Tﬂ-, dlhtc“S/‘cn (9X3)
"Zd{ 0 0
o -2d, 0 3
0 0 0
¥_._v———’



- T
1{ k=5: constratnts [ sud 2 sre aciive X;z [013 /\1 )\z]/ aud

R5:

11[ kzé/ constrataf 2 Is acf:\/el yz’ [[K, X5 /\z]t snd

Q/

Q/ |/
1| 19

Q/

“| 1

(0 -20, 0
0 -26, (
0 0 -20,
0 0 -0,
o o0 0
0 0 0
0 o0 0
6 0 0

0 0.

3

(o 0 0
o 0 0
0 0 -16;
o 0 -20,
6 0 0
0 0 0
24, 0 0
0 0 0

0 -, 0
S

\

g

Ts

v

/
\

>3

J

(133)

&)Iﬂ. O(imcnsion (9)(3)

(134)

wrth dimension (9 ;(3)



2Ll
Iv{ k:?) constraimt [ s éCQLNC} [ = [&z &3 )\1] ) étw{

r 0 0 "thww
0 0 "261
0 0 0 .
N 0 0 0
R, = L}:} =0 0 0 (135)
0 \/
1' -0— - - -0 ————— wfﬂl J{IMCnS/‘on (913)
o o0 0 |
-2, 0 0 \r3
L 0 -2, 0 |.
\__._\/———/
3
I k=8, No constraints are actve, ly = [, &, 0,]", sud
/ \
0 0 0 |
0 0 0
0 0
= 0o 0 0
Rs = [ HJ =2 0 7 (13¢)
Nz 0o 0 0 |
___________ toity dimension 9x3)
-Zdll 0 0
0 -20, O 3
0 0 -24,
~—
3



26 The T-Matrix Generation System

The stand-alone code URAND was written to define the elements of T and Z, (see
Subsections 2.1.1.2 and 2.1.1.3). Pseudo-random numbers were generated from a uniform
distribution (Reference 8) and employed in this code to define these elements in accordance
with the random concepts described in Subsections 2.1.1.4 and 2.1.1.5. A listing of
definitions of the principal parameters in URAND including all the input parameters and a
brief description of the principal routines comprising URAND is presented in Appendix A.
Listings of the VAX/VMS Command File used to execute URAND and the URAND FORTRAN
routines themselves are presented in Appendix B. Input to, and output from, a sample case
is presented in Appendix C.
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27 The Stand-Alone Optimal Controller System

The stand-alone code OPTIM was written as part of this research to provide a means to
experiment with, to compare, and to evaluate the controller schemes described herein.
Numerous controller options (see definition of IOPT in Appendix D) were provided to specify
the optimal controliers defined according to the theory described in Sections 2.3 and 2.4 and
the pseudo-optimal controllers defined according to the theory described in Section 2.2 and
variations thereof. Several IMSL MATH/LIBRARY routines (see Appendix D and References
5, 6, and 7) were employed in this code to accompilish the required computations and to
provide verification of analytic gradients and Jacobians. A listing of definitions of the principal
parameters in OPTIM including all the input parameters and a brief description of the principal
routines comprising OPTIM is presented in Appendix D. Listings of the VAXY'VMS Command
File used to execute OPTIM and the OPTIM FORTRAN routines themselves are presented in
Appendix E. input to, and output from, a sample case is presented in Appendix F.

Early on in the development of this code during the initial verification phases before the T-
Matrix Generation System was developed, T-Matrices were obtained from actual
CAMRAD/JA (Reference 19) closed loop HHC simulations of the BO-105 and S-76 rotor
systems. HHC problems of various dimensions (i.e., various T-Matrix dimensions) were
examined. A typical and illustrative example of the behaviour of the Optimal Controller as
described in Section 2.3, was a 6-vector HHC applied to the four bladed S-76 rotor system
with a 6-vector measurement. The Control Vector for this case is:

@ D

oW

ContROL VeECcTOR
RoraTing FrRame  (137)
4 Biape PrrcH

@
i
D *PQD

D

AL

The Measurement Vector ts
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\

( Drag Force

Side Fo
[7; ;Ce Measurement Vecwr
= e Now- Rorazing [eame g
z Roll Moment e (13 )
lDt'ch Momch{ 4-per ,eev Hulo Loaals
g %rzue J

