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SUMMARY

A computational study has been undertaken to study the performance of advanced
phenomenological turbulence models coded in a modular form to describe incompressible turbulent
flow behavior in two dimensional/axisymmetric and three dimensional complex geometry. The
models include a variety of two equation models (single and multi-scale k -€ models with different
near wall treatments) and second moment algebraic and full Reynolds stress closure models. These
models were systematically assessed to evaluate their performance in complex flows with rotation,
curvature and separation. The models are coded as self contained modules that can be interfaced
with a number of flow solvers. These modules are stand alone satellite programs that come with
their own formulation, finite-volume discretization scheme, solver and boundary condition
implementation. They will take as input (from any generic Navier-Stokes solver) the velocity field,
grid (structured H-type grid) and computational domain specification (boundary conditions), and
will deliver, depending on the model used, turbulent viscosity, or the components of the Reynolds

stress tensor uu;. There are separate 2D/axisymmetric and/or 3D decks for each module

considered.

The modules are tested using Rocketdyn's proprietary code REACT. The code utilizes an efficient
solution procedure to solve Navier-Stokes equations in a non—orthogona-l- body-fitted coordinate
system. The differential equations are discretized over a finite-volume grid using a non-staggered
variable arrangement and an efficient solution procedure based on the SIMPLE algorithm for the
velocity-pressure coupling is used. The modules developed have been interfaced and tested using
finite-volume, pressure-correction CFD solvers which are widely used in the CFD community.
Other solvers can also be used to test these modules since they are independently structured with
their own discretization scheme and solver methodology. Many of these modules have been
independently tested by Professor C.P. Chen and his group at the University of Alabama at
Huntsville (UAH) by interfacing them with own flow solver (MAST).



CHAPTER 1

Introduction

1.1 Background

Computational Fluid Dynamics (CFD) has been used extensively for the last decade or so in
analyzing complex flow phenomenon for many industrial applications, such as combustion and
turbomachinery. Most flows of practical interest are turbulent and for many of them, relatively
simple prediction methods are sufficient to produce results of engineering accuracy. For others,
mainly flows in complex geometry with large body forces such as curvature, rotation and

separation, more complex prediction methods are required.

With advancing state-of-the-art of computer technology, the range, size and complexity of flow
models being applied have increased. Users have become more sophisticated and there is a
constant demand for improvement. CFD codes have adapted to this demand and many general-
purpose computer codes have been developed and used. As these general purpose codes become
Jarger, their code structure becomes sophisticated and in general this structure can be divided into

three main areas;

1) Numerical algorithms which include discretization methods and solution techniques.

2) Methods of dealing with complex geometry, such as grid generation, structured or
unstructured grids.

3) Physical models which include turbulence models, porosity, combustion kinetics,
multi-phase flows, etc.

It seems, therefore, that the practicing engineer must have the knowledge of all these elements of
the CFD program in order to successfully utilize the code. Modularization of the code structure
may then become necessary in order to obtain the maximum benefits from these general-purpose
CED codes. This means developing individual modular routines for the solver and other physical
models. If such modules are successful they would allow users to concentrate their talents on
developing and improving physical hypothesis such as turbulence models that can be easily tested
using these modules.



In general, the physics of turbulence can be captured by solving the full time-dependent Navier-
Stokes equations in what is termed as Direct Numerical Simulation (DNS). However, DNS is not
practical for engineering purposes mainly because it is restricted to flows at low Reynolds
numbers. Large Eddy Simulations (LES) are now competitive with DNS in accuracy at an order of
magnitude less cost, however, it is still expensive for routine engineering calculations. Therefore,
current engineering prediction methods are based on Reynolds-averaged equations, with models
for the unknown Reynolds stresses which appear as the result of time-averaging the nonlinear
Navier-Stokes equations. These models fall mainly into three categories; "eddy-viscosity" models,
where a relation between the Reynolds stresses and mean velocity gradients at the same point in
space is sought. Algebraic stress models, where the Reynolds stresses are expressed as an
algebraic relation of turbulence production and dissipation. Reynolds stress models where the exact
partial differential equations for the Reynolds stresses are solved after closing the higher order
terms. These transport equations account for the dependence of Reynolds stresses on the history of
the flow and should perform better than the eddy-viscosity models.

1.2 Outline of the Present Study

In the present work, phenomenological, single-point turbulence models coded in a modular format
are developed as self-contained code decks that can be interfaced with a number of flow solvers to
analyze turbulent flows in complex 2D/axisymmetric or 3D geometry. These modules are validated
using Rocketdyn's REACT code and are independently tested at UAH using own code MAST.

The models that are developed in a modular form include;

1. 2D/axisymumetric single-scale k-€ model with three options for near wall treatment that include;
- Standard Launder and Splading wall functions.
- Chen and Patel two-layer model.
- Lam and Bremhorst low-Reynolds number model.

2. 2D/axisymmetric multi-scale k-€ model with the standard wall function and Chen & Patel two-

layer near wall treatment.
3. 2D/axisymmetric implicit algebraic stress model (ASM) based on the original work of Rodi.

4. 2D/axisymmetric full Reynolds stress turbulence model (RSM) based on the simplified linear

-7-



second moment closure model of Launder, Reece and Rodi (LRR) second moment closure.

5. 3D standard k-¢ turbulence model with wall function and two-layer near wall treatments.

6. 3D algebraic stress model (ASM).

Each model is coded as a self contained, stand alone module deck that can be interfaced with a
number of CFD solvers to analyze turbulent flows in complex geometry. The user can use these
modules without concern as to how they are implemented and solved. The input to the modules are
the mean flow variables, boundary and geometric information which are to be provided by a mean
flow solver. The output of the module are the turbulent eddy-viscosity for the eddy-viscosity
models and the Reynolds stresses for the second moment closure models. Moreover, source terms
which are needed for the mean flow calculations are calculated and must be passed to the main
solver. The modules are tested using the finite-volume REACT code and the results compared with

available experimental data.

Full details of each module are given in the next chapters. Chapter 2 discusses the theory and
model equations for the two-equation k- model used in the 2D/axisymmetric module deck. The
module is evaluated with a number of benchmark problems and detailed description of the module
variable names together with the input/output structure are given in appendix A. The complete
listing of the module is provided at the end of the chapter. Similarly, chapter 3 discusses the theory
and model equations for the 2D/axisymmetric multi-time-scale k-€ model. The 2D/axisymmetric
Algebraic stress module is presented in chapter 4 and chapter 5 discusses the 2D/axisymmetric
Reynolds stress module deck. Full description of the 3D k-¢ turbulence model is given in chapter
6 and chapter 7 presents a full description of the 3D algebraic stress model together with module
description and code listing in the appendix. Finally in chapter 8, copies of related turbulence work
that are presented or published elsewhere are attached.
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2.1 Introduction

In this section a description of the standard k-€ turbulence model that is coded as a self contained
computer program to compute turbulent flow quantities in two-dimensional planar or axisymmetric
geometry is given. Detailed description of the module structure, variables used and how to
interface the module with CFD flow solvers are given in Appendix A. The module has been tested
as a separate self-contained unit using the REACT code [1] and was independently tested at the
University of Alabama at Huntsville (UAH) using own code (MAST).

2.2 Theory and Model Equations

The k-£ turbulence module is based on the widely used single-scale two equation k-¢ turbulence
model (k is the turbulent kinetic energy and € is the energy dissipation rate). The model developed
originally by Launder and Spalding [2] was successful in providing good predictions for a wide
range of turbulent flows. The k and € -equations can be derived from the transport equations for

the Reynolds stresses assuming fully turbulent flow.

For low-Reynolds number flows close to solid boundaries, adjustments to the model are needed to
bridge the viscous dominated sublayer region with the fully turbulent flow region. The success of
the wall function method depends on the universality of the turbulent flow structure near the wall.
In many complex flows, however, the flow field near the wall has to be determined accurately and
the traditional wall-function method is not satisfactory. This is because the specification of all
turbulence quantities in terms of the friction velocity fail at separation where the flow near the wall
is no longer controlled by the wall shear stress. Pate] et al [3] assessed the relative performance of
various models which describe the near-wall flows and found that there are still areas of

improvements needed to accurately model flow behavior near the wall.

Jones and Launder [4] extended the original k-€ model to the low-Reynolds number form which
allowed the calculation to be performed all the way to the wall. Numerical difficulties of accurately
resolving the large gradients close to the wall necessitates resolving the wall region with a very fine

grid structure. Chen and Patel [5] introduced a method to resolve the near-wall region which
combines the standard k-£ model with the one-equation model of Wolfshtein [6] near the wall. In

this "two-layer" model an algebraically prescribed eddy-viscosity for the wall region is coupled to
the k- model to describe the details of the flow in the vicinity of the wall.
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Momentum and continuity equations are solved up to the wall and this reduces the physical
uncertainties of near-wall turbulence and the numerical difficulties of resolving the very large

gradients of turbulence parameters.

For an incompressible, steady and axisymmetric turbulent flow, the Reynolds averaged momentum
and continuity equations can be expressed in a generalized form as;

& ) oP
Aou®) 19 ey = L 1o, 3D +1 5 T ) + So @

where @ is the dependent variable, which stands for @ = u, v, w for the axial, radial and
tangential velocities respectively. p is the fluid density, I'¢, and I'p, are exchange coefficients in

x and r -directions, respectively, and S¢ is the source term for the variable &.
The source terms for the dependent variable are:
* Axial direction, ®=u, I'p, =21, I'd,=H, and

oP 10 ov
Sy = -x tTor (ﬂerZ) 2)

where (. is the eddy viscosity and P is the pressure

* Radial direction, @ =v, I'p, = Up, 'y =24, and
J u w2 P
Sy = -3 (ﬂe'a'r') —Zﬂeyr}+£;‘—§; (3)
e Tangential direction, @=w, I'p, = pe, I'p, = e and

pvw

Sw o= B2 @

Equations 2, 3, and 4 above are the momentum equations that are solved by the CFD solvers.
However, in order to close the equations and determine the eddy viscosity different turbulence

models are used.
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The present module utilizes the k-€ model. In this model two equations for the turbulent kinetic
energy k and its dissipation € which have the same general form as equation (1) are solved.

For the turbulent kinetic energy equation

D=k, F¢X=F¢r=u+:—t and S¢p=G - pE (5)
k

For the energy dissipation equation

I €
®=g I'p,=Tg= p+—L and Sp =7 (Cif;G - Cof; pe) 6
o k (6)

where o} and O are turbulent Prandtl/Schmidt numbers for k and € respectively, and G denotes

the rate of production of the turbulent kinetic energy and is expressed as:
G = e (21307 + G + 71+ G+ 50 + G + G307 G

where g is the dynamic viscosity, and g, is the turbulent viscosity,

k2
#r=Cﬁmﬁr; (&)

and fe = [L+ lh

Cu, C;, C;, oy and o¢ are constants whose values are 0.09, 1.44, 1.92, 1.0, 1.0,
respectively and fj, f> and f, are damping functions.

Near a wall, turbulent flow can be divided into two regions, the inner viscous sublayer where low
turbulent Reynolds number effects are important and the velocities decrease rapidly to zero at the
wall, and the outer fully turbulent region. The successful application of the k-£ turbulence model

for many complex flows depends to a large extent on how accurately the flow field near the wall is
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determined. In the present module three different models are used to treat this thin sublayer region,
they include;

Wall function method, where
ut =yt at yt < 11.6 9

ut = Lln(Ey*)aty'*'z 116 (10)
K

where, u+=;u;, yt = u_;x and ug =\]‘L'w/p

7., is the wall shear stress which can be determined from
T =“—;’2for y+ < 116 (11)

K Cu0.25 p up k05
In [E Cu0.25 p 5k0.5/u]

foryt > 11.6 (12)

Tw

Here, u;, denotes the velocity component parallel to the wall at the first grid point p from the wall.
& is the normal distance from the wall and x is a constant = 0.42.

In this approach, k and € equations are solved with f, = f; =f2 = 1, only in the fully turbulent
region beyond some distance from the wall. Boundary conditions i.e., velocity components and
turbulent parameters at that distance are specified in terms of the friction velocity ur.

In the low-Reynolds number model, the flow is resolved all the way to the wall with a very fine
mesh. Many models have been proposed that are based on the k-£€ model and differ mainly in the
choice of the damping functions fy;, f; and f> to bridge the gap between the sublayer and the fully
turbulent region. The model due to Lam & Bremhorst [7] is used in this work, where;

20.5

fu = [1-exp(-0016Ry)] " (1+ %)
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f1 = 1+(0—fﬁé)3 andf2=1—exp(-Rf)

12 2
where, Ry = Lo and R; = L2l are turbulent Reynolds number.
1% VE

These damping functions tend to unity with increasing distance from the wall.

In the two-layer model due to Chen and Patel [5], a simple algebraically prescribed eddy-viscosity
model for the wall region is coupled to the k- model for the outer flow to describe the flow
details. Unlike the low-Reynolds number model that requires the solution of transport equations
for both k and £ all the way to the wall, the one-equation mode] requires the solution of only the
turbulent kinetic energy equation in the sublayer region while algebraically specifying the eddy
viscosity and energy dissipation.

2%, X

vy = Cﬂfu— and £=—L;.

The length scales L, and L, contain the necessary damping effects in-the near-wall region in
terms of the turbulence Reynolds number Ry.

Ly = Cpy[1-exp(-Ry/Aw] (13)

Le C;y[1-exp(-Ry/AJ] (14)

Ly and L¢ become linear and approach C;y with increasing distance from the wall.

Cr=xC” and Ag=2Cy. Chen and Patel 5] used Ay = 70.

The damping effects decay rapidly with distance from the wall independent of the magnitude of the
wall shear stress. The matching between the one-equation and the standard k-€ models is carried
along prescribed grid lines where Ry, ~200.

For flows in rotating ducts a modification was made by Chen and Guo [8] to reflect the effects of a
system rotation on the length scales L, and L, as;
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k
L, =Ly, [].0+1.3(0.4%]--0.8[2).(2(;)2]1-5

Le=Lgy[10+ 1.3(0.4%-0.89)9(—5)2]0-5
Moreover, the function f> in the dissipation equation is modified to
f2=f2+Ri
where Ri is a Richardson number to reflect the effects of streamline curvature due to rotation and
is defined as
R;=(04 wk-0.8.Qk)Qk(—§)2

au; . .
where =€z - is the local mean vorticity.
j

The above modification to account for streamline curvature and rotation seemed adequate in the
framework of two equation k-€ modeling. Other modifications have also been considered but not

implemented in this module and can be referred to in Hadid and Sindir [9].

2.3 Module Evaluation

The single scale k-& turbulent module was evaluated by comparison with published experimental
data. One of the test problems considered is the two dimensional incompressible turbulent flow
over a backward facing step with and without rotation (see figure 1) to compare with the
experiment of Rothe and Johnston[10]. While the mean flow is in the x -y plane, the channel is
rotated with constant angular velocity €2 about the z -axis. The ratio of the channel width to the
step height is very large so that the secondary flow can be ignored, which made the flow remain
two dimensional. The channel height to step ratio was set to 2 and the inlet channel height (A )

equals to the step height (H ). The Reynolds number based on the uniform inlet velocity was about
5500. The rotation number ( Ro = /U ) was varied between +0.06 and -0.06.

The streamline patterns for the three different rotation numbers Ro = -0.06, 0.0, +0.06 by using
the three different wall treatments are shown in figures 2-4. In each figure, the upper (a) and lower
(c) parts correspond to Ro = +0.06 and Ro= - 0.06 respectively. While the middle part (b) is the
non-rotating case. It is observed that the streamline patterns are influenced by the system rotation.
Suction side step extends the recirculation zone and the pressure side step reduces the recirculation

zone. The reattachment length for Ro= - 0.06 using the wall functions is larger compared to the
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experimental results. This is due to the fact that no Coriolis effect is accounted for in the law of the
wall. The predicted variation of reattachment length with Ro (figure 5) shows reasonable
correlation with the experimental data of Rothe and Johnston [10].

The single scale k-¢ model using three different wall treatments with rotational stress generation
terms embodied seems to capture the main effects of system rotation on turbulence structure, i.e.
the suppression of turbulence level with clockwise rotation and enhancement of turbulence level
with counterclockwise rotation The effects are also noticeable in the corresponding increase in the
reattachment length with clockwise rotation and its decrease with counterclockwise rotation.

The other two test cases were those of Daily and Nece [11] where rotating disk cavity circulation
and secondary flows are induced by a rotating wall, and Roback and Johnson [12] for a confined
double concentric jets with a sudden expansion. Flow swirl in this case is induced by imposing a
tangential velocity component at the outer jet. Figure (6) shows the two-dimensional axisymmetric
rotating lid cavity of Daily and Nece. The flow is bounded by a disk (rotor) and a stationary end
wall (stator) of a chamber. The ratio of the axial clearance between the rotor and the stator (s ) to
the radius of the disk (a ) is 0.0255. The disk rotates with a rotational Reynolds number
R=4.4x106 defined as R = Qa?/v, where Q is the disk rotational speed and v is the kinematic

viscosity.

Computations were performed on a 33x75 grid with different grid clustering near the walls for the
different near-wall models. Figure (7) shows the velocity vectors at the top region of the cavity
using the wall function model. Centrifugal forces move the fluid radially outward on the disk,
axially away from the disk on the wall casing, and radially inwards on the stationary end wall.
Figure 8, shows the axial variations of the radial velocity component at a radial position r/a=0.765.
The agreement is fair with some discrepancy for all near-wall models close to the rotating disk.
Figure (9), shows the axial variation of the tangential velocity component at the radial position
r/a=0.765. At the rotating disk (x=0), the tangential velocity approaches the value (a£2). The two-
layer near wall model seem to offer closer agreement with the data than the other two models. The
presence of corner regions presents a difficulty in defining the normal distances used in the
definition of turbulent Reynolds number. In the present analysis, values of the normal distance
were based on the normal distance to the nearest solid boundary.

Predictions of the experiments of Roback and Johnson [12] have been presented by several
workers, e.g. Sloan et al. [13] and Durst and Wennerberg [14]. Unfortunately, inlet flow profiles

were not provided in the experiment. Therefore, the present calculations were started at the
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expansion plane using the measured velocity profile at 5 mm downstream of the expansion after
some adjustments near the edges of the coaxial jets. Measurements of main turbulent intensities
were used to calculate inlet values of the turbulent kinetic energy. Energy dissipation rate was
estimated from € = C ﬂlc”/L, where L is a length scale of turbulence at the inlet of the order of

107 m.

Figure 10, shows an illustration of the test chamber geometry. The chamber diameter is about
twice the secondary tube diameter. The exit from the 8-bladed, 30°, free vortex swirl generator is
located approximately 0.005 m upstream from the confluence plane.

A prominent phenomenon in axisymmetric swirling flows in such geometry is the "bubble” or
vortex breakdown which has been studied extensively [15-18]. In the present numerical simulation
of the experiment, a 150xI00 grid nodes was used with different clustering on the walls for the
different near-wall models used. Figure 11, shows the velocity vectors indicating the presence of a
closed recirculation zone at the center with additional zones at the corner downstream and between
the inner jet and the outward diverted secondary jet. The figure also shows flow diversion
outwards with high gradients characterized by large turbulent shear and fluctuation levels.
Comparisons were made of the radial variations of flow variables at two axial locations, x=0.025m
upstream of the vortex bubble and x=0.102m located inside the bubble. Figure (12), shows the
radial variation of the axial velocity profile at x=0.025m using the wall function, two-layer and the
Jow Reynolds number models. Fair agreement by the different models is shown. They also seem
to predict small negative velocities at a radial position r~0.0153m (the interface between the inner
and outer jets), slightly under predicted in strength and width. Figure (13) shows the radial
variation of the axial velocity profiles at x=0.102m. The two-layer model shows a better agreement
with the experimental data.

Radial variations of the tangential velocity at x=0.025m is shown in figures 14. The figure shows
that the two-layer model offers better agreement with the experiment as compared with the wall
function or the low Reynolds number models.

In general, the calculations shown above indicate that the two layer model seem to offer a better
comparisons with the experimental results. The three near-wall models are built in the standard
two-dimensional/axisymmetric k-€ turbulence module. The structure of the module will be

discussed next together with the details of interfacing with a flow solver and descriptions of

variables.
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APPENDIX A
2D/Axisymmetric k-&¢ Turbulence Module Deck

A.1 Introduction

In an attempt to modularize the k-& turbulent physical model -a difficult task as many CFD users

may know. A self-contained, stand-alone turbulence module has been constructed that computes
turbulent flow quantities using the standard k-€ turbulence model. The module is structured to be

flexible with options for three near-wall treatments. It can be easily accessed by the user and
interfaced with own CFD solvers to calculate turbulent flows.

It is hoped that the program is sufficiently "full proof” and user friendly. However, care must be
exercised to identify the limitations of the module to be compatible with the flow solver. Module

capabilities and input/output structure is described next in details followed by a FORTRAN listing
of the module.

A.2 Program KEMOD

This is basically the solver for the k and € - transport equations. It reads through its argument list
different variables from the calling flow solver. These variables are described below where, each
variable name ends with either an (I) for Integer variable, (R) for Real variable or (L) for Logical
variable.

The flow chart of the program is shown in Figure A.1. It shows the main operations performed by
the code.

List of Argument Variable Names

NIMI Number of cell nodes in the I- or &-coordinate lines. (input from flow solver)

NIMI Number of cell nodes in the J- or -coordinate lines. (input from flow solver)
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XR

UR

TER

URFKR

URFER

PRTKR

PRTER

GR

Grid node locations in the x or &-direction, dimensioned to XR (NX,NY) (input

from flow solver)

Grid node locations in the y or 1-direction, dimensioned to YR (NX,NY) (input

from flow solver)

Axial or x-direction velocity (u), dimensioned as UR (NX,NY) (input from
flow solver

Radial or y-direction velocity (v), also dimensional as VR (NX,NY) (input

from flow solver)

Azimuthal velocity (w), dimensional WR (NX,NY) (input from flow solver)

Turbulence kinetic energy k, dimensioned TER (NX,NY) (calculated in
KEMOD and returned to flow solver)

Turbulent energy dissipation rate €, dimensioned EDR (NX,NY) (calculated in
KEMOD and returned to flow solver)

Under-relaxation factor for k -equation (input from flow solver)

Under-relaxation factor for € -equation (input from flow solver)

Prandtl/Schmidt number for turbulent energy-equation, assumed known (input
from flow solver)

Prandtl/Schmidt number for turbulent energy dissipation equation, assumed

known (input from flow solver)

= 1.0 if second order upwinding is desired
= 0.0 if first order upwinding is used
(input from flow solver. Usually calculation of k and £ are not very sensitive

to the order of upwinding used)
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FIR

F2R

ITERI

VISCOSR

VISR

AKSIL

LREL

LAY2L

CIR

C2R

CMUR

2L WI

I2LEI

J2LSI

Mass flux variable at cell faces in x- or §-direction, dimensioned F1R (NX,NY)

(input from flow solver)

Mass flux variable at cell faces in y or 1-direction, dimensioned F2R (NX,NY)

(input from flow solver)
Iteration number (input from flow solver)
Dynamic viscosity (input from flow solver)

Eddy viscosity, dimensioned VISR (NX,NY) (calculated in KEMOD and

returned to main solver)

Logical variable for axisymmetric geometry (AKSIL=-TRUE-) or plain
geometry (AKSIL=-FALSE-) (input from flow solver)

Logical variable for Lam & Bremhorst's low-Reynolds number model
(LREL=-TRUE") or others (LREL=-FALSE-) (input from flow solver)
Logical variable for Patel's two-layer model if (LAY2L=-TRUE-) or others
(LAY2L = -FALSE-) (input from flow solver)

Turbulence model constant, C; (input from flow solver)
Turbulence model constant, C; (input from flow solver)
Turbulence model constant, Cy, (input from flow solver)

Grid line location from the west wall in the x-direction for the two-layer model
(input from flow solver)

Grid line location from the east wall in the x-direction for the two-layer model
(input from flow solver)

Grid line location from the south wall in the y-direction for the two-layer model
(input from flow solver)
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J2LNI Grid line location from the north wall in the y-direction for the two-layer model
(input from flow solver)

JTBEI Boundary condition flag along east boundary must have one for each boundary
node set to: l-inlet, 2-outlet, 3-symmetry and 4-wall e.g., for an outlet
boundary condition on the east boundary set JTBEI to NJ*2, and similarly for
other boundaries, dimensioned JTBEI (NY) (input from flow solver)

JTBWI Boundary condition flag along west boundary, dimensioned JTBWI (NY)
(input from flow solver)

ITBNI Boundary condition flag along north boundary, dimensioned ITBNI (NX)
(input from flow solver)

ITBSI Boundary condition flag along south boundary, dimensioned ITBSI (NY)
(input from flow solver)

Program KEMOD is interfaced with the main flow solver by a call to KEMOD with its arguments.
For iterative flow solvers KEMOD is called within the iteration sequence after the solution of the
momentum equations where the mean velocities are passed to KEMOD. There are different flow
solvers utilizing different schemes from staggered to nonstaggered grid arrangement and for
nonorthogonal coordinate system there are at least three alternatives to the choice of the velocity
components

i. Cartesian velocity components
ii. Contravariant velocity components
iti. Covariant velocity components

The Cartesian velocity components are the most widely used and have the advantage of simple
formulation of the governing equations. Whatever the arrangement used, mass fluxes at cell faces

are required and passed to KEMOD as FIR and F2R in both directions. The location of other
variables such as k and € are at the cell center or cell nodes.
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The module starts by reassigning variable names passed to it from flow solver to names that are
shared with the different subroutines of the module in a common statement file
"KEMOD-COMMON". Then a check is made if it is the first iteration in which case the grid file
"GRIDF" is called -after passing the grid node locations XR & YR in KEMOD- in order to
calculate grid related quantities which will be explained later. The need to call GRIDG can be
waived if all the grid data are passed to the module. That is all the information about the grid such
as interpolation factors FX and FY, cell areas (ARE) and volumes (VOL) and normal distances of
first grid point from grid boundaries (DNS from south boundary, DNN - from north boundary,
DNW - from west boundary and DNE - from east boundary).

After this a call to subroutine CALCE is made to calculate the turbulent kinetic energy k (with the
identifier IPHI=1) followed by a check if the low-Reynolds number model or the two-layer model
are to be used in which case subroutine TWOLAY is called. The energy dissipation equation is
solved next by a call to subroutine CALCE again with the identifier IPHI=2. The turbulent
viscosity is updated next by calling subroutine MODVIS. A brief description of each subroutine is

given next.

A.3 Subroutines

GRIDG

Before calling this subroutine, the coordinates of all grid nodes, defined in reference to a fixed
Cartesian coordinate frame are read. Figure A.2 shows the position of cell and grid nodes.

This subroutine is called only once to calculate coordinates of grid nodes (intersection of grid lines)
and geometrical properties of the grid (cell areas and volumes, interpolation factors, normal
distances of near-boundary cell nodes from boundary). All variables including grid node
coordinates are converted to one-dimensional arrays. These are formed by scanning the grid in J-
direction (figure A.2) for I=1, and then repeating for all I's. The position of any node in one-
dimensional array is therefore defined as;

IJ = (LJ)=(I-1)*NJ +J

The actual number of grid nodes is one row and one column less than for all cell nodes. For I=
NI and J = NI fictitious grid nodes are introduced which have the same coordinates as actual nodes
on NI-1 in I-direction and NJ-1 in J-direction.
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The subroutine then calculates interpolation factors which are associated with cell nodes and are
used in the main program to calculate values of dependent variables at locations other than cell
nodes (cell centers). Definition of these are given in Figure A.3. Cell areas and volumes are
calculated next followed by calculations of normal distances of near-boundary nodes from all four

outer boundaries.

CALCE (PHI, IPHI)

This subroutine solves the linearized and discretized transport equations for the turbulent energy k
and the energy dissipation rate €. The two dummy parameters in the calling statement, PHI and

IPHI, represent arrays containing dependent variables for which the equation is to be solved. the

subroutine sets up the convective and diffusive coefficients over the entire field. Then it calculates
the source terms for either k or € transport equations. A call is made to entry MODPHI in order to

modify these sources and boundary coefficients to suit the particular problem. Moreover, a check
is made if the two-layer model is selected then the energy dissipation is set algebraically in the

sublayer region.

The discretized equations have the form

where the coefficients A; (i=E,W,N,S see figure A.3 ) contain both the convective and diffusive

fluxes. these equations are assembled and solved by calling subroutine SOLSIP which is based on
Stone's Strongly Implicit Solver [19].

TWOLAY

This subroutine is called if the two-layer or low-Reynolds number models are used. It calculates

the different coefficients needed to describe the energy dissipation and eddy viscosity. In this
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subroutine the normal distances used in the definition of the turbulent Reynolds number Ry, at
comer regions are calculated based on the normal distance nearest to the solid boundary.

SOLSIP

This subroutine solves the system of linear algebraic equations for k and € using Stone's Implicit
Procedure [19]. The array RES (1J) is used to store residuals. The sum of absolute residuals
"RESORP" calculated in the first pass through this part of the routine is used as a measure of
convergence of the solution process as a whole and this value is stored in RESOR (IPHI). This
variable RESOR (IPHI) is passed to the main solver and if desired can be normalized and

compared with the maximum error allowed there. If necessary, inner iterations counter L and the
sum of absolute residuals RESORP are printed out to monitor the rate of convergence of k and €

solution. If the ratio RSM is greater than the maximum allowed for the variable in question, SOR
(IPHI), and the number of inner iterations is smaller than a prescribed maximum, NSWP (IPHI),
then the routine repeats the sequence of calculating the residuals, increment vectors and updating

the dependent variable.

USERM

This subroutine has different ENTRY points or sections where variables are updated and boundary

conditions are set.

Section MODVIS

This section calculates effective viscosity (Eq. 8). It is called after calculating k and € . At locations
where € is close to zero (i.e., < 1030) viscosity is set to zero. A provision is made for under
relaxing changes in effective viscosity which may help to stabilize oscillations and improve

convergence rate.

Section MODPHI

This section is called from CALCE subroutine and sets the boundary conditions for & and €
depending on which variable being called (IDIR = 1 for k and IDIR = 2 for €). For the k -equation,

the south boundary is checked first if it is one of four options:
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(1) An inflow boundary ITBS(I) = 1, where the source term is set to accept the inlet values at
J = 1 (south boundary)

(2) Outflow boundary ITBS(I) = 2, where zero gradient in y or n-direction is employed.
(3) Symmetry boundary, TBS(I) = 3, where gradients normal to symmetry plane are zero.

(4) Wall boundary, ITBS(I) = 4, where the production term GENTS(I) calculated form
subroutine WALLFN in program MODIFY is added to the rest of the source term
sudl).

Boundary conditions for the £ -equation are similar to those of k except at the wall where they are

set to appropriate values for each near wall treatment.

A.4 Program MODIFY

This program is compiled separately and is called from the u and v solver routines. It basically
updates the flux source term of the discretized momentum equation due to wall shear stresses. If
the u-momentum equation for example is discretized in the form

* *
Apup = 1:121 Ui +Su

- * . .

where P, E, W, N, S are cell nodes as shown in Figure A.3, and Ap and A;'s contain convective
- - . * - 3 . - - -

and diffusive coefficients. S, is the source term containing pressure gradients and cross-derivative

diffusion terms and convective terms for second-order upwinding scheme. This source term is
*
usually linearized as S, = Sy - Bpup . The term B,, is usually moved to the left hand side of the

- . . . * . .
equation and modifies the diagonal coefficient A, = Ap + By, and the equation can be written as
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Then S, and B, are passed to subroutine MODIFY where they are modified if a wall is present
(e.g., ITBS(I) = 4 for south boundary).

For an iterative flow solver using the finite-volume methodology. A typical interface and call to the
k-¢ module from the main flow solver can be represented by a flow chart as shown in figure A.4.
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READ GEOMETRY DATA
GRID NODES

Y

CALL GRIDG CALCULATE
Fx, Fy, ARE, VOL

* MODPHI
CALL CALCE (TE, 1) ag——— FORIDIR =1

(TURB KINETIC ENERGY K) [—%
<4—— SOLSIP

IF(LAY2 - OR-LRE)
TWOLAY

1 MMDPHI
CALL CALCE (ED, 2) - _
ENERGY DISSIPATION FORIDIR=2
EQUATION (¢) <—— soLsiP
MODVIS

Figure A.1 2D/axisymmetric k-¢ module deck
flow chart
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Figure A.4 Typical main flow solver with calls to
the 2D/axisymmetric k-¢ module
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In this section a description of the multi-time-scale k-£ turbulence model that is coded as a self
contained computer program to compute turbulent flow quantities in two-dimensional or
axisymmetric geometry is given. Detailed description of the module structure, variables used and
how to interface the module with CFD flow solvers are given in Appendix B. The module has been
tested as a separate self-contained unit using the REACT code [1] and was independently tested at
the University of Alabama at Huntsville (UAH) using own code (MAST).

3.1 Introduction

Turbulent flows comprise fluctuating motions with a spectrum of sizes and time scales and
different turbulent interactions are associated with different parts of the spectrum. In the single-
time-scale turbulence models such as the k-€ turbulence model it is assumed that a single time scale

(proportional to k/€ ) can be used to describe the turbulent flow. In many complex flows turbulence

is generally in spectral inequilibrium and a single time scale description is a simplification.

Figure 1, shows a sketch of a typical energy spectrum in a turbulent flow at high Reynolds number
in a simplified split spectrum method. Two regions can be identified, the production range (at wave
number xk<k; ) where the kinetic energy (k, ) leaves this region at a rate (¢, ) and a high wave
number or dissipation region (x>k; ) with kinetic energy (k;) and energy dissipation rate (& ).
Hanjalic et al. [2] developed a simple multiple-time-scale turbulence model based on a rational
extension of the single scale equation ideas. In their model, a fixed ratio of the turbulent kinetic
energy of large eddies (kp ) to that of the fine scale eddies (k; ) is used to partition the spectrum.
Kim and Chen [3] improved on the simplified split spectrum by dynamically determining the
location of the partition (i.e kp/k;) as part of the solution and is dependent on the turbulence
intensity, production rate, energy transfer and dissipation rate. The variable partitioning method
causes the effective eddy viscosity to decrease when production is high and to increase when

production vanishes -a behavior consistent with experimental observations.

3.2 Theory and Model Equations

The multi-time-scale turbulence module is based on the variable partitioning of the turbulent energy
spectrum proposed by Kim and Chen [3]. In this model the turbulent kinetic energy spectrum is

divided into two sets of wave number regions giving two evolution equations for each region.
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These equations represent the kinetic energy (kp ) and the energy transfer rate (¢p) in the
production range of the spectrum and the kinetic energy (k;) and the energy dissipation rate (& ) in
the dissipation range of the spectrum. This model allows the partition to move toward the high
wave number region when production is high and toward the low wave number region when

production vanishes.

The equations which describe the multi-time-scale turbulence model used are given below. The
turbulent kinetic energy and the energy transfer rate equations for the energy containing large

eddies are given as;

Dk, 4d ok
& ALy AL M
P
Dg, 9 gy, 1 G2 Ggp 82
PDr =g (1 Ep)axi]+ ;sz , +Cpy 12 k -pCp3 & k, (2)

where G is the turbulence production rate, given as

G = {21027+ (LF 4 (2P +( %+ PR (PP (R 1)

where u is the viscosity
Uy is the turbulent viscosity
kp is the turbulent kinetic energy in the production range
& is the energy transfer rate
Okp and Og, are constants

Cp1,Cp2 and Cp3 are turbulent model constants

The turbulent kinetic energy and the dissipation rate equations for the high wave number small

scale eddies region are given as;

k ok
P = dl b LG+ oo G
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2
Dg; 8
th_ax[( )3 ]+pCt1k +pCpp 3> k -p Ci3 kt )

where k; is the turbulent kinetic energy in the dissipation range
& is the energy dissipation rate
Ok, and O, are constants

C;1, Cr2 and Cy3 are turbulent model constants

2
2 €
The terms Cp; (k; and p Cyy 75 represent variable energy transfer functions. The first term

increases the energy transfer rate when production is high and the second term increases the
dissipation rate when the energy transfer rate is high. The turbulent viscosity is given as
k2 k2

He = PCpf_—PCu
&

where k= kp+ k; is the total turbulent kinetic energy and Cy is a constant.

The model constants used are similar to those used by Kim and Chen [3] -

07(—075 O’gp—115 Ok, = 0.75, 0g =115
Cp;=0.21, Cpy =124, Cp3=184, C;j=029
Ct2 = 1.28, Ct3 = 1.66 and C#f= 0.09

For turbulent flow analysis, equations (1)-(4) are solved by the module that is interfaced with a
Reynolds averaged flow solver to compute the turbulent flow field. For an incompressible, steady
and axisymmetric turbulent flow, a generalized equation that expresses the transport of turbulent

flow can be written as;

d(pu®) 1
,

op
Upu®) 12 5ray = £ (T, 5D + L 5 ' To 5+ So )
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where @ is the dependent variable, which stands for @ = u, v, w for the axial, radial and
~ tangential velocities respectively. p is the fluid density, I'p, and ', are exchange coefficients in

x and r -directions, respectively, and S¢ is the source term for the variable @.

The source terms for the dependent variable are:
* Axial direction, ®= u, I'p, = 2Up, I'y = He and
oP 10 o
Su = - Jx + 7 o (Iler ax)

where L, is the eddy viscosity and P is the pressure

* Radial direction, @= v, I'p, = U, T, = 2U, and

d ou 2 gpP
Sv T~ (ﬂea‘)-zﬂe%“’%—y

* Tangential direction, @=w, I'p,= He, ' = U and

pvw

d
Sw = ———,——r—‘;;;;(rue)

Equations (1)-(4) can also be written in a similar form as equation (5) where @ stands for;

* Turbulent kinetic energy in the production range of the energy spectrum

®=ky, T, = p+1-= I'p and
O'kp

* Energy transfer rate in the production range of the energy spectrum
D= g, I'p, = p+ ﬂt—: I'p, and
GEp
2

I G2 Ge €
Sgp = ; Cp; %t CPZ"k_pE -PCP3‘;f;

 Turbulent kinetic energy in the dissipation range of the energy spectrum
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&=k, T = p+ *+ = Ty, and
Ok,

Ske= PEp - P&

* Energy dissipation rate in the dissipation range of the energy spectrum
b= g I'p, = /.t+ﬁ= I'p, and
Og;
4 £i&p g’
se = P Cy kit pCe k pctj‘Tc’t~

Near a wall, the wall function boundary conditions used are similar to that of Kim and Chen [3].

A two layer model for the multi-time-scale k-£ turbulence model similar to that of Chen and Patel

[4] for the single-time-scale k-£ turbulence model is included in the present release.

3.3 Model Evaluation

The multi-time-scale k-¢ module was evaluated by comparisons with experimental studies. One of
the test problems considered was the backward facing step of Driver and Seegmiller [5] where the
multi scale k-¢ model predicted a recirculation length of 6.14 step heights (H) downstream of the
step which is closer to the experimental value (6.10 H) than the standard k-¢ model (5.35H).

The majority of the tests were conducted using Roback and Johnson's experimental data [6] for
swirling confined double concentric jets. Preliminary analysis indicated some sensitivity to the ratio
kp/k; at the inlet boundary, however, a value of 3 was found reasonable in the present analysis.
Figures 2 and 3 show the streamline patterns for wall functions and two-layer near wall treatments
respectively. The upper (a) and lower (b) parts correspond to the single-scale k- and the multi-
scale k-& models respectively. It can be seen from these contours that there are two recirculation
zones in the chamber, one is near the expansion corner and another located in the central region and
accurate predictions of this central region is very important in combusting swirling flows. Figures
4a and 4b, show the axial velocity along the centerline. In terms of strength and size of the central
recirculation zone, the multi-scale k-& model yields better agreement than the single-scale k-€
model. In the central recirculation region the k-¢ model tends to connect the energy transfer rate to

the local mean strain rate too strongly while the multi-scale model suppresses this tendency.
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Figures 5 and 6 show the radial profiles of the mean axial velocity at different axial locations
downstream of the inlet using the wall function and the two-layer near-wall treatments respectively.
Similarly, figures 7 and 8 show the corresponding profiles for the tangential velocity, and figures 9

and 10 show the radial profiles of the axial normal turbulent intensity (4 )/ using both the wall
function and the two-layer near-wall treatments. In general, the numerical results indicate that the
multi-scale model gives better agreement than the standard k-€ model.
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APPENDIX B

Multi-Scale k-&¢ Module Deck

B.1 Introduction

This user's manual describes the multi-scale k-¢ module deck. The module is a self contained

FORTRAN source code to compute turbulent kinetic energy, energy dissipation and turbulent eddy
viscosity using the multi-time-scale k-£ turbulence model. It uses as input the mean flow

properties as computed by conventional CFD techniques. The module is constructed to be self-

contained, stand alone and compatible with a number of CFD solvers. A discussion of the multi-
time-scale k -€ module structure is given next together with flow charts to show how to interface

the module with a number of flow solvers. A list of variable names used is also given.

B.2 Program KEMOD

This is basically the solver for the k and € - transport equations in both the production and the
dissipation regions of the energy spectrum. It reads through its argument list different variables
from the calling flow solver. These variables are described below where, each variable name ends
with either an (I) for Integer variable, (R) for Real variable or (L) for Logical varniable.

The flow chart of the program is shown in Figure B.1. It shows the main operations performed by
the code.

List of Argument Variable Names

XR Grid node locations in the x or &-direction, dimensioned to XR (NX,NY) (input

from flow solver)

YR Grid node locations in the y or 1j-direction, dimensioned to YR (NX,NY) (input

from flow solver)
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UR

TER

TETR

EDTR

DENR

URFKER

PRTKER

GR

Axial or x-direction velocity (u), dimensioned as UR (NX,NY) (input from
flow solver

Radial or y-direction velocity (v), also dimensional as VR (NX,NY) (input

from flow solver)
Azimuthal velocity (w), dimensional WR (NX,NY) (input from flow solver)

Large scale turbulence kinetic energy kp, dimensioned TER (NX,NY)
(calculated in KEMOD and returned to flow solver)

Large scale turbulent energy dissipation rate &, , dimensioned EDR (NX,NY)
(calculated in KEMOD and returned to flow solver)

Small scale turbulence kinetic energy k;, dimensioned TETR (NX,NY)
(calculated in KEMOD and returned to flow solver)

Small scale turbulent energy dissipation rate &, dimensioned EDTR (NX,NY)
(calculated in KEMOD and returned to flow solver)

Fluid density, dimensioned DENR (NX,NY)

Under-relaxation factors dimensioned as URFKER(4) and specified as follows:
URFKER(1) for large scale turbulent energy equation

URFKER(2) for small scale turbulent energy equation

URFKER(3) for large scale turbulent energy dissipation equation

URFKER(4) for small scale turbulent energy dissipation equation

Prandtl/Schmidt numbers dimensioned as PRTKER(4) and specified as
follows:

PRTKER(1) for large scale turbulent energy equation

PRTKER(2) for small scale turbulent energy equation

PRTKER(3) for large scale turbulent energy dissipation equation

PRTKER(4) for small scale turbulent energy dissipation equation

= 1.0 if second order upwinding is desired
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FIR

F2R

ITERI

VISCOSR

VISR

URFVISR

AKSIL

CIR

C2R

CMUR

NIMI

NIMI

JTBEI

= 0.0 if first order upwinding is used (input from flow solver).

Mass flux variable at cell faces in x- or §-direction, dimensioned FIR (NX,NY)

(input from flow solver)

Mass flux variable at cell faces in y or n}-direction, dimensioned F2ZR (NX,NY)

(input from flow solver)

Iteration number (input from flow solver), this number must be equal to 1 for a

restart case
Dynamic viscosity (input from flow solver)

Eddy viscosity, dimensioned VISR (NX,NY) (calculated in KEMOD and
returned to main solver)

Under-relaxation factor for total viscosity calculation

Logical variable for axisymmetric geometry (AKSIL=-TRUE-) or plain
geometry (AKSIL=-FALSE-) (input from flow solver)

Turbulence model constant, C; (input from flow solver)
Turbulence model constant, C; (input from flow solver)
Turbulence model constant, Cy; (input from flow solver)
Number of cell nodes in the I- or E-coordinate lines. (input from flow solver)

Number of cell nodes in the J- or 1-coordinate lines. (input from flow solver)

Boundary condition flag along east boundary must have one for each boundary
node set to: l-inlet, 2-outlet, 3-symmetry and 4-wall e.g., for an outlet
boundary condition on the east boundary set JTBEI to NJ*2, and similarly for
other boundaries, dimensioned JTBEI (NY) (input from flow solver)
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JTBWI Boundary condition flag along west boundary, dimensioned JTBWI (NY)
(input from flow solver)

ITBNI Boundary condition flag along north boundary, dimensioned ITBNI (NX)
(input from flow solver)

ITBSI Boundary condition flag along south boundary, dimensioned ITBSI (NY)
(input from flow solver)

Program KEMOD is interfaced with the main flow solver by a call to KEMOD with its arguments.
For iterative flow solvers KEMOD is called within the iteration sequence after the solution of the
momentum equations where the mean velocities are passed to KEMOD. There are different flow
solvers utilizing different schemes from staggered to nonstaggered grid arrangement and for
nonorthogonal coordinate system there are at least three alternatives to the choice of the velocity

components

i. Cartesian velocity components
ii. Contravariant velocity components

iii. Covariant velocity components

The Cartesian velocity components are the most widely used and have the advantage of simple
formulation of the governing equations. Whatever the arrangement used, mass fluxes at cell faces
are required and passed to KEMOD as FIR and F2R in both directions. The location of other
variables such as k and € are at the cell center or cell nodes.

The module starts by reassigning variable names passed to it from flow solver to names that are
shared with the different subroutines of the module in an include file "mske.h". The user must set
the values for NX and NY in mske.h greater than or equal to the maximum grid dimensions. Then
a check is made if it is the first iteration in which case the grid file "GRIDG" is called -after passing
the grid node locations XR & YR in KEMOD- in order to calculate grid related quantities which
will be explained later. The need to call GRIDG can be waived if all the grid data are passed to the
module. That is all the information about the grid such as interpolation factors FX and FY, cell
areas (ARE) and volumes (VOL) and normal distances of first grid point from grid boundaries
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(DNS from south boundary, DNN - from north boundary, DNW - from west boundary and DNE -
from east boundary).

After this, two calls to subroutine CALCKE are made to calculate the large and small scale
turbulent kinetic energies with the identifier [PHI=1 and 2 respectively). The large and small scale
energy dissipation equations are solved next by calling subroutine CALCKE again with the
identifiers IPHI=3 and 4 respectively. The effective viscosity is calculated next. At locations
where € is close to zero (i.e., < 10-30) viscosity is set to zero. A provision is made for under
relaxing changes in effective viscosity which may help to stabilize oscillations and improve

convergence rate.

B.3 Subroutines
GRIDG

Before calling this subroutine, the coordinates of all grid nodes, defined in reference to a fixed

Cartesian coordinate frame are read. Figure B.2 shows the position of cell and grid nodes.

This subroutine is called only once to calculate coordinates of grid nodes (intersection of grid lines)
and geometrical properties of the grid (cell areas and volumes, interpolation factors, normal
distances of near-boundary cell nodes from boundary). All variables including grid node
coordinates are converted to one-dimensional arrays. These are formed by scanning the grid in J-
direction (figure B.2) for I=1, and then repeating for all I's. The position of any node in one-
dimensional array is therefore defined as;

IJ=(J)=(I-1) *NJ] +J
the actual number of grid nodes is one row and one column less than for all cell nodes. ForI=NI
and J = NJ fictitious grid nodes are introduced which have the same coordinates as actual nodes on

NI-1 in I-direction and NJ-1 in J-direction.

The subroutine then calculates interpolation factors which are associated with cell nodes and are
used in the main program to calculate values of dependent variables at locations other than cell

nodes (cell centers). Definition of these are given in Figure B.3. Cell areas and volumes are
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calculated next followed by calculations of normal distances of near-boundary nodes from all four

outer boundaries.

CALCKE (PHI, IPHI)

This subroutine solves the linearized and discretized transport equations for the turbulent energies
(kp and k; ) and the energy dissipation (& and & ). The two dummy parameters in the calling
statement, PHI and IPHI, represent arrays containing dependent variables for which the equation is
to be solved. the subroutine sets up the convective and diffusive coefficients over the entire field.
Then it calculates the source terms for either k& or € transport equations. A call is made to entry
MODMSKE in order to modify these sources and boundary coefficients to suit the particular
problem.

The discretized equations have the form

Ay Dy = DA D +So

i=EWNS

where the coefficients A; (i=E,W,N,S see figure B.3) contain both the convective and diffusive
fluxes. these equations are assembled and solved by calling subroutine SOLSIP which is based on
Stone's Strongly Implicit Solver [7].

SOLSIP

This subroutine solves the system of linear algebraic equations for k and € using Stone's Implicit
Procedure [7]. The array RES (IJ) is used to store residuals. The sum of absolute residuals
"RESORP" calculated in the first pass through this part of the routine is used as a measure of
convergence of the solution process as a whole and this value is stored in RESOR (IPHI). This
variable RESOR (IPHI) is passed to the main solver and if desired can be normalized and
compared with the maximum error allowed there. If necessary inner iterations counter L and the
sum of absolute residuals RESORP are printed out to monitor the rate of convergence of k and €
solution. If the ratio RSM is greater than the maximum allowed for the variable in question, SOR

(IPHI), and the number of inner iterations is smaller than a prescribed maximum, NSWP (IPHI),
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then the routine repeats the sequence of calculating the residuals, increment vectors and updating

the dependent variable.

MODMSKE
This subroutine is called from CALCKE subroutine and sets the boundary conditions for kp, k;
and &, & depending on which variable being called (IDIR = 1, 2, 3, and 4 for kp, k;, &p, and &

respectively). Consider the south boundary for example, if it is one of four options:

(1) An inflow boundary ITBS(I) = 1, where the source term is set to accept the inlet values at
J = 1 (south boundary)

(2) Outflow boundary ITBS(I) = 2, where zero gradient in y or 1-direction is employed.
(3) Symmetry boundary, TBS(I) = 3, where gradients normal to symmetry plane are zero.
(4) Wall boundary, ITBS(I) = 4, where the production term GENTS(]) calculated form

subroutine WALLFN in program MODIFY is added to the rest of the source term
Su)). B

B.4 Program MODIFY

This subroutine is called from the u and v solver routines. It basically updates the flux source term
of the discretized momentum equation due to wall shear stresses. If the u-momentum equation for

example is discretized in the form

* *
A up, = Aju; +5
p°P i=EZV'VNSl ! u

- - * - -

where P, E, W, N, S are cell nodes as shown in Figure B.3, and Ap and A;'s contain convective
. - - * . - - - . .

and diffusive coefficients. S is the source term containing pressure gradients and cross-derivative

diffusion terms and convective terms for second-order upwinding scheme. This source term is
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usually linearized as S: = S, - Bpup The term B, is usually moved to the left hand side of the

. - . - * - .
equation and modifies the diagonal coefficient A, = Ap + By, and the equation can be written as

Apup, = 3 Aju + Su
i=EWNS

Then S, and B, are passed to subroutine MODIFY where they are modified if a wall is present
(e.g., ITBS(I) = 4 for south boundary).

List of Argument Variable Names

CMU

VISCOS

XX

DNS

DNN

DNW

DNE

Turbulence model constant, Cy, (input from flow solver)
Dynamic viscosity (input from flow solver)

Grid node locations in the x or &-direction, dimensioned to XX (NX*NY)

(input from flow solver)

Grid node locations in the y or m-direction, dimensioned to YY (NX*NY)

(input from flow solver)

Grid node radius equal to 1 for non-axisymmetric and YY for axisymmetric,
dimensioned to R (NX*NY) (input from flow solver)

Normal distance to south, dimensioned to DNS (NX*NY) (input from flow
solver)

Normal distance to north, dimensioned to DNN (NX*NY) (input from flow
solver)

Normal distance to west, dimensioned to DNW (NX*NY) (input from flow
solver)

Normal distance to east, dimensioned to DNE (NX*NY) (input from flow
solver)
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DEN

SU

BP

AW

AN

AS

Axial or x-direction velocity (u), dimensioned as UR (NX*NY) (input from
flow solver

Radial or y-direction velocity (v), also dimensional as VR (NX*NY) (input

from flow solver)
Azimuthal velocity (w), dimensional WR (NX*NY) (input from flow solver)
Fluid density, dimensional DEN (NX*NY) (input from flow solver)

Large scale turbulence kinetic energy k,, dimensioned TE (NX*NY)
(calculated in KEMOD and returned to flow solver)

Small scale turbulence kinetic energy k;, dimensioned TET (NX*NY)
(calculated in KEMOD and returned to flow solver)

Variable source term, dimensioned SU (NX*NY)

Constant source term, dimensioned BP (NX*NY)

Cell area, dimensioned to AE (NX*NY) (input from flow solver)

Cell area, dimensioned to AW (NX*NY) (input from flow solver)
Cell area, dimensioned to AN (NX*NY) (input from flow solver)

Cell area, dimensioned to AS (NX*NY) (input from flow solver)

SUVS,SPVS,SUWS,SPWS

Source terms at south boundary due to wall shear stress, all dimensioned to
S##S (NX*NY) (returned to flow solver)

SUVN,SPVN,SUWN,SPWN

Source terms at north boundary due to wall shear stress, all dimensioned to
S##N (NX*NY) (returned to flow solver)
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SUVW,SPVW SUWW SPWW

Source terms at west boundary due to wall shear stress, all dimensioned to
S##W (NX*NY) (returned to flow solver)

SUVE,SPVE,SUWE,SPWE

Source terms at east boundary due to wall shear stress, all dimensioned to S##E
(NX*NY) (returned to flow solver)

GENTS,GENTN,GENTW ,GENTEE

NX

NXNY

NIM

NJM

ITBS

ITBN

JTBW

Generation terms at south, north, west, and east boundaries respectively due to
moving walls, with GENTS(NX), GENTN(NX), GENTW(NY), and
GENTEE(NY) (returned to flow solver)

Maximum number of cell nodes in the I- or &-coordinate lines. (input from flow

solver)

Maximum number of cell nodes in the J- or n-coordinate lines. (input from flow

solver)
NX*NY
Number of cell nodes in the I- or &-coordinate lines. (input from flow solver)

Number of cell nodes in the J- or -coordinate lines. (input from flow solver)

Boundary condition flag along south boundary must have one for each
boundary node set to: 1-inlet, 2-outlet, 3-symmetry and 4-wall e.g., for an
outlet boundary condition on the east boundary set ITBS to NI*2, and similarly
for other boundaries, dimensioned ITBS (NX) (input from flow solver)

Boundary condition flag along north boundary, dimensioned ITBN (NX) (input
from flow solver)

Boundary condition flag along west boundary, dimensioned ITBNI (NY) (input
from flow solver)
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JTBE Boundary condition flag along east boundary, dimensioned JTBE (NY) (input

from flow solver)

For an iterative flow solver using the finite-volume methodology. A typical interface and call to

KEMOD from the main flow solver can be represented by a flow chart as shown in figure B.4.
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READ GEOMETRY DATA
GRID NODES

!

CALL GRIDG CALCULATE
Fx, Fy, ARE, VOL

* 1 ! MODMSKE
CALL CALCKE (TE, 1) ~@——| FORIDIR=1

RB KINETIC ENERGY |
™ Kp) SOLSsiP

* j———— MODMSKE
CALL CALCKE(TET,2) < INIR=2

(TURB KINETIC ENERGY Kt) ‘mi

CALL CALCKE (ED, 3) ———| MODMKDE l
(ENERGY TRANSFER RATE &) B =3
|

1
CALL CALCKE (EDT,4) | o —t MODMKSE
(ENERGY DISSIPATION RATE Et) L_IDIR=4 |
> soisie_]

Y

MODVIS

Figure B.1 Multi-scale k-¢ module deck flow chart
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Figure B.4 Typical main flow solver flow chart with
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4.1 Introduction

In this section a description is given of the two-dimensional/Axisymmetric Algebraic Stress
turbulence Model (ASM) based on the work of Rodi [1]. The model is coded as a self contained
computer program to compute turbulent flow quantities when interfaced with a CFD solver.
Detailed description of the module structure, variables used and how to interface the module with

CFD flow solvers are given in Appendix C.

The module uses as input the mean flow properties, as computed by conventional CFD solvers,
and calculates the Reynolds stresses, turbulent kinetic energy and the energy dissipation. It is
structured to be self-contained and compatible with many CFD codes. It has been tested as a
separate unit at Rocketdyne using the finite-volume REACT code [2]. The module has also been
tested independently at the University of Alabama at Huntsville (UAH) using own code MAST.

The module computes turbulent flow quantities in two-dimensional planar or axisymmetric
geometry with or without swirl. The standard wall functions and the two-layer model of Chen and
Patel [3] are used for the near wall treatment.

4.2 Theory and Model Equations

The Algebraic Stress (ASM) module is based on the work of Rodi [1]. The idea is to simplify or
truncate the Reynolds stress equation by approximating the convective and diffusive transport of

the Reynolds stresses w;u; in terms of the corresponding transport of turbulent energy. This
allows the transport equation for the stresses to be expressed as a set of algebraic formulae

containing the turbulence energy and its rate of dissipation as unknowns in the form:

- k 2
Ujnj = (_ﬁ__&“)’ [Pij'§5ij€+¢ij]
where Pjj = Production and P =51 Pyr and

@jj = pressure-strain redistribution
Djj = Pij,1 + Pij2 + Pij, 1w + Pij,2w
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Rotta's linear return-to-isotropy concept for the non-linear part of
e 2
Pj1 = -Cr1 3 (winj - 3 k &)
is used and the "isotropization of production” concept for the linear "rapid” part of
2
®jj2 = -C2 ( Pjj- 3 P 5j)

is used. Gibson and Launder [4] concept for the wall reflection terms is used as

£ __ 3 &
Pij 1w = Clw p 3 (Ukibm nkhm8ij - 5 Ukli REnj - 5 Uklj nEh; ) f

3 3
Dijow = Cow ( Pim,2 nknmij - 5 Pik,2 nknj - 3 Pjk,2 nini ) f

where (n;) is the wall-normal unit vector in the i -direction. The wall-distance function (f)
372
represents the ratio of the turbulence length scale (L¢ =—E‘ ) and the wall distance and is given

as

0.75

m - L
F=( K ¢ ) An
with An being the wall-normal distance.

The set of algebraic stress equations can be arranged in the form

Ajj ul + Bij vZ + Cij w2 + Dj; uv + Ejj W+ Fij uw= Gij

where Ajj, Bjj Cj, Dj, Ej, Fij, and Gjjare functions of the mean and turbulent flow

variables.
The above equation can be solved iteratively in the main flow solver. However, the algebraic

system of equations is stiff and convergence difficulties are encountered when solved iteratively.
Therefore, the set of equations was cast in the general matrix form A T = B, where
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3¢

2).1c+2

>

U
ox

U
T ax

Qv
ox

ow
ox

U v v du aVv
ox T dy “r dy ~ ox
3e  ,V v L9V U
2ax*coy  Tr ox Ay
v 3t LV U oV
"oy ax*2r Loyt ox
U 0 £ dU oV
ay At ox 7 oy
W w oW
ay r ox
W
o 0 dy

T=[puu,pVv,pww,puv,pvw,puw ]T

I

where

A

pE._ 3 @
l+2(1_02)( 11,1w + P11,2w)

pE 3 fe)] 3]
1 +2(1'CZ) ( 221w + 22,2w)
pE 3

2 t2(1-Ca) (@33, 1w + ©33,2w)

1

(1-C2) (P12,1w + P12,2w)
1

(1-C2) (P23,1w + P23,2w)
1

(1-C2) (¢13,1W + ¢13,2w)

__1-C2
P
Ct1-1+ —
pe
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The matrix was inverted at each iteration step to obtain a converged solution. The wall function and

a two-layer model were built in the module to model the near-wall region.

4.3 Module Evaluation

The ASM module was evaluated by comparison with experimental data of Driver and Seegmiller
[5] for the backward facing step and the data of Roback and Johnson [6]. The effect of the wall
reflection term is also studied with both wall function and two-layer near wall models. Figures la
and 1b show the stream-function contours for a backward facing step flow using the wall function
and the two-layer near wall models with reattachement length of 5.59H and 5.83H respectively (H
is the step height). Figures 2a and 2b show the stream-function contours for the Roback &
Johnson confined swirling jet flow using the wall function near wall model, where (a) includes the
wall-reflection term in the pressure-strain redistribution term and (b) without the wall reflection
term. Figure 3 shows a comparison of the axial velocity along the centerline with and without wall
reflection term. The comparisons of the predicted mean axial velocity, mean tangential velocity,

—1/2, WI/Z, —1/2 172

turbulent intensities uu ww'’“, and the Reynolds stress uw'’“ using the ASM model] as

compared with the single and multi-scale k-€ models are presented in figures 4 to 9 respectively.
The figures in general show that the ASM model used here when combined with the wall function
near wall treatment predicts better comparisons without using the wall reflection terms. This may
be explained by the fact that the wall reflection terms -whose purpose is to damp normal turbulent
intensity normal to the wall as the wall is reached- are not effective when using wall functions near
the wall. Similar conclusions were also obtained by the UAH group when testing the ASM module
using their code (MAST). Also, in the ASM model, a set of algebraic equations for the Reynolds
stresses are solved and there is no boundary conditions are needed for the stresses. This is not the
same in the full Reynolds stress model (RSM) where a set of nonlinear differential equations are
solved and boundary conditions for the stresses are required. More on this will be discussed in
detail in the next RSM module. Also, more details will be given on the tensorial incorporation of
the wall reflection terms since they are tied to the orientation of the wall through the unit normal

vectors.
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APPENDIX C

2D/Axisymmetric Algebraic Stress Turbulence Module Deck

This module is a FORTRAN source code to solve 2D/Axisymmetric turbulent flow quantities using
the algebraic stress model when interfaced with a main flow solver. The module consists of the
main routine ASMOD that calls a number of subroutines to perform different functions that will be

explained below.
3.1 Subroutine ASMOD

This is basically the main routine that reads through its argument list different variables from the

calling flow solver which are described below.

List of Argument Variable Names

X Grid node locations in the x or &-direction, dimensioned to X(NX*NY)
Y Grid node locations in the y or nj-direction, dimensioned to Y(NX*NY)
FX Interpolation factor in the x or §-direction.

FY Interpolation factor in the y or 1-direction.

ARE Cell areas

VOL Cell volumes.

R Radial distance in the axisymmetric geometry or 1. for planar geometry.
DNS Normal distance of a cell from the south-boundary dimensioned to NX.
DNN Normal distance of a cell from the north-boundary dimensioned to NX.
DNE Normal distance of a cell from the east-boundary dimensioned to NY.
DNW Normal distance of a cell from the west-boundary dimensioned to NY.
U Axial or x-direction velocity, dimensioned to NX*NY.

A% Radial or y-direction velocity, dimensioned to NX*NY.

w Tangential or azimuthal velocity, dimensioned to NX*NY.

TE Turbulent kinetic energy, dimensioned to NX*NY.

ED Turbulent energy dissipation rate, dimensioned to NX*NY.

DEN Density (assumed constant for incompressible flows).

Fi Mass flux at cell faces in the x or &-direction, dimensioned to NX*NY.
F2 Mass flux at cell faces in the y or n-direction, dimensioned to NX*NY.

-54-



VISCOUS  Laminar viscosity.

VIS Eddy viscosity, dimensioned to NX*NY.

RESOR Residual error for the k and £ -equations solver, dimensioned to 2.

ITBS Boundary condition flag along the south boundary dimensioned to NX and

must have one for each boundary node set to: 1-inlet, 2-outlet, 3-symmetry

and 4-wall, e.g., for a wall boundary condition along the south boundary

set ITBS to NX*4. Similarly for the other boundaries.

ITBN Boundary condition flag along the north boundary, dimensioned to NX.
JTBE Boundary condition flag along the east-boundary dimensioned to NY.
JTBW Boundary condition flag along the west-boundary dimensioned to NY.
ITER Iteration number.

FMUU function used in the two-layer model.

ICAL = 1 for swirl velocity calculations, 0 otherwise.

AKSI = 1 for axisymmetric flow, O otherwise.

RESTART = 1 if calculations are restarted from a previous run, O otherwise.

ASMOD starts by reading the turbulent flow constants, under-relaxation factors and
Prandtl/Schmidt numbers for the ¥ and € equations. These are;

CD1, CD2

CMU, ELOG,
and CAPPA
LAY2

GKE

ALFAKE
URFVIS
SORKE(1) and
SORKE (2)
URFKE(1) and
URFKE(2)
PRTKE(!) and
PRTKE(2)
Cl,C2

constants in the ¥ and € -equations and are usually set to 1.44 and 1.92
respectively.

constants in the k¥ and € -equations and are usually set to 0.09, 9.8 and 0.42
respectively.

set to true (T) for two-layer model and false (F) for wall functions.

is set to 1 for second-order upwinding of the convective terms in the k and
€ -equations.

is the iteration parameter used in the k and € -equation solver.

is the underrelaxation factor of the viscosity near the wall.
are the degree of accuracy for the k and € -equation solver respectively.

are the underrelaxation factors for the k¢ and € -equations respectively.

are ratio of Prandtl to Schmidt numbers used in the & and € -equations in the
two-layer model near the wall.
are constants in the ASM model.
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C1W and C2W are the two constants in the wall-reflection terms of the pressure-strain
redistribution term.

CK and CE constants in the diffusion term of the & and € -equations.

WREFON = 1 if the wall reflection terms of the pressure-strain term are to be
included, o otherwise.

All dimensions considered are one-dimensional. The position of any node is defined as IJ = (1,J) =
(I-1)*NJ +J, where NI and NJ are the number of grid nodes in the X and Y-directions
respectively. It is assumed that grid related data such as cell areas, volumes and interpolation
factors be passed to the module from an external grid generator.

Subroutine WALREF

This subroutine calculates the wall reflection terms in the pressure-strain redistribution term. It
calculates the wall unit normal vectors and the normal distance away from the wall. This is needed
to resolve the wall tangential and normal velocity components that are needed to obtain the near-
wall values of the Reynolds stresses.

Subroutine CALP1J

This subroutine calculates the production terms of the individual stress components.

Subroutine CALUIUJ

This subroutine calculates the individual stress component from its algebraic equation. It sets the
coefficients of the algebraic stress equations which are solved implicitly at each iteration step by
inverting a 6x6 matrix.

Subroutine ACALCKE

This subroutine solves the transport equations for the turbulent energy (IPHI=1) and energy
dissipation.(IPHI=2). Daly and Harlow [7] gradient stress diffusion form is used in the module
instead of the simplified isotropic diffusivity form. The subroutine calls MODPHI subroutine that
sets the appropriate boundary conditions for k and £ . The set of algebraic difference equations are

then solved using Stone's strongly implicit solver ASOLSIP.
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Subroutine ATWOLAY

This subroutine calculates the near wall turbulence using Chen and Patel's [3] two layer model.

Subroutine MODP1]J

This subroutine modifies the production terms near the wall using the near wall region model.

Subroutine MODPHI

This subroutine calculates the near wall boundary conditions for the turbulence energy and the
energy dissipation.

Subroutine AMODVIS

This subroutine modifies the eddy viscosity close to a wall using the near wall model chosen.

Subroutine ASOLSIP

This subroutine solves the system of linear algebraic equations for & and € using Stone's Implicit

Procedure [8].

Subroutine AMODIFY

This subroutine is called from the momentum equations solver of the main routine. It updates the
flux source terms of the discretized momentum equations due to wall shear stresses and due to the
Reynolds stress gradients. The terms SUASM, SVASM and SWASM need to be added to the U,
V and W-momentum equations of the main solver. They represent the difference form of the

Reynold stress gradients in the momentum equations.

-57-



1 pg powse
AIANd [4-AN 2 1L
JIHA/8XA=({I)SZNI vt (X837 'NOATYM 'MELL ‘3L 'NELI 'SHLI 3 oL
dIHd/8Xa-=(I)STNA ovT ‘SODSIA'SIA'QE ‘IL'NIA‘M’'A'N 'Y ISAVY TYII) LOAINTYD TIVO 69
dIH4A/aXd=(1)5Z4d (39 ¢ O 89
dIKJ/EXA=(1)STLd 8€T SNOILVNDE OIVNEAOTY WOMd SASSTULS SATONAZM ILVINDTYO ---D LI
(Z s+ BRA+Z 4 »8XA) LHOS=dTHI LET D 99
{ON-LT) X- (£1) X=€dXd 9¢€T (1237 'MALL 3910 NDLI ‘SELI 3 S9
{CN-LI)X-(0I)X=4Xd SET MOAQTISHYTYDI ‘HI0A AUV AL ‘XA 'K 'X) LIJTYD 1O v9
T+(I)ONWHI=LT PET J &9
N3IHL (p 03 (I)SELI}dI £ET SWEHL NOILONAodd IONITARINIL FLVINDTIYO ---0 29
HIN‘Z=I 07 O4 ZET 2 19
2 T€T (d9L0 ‘MELL'NALI ‘SELI ‘a3 "dL A X) AU TYM TTYD {103 NodduM) 4I 09
~--STTYM HIMON ¥ HILAOS ONOTY ---O 0¢1 D 6%
T+HLN=CN 344 SHYAL NOILOATJAAY TTYM JIVINOTIYO ---O 8§
T+WIN=IN 821 J LS
2 L2t J 9S
SHOLDIA IINN ITYM TYIINIONYI ANV TVWHON JLVINOTYD ---O 9¢1 4T NI 3]
O 8¢t INNILNGD ST ¥S
(AN} 3L’ (AN)MALL ' (XNYNELI * (XN) SELI NOISNIWIA | 241 “T=(LI)AHA £s
(AN)MZII' (AN)FZLI * (XN)NZLL ' (XN)SZLd NOISNIWIA £ZT PNIN‘T=LI ST OQ (4
(AN)MTI ' (AN} ATLA (XNINTLS ‘ (XN)STId NOISNIWIQ 221 s NO43HM (. ’'TP)avayd 18
(AN)MZNI ‘' (AN)BZNJ ' {XN)NZNJ ‘' (XN} SZNd NOISNIWIA 1¢1 ' («"TP)ava" 0§
(XN)MING ' (AN)FTNA * (XN)NTNJ * {XN) STNd NOISNIWIQ 021 FD'ADMZOMTD'TOTO («'TP)avaAY 69
{ANXN) Q3 (ANXN)EL° (ANXN) X * (ANXN) X NOISNIWIA 611 («'TP)aYEA 8y
JYrwse, JanIONI 81T (Z)aMaud ‘' (2)axddn’ (Z)IaNaMsN’ (Z) 3xNd0Ss («'TP)AVIA Ly
Jy-ureaedptab, IANTONI L1T {+'TP)aVIY™ 24
||||||||||||||||||||||||||||||||||||||||||||||||||||| O 911 (T)aXI¥d ' (T)aMIEN’ (T)INAMSN '’ (T)ENHOS (» ' TP)AVIY Sy
(L0 'MELONALT ‘SELI ‘a3 ‘3L 'X ‘X)) JAATYM ANILNOHENS STT {(«‘TV)QVId 144
||||||||||||||||||||||||||||||||||||||||||||||||||||| o PIT STAJYN ' INVITIV'AND (- 'TP)AVIH £y
2 ET1 {'T¥)avad 144
gN3 AN ZAVT'IUT (' TP)AVEA v
NANLIE TITT {«'TP)QV¥IY [1] 4
2 011 ¥ddAYD 'O0Td 'NHD ‘2ad ' TaD (»'TP)aVaY 6¢
((€°0TT'XT)L'XT)IeWIOT L 60T (« ' TV)QVaY 8¢
(E£26)3L°(€£26)N3AA/ (€Z6)SVAL {L'»}23TaM (1-ba' (01 1931)pow) 31 80T (s '1P)Q¥aY LE
ANNIINOD oV LOT J 9¢
({LI)ZM+ (LTI ZA+{DT) 2N) «G 0= (LT ) SUAL 901 Ty ANIMAA Qg
(0I) AHd=(LI) ANKA S0T J ve
CNIN'T=LY 0P OQ v0T NEHL (1°03°9dLI}dr £e
2 £0T Dzt
(S¥EL) MOTId HLIM (3L) QIIVINOTVYD ADHINT INIAINGAOL MOIHO ---2 T2OT LN+ IN=CNIN 1€
(MELL'3ELL 'NLIL  SELT T 10T T+HLON=CN o€
‘SOJSIA'NIQ‘SIA‘AT ‘AL) SIAQOWY TTVD 00T T+WIN=IN 62
D 66 J 82
(PI)IHA=(LI)ad St 86 oLz
CONIN‘T=LI G€ Od L6 {XNXN) SHEL‘ (Z)H0S3y ‘' (ANXN) IHd NOISNIRIA 92
J 96 (ANXN) DOKWA ‘ (ANXN) 24 * (ANXN) Td 3 114
(YOSTY 'IHAL ‘ISHVY ‘MELL ‘3450 NALI ‘SELI 3 S6 “ (ANXN)NEA ‘ (ANXN)M’ (ANXN)A* (ANXN) N NOISNIRIA ve
‘9 ‘AL ‘SOOSIA‘SIA‘ZA ' T4 'NIA'M'A'N 3 143 {ANXN) SIA’ (ANYXN)Qd ‘' (ANXN) AL NOISNIAWIA [ %4
*MNA ‘ING 'NNJ 'SNG ' ‘JOA ‘HYY ‘X4 ' Xd ‘X X 'IHJ) INOTYOV TTIVO £6 (AN)MELD’ (AN)F9L0 ' (XNINSLI ‘ (XN} SELI NOISNIHIQ (44
J Z6 (AN) MNG * (AN) NG ‘ (XN)NNG‘ (XN) SNQ@ NOISNIWIA 12
(£1)ad=(0rI) IH o€ 16 (ANXN) ¥ ( ANXN) TOA * ( ANXN) 2uY 3 0¢
CNIN'T=0I 0€ Od 06 * (ANXN) X2 ¢ (ANXN) XJ ' (ANXN) X ‘ (ANXN) X NOISNIWIQ 61
Z=IHdI 68 J 81
O 88 Jrwse, JANTONI LT
NOILVJISSIA XOW3ANA DILANIY INITNHAL FLVINOTYD ---O LB ,y-urexedptab, IANTONI 91
O 98 J ST
(3940 ‘MELC NELI ‘SELI ‘SOOSIA‘AE Il 'NAQ ‘R "X} AVIOMIY TTVD (ZAVT) Jd1 (=3 - T N et e e XN A%
D 8 (LYVISEY ' ISHVY " TYOI ‘NNHA 3 €T
(LI)IHA=(L1}dL GZ €8 ‘¥YIII ‘MELL ‘FAL0 NALI ' SELI “YOSAN % 1
CNIN'T=PI ST 04 8 ‘SIA‘SODSIA'ZI ' Td 'NIA'AT'IL'M'A'D 3 11
O 18 “MNJ ‘SNGNNJ‘SNG ‘Y ‘JOA ‘JUV A4 ‘X4 ‘X 'X) JOWSY ANILNOCHEANS 0T
(4OS3N ' THAT ‘ ISAVY 'MALL ‘3FLL 'NALI ‘SELI 3 [+]: R I I bttt bl et b daed bbbttt D6
'‘qa ‘3L 'SODSIA'SIA‘TA ' TA'NIAA‘M'A’D 2 6L o8
‘MNQ “INJ ‘NNJ SNA ‘¥ °TOA ‘FYY ' Ad 'XJd X 'X ' IHA) BNDTYOVY 1TV 8L UUUUUUUUUOUUUOUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUU L
o LL o) o9
(£I)3aL=(LT) IHd 0Z 9L o) x93ua) AboTouyoal Qdd BuApIdNDOH 29
CNIN‘T=0I 0Z Od SL o} o0
T=IHdI \ 22 o] FINAOK FINITNGINL SSIULS DIVIEIDTV DIHLIWMASIXV/dC 2 €
D EL o) 22
TAOHANA DILANIM INZINQINL JIVINDTIYD ---0 TL UUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUOUUUUUUUUUUUUUUUUUUUUUUU 1
g ebed pZ pouwse 9e:91 9661 2} 120 | ebed pzZ pouwse 9€:91 9661 21 190

Biguw wios eyPbA AQ pajulid




c pg pouwse

=01 y8¢ (MLOHI) A- (MOI) X=€Ad £TT
WON'Z=C 0T oda £8¢ (MOHI) X- (MPT) X=8Xa [ A%4
T+ACN=CN 282 CN-MOI=MCHI 112
THRIN=IN 182 WON+ (T ) CNWI=MLT 0t1c
O 082 NIHL (y°"0d' (I)N4LI)dI 60¢
o 6LT AAYANNOd HIYON ¥OAHO---O 80T
(AN)MELL ' (AN)JELL’ (XN)NELI ‘ (XN} SHLI NOISNAWIA 8LZ AIANA Loz
(AN)MEN ' (AN)MZN‘ (AN)MTN NOISNIWIA LLe (TTIVHS+SNSIA) /0 T=SNSIM 902
(ANXNIM* (ANXN)A“ (ANXN) O NOISNAWIA 9Lz (d9Xxa’dgxd 'gdXd 'gXa) YL I1ZA=SNS1d $0¢
(ANXN) A’ (ANXN) TOA’ { ANXN) ZdY NOISNIWIA SLeZ 4A-dgA=d9dAd boc
{ANXN) A4 ‘ {ANXN) X4’ (ANXN) X ' (ANXN)X NOISNAKIA vz ax-dax=d49Xd £0z
o €£LT ((ON-CI) A+ {T-ON-LCI) A+ (T-DI) A+ (LI} X) +¥I0=dEgA [44X4
Jqrwse, JanIoNI ZLe ((ON-CI) X+ (T-ON-CI)X+{T-LI) X+ (£1)X) »¥ID=d8X 102
Y wexedprab, IANTONI TLZ ( (MORI) X+ (MOI) X) »dWH=8X 002
|||||||||||||||||||||||||||||||||||||||||||||||||||||||||| o 0Le ( (MLCHI) X+ (MOI) X) »IVH=8X 66T
{1837 ‘MELLFELL 'NALI ‘SELI k) 692 {MPHI ) A- (M0T) X=dAA 861
MOANISAVY/TYOI ‘Y TIOA 'IYV ‘AL ‘X4 'A'X) LIATVD INILAOYENS 892 {MOHI) X- (MCI) X=9Xa L61
|||||||||||||||||||||||||||||||||||||||||||||||||||||||||| D L9Z LN-MCI=MIHI 961
D 932 T+(I)CNWI=MLT S61
J 692 NIHL (v 0d° (1)sdll)dl veT
anNz A 4°14 AYVYANNOH HINOS HLIM LMVLIS---0 €61
NANLIA £92 ! (TTYWS+ (LT)AF) /S Tus (£T) HL«NODI=450D 261
D Z9¢ ({e1)al)sav=(ri)as 16T
O 192 0" 0=MNSIGY 061
((CYMZNIS (C)MINIMNSIQH % 032 0" 0=3BNSIM 681
+(0)AZNA» (L) FTNA«INSTIAE+ (I)NZNI» (I) NTNILNNSTQY 3 652 0" 0=NNSIQH 88T
+(I)STNI« (I)STNISNSIAH) »J30D= (LT ) AXNNI 86T 0" 0=SNSIQY L8T
(Zxx (L)MZNAsMNSIQU+Z 4+ (L) TZNI»INSI@®E 3 LSZ £+(I)ONRI=IT 981
+Z s (I)NZNI+NNSIQU+Z» (1) STNI«SNSIQH) »JF0D= (LT} XNNA 952 WON'Z=C 08 0d o981
(Zos (L)MINASMNSIAQU+Zx ¢ (L) ITNILANSIQE 3 852 WIN'Z=I 08 Oa 81
+Zr s (T)NTNI«NNSIQU+Zx» (I)STNI«SNSIAY) «4300=(LI) XNNA ) 214 O €81
J EST ¥ddVO/ S LAKHD=NODL 81
JIAN" (414 €% »SZANO=SLAKD 18t
(TTYWS+3ENSIA) /0" T=aNSI® 182 { (WD) LHDS) LudS=SZNHO 081
(d€Ad ‘dgXd '9Ad '€Xd) ¥1TIA=ANSIA 0se 2D 6Ll
gA-ddA=ddid (344 AONILNOD 0Z 8LT
gX-dgX=d9Xd 344 JIANS LLT
((ON-0I) A+ (T-ON-LI) A+ (T-LI) A+{LI) X) «»¥LD=daX LvZ dIHd/8Xa=(L)IZNA 9LT
((ON-CI) X+ (T-ON-LI)X+(T-LI) X+ (LI)X) »¥LO=dEX a9ve dIHd/9Ad-=(L)IITNI SLt
{ (MPWI ) A+ (MLY) X) »dVH=GX Sve dIHd/8Xa=(L)3zZ14d vLT
{ (MDWI ) X+ (MLT ) X) » AVH=HX j 424 dIHA/a¥d=(L)aT1a £€LT
{MOWY) X- (MLI) A="HAQ £ve (ZxxGAA+Z x +8XA) LHOS=3IHI ZLT
{MOWI) X~ (MLI) X=8XA (4 44 (1-01) X~ (LI) A=9AQ LY
T-MPI=MLHI e (T-0I)X- (LT} X=9XA oLt
£4 (KIN) CNHI=MLT ove £+ (WIN) ONWI=CI 691
N3HL (903" (0)agre) 41 6€2 NAHL (p°03° (£)3dir)d1 891
Ad¥aNNog LSYWA MDAHD---D 8€T JIaN3 L9T
JTIANd LEZ dIHA/8Xa= (L) MZNA 991
{TIVHS+MNSIA) /0 T=MNSIQd 9¢2 dIHA/8Ad-=(LYMTINI S9T
(dgAQ ' ddXa’'dAQ ' €Xd) VI TIA=MNSIQ S€e dIH4/8AA= (L) MTLL ¥91
dX~ddA=dg9id vee dIHA/8Xa=(0)MTLA €91
gX-4dX=48xa (X %4 (T v 4BAQA+T8HXA) LHOS=dIHd 291
((ON-CI) A+ (T-ON-DI} A+ (Y-LI)A+{(LI)A) »¥I0=dEA [A%4 (T-LI)A-(LI)A=9AQ 191
({ON-DI}X+(T-CN-LI}X+(T-LI)X+{LI)X) «HLO=daX TeZ (1-£I)X- (LI)X=8Xa 091
{ (MDWI) A+ (MLI)X) v IVH=8X 0€Z 0=01 651
( (MORI) X+ (MLT) X) » IVH=GX 622 NAHL (p°03° (L)MEIL) AT 8S1
{MDWI)A-{MCI)A=€AQ 822 WEN'Z=L 0T 0 LST
{MCKI) X~ {MOI) X=€XQ Lz 2 96T
T-MPI=MLRI 9zZe -« SITYVANNOE ILSVA % LSIM ONOIY ---2 GST
L=Mr1 1Y 44 J ¥s1
NIHL (% 03 (£)MaLL) dX vZe JANIINOO 0T €51
AYYGNNOE IS3AM FHL ONOTVY---O €2¢ JIaQNd ZsT
JIAN3 t444 JIHA/9XA=(I)NZNI 18T
("TTYHS+NNSIA) /0" T=NNSIQd 122 dIHd/8AA-=(I)NTNI 0s1
(d9Aqd ‘d9¥d '9Aqd 'gXJ) YL T4d=NNSId 0ze dIHA/GXA=(I)NZL1d [3A¢
gX-ddA=d4Ad 612 dIHA/8Xd=(I}NTId 8Vl
gX-daxX=4d4xXd 812 (ZvsGAG+T» »AXA) LHOS=dIHI et
{(CN-PI} A+ (T-ON-LI) A+ (T-CI) A+ (LI} R) »HLD=ddX LIz (CN-LI)A-{0I) A=9AQ 9Vl
((ON=LI)X+(T-ON-LI)X+{T-LI)X+(0I)X) »4LO=d€X 912 (PN-LI}X- (PI)X=8¥Xa SPT
{ (MCHI) X+ (MPI) X) » SVH=HX S1¢ ON+ (1) OCNHI=PY el
( (MORI) X+ (MPI) X) v dVH=EX | A%4 NIHL (% 02" (I)NEII)AI £v1
v abed pZ poluse 9£:91 9661 21 190 € ebed pZ powse 9£:91 9661 2} 100

Biauw woyy eyypbA Aq peiund




pg powse

(P1)XaNa-=(1°€)¥

(LI)XAMA-=(9 '2)V

du/ (CI)Me"T- (S 2)W={(5’'2)¥ (T 03 TVOI)dI
(PI)ARAMA-=({S T}V
(LI)XAAds " Z+{0I)AANA-={V T}V

U/ (CIVA-(€'2)¥={(E£°T)IV¥ (ISAV)II
0={€°TI¥

(CI)AAAQS " T+XOYG T=(2°2)Y

(LI} Xana-=(1'2)v¥

(PT) Xama-=(9 ‘'1)¥

U/ (LIIM+ (S TIV=(S 1)V (T 0T TYOI}dI
(LI)AaMA-=(S‘T)V
(0I)AQNdy "2+ (LI)XAND-=(V TV

AU/ (LI)A-(€'TIV=(E£'T)V (ISAV)4L

0=(£’'TIV

(£I) RAAQ-= (2 'T)V
(LI)XANA s " Z+XNYLS " T=(T'T)V
MOMA'AN'ZM ZA' TN TEVEYA S0 ¥IMEO
(TTYHS+ (LT) AL« XOV) /" T=XNV

(((c1)ad- (LIINIA/ (LIINID) +(£I)ATHTD) / (2D~ 1) =XNV¥
(TTYRS +(LI)AL) / (CT)AA=NAE
((T-ON-LI)H+{ON-LI) Y+ (T~LIV U+ (£I)Y) +ULD=dU
O+ (I)ONRI=CI