Aﬂo/y/hj 1%: same mefhiffulf C@ms%m‘rﬂ[ //mi/ ]é; eac[ r/ﬂe/m‘fcz
C_ou‘/ro/ Aamom‘CS, l‘Za-/ ls Sc‘fﬁnj

U.u.j)ﬂ = C/.A.I)Y‘-’_= (/.a./)yg = R (135)
n %aa‘lllbn {12) or (13), flc o/ﬂ'//ma/ Va/ufs o/ gqﬁau.( 4&'
/"" n=3, 4, aud 5 aud /or faramc/rrc volees o/ R were
alc‘/eﬂdnd af/ﬂj {ZC S{&J-A/(she 0/7//'»‘3/ @n%'o//er‘ -C/J/em

/umtj its verificetion process. fle resalts, whicl, ave /,méngj Y
E;(AI’G S: é 64447/ CXAI\LF'{ lty/ﬂt‘(al LCA&VI‘O&I'/‘ S?CC{;Z;Cé/ﬁ’

0. From 3 pesformsnce mdex (Pinpy ) s/ar/,'nj value
(p[A/DXo) a/ 32.9F, e Offlmz‘ra‘//bn process yie{a{S

3 performance index value PINOX < PINDX, ¢4

all cases.
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f_ For R /aqc enoug[ (/',G.J ,€>.2.0463)/ rone of #f
COnS"/Val'n‘/S are aC//‘VE’ (/ e., K >(jﬂj)y; 'ﬂo.’

n=3 4’, S) aud’ #»e Vcsu/‘/ikvf /er/ormahCC tndex is
}c«rc as rczairea( Ly ﬂeorcm S i S;czliou 2.3.7.

2. pccreasv‘nj R ts 2.043 aud belows activstes He
454 AAtfmonfC Consﬁ-arm[ [S‘ce Iq‘;ure {) Auo( causes

7%6 minimum loeryémahae I dex [IO[NDX) I[o AP greafer
Fhan gero (s‘ee Fzgarc 5),

3, further reduction of R to 1.3448 aud beloww actvotos
fhe SH Aamom‘c Cohsr/le:‘n'/ ( See F:"ﬁurf A ) auad ceuses
ﬂc minimam per/orpuahce /‘nch [P[/UD)( ) ‘/o Increase AI/
== Sbmea%af Arglcr rafc (S‘cc Efazc S’)

‘6 H(r//er rcc/acﬁo»: o,é Ie Z[o 0,7697 adée/:u ac){‘;/a/es
f[e ng Aamom‘c Conszé-aln/ [:ee Hyarc é) snd cBUSeS

‘/Ae minimam Ferforménce mdex (PTNDX) fo tncrease at
a Al‘géa’ ra?‘e )’Cf (SBC ﬁgurc S') un/}/ K rtac[es Jero

af &JA/CZ /Ot’n'/ fe /DC"}(""”'G“'CC tndex /p[ﬂb{) /as f/f
(/a/u(’ ‘ﬂva‘/ /‘{ LJOu/J /-QVC Ni/Aau/ ﬂc Affﬁta‘/l'oh o/ aﬂ/
HHC of Sl (PIMDX = PINDK,, = 2¢.55).

From Fgare S, 1t is noted Hhot o very restrictive constraind

ﬂﬂj’ 0/ 0.8 Jejﬂ—’? c'5/”)’/"'34( '/0 afl ﬂrce HHC Jsrmonrcs
under considerston still yielded a 907 reduction ferformance
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index from thel obtsined with no HHC of oll. From Frgure €, i s
nofed thsf the decres sing order of the optmnsl unconstrained volues
of the harmonic coellrcrents of tlerest sre the €4 farmontc, He
5t harmonic, and te 3rd hormonic. @ﬂ’&ffond/‘hﬁlyl fle Constratuls
become active in that order as ﬂe Conpon //(,/' value (/‘.e._,
R) /s c/ecrcaSed. From /C;‘jafe 7, it 75 noted fat as He Common
Lut velue (0. e.,R) Is a/ecreascaI, fe /Ae:e ang/e o/ He Hree

/;armom‘cs a/ ih'/cren[ ap/’ear ‘/o C/uS“/cr azow/ f/c V&fac 0'4
- 135 dc}rces.

pun‘ng the Vcrf/ica‘/zbn process, cases Lere run Lo fest the
re/iaéi/i{y sud robastacs s of He 0/14’/-—.&/ Gntroller Sy stem .
Numerous T- Matrix dimensrons up % [Z‘fx ll) Lere onsidered.