WCN‘Z=L 0T Od

WIN‘Z=I 0T Od

T 0=ZVIYdd

*0=TYIHdd

S 0=4734

=(OTIMN9TYH{LT ) MALSTY+{ LTI AN PTY+ (LT) ZMa ETV+ (LI) CASZTTIVH (L) ZNLTTY

o}

o
o]

W04 FHL NI SNOILWNDE SSAYLS JIVHAIOTY SHIVINOTYO----D

T+HCN=LN
T+RIN=IN

(AN)MELL ' (AN)FELL’ (XN)NELI * (XN) SHLI NOISNIWIA
(ANXN)SIA' (9)d (99)V¥’ (ANXN)YH ‘ (ANXN)N3Q

‘ (ANXN)Qd ‘ (ANXN) 3L’ (ANXN)M‘ (ANXN)A ' (ANXN) N NOISNIWIQ

(AN)MQ* (AN)MMXJ * (ANXN) IHd NOISNIRIA
Jyrwse, JANTONI
,y-urexedpralb, IANTONI

(22371 ‘NOJTYM 'MELL 'HEALL 'NALI 'SHLI

'SOJSIA‘SIA‘QY “AL'NIA'M’A’N Y ISAVY "TVOI) LAINTYO INILOOHENS

aNg
NaNLIH
ANNILINOD
ANNILNOD

aM=(rimen
FA=(r)mzn
an={C)MIn

3y pus
{({LI) €Ed+(LT)2Td+(LT) TTd) SEY#S 0= (LT} NID
dI gNd
ad/ (LI)As (PI)MA-(LT) £2d=(LT) £2d
dd/ (LI A (LT)MN-(LT) €Td= (LI} €14
NIHL {(ISHV)JI
JIANZ
(d¥/ (LI)Me (LT} TM
- (LT)AQAGS (LY} MA+(LT) XAMA (LI} A
+(0I)XAAQs (£I) MO+ (LT ) XAMU & (LT)AN) -=(LT) £2d
((LT)XaNAx (0T) MO+ (£T) XANA s (LT MA

#

3
3

3

o]

144
1244
[X44
[444
1544
ozv
61V
-394
LTV
91V
STV
1454
(484
(454
Tiv
oty
600
80y
Lov
90v
SOv
vov
£ov
Zov
To¥
[olv) 4
66€
86¢
L6E
96¢€
S6¢€

y6¢e
€6¢
Z6¢€
T6¢
06¢€
68¢€
88¢
L8E
98¢
S8¢
p8E
€8¢
[4:33
8¢
08¢
6LE
8LE
LLE
9LE
SLE
bLE
€LE
Le
TLE
oLE
69¢€
89¢
L9¢
99¢
S9¢€
Vot
€9¢
29¢
19¢€
09¢
6S¢€
8s¢
LSE
96¢

+(01) XAMd s (CI) AN+ (LT ) XAMds (LT) 20) -=(LT) €14

N3HL (1 03 TYOI)dI

0°0=(r1)ecd

0'0={r1)eld

dY/ (CIYM« (LY)MO+ (LT ZTA={LI)ZTd (T 03 TYOI) 4l
(((PT)RAAGQ+(LI)XANA) « (LI} AN #

+(0LI)AANA. (PI) ZA+(LI) XAADS (LI) 20O} -= (LT} ZT4
((LI) XaMQ« (LT} MA ki
+{LI)XQMA» (PIIMN) » " 2- (LT} €€d=(LT) €€ (T 0T TYOI)4I
A/ (LI A (LTI ZMx " Z-=(LrI) £Ed (ISAV)JI

0'0=(rI}eed

dd/ (LI)Ms (PT)MAS Z+(LT)T2d=(r1)22d (103 TYOI)JI
((PI)XAAdS (L) ZA+(LT) XAADS (LT)AN) « " 2-=(LI) 224
((LT)AANA s (LTI AN+ (LT XANA» (£I) 20) » " T-={(L1) T1d

usyy (1°bs-a931)3iv

{01 )39Y/ (SNYA-MIMA-MINT» SNMA) = (01) AAMT
{£1) JUY/ (MIAd.SNMA-SNAQ»MEMG) = (£1) XAMT
(£1)39V/ { SNXALMING-MEXd ¥ SNAA ) = (L1 ) RQND
(0I) TYV/ (MAXA«SNAT - SNAQXMIAT) = {01 ) XAAQ
(1) 3YV/ (SNXA»MINA-MAXA»SNOQ) = (L£1) 24NA
(0I)TYY/ (MIAALSNNA-SNAG.MINT) = (L) XANA

SM-NM=SNMa
(LY MEN-FM=MIMNA
SA-NA=SNAQ
(£)MzN-FA=MIAA
SN-NN=SNNa
(C)MTN-3N=MINA

AXd» (OAI) M+MXd e (LTI M=TM
AXd« (0AI) A+MXIx (0T} A=AA
IXd# (L4I) N+MXL 6 (£1)0=3N

NAdy (d0T) M4SAd s (L) M=NM
NAds (d0T) A+SAds (PT) A=NA
NAd#» (d0I)N+SAds (LI} N=NN

NM=SM
NA=SA
NN=sn

{{T-CHI)}A- (CHWI) A+ {HCI)X- (PI)X) «d¥H=SNAQ
((T-CRI)}X- (KOI) A+ (CHI)A-(OI)R) »dVH=MIZA
{ (T-CHI)X- (CWI) X+ (KOT) X- (£I)X) « AVH=5NXA
{ (T-LHI) X- (HOT) X+ (CWI) X~ (£I) X) » AVH=MIXA
((T-CN-LI)U+ (T-LI)H+ (ON-LI)H+{LT)Y) »ULD=dd
NAJ - T=5Ad

(0I) Ad=Nx4

aXd- " T=MXd

(£Y) Xd=8%J

T-CI=HCI

T+0I=d01

CN-LI=LHI

CN+LI=0dT

£+{I) ONHI=CI

WCN'Z=C Z0T 0d

(L) M=NM

{LI)A=NA

(£T) Q=N

0+(I) ONWI=pI

=0

HIN‘Z=I 10T 0d

JANIINOD
(LI) M= (L) MEN
(CI)A=(C)MZN
(LI)n=(LIMIN
CN+LI=04T
T-LT=KCT

el
0T

SSE
vae
€6¢€
25¢
1S5¢€
0S€E
6VE
8ve
LYE
9veE
SPe
1443
(443
Zve
1942
ove
6€€
8EE
LEE
9tE
SEE
vee
£€E
[433
TE€
o€
62¢
8z¢
LZ€
9z¢
1143
vZe
[x4%
[44%
TZ¢
0zZ¢
6TE
81¢E
LTE
91¢€
STE
1493
€T¢€
(443
TT€
01E
60€
80¢
Log
90¢€
S0€
vog
€0€
z0¢€
T0€
00€
66C
862
L6Z
962
S62
v6Z
€62
26T
T6¢C
06C
682
887
L8T
982
$82

g ebed

pZ_ pouuse

9e91 9661 ¢} 1°0

G ebey

pzZ pouuse

9€:91 9661 21 10

Biqiw woyy 6ryPbA Aq pejung




v pg powise

O+ (IN) CNWI=CI L9S (LI) ZMx {LITU- " T) +L73Y . (€)E8=(LI) ZM 960
(CN+L0I ) MN=(0I)MN 99§ (0I) ZAx {(LTAA-"T) +L1dd (Z)E=(LI) ZA Sév
(ON+LI)MA= (LTI MA S9S {LI) 2N« (L7138~ " T) +4134- (1) E=(LI) 20 vevr
(CN+LIYAN=(LI)} AN v9s (9’4 ’'¥)ATOS TTYO €60
(CN+LT)ZM={LTI) ZTM £949 3 Z6¥
(CN+LI) ZA=(LI) 2A 9% 41 aNa 16¥%
(CN+LT)Z0=(LI) 2N 19s (ZMd €+ TMIL2d) »TE=(9)1 /]34
£+ (1) CNWI=LI 09¢ (LI)AXNOd ¥ (£I) £2d+(LT) XNNI» (LT) ETd=ZMI 68V
HON'Z=p 04 655 (LI)XAXNNI» (CI)MA- (0T) XNAJ« (CT)MN-=TAF 88%
0od and 855 (ZMI- £+ TMILZ8) »TE=(G)d L8Y
(I-CIIMA=({LI)MN LSS (LI)ANNd Y (DI)EZd+(LT) RXNNI« (LX) ETd=ZMI 987
(T-PI)MA=(LI)MA 9GS (0I) ANNd» (PT)MA- (LT) AXNOd » (LI} MO-=TMd S8V
(T-CIYAn=(CI)an 5§66 (ZMAEG+TMITH) » TH=(D) E v8v
(T-0I)ZM= (LI} ZM 1433 ((DI)ANNA+ (LI)XNOS) » (CI) 214 ¥ €80
(I-0I)ZA=(LTI)ZA £496 +(0L) AXNN« ( (CII)NIO« "€/ b= (LI) 223+ (LI)TTd) =2Md [4:14
(T-pI)ZN=(rIjen (434 ({0I) ANN+ (LI XNNI) « (LT} AN- (LT} AXNOA X ({DI) ZA+ (LT} ZN) -=TAS i8¢
ON+(T) ONWI=LI 1SS (ZMd. CH+TMILZE) « THLS " TH(E)E=(£) T [11:34
(T+0IMMN={PI)MN 05§ (PI)ANOd« ((CI)NEDS €/ "2~ (0I) 2E2d) - # 6LV
(T+LIIMA={LT) MA (321 (LT)XXNOd ¥ (LI)ZTds " Z- (CI)XNOdx ((CIINIO¥ €/ 2~ (L£I) TTd) ~=2Md 8LV
(T+oI)AN={LI) AN 8%s (L1) ANQd« (LI ZA+{LT) AXNOd« (LI AN "2+ (LI} XNOA» (£T) 2O=TMI LLY
(T+0I) ZM= (LI} TM LS (ZMI 4 €A+TMILZE) »TH.S T+(2)E=(Z)d SLY
(T+0I)ZA=(LI) EA 9%s : (CT)ANNI» ( (CIINAD "€/ 2- (LI} 2ZA) " TH # SLY
(T+PI}ZN=(r1)2Z0 SPS (LI) XXNNd» (LI) 2T+ (LI) XNOd» ( (CI)NED "€/ " T~ (LI) TTd) -=TM3 vLy
T+(I)CNWI=LI 144 (LI) ANND « (PI) ZAS " T- (LI) AXNAA Y (CI)AN- (LT} XNNA S (1) TO=TML €Ly
IN‘T=I Od £vS (ZMd ET+TMI L ZH) »S T TE+(T)E=(T) 8 oLy
jo I 4 241 (CI)ANNd» ( (CI)NADL "€/ 2-(0I)2TA) - # e
D TIPS (0I) AXNQd» (CI) ZTd+ (CI) XNNds ( (CIINEDs "€/ T-(LI) TTd) » " T=TMA oLy
(3410 'MELL ' NGLI 'SELI) LIAAOH TTVD ovs (LI} ANNd s (0I) ZA+ (LT)AXNOSS (£I)AN- (O1) XNOdS (LI) 20" 2-=T4S 69V
J 6€ES MZOxZO=¢d 89%
TTYM ¥ OL 3S0TD SWHAL-NID XAJIAOW ---J BES (TTVWS+ (LI)EL) / (LT )ATLMTI=28 L9V
J LES (zo-"1)/°1=189 99°%
FNNTLNOD 0T 9¢S N3HL (" 1°03 NOJd¥M)dI S99V
J G€§ ‘0=(9)€ vov
((LPT) €€+ (LI)ZZA+ (LT} TTA) SAVS 0= (LI)NID [ 43 ‘0=(s)g £9%
4T QN" £ES “0=(v)8g Z9Y
du/ (CI)As (CI)MA-(LT) €2d={rT} €24 {43 {T)g=(¢)a 19¢
d4/ (LI Ax (LI)MA-(CI) €TAd=({LT} ETd 1€S (v)a=(z)g 09¢%
NIHIL (ISAVY)JX 0€S (LI)AL« {CI)NIALXNY=(T} €L 6SV
JIaNI 625 J 8S¥
(dd/ (LI} M= (LI} ZM 3 82§ d¥/ (PI)A+(9°9)¥=(9'9)V {(ISHV}JI LSV
~(L1) RAAQ« (OT) MA+ (DT) AQMT» (LI} ZA 3 Lzs (0I) Xana+xav=(9'9) v 9st
*AhHVxQ>Q«AnHVSD+AbH,xQSQ«AhH.>bv|uAnvawm 92s (LX) XANA=(S°9) V¥ SSb
((£1)XANd« (LI MO+ (0T) XANA s (L£T)MA sZs (PT) RAMA=(V 9}V 1 234
¢AhHV>Q3Q.Ath>:+AnHvxnso«Ahuvmovnnacuvmam ¥Zs 0=(€'9)V¥ £9%
NAHL (1°0d3°T¥dI)dI €28 0={(Z'9)V¥ (A3 4
0°0={rr)eed [ 44 (LI)Xama=(1's)v 1824
0'0={LI)€Td 128 O 0SSP
AU/ { LI} M (LTIMN+ (LTI ZTA=(LI}ZTd (T 03 TYOI)dI 0zZs (0I)XaAd=(9'S}V¥ (324
{({({01)XaAG+ (£1)XANA) » (LI)}AN # 616 U/ {PIVA+(6'G)Y=(G'S)V (ISAV)AI 344
+{0T) XANAx (LT) ZA+ (LI) XAADL (£} 2N) ~=(LT) ZTd 8BTS (£1) XAAA+XN¥=(S'S)V Lyv
((0T) AaMA« (0TI MA 3 LTS (CI)xaMa=(v‘'s)v :1474
+(DT)XAMA~ (PIIMN) »°2- (LT} €€d=(LPT) €€ (T 0F TYOI)dI 91s Ju/ (CIIM-(€°S)¥=(€’'S)¥ (T 03 T¥dI)dI sy
dU/ (LI)As (DI) TMe"Z-={LI) E€d (ISNVY)AI S18 0={€‘'S)V¥ 1444
0'0={rI1)EEd v1s (CT)AAMA={(ZT°'S)V [244
dU/ (0T M« (DT)MAY "2+ (0T) 22d=(LT)Z2d (T°03 T¥OI)4I £16 0=({1'S)V¥ (444
((LT)XAATs (LI} ZA+ (DI} XAADL (LI)AN) " 2-=(LI)Z2d Z18 jolRe 44
((0I) XaNAx (LI AN+ (LI)XANAX (£I) 20) « " Z-={LTI)TT4 11S JY/ (PIIM-19'9)V=(9'p)¥ (T 03 T¥OI)dI ovy
O 018 0={9°'p)V¥ 6ED
J 60S 0=(s'P)Y 5% 4
(NIHOYL {£1)ZM) IXVRV=(L1)ZM 80S {LI) AGAQ+ (L1} XANA+XOE= (P '¥) ¥ LEY
(XYROVL ' (LI)ZM) ININY={LI)ZM L0S 0={g'PIV 9eb
(NIKOYL (0I) ZA) TXVWVY=(LT) ZA 90§ (PIYAANA=(Z'V) Y SEv
(XVHNVL ‘ (LI} ZA) INIWV=(LI) ZA 506 (PI)Xana=(1'p) ¥ veED
(NIKHAYL (£1)2N) IXYWY=(L1)2Zn v0S O teY
(XYWAVYL’ (LI)ZN) INIWY={r1)en £0S (LI} XAMds "Z=(9 '€}V ZEY
*0=NIRNVL z0s du/ (PIYM+ (S €)¥={s '€)¥ (T 03 TYOI)dI 143 4
(LI)ALy (LI)NIA TXYHOVL 108 (LI)AAMAs"2=(S ‘€)Y [11% 4
J 00S (PI)Xaaa- (LIYAANA-=(v'€) ¥ 6CY
(0T ) M0 (173U~ 1) +1T3Y. (9)E={CI) M0 66V AU/ (LTVA"Z+ (€ EI¥=(E €)V (ISAV)JI 8zv
(LT YMAS (ITTY- " T) +1T34. (G)H={CTIMA 86V XO¥«S T=(€°€)Y LZy
(LT Al (LT3N- " 1) +17138- (D) E=(LI) AN L6V (LI} RAAQ-=(Z2'E)¥Y 9cv
g ebed pZ pouwse 9e8:91 9664 24 100 2 obey peg powse 9€£:91 9661 21 00

Bigiw wouy yHPbA Ag pajund




S pz powse

O 60L ANIHd= (D) MNIHd 8¢9
NAL- " T=SAd 80L ((LI)AI~"T) « (CI) IHA+ (LT) Ads (T+LI) IHI=ANIHA LEY
(0I) A3=NAJ LOL ANIHd=FSIHd 9€£9
IXI- " T=MXd 90¢L 41 aN3 S€9
(0T) Xd=3Xd S0L (Z s +»TRA+Z»»AXA) »FTIEY/TNYO= (L) MA Ve
T-0I=WOI voL ((T-0T)¥+(LT)Y) »« (ANILH » LSIA+SOOSIA) » AVH=AWYD €€9
T+0I=401 £0L SOJSIA- (LI)SIA=1SIA z€9
DON-LI=0HI zZoL NIHL (G670 LT (LI)AWI ANV’ ZAVT) AT 1€9
T+0dI=d0dI 1oL T vIXAs ZATHYO+Z » v XA » ZNIWYO= (L) MA 0€9
ON+LI=0dT 0oL JIANd 629
£+ (1) CNWI=CT 669 FAUVY/ (LT ) AN NET L=ANTRVYO 829
HCON‘Z=0 TOT od 869 FIUVY/ (L) ZA«WHTL=ZATHYD Le9
D L69 FAUY/ (0I) 20+ REIL=ZNIWYD 9Z9
S3DUNOS ANV SINIIDISITOD J0 ATHEWASSY - dOOT NIVH FHI----- 0 969 ((ROT)Y+(LI)A) MAD« (£1)AF/ (LT) AL+ IVH=RIIL s29
D 569 NAHL (0°0°3N° (£I1)Qd)dI |24:]
ANIHd= (L) MNIHd v69 40=M3D (7 03 IRAI)dI £29
AONIINOD OTT €69 HO=3AD ze9
JI aNg z69 02 129
( (C)MNIHd-INIKA) » (LIAA+NAQ+LIXA «NXA) « NIUY / NNYO - =NMIS 169 (WCT) A- (LI} A=3AQ 029
NIHL (S6°0° 1T (LT)NHI ANV ZAYT) 4T 069 (HOI)X-(0T)X=3Xd 619
(( (L)MNIHA-ENIHA) » (ITAQ»NXA+NAQsLAXA) «ANNRYD % 689 ((0d1) 3YY+ (0T) FUY) » IVH=TIUVY 819
- ((DI)IHA- (ALT) IHA) «NAQ+NXA«ANNKYOY "2 % 889 : D LT9
+((0) MNIHA-INTHA) 5 { JAXA «NXT» ZANWAVO + LIAQ s NAQ ¥ ZONWYO) ) - =NMIS L89 NAd-0 T=SAd 919
0TT O 09 (p'03° (I)SELI ‘WO € 03" (I)S4LI)dl 989 (PI) Rd=NAd ST9
0 0=NM3S 589 axd- - T=Mxd (2¢:]
MXJ« (PT) IHE+IXA (ON4LT) THI=INIHI 89 (LL)Xd=dXd €19
0" T=SSXd €89 T+LI=dL1 z19
41 ang z89 ON+0I=0d1 119
(2 «NAQ+Z v « NXQA) »NIUY / NWYO=RA 189 T-0LI=HLI 019
({(ON-LI) Y+ (0I)Y) « (GANTIYd » LSIA+SOISIA) » IVH=NHYO 089 £=01 609
SOOSIA- (LI)SIA=LSIA 6L9 WON'Z=0 0T 0a 809
NAHL (§6°0° LT (LX) NWA ANV ZAYT) 41 8L9 ANIHA= (LI )MNIHJ L09
T +NXQ » ZANHYO+Z » x NAQ » ZONHYO=NA LL9 (0I) IHd=3NIHd 909
JIaNZ 9L9 =01 $09
NEYY/ (L) ANy HEAL=ANNWYD SL9 > v09
NIWY/ (0I) ZA+HEIL=ZANWYO VL9 (IHAI)AMI¥A/ " T=dANILYd €09
NA¥Y/ (£1) Z0 WAL= ZONWYD €L9 (IHAI)aANIYN/ " T=THIJUN z09
((CHI) Y+ (LI)Y) MM (0I)QHE/ (LT) Ls IVH=KAAL zL9 > 109
NAHL (0°0 3N’ (£I)Qd)dI TL9 SATGVINYA IUOLS XTVHOSWAL 40 NOIIVSITVILINI----- o 009
dO=1¥0 (Z 04 IHAI)JI oL9 D 66§
AD=NMHO 699 T+RON=CN 86§
0" 0=ANNKYD 899 T+RIN=IN L6G
0° 0=ZANWYO L99 o 96§
0" 0=ZANKVO 999 (Z)d0S3aU’ (AN) MSNS * (AN) MNIHA NOISNAWIQ 565
{ {CWI)A- (PI)&A- (CN-ALT) A+ (dLI) A) +¥10=1340 599 (AN) HELL ' (AN)MELLD ‘' {XN) NELI * (XN)SELI NOISNIWIA v6s
{ (PRI X- (0T)X- (DN-dLI) X+ {d0T) X) »¥L0=14Xa v99 ( ANXN) NZd * (ANXN) M’ (ANXN) A ‘ (ANXN) ) NOISNIWIQ £6S
(CHI) A-{0T) A=NXd €99 (AN)ING * (AN) MNQ * (XN) NNQ ‘ (XN) SN NOISNAWIQ z6S
(CWI)X-{0T)X=NXa 299 (XNXN)Qd ‘ (ANXN) 31’ (ANXN) 24’ (ANXN) T4 NOISNIWIQ 166
((d01) YUY+ (0T ) FUY) » IVH=NINY 199 (ANXN) SIA’ (ANXN) ¥ ‘ (ANXN)I0A ' (ANXN) 84V NOISNAHWIA 06§
NAJ-0°T=SAd 099 (ANXN) X4 * (ANXN) Xd * (ANXN) X ‘ (ANXN} X NOISNIWIA 685
(LI) Rd=NAd 659 o 88§
(PI)Xd-"T=MXd 849 (AN)MQ * (XN) MMXJ ‘ (ANXN) THd NOISNIWIA L8S
(0T) Xd=aXd LS9 O 98§
T+0I=40T 959 .y wse, FANTONI [4:14
ON-LI=LHI 559 ,Y-wezedptyab, FANTONI ¥8S
£+ (1) ONWI=PT P R T T il it bl D £8S
T=0 €59 (OSEN ' IHAI ' ISV ‘MELL "HELL ‘NALI 'SELI 3 z8%
HIN‘Z=I 001 0Od z59 'gd ‘3L ’'SOOSIA‘SIA'ZA'TA 'NIA'M'A'D 3 186
D 159 *MNQ 'ENQ 'NNC ‘SN ‘¥ ‘TOA ‘3YY ‘X4 "Xd ‘A ‘X THd) 3MOTYOV ANILOOHENS 08§
HANIINOD 0T (T I T T it D 6LS
41 and 6v9 O 8LS
(ASIHA-ANTHA) » (TXA«SKAG+IXA+SAXA) «TTAV/ TWYD-= (L) MSNS 8v9 o LLS
NIHL (S§6°0 LT (PT)NWI ANV ZAVT)dI LYY and 9LS
((ASTHA-ANIHA) » (XA SHAA+TAA+SHKA) »ANTWYO 3 9%9 NEOLAY SLS
- ((DPT)IHA-(PAI) IHA) »IAQ+IXALANTHYO"CT 3 Sv9 oa anz vLS
+(ISIHA-INTHA) » (IXA ¥ SAKA» ZATHYO+TAA ¥ SHAT« ZNAWYD) } -= (L) MSNS 142:] (CN-C0I)M0= (0T) M0 €LS
({(T-0I) A~ (0I)A- (T-ON+0Y) X+ (ON+LT) &) »HLD=SAAQ £¥9 (CN-LT)MA= (DT) MA LS
({T-0T)X- (CT)X- (T-ON+LT )} X+ (ON+L0T) X) »4LD=5AXA [A4'] (CN-L0I) AN=(£I) AN LS
0T OL 09 (v 03 (LIMELL WO' € 03" (L)MELL) AT w9 (ON-0I)ZM=(PI) ZM oLS
0° T=(0) MMXd ov9 (ON-LI)ZA=(0T) ZA 69§
0° 0= (L) MSNS 6€9 (ON-P£X) 2N=(L0I) ZN 896
0} ebed pz pouwise 9€:91 9664 21 190 6 ebed pZ pouwse 96:91 9661 24 100

Biqiw woyy 6p¥PbA AQ peiund




9 pz powse

AIANZ 158 ({((CI)IHd- (dLI)IHd) ki 08L
ANNILNOD 0TE 068 »NAQ#NXT» ANNHYO» * T+ { (L) MNIHd-ENIHA) k] 6LL
41 aNd 608 + (LAXA« NXQ+NAQ « LIXA) s ANNKYO- { (L) MNIHA-INIHE) k] 8LL
I¥3d9= (1) ddg 8v8 » { LAXA « NXA  ZANWYO + LT XA « NAQ » ZOANWYD ) ) -=NMIS LLL
(£1)a3«LVAYO=(L1) NS LY8 NMES=SMIS 9LL
NIHL ($6°0 LT (LI)AWA) AT 9v8 AXdy (NAd¥ (T+0d1) THA+SAD 4 (04T ) THA) 3 SLL
L+ (1) CNRI=CI (4] +MXd ¥ (NAd« (d0T) THA+SAd s (LI) IHd ) =INIH] vLL
HON'Z=C 0T1€ od 122:] ANIHd=3STHd €LL
NIHL (v 03 (I)NEL1I ¥0 p 03" (I)SdLil}) 41 €98 o zTLL
WIN‘Z=I 0f o4 14 2¢] { (PN-WLI) A= {ON-dLI) A+ (HLIYA- (A0T) R) »HI0=13AQ TLL
NEHL ( TAYT GNY'Z 03 IHAI )dI 108 ((ON-ROI) X~ (ON-dLT) X+ (HOT )X - (LT ) X) »HI0=13Xa oLL
O 0v8 ((T-CHRI)A-(T-0dI) A+ (CHI)A- (LdI) R) »¥I0=SAAQ 69L
(MNQ * 3N *NNA ° SNA 3 658 ((T-CHI)X-(T-C4T} X+ (CHI)X-(0dI)X) »¥1D=SuXA 89L
'MELL ‘HELL 'NELI ' SELI ‘a9 ‘91 ' N3d 3 8¢€8 O L9L
"d'7IOA’FUV 'Xd'Xd ‘X ‘X 'IHAI ‘IHd) IHAAOW TT¥D LE8 NNV-(0°0'(0I)Zd) INIWY-NG=([1) NV 99L
O 9¢8 SSY- (0° 0’ (WLI) 24) TXVHY+Sd=(LI) SY S9L
SNOILIGNOD XYYANNOE - SNOIIVOIAIAOHW HITdOodd----- D &f£8 FAVY- (070 (LI) Td) INIWY-3d= (1) 3V voL
D ves MMY- (00 (CWI) Td) TXVRY+ (L) Md= (01) MY £9¢L
INNIINOD 00T  €€8 0 Z9L
FANIINOD TOT €8 TR ({(HLI)AL-0"T)»(0°0° (LT} 2A) IXVHY=TSY 9L
O 1€8 INONAT» (070 (WLI) Zd) INIWNVY-=TNV 09L
2d=(L)Ma 0€8 ; IO (SSX2-0"T)» (0" 0’ (HLT) 2I) TXVWY-=55Y 6SL
(LHI) Xd=(0)MMXd 628 N0« (ALT) Adx (070 “ (L1) Zd) INIHY=NNVY 8sL
(WLI) Xd=SSAd 828 AAO¥ ((CHINXA-0"T) (0" 0’ (LI) Td) IXVAV=TMVY LSL
INIHA= () MNIHd [X4:] ANOAXd» (070’ (LHI) Td) ININV-=TAV 9SL
ASNS= (L) MSNS 9z8 A« { {CYMMXA-0"T) «{0° 0’ (LHI) TA) TXVYHY - =MMV GGL
D s28 INOW (LAT) XA (00 (LI) Td) TNIRY=3AV ¥SL
IANIINOD 0ST  bZ8 O €SL
D €28 ONIONIYIIJIA ANIMAN AVEANIT O 2SL
(TTYHS+ (L1)AL) k] zz8 D 1SL
/(0T) A3 (LTI NAAX2AD¥ {CI}TI0A+ (LTI NdV=(L1) dE 128 41 and 0sL
(TIVKHS+ (£T)FL) 3 0zs { 2o s NAQ+Z » +NXQA) « NIUY/NWYO=NA 6VL
/{(CI)NED) SEVY» (0T) QA TAO~ (LT )TOA+(LI) AdY=(LT) NS 618 (2o »BXA+T » »3XA) »TTUY /THYO=3A BUL
O BI8 NIHL (S6°0 LT  (£I)AKA "GNV TAYT) AT LyL
ANNIINOD O£T  L18 Z v s NXA» ZANKVO+Z » « NAG + ZDNIVO=NG 9vL
o 918 Z» »IXA ¥ TATHVO+Z « » XA+ ZNARVO=3A SYL
SWMAL FDUNOS ADHANA ‘NIM ‘gH¥NlL 40°dISSIg----- D S8 Na=sa oL
O 18 41 and £vL
0ST OL 09 £18 ( (CHI) Y+ (LI)Y) » (AANILYA » INSIA+SOOSTIA} « IVH=NHVO [AZ%
D 218 SOJSIA-NSIA=INSIA i4 75
(TTYWS+ (LT)AL) / (01) AT (LT} NIA (LT} I0A+ (LT} NAV={LT) A9 118 NAd» (dPT)SIA+SAds (LI) SIA=NSIA ovL
(PI)TOAS (CI)NED+ (LTI AIY=(LI) NS 018 {(HCT) ¥+ (LI ) H) « (AANIIMA ¥ LASTA+SOISIA) » IVH=ANYD 6€L
FNANIINOD 0ZT 608 SOJSIA-FSIA=IISTA 8EL
O 808 AXd» (DI} SIA+MXS e (LT)SIA=ISIA LEL
SWYEIL AOUN0S AOYANT DILININ LINITAGUNL----- O L08 NAHL (§6°0°L1" (0I)NNI ANV’ ZAVT) 4T 9€L
O 908 O GEL
o 508 ((CRI)Y+{LI)Y) » (NAd« (dLT) AN (TIVRS+ (A0I)AT) / (ALT)EL 3 vee
IH4I (0€T’'0ZT) OL 09 vo8 +SAdy (LI AN (TTVHS+ (LT} Q) / (DI) AL) « NAHY/ A0 » ATH=ANNWYTDO €EL
D €08 ((CRIYH+ (LI)Y) » (NAJS (I0T) ZAS (TTYRS+(ALT) Q) / (ALT)AL % zeL
TSV+INV+TMV+TIV+SSY+NNY +MMY+33V= (£1) ndV zos +SAdx (OT) Ths (TTYHS+ (L1)AA) / (LT) L) «NIUY/ AN« IVH=ZANKYD T€L
(HOT) THd ¥ TSY+ {d0T) THA » TN+ (PRI ) THd » TMY+ (PdI) THd » TAY+ 3 108 ( (DWI)M+(LI)Y) v (NAIS (dLI) T (TIVHS+(ALT)AA) /(ALI)EAL 3 0L
(T-HCI) IHd»SSY+{T+dLI) IHd 3 008 +SAd« (L1) TN (‘TTYHS+ (£1)A3) / (LT) AL) « NIUY/AAO « AVH=Z(INHYDO 6L
NNY+ { CONT ) THA s MMV + (ON+D0AT ) THA 33V + (0T) AdY= (LT) AdY 66L O 8L
SMAS-NMES+ (L) MSNS-ASNS= (L1) AdY 86L ((RCTIE+(0I)H) » (AXds (CAI) AN (TTYRS+(0AI)QF) / (0dT) AL ¥ LZL
{TOWI ‘1) XYH=LCHI L6L +MXJ ¥ (DI} AN (TTYRS+ (£T)AF) / (£T) A1) +ZIYV/ AN » AVH=ANTWYD 9ZL
ON-CHI=TONI 96L ((HOL)M+(LI)Y) « (AXA ¥ (CAI) TAS (TIVHS+(LdI)AA) / (LAI) AL ¥ SZL
O S6L +MXdx (LI} CAs (TTYHS+ (LI)AA) / (L1) L) »TTUY/ WRD » IVH=ZATWYD vZL
ONIONAYAJIIIA ANIMAN WVANIT D b6l ((HOT)E+{DI)A) » (AXI S (0AI) 20 (TTIVRS+ (04T Q™) / (0ATVEL 3 €ZTL
J €6L +MXdy (01) 20x (TIVHS+ (L1)AF) / (CT) L) «FIUV/AHO ¥ AVH=ZNARYD zzL
*0=NMAS ((p 03" (I)NAII YO £ 03" (I)NEII) ANV WCN 03 ) dI 26L AD=MAD (Z'0F IHAI) JI 2L
*0=3SNS ((p 03" (£)3ELL HO ¢£'03° (£)FELL) *ANY WIN O3 I)dI 6L HO=MAUD 0ZL
O 06L {{d0I) YUY+ (LT ) TUVY) » IVH=NIUVY 6TL
dI aNg 68L {({0dI) 3+ (L) AUV » IVH=TIYY 8TL
(ISTHA-ANIHA) » (TAAwSHAQ+TXA+SHXA) » TIUV /AWYO-=TSNS 88L ( (ON-KOI) X- (ON-ALI) X+ (HCI) A- (d0T) A) »¥I0=13 XA LIl
( (£) MNIHd-3NIHd) « (LIXG s NAQ+LIXA«NXA) « NIHY / NWVO - =NMES L8L ( (ON-KLTI) X- {ON-dLI) X+ {WCI) X~ (d01) X) »¥10=13%d 9TL
NAHL (S6°0 IT (LI)AWd ANV ZAVT) I 98L ({T-DHI}A-{(1-0dI)X+(OHI}A-(LdI)A) LHLD=5ARA STL
( {ZSTIHA-ANIHA) 3 S8L ({T-CHI}X-(1-0dI) X+ (PHI)X~(0dI)X) «dLO=SAxA vIL
» (IXA«SHXA+TAALSAXA) »ANTRYO- { (£1) IHA- (0AI) IHA) 3 [ 2:7 (CWI) X~ (LI)A=NAd £TL
»AAA»TAA« ANTHYO» * T+ (ISTHI-ANIHA )} 3 €8L (PRI} X~ (PT) X=Nxd [ALA
» (AXA+SAXA» TATWYD +TAA »SHAA ¥ ZNAWYD) ) -=ISNS Z8L (HCI) X~ (0T) X=3xA 1L
O 18L (HLI) X- (£T) X=3xa oTL
Z} ebed pZ powse 9€:91 9661 21 190 11 ebed pZ pouwse 9€'9} 9661 21 100

Bigiw woJ) 6yyPbA Ag pejuugd




Ja pz pouwse

IANIINOD 01T €66 T+{I) CNHI=MLT 1443
41 ana 266 NIHL (p 03" (I)S4Ll)dI 126
OWTY» ((£I)}EL) LHOS « KO (1) NEA+SOISIA=(LI) ZSIA 166 D 026
aaTY/€4» ((LI)EL) IYOS=(LI) AT 066 . AYYQNNO" HINOS FHL ¥OIHD "D 616
N3RL (S6°0 &' (LI)OW4) 41 686 O 816
CT={CI)NHA (S6°0°39° (LT)AWI) AT 886 L+{I)ONWHI=CT LT6
(T (CI)}NW) TNIRY= (L1) NKA L86 IV3YO=9NSIa 916
(ITYNS +QATY) /OHTY= (L1 ) (K 986 LVAYO=MNSIA S16
((qIY/¥U-)dX3-0"T) »NSIAxTTO=AITY 586 IVTYO=NNSIa ¥1i6
{ (WY /XRI-)dXT- 0" T) «NSIAsTTO=NHTY v86 LYIHO=SNSId €16
({LT)QIxSOISIA) /{LI) ALn (LT} s (£1) NIA=LY €86 WON‘Z=C 0TT od z16
SOOSIA/ ((£I)AL) LHDS» (LI) NIALNSIA=AHY Z86 D 116
(NS MNSIA’NNSIA‘SNSIA) INIWY=NSIA 186 WIN‘Z=1 0T odQ 016
D 086 D 606
2IAN3 6L6 0" 0L=NHY 806
(d9Ad 'd9xa ‘9xd ' 9Xd) VI13a=3NSId 8L6 110+0°Z=03Y L06
gA-dgA=d€Ad LL6 SLOWD/YAdYI=T1D 906
ax-dax=4axa 9L6 €4 »STARI=S LORD 506
((ON-LT) X+ (T-ON-LI) X+ (T-DPI) A+ (0I) X) »¥10=d8X SL6 ( (WD) 140S) T¥0S=5ZAWD 706
((ON-LI) X+ (T-ON-CI) X+ (T-LT )X+ (LI) X) »HLO=d8X vLE o €06
((MOHI) X+ (MDI) X) »VH=8X €L6 T + WON = ON 206
( (MCHI ) X+ (MDI) X) »dVH=8X zLE : T + HIN = IN 106
(MCWI) A- (MLI) X=€XQ L6 D 006
(MOWI) X- (MOI) X=9XA oLé {AN)MELL ‘ (AN)FELL ‘ (XN)NELI ‘ (XN)SE1I NOISNIWIQ 668
1-MCI=MCRI 696 (ANXN)QF ‘ (ANXN)IL NOISNEWIQ 868
£+ (HIN) CNWI=MCT 896 (ANXN)NFQ ‘ (ANXN)X ‘' (ANXN)X NOISNIWIQ 168
NEHL (v'03° (£)3dlr) 41 L96 D 968
XUVYANNOY ISYA MOIHO--O 996 O 568
A1aN3 596 y-wse, IANTONI V68
(d9Xd *dEXA ' §AQ ‘€XA) YITIA=MNSIA v96 JY-urexedptab, HANTONI £68
dA-d8A=49Aad €96 O 768
gX-dax=49xa 42X -3 e T e i J 168
((ON-LI) A+ (T-ON-LI)A+{T-LI) A+ (LI)R) »4I0=d€A 196 (FEL0 ‘' MELL ‘NI *SELI 'SOOSIA ‘Ad ‘3L ‘NEA ‘X’ X) AVIOMLY INIINOHYENS 068
((CN-LT) X+ (T-ON-LI) X+ {T-LI) X+ (LI)X) »d10=dEX 096 | | mmeeemm e o D 688
{ (MOHI) X+ {MCI}X) vdYH=HA 656 O 888
( (MOHI)}X+{(MCI)X) »A¥H=8X 856 O (188
(MORI) X- (MLI) X=€Ad LS6 ang 988
(MCWI) X- (MOX) X=8Xd 966 NNLIH 588
1-MOI=MOWI 556 oa ang v88
£=MPI ¥s6 ((LI)IHA)SEV=(LI)IHd ("0 11" (01)IHd)JI £88
NEHL {y 03 (p)MEIL) dI €56 ONIN'T=LI Od 788
o ZS6 ON+IN=CNIN 188
XYVANNOH LSAM NOIHO--D 166 O 088
3 066 (4OSEY " THAI ‘IHd) dISTIOSY 1TV 6L8
41 anz 6v6 D 8L8
(dgAd‘dgxXd ‘€xd ' €Xd) YI130=NNSId 8v6 SNOILVNDE "a'd ONIATOS----- O LL8
MdX-ddX=ddid LY6 0 9L8
MdX-dgX=dgxa 123 ANNIINOD 002  SL8
((ON-LT) A+ (T-CON-LI) A+ (T-LI) A+ (LT)A) »HI0=dEA (329 ANNIINOD 102  ¥L8
((ON-CI) X+ (T-CN-LI) X+ (T-LI) X+ (£T) X) »810=d8X 1229 (LI) IHd (LI)dVs ( (IHAT) ANIYN- " TI+(LI)OS=(LI) NS £L8
( (MOHI ) X+ (MOT) A} »dVH=MIX £V6 IHdDNs (PI)dY=(0I)dY zL8
{ (MOHI) X+ (MCI)X) » IVH=MAX (423 (0I)dd+ (PT)SY+(LI)NY+(LT)AV+ (LI)MY=(LI)aY L8
(MCWI ) A- (MOT) X=8XQ 6 £+(1) CNRI=L1 0L8
(MCHI) X- {MOT) X=8Xa 0vé WON‘Z=L 102 od 698
ON-MOI=MOHI 6€6 WIN‘Z=I 00Z oa 898
KON+ (I) CNWI=MOT 8€6 O L98
NZHL (v 03 (I)NELI)JI LE6 O 998
D 9¢6 JIaNd 598
ANYANNOE HIMON 3HL MOIHO " "D SE6 FNNILINOD ov 198
O vE6 Esi(c €98
41 aNd £€6 ANNILINOD 0Ty 298
(d9Aq ' dEXA ‘GAQ ‘9XA) VITHA=SNSIA ze6 41 aNd 198
MdXx-ddx=d€xd 1£6 Lvauo=(r1)ad 098
MdX-dExX=dExd 0€6 {01) QT «LYIYO=(L1) NS 658
((ON-LI)A+(T-ON-CI) A+ (T-LI)A+(LI)R) »¥10=d€X 626 NIHI (66 0° LT {LY)AKd)dI 858
((ON-DPI)X+ (T-CN-LI) X+ {T-CI) X+ (0£T) X) »¥I0=d8X 826 £+(1) ONWI=LT LS8
( (MOHI) X+ (MOT)X) v AVH=MAX LZ6 HIN‘Z=I 01% Od 958
( (MCHI) X+ (MOT)X) » IVH=MAX 926 NdHL (b°03° (£)FELL WO b 0~ (L)MEALL) dI SS8
(MCWI) X~ {MOT) A=€AQ SZ6 WON'Z=CL 0 od vs8
(MCHI) X- (MO ) X=gXa vZ6 D £58
ON-MOT=MCHI €26 FANILNOCD 0€ 2S8
1 ebed pZ pouwse 9€:91 9661 21 1O €} ebed pZ pouwse 9€:91 9661 2L WO