A ,oarfla[ lis{ o'[ fhese Cases z[ogc{[er- witl, Phetr Constratnf
activity aud resulting performance tndex yolue (J) for eacl,
Controller n ycsf/? ated (i.e. , 1) the Optimal anro//erJ 2)H ¢
Conventional Gomipoller, sud 3/ the Qotimised Comventrons] Catoller)
/s /Jresm/ec{ tn Toble {. 7Ee cases with T=Mstrix dimension s of
He /4’”" [,U xé) qéor N = 6,7,8 « -+ 24 are descriled wAselacn//y
in Sction 2.8,

One d/_z[/e Im/or/:-mf f‘uz/ica'érs a'[ a/gor:‘ﬂm Ve/ra[n'/i‘{y anoe
n/:us/he:s s u/a‘/ Aaffens i{a .sz«/,[rcien‘/ number 01‘ he

hﬂc’asuVCmeuf, Seusors are 1%8/” Ca«.rinj /Ze Numw, Zer' o/
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VCmam:‘nj Sensors (/V) fo be less Haun He number o/ avarlable
Controls M) (/'.e., N<M for T[A/JM)) From a4 le {, 1 coq

be seen an{ a// 7[4ree COn'/ﬂJ//CVS S‘/l// Sbek =) S‘o/a/ion a«o(
ﬂa/ I[[e O/?{‘ma/ @m{—v//er yic//.ra /er,érmauce /n/ex /eS'S ]‘[3‘4
or ei“a{ l[o 'ﬂa/ 6‘/ ﬂe a{ler I[A)o Cbn/hs//crs* %e r‘m/oor‘fan‘/

/oz‘nf;s I%af wi% tqp e,(cc;af/‘an af ﬁ,/c /c;chcfafe Cese ulcr-r
N=0, all Hree cortollovs yze/a/eo/ 2 resulf. 7he case there

N =0 can easily be howdled citl Stomple /:;/‘c.
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2.8 Numerrca | S:[w{/ of Aervebostic Effects éy [M/moétcmy Some
Deyree d/ [fm:a.r De,aendalcy ‘/o fzc fow: o,’l 3 /{/m - Sjuarc
T-Motrix by mesns af Hhe ‘;ora/ﬂor‘/iana/ /an:?a/tan " Scleme

In accom/ance ldl‘fz ZZC ”Pr‘olaorllﬁma/ A/avfya‘ﬂhn ufy/( Sc/cmc fb /’4“{5/
aero efasfic €#e cofs as dc;cn‘éed tn Section 2.1, 1. S 3 numertcaf
Sfud/ O,Z 2erpehstc e#ec‘/: Lias acaow]o//:r[e/ /ora fami/y of
T=Motreces woith dimensrons (M) where M= 7,8, 024 3ud
f‘br f)r-o/wr{loha«/:“éy Cm-?/é«{&' [ C tn 52«&‘/}‘0” ( t?) A l”!/w//ﬂaramt'/tf
KATIO o fe T-Mstrix Generstios, S}Sfeh,,) /4‘04;4 1082 1o 75 Z.
An p‘mfor/aaf class of coses sve Hhose /,r whol C'f[?SZ /002]
becouse a;( éof[ Hle &C‘Kte/ /9//:/*@/ c/arac/er/r/fcy d/ Yhe ircraff
tn question (5 geaerows allotiznce of p o 57 434,, Levsmontc
étn/ma /n ’Zt aﬂmff) sud Yhe S?’afzb‘zarca/ nelure er/ He 4PFD/’W’"?\':"’@/
U&Wg&‘/i‘anu fyff s‘de&»c w/c'h a am%m, //:r‘/k/éuf/"on /s a.r.ramd.
A r2prd decrease i Minimum /ﬂf‘,érmahet tndex %m/;‘/ éy #.
Ptimsl Cntroller (defined tn St 2.3, 1) for ases Lohere 1o
Constraint sire aclive fyprca/é, occurs near Cz952. A CC°fz{tv7 Ly,

7Zc minimum /ﬂel“;ér'u:aacf in/cx \/ wm/u/e/ é;« ﬁe ﬂp'ffml
&n‘/["o//&'/ fAC Qnaenzlﬁbna/ Gnlﬂi’oﬂe" /@hdlh&'ﬁbn,z.zo 2)) 3(/4