Biquw woyy epyPbA Ag pajulid




g p2 pouwse

1-0I=01 SETT D v901
OVd+Tad- (T-L1)31=(0I) IHd [ 244 o €901
ZMYdy (CHI)3L-TEXds (0TI} 9L+ (ZEXI-TMX) » (FI)EL="10 €ETT (AN) @NG* (AN) MNA’ (XN) NN’ (XN) SN NOISNIWIA z901
(TTYHS+Z » sHAA+Z + »8XA)} / (dGAQ«EXA+IAXAHXA) =0V ZETI (AN)FELL’ (AN)MELL’ (XN)NELI’ (XN) SELI NOISNIWIQ 1901
((DHI)A-{Z-LRI) A+ (LT} A~ (2-L1)A) £4ID=dEAQ TETT (ANXN)H * (ANXN)TOA # 0901
( (CHI)X-(Z-PRI) X+ (0T} X- (2-01) X) »410=d8xa 0ETT ' (ANXN) ¥V ‘ ( ANXN) Ad* (ANXN) Xd’ (ANXN) A ° (ANXN)X NOISNAWIQ 6501
(CWI)A-{D0Y)A=8Xa 6211 (ANXN) Q3 ‘' (ANXN) 3L’ (ANXN)NIQ’ (ANXN) IHd NOISNEHIA 8507

(CHI)X- (0I)X=8Xa 82T S L501

ZAKI- T=TMXd Lz1t ,4yruse, FANTONI 9501

TAXA-  T=TMXd 9z11 (4 weredptab, FANTONI §s0T

(CWI) Xd=23X3 % ¢ S T bbb bt D pS0T

(1) Xd=T3X4 17441 (MNG ‘FNG ' NNG * SNa 3 €507

ON-CI=CHI £ZT1 ‘MELLFELCNGLI ‘SELT ‘a3 ‘3L’ N3 3 z501

ON+LI=0dT ZZ11 ‘4 TOA’ANY’Ad ‘XA ’A’'X ‘THAI ‘IHd) IHIQOW 3NILOOHENS 1501

T+0I=C1 P4 T [ I ittt D 0501

FANILNOD £28  0ZTT 2 60T

528 OL 09 61TT 2 80T

(PI)3L=(T+LI) IHd 8111 ang LYOT

ANNIINOD 228  LITT NENLEY 9p0T

528 Ol 09 9111 D Sv0T

(PI)NV+(LI)dg=(rI)aa STTI ) AANIINOD 0ZTT ®YOT

(Y+0I)ELs (CIINY+ (DLI)OS=(LI)NS 1284 : D €£v0T

AONIINOD 128  ETTT AIaNd (470}

(I)NGLI (vZ8'€Z8°TT8'TIZ8) OL 09D zZI11 (0)AFINED=(LTINTD (ZAVT LON')dI %01

HON+ (I) ONWI=LT 111 (£)3ILNIO={ LT ) NID 0v0T

WIN‘Z=I 028 0Q 011l NIHL (p-0a’ (0)3ELr)dI 6£0T

AMVANNOE HIHON----- 60TT O+ (HIN) DNWI=LT 8€0T

ANNIINOD 018  80TT D L£oT

0°0={LI)SY LOTT TTIYM ISVE ---O 9€0T

AONIINOD ST8  90TT D S€0T

(PI)T0A» (PI}NEO+ (CI) AdY=(LI) NS G0TIT 2IGNE peOT
(I)SINgO=(LI)NED (ZAVT LON )dI 120141 (C)MINEO= (LI)NID (ZAVT LION')dI ££0T

ANNILNOD $I8  €0TT (L) MINEO= (0PT) NID zgot

18 0109 ZOTT NIHL (p 03" (L)MELL) 4T TE0T

T+0I=01 1011 £+(Z) ONWI=LT 0€0T

OV »130- (T+01) 1= (1) IHA 00TT HWON‘Z=C 0ZTT Od 6201

ZMXdy (CHI) JL-TEXd s (041 ) AL+ (ZEXI-TMXA) » (L) HL=19Q 6601 D 8701
[TTYHS +Z » »HAA+Z » s8XA) / (AGAT»EXA+JAXT XA} =0V 8601 TIVM 1S3M ---O LZ0T
((CWI)A- (T+CHI) R+ (LT} X~ {T+LI) R) »HIB=dERQ L60T D 9Z0T
((CWI)X- (T+CRI) X+ (0I)X- (T+0I) ¥) »H10=d8XA 960T IONIINOD OTIT SZOT
(CRI)A- (0I) A=HXA S60T 2 vzol

{OWI) X- {L1) X=€Xd v60T J1aNd €201

ZAXI- " T=gMXd £601 (I)NINED=(PT)NID (ZAYT LON')JI zz01

T3X4- " T=TMXd T60T (I)NINED= (1) NID 1201

(CHI) Xd=23Xd 1601 NAHL {p 03 (I)NELI)JI 0zZ01

(P1) Xa=13xd 0601 WON+ () CNHI=CT 6101

ON-LI=PRI 6807 D 8101

ON+LI=PdT 8807 TTYM HIMON ----D LIO0T

T-0I=01 L80T D 9701

INNIINOD €18 980T J1aN" STOT

ST8 OL09D $801 (I)SINED={LI}NID (TAVT LON')JI v10T

(C1)dL=(1-0I)IHd 7801 (I)SINIO=(LI)NID €101

INNIINOD TI8 €801 NIHIL (p 03 (I)SELI} 4T zZ101

18 OL 09 z801 2+(I) CNRI=CT 1101

(PT)SY+(rI)d€=(01)dg 180T WIN'Z=I 0ITT od 0TO0T

(T-LI)3Ls (PI)SY+(LI)OS=(LI)NS 0801 D 600T

JONILNOD 118 6401 TTYM FHLNOS --D 800T

(1)SgLI (P18°'€18°Z18°118) OL 09 8L0T D L00T

Z+(I) CNWI=LY LLOT T+HON=CN 9001

WIN’Z=I 018 Od 9L01 T+HIN=IN 5001

AYVANNOE HIOOS----- SLOT (AN)FEL0’ (AN) MEIL’ (XN)NELI ‘ (XN) SELI NOISNAWIA y00T

AONILNOD 008  $LOT JYrwse, IANTONI €001

£L0T ,y-urexedpTalb, FANTONI z00T

AOWANT INITASINL DILANIN ¥OJ SNOILIANOD AMVANNOH----- 47 2 o & S | ettt ettt J 1001
TLOT (410 'MELC'NELI 'SELI) LIAAOW INILNO¥EANS 0001

IHdI (006°‘008) OL 09 YT L T e et D 666

6901 D 866

€ »SZOHO=GLOKD 8901 anz L66

( (NHD) TdOS ) LUOS=GZNWD L901 NENLIY 966

T+HON=CN 9907 D G666

T+HIN=IN G901 ANNILNOD 0T P66

9} ebeg peg pouwse 9€:91 9661 T4 100 G| ebed pg pouwuse 9€°91 9661 24 190

Biqiw wouy epyPbA Aq pajund




6 pg powse
("TTTYRS+Z ¥ »8AA+ T » «8XA) / (dFAA«GXQ+JIXA»IXA) =DV LLZT {(0)FFINIO=(LI)NAD (ZAVT LON")AIX 9021
({CRI}A-(Z-CHI) X+ (0T) R~ (Z-LI)A) +¥10=dGAQ 9Lzl ANNIINOD ¥¥8  G0ZT
({CHI)X-{Z-CHI) X+ {LT) X~ (ZT-LI) X} «¥LO=ddXA SLeT s¥8 oL 09 vocT
(CHI) A~ (PI)X=9XQ PLZT CN-0I=01 £02T
(PRI} X-(0LI)X=9Xqa €Lzt OVd»T1dd- (ON-01)3L=(LI)IHd 2021
CAXA~"T=2MXd LTt ZSAdw (HLI)AL-TNAd (dLI) AL+ (ZNAI-TSAd) « (£I)AL="13A 1021
TAXA- " T=TMXd TL2T {TTUHS +ZT x v BAQ+Z ¥ vHXA) / (dHAT»HAQ+dIXA»EXA) =0V oozt
(CHI)XJ=23X4 0Lzt ( (HOI) A- (ON-ON-WLT) A+ (L1) X- (ON-ON-LT) X) »¥LD=d9Ad 661T
(LI) Xd=TaXd 6921 { (HCT) X- (DN-DN-KCL) X+ (01) %~ (ON-ON- LT} X) »4L0=d9Xa 8611
LON-LI=CKI 8921 (HLI} A~ (L£1) A=9AQ L6TT
LN+LI=0d]1 L921 (RLI)}X-(0I)X=8gXa 96TT
1+01=L1 9921 TNAI- " T=ZSAd S6TT
ANNIINOD £26 S9¢1 INAJ-"T=TSAd P611
SZ6 0L 09 v9zIl (WLT) Ad=ZNAL €611
(£1)Qd=(T+0I) 1K €927 (PI)Ad=TNA z611
ANNILNOD 226 2921 T-DLI=HLI 1611
SZ6 OL 09 1921 T+01=401 0611
(CI)NY+{LI)dg=(LI)dE 0921 MN+LI=0T 68TT
(T+0I) A3« (PIINV+(LI)NS=(LI) NS 6521 FANILINOD €78 8811
AONILNCD 126 8621 Syg OL 09 L8TT
(I)NELI (pZ6°€T6°T26°1Z6) OL 0O LSTT (LI)dL={CN+LI) IHd 9811
WON+ (1) OCNWI=LI 9821 ANNILNOD ZVv8 SB11
WIN‘Z=I 0Z6 0Q S5zt Sp8 OL 09 (14
AYVYANNOE HLYON----- 14744 (r1)av+(£1)de=(r1)dg €817
FNNILNOD 016 [ YA (ON+LI) 3L« (LTI)AVH{LINIAS=(LI) AS [4: 29 ¢
0°0=(LY)SY 2621 ANNILNCD T¥8 1811
IONILNOO S16 1521 (L)adLL (p¥8 EV8'CPB TVP8) OL 0O 08TT
LVdyo=(r1)dd 0621 £+ (HIN) CNRI=LI 6LTT
IVAYOs { (1) SNA¥WAdYD) / ( (LI)TL) LUOS« {L1) AL+ SLAND={LI) NS 621 WLN'Z=L 098 Od 8LTT
({C1)3aL)say=(LI)4dL BvCI AdYANNOod LSY3----- D LLTT
ANNIINGCD ¥16 Lyet FNNIINOD 0£8 9LTT
S16 0LOD 9pZT 0°0=(rI) MY SLTT
T+0I=0 Svel ANNILNOD St8 PLIT
OVd,13a- (T+0I)a3=(LI) IHd 12241 (LI} TOAS (CI)NIO+ (LI)AQY=(L1) NS £LTT
ZMXd s (PRI) A3~ TAXI» (£dI) Qd+ (ZIXI-TMXL) » (£T)AT=1T13A £veT (0) MINIO= (LT)NID (ZAWT LON"}dI LTt
{TTYRS + 2+ +GXA+ T » v8XA) / (dHAQ¥EAA+dIXAEXQ) =0V zvet NNIINOD PE8  TLIT
((CRI) K~ (T+CRI) A+ (0T) A- (T+0I)A) »¥I0=ddra 92T S€8 OLOD oLTT
{({CHI}X- (T+OHI) X+ (LT) X- {T+01) X) »¥10=adXa ovet CN+0I=01 6911
(CHI) A~ (LI) X=dXd 6€2CT OVd¥13a- (ON+LI)3L=(LT) THA 8911
(PRI} X-(LI)X=8Xa 8E€2T ZSKds (WOL) AL~ TNAd» {dPT ) AL+ (ZTNAI~TSAL) » (£I) AL=T3Q L9T1
ZIXI- " T=ZTMXA LETT ("TTYHS+Z » » HAA+Z » »8XA) / (EAA«GAA+IEXA+BXA) =0V 9911
TaXA- " T=TMXd 9€21 ( (HPI)A- (CN+ROI) K+ (0T) X- (ON+LT) X) »¥10=ddAa S9TT
(ORI ) Xd=gdaxd 1 3¥AS ((HOL) X~ (CN+HLT) X+ (0T) X- (ON+LT) X) «34LD=daxa pot1T
(LI)Xd=TaAXI [ %A1 (HLI) X-{L£I)X=aXa £911T
CN-LI=CRI £€2T (WLI) A~ (LI X=X 291t
CR+LT=PdI zEzT ZNAd- " T=TSAd 1911
1-01=p1 1€21 TNAd- " T=TSAd 0911
AANIINOD £16  0FZ1 (WLI) A4=ZNAL 6ST1T
ST6 OL 09 6221 (LT} Ad=TNAS BSTT
(£1)a3=(1-0I) IHd 8Z2Z1 1-0I=HCI LSTT
AONILNOD Z16 LTTT T+0I=401 9617y
ST16 OL 09 9221 L=rT SGTT
(PI)SY+(LI)dg=(L1)dg szet 3ANIINOD €£8  PSTIT
(T-PI)AF» (LT)SY+{LTINS=(LI) NS | 24 A0 SE8 0L 09 €STT
ANNILNOD 116 €221 (£T)3L=(ON-CI)IHA 28Tt
(1)S8LI (P16°€T6°2Y6'1T16) OL 0O [44A0 ANNILNOD T¢€8 ISTT
Z+(I)ONRI=CI 1zZ1 S€8 0L 09 0STT
HIN’Z=I 0T6 04 [\IAAS (LI} MY+ {0I)dd=(Lr1)ad 6PTT
AYYANNO" HLOOS~---- 6121 (ON-CT)ILs (CI)MY+ (LI NS= (LI} NS BPTT
HANIINOD 006 8121 ANNILNOD TE€8 LY11
LTZT (L)MELL (PEB'EEB'TEB'TER) OL 0D 9p11
AOWAN3 "€NL "NIM JO0 NOILVAISSIA 04 SNOILIANOD AMVANNOH----- 9121 L£+(Z) PNHI=LI SPTY
STzt HCN'ZT=C 0€8 0d (333"
NEOALIY p1eT ANVaNNOd LSaM----- D EPIT
€121 AONILNOD 028 [A AN
AHAH dAAONDI SI INIWLVIANL JTOVLSE0 ---O Z1C1 0°0=(PI)NV 12281
1121 INNIINOD ST8 ovTT
ANNIINOD 0P8 01ey (LI} T0AS (DT INID+ (LI) AGY=(LI) NS 6ETT
0'0=(r1)av 6021 (I)NINEO=(LT)NID (ZAVT ION') AT 81T
ANNIINOD S¥8  80Z1 FONIINOD ¥Z8  LETT
(P1)T0AS (CI)NID+(LIYAAY= (LI NS L0zl SZ8 01l 09 9€TT
g ebed p¢ pouwse 9€:91 9661 21 1°0 L1 ebeyd pZ pouise 9€:91 9661 21 PO

Bicuw woyy 6yPbA AQ patund




ot pz powse

{(PI)IHd=(LI)dd 6TV1 ZSXdv (HOL) GI-TNAd» (d0T) G+ (TNAS-TSAd) & (£I)AA=TIT 8VET
5 gIvl (TTYHS+Z v +8AA+Z ¥ +8Xd) / {d9XA XA +dEAAAGXQ) =0V LYET
‘T = (LI)Sad LIV1 ((HCT) K~ {ON-ON-HCI) A+ (LT)A- (CN-DN-LT) A) «HLO=d8Ad 9VET
‘0 = {(r1)ag 91Vl ({H0T) X~ (ON-DON-HOI) X+ (LI) X~ (ON-ON-0T) X} »¥10=d49Xd SPET
‘0 = (LIING STvT (HLI) A- (LX) A=dXQ yvet
ONIN’T=LI & OQ yivi (HLI ) X- (LX) X=X EVET
ON»IN = ONIN €IvT ZNAJ-"T=Z5Ad [A 401
1 + HIN = IN (A% A4 TNAL-"T=15Ad [8491
T + KON = ON TIv1 (KLI) AI=ZNAJ opeET
J 0TPT (LI) Ad=TNAI 6€ET
S 60¥1 1-LI=KLI 8EET
(Z)40Say ‘ {ANXN)dd NOISNIWIQ 80vT T+0I=dL1 LEET
2 LovT ON+LI=L1 9tEl
(ANXN)ME ‘ (ANXN)Z€ ' (ANXN)NE ‘ (ANXN)S€ NOISNAWIA 90v1 FONIINOD €96 SeEET
(ANXN)STH ‘' (ANXN) IHd NOISNIWIQ Sovt S¥6 OL 09 VEET
J vovt (£I)Q3=(ON+L0T) IHE €EET
,yruse, JIANTONI €0vT ANNILNOD Zb6 ZeEl
,q-uweaedptab, FANTONI [40 4% Sp6 OL 0D TeET
o 10%T (CI)dY+(LI)dd=(LI) 4" 0LET
RN NSRRI IVRERRERTREIFE AR s aanssvenassuvnnnnsvaxD 00PT (ON+£1) A3 (£1) Y+ (LI} NS=(L£1) S 6ZET
(40594 ‘IHATI 'THd) dISTOSY ENILNOY¥ENS 66€T ANNIINCGD TP6 8Z¢€T1
anwavsrversrvRsEr v s anrraranvnannnannvrvvynnvenvrvrwvsDd B6CT : (0)daLe (PY6°EVE'CTP6 'TV6) OL 0D LEZET
O LBET £+ (HIN) CNRI=(I 9zZeT
ang 96¢€1 WCON'Z=L 096 Od aZel
NdNL3Yd G6ET AHVANNOG LSYWd----- O veel
O peet ANNILNOD 0€6 £TET
41 anNa €6€Y 0°0=(rI) MY [44 01
JNNIINCO 0Z Z6ET ANNILINOD S€6 12ET
JONILINOCD 012 16¢ET IVID= (1) dd 0zZeT
(LI} ZSIA={LI)SIA (5670 LT (LI}OAWA)AT 06€T IVANO ( (L) MNAVYAAVYD) / ( (LT)FL) IHOS » (LI ) Le S LOKWD=(LI) NS 6TET
L+ {I}CNWI=LI 68€T ((r1)3r)sav=(Lr1yal 81¢T
HON'Z=0 012 OQ 88ET ANNILNOD ¥E6 LIET
WIN‘Z=I 0Z 0d LBET S€6 OL 0D 9T€T
NAHL (ZAV¥1) 41 98¢€T LN+LI=0T STET
O G8E1 OV¥d,"13d- (ON+£T1)Qad={01) IHd PIET
JAONIINOD 0T vB8ET ZSAdx (HLI)QA-TNAd« (40T ) Qd+ (ZNAI-TSA) » (£1) QI=T30 €TET
ATOSIAx (SIAJYN~"T)+(LI)STALSIAJEO=(LT)SIA £8€T {TTYHS+Z » vGAA+Z » »8XJ) / { JTAQ«HAQ+dAXA»AXA) =0V TIET
4IAaNZ Z8ET { (HOT) X- (ON4WLI) X+ (LI) X~ (ON+LI) A) #HIO=ddAA T1eT
SOOSIA+ ¥ 1BET ( (HLT) X~ (ON+RLI) X+ (LX) X~ (ON+L0T) X) »10=d8Xa OTET
(LI)QE/OHOxZw» (L) ALy (LTI NI (LI) AHA=(LI) SIA 0BET (HCI) X~ (0T) X=6Xa 60€T
NAHL (T1I¥HS 19" (£1)ad) 41 6LET (HCI) X- (£T) X=8Ad 80¢T
SOJSIA=(LI)SIA 8LET ZNAL- " 1=ZSAd LOET
(PI)SIA=QTOSIA LLET INAJI-"T1=TSAd 90€T
£+ (1) PNHI=LY 9LEY (HCI) AI=TNAL SOET
THAON'T=L 0T 04 SLET {L1) XI=TNAI poeT
T+RIN'T=I 0T Od VLET 1-LI=WCT €0ET
O ELET T+LI=d40T TOEY
(AN}MELL ‘ (AN)FDLC ‘ (XN)NELI ‘ (XN)SEII NOISNIWIQ TLET £=01 10€T
(ANXN)N3A ‘' (ANXN)SIA ‘ (XANXN)Qd ‘ (ANXN)3) NOISNIWIAQ TLET JNNIINOD £€£6 00€Y
O OLET S€6 OL 0D 6621
Jqruse, FanToNI 69ET (£I}dd=(CN-LI) THA 8621
,y-urexedpiab, HANTONI 89¢€T AANILINCD €6 L6t
O L9el S€6 OL 09 9621
|||||||||||||||||||||||||||||||| —mesmcosmmo--------=0 99€7 (LYY MY+ (LI)ag=(L1) a4 s6cl
(MELL "39L0 'NELIL ' SHLI T S9ET (ON-LI) a3 (CTIMY+ (T} 0S={LI) NS 14141
‘SODSIA‘NIA’'SIA’AE ‘3L) SIAGOWY 3NILNOYENS votetT HONILINOD 1€6 €621
|||||||||||||||||||||||||||||||||||||||||||||||||||| O €9€T (L)MELL (PE6°EE6°CE6'TEL) OL 0D z621
D 29¢T L+ {Z) ONWI=LI 1621
and 19€1 WON'Z=L 0€6 04 0621
NIOLIA 09¢€T AYVANNCH LSAM----- O 68C1
2 66GET FAANILINOD 026 8821
ANNILNOD 0%6 8S¢€T 0°0=(LI)NV LBCT
0°0=(r1)av LSET JANIINOD S5T6 9821
ANNIINOD SV6 9G¢tT LVIAO={LrI)d8 SBCT
LV¥AYO= (r1)dd SSEt INEUOs { (1) NNAYdAdV¥D) / ( (PI)AL) LUDS« (LI) AL GLARO={LI) NS v8eZt
LVAEOy ( (L) ANTYAdYD) / ( (PI) L) L4DS» (CI)ALSLONWD=(LI)AS bSET ({r1)3rn)sdy=(LI)AL €821
((£I)3l)sav=(ri)as £6E€T AONIINOD ¥Z6 2821
ANNILNOD ¥P6 ZSET 626 OL 09 82T
Sv6 0L 09 I1SET T-LI=LI 0821
CN-LI=LI 0SET OVdxT4d- (T-01)Q3=(LI) IHA 6LZT
Ovd.13d- (ON-LT)a3=(LI) THA 6VET ZMXde (CHI)QE-TAXI« (0T) AT+ (ZEXI-TMXI) » (£1)AT="T3A 8Le1
oz sbed pZ pouise 9€:91 9661 21 120 61 ebed pe pouise 9€91 9661 21 O

Biquw woyy 6yypbA Aq palund




L pz powse
‘NAQ‘ISHY “TYOI 'd‘TOA"HY¥Y ‘X4 'Xd ‘XX 3 1961 ZXNW/1XN¥={IHAI)Y40os3y 06VT
'WSYMS ‘HSYAS ‘HSYNS) AJIAOWY ANILNOYENS 09ST 0g-a T=¢XNV¥ (0€-T T L1 Zxnv)dl O 6891
||||||||||||||||||||||||||||||||||||||||||| D 6SST ANNILNOD 05 8891
aN3 8661 ({rI)dd) say+ZXNY=Z¢XNY LBV
NANLId LSST ((0I)dd~ (£I) IHJ) SEV+TIXOY=TXNVY 980T
(1)X=(1)gd 09 9547 L+ (I)ONHI=LT G8YV1
N’'T=I 09 Od GG6G6T HCON'Z=0 05 Od 14341
(L) (L' TIY+H{I)X=(I)X 0S5 PGST WIN’Z=1 0S Oa [%:3-24
N't=p0 0§ 0d £G9ST TQ=ZXNV z8%T
0=({I)X 2SSt T0=TXN¥Y 1891
N‘I=I 0§ od 1661 ANNILNOD 00Z 08¥T
(- €TISAT ‘XP)IVWAEOS 000T 0&ST O 6LV
ANNILNOD £¢ 6VST (, d99dANOD ILON dId dISTOS ., "'XOT)LvWdOod ¢ 8LVl
MI={M)dHK 8VsT (Z'%)31T¥M ( (IHdI)EAdMSN 3D 1 ANY WSY 39 44053y} 41 LLPT
() dWH= (I ) WK LPST D 9LVl
(1) 3IWH=MI 9vST AANILINCD 00T SLYT
M=(0N)Y 99 S¥ST 00Z OLOD (WSY a1 d¥0SaY) 41 LY
(oMY= (0'I)Y 1228 NSALIY (WSY - 3T dY0S3ay) JI 00 €LPl
(C'I}V=M £psT JANILNOD oy CLPT
N'T=L 99 04 Zvst (£I)sAd+ (LI} IHd=(L1) THd TLPT
€€ 0LOD {(I°d3a A4l SS TPST (ON+CI) S3d. (013~ {T+0T) SAd (LIING~- (£T) STA=(L1)S3Y oLyt
FAANILNOD vy 0PST . 00+ (II)ONHI=LI 69%T
SS 0LOD (103" (M)IWH) AT 6EST L-Z+HCN=LD 89%T
N'T=X ¥b Od 8EST WON’Z=0 0% 0d LIVY
N'T=I ££ 0Qd LEST I-ZHRIN=IT 99%T
FNNILINOD 0Z 9¢ST WIN‘Z=I 0¥ Od S9vT
AONILNOD TT S€sT (IHdI) 3MAOSAY « (IHAT ) INYOS=HSY PovT
ANNILNOD ZT pesT dYOSHY=(IHAI )} IMOsa (103" 1) 4I £991
DO (Y- (LA Y= (LAY £EST D T9VT
2T 0L09 (1°03°'r)dIl TEST HONILNOO 0t 19v1
N'T=L 2T OQ TE€ST (TTVKRS + {01 ) ad) 3 09vT
IT 0LOD (103 A)dI 0€ST \AAhz|hwvmmm«AhHV3m|AanhmvmmmcﬁbmvmmnAthmmmvuanvmmz 6SVT
N'T=4 1T OQ 62ST { (£I)Sdd) SAY+JYOSAY=dHOSIHL 8S¥l
£= () WK 8251 (LY) THA» (PT)AY- (LI} NS+ (CN-LT) THd« (LI} MY 3 LSPT
(¥) IWN= (1) IR LZST +Ah24bHvHmm-Ahuvm4+aa|hmvHzmuAhmvmﬂwﬁﬁ*hH_Hzm«AthZ<nAhH~wmm AR
(1) RK=L 97ST £+ (1) ONWI=DPT SSPT
X=(I'I)¥ STST WON‘Z=C 08 Od j 21 AN
Re(D'I)N¥={P'TI)Y ob bZsl WIN'Z=I 0¢ oOod £G9PT
A (LI)Y=(L)E £ZST *0=d4053y [4°4 A
As (0)O-={I'D)¥ 2281 (IR4I)IAdMSN'T=T 00T OC 1Sv1
(I'D)¥=(A'0IV 1281 O 0SPT
(A'0)¥=(L)D 0ZST ANNILINOD 0C (1448
N‘T=C 0V 04 6TST (TTYHS+ (0T) dd) / (ZWOd- (£T)Av¥-) =(£1)3d 8¥VT
A/ 1=K BTIST {TTYWS+{LI)dd) / (THOd~ (LI)NY-) = (CI) NG LYPT
D LIST ASWH~ZMcAbvam|An2vamcAthzm|NEOm¢dEOm+~nuvm¢nAthmm 9IPVT
JIANd 91IST (WOI) A9 (£T) S AAVITY=THOL ST
T2ZZ d0lLs STST (PHI)Ndx (0T ) MEIAVITY=THOd 14448
,XIYIVH FSYIANOD ON SI FNEHL, ' «INIYWd vist ( (WOT)IG$IAVATY+ 1) /(LI SV-=(LI)SE £veT
ANNILNOD Gf E€1IST ( (ON-CT) NE»IAVITYE+ T) / (CI)MY-= (LI} ME (A 2 A¢
(NT=VL‘(YL'VYI)Y) (000T'+)3LI¥M ZIST ON-LI=CHI 184 A%
N‘T=¥1 St Od T1ST T-CI=KLT [1] 228
{(«6)3LIHM 01ST £+(I)ONWI=LT [3%A¢
(x'5)3LTUM 6051 HWCN'Z=C 0Z oa 8eVT
NAHJ, (d3 L1 (R)sdW)dI 80ST WIN‘Z=I 0Z od LEVT
D LOST O 9€PpT
AONILNOD 0E 90ST FANILNOD 01 SEVL
(C'I)¥=X S0ST Id¥s (£I)0S=({r1)0S PEPT
0= y0ST I1d¥« (PI)SY={LTI) SV CEPT
0€ 0LOD ((A)SaY L1 ((£'I)V)sav}dl €0ST IdVs (CI)NY=(LI}NV EevT
N'I=L 0f 04 2O0ST IdV¥s (0T)MV=(0LT) MY TEPT
‘Q=A TasT IdV¥« (LI)A¥=(LI)AY 0EdT
N'T=I 0Z 0O 00ST 0 1={(r1)av 6ZPT
r={0)auN 0T 66%1 (£I)dVY/0° 1=I4dV 8¢yl
N‘T=C 0T Oa 8671 L+ (1) OCNRI=CT LTyl
61-3° 1= 43 L6VT WON'Z=C 0T od 9Zv1
(N)EWH' (N)X’ (N)gd’ (N)D ' (N) &’ (N'N)¥ NOISNIWIA 96%T WIN'Z=I 0T ©od T4 AN
(N‘98'¥)AT0S INILOOYLNS S6vl vyt
"YIATOS NOILYNIKITE SSOVO ¥ ' °°"'D p6v1 O EZvl
J tevl D TLYT
and 691 ANNTINOD § 184 A
NINLIY 1691 2 02yl
2z ebed pZ powse 96191 96614 21 190 12 obeg pZ powse 96191 9661 21 19O

Biquw woyy 6yppbA Aq pajund




4 Pz powse
(CI)NIA« (LT )y (CT) ¥ (CIIMAS (L) MMA £0LT { {I)NNGs (LI)NIA#¥ddYD) / (INIJA) SEY ¢ ISNOD« JHOOL= (I} NLNID ZEST
(CI)NIQ« (CI) U (CT) Y (CT)MO= (L) MMO zoLT (({T+LT) M (T+LT) M+ (TH+LT) AR (THOI) A 1 191
(CI)NEA« (LI)¥x (L) ZA= (LIMAA T0LT +{T+0T) 04 (T+0T)N) LHOS- INIJA) SEV=INIAA 0€97
(LI)N3d« (L) M4 (CI)20=(C)MN0 0oLt (PI)M+INIdA=INIJA 6291
(CI)NEds (£I)d« (0T) AN=(L)MAD 6691 GAdx (1) A+8X0s (L£1) N=LNIdA 8297
L+ (I) PNWI=CI 8697 Eddeiict L2Z91
1=I L6971 SN1dN/LSNOD=4300L 9291
WCN‘Z=r 20€ od 9691 ¥ddvd/ (§7dX+5013) D0T=SN'1dN SZ91
2 6691 asna 124
*SNOILVNDZ WNINIWOW FHL NI da¥ OL ---D P69T (1) NNA/S0ISIA=4300L €291
SWHEL ILNIIAVYD SSAULS ATONAZY IINTNOTYD ---O €691 NAHL (ZAYT ¥O €9 TT 3T STdR) dI zz9t
D 2691 S0JSIA/LSNOO~ (1) NNG=STdA 1291
AONIINOD 029  T69% ((L1)3EL) L40S»SZARD» (L) NIA=LSNOD 0c9T
41aNA 0691 MdY/9XA=9AQ 6191
((C)INA» (LT )NIA¥VddYD) / (LNIJA) SHY»LSNOD»JZ00L= (L) FTINID 6891 Mav/axa=axa 8191
(((ON+LT)Me {ON+LT) M+ (ON+CI) Ax (CNHDI)A 1 8891 (T +GAA+T » +8XA) LHOS=MUV LT9T
+(ON+0T) Ny (CN+LL) 0) IH0S-INIAA) SEV=LNIdA L89T {ON-LT) A~ (L1) R=€XQ 9191
(LT) M+INIJA=INIdA 9891 (ON-CT)X- (CI)X=8Xa ST191
9Ads (CT)A+EXAy (£T) N=LNIdA S897 NZHL (p° 03’ (I)NGLI} 4T vI91
41aNd v891 WON+ () CNWI =L £197
SNTdN/LSNOD=4d00L €891 AMYANNOE HI¥ON----- z191
¥advd/ (S1dA+9H013) 901=50Td0 2891 ! 410N 1191
as1d 1891 0191
(£)dING/S0DSTA=430DL 0897 ((I)SNQa(0T)NIA+YddYD) / (LNIAA) SV »ISNOD#JH0DL= (I) SINID 6091
NIHL (ZAYT YO €9 TT 3T STdA) 4I 6L9T (((T-CI)Ma (T-LT)M+(T-LT} A+ (T-CI}A 1 8091
SOOSIA/LSNOD» (L} ANA=5TdA 8L9T +{T-LI)0 (T-£T)N) IUDS-LINIJA) SAV=INIdA L091
{(£I)31) L9DS « STARD« { LI ) NAQ=LSNOD LL9T (LT) M+INIAA=INIdA 9091
MaY/dAQ=9Ad 991 X0 (01) A+8Xds (LI) N=INIdA S09T
MdY/gxa=gxa SL9T d1aNZ v091
(Zx +GAA+T» »8XA) LUDS=MAVY BLIT SATAN/ISNOD=4300L €091
(T-CI)A-(CI)A=8Xd €L91 V¥ddvd/ (51dA«D01d) D0T=SNTdN 2097
(1T-01)X- (£1) X=8Xa 2L9T as1a T09T
(£I)N3q=SNIQ 1491 (I)SNA/S00S1A=430D1 0091
{{T-0I)¥+(C1)Y) »dVH=EY 0L9T NIHL {(ZAVT HO €9 TT AT STdA) JI 66ST
(£} INQ=NTIA 6991 SOJSIA/ISNODs (I) SNA=STdA 8651
({r1)4L) 1408 =HdAL 8991 ({£I)3L) 2¥OS+SZTOHD» (LT ) NAT=LSNOD L6ST
(ON+DT) M=TTYMM L99T MY/ EGAT=EAQ 9651
(CN+LT) A=TTYMA 9997 MHY/dXa=8Xa S6ST
(ON+LT) N=TTYMN 6991 (Z+ +GAA+ T » »8XA) LHOS=MUY v6S1
(0I) M=aM ¥99T (T-CN-C1) A- (T-0I) A=dAd £6ST
(LI)A=dA £991 (T-ON-LY)X- (T-0I)X=8Xa 26ST
(£1)n=dn 2991 NIHL (v-0a° (I)SELI)dI 1651
NaZHL (p-0a" (r)adir) 4I 1991 Z+ (1) PNWI=PI 0651
£+ (HIN) DNHI=CT 0991 HIN’Z=I 009 Od 6851
AYYANNOE 1SVA-----D 6591 XYYANNOE HINOS----- 8861
JIaNd 8591 L8ST
((0)MNQ« (DT) NIA+YAAYD) / (INIJA) SV¥ISNOD»dFODL= (L) MINIO LS91 ( (OHD) LYDS ) LHOS=5ZNKD 98ST
(((ON-DT) M« (PN-LT) M+ (ON-LI)Ax (ON-CI)A 1 969T T + HON = ON S8ST
+(ON-£I) 0y (ON-£I) 0) LHOS-INIJA) SEV=INIdA S691 T + WIN = IN ¥8S1
(0T) M+INIdA=INIdA vs91 €8ST
€A {£T) A+8XAs (£T) N=INIJA €591 41 and z8s1
4103 2991 TAVT'3YT («'TV)QVIY 1861
sn1dn/1SNOJ=4300L 1591 (' TV)avad 08ST
¥ddvd/ (STdA«D0Td) 00T=501d0N 0591 ¥ddvO ‘9073 ‘WD 'Z2Ad’TAd (+'Th)avay 6LST
3s1d 6991 («'Tp)avay BLSY
() MNG/S0DSIA=4300L 8v91 (»'TP)avay LLST
NZHL (ZAVTI ¥O €9 11°31'STdA) JI L9t Tv ANIMZY 9LST
SODSIA/ISNOD« (£} MNA=STdA 9v9T NEHL (T°0d ¥dalI)JdI SLST
((LI)3L) LUDS»STAND« {£T) NAA=LSNOD SY91 vLST
MaY/9AA=9Ad ppo1 (AN) 46LL’ (AN)MELC* (XN)NELI‘ (XN)SELI NOISNIWIQ €LST
MV /dXd=axd £V9T (ANXN) 3L ' (ANXN) N3d * (ANXN)M‘ (ANXN) A’ (ANXN) N NOISNIWIA zLst
(T +BRA+T» »8XA) LIS =MV Zr9t {AN) ANG ‘ {AN) MNQ* (XN) NNQ * (XN) SNO NOISNIAWIG TLST
(T-ON-LTI) A~ (ON-DI) XA=6Ad 91 (ANXN) Y’ (ANXN) R (ANXN) Xd ‘' {ANXN) X * (ANXN) X NOISNARIQ 0LSt
(T-ON-CT) X- (CN-L1)X=8Xd ov91 6957
NIHL (v 0d° (C)MELC) 4T 6€91 (AN) MMA* (AN) MMO“ (AN) MAN* (AN)MAA‘ (AN)MNN NOISNARIA 8951
£+(2) CNHI=CI 8€9T L9ST
WCN'Z=r 029 od LE9T .Y wse, FANTONI 9951
AMVANNOE 1S3M-----D 9E91 .y wexedpyib, IANTONI §9S7
IONIINOD 009 S€9T | | smmommmssms——eosooooocsooeooseoessssoooooos v9sT
410Nd pEST (JALI'M°A'D % €951
0 £E97 ‘aLL’MELO ‘NELT 'SELT ‘3NG 'MNA 'NNQ ‘SNQ“3L‘SOJDSIA % z9sT
e ebed pe¢ pouwse 9g:94 9661 21 10 e ebed pZ pouwse 9€:91 9661 21 1°0