ﬂe ﬂpffm/.r&/ a«ucw/;'ona/ Qn/ra//er é/c/t‘ned lq fecﬂ*an 2.2, Z) 'lor
T‘ Mafrb\' a/fmensz‘on s* df (/U Ké) w[erf A/: é, 7' 'Y, cee 24 toag

¥ The rq[emcf T-Msbrix d/‘men.rian from 1.«41‘54 Tﬂa[riccs a/ S‘maj/er
d/mfnsfohs Lere C[&'ﬂ/cd /s (Z‘fk’é). ﬂe /€ow Duf/fca‘/lbn Rl‘n{cr'-
Vector (Mpuv' pacramcfer [R()Ia/(') f> e T-Madrrx Geveraion Syifem

used to s,aecr,[/v row da,a/rc:'/ion tm accordsnce witl, Ezaa{faa (9) is
IROW= 4044041 1234561023456 01,234 5¢,
| |
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Com/oa/cd {or RATIO vslues af I5% aud 1007 sud the resalts arc
Pre:cn/&( o 55601:: S sad _9, m/ccﬁvoly. /Uo‘/t '/Zaf Boe lines Cormcc{/‘ng
The dots points tn Bese [-01(7(”1: define 20 em/gé/e, nol a continuous
,[wnc%‘on. Ze 0/2{‘»1&/ &/n //cr m?ﬁoerf;rmcz/ 7%( ozZa— fwo av;/m//crs
for il dimenstons consideved ond, as cxpected fle Gtimised
Conven Yomal Contboller y/‘cUe/ /cr;/ormaucr Molfees Zcﬂjcm IA/@‘/ off
e Dtormal Coutyoller: oud Haf of Be Guyendrons] Gntlolfer, T4

is noted Aowcua; f/af Ye ﬂ/zfm,yu/ Gwc“%%/ Coutrsllor s an
(deal case “’/k[ weld éf ﬂl’f/ﬂw/‘f L reafise Ih/anc‘#'re, lf//ovz
ﬂf 0/24»”::\«:4 anl/thlebha—/ Ch/?/o//ar AQ‘S’ %f S aé*fhw/bh Yy Zga{
af ﬂt’ J/f‘ma/ Gu.#o/é‘r/ Hors /oor// Cbm(i"/fauca/ h’a%fhﬂa'"/ﬁCd///
aud », gc'aera// Ae_a meit 244314 m—.e k/ttfmh in fzeﬁa?/éw,k/ooa/ a){
Be g lobs! soltion.. Qﬂes/oom/ffgéw ;03 He Jeast velradl, of Ue
%"f—'f Cﬂ’h'/ko//ér: 2.d gwera//y r?uih:.r S‘l‘ghf /iaeuf'& more Cbm,vu'fer

ime Zoo process.

The minimum fcrformancf (\m/ex J Cam,puvle/ 47 ﬂ( 0/:‘/0»&/ &fm//er;
ﬂﬂ’ GDnVew/fona/ Gaw/ro//er , éwa{ 7’7{{ Op/fm/:rcc’ Gnuen//bm/ Con'/m//er
was compuled for RATIO values € [752 1007] sud T- Madrrx
d/‘meJqJI“OnS’* a,[ (A/Ké) where N= é,7 F, oo 12. The results
are /prcrcw/u{ in ng fo fénuJA ¢, re:;occ‘fﬂ/c/y. As tn He
case of fhe data presented in F;‘gurc.e £aud 3 He J/?‘mz/
Controller aa{/ﬂer/a rmed The other contillers. In accordance lorth He
reilurcmenf 0# ﬁeorem 5 m _Qc‘/ron 2.3.2 ovd fe row Juféce‘//'oh

¥ See prcw‘aus "loofho‘/e.
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§f§CI'FI‘Ca‘f/ons dcvzr‘ncc{ 47 ITeow (‘)’: ﬂ,e Mminimum /oerformanc(’
ihdex C@n«fm‘/u( L/ )[Ac 0/2[1»-&/ éh{/"ﬁ //Cr‘ rs )Jca/}%//y ‘gcro
‘4’,. N=¢6 rcgsrp([ess o‘[ fle RATIO V&(Ulf Stace ‘Mc T*Ma{rbr

(s Square aud non-sv‘ngu/ar- b Had Cese, ud slso L//eu RATI10
/ns > Valuf o,/: 100% q[w Cases A)Aerc N>é Shnee no new

fn{omaf/‘on /s Co;r/a/ned fn #e T~ Matrrx Fows affe,- He sitl.

The e»(orcmen-/iohu/ f'a,ﬂl’d dccm.SE tn the minimm p&/ormuce

m/cx /or ﬂc alb{/‘me/ Couft-o//cr' l.)l"fé ho aC‘//'ve conr‘/ref'u'/’s Cevy
c/ear/y be sces ta H‘g(l"u‘ 12 ﬂrougl fé.

X See previous faofhofe,
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2.9 Addition of ® Least Q\YQ\ BLound Constrainf on fle Rw%s\.\»\q of
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3.0 CONCLUSIONS

Thres optimisation methods o solve the helicopter vibration control problem were identified
and implemented. These methods attempt to determine the optimal control vector which
minimises the vibration metric subject to constraints at discrete time points. These methods
differ from the commonly used non-optimal constraint penalty methods such as those
employed by conventional controliers (e.g., the Deterministic, Cautious, and Dual Controllers)
in that the constraints are handled as actual constraints to an optimisation problem rather
than as just additional terms in the performance index. The first method is to use a Non-linear
Prograrmingalgorithmtosolvemepmblemdirectly. The second method is to solve the full
set of non-inear equations which define the necessary conditions for optimality. The third
method is to solve each of the possible red;cedsetsofemalionswhichdeﬁneﬂweneoeswy
conditions for optimality when the constraints are preselected to be either active or inactive,
and then to select the best solution.

Cases run to date indicate that the first method of sokution (i.e., the direct optimisation of the
control vector subject to constraints herein referred to as the "Optimal Controlier”) is refiable,
robust, and easiest to use. The algorithm employed for direct optimisation is particularly
suitable to this problem since although it is designed to solve the general non-linear
programming problem, it employs a successive quadratic programming method to solve this
more general problem. Since this method initially estimates the Hessian of the performance
index and constraint functions and then updates it successively as the quadratic
programming solutions are updated, and since the only difference between the problem of
interest and the standard Quadratic Programming Problem is that the constraints are
quadratic rather than linear, the Hessian is invariant to the optimisation process and is
analytically known. Comrespondingly, modifications to this successive Quadratic programming
method which will enhance its refiability, overall robustness, and speed, appear feasible for
this particular problem of interest.

The second and third methods (i.e., solution of a full set or solution of reduced sets of non-
linear equations which define the necessary conditions for optimality) successtfully solved
systems of non-linear equations defining the necessary conditions for optimality. It doesn't
appear to be practical to use these methods by themselves, however, because there exist
many(perhapsme)souionstotheseequatiomandmrealwaytorecogrisemesouion
yielding the global minimum or to even guarantee convergence to this solution if it were
known. The second method can, however, be used to verify that the necessary conditions
are satistied when the first method is employed. The use of the second method for
verification after the first method obtains a solution was made an option in the stand-alone

program.

The conventional controller was investigated to provide a convenient means of comparison.
In addition, options to directly optimise the weighting coefficients of the conventional
controller either in a specified ratio to one another (i.e., the "Conventional Controller” as
referred to herein) or individually (i.e., the "Optimised Conventional Controller” as referred to
herein) while satisfying the constraints was provided as a means to obtain a more
representative and meaningful comparison of controliers and to help access the relative merit
of solving the actual optimisation problem. Occasionally a mathematical conditioning problem
occurs with the direct optimisation of the individual weighting coefficients of the conventional
controller which causes a numerical overflow and subsequent error termination. This occurs
when the "solution” has "zero” harmonic components whose associated weighting coefficients
approach infinity as the optimisation process converges to the solution weighting coetficient
vector. :

Cases run to date indicate that the performance (i.e., the reduction of the vibration metric) of
the Optimal Controlier was superior to that of both the Conventional and the Optimised
Conventional Controllers. In accordance with theory, the Optimal Controller yielded a zero
vibration metric when no constraints are active for square non-singular T-Matrices (i.e., when
the number of measurements equals the number of controls with no redundancy) or when the
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proportionality constant (C in Equation (8) and input parameter RATIO to the T-Matrix
Generation System) is 100 per cent. As expected, the Optimised Conventional Controlier was
superior to the Conventional Controller in performance, but inferior to the Optimal Controller
for all cases except a few degenerate cases where the performance of the three controllers
was essentially equal. The performance gap was widest for those cases where the Optimal
Controller yielded a zero vibration metric in accordance with theory.
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