Bigiu woyy eyHpbA Ag pajund




el pc pouwse
‘(ANXN) ZSIA ‘ (ANXN)AKA ‘ (ANXN) Z¥1d ‘' (ANXN) Td1d /3NTTIYM/ NOWHOD SH8T HON‘Z=0 005 0d VLLT
O vr8t WIN'Z=I 00§ OQ €LLT
(ANXN) MO’ (ANXN) MA * {ANXN) AN 1 £p8T o ZLLY
* (ANXN) ZM‘ (ANXN) ZA ‘' (ANXN) 2N /SSI¥IS/ NOWWOD ¥81 2 TLLY
(ANXN) AQMa * ( ANXN) XaMa’ ( ANXN) AaAd 4 1981 INNTINOD 00V OLLT
‘ (ANXN) XQAQ * (ANXN) AQNA ' (ANXN) XaNd ‘ (ANXN) N3O 1 ov81 ANNIINOD  TOV 69LT
¢ ( ANXN) AXNAJ * (XNXN) ANOJ * {ANXN) XNOd  /$¥/ NOWWOD 6£8T 2 89L1
(ANXN) £2d "’ (ANXN) €1d’ (ANXN) ZTd * (ANXN) €€d ‘' (XNXN) 22d 1 8¢81 Ju/ (PI)SNzAQ= (LI} SNZAdd L9LT
* (ANXN) TTd‘ (AN) SAINGD * ( AN) MLNED ‘ (XN) NINIO ‘* (XN) SINID /E€Y/ NOWWOD LEBT du/ (LI )M3ZAQ= (LI} MIZAA 99L1
ZAD ' TAD D 'HD 'MZO'MTD 2D’ 1D 3 9€81 du/ (£I)SNZNd=(LI)sNZNdd S9L1
'¥ddavd ‘9013 * SLAND 'NHD /IISNOD/ NOWWOO SEBT dd/ (£I)MaZNA= (0T )MIZNIA oLl
SIAJYN ' (Z)3NYOSAY " IAVATY ‘AN /EY/ NOHHOD 1 2%:14 ( (T-OHI) Y+ (HOT) ¥+ (CRI) 8+ (LX) H) »¥IO=a €9LT
D £€81 2 Z9L1
(Z)IAL4d ' (Z)INdHN * (Z)IAAMSN * (Z)RMHOS /2¥/ NOWROD ze81 aMA= (0) MMA 19LT
D 1¢81 aMn= () MMN 09LT
(ANXN)AdY ‘ (ANXN) NdY‘ {ANXN)OS ‘ (ANXN)}dd ° (ANXN)dY 1 0£8T An= (L) MAN 6SLT
C{ANXN)MY ‘ (ANXN)EV ‘ (ANXNINY ' (ANXN)SY /T¥/ NOHWOD 6281 IAA= (D) MAA 8SLT
2 8281 ann= (£ Mon LSLT
(0€+30° T=1VAYD ‘0£-30 T=TTVRS) NALIWVIVd LZ81 2 96LT
(SZ°0=410 'S 0=4vH) WILIWVIV] 9287 SMA-NMA= (£1) SNMAD GSLT
o 6281 (£) MMA-3MA= (LT ) MIMAQ pSLT
yruse D $Z81 : SMN-NMN= (£T) SNMOA £SLT
o gz81 (0) MMN-ZM0= (0T} MEMNA TSLT
........................................................... B £4:34 (CYMAA-ZAN= (CT)MIZAA TsLt
o 1Z81 SAA-NAA= (CI)SNZAQ 0SLT
(AN»XN=ANXN) YILIWVHVI 0281 (0)MAN-FAN= (LT ) MIANA 65LT
(0S=AN) NILIWVEVI 6181 SAN-NAN= (0T) SNANA 8vLY
(00T=XN} HILIWNTIVY 8181 {£)MON-300=(£I)MIZNA LyLl
O LIBT snn-Nan= (£1) SNZna 9Ll
y-uexedpyab 2 9181 E 721
o 6187 {({(LT) K- 1) » CIMA+ (D) Ad«NDIMA=NMA ELT
........................................................... o p181 ( (LT} Ad-"T)+LIMN+ (OT) Ad«NLTMN=NMN evLT
3 €181 ({LI)Ad-"T) «LIZTA+(LI) Ad«NCIZA=NAA [4 27
ang z181 {({0I)Ad-"T)«LIAN+(LT) Ad5NOCTAN=NAN LT
NINLIA 1181 ((LT)Ad-"1) »£IZ0N+ (0T) XALNLIZO=NAN ovLl
2 0181 ((LI)Xd-"T) « CIMA+(LT) X3« HLIMA=TMA 6ELT
2 6081 ({LI)Xd-"T) »LIMN+ (LI) X3 »ALTMA=TMN 8ELl
ANNIINOD 005 808T ({LT)Xd-"1) sLIZA+ (LI} XILTLTZTA=IAA LELT
o L08T ({PT)Xd-"T)+LIAN+ (LT) Xd4ALIAN=FAN 9ELT
2 90871 {(LI)Xd-"T) +»LITA+ (01} XAILIZN=300 SELT
JIand G081 O pELT
( {£T) MEMAU«JFXA- (L1) SNMAQ »dMXA) 3 v081 (T+0LI)NEA~ (T+0I) U (T+0I) s (THLT) MASNMA £eLT
- ({0T) SNMNG+dNAG- (£1) MIMNA »dFRA) - = (CT) HSYMS €081 (T+0T)NEQs (T+LI) Ha (T+LI 1Y (T+0T) MO=NMN ZTELT
NIHL ({MY¥I)T¥OI)dI z081 (T+0I) N3 (T+0I) U (T+0I) AN=NLIAN TELT
NOIIVYNOT KNLNIWOW-M EHL NI Wy3dl IONNOS INAIAVHD SSAYLS --2 1087 (T+LI)NAQS (T+0T )8« (T+0T) ZA=NLIZA 0€LT
o 0081 (T+PT)NEA« (T+LI) U {T+0T) ZN=NLTZN 6ZLT
d4/ (0T)TOAs {£T1) TM« (0T ) NEG+ ( LTI NSYAS= (CI)HSVAS (ISNV) 41 66LT (CT)NIAx (L1) Uy (O1) Ue (L) MA=SLIMA 8ZLT
((0T) MEZAQ-dIXA- (1) SNTAG»dAXA) 3 86LT (CN+DT) NGy { ON+0T) de (CN+LI) ¥ (ON+LT) MA=ELIMA LzLl
- ({£I)SNANA+dAAG- (L) MIAND «dFXA) -= (LTI HSYAS L6LT {CT)NEds (LI )« (0I)¥s (0TI MO=0IMN 9zLT
NOILVNOE WNINAWOW-A FHL NI WH3l FOMNOS INIIAYYD SSHYLS --2 96LT {ON+LOT) NSQs ( ON+0I ) o (ON+0T) o (ON+LT) MA=EALTMO STLT
D G6LT (ON+CT) NId« (ON+LI ) ¥x (ON+LT) ZA=3LIZA vell
( {0T) MIANALdIXA- (LI ) SNANG »dNXA) 3 veLY (CI)NEGs (0I) ¥ (PT)AN=LIAN £ZLT
- ( (DPT) SNZAQXdMAQ- (1) MIZNA ¥dAXA) ~= (LI )HSYNS £6LT (ON+0T)NIAx (CN+LT ) ¥« (ON+CI) AN=TLIAN (44
NOIIVNOE WNINAWOHW-0 FHI NI WNIJL FOMNOS INIIAWNO SSHMLS --O Z6L1 (0I)NEAs (PI) Y. (£1) Z0=LIZ0 TZLT
o> T6LT (ON+0T) NEA« {ON+0I) ¥« (ON+LI) 2N=30120 0ZLI
((T+OHIYE+{(dLI) U+ (ORI ) H+ (L) ¥) «HIO=Nad 06LT NMA=SMA 6TLT
({T-0ATI U+ {0dI) ¥+ (HOI )+ (OT)Y) »HID=TdY 68LT NMO=SMO 8TLT
((T-CHI )W+ (HOI) U+ (CRIV Y+ (LI)H) »¥LD=a¥ 88LT NAN=SAN LILt
({CHI) X- (ON-ALI) A- (LT) A+ (dLT)A) ~IVH=NIAQ L8LY NAA=SAA 9TLY
{ (CHI) X~ (DPN-dLT)}X- (DT) X+ {dLT1) X) »IVH=NIXA 98LT NON=sNN STLI
((HLI)X- (T-0dI) X- (DPI) X+ (0dI) X) « IVH=3IXA S8LT £+ (1) CNWI=CI PILL
({HCI) X- (T-0dI)A- (LI} A+ (LAI) X) » IVH=TIRA veLT WON’Z=0 10b od £TLT
({T-CHI)X- (CHI) X+ (HLI) X- (£1)X) + IVH=dEXA €8LT (PI)NIAx (LIt (01 )Y (L) MASNMA [ATA
({T-CHI)X- (WOI) X+ (CRY) X~ (£1) X) + I¥H=dNXA Z8L1T (PT)NAAS (CI) YUy (CI )™ (1) MA=NMO TTLT
((T-CHI)A- (HLI) A+ (CHI) A- (LT} A) « IVH=ANAQ 18LT (C1)N3As (£T) s (DI) TA=NAN 0Tl
({T-CHI}A- (ORI} X+ (HOT) A- (LI)X) «d¥H=dIAA 08LT (LI)NEAx (L1) " (LT) ADSNAN 60L1
T-CI=HCI 6LLT (PTINEQs (LT)¥x {LT) ZN=NAN 80LT
T+0I=d01 8LLT T+(I)ONHI=LT LOLT
ON-LI=CHI LLLT WIN'Z=I 00% od 90LT
ON+LI=PdI 9LLT 2 GoLT
£4+{1) PNWI=LT SLLT IONIINOD  ZOE YOLT
9z ebed pZ pouise 9£:91 9661 2t 100 Ge ebed pPZ pouse 9€:91 9661 2L 1°0

Biquw woly 6yypbA Aq pajund




14

Biouw wouj 6rypdA Aq pejund

pg powse
0G8T
........................................................... 5 6481
o 8¥81
LEYISIY ' ISHY ‘qWT’ ZAYT TYOIDH0T LP81
ZAV1 ‘3AT 1 9V8T
Lz obed pz pouwse 9€£:91 9661 21 190




5.1
5.2
5.3

5.4

5.6

CHAPTER 5

2D/Axisymmetric Full Reynolds Stress (RSM)
Turbulence Model

Table of Contents

Introduction

Theory and Model Equations
Boundary Conditions
Numerical Procedure

5.4.1 Wall Reflection Treatment
Module Evaluation

References

Figures

Appendix D

-58-

page
59
59
67
68
71
72

74

76



5.1 Introduction

This report describes a self contained FORTRAN source code to compute turbulent quantities
using Launder, Reece and Rodi's [1] second order closure, Reynolds stress model The module
deck is designed to interface with a number of flow solvers to analyse incompressible turbulent
internal flows. Detailed description of the model used is given with a special emphasis on the
coupling of the mean velocity and Reynolds stresses in the discretization procedure of the
generalized coordinate system using a co-located finite volume method. The module was interfaced
with the REACT flow solver and tested with benchmark flows including the backward-facing step.
The module was also successfully interfaced with the MAST code at the University of Alabama at
Huntsville (UAH) and independently tested. The Reynolds stress model implemented produced
consistently more accurate simulations that the standard k-£ model.

5.2 Theory and Model Equations

The flow is considered planar or axially symmetric, steady with constant fluid properties. Its mean
field may be described by a two-dimensional time averaged equations of continuity and

momentum, which can be written as;

IpU 1 3dprv
Tox S: =0 (1)

Ud Vo
a(p(;x )+a(p3r )_i(r ax)"ar(’ )+rS¢ Q)

@ stands for any of the dependent variables, namely, U and V (axial and radial velocities
respectively) and W (radial distance r multiplied by the tangential velocity W). p is the fluid
density, g is the laminar viscosity. S¢ is the source term for the variable @ and is given by;

— -
- Axial direction, @ = U and Sy = -g}; O.gi i ir 3%:uv

W2 2uv 2 W2
-Radialdirection,@:Vandsv=-%§ LR Lo 33L;v+rv:

ruw orvw

- Tangential direction, @ = rW and Sw=-27 £ <9rW PP o - 2row.
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where u, v and w are the fluctuating velocity components in the axial, radial and azimuthal
directions respectively.

Turbulence wall effects in the module are represented by Gibson and Launder [2] version of the
high Reynolds number stress transport closure of Launder, Reece and Rodi [1]. The stress closure

consists essentially of modeled transport equations for the stresses uu; ju; and for axisymmetric

swirling flow it includes all the six stresses 2, v2, w2, uv, uw and ww.

The set of differential equations governing the transport of Reynolds stresses (—Wuj ) is obtained
from Navier-Stokes equations by multiplying the equations for the fluctuating components (u; )
and (u;) by (;) and (; ) respectively, then summing these equations and time averaging the
results. The resulting Reynolds stress transport equations are then solved using the mean flow

equations to obtain the mean and turbulent flow quantities.

The full transport equations for the Reynolds stresses can be written in a compact form using
Cartesian tensor representation as;

1 dprUsiag; 1 9 k dum;
T St ) = Py+ Dyt Bygy 3)

Where Uy are the mean velocity components in xi -direction. The right hand side contains the

production term P;; given as

au;

aU;
Pij=-p( uily 3 4 ujuk i @

Pj; does not require approximations since it is fully represented by turbulent stresses and mean
flow gradients.

The dissipation correlation €; arise from the fine-scale of the turbulent motion. At high Reynolds
numbers these scales are many orders of magnitude smaller than the large energy containing eddies
and turbulence energy cascades down along the eddy-size range with little linkage occurring at
intermediate scales, to be ultimately dissipated by the smallest eddies which are unaware of the
nature of the mean flow and the large scale turbulence. Therefore, the structure of these fine scale

motions responsible for viscous dissipation is isotropic and the dissipation tensor €; reduces to
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dugi; 2

2 \% aX.'kan = }86{]’ (5)

An additional equations for the dissipation £ is required.

D;; represents the Reynolds stress diffusion which does not in general contribute greatly to the
balance of transport of u;u; except in regions of low stress production by mean strain. This term

include contributions of fluctuating pressure-velocity correlations (pw; and pu; ), triple correlations

uujuy and viscous diffusion v aau . Daly and Harlow [3] proposed a simple gradient diffusion

hypothesis to model the stress diffusion term in the form

Djj = C; ai [ Ukl agxl ] (6)

with constant C, is taken to be 0.22. Lien and Leschziner [4] simplified the treatment of the

diffusion term to allow an appropriate isotropic diffusivity in the form

d M d

D 3x X [— ax X (@j)] i (7N

where o) is a dimensionless constant. Harlow's proposal for the diffusion term is adopted in the
present module since it is based on the fundamental conservation equations for the triple

correlations, while Lien & Leschziner's form has a weaker basis in this respect.

®;; represents the redistribution of turbulence energy among the normal stresses through the
interaction of pressure and strain fluctuations. Modeling the pressure-strain term is the most
elaborate and involves the solution of the Poisson equation for pressure fluctuations p. The explicit
appearance of the pressure in the correlation is eliminated by taking the divergence of the equation
for the fluctuating velocity u; , thus obtaining a Poisson equation for p. Following a volume
integration of the resulting equation subject to the assumption of local mean-flow homogeneity
results in three contributions to the pressure-strain correlation @;; . One involving just fluctuating
quantities @;;,; another arising from the presence of the mean rate of strain @;; 2. and a third
arising from the surface integral representing wall effects @;; . Since the primary role of @;; is to
guide turbulence towards isotropy, Rotta [5] proposed for @;; ; ;
Dij=-2pCeb; (8)
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where b;j = ( uju; - 2 8;; k) / 2k is the dimensionless anisotropy parameter. C; is a constant and k
ij j -3 O

and ¢ are turbulent kinetic energy and energy dissipation respectively. More elaborate models have
been proposed such as Lumley [6] and Fu [7] using a nonlinear expression for @;; ;. The term
®;;,> has been the subject of more extensive research. The traditional linear approach similar to
Rotta's work simplifies this correlation to:

Byr=-Cz(Py-5 8 P) ©)

where P is the production of turbulent kinetic energy. Analogous to @;; ; the correlation, @j; 2
represents the isotropization of turbulence production tensor with 3 as a constant. More elaborate

models such as that of Speziale, Sarkar and Gatski [8] is based on dynamical systems approach
and invariancy concepts. Nonlinear models for @®;;> based on the realizability constraints have

been developed, e.g, Shih and Lumley [9] and Fu, Launder and Tselepidakis [10]. The simplified
correlations in equations (8) and (9) are used in the present module.

The correlation @®;j,, represents the wall damping effects that counteracts the tendency of @j;
and @jj 2 to isotropise the turbulent structure. Since close to a solid wall turbulence approach a

state of intense anisotropy associated with a tendency towards a 2D turbulence. Following Shir
[11] and Gibson and Launder [2], ®jj v is modeled as the combination of two separate terms;

£ — 3 — 3 — |
@y = Ciwp [ Wtm nicnim 8ij - 5 wui nnj - 5 i nni J £ (1) (10)
3 3 [
D20 = Cow [ Prm2 Mk nm Oij - 5 Pij2mknj- 5 Pigz2nkni 1f (1) (11

32
where 1,, is the normal distance from the point in question to the wall and / =—k-—) is the turbulent
£

length scale. The following relationship is used for the wall damping function
cPPr3m
f=t— s
e <>

(12)

where <I,> is the average distance of the point considered from the surrounding surfaces and r; is
a wall-normal unit vector in the i -direction. The constants Cj,, and C3,, have values of 0.5 and

0.3 respectively.

It will be of some value to list the full Reynolds stress equations for axisymmetric swirling flows.
Although, the derivations have been carried out within the constraints of Cartesian coordinates,
considerations will be given next to the forms applicable to any general curved coordinate system.
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~ In general the transport equation for the Reynolds stresses ( wu;uj) can be written as;
Cij = Djj +Pj +Fjj - €j + Ry (14)

where Cjj, Djj, Pjj, Fij and £ represent convection, diffusion, production, pressure-strain and
dissipation terms. The term R;; results from the transformation of the equation from plane to
axially symmetric conditions and swirl. In Cartesian coordinates, the above terms are summarized

below for each stress component;

* 4?2 - equation

Ciu= 12 orvd)+ L5 rvid)

— k 2 ou?
Dy = ,ax[Peruz—“9—+Per oy

ml»

k 9u? zkaL
[peruvea +perv£ar]

- Py = -2r(u2ég+l_&8a€])
— 2
Dy = -PC175 (uz-gk)-Cz(Pu-;P)

€ — =
+PCIWE['2u2fx+V2fy‘quxy]

2 2
+Co [2C2(P11-3P)fe- C2(P22-3P) fy + C2Pr2fxy ]

2
€11= - 3PE

12 - equation;
10 — 14 —
Cz= S (prUV)+ 5 (prWW)
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W2 W2 — vl
e D22= rax[prck (u2i+uv ar)] ar[prck (uvav +v2%‘;)]

v IV —Ww

Py = -2p(uva +v28r )

— 2
D2 = -CIPE(VZ-gk)-Cz(Pzz-gP)
£ — -
+PCIWE(u2fx'2V2fy'quxy)
2 2
+ Cow [ -C2(P11-3P) fx+2C2(P22-3P)fy+ C2 P12 fiy

k (w?)? k —
Ro= 2apX0E 28 pck@mp 2 g et m )
kw?— k uw dvw kvw dvw — W
-Zka——vz 2pC——r W—chkgT—ar—+2pvw

*w? - equation
- =, 19 w2
C3z= rax(per)+ (prVw)

D33 = rax[per (uzﬂaruvac;”r)]

;g[prck (uva—W3+75w—2-)J

\IN

P33 = -2p(uwaW+W‘?rV+$3‘—:)

£ — 2 2
F33= -pCrgp(w?- 3k)-C2(P33-3P)

FPCWE[W f+ V2 fy+ 20 fry ]

2 2
-C2Cow [(P11-3P)fx+ (P22-3P)fy-2C2P12fy ]

k—v2 240

R3; = 2ka—w2—+ )

ok Gop)ea g coctm Y
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k (w2)2 k uw dvw k1 — dvw — W
-2kag—(rT)—+2p k;T"aT 2ka——vw J -2pv -

*uv - equation

Cip= rax(prqu)+ = (prVW)
Dpy= iri[prck (uz%_;+uv ar)]+ &[prckf(ﬁs%+—v?%)]

P> =-p(f¢7%-ﬁ‘7’+v2%€]-ﬁﬂ)

£ __
Ppp=-pCrpu-CPp

-3 pCh F LW+ fy) + (2 +37) fiy ]

3 4
+5CCon[ (P11 +P22-3P) fy+ Pr2(fx+f)]

k 120 k
Riz= -pCEw - Z(p poi KE) 12t

_w_w)

1k — duw —BW — W
-p Cy ——(uw Ix vwaT)+puw7

* yw - equation

Cor= 1L (pruwm+ L5 (prvem)

D= 15 iprak(F P wm o)

——dvw dvw

+;g;[prckk(uv I +v2 > )]

W — dV Vv
P3= —p[uv%——+uwg %’_VK aar }F/ szrV_]
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€ 3 e _
D3= -pCryzvw-CaP23- 5pCry (uwfyy + Wiy

3
+ 5 C2 Cow (P13fxy + P23fy)

- — W kl— 9 5 —,, 0 k — (vZ-w?

Rz = 'P(V2-W2)7+pckg;vwg;;(v2-W2)+$(ka'£'uw(v w?)
19 k k1l — w2 lk— 9 — —
(ka—vw(vz-wz)) 4pC;; -r—+ka7Euw§i(v2-w2)

*uw-equation

Ci3= %aax(prUuw)-i- —i(prVuw)

D3 = lrax[Per;(u_zaa,—x'i'uvj;,—)]

[Perk(Wauw+783,W)]

e 29_w W — U — v
13= -p(u +uvar+vwar—uwar)

Fi3= -PC1EWV-C2P13- jpczwszx

3 3
) P C'Iw % VW fry + C2w C2P3fx+ C2C2w P23 fry

— W kl—duv 0 k —
R]3= -puv—r—+ka—7 ——aT g‘(pC'k—uwﬂ)
] a(pckkkuv)+pc i—%%-pckfﬁ%

e £2
- = = (ngp ukula )+C€1kPk ngpk (14)

where the constants Cg; and Cg; have values of 1.44 and 1.92 respectively.
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The terms fy, fy and fxy appearing in the stress-equation are tied to the orientation of the wall
through the wall-damping function f and will be explained later in the wall reflection treatment
section.

5.3 Boundary Conditions

To solve the transport equations for the Reynolds stresses, boundary conditions for the stresses are
needed. In the present module the log-law based relations are used to bridge the gap between the
fully turbulent and viscous near-wall regions. Boundary values for the stresses can be derived by

applying the Reynolds stress equations to the near-wall equilibrium flow. It can be shown that the
stresses are related to the turbulent kinetic energy wu; = Cj; k, where C;; are constants to be

determined. Consider as an example, the log-layer turbulent flow, where § = a—;] = 2T where ur
Ky

is the friction velocity and x is Von Karman constant. In the log-layer, the limiting form of the
stress equation is obtained by neglecting the convective terms and equating the production to
dissipation and setting the wall-distance function f = 1, hence the molecular and turbulent diffusion
terms can be neglected. Consequently, the normal stress equation for the wall-normal component
when simplified with @2, = p2 & is ;

2(-1 + C1+ C2-2C2C2w)__
- 3(C1+2C1w) -

vz
k

Ca2 B (15)

From experimental data, Lien & Leschziner [4] reported a value of C2; ~ 0.249 for near wall
equilibrium turbulence. The most frequently used value of C; = 1.8 and C; = 0.6, and from
Gibson and Launder [2] C},, = 0.5 and C;,, = 0.3. Substituting these values into equation (13)
give a value C, = 0.247 which is close to the experimental value. Similarly, these constants also
give C“ = 1.09, C33 =0.654 and C]2 = -0.255.
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5.4 Numerical Procedure

The conservation equations for the Reynolds stresses and the energy dissipation are integrated over
control volumes after transformation of the Cartesian form to body-fitted no-orthogonal
coordinates. The equation governing the transport of a scalar property @, which stands for the

Reynolds stress components and the energy dissipation equation can be written as;

1
7 aék[-](pUm‘:b Qm)ﬁ ]=5% (16)
where £ represents the curvilinear coordinate frame and J is the Jacobian of the coordinate

transformation, and ﬁrﬁ represents its cofactors and gm represents the diffusion flux. Equation (16)

is then integrated over discrete control volumes where the dependent variables on the volume faces

are approximated by finite-difference representation.

In general the diffusion term is represented as

dm = B[ (17)

agn

where I'gp is the diffusion coefficient.

The tensorial form of the diffusivity due to Daly and Harlow [3] is adopted as;
I'p= prCskumul (18)

instead of the isotropic diffusivity (I'¢ = ; /0 ). Utilizing the equilibrium assumption and
experimental near-wall stress data, the constant C; is taken to be 0.22 for the Reynolds stress
equations and 0.18 for the turbulent energy dissipation equation. The diffusion term is discretized
with a second-order central differencing scheme, while the convective terms are discretized using
first or second order upwind differencing scheme.

A special discretization practice for the Reynolds stress gradients is introduced into the finite
volume procedure with colocated storage arrangement. This is necessary to avoid the problem of
mean velocity-Reynolds stress decoupling that can lead to oscillatory solutions or even divergence
of the iterative solution algorithm. The procedure adopted in the present work differs from that of
Obi & Peric [12] and that of Lien and Leschziner [4] by accounting for all the driving forces of the
Reynolds stresses and not only those given by the gradient-diffusion type process. To illustrate the
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origin of the problem, consider the Reynolds stress gradient terms in the axial momentum equation
in 2D Cartesian uniform grid for simplicity

2 Juv

“odx T dy

Now integrating over a control volume surrounding node P (cf. Figure 1) yields;

ou? duv — - S
- - - - €e- w D n- h) P
[ ox dx dy Im—dxdy- [ (W2, -u2y, ) Ayp + (uvy - uvs) Axp]

Now if the cell face values of the ;2_9, ;Z_w, uv, and uv;, are evaluated with linear interpolation, the

stress difference expression become

T W)Ayp+(ﬂ”“2'—”"smxp]

and since no P -node shear stress appear in the resulting expression, a chequer-board oscillation,
similar to that played by the pressure field appear. Therefore, a non-linear interpolation scheme is
needed to avoid these odd-even oscillations in the same context of Rhie and Chow [13] for cell face
velocities. This means that any cell-face velocity is not merely sensitized to the pressure differences
centered on that face but also to the Reynolds stress differences.

Consider the descretized equation for the axial normal stress component u2 in general non-

orthogonal coordinates;

Apulp=3%_Ajuli+ S (19)
where n stands for the cells E,W,N and S neighboring P, A; are the coefficients for the
neighboring cells and 5,2 is the source term that includes production, dissipation and pressure-
strain redistribution terms as;

Su2 =Py1- %PH Py

where @;; combines Rotta's stress isotropization model and isotropization of production model

and related wall-correction terms due to Gibson and Launder [2].

£ — 2 2
Q= -pCry(u?-5k)-Ca(P1p-3P)

£ — — —_
+p C[WE( - 2ulfy + szy - quxy )
2 2
+2C2Co (P11-3P)fi- C2Cow(P22-3 P) fy + C2Cow P12y (20)

Rearranging the production terms that contribute to the stress generation and noting that
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S, 2=AP;; + BPy + CP33+ DPj2 + 11 2D
where

1 4
=1-5C+ 3 C, Czwfy C2 Cowfx

1 4

and S;; contains the remaining terms.

Substituting for the production terms P, P22, P33 and P2, then equation (19) becomes;

wW2p= Hp+2pA[uZ (D] AU+ Dy AUM) +uv (E; AU + E; AUY) Jp

+2pB[uv (D] AV + D2 AVT) + 32 (Ej Avé+EzAvé)+l‘;-’ﬂ]P

_ _ =
+20C [ww(Dy AWE + Dy AWM ) + 9w (Ej AWE + Ep Awé)-.i-"—gjp

wV uwW

+pD[uZ (D AVE+ Dy AVT) +v2 (Ej AUT + E2AU§)+——+A?7]P
P
Sy
T4, (22)
where
=X Au?;/Ap

Dy =-47/Ap, D2 = Ay5/Ap,
Ej=-A/Ap and Ez = Ax}/Ap

here Ay?,=(yn—ys),Ayi=(ye-yw),etc
and AUS = (Ug-Up), AVE=(Vg-Vp), etc
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Now, performing the interpolation practice to obtain east cell-face value of the normal stress (42 )

we obtain;

W2,=<ulp>-<2pAulD] AUS> - < 2pAuv Ex AU & >
- < 2pBuvD; AVE > - < 2pBV2Ey AV >
- < 2pCuwDj AW & > - < 2pCVwE7 AW S >
- < pDulD; AVS > - < pD V2 E; AU >
+ < 2pA2D; > AU S + < 2pAwE; > AU &
+2pBuv D) > AVS + < 2pVV2Ey > AVS
+<2pCuwD) > AW S + < 2pCow Ez > AW S
+<2pDu2 Dy > AVS+ < pDV2 Ex > AUS (23)

The brackets < and > denote linear interpolation. For instance, on the east face

Axp

<P> =(1‘f§) ¢P+f§¢E where, fg:m
P E

Similar expressions can be obtained for u?,,, u?p, u?, Uy, , uvy, and uvs which are then used to

calculate the Reynolds stress gradients in the discretized axial momentum equation. Similarly,
expressions for uve, uvy, , Uvp , uvs V2, v2 ., , v2; and v?, can be obtained for the stress

gradients in the radial momentum equation and uwe, UWy, UWp, UWs, V We, V Wy, vwy and vwyg
expressions to evaluate stress gradients in the azimuthal momentum equation.

5.4.1 Wall Reflection Treatment

The wall reflection terms @;;,, appear in the pressure-strain term correlation as wall correction
terms (@, and @, ) to counteract the tendency of @;;; and @;, to isotropise the
turbulence structure. Special consideration is given to the wall proximity effects on the

redistribution process @;;,, with relation to the local orthogonal coordinate system at the wall, cf.

figure 2.

At a wall, turbulence approach a state of strong anisotropy associated with the tendency towards a
2D turbulence. The wall-reflection terms ensure that normal stress normal to the wall is not too
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high. For body-fitted coordinates, there is a need to consider the tensorial form of the wall

reflection terms since they are tied to the orientation of the wall through the damping function term
(eq. 12). For a curved surface (figure 2), the wall normal vector n = nji; + nji; , where i; and i

are unit vectors in Cartesian coordinates. The Cartesian components of the wall-distance function f
are given as,
2 2
L=nf = nsf and fy, = ny naf

where f, = "5 ( 07 k13 k&) /L, forexample and L, is the normal distance from the wall.
u

The Reynolds stresses close to the wall are transformed from wall coordinates to Cartesian

coordinates by appropriate vector decompositioning to give;

=2 552

w=ult + Vo + 2uvyng
V=wf+ vind+2uvtyn

2 2 2742
W = w?
E/=ﬁtlt2+ ?n1n2+ W(t1n2+t2n1)
Tw=iow iy + wny
uw =L;Vl‘1+ ;;an

where 2, V2 .... are the Reynolds stresses in Cartesian coordinates and 2, V2..... are the Reynolds
stresses in wall-coordinate, nj, n, are the Cartesian components of the normal vector component
and 1, 1, are the Cartesian components of the tangential vector component.

5.5 Module Evaluation

The RSM module was tested at Rocketdyne after interfacing with the CFD solver REACT and at
the University of Alabama at Huntsville (UAH) using own solver (MAST). The first test was on
fully developed channel flow with length to height ratio of 50 and a Reynolds number of 2x105
based on the channel height. A non-uniform mesh of 101x41 was used with clustering at the walls.
Figure 3 shows the fully developed mean velocity profile across the channel. Figure 4 shows the
normal Reynolds stress profiles across the channel and figure 5 shows the shear stress profile.
Similar results were obtained when the module was interfaced and tested independently at UAH
using the MAST code.
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The next test problem is that of the backward facing step of Driver and Seegmiller [14]. The
calculations were performed using a 101x41 grid points with clustering near the walls. The
computational domain had a length of SOH (H is the step height) and a width of 9H. The
experimental data were used to specify the inflow conditions for a channel flow calculation where
the fully developed profiles at the channel exit were used as the inlet conditions for the backward
facing step calculations. Fully developed flow conditions were imposed at the outflow boundary.
The boundary conditions for the Reynolds stress equations were arrived at by using the log-law of
the wall and assuming local equilibrium conditions close to the wall. It can be shown that the
Reynolds stresses are related to the turbulent kinetic energy by;
g = Cy k (24)
were C;; is constant. The Reynolds stresses at the vicinity of the wall used are
W =1098k V2=0247k uv=-0255k and w?=2k-u? -V =0.654k.

Figure 6 shows the stream lines using Launder, Reece and Rodi's model. The computed
reattachment length was about 5.8H which is closer to the experimental value of 6.1H than the
standard k-¢ model (5.35H). The figure also shows a small (turbulence driven) secondary flow
region at the base corner of the step which cannot be predicted using the isotropic eddy-viscosity
k- model. Also, a smaller recirculation region is noted at the top lip of the step which is also
driven by turbulence anisotropy (more refined grid may be needed to isolate and study this region).
Figure 7, shows the mean velocity profile across the channel at four step heights downstream of
the step as compared with the standard k-¢£ turbulence model predictions. The axial normal

turbulent intensity (#? ) profile across the channel at x/H=4 is shown on figure 8 and the radial

normal turbulent intensity (vZ ) is shown on figure 9. The shear stress (uv ) profile across the
channel at x/H=4 is also shown on figure 10. The results show that the module predicts improved
results using the RSM model as compared with the standard k-€ model.
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APPENDIX D

2D/Axisymmetric Reynolds Stress Module Deck

The 2D/axisymmetric Reynolds stress module is a FORTRAN source code to solve
2D/Axisymmetric turbulent flow using the full Reynolds stress model based on Launder, Reece
and Rodi[1] when interfaced with a main flow solver. The module consists of the main routine
RSMOD that calls a number of subroutines to perform different functions that will be explained

below.
3.1 Subroutine RSMOD

This is basically the main routine that reads through its argument list different variables from the
calling flow solver which are described below.

List of Argument Variable Names

X Grid node locations in the x or &-direction, dimensioned to X(NX*NY)
Y Grid node locations in the y or 1-direction, dimensioned to Y(NX*NY)
FX Interpolation factor in the x or &-direction. -

FY Interpolation factor in the y or n-direction.

ARE Control cell areas

VOL Control cell volumes.

R Radial distance in the axisymmetric geometry or 1. for planar geometry.
DNS Normal distance of a cell from the south-boundary dimensioned to NX.
DNN Normal distance of a cell from the north-boundary dimensioned to NX.
DNE Normal distance of a cell from the east-boundary dimensioned to NY.
DNW Normal distance of a cell from the west-boundary dimensioned to NY.
U Axial or E-direction velocity, dimensioned to NX*NY.

v Radial or y-direction velocity, dimensioned to NX*NY.

w Tangential or azimuthal velocity, dimensioned to NX*NY.

TE Turbulent kinetic energy, dimensioned to NX*NY.

ED Turbulent energy dissipation rate, dimensioned to NX*NY.

DEN Density (assumed constant for incompressible flows).

F1 Mass flux at cell faces in the x or &-direction, dimensioned to NX*NY.
F2 Mass flux at cell faces in the y or n-direction, dimensioned to NX*NY.
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VISCOUS  Laminar viscosity.

VIS Eddy viscosity, dimensioned to NX*NY.
RESOR Residual error for the equations solver, dimensioned to 8.
ITBS Boundary condition flag along the south boundary dimensioned to NX and must

have one for each boundary node set to: 1-inlet, 2-outlet, 3-symmetry and 4-wall
e.g., for a wall boundary condition along the south boundary set ITBS to NX*4.
Similarly for the other boundaries.

ITBN Boundary condition flag along the north boundary, dimensioned to NX.
JTBE Boundary condition flag along the east-boundary dimensioned to NY.
JTBW Boundary condition flag along the west-boundary dimensioned to NY.
ITER Iteration number.

ICAL = 1 for swirl velocity calculations, O otherwise.

AKSI = 1 for axisymmetric flow, O otherwise.

RESTART = 1 if calculations are restarted from a previous run, O otherwise.

RSMOD starts by reading the turbulent flow constants, under-relaxation factors and
Prandtl/Schmidt numbers for the £ and € equations. These are;

CD1, CD2 constants in the k and ¢ -equations and are usually set to 1.44 and 1.92
respectively. B

CMU, ELOG also constants in the k¥ and € -equations and are usually set to 0.09, 9.8 and

and CAPPA 0.42 respectively.

GKE is set to 1 for second-order upwinding of the convective terms in the
transport equations.

ALFAKE is the iteration parameter used in the k and £ -equation solver.

URFVIS is the underrelaxation factor of the viscosity near the wall.

SORKE(1-8) are the degree of accuracy for the £, &, w2, v2, w2, uv, yw, and uw-

equations solver respectively.

URFKE(1-8) are the underrelaxation factors for the &, & #2, v2, w2, uv, vw, and uw-

equations respectively.
PRTKE(1-8) are ratio of Prandtl to Schmidt numbers used in the &, €, #2,

v2, w2, uv, yw, and uw -equations respectively.

C1, Co are constants in the RSM model.
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Cip and Cop are the two constants in the wall-reflection terms of the pressure-strain
redistribution term.
Cx and C¢ constants in the diffusion term of the k¥ and € -equations.

CUU, CVV, CWW, are the constants multiplying the kinetic energy for the stress values near

CUV,CVW,CUW  the wall.

WREFON = 1 if the wall reflection terms of the pressure-strain term are to be included,
= 0 otherwise.

All variable dimensions considered are one-dimensional. The position of any node is defined as IJ
= (1,J) = (I-1)*NJ +J, where NI and NJ are the number of grid nodes in the X and Y-directions

respectively. It is assumed that grid related data such as cell areas, volumes and interpolation

factors be passed to the module from an external grid generator.

Subroutine CALPI1]J

This subroutine calculates the production terms of the individual stress components.

Subroutine CALUIUJ

This subroutine solves the transport equations for the turbulent energy (IPHI=1), energy
dissipation.(IPHI=2) and Reunolds stresses (IPHI=3, 4, 5, 6, 7, 8 for

u2,v2, w2, uv, vw, and uw ). Daly and Harlow [3] gradient stress diffusion form is used in the
module instead of the simplified isotropic diffusivity form. This subroutine calls MODUIUJ
subroutine that sets the appropriate boundary conditions for the Reynolds stresses. The set of
algebraic difference equations are then solved using Stone's strongly implicit solver SOLSIP.
Subroutine MODPIJ)

This subroutine modifies the production terms near the wall using the near wall region model.

Subroutine MODUIUJ

This subroutine calculates the near wall boundary conditions for all the variables.

_78-



Subroutine SOLSIP

This subroutine solves the system of linear algebraic equations for all the variables using Stone's

Implicit Procedure.

Subroutine WALREF

This subroutine calculates the wall reflection terms in the pressure-strain redistribution correlation.
It calculates the wall unit normal vectors and the normal distance away from the wall. This is
needed to resolve the wall tangential and normal velocity components that are needed to obtain the
near-wall values of the Reynolds stresses.

SUBROUTINE WALPARA

This subroutine calculates the normal and tangential wall unit vectors.
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CHAPTER 6
3D k -¢ Turbulence Model
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6.1 Introduction

In this section a description of the standard k-€ turbulence model that is coded as a self contained
computer program to compute turbulent flow quantities in three-dimensional, body-fitted geometry
is given. Module structure and variables used are given in the Appendix. The module was
successfully tested as a self-contained unit using the REACT code[1].

6.2 Theory and Model Equations

The k-¢ turbulence model used is based on the standard two equation k-£ model of Launder and

Splading [2]. For a steady, incompressible flow the transport equations for the turbulent kinetic
energy k and energy dissipation € can be written in generalized Cartesian coordinates as;

dpUk 1 0 M dk

opYjc _ L o

ok; r 8xj(u+ O-kaxj J+G-pe (1)
dpUe 1 9

“‘—"ng =7 ag* +§; J+G-pe ) @

where G denotes the rate of production of turbulent kinetic energy and is expressed as;

U, ;2
G=t g (G, * ;!

The empirical constants, oy, 0., C; and C, have values 1.0, 1.0, 1.44 and 1.92 respectively.
The above equations are valid only in the fully turbulent region away from the wall. Therefore the

wall function method (similar to that described in Chapter 2 for the 2D k-&¢ module) is used to
model the damping effects of the thin sublayer region close to the wall.
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6.3 Module Evaluation

The 3D k-¢ turbulent module was evaluated by interfacing the module with the REACT code as the
CFD solver and producing the same results that were generated previously with the full REACT
code for a centrifugal impeller calculations (Chen et. al [3]). Figure 1 shows the grid topology of
the impeller studied with the shroud removed and Figure 2, shows the reduced pressure plot . In
general Chen et al's calculations showed good comparisons with experimental data obtained from

laser velocimetry in a water test rig.
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Figure 1. Impeller grid topology



Figure 2. Reduced pressures




APPENDIX E

3D k- Turbulence Module Deck

This module consists of two separate programs KEMOD3 and MODIFY, which have to be linked

to the main flow solver. A description of each file will be given next.

Program KEMOD3

This is basically the solver for the k and € - transport equations. It reads through its argument list

different variables from the calling flow solver. These variables are described below.

List of Argument Variable Names

NIM

NIM

NIM

=

H % < C

Number of cell nodes in the I- or &-coordinate lines. (input from the flow
solver) N

Number of cell nodes in the J- or n-coordinate lines. (input from the flow
solver)

Number of cell nodes in the k- or {-coordinate lines. (input from the flow
solver)

Grid node locations in the x or &-direction, dimensioned to X(JXYZ)
(JXYZ=NX*NY*NZ) (input from flow solver)

Grid node locations in the y or n-direction, dimensioned to Y(JXYZ) (input
from flow solver)

Grid node locations in the z or {-direction, dimensioned to Y(JXYZ) (input
from flow solver)

x-direction velocity (u), dimensioned as U(JXYZ) (input from flow solver)
y-direction velocity (v), also dimensional as V(JXYZ) (input from flow solver)
z-direction velocity (w), dimensional W(JXYZ) (input from flow solver)
Turbulence kinetic energy k , dimensioned TE(JXYZ) (calculated in the module

and returned to the flow solver)
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URFK
URFE
PRTK

PRTE

F1

F2

F3

ITER

VISCOS

VIS

Cl

C2

CMU
BCFE

BCFW

BCFS

Turbulent energy dissipation rate €, dimensioned ED(JXYZ) (calculated in the
module and returned to the flow solver)

Under-relaxation factor for k -equation (input from flow solver)
Under-relaxation factor for €-equation (input from flow solver)

Prandtl/Schmidt number for turbulent energy-equation, assumed known (input
from flow solver)

Prandtl/Schmidt number for turbulent energy dissipation equation, assumed
known (input from flow solver)

= 1.0 if second order upwinding is desired

= 0.0 if first order upwinding is used

(input from flow solver. Usually calculation of k and € are not very sensitive to
the order of upwinding used)

Mass flux variable at cell faces in x- or §-direction, dimensioned F1(JXYZ)
(input from flow solver)

Mass flux variable at cell faces in y or n-direction, dimensioned F2(JXYZ)
(input from flow solver)

Mass flux variable at cell faces in z or {-direction, dimensioned F3(JXYZ)
(input from flow solver)

Iteration number (input from flow solver)

Dynamic viscosity (input from flow solver)

Eddy viscosity, dimensioned VISJXYZ) (calculated in the module and returned
to the main solver)

Turbulence model constant, Cy (input from flow solver)

Turbulence model constant, C; (input from flow solver)

Turbulence model constant, Cy, (input from flow solver)

Boundary condition flag along east boundary (or y-z plane). It must have one
for each boundary node set to: l-inlet, 2-outlet, 3-symmetry and 4-wall e.g.,
for an outlet boundary condition on the east boundary set IBCE to (NY*NZ)*2,
and similarly for other boundaries, dimensioned BCFE(JYZ=NY*NZ) (input
from flow solver)

Boundary condition flag along west boundary, dimensioned BCFW(JYZ)
(input from flow solver)

Boundary condition flag along the south boundary, dimensioned
BCFS(JXZ=NX*NZ) (input from flow solver)
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BCFN Boundary condition flag along north boundary, dimensioned BCFN(JXZ)
(input from flow solver)

BCFB Boundary condition flag along bottom boundary (or x-y plane), dimensioned
BCFB(JXY=NX*NY) (input from flow solver)
BCFT Boundary condition flag along top boundary (or x-y plane), dimensioned

BCFT(JXY=NX*NY) (input from flow solver)

The module is interfaced with the main flow solver by a call to KEMOD?3 with its arguments. For
iterative flow solvers the module is called within the iteration sequence after the solution of the
momentum equations where the mean velocities are passed to the module. There are different flow
solvers utilizing different schemes from staggered to nonstaggered grid arrangement and for
nonorthogonal coordinate system there are at least three alternatives to the choice of the velocity

components;

i. Cartesian velocity components
ii. Contravariant velocity components
iii. Covariant velocity components

The Cartesian velocity components are the most widely used and have the advantage of simple
formulation of the governing equations. Whatever the arrangement used, mass fluxes at cell faces
are required and passed to the module as F1, F2 and F3 in all directions. The location of other
variables such as k and £ are at the cell center or cell nodes.

The module starts by reassigning variable names passed to it from flow solver to names that are
shared with the different subroutines of the module in a common statement file "kemod.h". Then a
check is made if it is the first iteration in which case the grid file "GRIDG" is called -after passing
the grid node locations X, Y and Z- in order to calculate grid related quantities which will be
explained later. The need to call GRIDG can be waived if all the grid data are passed to the
module. That is all the information about the grid such as interpolation factors FX, FY and FZ, cell
volumes (VOL) and normal distances of first grid point from grid boundaries (DNS from south
boundary, DNN - from north boundary, DNW - from west boundary, DNE - from east boundary,
DNB - from bottom boundary and DNT - from top boundary).

After this a call to subroutine CALCE is made to calculate the turbulent kinetic energy & (with the
identifier IPHI=1). The energy dissipation equation is solved next by a call to subroutine CALCE
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again with the identifier IPHI=2. The turbulent viscosity is updated next by calling subroutine
MODVIS. A brief description of each subroutine is given next.

Subroutine GRIDG

Before calling this subroutine, the coordinates of all grid nodes, defined in reference to a fixed
Cartesian coordinate frame are read. Figure 3 shows the position of cell and grid nodes. The west-
to-east, south-to-north and bottom-to-top directions correspond to the ascending indexing order of

i, j and k, respectively, forming a right-handed coordinate system.

This subroutine is called only once to calculate coordinates of grid nodes (intersection of grid lines)
and geometrical properties of the grid (cell volumes, interpolation factors, normal distances of
near-boundary cell nodes from boundary). All variables including grid node coordinates are
converted to one-dimensional arrays. The position of any node in one-dimensional array is
therefore defined as;

DK = (I-1)*NJ + (K-1)*NI*NJ + J
where NI, NJ and NK are the maximum number of grid nodes in the i, j and k directions

respectively.

The actual number of grid nodes is one row and one column less than for all cell nodes. For I =
NI, J = NJ and K = NK fictitious grid nodes are introduced which have the same coordinates as
actual nodes on NI-1 in I-direction, NJ-1 in the J-direction and NK-1 in K-direction.

The subroutine then calculates interpolation factors which are associated with cell nodes and are
used in the main program to calculate values of dependent variables at locations other than cell
nodes (cell centers). Cell volumes are calculated next followed by calculations of normal distances

of near-boundary nodes from all the six outer boundaries.
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Subroutine CALCE (PHI, IPHI)

This subroutine solves the linearized and discretized transport equations for the turbulent energy k
and the energy dissipation rate €. The two dummy parameters in the calling statement, PHI and
IPHI, represent arrays containing dependent variables for which the equation is to be solved. The
subroutine sets up the convective and diffusive coefficients over the entire field, then it calculates
the source terms for either & or € transport equations. A call is made to MODKE or MODED in
order to modify the sources for k and € equations respectively.

The discretized equations have the form

Ap@p = D A +So
i=EWNSTB

where the coefficients A; (i=E,W,N,S,T,B) contain both the convective and diffusive fluxes. these
equations are assembled and solved by calling subroutine SOLSIP which is based on Stone's
Strongly Implicit Solver [4].

Subroutine LSIP

This subroutine solves the system of linear algebraic equations for k and £ using Stone's Implicit
Procedure [4]. The array RES (IJK) is used to store the residuals. The sum of absolute residuals
"RES1" calculated in the first pass through this part of the routine is used as a measure of
convergence of the solution process as a whole and this value is stored in RESOR (IPHI). This
variable RESOR (IPHI) is passed to the main solver and if desired can be normalized and
compared with the maximum error allowed there. If necessary inner iterations counter L and the
sum of absolute residuals RES1 are printed out to monitor the rate of convergence of k and €
solution. If the ratio RSM is greater than the maximum allowed for the variable in question, SOR
(IPHI), and the number of inner iterations is smaller than a prescribed maximum, NSWP (IPHI),
then the routine repeats the sequence of calculating the residuals, increment vectors and updating
the dependent variable.
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Subroutine MODVIS

This section calculates the effective viscosity and is called after calculating k and €. At locations

where € is close to zero (i.e., < 10'30) viscosity is set to zero. A provision is made for under

relaxing changes in effective viscosity which may help to stabilize oscillations and improve

convergence rate.

Subroutines MODK and MODED

These subroutines are called from subroutine CALCE and they set the boundary conditions for

(1)

)

3

4)

k and € . For the kinetic energy equation for example, the bottom boundary is checked

first for one of the options below;

An inflow boundary BCFB(IJ) = 1 (IJ = (I-1)*NJ+J), where the source term is set to
accept the inlet values at the x-y plane (bottomn boundary K=1).

Outflow boundary BCFB(1J) = 2, where zero gradient in the z-direction is employed.

Symmetry boundary, BCFB(1J) = 3, where gradients normal to Ssymmetry x-y plane are

ZET10.

Wall boundary, BCFB(IJ) = 4, where the turbulent kinetic energy production (per unit
volume) term GENTB(I) calculated form subroutine WALLFN in program MODIFY is
added to the rest of the source term SU(1JK).

Boundary conditions for the € -equation are similar to those of k except at the wall where they are

set to appropriate values for each near wall treatment.

Program MODIFY

This program is compiled separately and is called from the u, v and w momentum solver .It

basically updates the flux source term of the discretized momentum equation due to wall shear

stresses. If the u-momentum equation for example is discretized in the form
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* *
A uy, = Aju; + 8
pUP T eaxid 4t S

* . . .
where P, E, W, N, S, T, B are cell nodes, and Ap and A;'s contain convective and diffusive
- * - . . . - - . .
coefficients. S is the source term containing pressure gradients and cross-derivative diffusion

terms and convective terms for second-order upwinding scheme. This source term is usually

linearized as S: = Sy - Bpup The term B, is usually moved to the left hand side of the equation and

modifies the diagonal coefficient A, = A; + Bp, and the equation can be written as

Then S, and B,, are passed to subroutine MODIFY where they are modified if a wall is present
(e.g., BCFB(1J) = 4 for bottom boundary).
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Figure 3. Cell volume and coordinate system



1 PE”poayss
+ (HY2d ‘HVAQ ‘HYXA ' d¥2d ' A¥YAQ ‘ AVXQ ‘9¥20a ‘a¥Ad ' G¥Xd) TI0A * eyt (AN} X= (1L} X 1L
+ (HYZd 'HYAQ ‘HYXJ ‘OVZd ‘O¥Ad ' OVXd 'OVZd 'OVAd ' HVXA) TT0A * ¥t ON« IN-I0=MWIL oL
+ {HYZd 'HYAQ ‘HYXA 'av¥2d ‘aQ¥Ad ‘a¥xd ‘O¥Za ‘' O¥AQd ' O¥Xa) T10A » ovt (OIN) AT+ (I) I1+0="10 69
+ {HY2d 'HYAQ ' HYXQ ‘9¥2d '9V¥XA ‘g9¥XA 'av2d 'a¥xd ‘a¥Xd) TT0A=HNT0A 6ET ON'T=0 OF Od 89
J BET IN‘T=I 0% od L9
¥Z- (3d01)Z=HYZd LET J 99
¥X- (M0T) A=HVAQ 9¢T ANNILNOD 62 S9
X~ (I0I) X=H¥XA SET (WII)Z=(T11)2 1 4]
¥2- (MLOHWI) Z=9¥2d vET (RII)X=(T1I)A t£9
YA~ (MLCHI ) A=DVAQ £€T (WII)X={11)X Z9
¥X- (ICAI )} X=95¥Xa ZET LON-TI=H1I 19
¥Z2- (WALT) 2=8VZa T€T L+ (M)AT+(IN) IT=TT 09
YA- (WALI) A=dVAQ 0ET LN =0 6T 04 65
WX- (WILI) X=4V¥Xd 62T AN‘T=A §Z 0d 8s
¥z~ (ON-WILY) Z2=3V¥Zd 8¢T J LS
¥X- (OCN~HMOI) X=3YAd LZ1 ANNIINOD 0Z 9S
¥X- (CN-HICT ) X=3V¥Xa 9zT ONsINs (T-H)=(d}NA1 ss
¥Z- (MWCKI) 2=0¥2d SZ1 AN‘T=% 0C Oa |2
YA~ OINLHI) A=DVXA vel ANNIINOD 01 €S
¥X- (MHCWI ) X=0vXd £21 ONe (T-I)=(I)IT 149
YZ- (T-WILT) Z2=9V2a [4AN IN'T=I 0T OQ 1s
VA~ (T-WICI) X=G¥id 121 : J 0§
¥X- { T-WI0T) X=9¥Xa 0zt T + AN = AN 6P
¥Z- (MWLT) 2=a¥zd 61T T + PN = N 8V
¥X- (AHOI) A=QVAQ 81T T + WIN = IN LY
VX~ (MWL) X=avxd LIT D 9v
(DILT) Z=VZ 911 JY - poway, JFANTONI 134
(WILT) X=¥A& S11T 24149 INILNOHENS 144
{(WILT) X=V¥X -2 G A i bttt s O Ev
D ETT oA 4
T-ON-WALI=¥ILT Z11 ang 1%
LIN-ACT=WALT 111 NINLAd oy
T-MLI=MHCI 01T J 6¢€
T~ALHI=MWCHI 60T D 8¢
CN-ALI=ALKI 80T SIAQOR TTYD LE
LHAIT=NLT Lot ALISOOSIA AQQd IHL JIVINDTYO ANV IALYAdN --D2 9¢
WON'Z=0 00V Oa 90T O S¢€
(1) IT+AAT=NIT S0T {z’'qd) IO TIVD Ve
WIN‘Z=I 00V Od ¥0T1 WIATOS NOILV4ISSIA ADMANA TIVD --O €t
(1) W T=1"1 £0T {1’dl) FOTV¥D TI¥D (4%
WIN‘Z=1 00V Od 20T HIAATOS XOWANT JITANIN TTYD --D T¢
"9/ T=¥XI1S 10T D 0¢
0= (JILI)I0A 0SE 00T dIAN" 6C
ADIN'T=MLI 0SE Od 66 oaIyo TIYO 8Z
2 86 N3HJ (T1°37°43LI)JdI Le
SIWNTOA TTIID Jd0 NOILVINOTVO----- J L6 2 92
D 96 ATIYVILINI S3ATAVINVA DINIAWOED dI¥D HILVINOTYO ----0 6T
E0x (THLZY-ZHu TV} + » S6 > ¥
204 (€S TV-EVSTH) +TD (EV2H-£H2Y) = (€D 2D 1D €8 28 ' TH ' EV TV TY) T'IONA ve6 (ZAXL)SIA' (ZAXC)QF ' (ZAXL)3L 3 £
J €6 C(ZRAXDIMY (ZAXL)A (ZAXD)N  NOISNAWIA (44
ANSLCIN=ALIN zZ6 (ZAXL) Zd’ (ZRXL) AL “ (ZAXL) XA 3 154
CNxIN=LIN 16 {ZAXD)TOA ' (ZRXL) 2 (ZAXD) X (ZAXL) X 3 0z
T -WIN=WHAN 06 AXLYIT(ZOIMT  NOISNIRIG 61
T-WON=WWLN 68 0 81
T-WIN=WKIN 88 JUTpoway, JANTONI LT
T-AN=WAN 2% - 2 1 ettt ittt i 0 91
T-CN=HLN 98 S ST
T-IN=RIN S8 (1409 ‘940 ‘NADE ' S40° 'MI0d 'dd0d % vl
D v8 ‘NHDZD'TD'SIA'SODSIA ® £T
INNILNOD 0t €8 YILI ‘€4°2A T4 O FLEd ‘NLEd ‘TJdN ‘HI”N X ZT
(AL} 2=(AC) 2 Z8 ‘g3‘'AL'MA'NZR'X B 1T
(IL) X= M0V X 18 ‘WHNWONHIN) €QOWEN INILNoHENS 01
{(MIC)X={AC)X o8 1 Y  mmmmemem e - s eeCCCS o ssssssoooemms J 6
T-AL=WAL 6L 28
(IATH{I) ITT+ON=MND 8L D2222322222222222222222223222223323233020223222D22232222323333292330322332320 L
AN‘T=M 0f 0oQ LL ol 39
IN‘I=I 0¢ Od 9L o) asjua) ABorouyoel Q4D duApaaizoy 28
aNgsd siL o] 20
SNNILNOD oy vL o} ATNAOW JIONITNEEANL I-N FTYOS-ITONIS-d¢ o2 ¢
(MW10)2={"10) 2 €L o} 2¢
(IHIC) A=(10) X L 222222222232293232222222322302002000220223022222232233332I320220230232232200 T
¢ ebed pPe powdyss 2v:91 9661 21 190 | ebed pEe powd)ss Z¥'91 9661 L WO

Biouw wol eyypbA Aq pejund




z pEpoweyss

MIN'T=MI TVL OQ v8Z |AzxnzmvN+AzzthN+Axh=m~N§Athva«MBOntmNQ [ £4

AN ON=XACN £8¢T ( (WDIOWI ) A~ (WMILI ) A- (ACHI) X- (NLI)A 1z

ANLIN=NIN 78T —{THWACHI ) X+ (THRMDT ) X+ (T+MLHT) R+ (T+40I) X) «HLO= ZFm>O 112

0={LI)1INd 0ObL 182 ((T-FACRI}A-{T-WICI) A- (T-ACHI} X-(TI-JALI) X 012z

“0={rI)aNg 08¢ ~{WMLHI ) X+ (WALT) A+ (ILCHI ) X+ (MLI) A) »¥1L0= &&NNQ 602

LIN'T=LT OPL OQ 6L2 ({MDIONT ) X- (WALT ) X~ (APWI) X- (LT X 802

8Le S (THDICHT ) X+ {THRALT I X+ (THILORT) X+ (THHLI) X) »¥LD= szxQ LoZ

SATAYANNOH NIVWOd WOYd SHONVISIA TYWAON----- LLZ ((T-MILHI) X~ (T-WAILT) X- (T-HLHIIX~-(T-%LT1) X » 902

9Le = {(WAICWI ) X+ ODICT) X+ OICKI ) X+ (0T ) X) «¥I0=413Xa 50¢

(T-)0I)Z2d=(A0T)2d 0€L sLz CN-WICTI=HILHI | 4114

HON+HALTI=N0T | 744 DLIN-NOI=WALT £0T

(THILY) 24= (NI} 24 £LZ CN-ACI=ALRI z0¢

T+H{I) IT+ANT=ACT ZL? LHITTHAAT=NLT T02

IN'T=I 0£L OQ 1Lz RCON‘Z=L 009 0d 002

() AT=1A1 oLe {I)IT=I11 661

WAN'T=M 0€L Od 692 WIN‘Z=I 009 OQ 86T

(ON-ALT ) Z2d=(A0I) 24 0CL 89¢ {3) AT=11 L6T

ALI+(IN}IT=ALT L9Z WIN‘Z=4 009 ©0a 961

(ON+XL0T) Zd= (MLI) 24 99¢ NOTLOAAMIA - YId------ O 661

C+HART=ACT S92 (T-MPI)Xd=(ALI)Xd 0€S 14°)¢

HWCN‘Z=0 02L 0d v9c s HONWALI=NLT €61

(1) AT=9A11T £92 ' (T+ALI}Xd=(API) Xd 261

WIN‘T=% 0ZL 0Q z9¢ T+{I) ITHANT=ALI 161

ANNIILNOD 00L 192 WIN'T=I 0£S OQ 061

(Ldza+daza) /aazd= (ILrI) 24 09z (M) AT=0NT 681

(Z» s LAZZA+T ¥ + LJAZAA+ T« » IAZXA) LAOS=1AZa (314 AN‘T=X 0€S OQ 881

(Z2+ddZZ2A+7» +dAZAA+Z ¥ »dAZXA) LHDS=dA2a 862 (LIN-MLI) Xd=(ALI) X4 0ZS LBT

{({T-MLHI)Z-{JdCHI)Z~(T-ALY)2-(dLT)2 LSC ML+ OIN) AT=MLY 981

~{T-dALHI) Z+ (AMCHI) Z+ (T~ mthvN+Am¥thNvuﬁ&OnEQNNQ 98¢ {LIN+ALT) Xd= (JA0I) XA S8T

((T-WALWI)Z-(T-WILI)}Z- (WALHI) Z- (WDILT) Z SST L4+ITT=ALT ¥8T

= (T-MOHI)Z+ (T=-M0T) Z+ (MLHI) Z+ (MLI) Z) «¥LO= mQNNQ 1414 WON'Z=L 0TS OQ €81

((T-MOWI) X~ (ICHI) A- (T-ACI)A- (ALIIA [2-Y4 (I)IT=111 Z81

= {T-dMCWI) A+ (dACHI) A+ (T~ mthv>+AQXﬁHv>vc%EOvBQNNQ s8¢ WIN'T=I 02S Od 181

((T-MMLRI) X-(T-HICI) A- (WACHI} A- (HACT) X 152 JONILINOD 00S 08T

~(T-MORI} A+ (T-ACTI) X+ (ICRY) A+ (MLI) &) »¥LO= mDN>Q L1374 (ISAA+dSAA) /dSHA= (ALT) X 6LT

({(T-MLRI)X- (ALHI) X~ {T-ALI}X- (ALI}X 6ve (2 s BSHZA+T « » ASHAA+T » » ASUXA) LYOS=TSAA 8L

= (T~dALHI) X+ (dNORI) X+ (T-dACT) X+ (LT ) X) »HL0= BDNXQ 344 {Z» xdSHTA+Z « + ISHATHT v »dSHUXA) LADS=4SAA LLT

((T-WMORI)X- (T-WALI) X- (WALKI) X- (WMLI) X » LbZ ((T~WALT) Z- (WALT) 2-(T-NLI) 2- (LI} 2 9LT

= {T-MOWI) X+ {T-M0I) X+ (MOKI) X+ (ML) X) »HILD=dazxd 344 -(T-WALAI) Z+ (WALGI) 2+ (T~ thH_N+A¥hmHvaamaanumeQ SLT

ON-dALTI=dANLHI 1544 ({T-WMLHI)Z- (WDICWI)Z- {(T-MOHI) 2~ (MCHI)Z VLl

ON-RALT=WALKI 1424 = (T-WALI) 2+ (WAL ) 2+ (T~ ¥GHVN+AthVchmBODmmeQ €LT

LON-ALT=XCHI £v2 ((T-WI0I) A~ (WDILT) A-(T-ALT )R- (NLTIX TLT

LINALI=ANLT vz = (T-WALI) A+ (WILAI) A+ (T~ zdev>¢A¥bmHv>ycxhdlmw¥>ﬁ TLT

LIN-ALT=WALT ve { (T-WALHI) A- (WMLHI )} K- (T-MLHI) X- (MCWI) A 0LT

LHITT+(MIAT=)0T ove = (T-WILT ) X+ (WALT ) A+ (T-ALT) A+ (ILT) A) v¥L0= mmK>Q 691

WIN‘Z=X 00L 0a 6€C ((T-WALT) X~ ODICT ) X~ (T-APD)X- (LTI X * 891

WON‘Z=0 00L OQ 8f£e —{Y-RALI) X+ (IIOAI) X+ { T-M0AI) X+ (MLEI) X) »4IL0=354KA L9T1T

(I)IT=111 LET ( (T-WIOHI) X- (WICHI}X- (T-ACWI)X- (ORI X * 991

WIN'Z=I 00L OQ 9¢¢ —{T-HALT ) X+ (WALT) X+ (T-ALI) X+ (MLI) X) »HL0=d5AXA S9T

NOILOAMIA - YlIZ-~---- 3% 4 CN-WALT=HACKI voT

(CN-XC0T) Ad=(JCY) X4 0€9 vee CNAWACTI=WACET £971

ALT+(IN) IT=dLI | % %4 CN-ALTI=ALHI 291

(ON+XPLI) Ad= (ML) X4 [4£%4 CN+JACI=A0AT 191

LHAT=ALT 1¢€2 LIN-ALI=WALT 091

HON'T=0 0£9 Od 0£e L+{I)IT+ANT=MLT 6ST

(1) WT=0N1 622 WIN'Z=I 00S 0Od 86T

MN'T=¥ 0€£9 Ood aze WLON'Z=0 005 od LST

(LIN-MOT) A= {MLT) XL 029 Lze (1) AT=1A1T 9sT

MLT+ (OIN) XI=ML0T 9¢2¢ WIN'Z=X 005 0d GST

{(LIN#MLI) Xd= (MLI) XD [ Y44 NOILOAN¥IA ISt--~--- 3 vst

L+ITT=ALT vee 0=(JCI)Zd 0SP £ST

HON'T=0 029 Od [ X 44 0=(ALT) X4 ZsT

(I)IT=11I1 t444 0= (d01) X4 IST

WIN‘Z=I 0Z9 0d 1ze ALIN'T=ALT 0SY oa 0ST

HONILNOD 009 0z J 691

{(NL3A+dl3d) /d1dd= {ILI) Ad 612 SHOLOVYA NOILWTIOJH3IINI J0 NILYINOTIVO----- D 8P1

(2 «NLIZA+2Z v « NLAXA+Z ¥ « NLAXA) LADS=NLIA 81¢ o LY

AN«cmbNn+N««mBm>Q+N«cmbmxmvkxownmﬁmﬁ L1z ANNIINOD Q0% 991

( (WACWI) Z- (WMDI) 2- (MCWI)Z- (0T 2 912 WXIS«HNTOA= (JLT)TOA SvT

~(THWRICHI) 24 {T+RICT) Z+ ( T+AONY) 24 (T+ALT) Z) »ULD= ZENNQ 1 ¢4 (HVYZA 'HYAQ'HYXA ' OVYZA ' OVAJ ‘O¥XA ‘avzq ‘dVYAd 'd¥Xd) T'T0A » 1220

({T-WILHI) 2- (V-WALI) 2- (T-ACWI) Z-(T-XMLI)2 * viz + (HVZd 'HYAQ 'HYXA ‘3V¥20 ' 3VAQ’ I¥XA ‘' d¥Z2a ' AVAd ' ¥Xad) TI0A » £vT
v ebed PE powayss 2v'91 9661 2t WO g ebed PEe powWdYSs 2v:ol 9661 21 00

Biquw woy 6yypbA Aq pajutd




€ PEpOWaSS

gX-dA=£Xd 9TV (((WALKWI) 2+ (WACT) 2+ (XOHI) 2+ (A0T) Z) »4IO+8Z) » IVH=dZ SSE
gx-dx=£xa 144 ({(WALHT ) X+ (WLT) A+ (MCHI) A+ (ALI) X) »HLO+EX) » AVH=dX pSe
(((T-WMCHI) 2+ (KACHI ) 24 (T-HLHI ) 2+ (ICHI ) 2) »HLD+E2) « AVH=d7Z j444 (C(DICHT) X+ (LT ) X4 (OICHT ) X+ (A0T) X) »480+8X) » dYH=dX £S€
(C{T-SDIONT ) X+ (WICHT ) A+ (T-MOHI) X+ (NOWI) &) »HIO+EX) v IWH=AX €zh ({T-HACHY) Z+ (T-WACT) 2+ (T-MLHI) Z+ (1-X0I) 2) »HLD=92 zs¢e
(C{T-IIORT) X+ (WALHI ) X+ (T-XOHI ) X+ (ACHI) X) »HLO+8X) » IVH=dX (447 (UT-FOIORT ) A+ (T-WIOL) X+ (T=XMLHI) A+ (T-UCT) X) »¥LD=8A 15¢€
((T-WALT) Z+ (WACI )} Z+ (T-30T) 2+ (MLT) 2) +¥1D=82Z %4 ({T-WALKI} X+ {T-WALT) X+ (T-HLRI)} X+ (T-ALT) X) »¥ID=8X 0s¢
((T-WICT) A+ (JWILT) A+ { T-ALT) A+ (MCI) R) »HLO=6X 144 (T-WALHI) 2- {T-ACI) 2=224 6%€
({(T-KILT) X+ (SACT ) X+ ( T-AOT) X+ (ML0I) X) ¥ LO=€X 61V (T-WACKI) A- (T-%L1) A=ZRA 349
{T-WALT) Z- (ALT) 2=220 8TV (T-WACHI) X~ (T-ALT) X=7XA LYE
(T-WACT)A- (MCI) A=2Ad LTV (T-WILT) Z- (T-MOKI) 2=120 9vE
(T-WICI) X~ (ALT) X=2Xd 9TV (T-WICY) A= (T-ACHI) A=TAQ SVE
(WILT) 2-(T-XM01) 2=T20 STV (T-IILT) X~ (T-NOHI) X=TXA 225
(WAL} A-(T-ALT)A=TAQ jas4 DN-WALT =HACHT £ve
(WILT) X~ (T-MLT) X=TXd (347 ON-XCI=NOWT zve
ON-IDICT=WALHI (447 LIN-ACI=WALT Tve
CN-ACI=ALWI 1944 THONDWTHITT=ALT ove
LIN-MOCI=HACI otV A+ANS (T-T) =M1 6€€
£+ (HIN) IT+AAT=ACT 60¥% WIN‘Z=)1 0LL 0Oa 8€¢g
AY¥aNnod ISYdE---~-- O 80%F AYYANNO"  HINOS------ J LEE
(€20 '220°120 ' €AQ ' TAA ' TAQ ' €Xd ' ZTXQ ‘' TXA) ¥LTdd= {A0) MNT LoV IANILNOD 09,  9€€
92-d2=£2d 90V (£20720°'T2d’' €AQ°ZAA' TAQ ' £XA‘ZTXA ' TXA)¥LT30=(LT) INd SEE
gX-dX=€Ad SOV : d2-d2=£2a vee
ax-dx=¢£xa vov dA-dx=¢Ad (323
(({T-WACT) Z+ (WALT) Z+ {T-AULL) 2+ (M0I) Z) »HID+EZ) « IVH=dZ £or ax-dx=¢xa TEE
({{T-WAPT) X+ (IILT) A+ (T-ROT) A+ (MLT) X) »YID+EA) » IVH=dX zov (C(T-WACHI) Z+ (WICHT ) Z+ (T-WALT) 2+ (WILT) Z) 910 +€2Z) « IVH=d2Z TEE
(({T-WILT) X+ (WILT) X+ (T-ALI) X+ (LI ) X) »ULD+EX) « IVH=dX 10V ({{T-HDICHI) A+ (WALHI ) X+ { T-WALT ) X+ (WALY) X) »HID+ER) « IVH=dA o€t
({T-WACWT) Z+ (WACWI) Z+ (T-MOWHI) 2+ (MCWI) 2) »410=62 oor (({T-WICHT) X+ (WAICAT ) X+ { T-WACT) X+ (WALT } X) »I0+EX) « IVH=dX 6Z¢€
({T-WACHI) 2+ (WICHI ) X+ (T-MOHI) X+ (MCHI) X) »HIO=€X 66¢€ ({T-MCHI) Z+ (MOHI) 2+ (T-M0I) 2+ (MLT) 2) +HI0=02 8z¢
( {T-WACKI ) X+ (WALRI ) X+ ( T-ALHI) X+ OICHI) X) »410=8X 86€ ({T-MORI) A+ (ORI A+ (T-30T) A+ (ALT) X) »HID=0A LZE
(HALHI) Z- {T-MCWI) Z=22d L6¢€ ((T-MCHI) X+ ICRI}X+ (T-ALLIX+ (ILT) X) »ULD=8X 9z¢
(WALHI) A- (T-MOHI) X=ZAA 96¢ (MPRI) Z- (T-ALT) 2=220 [543
(HOMLHI) X~ (T-MCRI) X=ZXa S6€ (MLHI) X- (T-MLT)A=TAA vze
(T-WICKI) Z- (MCHI) Z=T20 veEe (ALRI)X- (T-ALT) X=TXA £z¢
(T-WALCHI) A- (MCHI)A=TXA €6€ (T-MOWHI) 2~ (MLI)2=T24 (443
(T-WALCHI) X~ (ACKRI) X=TXd z6¢ (T-ALRI) X- (ALT) A=TAQ 1Z¢
ON-WACT =WACHI T16€ (T-MLHI) X- (MLI) X=TXA [114%
ON-XLT=NCRI 06€ ON-HILT=IDICHT 6T¢
LIN-HLI=WALT 68¢ CN-MCT=MLRI 81¢e
04+ (2) IT4AT=3PT 88¢ LIN-MLYI=WALT L1E
L+ONa (T-X) =30 LBE £T+ (WIN) AT=MC1 91¢
HON'Z=0 08L 04 98¢ AdVANNOd dol------ 3 SI€
(1) AT=411T [1:14 (£20°22Q°T2Q ' €AA’'TAQ’ TAQ' €XA ‘XA ' 1Xd) ¥113d={LI)8NA vie
WIN'Z=X 08L Od v8E dz7-d2=£2d €1¢€
AYYANNOE  ISAM------ O €8¢ dX-dx=€xd Z1¢
AONILNOD 0SL  28€ ax-dx=¢xd 11€
IONIINOD OLL  T18BE (({T-MLRI)Z+ OICRY) 2+ (T-HLT) 2+ (ICT) Z) »¥L0+HZ) s ¥H=42Z 01¢€
(£20°'220°'T20'€XA’2AQ ' TAQ ' €XA ‘' ZTXA ' 1XA) ¥113d= (AT} NNG 08¢ (({T-MLHI) X+ OICHI ) A+ (T-MCT) X+ (MCI)X) +HLO+HA) «IYH=dX 60¢€
4z-dz=£2d 6LE ({IT-ACRI )X+ GICRI I X+ {T-H0T) X+ OICT ) X) »8L0+8X) s dYH=dX 80¢€
dA-dA=EAd 8LE ((T-WICHT) Z+ (WICKI ) 2+ (T-WALT) Z+ (WACLI) Z) »HLO=82 LOE
ax-dx=¢xa LLE ( (T-IDICHI) X+ (WICHI ) A+ (T-WALT) A+ (WALI) X) »HL0=dAX 90¢€
({((T-WACHI) 2+ (T-WALI) 2+ (T-HCHI) 2+ (T-NLI) Z) »ALD+HZ) » IVH=EZ 9LE ({T-WICHI) X+ (WACHT ) X+ (T-WALT ) X+ (WALI ) X) »¥10=AX SOE
({ (T-WACHI) A+ (T-WALT) A+ (T-MCHI) X+ (T-M0I) R) »ULD+9A) «IVH=dX SLE (T-WALHI) Z- (WICT) 2=22d vot
(C{T-FILHI) X+ (T~WILT) X+ (T-MLHI) X+ (T-ALT) X) »HIO+EX) v IVH=dX vLE (T-WICHI) X~ (WALT) A=TAQ £0€
{ (DIOWT) Z+ (WAL ) 2+ (AOHI) 2+ (M01) 2) »4ID=62Z £LE (T-WICHI) X- (WALT) X=ZXa zo¢g
((IICHI) A+ (DILT) A+ (AOHI) A+ (MLI) X) »4ID=6X ZLE (HWAOHI) 2- (T-WILT) Z2=124 T0€
( (WILHI ) X+ (WI0T) X+ (MCHI) X+ (I0I) X) »410=8X TLE (WICRI) R~ (T-WILT) A=TAQ 00€
(WI0T) 2- (NOWT) 2=220 oLE (WICHT) X- (T-WILT) X=TXA 662
(WALI) A- (MOHI) A=ZAQ 69¢€ CN-WALT =HALHI 86z
(WALT) X- (ACHI) X=2Xa 89¢ ON-AOI=XOWI L62
(WACHI) Z- (M01)2=T20 L9€ LIN-ACI=WALT 962
(WILORI) X~ (ILT) A=TAQ 99¢ LI+{Z)AT=ACT S62
(WACKI) X- (I0I) X=TXa S9¢€ L+ITT=0T v6¢
CN-HWALI =HILHI [ 2:13 Xdvannod HoLiog------ O €62
CN-MCI=)LHI £9¢€ HON'Z=L 09L 0d (414
LIN-MLI=HICT z9¢ (I)IT=I11 162
HON+IIT+ (1) AT=ALT 19¢€ WIN'Z=I 0SL od 062
AYYANNOd HI¥ON------ D 09¢ "0=(M[)ANG ZHL 68T
(€£20°22Q'12d° €AA " TAA ' TAQ ' €XA ' ZXA’ TXA) VITIA= (A1) SNA 6S€ *0={dL)MNA 88¢
g2-dZ=£2d 8S¢E AON'T=)L ZVL oa L8T
gx-dX=£Xd LSE *0=(AII)NNG TVPL  98Z
gX-d¥=£Xd 9G¢E *0={dI)sSNa 682
g ebey PE pouid)ss ev:91 9661 21 100 g ebed PE pouiaddss cy9l 9661 2L WO

Biquw woyy epyPbA Aq pajung




v pE~powesss
( (WACKHI) A- (WICI) A+ (MCHI) X- (MLI) X) »dA¥H=SHAA 895 CosECH+Ta 4 TET+Tox1€E=2UVY L6V
( (WALHL) X- (MOWI) X+ (WALI) X- (MLI)X) «AVH=QZXA L9S ANITINI """ " J 96V
( (T-JdN-MI)SZX- (AN-MI)SZX-(T-HI1)SZX-{M1}SZX 3 999 SHAQ« IAXA-LIAA«SAXA=¢ €L q6b
~{T+IICHI) X+ (T+MILT) X+ (T+ACHI ) X+ (THILT) X) »LHVY=L3Xd 59% SAXA«1IZA-LIXAXSHZA=C €L 1434
({WICKT ) X- (WILT) X+ (MCHI Y X- (0T X) » AYH=5AXA v9s SAZA¥LIXA-LIAZA«SAAA=TEE tep
{( (T+X0TI) TOA+ (AULI) TOA) » IYH=NT0A £9S A2AA¥SAXA-SAAAAZXA=£ZH (434
CN-WALT=WALKI 29§ SMZA+AZXA-GZZA+SHXA=229 16V
ON-ALT=ALHI 196 SAARALAZZ2A-AZAASHZ2A=12d (4134
LIN-ALTI=RALT 098 A2X0A« LIXJ-AZAA»LIXA=ETH 680
T+ITTHAAT=ALL 655 Q220+ 1L3XJ-13Z0»AZXa=218 88V
{(I)IT=117 849 JAZA«AZAG-AZ2ZA«LIXA=TTL L8V
H+ANS (T-T) =4I LSS ANIINI S - O 98Y
WIN'Z=I 007 od 968 ( (T-CN-L£1)922- (ON-01)922-(T-01)d22~(01)d22 3 1°3:34
SADVA TIIAD XYYANNOE HINOS----- 111 -{T1-ON-@ALI) Z+ (ON-@MLT) Z+ (T~-dXPI) 2+ (dNLTI) Z) « LHY=AZ2d 1414
ANNILNOD 02 pas ( (MHOWI)Z- (MCHI) 2+ (MHLT) 2- (ML) Z) »dVH=1320 £870
NIHd=SIHd £6S { (MHOWI) 2~ {AWLT) Z+ (MLHT ) 2~ (MLT) 2) »AVH=SA2Z2A [4:34
((HIHd-LIHA) » (ETHW £€T+ZTHZEH+TTETEL) * fAE ( (T-ON-LI)EZX-(ON-LI)E2X-(T-LI)EZA-(LI)EZXR 3 i8v
+{SIHd-NIHd) +» (€T £2H+ZTHLZZH+TTHLTZH) ) «IHYO= (L) MNS 158 ={T-ON-@A0T )} A+ (ON-AALT) A+ (T-dN0I) A+ (dALT) K) «LHY=AZXA [¢k:34
(WALT)} 235 (MLI) IHA+ ({(WALI) 24- T}« (WILI) IHA=GIHd 0S8S ( (MHOKI) A- {(MLHI) X+ (HAWOTI) K~ (MLI) R) »I¥H=IIAA 6Ly
(I0T) 24 = (CINVMLI) IHA+{ (LT )24~ 1) » {ALI) IHd=LIHd (34 ({MHORI) A~ {AWCI) X+ (MCHI) A- (ML) X) «AVH=SAARA 8Ly
(ALT) A {T+HACT) THd+{ ICT) Ad~"T) » {NLI) IHd=NIHd 44 ( (T-ON-pI)92ZX-(ON-£I)€2ZX- (T-0I)82X-(LI)492X k1 LLY
0°1=(L) MMXd LYS ' ={T-ON-AALT) X+ (ON-ILT ) X+ (T-dALT ) X+ (dALT ) X) « LHY=AZXA 9ILY
AUV «IWYO= (L) Ma 9vs { (AWORI) X~ (MOHI) X+ (MHOI) X- (MLI)X) »IVH=1IXA SLY
ATOA/JANI LY « (MLI) SIA=WVO (34 ( (MNOWI) X~ (AHDL) X+ (ICKHI ) X- (M0T) X) » IVH=SAXA (244
CrxbTH+Z4+ZT8+T 4+ TTE=TUV 1 44 { (AMLT)T0A+{NLT ) TOA) «IVH=LTOA €Ly
ANIINI """ "~ £VS T-ALHI=MNHCWI LY
SHAQ»LIAXA-LIAXT»SAXQ=E €L [4 4] T-ALTI=NULI YA 4
SAXA»LIZA-1AXALSAZA=2€L 1vs ON-ALI=NLCHI oLV
SMZA s LIAA-LIZA+SHAA=T €L ovs LIN®ICI=AACT 69V
AZAA+SAXA-SAHAALAZXA=£2G 6€S LI=RA0T 89¥%
SAZA«AZXA-A220«$AXA=22Z9 8€£S L+II7=0T L9V
SAXALAZ22A-AZAC¥SAZA=TZH LES WON'Z=r 0T 0a 99¢v
AZXTA+LAAA-AZAALAXA=ETH 9fG (T+II7) IHd=SIH4 S9v
AZZ0+1IXA-1IZA«AZXA=2TH SES {I)1I1=I11 1 4:24
LIZA«AZAA-AZZA«LIXA=TTE vEs WIN‘Z=I 0T OQ €97
ANITINT S """ " ££S SAOYA TId0 XUVANNOY HOLLO"H----- 2 79
( (MWL) Z- (MHLI) 2+ (WILI) Z2- (ALI) Z) »d¥YH=AZZa ZES (0)IHd=(L)BMIHd § 19v
{{WAKRLI) 2~ (WALI) 2+ (MHLL) 2- (MLT) 2) »dVH=LIZA T1€S ON'TI=C § 04 [15:2 4
( {(T-CN-ALIMZZ- (ON-ML)MZZ- (T-AC)MZ2Z~ (ML) MZ2Z 3 0es D 6SY
-~ (CN+WHLT) 2+ ( ON+HMLI) 2+ (ON+MHLTI) 2+ (ON+ILI) Z) » LHY=54ZQ 62S ATANA 8Sy
( (WIWLT) X- (MHLI ) A+ (DICT) X- (M0T) X) »dVH=AZXA 828 dryd/ * T=dANILAId LSY
({WIHOT) X- (WMLT) X+ (MHLT) K- (NLT) A) » IVH=13Xd LZS J340n/ " T=IHdNAN 1215 4
{ (T~DON-MLIMZX- (ON-NLIMZX- {T-30)MZX- (I0)MZA 3 9zs 3513 131
~ {ON+WAHLT) X+ ( ONHRALT ) X+ { ON+MHLT ) X+ (CN+XLT) &) « LHY=SHAA qzZs AI¥d/ ° T=dANILYA | 414
( (IHLT) X- (LT ) X+ (WDICT) X- (MLT ) X) « dIVH=AZXA vZs A44N/ - T=IHdIUN £S5V
( (WKL) X- (WILI) X+ (MHLI) X~ (I0T) X) »dYH=19XA €25 NAHL (T 03 IHdI)dI (4% 4
{ (T-DN-ML)MZX- (ON=MD)MZX~ (T-M0) M2ZX- (10) M2X 3 (A4 axo=9o 5P
= (ON+WMHLT ) X+ ( ON+WILT ) X+ (ON+NHCT ) X+ (DN+YLT ) X ) « LHY=SHXA 128 O 0S¢v
{ (ON+MLI)TOA+ (MLI) TOA) « AYH=FTOA 0Zs STTIVIHVA dTHOLS ATIYVHOIWIL ASITVILINI----- O 6%p
T-WALT=WANLY 618 o234 4
LIN-ADI=HALT 815 L1404 ‘€q0d ‘NJDE ‘ S404 ‘FA0E ‘'MJ09 YIOFLNI Lyv
T-ALI=MHCT LTS {(ZAXC) IHd ' (AC)EMIHE NOISNAWIAQ vy
L+AAT=A0Y 91% O ShY
L+OAA=NL q1s LYtpoway, JFANTONI | 444
WON‘Z=C 02 04 ¥1s (IHAI IHd) FOTYD INILNOHANS £vy
{(T+XY1) IHd=SIHA 0 1= i e e e D zvd
INe (T-H)=INX Z1s oIRe 44
ONe (T-M) =09% 118 aNa ovy
O AT=911 0158 NIOLAIH (32 4
WIN‘Z=X 00T 0a 60S UNUY s {NYZ » €ZA+NVA x CAT+NYX « £X0) =NT3A 8¢V
SAOVA 1130 AYVANNO"Y LSAM----- 80S (Zv v NUZ+Z v x NYA+Z ¢ « N¥X) JHDS / * T=UNYY LED
ANNILNOD 0T L0S TAA«ZXA-ZAA«TXA=NVZ 9¢y
dIHd=()dMIHd 90s T2 TXA-T2A~TXA=NYA qey
NIHd=STIHd4 506 TZA«ZTAA-Z2A+ TXA=NYX vEY
((SIHA-NIHd) « {£€Hs ETH+ZCH»ZZH+TEHL 1 Z8) » vos (£20°'72A 124’ €AQ ' ZTAA ' TAQ ' €XA'ZXA’ TXd) Y ILTIA NOILONNA €€y
+{(DL)EIMIHA-TIHd) » {ECHL ETH+ZECHZTH+TEHL TTH) ) » LWYO= (LI} ENS £0s J Z2ev
(LTI Ad s (THALT) IHA+ { (MLTIXI-"T) » (LI ) IHI=NIHd (403 SITYVANNOE WOYd SHONVISIA TVWHON FHL ILVINOTYD O Ttd
(MOT) X s (ON+MLI) IHA+ ( {MLT) XA~ T) » (MLI) IHA=HIHdA T0S O 0tV
0" 1=(r1)Edzd 00S JONILNOD 08L (344
IHVY« LHYO= (1) 8d 669 (£20'224a°'72d ' €AA'ZAG°TAG ' €XA ‘XA’ TXA)VITIA= (AL) AN 8y
LT0OA/dANI LA » (ALY} STA=LHVD :1:34 42-dZ=£2a Lzy
g ebegd PE PoWayss Zv:91 9661 21 10 1 ebed PE POWS)YSS 2v'91 9661 21 190

Biqiw wou vyPbA Aq pajund




S pEpoWaNSS
O 0TL AZZ0+LIAXA-LIAZALAZXA=2TH 6£9
dovd -~ T30 doL----- DO 60L 13Z20-0Z2XQ-AZ2ZA-LIAA=T1E 8€9
D 80L ANITINI """ "D LE9
( (NEIHA-NLIHA) » (€Z8+£CE+22H2ET+T2HTEH) * LoL ((T-WALI)Z- (MWOI) 2+ {WILI)Z- (MCI)Z) «dVH=AZ2ZA 9¢€9
+ (NMIHA-NAIHd) » (€284 ETE+TTE+ZT+TIS ¥ TTH) ) «NHYO=NOS 90L ((T-WALI)Z~ (WILT) 2+ MKWLL) 2~ (ML) 2) »AVYH=1d20Q SE9
NOS=5S SOoL ((T-ON-WILI) Z2- (ON-WILI) Z-{T-MOHI) Z- ICHI) Z * | 2%°]
(MOWI) XJ«NIHA+ { (MCHI) Xd~"T) » (NAd» (T+UCHI) THI+SAd» (MDWI) THd ) =NMIHd voL - (WON+WILT) Z+ (ON+WALT ) 2+ (T-ML0AT) Z+ (MLdT) 2) » LHY=5MZa £€9
MXJI«NIHd+IX I« (NAdw (THALAT) THd+SAd ¥ (ML4I) IHA) =NAIHd £0L ( (T-WALY) X- (MHLI) X+ (HALT) A- (MLI)R) »d¥YH=AZAA Z€9
(MIPT ) ZI«NIHA+ { (WHLT) 23-"T) » (NAds { T+HALT) IHI+SXdx (WILT) IHd ) =NETHd zoL ({T-WALT ) A- (WL ) X+ (MWLI) K- (ALY ) X) « AYH=13AQ 1€9
AZIxNIHA+LZd s (NAdy ( T+AALY) IHA+SAdy (dNLI) IHA) =NLIHd T0L ((T-ON-RALI) A~ (ON-HAILI) A= (T-MOHI) X- ICWI) X » 0£9
NAJy (MdLI) IHE+SAd e (ALT) IHA=NIHA 00L - (WON+WILI ) A+ (ON+WILI ) A+ (T-U0AI) A+ (ALST) X)) » LHY=SHAA 629
J 669 ((T-HEOY) X - (MWL) X+ (WALT) X~ (ALI) X) «A¥YH=AZXA 829
SSY-{ 0 (MWCI) ZTd) TXVHV+SA= (ULI)SY 869 ((T-WOT) X- (WILT ) X+ (MHLT ) X~ (ML) X) » AVH=L3XA LZ9
O { MHLTIIXA-"T)x ("0’ (¥LI) Zd) TXYNY=TSY L69 {((T-ON-WALI) X~ (ON-FALT ) X- {T-MCRI) X~ (ICHI) X » 9¢9
NNV~ ("0 (JILT) 2d) INIWY-NA= (MLI) NV 969 = {HONHIILT ) X+ (CN4IICT ) X+ { Y-ALAT) X+ (MLATI) X} « LHY=SAXA sZ9
OxNAdS ("0’ (AWLY) Z4) ININV~-=TNY 569 J ve9
Ox (SSAI-"T)» ("0’ (MHLY) Td) TXVHY-=S5Y v69 Jovd 1130 ISYd-----D £Z9
Oy (MALI)Adx ("0 (ML) 2d) TNINY=NNV £69 J ¢¢9
NYY « NWYO=Na 269 LTOA/AANT LN « {LZd% (3NLT) STA+EZA, (ALI) SIA) =LHVD 129
Nd=5a 169 NTIOA/3ANILEd » {(NAd» (AALT) STA+SAd s (MY} STA) =NHYO 0zZ9
Cre CTHAZuwTTH+T v » TTH=NHY 069 ATOA/AANIING « (IXds (NODI) SIA+MXd s (ULI)SIA) =3WVO 619
INIINI D 689 { (IALT}TOA+ (MLI)I0A) » AVH=LT0A 819
SAAALIAXA-LIAA«SAXA=ECCE 889 { (MALT )} TOA+ (MLT ) TOA) « AVH=NTOA L19
SAXA»LIAZA-LIAXASHZA=T EH L89 { (I0dI) T0A+ (M0I)TOA) »AVH=3T0A 919
SAZAXLIAAA-LIZASAXA=TEL 989 D 6§19
AZAd»SHXA-SHAAAZXA=E T S89 1Z4-"T=924 19
SHZAXAZXA-AZ20»SAXA=ZTH ¥89 (ACI)2d=123 €19
SAAALA22A-AZAA«SHZA=TCH £89 NAJ-"1=5Ad 219
AZXA»LIXA-TZAA LIXA=ETD Z89 {(JALTI) X3=NXd 119
dZ220+13AXA~132AAZXA=214 189 IXI- " T=MXd 019
1IZ2A+AZRA-U22A« LIXA=TTL 089 (ML) Xd=3Xa 609
ENIINI """ J 6LY T-ALI=MHII 809
{ (DN-WADPTI )} Z- (VLRI ) 2+ (WICT) Z- (A0T) 2) «AVH=Q224 8L9 T+ALTI=NdLT L09
({T-ON-WILI) Z- { T-WMLI) Z2- (T-MORI) 2- (IWCT) 2 » LL9 CN-ALT=NLWI 909
= (HON-WALL ) Z+ (T+HRALT) 2+ ( THXNLHI) 2+ (MdLI) 2) » LHY=LIZA 9L9 ON+ALT=M0AT S09
( (ON-WILI) Z~ (WILI) Z+ (ACHI) Z2- (M0I) Z) « IVH=SAZA SLY LIN-ALT=MALT vo9
{ (ON-WALT) X~ (ICHI ) A+ {(WALT) A- (MLT) A}« AVH=AZAAQ | 5] PLIN+ALI=dALI €09
({T-ON-WILI) A- (T-WALI ) K- (T~-ALHI) K- (MHCTI) A » £L9 LIHAAT=ALT z09
- (HON-WILT ) A+ { THIILT ) A+ (THILUI) A+ (MdLT) A) » IHY=1FAA ZL9 L+IIT=C1 109
{ {CN-WILT) A- (WIOT ) X+ (MLHY ) X- (M0T) X} » IYH=SARA TLS WON'Z=C 00T oa 009
{ {ON-IDILT) X- (MLHI ) X+ (WMLT) X- (MLI) X) «AVH=AZXA 0L9 D 665
((T-ON-WICT) X- (T-WILI) X- (T-ACHI) X- (MWPT) X » 699 d00T NIVW dHL-----O 86§
- (WON-IDILT ) X+ { T+HIILT ) X+ ( T+ALHI) X+ (NdLI )} X} « IHY=13XA 899 D L6S
{ {ON-WILT ) X- (WDIOT ) X+ (MORYI) X- (0T) X} « IVH=SNXA L99 {({GIHA-LIHd) + (€2 ELH4ZTH» ZEH+TZHS T EH) * 96S
Q 999 +{MIHd-TIHA) » (E2H+ETA+22H+ZTE+TZE+TTH)} } « NWYD=NNS $6S
d3O¥d - TTID  HIYON----- D S99 (WALT) Zdy (MCT) THA+ ( (WMLT) 24-°T) » (WILI) THA=€IHd 14339
O ¥99 (MLI) 23 (CINNLI) IHA+ ( (MLT) Z24-"T) » (ALI) IHE=LIHd £6S
({(JEIHA~JLIHd ) ¢« (£EHSETHHCEH ¥ TH+TEETTH) * £99 (ALWI) Xdy OICT) THA+ ( (ACHI) XA~ " T) » (ALHI) IHE=MIHJ Z6S
+(ISTHA-INIHA) » (EZH ETH+ZZTEZTH+TTETT8) ) »AWYD=ANS ¢99 (MOT) Xd o (ON+MLT) IHA4 ( (MLT) XA~ T) » (ALI) IHd=FIHA 165
SAAsITHA+NXd« (EXI ¢ (T+ALAT) THA+MX A« (XILT ) THA ) =INTHA 199 0" 1=SSAd 06S
(OIRCT) Ad«ATHE+ ( (MRCT) XJ-"T) » (AXdw (T-A0AI) THA+MX I« (MWLT) THA ) =2SIHA 099 NYVY « NWYO=NA 686
A2« FIHA+LZd 5 (IXT» (ON+IULT) ITHA+MXd ¥ (INLT) THG ) =3LIHd 659 NIOA/JANI LY & (MLI) SIA=SNWYD 88S
(WHLI) Zd»FIHI+ ( (WALT) Z9-"T) « (AXd e (ONHIILT) THA+MXJw (WILT) IHA ) =2GQIHA 889 TenfClT+Z 4« TTH+ T TTH=NUV L8S
AXd« (M0dI) IHd+MXd s (MLT) THA=AIHA LS9 ANITINI" """ D 986
o 989 SHAQ» LIAXA-LIATSHAXA=C £ S8S
MMY- ("0 (XOHI) Td) TXVHY+ (0)Ma= (A0T) MY 669 SUXA s LAZA~LIXAXSHZA=Z¢" 85
Oy { MLHIYXI-"T) » ("0 (ML) TA) TXVHVY=TMY »s9 SHZA» LAXA-LIZA+SHRA=T£H £8S
Fav- (0’ (MLI) Td) INIWY-9d={dLI) 3V £59 AZXAxSAXA-SARALAZXA=E£ZY 28s
O, XA ("0 (ALWI) TI) INIWNY-=T13VY zs9 SHUZALAZXA-AZZAd»SAXA=ZZH 184
Ox ({LIMMXE-"T)» ("0 (LHI) Td) THVHY-=MMY 159 SMAQ+QZZ2A-UZAA+SAZA=TZH 08s
Du (LTI Xde (0 (NLCY) TA) INIRY=3IV 0S9 AZXA»IIAA-AZAd»LIXA=ETH 6LS
YV« IWYO=3a 6v9 AZZ0»L3XA~1I2A«d2XA=21d 8LS
ZTanETE+T w3 TTH+ 2w« TTH=3HVY 8v9 LIZA»AZAA-TZ20« LIAT=T 19 LLS
ANITINI """ 'D L¥9 ANICINI® "D 9LS
SHAA»IIAXA-LIAA»SHXA=€ £ av9 { (WALKHI) 2~ (ALRI) 2+ (BACI) 2~ (ALT) 2) « I¥YH=AZ2ZA SLS
SAXAXLIZA-1LIXASAZA=2¢H Sv9 { (T-MN-NI)SZZ-(AN-AI)SZZ-({1-AI)SZZ-{N1}S22Z 3 vLS
SMZA»LIXA-LIZA»SHAA=TELH 144 —(T+IDICHI) 24 { T+WALT ) 2+ (T+MLWI) 2+ (T+30T) 2) » LHVY=1920 £LS
AZXT+SAXA-SNAALAZXA=£T8 £v9 ((WICWI)Z- (WILT) 24 (MLHI) 2- (MO0T) Z) »AVH=5NZA LS
SHZA»AZXA-A22A«SHXA=2Z8E Zve ( (WDIOHI ) A= (OIOHI ) A+ (WILT) A- (MDT) ) »AVH=AZXA TLS
SMXALQZZA-AZXAAxSAZA=T24 %9 { {T-MN-AT)SZA- (AN-MI)SZA~{T~-MI)S2ZA~(MI)SZX X 0LS
AZXA»LIAA-AZAT«1LIXA=ETH ov9 ~{THHAICHI) A+ (THRALL) A+ (THACHI) A+ {T+ALT) A) » LHY=13 XA 69S
04 ebed pepowa)ss Zr91 9661 2k O 6 ebed PE powayss 291 9661 21 10

Biqiw woy} 6¥¥PbA AQ pajund




peTpoleyss

aNg
NdnLad
ol
(IH4I'IH4)dIST0S TIVD
o)
SNOIIVNDA 'd"d ONIATOS----- 2
o]
ANNILNOD 002
(LT ) THd» (ACT) AV« (THADEN-"T) + (ALI)NS=(N0I) NS
IHdIAN« (A0T)dV=(A0T) dY
(OI0I) dS+ (M0T) Y+ (ALT) I¥+ (H0T) SY+ (MLT) NY+ (LT) MY+ (LI} AY= (LI} dY
LHATT=ALT
WON‘Z=C 002 04
(I) IT+AAT=AI1
RIN'Z=I 002 0d
OF) A1=3A"1
WIN'Z=)X 00 0Q
o]
adaon TTYD (2 03 IHAI)JI
(1d) 3NAOK TTVO (T1°03 IHAI}dI
3
SNOIJLIANOD AYVANNOE - SNOILVYOIJIAOW W3TE0Ud----- o]
o
AONILNOD 00T
o
(TTYRS+SO00SIA- (MLT) SIA) .
JOILT) AL WD+ LISNIA ¥ LISNAT ¥ (LT} TOALZO+(ALI) dS=(ALT ) dS
(M0I)ILs D« IISNIA s (ULT ) TOAS (MLT)NIDHTO+ (MLT) 1d= (ALI)AS
ANNILNOD 20T
o]
SHYAL FoYN0S ADYANA "NIX "ddNL 40 NOIIVHISSIQ---~-~ 0
ol
00T OL 09
o]
(TTIVRS +S025IA- (ALT) SIA) *
/ (I0T) AL« LISNAA« LISNIA WD » (LT} TOA+ (ACT ) AS= (ALT) IS
(SOJSTIA- (ALTISIA) « (MLI)T0A« ILT)NED+ (ILT) 18= (MLI) NS
o]
SKYIAL A3DUNO0S - AOYANT OILINIM FONITNGINL----- o]
o
20T 0L 09 (Z°'03 IHdI}dI
o]
(Zex (ALTI)TON) / .
(ZTvs (B1MsZEH+SNM» 22 +MIM» ZTH+EIAS €EA+SNAS ETH+MINL €TH) .
+Zw s (EIM TEE+SNM e TZEH+MAM TTE+ELO 4 EEA+SNN» ECA+MANX ETH) .
+Zxx (LA TE+SNASTTH+MIAS TTG+ELN+ ZET+SNN L ZZA+MANLZTA)I + (&
Ty v (GLMyCET+SNMy ECH+MAMS €TH) + 24 » (ELAXZEA+SNAXZZE+MIALZTEH) »
+Zxx (LN TEG+SNNLTTE+MINL TTA) ) & " Z) = (ALIINID
o]
( (WALT) Zd-GZd) » (ACT) M+ ((IDILT) ZA- " T) » (WALT) M-1Zd » (3ALT) M=HIM
( OIHCT) RI-SAd) » (ALT) M+ ( (MHCT}AS- " T) » (MWLT) M-NAd ¥ (HALT) M=SNM
( (ICWI) XA-MXA) » ILT )M+ ( CICHT ) XA -7 T) » (ORI ) M-3Xd e (A0dT) M=MIM
((RILT) Z3-92) » (ICT) A+ ( (WALT) Zd- " T) » (WACT) A-LZd s (ALI) A=ELA
( (MRLT) Xd=-SAA) » (MLI) A+ { (MHLT) Ad- " T) o (MALT) A-NAd« (XALT) A=SNA
{ (ICWI) XA-MXd) & (I0T) A+ ( (MLHI) Xd="T) » (ICHI) A-3Xd» 10T ) A=MIA
((WIL1) 24-924) » (MCT) 0+ ({(ILT) Zd- " T) » (WALT) A-L2d 4 (dMLI) N=ELO
{ (MWL) XI-SED) » (ACT) A+ ( (MHLT) X3~ T) » (MHLT) N-NAL» (AICT) N=SNN
{ (MOWI) XI-MX) « (ALT) O+ ( GICHT ) Xd- " T) » (MORI) N-BXd (A0AI) N=M3N
o]
INITINI" """ o]
SARA«LAXA-LIATSAXA=L €]
SUXA«132A-LIXAXSAZA=CEH
SHZ20+1IAA-LIAZA«SARG=T €T
AZAAxSAXA-SAAALAZXA=ECH
SN2A+QAZXA-AZ2ASAXA=ZZE
SHAQAZ220-AZAA«SH20=T2H
AZXA« LIXA-AZAA»LIXA=ETE
220+ 13XA~LAZA~AZXA=C 1€
LAZA¥AZAA-AZZA»LIXA=TTL
ANIINI® """ "D
((T-ON-WALT) Z2-{T-WILT) Z- (ON-WICT) 2 .

Zs8
158
058
6v8
8v8
Lv8
9v8
Sv8
vee
£ve
[44:3
e
ove
6€£8
8es
Les
9¢8
S€8
ves
[X%:]
[4%:]
T¢8
(13}
628
8z8
Lze
98
sZ8
[ £4]
€78
[44:]
TZ8
0z8
618
818
L18
918
S18
v18
€18
18
118
018
608
808
Lo8
908
so08
vos
€08
08
108
008
66L
86L
L6L
96L
S6L
6L
€6L
Z6L
6L
06L
68L
88L
L8L
98L
S8L
v8L
£8L
8L

-(IeT)2-{1- zthvN+AxWEHvN+Ax:thN+A¥hHVNV-mBOHQNNQ
((T-CN-WACT) Z- (T-WACI) 2- (T-ACHI) 2~ (AHCI) 2

= (ON-WICT) Z+ (MORI) 2+ (WICT) 2+ (MO0TI) 2) »¥LD= ENND
((T-ON-WACT) 2- (ON-WILI) 2

- (T-MORI)Z- (MCRI) 2- (T-WICT) 2+ (WALT ) 2+ (MHOT ) 2+ (XLT) 2} »HLO= meQ
({T-CN-ICT) X~ {T-WACT) A- (PN-WDILT) A

= (WICT) A= (T-)NCHI) A+ (ORI ) A+ (MHCT ) A+ (ACT) R) HLO= QNNQ
({(T-ON-WILY ) A~ (T-WALT) A~ {T-MDHI) X~ (MHLT) A

- (ON-WDIOT) X+ (MDAT ) X+ (WILT) A+ (ICT) A) »¥1D= BN»Q
({T-CN-WILI) A= (ON-WILI) A

- {(T-MOHI) X- {MOWI) A~ (T-WIOI) X+ (WALT) A+ {XHLT) X+ (ALT) R) »ULD= mx>a
((T-ON-IILT) X - (T-WALT) X~ (ON-WILT) X

- (ICT) X- (T-ORI) X+ (A0RI ) X+ (INCT ) X+ (10T ) X) «¥LD= QNxQ
({T-CN-WILT)X- (T-HALT) X- (T-NCOHI) X~ (IRCI) X

- (ON-FDICT ) X+ (NOWI ) X+ (RALT ) X+ (LT ) X) »HLD= Buxn

((T~-CN-WICT) X- (ON-HALI) X .

= {T-MORI) X~ (MLRI)X- (T-WACT) X+ {(WIOT ) X+ (MROT) X+ (40T ) X) «¥ID=5AXA

AO¥ANE JOILANIN €Nl J0 NOILVIANIO-----

1d=(r1)4aq
ad={C)Ma

(MWCI) Ad=SSAd
(ACHI) Xd= (£) MMXA
(WICI) 2d=(01)gdZd

ans=(r)mns

INs=(r1)8ns

TAV+TLIV+ TS+ TNY+ TMY+TAV+EIV+ILY+SSY+NNY+MMY+JFVY= (AL1) 45

(WALT) THA»TEV+ (dALT) THd#TIVY *

+(MHOT) IHd » TSY+ (MALT) THd « INV+ (HOWI) IHd » TMY+ (M0AI ) IHd » T3V .
+ (PIN-WMLT) THA »HEY+ (CIN+JHOT) THA » IEIVH{ T-AWLT ) IHd#SSY -

+(T+MdLI) THA $NNV+ ( ON-NCHI ) THG »MMY+ ( ON+MLAT) THA » 3GV+ (LT ) 18=(MLT) 18
((MLI)1E'0°0) IXVRY = (A0I)ld
(£I)E905-10S+5AS-NAS+ (L) MNS-3aNs= (ALI) 18

({LSTHA-INIHE) » (€EH+EZH+ZEHLTTA+TEASTZ) .

+ (IMIHA-J3IHA) » (EEH4ETA+ZEHSTTH+TES$ TTH) } »IWNVO=L0S

(MRCT) AdwLIHA+ { (IHCT) Ad-“T) » (124 (T~-dALT) THG+GZd» (MRLT) IHA) =1SIHd
SAd+LIHA+NAd s (LZd s (T+dNLT) IHA+82ds (MALI) IHA) =LNIHA

(MCHI) X3« LIHd+ ((XLHI) Xd- " T) » (LZd e (CN-dALT) THA+HZdw (WD) IHA) =IMIHd
MXJ» IIHd+IXd x (1245 (ON+IUCT) THI+82d (NLAT) IHA) =L3IHd

LZd» (AACT) IHA+HZd~ (MLT) IHd=3IHd

agy- (0’ (WILT) £4) TXVWY+(LI)Ea=(CT) av
Ou ((IILI) 24-"T)a (0’ (LI) €4) TXVHV=TEV
LI¥- (0" (ALT) €4) INIWV-1d={X0T) IV
O¥lZ2ds ("0 (WILI) €4) ININY~=TLY

O ({0LI)EEZ4-"T) » ("0’ (WILI) £d) TXVWV -=€EY
Ox (AALT)Zdw (707 (ALY £4) INIHV=1LIY
LIV » LHVO=14

Zrs EEH+Z 44 ZET+TwoTEE=LAV

ANITINI - """ "

SHAQ« LIAXA-LIAA» SAXA=E £
SHXQ«1IZA-LIAXT+SAZA=T EL
SHZA»LIRA-LAZA«SAAA=T €9
QZAQ«SAXA-SHAALAZXA=€ZH
SAZA~AZXA-QZ20»SAXA=T 2H
SAAA«A22A-AZRASHZA=TZH
AZXA»1LIAA-AZA0LAXA=ETH
220« 1AXA-LIAZALAZXA=ZTL
LAZA»AZAA-A220»LIXA=T T8
ANITINI -
((T-ON-WILI) Z2- (ON-WMOT) Z- (T-WALT) Z- (WILI) 2
- (T-ON-dMLY) 2+ (ON-dACT) 2+ (T~ man~N+AmzhH~chH:<|QNNQ
{ (T-MCHI)Z- (MCWI)Z4+ (MHLT) Z- (0T) 2) « AVH=LAZA
{ (T-ALHI) 2- (MROT) Z+ (ACHI) Z2- (AL1) Z) »dVH=SN2A
({T-ON-RICI) A- (ON~WALT) A- (T-WACI) A~ (WALT) A .
- {T-CON-@MCI) A+ (ON-ANLT) A+ (T-dN0T) A+ (dACT) R) » LHY=AZAA
((T-MOWI) A- (MLRI) A+ (MKCI) A- (ICI) A) »AVH=LIAQ
((T-MOWI) X= (AWOT) A+ (MORI) A- (A0T) A) « AVH=SHAA
((T-ON-WALT) X~ (CN~IICT) X= (T-WALI) X- (WALI) X .
= (T-PN-dXLI) X+ (OPN-aICT} X4 (T-dNLT) X+ (dALI)X) » THV=A2XA
({T-MCHI) X~ (XCWI) X+ (IRLT) X~ (ALT) X) «dVH=1IXA
((T-XCWI) X- (AWCT) X+ (MLWI) X- (ILT) X) »d¥H=SNXA

8L
08L
6LL
8LL
LLL
9LL
SLL
viL
E€LL
TLL
TLL
oLL
69L
89L
LSL
99L
S9L
v9L
£9L
Z9L
9L
09¢L
6SL
86L
LSL
9sL
SSL
LATA
€6L
ZSL
1SL
0sL
6VL
8vL
LyL
SvL
SvL
vrL
evL
(442
1342
ovL
6€L
8€L
LEL
9EL
SEL
VEL
£EL
ZEL
T€L
o€l
6CL
8ZL
LzL
92ZL
SeL
vl
€CL
(442
1zL
ozL
6TIL
81L
LIL
9TL
STL
viL
£1L
ZiL
1Tl

21 ebegd pPE powass

2y91 9661 21 1°0

L1 ebed

pPE powayss

ol 9661 21 190

Biquw woyy 6vyPbA Aq pajuud




L peTpowoyss
(CIN#ALI) AL» (MLI)LY + (MLINNS = (LTINS TT 066 II-Z+WIN=I £26
L3INI O 686 RIN‘Z=II Ot OQ (443
(LI) L4209 (TP’'T€'1T'1T) OL 09 886 (A} AT=011 126
LT+ (WIN) AT=4LT L86 Y- Z+HHAN=Y 0Z6
O 986 N 'Z=MY 0V OQ 616
‘o= (LT av 0¢ 586 SIMAYINVYA Javadn----- O 816
(IHdI)3OSAY/ TSTU=KSYH LT6
OIPT)TOAN (CIVEINTD + (M0Y)dd = (NLINAS ov v86 1S3d=(IHAI)}¥OS™d (1°03'1)dI 916
TIYM O £86 ANANILNOD 0€ S16
0Z 0L 0D Z86 (TTIVHS+ {(A01) dd) / { (T-ALT) ST (NLI) SH » V16
ANNILNOD 0f 186 ~ (ON-MOT) ST« OICT ) ME- (CIN-MLT) ST (MCI) g8~ (ALT) S3Y) = (ICT) s €16
XYLIWHAS O 086 ((MLI)SAY) SAV+TSTY=TSIY Z16
0Z OL 09 6L6 OICT) THA» (0T }AY- (ALT ) AS+(LIN-NALT) IHd » (ACI) Y * 116
oIiexyay + (ICI)ds = (ACI)dS 8L6 + (DIN+ALT) IHd » (I0T) IW+ (T-X0T) THd« (LT) SY+ (THNLT) IHA * Q16
(PIN-MCT)ALS (ILT)EY + (QICIINS = (ALI)NS 0T LL6 » (LT )N+ (ON-MCI) THd » (0T ) MY+ (ON+UCT) IHd » (0T} AV={ArI) S3Y 606
LIAINI O 9L6 C+IAT=ALL 806
(£1)g408 {0V 0E£°0Z°0T) OL 0D SL6 WCON'Z=L 0£ 04 L06
(1) ITHAT=111 906
LI+ ()31 = ACT vie WIN'Z=I 0f 0OQ S06
() X T=AA1T 06
£+4117 = 01 €L6 WIN'Z=1 0t O €06
WCON'Z=0 019 Oa L6 0°0=1534 206
T+1=1 62 106
{(I)11 = II1 L6 STYNAISIY ALVINOTNO----- D 006
WIN'Z=I 009 Od oLe JNNILNOD 02 668
SHIYYANNOY dOL ANY WOLLO'E----- 23 696 Hdg« (EHOd- (MLI}IV-) = (ML) X9 868
SNOILIANOD XYVaNNOg ADHINI OILININ “€dOL----- J 896 Ydg« (ZHOd- (ML) AY-) =(30T) 31 L68
2 L96 ¥dd s (TROd- (NLI)NY-) = (IL0T) N 968
1404 ‘9404 ‘NJD€ 'S40 ‘FJ0€ 'MAOE YADALNI 996 (TIWHS + (LT ) ad) / ° T=¥dd S68
(ZXX{) 19 NOISNIWIA 596 (MWCI) N~ (ACI) SE- . V68
/L6TY 0/¥dd¥d YIVd v96 (MOWI)3ds (A0T)MA- (WILI) 18+ (NCT) 8~ ENOd+ZHOd+THOd + (ILT) dV= (LI ) ad €68
JYrpowsy, IANTONI €96 ( (MHLT) LAy (ILT) SE+ (MLHI) 19+ (A0T ) ME) «VATV=EWOT Z68
||||||||||||||||||||||||| D 796 ( (MWCT) @ (MOT) SE+ (WILT) Ads (LT} €E) »VATY=ZHOd 168
(1€9) YMAOW INIINOWENS 196 ( (MCHI) NG (0T ) M+ (WALT) Ny (ALY ) €E) » V2TY=THOd 068
||||||||||||||||||||||||| J 096 ( ( (MIWLT) La+ (MWLT ) 3F) «VATY+ T) / {ALI)SY-= (A1) S8 688
2 656 (( (ORI} LG+ (ICHIING) oYATE+T) / ICT ) MY -= (NLT) ME 888
anNd 8s6 ((ODI0T) A+ (WICTING) » VATY+ T} / (ALT)EY-= (ALTI) €8 L88
NENLIA LS6 T-ALT=NMHCT 988
AANIINCD 001 956 LIN-ALI=WALT S88
ATOSIA« (SIAZEN-"T) + {ALI)} SIASIAINN= (ALT) SIA 556 ON-ALTI=MLRI v88
SODSIA+ (MLI)AT/NHD+Ts s (MLT) AL IISNEA=(ALI)SIA 3 141 L+INT=ALT €88
(TTVWS " 19" (AC1)ad) 41 £56 HWCON 'Z=C 02 Od 88
SODSIA=(ALI)SIA 256 MATH{I) IT=INT 188
(A1) SIA=ATOSIA 166 WIN ’‘Z=I 0T oOd 088
LHATT=ALT 056 (1) AT=431 6L8
WON'Z=0 00T OQ 676 WIN 'Z=1 02 oa 8.8
(I) IT+AAT=HIT 8v6 0=1 LL8
WIN'Z=I 00T OQ Lv6 O 9.8
(1) A T=311T 9v6 JIaN3 SL8
WIN’Z=1 00T 0Q Sv6 oaanNda vis
/S°0/51A3dN YIvd e (MCI) Id¥. (MLINAS = (ALI)NS €L
JYpowsy, JANTONI £V (ML) Id¥. (ILI)IV = (MLI) IV L8
||||||||||||||||||||||| 3 Zvé (ICI) IdV. (M01)EY = (AfI)av T8
SIAQOW INILNOHNANS %6 OILI) Id¥ (MLI) AV = (MLI) AV 0L8
||||||||||||||||||||||| J 0%6 (M0T) IaVs (NPIIMY = (ALTIMY 698
J 6€6 (MLI) 1AV (ILIINVY = (ADI)NY 898
and 8E6 (MLI)IdVs (IPT)SY = (MLI)SVY L98
LI LEG 0T = (ArI)av 998
{ ,@IOUIANOD LON "WA0D FINSSIUA, "XOT) LVWHOd 19 9€6 (TTYRS+ (LI)EV) /0" T = (ALI) IV 598
(9°pYd’', = STY ’dIAMS ., '€I’'XS)LVHHOL 09 SE6 MCIN'T=3CI Oa v98
(199)3L11dM ( (AT)dMSN 0T T ANV dI 03 IHAI)JI vEe J £98
$Z OL 09 ((IHAI)AMSN'LT 1 ANV’ (IH4I)HO0S 19 Wsd)dI £€6 SADIVIVH N GNY T 40 SINFIDIAAF0D JALVYINOTYO----- O Z98
TSEE'TT '09 ININ {LSALI)AI ZL6 O 198
FANILINOD 0OV 1€6 LS3LI TYOION0T 098
(M0I) ST+ (MLT) THA= (ILT) IHG 0€6 (ZAXL) IAV '’ {ZAXL)dG’ (ZAXC)IME ' (ZXXL) S8 (ZAXL) €4’ (T) IHd NOISNIWIA 658
(PIN+ACT) ST« (ALT) 19 * 626 O 8s8
=~ (CN+ALT) STE» (MLI )} A~ (T+ALT )} ST (HLTINE- (I0T) SHH= (LT ) SAA 8z6 LU poway, JANTONI LS8
DHAIT=N0T L26 e L L T T T TR R R e i 11 )
LL-THRCON=C 9Z6 (IH4I ‘IH4)dIS'T0S 3INILNONENS Ss8
RCON‘Z=00 0V O sZ6 O T T T T T T YT TS Y S T Y Y PR T Y Y P VY O 11}
(T) IT+AAT=NIT vee O €58
¥} ebed PE POWIA)SS Zv'9l 9661 24 100 €1 ebed pe powayss Zvio1 9661 21 190

Biquw wouy 6p¥pbA Aq pajund




8 pETpoWwaYss

LYado = (Ar1)ds STTIT L+ (WIN)IT + X1 = ALT PSOT
J gs01
(CIYING/ (ACI) 3w ( (ALT) ALY LYOS«LSNOD = (ALINNS QTtl1 0= (MLI )MV ¥Z TSO1
(ML) T0A- (ILYMINED + (MLINIE = (MLINNS ¥y 1S0T
((ALI)FL- " (ICT)AL) IXYWY = (ICI)EL iy P111 TI¥YM D 0S0T
TIYM O €TTT ¥Z Ol 09D 6V0T
12 OL 0D [ARAS HANILNOD ve 8%0T
HONILNOD 1€ TITT XHL3WHWAS D L¥OT
AdLIWHAS DO OTTT ¥Z OL 0D 9v0T
1Z 0L 09 601T {ON-MLI} AL (MLIIMY + (MLI)AS = (ALINNS SyoT
(ALIYIY + (ICYIYAS = (MALINdS 8011
{(DIN#ALI) QL (MLINIVY + (ICIINS = (ALINNS TT LOTT (ALIIMY + (ALINES = (ArLI)dS ¥T vPOT
JIINI D 9011 JATINI D £90T
(P1) 1308 (TP TE'TZ IT) OL 0O SO0TT Zvotr
LI+ {(WIN) AT=NLT POTT {(M0)MI0E (PP PE'PT PT) OL 0D %01
D €011 L+ W = M0 ovoTt
To=(dr1)av 0Z ZO0T1T
LVEED = (Ar1)ds 1011 L+ (Z)IT + AT = ALI 6€£0T
WCON‘Z=0 0€9 Oa 8€0T
(LI)ENA/ (A0I) L« { (ML) 3L) LEOSLENOD = (MLINAS 00TT ONs (T-M) = a3 LEOT
{((MLL) L~ (MLT)3L) TXVWY = (ALI)EL 0V 6601 : o1 = M 9¢01
1I¥M O 8601 WIN‘Z=) 0¢£9 0a SEOT
0Z OL 0D L6071 J PEOT
JONIINOD 0f 96071 SATYYANNOY LSVH ANV LSHM----- O ££0T
A¥LINWHWAS O S60T O TEOT
0Z Ol 09 v60T FONIINOD 009 T€0T
(rr)gY + (OIrI)dsS = (M01)ds £60T1 ANNIINOD 0Z9 0€£0T
(LIN-MLI) Q3. (ALT)EY + (ACIINS = (ACLIIAS 0T 2601 *0=(MLTINVY £2 6201
LAMNI O T60T
{(r1)gddd (0vP‘0€°0Z°0T) OL 0D 060T {(M0I)T0A« (MI)NINZD + (MLINIE = (ALINNS £9 820T
TIdM O L2001
LI + (Z)WT = ALY 6801 £Z OL 0O 9201
HANILNOD £€ 5201
L£+II17 = 01 8801 AALIWWAS O PZOT
HON'Z=L 019 0oa L80T €T OL 0D £201
(MCIINY + (MLI)dS = (MLI)dS ZZOT
(D)IT = II1 9807 {T+ALI )AL ICIINY + (ALI)INS = (ALINOS €1 1201
RIN‘Z=I 009 oa G801 IITINI O 0201
O v80T1 (MI)NJO°E (EP'E€'ET'ET) OL 0O 6T0T
SIIYVYANNOd dO0I gNY WOLLOg----- J £80T HON+IIT+ (M) N1=10Y 8T0T
J 2801 J LTIOT
YddVYD/SLHD » LYIHO=LSNOD 1807
0801 0 = {ALT)SVY 2T 9101
£ » STOHO=SLNAKD 6L0T
( (OWD) LHDS) LUDS=6ZNKD 8L0T (MLI)T0AL (MI)SINAD + (ALINIE = (ALIINS v S107
/L6TY 0/¥ddYD WING LLOT TIYM D P10T
SNOILIANOD AMVANNCH NI 'HiuAl 40 NOILVAISSIA----- J 9L0T ZZ 0L OD £T10T
J SLOT ANNILNOD Z¢ Z101
JYTPOWSY , FANTONI vLOT AYLIANKAS O TT0T
||||||||||||||||||||| D ELOT ¢¢ 0oL 0O 010T
JIdJoOW INILAOHENS ZLoT {(MLI)SY + (MLI)dS = (ArL1}4gs 60071
uuuuuuuuuuuuuuuuuuuuu D TL0T (T-MLI)ALs (MLIVSY + (ALINAS = (ALIINS ZT 8001
2 0LOT JAINI D LOOT
aNd 6901 (MI1)8d08 (zZv'ze'ze’'ZT) OL 0D 90071
NIy 890T Z+IIT+ (A} AT=MLT S00T
INNTLNOD 0£9 L90T A+ANY (T-1) =4I V00Tl
J 9901 WIN‘Z=X 0Z9 oa £00T
“0=(M0I)3V SZ S901 D 2001
{ALT )} TOAS (ILYFLNID + (ILI)IE = (ALI)NS Sv ¥901 SATHVANNOY HIMON ANV HINOS----~~ J TOO0T
T O £901 2 000T
S¢ 0L 0O 2901 IANILINOD 0719 666
INNTINOD S€ 1901 C0=0I01) 1Y 12 866
ZUALIHWHAS O 0901
SZ OL 09 65071 (MLI)T0AC (LI LINAD + (ACLINIE = (ALIINS v L66
(ONHMLY) 3L (MLT) AV + (MLIIAS = (ALIINS 8501 TIYM D 966
12 OL 09 566
(IC1)3AV + (MLI)dS = (UC1)ds ST LSOT HNNILNCO 1€ V66
JIINI O 9§01 AULIWHAS D £66
OI0) 3408 (SP'SE'SZST) OL 09 SS0T 12 OL 09 266
(MCI)LY + (Mr1)ds = (ACINgS 166
91 ebeg pe polwayss Zr91 9661 21 10 54 ebed PE powayss 2v'91 9661 24 100

Biquw woy 6ypbA Ag perund




6 pgpowsiss

(T-MLRI)X- OICT) X=TXd |2241 D LLTT
NIHL (v 03 (£I)1408)41 £veT “0= (LI MY vT 9LIT
ON-ALT=XLRI el LD = (ALI}dS SLTT
LT+ (WIN) AT=X0T 13241
L+IIT1=0% ovet (ALYMNA/ (LT ) 3Ls ( (ALTIFLYIYDSLSNOD = (ALINNS PLTY
RCN‘Z=0 0Q 6E2T
(I})IT = 111 8EZT ({(ACT)AL- " (ML) EL) TXVWY = (0I)3L vy €LTT
WIN'Z=I oa LEZT TIYM D ZLTT
Advannod dol----- D 9£ZT yZ OL 09 TLTT
0aanN3 SETT FANILINOD Ve OLIT
0aana PEZT AMLIWHAS D 69TT
J1aN3 £€2T ¥Z Ol 09 8911
T0=(drI) |y [4%A1 {(CN-M0I)A3s (ACTIMY + (MCIIAS = OICIINS LITT
FINIO= (DT ) HINED T€TT
MMNS = (£T) EMNS 0€eT (ICT)MY + (IPI)dS = (ALI)AS vT 9911
ANS=(PI)EANS 6271 LAINI D S9TT
MdS= (L) EMAS 8zet OI0)MAD8 (VPP PE'VZ PT) OL 09 vI1T
AdS=(DPI)EAdS LZZT Lo+ M =0 €911
anNs+{I01) NS= (101 ns 9zeT
nds+{(M0r1)dg=(1r1lda 5221 £+ (2T)IT + MAT = ALX (4241
(YL’ MMNS ‘'MdS *ANS *AdS ‘NNS ‘NS ‘STdX ‘D0TT ‘DSIA SZARD 3 | 440 HON'Z=0 0£9 0d 1911
‘NTI0 “IILNID ‘NIAQ ' ¥d¥D ' 22A°TZA ' TAA ' TAQ' ZXA'TXA '€1'M1) NJTIYM TIVD [X4A¢ : DN (T-) = aA 0917
(LT} ANG=NTIQ zeet
LIN-MLT=€1 1221 OBDAT = W1 6STT
ALI=MT ozzt WIN'Z=¥ 0€£9 Oa 8ST1
(T-¥DICHI) Z- (WRILT) 2=22a 612t O LSTT
(T-WICKI) X- (WILT) X=2XQ 81zt SATYVYANNOCE ISV ANY 1SIM----- 3 9G8TT
(T-WALCHI) X~ (ML) X=2Xd LIzt O SSTT
(WALHI) Z- (T-WIPT) Z2=124 91ZT AANIINOD 008  BSTT
(WICHI) X- (T-WALI) A=TXA ¢4l ANNIINOD 029 ESTT
(WICHI) X- {T-KILT ) X=TXAd vIzT *0= (LT NY €2 2511
NIHL (7 02 (r1)€408)dI €121 IV3a¥O = (MLI)dS T1ST1
ON-IICT =WALKI z1et
LIN-ACI=HALT Tzt (MI)NNG/ (AT} AL« ( (ICT)EL) LHOSLLSNOD = (MLI)NS 0S8TT
LI+ (2)AT=ALT 0Tzt
L+IIT=01 6021 ((ACI)EL- ' (MLI)EL) IXYHY = (MCI)dL £V 6911
HON'Z=0 0d 8071 TIVM D 8PTT
(1)11=111 LOTT €Z 0L 09 LPTT
WIN‘'Z=I od 9021 FANIINOD €€ 9PTT
{ TTYM ) XYYANNOH WOILLOH-~---- o 50217 AYLAWKWAS D SPIT
2 vozt £€Z O 09 (4231
/0°6'L6TH 0’LLYS 0/D01E ‘VddVD 'SZNKD YLVd €021 (ALI)NY + (MLI)AS = (ALI)4ES EPTT
0 zoex (THICTIAT- (ICTINY + (ALI)AS = (ACINNS €T ZVIT
(ZAXL}dg ' (ZAXL)NS NOISNAWIA 1021 JIINI O TPIT
Y powsy, FANTONI 0021 (AT)NIOF (EP'EE’ET’'ET) OL 0D orTT
.............................. D 66TT HON+IIT+ () MT=MLI 6€T1T
(dg°NS) AJIAOW INILNOYENS 8611 D BETT
.............................. O L6TT
D 9611 0 = (API)SY ¢ LETT
and S6TT I¥Ed9 = (ALI)dS 9€TT
[SefebAce] v6TT
IONIINOD 0€9 €611 (MI)SNA/ (ACT) ALy ((0T)AL) JUDSISNOD = (NLI) NS SETT
D T6TT
*0=(d0T) EY ST 1611 ((ALT}IL- ' OILTIEL) TXVHY = (MCT)EL Zy vETl
I¥aYO = (MC1)ds 0617 TIYM D €€TT
2z oL 09 ZETT
(AL)ANA/ (LT )AL« ( (M0I)FAL) LHOSLISNOD = (MLI)NS 6811 INNILNOD zE IE1T
AMIIHHAS O O0€TT
( (LI FL-* ILT)HL) TXYWY = (MPI)AL Sv 881T 2T 0L 09 6211
TIVM D LBIT (MLI)SY + (ALINdS = (ACINdAS 82ZTT
SZ 0L 09 9811 {(T-M01)ad« (ALI)SY + (ALI)INS = (ALI) NS ZT Le1t
ANNIINOD SE S8TT IIINI D 9211
KJLIHWAS D p8IT (I1)s408 (Zv'CE€’'Z2°'2T) OL 0O 441
S¢ 0L 09 €8TT THITT+ D) AT=ALT vert
(ON+MLI) AT, (ML1)AY + (ALI)NS = (ALIIAS Z811 M+NN« (T-1) =3I €211
WIN'Z=X 029 od (4491
(MLI)AY + (MCLI)dAS = (ALINdS ST I8TI PIRtAes
IIINI O 0811 SATUVYANNOS HLMON ANY HINQS----- D 0zZIY
(A0)3I08 (SV'SE'ST'ST) Ol 09 6LTT J 6TTT
INNIINOD 019 811t
0+ (WIN)JIT + M7 = ArT 8LIT 10=(30I) IV 12 LITT
8} ebed peTpowayss Zri9l 9661 21 10 L4 ebed pe_powayss 2yl 9661 2L 100

Biquw woyy eH¥pbA Aq perung




ot pepowexss
‘N13Q ‘IINIO ‘NIQ ‘YYD '22d 'TZd ' ZAA ‘TAQ'ZXA ' TXA 'd1'M1) NJITIYM 1TV 98¢T ALY = M1 STeT
(MC)IANG = N3 G8ET (ICI)Z - (MACWI)Z = TZd PIET
N + JPI = 97 v8E1 (WICI}X - {CWI}K = TAA £TET
ALT = M1 €8ET (ALIIX - (MLHIIX = ZXd ZIET
(MICI)Z - (MWLI)Z = Z2a Z8¢1 {(WACLWI)Z - (MLY)Z = 1240 TTET
(ICI)X - (MWLI)X = ZAQ T8€T GDICWII A - ICI}A = TAQ OTET
(RACI)X ~ (MWLI)X = XA 08¢T (WACHI)X - (ALI)X = 1Xd 60¢T
(WIWCI)Z - (API)Z = 120 6LET NIHL (¢ 0d° (MI)N4Dd)dI BOET
- (IHCI)X - (MPI)X = TXA 8LET T + AL = AL LOET
(WAWLT)IX - (ICI)X = TXA LLET ON - WIALY = WACKRI 90€T
NAHL (v 03’ (M0)ad0d)dr 9LET N - DT = MLRI SOET
ON + LI = AQdI SLET LIN - APTI = WICI boet
LIN - MHLI = WIWNCT VLET WON + (I)IT + (NT = N0 £0€T
T - AL = MHCI ELET M o+ ANL{T-I) = NI Z0€T
LIN - AT = WALT ZLET WIN'Z=% 0a 10¢€T
£+ (HIN)IT + ¥MMT = NCI TLET HIN'Z=I OQ 00¢€T
Lo+ MY =0 OLET AHVYANNOH HIWON----- 6621
WCN'Z=0 0Q 69¢T [olafa g icH 8621
CNe (T-M) = XA 89¢1 [elaleidicy L621
{(MIAT = AT LIET AIANd 9621
WIN’'Z=) 0a 99¢€T 0°0=001)SY G621
AdYANNO8g 1SvV3 G9¢€T FINGD = (MI)SINID v6zZ1
OaanNd poeET MNS = (MI)SMNS £621
oaanNd £9€1 ANS = (MI)SANS Z6C1
ATIANI Z9ET Mds = (MI)SMdS T162T
0 0= {ALTIMY T9¢ET AdS = (MI)SAdS 0621
INED = (ML) MINTD 09¢T nas + Ic1)ns = (ACeIins 6821
MNS = (IC)IMMNS 6GET nds + (JMC1)dg = (Ar1)ds 8821
MdSs = (A0)MMd4S 8GET {NYL'MMNS ‘MdS ‘ANS 'AdS ‘ANS 'NdS 'STdX ‘O0TT ‘DSIA'SZNND % L8Z1
ANS = [ML)MANS LSET ‘N'13Q ‘ILNAD 'NAA '¥d¥0 *220° 120 ‘ZAA ' TAA 'ZXA TXA 9T "'M1) NIATIVM TTYD 3821
AdS = (ALYMAdS 9S5¢€T {MI)SNa = NT13aa 9821
nns + {(ACc1)as = (IeIins GGET T - ¥MPI = €1 82T
nds + (Mer)dd = (Aerjddg PSET ACT = M1 €821
(YL MMNS 'MdS ‘ANS 'AdS 'NNS ‘NdS 'STdA ‘O0TT ‘OSIA'SZAKD % £G€T (T-WICHI)Z - (1-MPIVZ = 224 z8zt
‘NT3Q ' JINID ‘NIA 'VAVYO 'Z2A° TZ2A'ZAA ' TAQ'ZXA " TXA €T 'M1) NITIYM TIVD CSET (T-WACHI}A - (T-MLI}A = ZAQ 1821
(A0IMNG = N13a TGET (T-HACKIIX - (T-MLI)X = ZXA 08271
LN - LI = 91 0SET (T-WIr1)z - (T-ACHI)Z = 124 6LC1
ALY = M1 6vET (T-WACI)A - (T-MLHI)A = TXd BLZT
(ON-IIWCI)Z - (ON-MPINZ = Z2a 8beT (T-WILIIX - (T-ALHI)X = TXd LLTT
(CN-RAWCI)X - (ON-MLI)R = ZAA LYET NIHL (7-0d° (MI}S430d) 41 9LTT
(CN-WAWLI}X - (DN-MLI)X = 2Xd 9VET T - ALT = AHWLI SLZT
(CN-HILINZ - (ON-MHLI)Z = T2d SPET CON - WACI = WILKHI | 78AY
(ON-WALTIR - (ON-MWOI)X = TAd VHET N - LT = ACWI €LTT
(CN-WILINX - (DON-MHPIJX = TXa £PET LIN - ALT = WALI LT
NIHL (v 03" (ML)MI0E) I ZPET Z+ {I)IT + (A)NT =10 TLZT
T - WICLT = WAWLI TveT A+ ITI = MI 0Lz
LIN - LI = WICI OvET WIN'Z=X 0a 6921
T - 30T = MWLT 6EET AN (T-I) = II 8921
LN - ¥LI = MCHI 8€ET HIN‘Z=1I oa L921
£+ (Z)IT + AAT = ALT LEET AYVYANNOY HLNOS----- 9921
£+ 4 = A0 9€ET oaand S9Z1
HWON ‘2= 0d SEET oaans | 2 XA
N (T-M) = X VEET JIANA £921
(M)AT = M1 £EE€T 0°0={dL1) IV (4 TAY
WIN‘'Z=) 0a ZEET FINIO= (L£1) LINID 1921
AYYANNOY 1S3M TEET MMNS= (01)IMNS 09zt
OaaNd QEET AS= (0T} LANS 6521
oaana 62ET MdS=(01)1IMdS 8621
ATANd 8CET AdS={IlI}IAdS LSTY
0°0 = (MLY)NV LZET nns+ (eI nsS=(ACIins 9621
INEO = (MI)NINID 9ZET 0ds+ (01 dd=(Mr1) ga SGZ1
MNS = (AI)NMOS SCET (NYL ' MMNS ‘MdS 'ANS ‘AdS ‘NS 'NdS 'STAX ‘DOTA ' OSIA'GZNAND % | YA
ANS = (ATIINANS 249 ¢ ‘N13d ‘3INIO 'NIA ‘¥dV0 ' ZZA ' TZA'TAA'TAQ'TXG'TXA'€1'MT) NATTYM T1TVD £621
MdS = (AI)NMdS £TET {0I)LNA=N13d 2821
AdS = (MI)NAGS CZET LIN+ALI=dAT T1SZ1
nns + ALIins = Icx)as 1eel ALT =M1 06821
nds + (Mrr)dg = (Me1)dg 0Z¢T (MLHI) 2~ (T-MrI)Z=22d 6vZT
(NYL'MMNS "MdS ‘ANS 'AdS 'NNS 'NdS ‘STAA'O0TI 'ISIA'SZNHD 3 6TET (XOWI) A- (T-ALI) A=TXA 8vZT
‘N30 ‘IINEO ‘NI ‘VIVD ‘220 °T2A° ZAA ' TAQ'ZXA ' TXA €T 'MT) NJITIVM TTYO 8T€Y {(MOHI) X~ (T-ALI)X=2Xd LYZT
(MI)NNG = N13Q LTIET (T-MCWI)Z-(ILI)Z2=T2A 1 2A¢
T + MCI = €91 9TET {(T-MCHI)X-(ACI) A=TAd SveT
0z ebed pe powayss Zv'91 9661 21 10 61 ebed pe powayss 2v:01 9661 21 100

Biquw woyy eyvypbA Ag paiuid




i pe powsayss

‘(0T)IYOL 'ISALI ‘dALSLI ‘IIXVH ‘HELIN ‘NII'SIAI ‘ddI ‘311 ‘dI . SSPT

MICATOT (XC)TT (ZO)AT ACIN AIN ' OINWIN'WON 'WIN'AN‘ON'IN NOWHOD vShI

O ESPT

(ZL+AL+X0=ZAXL) YILIRVYYL (4 2

(Z08AL=2AL) HALARVIYI TS9T

(Z0+XD=2ZX0) YALIRVHVYI 0S¥T

(AL X[=AXD) HIALIWVIVI (3221

(Tp=20) HILIWVYYL 34 A4

(Tp=A0) YILIWVUVG LYYT

(0L=X0) HILAWVIVYG 1444

D ShYT

yrpowsy --3 veel

J EPPT

||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||| [ RN AL Al

J 1pel

anNdg (A48

NNL3d 6EVTY

NT13d/d0xNVL=TINID BEDT

42001 dN=NYL LEVT

(E7) M AVL+MMNS=MMNS 9EYT

(&€T) ANYL+ANS=ANS SEVT

(&) NLAYL+ANS=ANS VEVT

WAL -HANIO ANV SSIAYLS MVIHS TTIM----- O EEVT

({Zxe (ATIM+Zx (ETIA+TH4 (A1) 1) LYOS-dN) SAY=dN (4341

(0€-3° T+UYL) / {Zx s (MMNS - (MT) M+ MAS) . TEPT

+Zxs (ANS- (MT)AxAdS) +Z++ (NNS- (MT) N»0dS) ) LUOS=dN 0EvT

TIYM OL TATVEVd ALIDOTAA----- D 6IPT

( {MT) A« NYLIA+ (MT) N« NVITY) « NVHYD » UV L=MMS 14 a4

{ (MT) M NVIHYO+ (M) N+ NYITY) «NVLIE YV L=ANS LTYY

{ {MT) MeNUHUD+ {MT) AxNYIIE) <NV TV HYI=00S 9Z¥1

(2 «NYWYO- ' T) »¥VL=MdS LIrT

(Z++NYIIE- T} +¥YL=AdS | 2429

(2% xNVJITY- " T) »UYL=0dS (A2

SAILIDOTIA 404 SWYHL FDUNOS----- O Zevl

NYVY 4 A30D1=HYY.L 1€4:2¢

{ (STAX¥DOTA) DOTY) /HAVI»ISNOD=JHODL (€9 TT 1O §1dA) 4T [s}4 2¢

N130/DSTA=4300L 6TVT

(0€-3° T+DSIA)/LSNODNTIA=5STdA 8Iv1

{ (MT)31) T90S + S ZNHD « NAA=LSNOD LTPT

*d4900 TTYM-YAENYT dNY  +4  ZIVINOTVO----- O 9TPY

UNYUY « NV Z=NYRYD STRT

HNYY « NYA=NVIL3H PIvT

YNYY ¥ NUX=NYITY ETV1

YOLOIA ‘TYWMON LINN 40 SININOJWOD----- 0TIVl

NI/ S 0=UNYV Tiv1

(Zu s NUZ+T v sNYX+T 4 o NWX) LUDS 5 G " 0=NUVY (12820

TAQ¢TXA~ZAAsTXA=NVZ 6001

220+ TXA-TZd»IXA=NYX 80%1T

120+ 2XA-Z2A» TAA=NYX LOVDT

VIYY FOVd 1130 TIYM----- O 90¥%T

JUTpows, FANTONI SOvT

........................................................................ D YoVl

(VL 'MMNS 'MAS ‘ANS ‘AdS % €0bT

'ANS ‘NdS ‘STdA 'O0Td ‘OSIASZNKD ‘N'TEd ‘HINAO ‘NEQ ¥ zovT

‘¥dyD‘zzd’ 12d°ZAA’ TXA’'ZXA ' TXA ‘9T 'WT) NATIVM BNILOOHENS TObT

........................................................................ > oovt

8997 O 66€1

(ZAXL) €47 (ZAXL0) 24’ (ZXXL) T (T) L’ (ZAXL) QD * (ZAXL)BL (ZAXLIM L9vT Odand 86€T

*(ZAXLIA' (ZAXD)N' (ZAXL) SIA’ (ZAXL)dAd ' (ZAXL)d /MAN/ NOWWOD 99%1 [elaletiicy LBET

(ALY MMXJ * (AXL)EEZS " (AD)EMM* (XL) EMA . S9vT JIaN" 96€T

‘(AL)EMN ' (AXCIENS ‘' (AL)MOS “SLOKD ' STAND ' NHD '¥dd¥D'Zd ' 10 . 12144 0°0=(irrjav S6ET

ITYNS ' LYIYD ' ISHOT ' LLIHM * Tavdy ‘SODSTIA ‘ XYIRIOS ' LISNIQ 'VA'TY ' . £9v1 INID = (AC)IINID PEET

YOEWO ‘ LHY “¥L0 ‘AVH ' (Z)d¥N‘ (Z) ANTIIHA * (Z)NIYONS ‘ (ZT)¥OSdH’ . Z9vT Mns = (MA0)AMNS €6ET

(X0)Ma’ (AX0)dA’ (ZAXL) OMS . 19¢%1 Mds = (M0)13MdS T6ET

*(ZAXC) SHY  (ZAXL) 19 (ZAXLINE ' (ZAXL) @]’ (2AXL0)OS * {ZAXL)av M 0981 ANS = (ALYanns T6ET

‘(ZAXL) QY (ZAXL) IV ' (ZAXLD)SY ' (ZAXLINV ' (ZAXLIMY ' (ZAXL)AV’ . 6SVT AdS = (AC)AAES 06€1

(ZAXC) €4a ' (ZAXL) TdA’ {ZAXD) TAA " (ZAXL) TOA » -1 2 nns + (IeI)ns = OICIINS 68€T

{ZAXL) 247 (ZAXD) AL (ZAXL) XA’ (ZAXL) 2 (ZAXCI R (ZAXLO) X . LSPT nds + DIr1)dd = (IrI1ida 88ET

(Z2)40S’D’ (ZT)dMSN "YIAT “HANLT 'NOWALT *NOWX ‘NOKL ' NOWI » T3 24 (OYLMMNS 'MdS ' ANS ' AdS 'NNS "'0dS 'STdA ‘O0Td ‘OSIASTOWD % LBET
ge ebegd Pe powd)yss Zv'9l 9661 21 190 12 ebed PE poOWA)SS 29l 9661 2L 100

Biqiw wouy 6yypbA Aq pejuid




7.1

7.2

CHAPTER 7

3D Algebraic Stress Turbulence Model

Table of Contents

Introduction
Theory and Model Equations
References

Appendix F

-90-

page
91
91
94

95



7.1 Introduction

In this section a description is given of the three-dimensional Algebraic Stress turbulence Model
(ASM) based on the work of Rodi [1]. The model is coded as a self contained computer program
to compute turbulent flow quantities when interfaced with a CFD solver. Detailed description of the
module structure, variables used and how to interface the module with CFD flow solvers are given

in the Appendix.

The module uses as input the mean flow properties, as computed by conventional CFD solvers,
and calculates the Reynolds stresses, turbulent kinetic energy and the energy dissipation. It is
structured to be self-contained and compatible with many CFD codes. The module has not been
tested thoroughly due to the ending of the contract earlier than scheduled. Some testing of the
module has been done at UAH but that also has been put on hold. However, the module as
assembled is capable of interfacing with a number CFD solvers.

The module computes turbulent flow quantities in three-dimensional body-fitted geometry with or
without rotation about any one of the three axis. The standard wall functions is used for the near
wall treatment.

7.2 Theory and Model Equations

The Algebraic Stress (ASM) module discussed here is based on the work of Rodi [1]. The idea is
to simplify or truncate the Reynolds stress equation by approximating the convective and diffusive
transport of the Reynolds stresses w;u; in terms of the corresponding transport of turbulent
energy. This allows the transport equation for the stresses to be expressed as a set of algebraic

formulae containing the turbulence energy and its rate of dissipation as unknowns in the form:

— k

2
uinj = (_P-_{;‘) [P,-j-§6,-js+ Djj;

1
where Pjj = Production and P =5 Pri

®jj = pressure-strain redistribution
Djj = Dji 1 + Pjj2 + Pjj, 1w + Pij2w
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Rotta's linear return-to-isotropy concept for the non-linear part
e ___ 2
Pjj1 = -Cr 3 (wiuj - 5 k &jj)
1s used and the "isotropization of production” concept for the linear "rapid" part
2
Pjj2 = -C2 ( Pjj-3 P &j)

1s used. Gibson and Launder [2] concept for the wall reflection terms is used as

3

8 _ —_— —
Pij, 1w = Clw p o ((Uklm NinmOij - 5 ukWi nnj - 5 ukij nini ) f

3 3
Pij,2w = Cow ( Pikm,2 nknm0ij - 5 Pik,2 nknj - 5Pjk,2 nini ) f

where (n;) 1s the wall-normal unit vector in the i -direction. The wall-distance function (f)
32
represents the ratio of the turbulence length scale (L, =T) and the wall distance and is given

as
PRy
- K ¢ An

with An being the wall-normal distance.

The resulting set of algebraic equations for the Reynolds stresses can be arranged in the form

Aijj u + Bij v2 + Cij w? + Djj uv + Ejj W+ Fij uws= Gij

where Ay, Bjj, C,'j, Dj, Ej, Fj, and Gij are functions of the mean and turbulent flow

variables.
The above equation can be solved iteratively in the main flow solver. However, the algebraic

system of equations is stiff and convergence difficulties are encountered when solved iteratively.
Therefore, the set of equations was cast in the general matrix form _A _T = _B , where
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A= 2‘35*23_3 -% -%V 2%’—3—:-6@!22 '%*%) 2%-3—2/+6C0.Qy
3—: ;ﬁ+2§yy -?—Zl 2%-3_;]+6C0.QZ 23—:-3—;‘/-6C0.Qx —(‘;—(Z]+%)
g—lj a%v ;ﬁ+23—%’ -(%+% ~%+23—‘;/+6COQX -%%+Zg—iv-6co.(2y
%+2Co!2z %-2%.(22 0 i+%xg+%/ %ucoﬂy g—: -2Cy 82,
0 %+2CO.QX g—f—ZCon %V-Zcoﬂy /'L—Ek+‘%/+g_2/ %/+2C0.(2Z
%V-ZCOQY 0 :9—;[21+2C0.Qy 3—;‘/+2COQX 3—3+2Co.@ ﬁ+%+%‘/

T=[puu,pVvVv,pww,puv,pvw, puw ]T

R @
1 +2(1-Cz)( 11,1w + @11,2w)

'm
I

2.2 (o @
2 F2(1-Ca) (®22,1w + P22,2w)

P 3 (¢ D
2 +2(1"CZ) (P33, 1w + P33,2w)

1

(1-C2) (P12,1w + P12,2w)
1

(1-C2) (P23, 1w + P23,2w)

1
(1-C2) (P13,1w + P13,2w)

1-C
where A= ——2'5

Ci1-1+—
pe

The matrix was inverted at each iteration step to obtain a converged solution.
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APPENDIX F

3D Algebraic Stress Module Deck

ASMOD is a FORTRAN source code to solve 2D/Axisymmetric turbulent flow quantities using the
algebraic stress model when interfaced with a main flow solver. The module consists of the main
routine ASMOD that calls a number of subroutines to perform different functions that will be
explained below.

Subroutine ASMMOD

This is basically the main routine that reads through its argument list different variables from the
calling flow solver which are described below.

List of Argument Variable Names

INITASM Initialization parameter that writes and sets variables

NIM Number of grid nodes in the i (or x) direction

NIM Number of grid nodes in the j (or y) direction

NKM Number of grid nodes in the k (or z) direction

LI LI(D)=(I-1)*NJ, dimensioned to NX. Calculated as in subroutine GRIDG of the 3D
k - module.

LK LK(K)=(K-1)*NI*NJ dimensioned to NZ. Calculated as in subroutine GRIDG of
the 3D k -¢ module.

FX grid interpolation factor in the x-direction

FY grid interpolation factor in the y-direction

FZ grid interpolation factor in the z-direction

X Grid node locations in the x or &-direction, dimensioned to
X(JXYZ=NX*NY*NZ)

Y Grid node locations in the y or n-direction, dimensioned to Y(JXYZ)

Z Grid node locations in the z or {-direction, dimensioned to Z(JXYZ)

VOL Control cell volume (similar to that calculated in GRIDG of & -€ module)

U mean velocity in x or E-direction, dimensioned to UJXYZ)

(input from the flow solver)
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VIS

U2
V2
w2

GEN
SUASM

SVASM

SWASM

BCFW

BCFE
BCES
BCFN
BCFB
BCFT
GENTW

OMX

Mean velocity in the y or n-direction, dimensioned yo VJXYZ)

(input from the flow solver)

Mean velocity in the z or {-direction, dimensioned yo W(JXYZ)

(input from the flow solver)

Eddy viscosity

Turbulent kinetic energy, dimensioned to TE(JXYZ) calculated in the module.
Turbulent energy dissipation, dimensioned to ED(JXYZ)

Normal Reynolds stress component uw , calculated in the module
Normal Reynolds stress component? , calculated in the module
Normal Reynolds stress component w2, calculated in the module
Shear stress component uv , calculated in the module
Shear stress component ww ,calculated in the module

Shear stress component uw , calculated in the module

Turbulent energy generation term

Source term for the U-momentum equation due to Reynolds stress gradients.
Calculated in the module and passed to the main solver.

Source term for the V-momentum equation due to Reynolds stress gradients.
Calculated in the module and passed to the main solver.

Source term for the W-momentum equation due to Reynolds stress gradients.
Calculated in the module and passed to the main solver.

Boundary condition flag along the west boundary (or y-z plane). It must have one
for each boundary node set to; 1-inlet, 2-outlet, 3-symmetry and 4-wall. For
example for an outlet flow condition on the west boundary set BCFW to
(NY*NZ)*2, and similarly for the other boundaries, dimensioned to
BCFW(JYZ=NY*NZ) (input from flow solver)

Boundary condition flag for the east boundary dimensioned to BCFE(JYZ)
Boundary condition flag for the south boundary dimensioned to BCFS(JXZ)
Boundary condition flag for the north boundary dimensioned to BCFN(JYZ)
Boundary condition flag for the bottom boundary dimensioned to BCFB(JXY)
Boundary condition flag for the top boundary dimensioned to BCFT(JXY)
Turbulent generation terms calculated from the wall functions close to the wall in
the west direction. Similarly for the other GENTE, GENTS....

Frame rotation term in the x-direction. Similarly OMY & OMZ in the

y and z-directions respectively

_96-



DENSIT Constant density
VISCOS Kinematic viscosity

All dimensions considered are one-dimensional. The position of any node is defined as
UK = (LJ,K) = (I-1)*NJ + (K-1)*NJ + J, where NI, NJ and NK are the number of grid nodes in
the X, Y and Z-directions respectively. It is assumed that grid related data such as control volumes

and interpolation factors be passed to the module from an external grid generator, similar to the one
listed in the 3D k-e module (Chapter 6).

Subroutine CALP1J

This subroutine calculates the production terms of the individual stress components.

Subroutine CALUIUJ

This subroutine calculates the individual stress component from its algebraic equation. It sets the
coefficients of the algebraic stress equations which are solved implicitly at each iteration step by
inverting a 6x6 matrix.

Subroutine SORUVW

This subroutine calculates the source terms needed in the momentum equation of the main CFD

solver due to Reynolds stress gradients.

Subroutine SOLV

This subroutine is a Gaussian elimination solver to invert a 6x6 matrices.

Subroutine WALSTRS
This subroutine calculates the Reynolds stresses near the walls based on wall functions.
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CHAPTER 8

Related Publications and Presentations

During the course of this work, some related turbulence modeling work was published or
presented at different meetings. Copies of these papers are listed in this chapter, they include;

(1) A. H. Hadid ad M. M. Sindir "Comparative study of advanced turbulence models for
turbomachinery” NACA CP-3174, 1992.

This paper was presented at the advanced Earth-to-Orbit propulsion technology conference
held at NASA Marshall Space Flight Center in Huntsville, Alabama on May 19-21, 1992. The
work tests different correction to the standard k-€ turbulence models that accounts for streamline

curvature and rotations using different near wall treatments.

(2) A. H. Hadid, M. E. DeCroix and M. M. Sindir "Advanced turbulence models for
turbomachinery” NASA CP-3221, 1993.

This paper was presented at the eleventh workshop for compuatational fluid dynamics
applications in rocket propulsion held at NASA Marshal Space Flight Center in Huntsville,
Alabama on April 20-22, 1993. The paper outlined the progress of the 2D/axisymmetric single and
multi-scale k-£ turbulence module deck developments.

(3) A. Hadid, M. Sindir, C. Chen and H. Wei "Computations of confined swirling flows with

high order turbulence models in a modular form"

This paper was presented at the twelfth workshop for computational fluid dynamics
applications in rocket propulsion held at NASA Marshal Space Flight Center in Huntsville,
Alabama April-May 1994. The paper presented the status of the 2D/axisymmetric second order
closure models using the algebraic and the full Reynolds stress models.

(4) A.H.Hadid, M. M. Sindir and R. I. Issa "A numerical study of two-dimensional vortex
shedding from rectangular cylinders” published in the CFD Journal July, 1992.

-98§-



This paper presents a test for an anisotropic k-£ turbulence model. This model is an
improvement on the standard k-£ model since it can predicts Reynolds stress anisotropies without

the need to solve additional equations for the stresses.

(5) A.H.Hadid, N. N. Mansour and O. Zeman "Single point modeling of rotating turbulent
flows" Proceedings of the 1994 summer program, CTR, NASA Ames/Stanford

University.

This paper tests a new one-point closure model that incorporates the effects of rotation on the
power-law decay exponent of the turbulent kinetic energy. A modification to the £ -equation
proposed by Zeman using large eddy simulation results was used. A new definition of the mean
rotation was proposed based on critical point theory to generalize the effects of rotation on
turbulence to arbitrary mean deformations.
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COMPARATIVE STUDY OF ADVANCED TURBULENCE MODELS FOR TURBOMACHINERY
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ABSTRACT

Development and assessment of the standard k—¢& turbulence model for rotating flows with different near-wall
treatments is presented. These include the standard wall function(!), Patel's two-layer model®, and Lam and Bremhorst(®
low-Reynolds number model. Two test cases were chosen to validate these models for rotating flows. The first, from Daily
and Nece®™ , is for a rotating disk cavity in which recirculation and secondary flows are induced by the rotating element. The
second case is that of a confined double concentric jets with a sudden expansion by Roback and Johnson®),

It is shown that near-wall effects are important close to rotating walls and that the two-layer model behaves better
than the other two near-wall models. For confined swirling flows with fixed walls, the near wall effects are of secondary
importance to the Reynold’s stress anisotropy.

INTRODUCTION

Accurate predictions of wrbulent flows are crucial to the design and analysis of many physical and engineering
applications. Increases in available computational capabilities have permitted the development and testing of
sophisticated models in the numerical simulation of turbulent flows. Direct numerical simulation, where all essential scales
of the turbulent flow are resolved by solving the unsteady Navier-Stokes equations, are possible only at low to moderate
Reynolds numbers. Turbulent flow analysis for engineering applications, therefore, can only be achieved by utilizing the
time-averaged Navier-Stokes equations coupled with some level of modelling.

The complex structure of swirling flowfields requires careful consideration of the mrbulence model derivation and
development. The analysis of turbulent transport and modeling evolves from the Reynolds-averaged Navier-Stokes
equations and auxiliary equations for velocity and length scales for eddy viscosity specifications. Simple eddy viscosity
models based on the Boussinesq hypothesis of linear relationship between turbulent shear stress and rate of strain have
been quite successful in predicting a wide variety of urbulent flows. -

One of the widely used models is the two-equation k-£ model. The model developed originally by Launder and
Spalding(!) was successful in providing good predictions for a large range of turbulent flows. The equations can be derived
from the full wansport equations for the Reynolds stresses assuming fully turbulent flow. Effects such as that of rotation
which are included in the Reynolds stress equations are cancelled out and the resulting scalar k-g equations are invariant to
system rotation.

For low-Reynolds number flows close to solid boundaries, adjustments to the model are needed to bridge the
viscous dominated sublayer region with the fully turbulent flow region. The success of the wall function method depends on
the universality of the turbulent structure near the wall. In many complex flows, however, the flowfield near the wall has to
be determined accurately and the traditional wall-function method is not satisfactory. This is because the specification of all
turbulence quantities in terms of the friction velocity fail at separation where the flow near the wall is no longer controlled
by the wall shear stress. Patel et al.®) assessed the relative performance of various models which describe the near-wall
flows and found that there are still areas of improvements needed to accurately model flow behavior near the wall.

Jones and Launder(”) extended the original k- model to the low-Reynolds number form which allowed the calculation to
be performed all the way to the wall. Numerical difficulties of accurately resolving the large gradients close to the wall
necessitates resolving the wall region with very fine grid structure. Chen and Patel'® introduced a method to resolve the
near-wall region which combines the standard k-g model with the one-equation model of Wolfshtein® near the wall. In this

“two-layer” model an algebraically prescribed eddy-viscosity for the wall region is coupled to the k-g model to describe the
details of the flow in the vicinity of the wall. Momentum and continuity equations are solved up to the wall and this reduces
the physical uncertainties of near-wall turbulence and the numerical difficulties of resolving the vary large gradients of
turbulence parameters.

The purpose of this paper is to discuss the application of the k-¢ turbulence model with various near-wall treatments in
the prediction of confined swirling flows. These models include, the standard wall function approach (WF), Chen and
Patel's® two-layer model (2L), and Lam and Bremhorst® low-Reynolds number model (LB).



Evaluation of the various turbulence models was performed by comparison with two selected experimental studies. The
first is that of Daily and Nece) where rotating disk cavity circulation and secondary flows are induced by a rotating wall.
The second is that of Roback and Johnson® for a confined double concentric jets with a sudden expansion. Flow swirl in
this case is induced by imposing a tangential velocity component at the outer jet.

Numerical predictions for mrbulent flows in two-dimensional axisymmetric geometries were obtained using a finite-
volume second order upwind differencing scheme on a non-staggered grid with a pressure correction method based on the
SIMPLE algorithm®’. The development and evaluation of the turbulence models for rotating flows is part of an ongoing
program to assess different models for rotating machinery applications. A discussion on the effects of swirl and streamline
curvature on the turbulence structure through the gradient Richardson number formulation is given. Key problem areas will
be identified and recommendations for the near-wall treatment as they pertain to rotating flows will be proposed.

MODEL AND EQUATION FORMULATION

Consider an incompressible, statistically steady and axisymmetric turbulent flow, the Reynolds averaged momentum
and continuity equations can be expressed in a generalized form as;

(pdP) Apud) 1pvrd) 3 9 13
ot T ox Tr or = axTexg )+ 38
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where @ is the dependent variable
&=y, v, w for the axial, radial, and tangential velocides
p. Y, and S¢, are the fluid density, viscosity and the source terms for the variable @

The source terms for the dependent variables are;
Axial direction, ®=u, I'ox = Ate, F'pr = le

Su= gl:- +:—§;(ue rg—: @
Radial direction, ®=v, F'px=lte, F'br=2}¢

Sv=5a';(ue%)-2pe‘;‘,2‘+py;2‘-%§ )
Tangential direction, ®=w, I'yx = pe, I'pr = He

Swm-trg 2 o) - @
TURBULENCE MODELS In the two-equation k- model transport equations for the turbulent kinetic energy (k) and energy
dissipation (£) can be written in the same general form as equation (1).

Turbulent Kinetic energy equation

d>=k.r¢x=l'¢r=p+£t‘,and Sp=G-pe ®)
Energy dissipation equation o
O=¢ Tpx= F¢r=u+%§, and S¢=§'(C1f1G-C2f2ps) (6
Ok and Og are turbulent Schmidt numbers G denotes the rate of production of the turbulent kinetic energy and is express as;
Gopte (222 + 2 R (2o Bop, B, (2 )
k2
Me= it + U, and the eddy viscosity is obtained from J, = Cu f“ p :

Cy, C1. C2, ok and O are constants whose values are 0.09, 1.4, 1.92, 1.0, 1.0, respectively.



Near-Wall Treatment A near-wall turbulent flow can be divided into two regions, the inner viscous sublayer where low
turbulence Reynolds number effects are important and the velocities decrease rapidly to zero at the wall, and an outer fuily
turbulent region. The successful use of the k- turbulence model for many complex flows depends on how accurately the
flowfield near the wall is determined. Different models are used to treat this thin sublayer region, they include:

Wall function methods, the following equations are assumed to hold

4+

ut=y* fory*<11.6 (€3]

In(Ey*) for y* > 11.6 ' ©)

e

ut=

where u+=£‘ y+=.u_d_ d lk:(.zﬂ)lﬂ
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Ty is the wall shear stress which is estimated from

tw=u—:2 fory* <11.6 (10)
0.25
ch pu, 0.5
W= o for y* > 11.6 ay
In(EC,,  p8K*/p)

where u, denotes the velocity component parallel to the wall, and & is the normal distance from the wall

In this approach, k and € equations are solved with f), = f; = f; = 1 only in the fully turbulent region beyond some
distance from the wall. Boundary conditions, i.e., velocity components and turbulence parameters at that distance are
specified in terms of the friction velocity (u,).

In the low-Reynolds number model, the flow is resclved all the way to the wall with a very fine mesh. Many models
have been proposed that are based on the k-€ model and differ mainly in the choice of the damping functions fy, f} and f2 o
bridge the gap between the sublayer and the fully turbulent regions. Lam and Bremhorst's model®® is used in this work,

where
20.5

fu =1 1-exp(-0.016Ry) '2 (1 +R)

. 2
fl=1+ (%0—6)3 and f; = 1-exp(-R)
H

1
Ry =_k_fx and Ry= K2 are turbulent Reynolds numbers
v ve

These damping functions tend to unity with increasing distance from the wall. In order to resolve the very large gradients of
turbulence parameters a fine mesh is required in the viscous sublayer which increases the computational time and numerical
difficulties may be encountered.

In order to alleviate some of the (Broblems encountered in the low-Reynolds number approach and yet accurately resolve
the near-wall region, Chen and Patel'“? pursued the two-layer concept. In this model a simple algebraically prescribed eddy-

viscosity model for the wall region is coupled to the k-¢ model for the outer flow to describe the details of the flow. Unlike
the low-Reynolds number model that requires the solution of transport equations of both k and € all the way to the wall, the
one-equation model requires the solution of only the turbulent kinetic energy equation in the sublayer region while
algebraically specifying the eddy-viscosity and energy dissipation.

vi=Cp k2L and e=k¥/L¢
The length scales Ly, and Lg contain the necessary damping effects in the near-wall region in terms of the wrbulence
Reynolds number Ry

Lu=C y[1-exp(-Ry/Ap)] (12)

Le=Cry[1-exp(-Ry/Ag)] (13)

-0.75
The length scales Ly, and Lg become linear and approach C, y with increasing distance form the wall. C} = x C}1 with Ag =

2C,. Chen and Patel® gave values for the constant Ay = 70. The damping effects decay rapidly with distance from the wall



independent of the magnitude of the wall shear stress. The matching between the one-equation and the standard k-g models is
carried out along prescribed grid lines where Ry ~200.

STREAMLINE CURVATURE AND SWIRL CORRECTIONS Turbulent flows in many engineering applications such as

turbomachinery and combustion devices are frequently subjected to complicating influences such as mean strain and body
forces due to rotation. In such complex flows streamline curvature and swirl can exert a large influence on the structure of
turbulence. Bradshaw(1®) reviewed the effects of streamline curvature and discussed the large effect exerted on shear-flow
turbulence by curvamre of streamlines in the plane of the main shear. So and Mellor{!!) suggested that the appropriate

parameter governing this effectis F = %{« , where R is the radius of streamline curvature. Militzer et al.(!2) provided a
simple generalization of this parameter for a 2-D recirculating flow as

o @Zv3HIZR
~ (du/dy+9v/dx) (14)

They modified the turbulence production term G in the turbulent energy equations to include curvature effects and obtained
improved predictions. Launder et al{!3) proposed a simple modification to the constant C7 in the g-equation to account for
streamline curvature due to swirl in the form

C2=1.0-02R; (5)
where R is a swirl Richardson number defined by
2 .
R; w/ré o(rw)/dr 16)

s ™ (3u/ar)2 + (r 3(w/r)/ar)2

Another expression of Ris cén also be derived as
K2 w 3(ew)
RiS =£2 1-2 or (17)
The basis of the above correction is that the effect of swirl on wrbulence can be modelled through an increase in the length
scale of the energetic turbulence eddies.
Abujela and Lilley!) used a modified C3 form (Eq. 15) with both definitions of R;_ from Equations (16) and (17) as

applied to turbulent swirling flows. They concluded that Eq. (16) Richardson number gave better comparisons with
experiment as compared to Eq. (17) Richardson's number. They also found the value of C, obtained from Eq. (15) had to be

limited to 0.1 £ C3 < 2.4 with Cy; and other constants assigned their conventional values.

Srinivasan and Mongia(!3) further split the Richardson number into_two parts - the swirl Richardson number Rj and the

curvature Richardson number R;_ and corrected C; in the &-equations as:

C2 = 1.92 exp (205Rj + 2acR; ) 18)
where Ris is given by equations (16) or (17) and
!u2+v2!1/2/R
R = 19)
ldur dv
(r ar T ax)

2,v2y32
. . . ( ) . .
where R is the radius of curvawre given by R = ‘; 3:: 30 ° and ag and 0 are constants with values ranging between

uirar T ax

0.1 and 2.4.

Chang et al{!®) investigated the sweamline curvature effects in the k-€ model. They managed to obtain satisfactory

results in their hybrid k-£ model where modifications of curvature effects in C, is made only in regions where the streamline
curvature is large.

In the present study curvature and swirl modifications are made to C similar to Eq. (18) of Srinivasan and Mongia
with Rj; as in Eq. (16) and R as in Eq. (19). The exponential form ensures that C7 will never become negative. Numerical

testing with several values of 0tg and o reveal that C, may become very large and therefore, had to be limited 10 0.1 < Cy <
2.4.



MODEL EVALUATION :

The various near-wall treatment models are analyzed by comparing model predictions with experimental data. Two
cases of rotating flow experiments were selected for validation, they include; Daily and Nece® for rotating disk cavity
experiment and Roback and Johnson®) for swirling flow in a confined double concentric jets with a sudden expansion. The
main criterion for selecting these cases is the different mechanisms used to generate swirling flows. In Daily and Nece
experiment flow rotation is induced by the rotating wall, while in Roback and Johnson's Experiment, swirl is imparted to
the flow by an outer swirling jet into a sudden expansion. Different rotation mechanisms affecting turbulence can highlight
the differences between various turbulence models and offer certain corrections that would prove useful in accurately
analyzing the effects of swirl.

CASE (1) - DAILY AND NECE® In their experimental and analytic study Daily and Nece(® analyzed the steady-state
turbulent flow in enclosed rotating disk cavities. They characterized the existence of four flow regimes depending on the
rotational Reynolds number and cavity aspect ratio. The two-dimensional axisymmetric flow considered is that of an
incompressible flow bounded by a disk (rotor) and a stationary end wall (stator) of a chamber as shown in Figure 1. The ratio
of the axial clearance between the rotor and the stator (s) to the radius of the disk (a) is 0.0255. The disk rotates with a
rotational Reynolds number R=4.4x105 defined as R=Qazlv, where Q is the disk rotational speed in rad/sec and v is the

kinematic viscosity.

Numerical computations were performed on a 33x75 grid with different grid clustering near the walls for the different
near-wall models. Figure 2, shows the velocity vectors at the top region of the cavity using the WF model. Centrifugal
forces move the fluid radially outward on the disk, axially away from the disk on the wall casing, and radially inwards on the
stationary end wall. Figure 3, shows the axial variations of the radial velocity component (v) at a radial position r/a=0.765.
The agreement is fair with some discrepancy for all near-wall models close to the rotating disk. Figure 4, shows the axial
variation of the tangential velocity (w) component at the radial position. At the rotating disk (x=0), the tangential velocity
component approach the value (af2). The 2L near-wall model seem to offer closer agreement with the data than the other two

models.

The presence of comner regions presents a difficulty in defining the normal distances used in the definition of turbulent
Reymnolds number (Ry). In the present analysis, values of the normal distance from a wall were based on the normal distance
to the nearest solid boundary. Streamline curvature and swirl corrections have not been used in this case.

CASE (2) - ROBACK AND JOHNSON®) Predictions of the experiments of Roback and Johnson(%) have been presented by
several workers, e.g. Sloan et al.!7) and Durst and Wennergerg(1®), Unfortunately, inlet profiles were not provided in their
experiment. Therefore, calculations were started at the expansion plane using the measured velocity profiles at Smm
downstream of the expansion after some adjustments near the edges of the coaxial jets. Measurements of all three main
turbulent intensities were used to calculate inlet values of the turbulent kinetic energy. Energy dissipation rate was
estimated from

C k372 .
e —h— (20)

where L is 2 length scale of mrbulence at the inlet of the order of L=104 m.

Figure 5, shows an illustration of the test chamber geometry. The confluence plane of the primary (inner) and
secondary (outer) jet streams coincides with the chamber expansion plane. The chamber diameter is about twice the
secondary tube diameter. The exit from the 8-bladed, 30°, free vortex swirl generator is located approximately 0.05 m
upstream from the confluence plane.

A prevalent phenomenon in axisymmetric swirling flows in such geometries is the "bubble” or vortex breakdown
which has been studied extensively(19.20.21.22) The near axisymmetric breakdown can be partially understood from a
simplified analysis of the role of pressure and centrifugal forces. It is identified by a slowly varying vortex core which
undergoes an abrupt and rapid deceleration, forming a free stagnation point, followed by a region of flow reversal. It is
known that the structure of vortex breakdown is unstable and asymmetric in the azimuthal direction, and displays
unsteadiness in the axial direction(Z3-24). However, no periodic or nonaxisymmetric behavior attributable to the vortex
breakdown was observed in Roback and Johnson's experiment.

In the numerical simulation of the experiment, a 150x100 grid nodes was used with different clustering on the walls for
the different near-wall models used. Figure 6, shows the velocity vectors indicating the presence of a closed recirculation
zone at the center with additional zones at the corner downstream and between the inner jet and the outward diverted
secondary jet. The figure also shows flow diversion outwards with high gradients characterized by large turbulent shear and
fluctuation levels.

Comparisons were made of the radial variations of flow variables at two axial locations, x=0.025 m upstream of the
vortex bubble and x=0.102 m located inside the vortex bubble. Figure 7a, shows the radial variation of the axial velocity
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profile at x=0.025 m using the WF method, 2L model and LB model. Fair agreement is predicted by the different models.
They also seem to predict small negative velocities at a radial position r~0.0153 m (the interface between the inner and
outer jets), slightly underpredicting its strength and width. Figure 7b, shows the radial variation of the axial velocity
profiles at x=0.102 m. The 2L model shows a better agreement with the experimental data. These velocities are slighty
underpredicted above the outer jet diameter.

Radial variations of the tangential velocities are shown in Figure 8a and 8b at x=0.025 m and x=0.102 m respectively.
Figure 8a shows that the 2L model offers a better agreement with the experiment as compared with the WF and LB models.
At x=0.102 m, Figure 8b shows that the swirl velocity is underpredicted. That is because the radial wansfer of
circumferential velocity is highly dependent on the turbulent diffusion mechanisms which are not accurately modelled in the

isotropic eddy-viscosity k-€ model used here.

The turbulent intensity predictions for the k-€ model using the different near-wall treatments seem to follow similar

trends as shown in Figures 9(a,b), 10(a,b), and, 11(a,b). In general within the approximations of the isotropic k-¢ model,
the 2L model offer a marginal improvements over the WF and LB near wall models. The peaks in the axial, radial, and,
tangential turbulence intensities occur around the edges of the inner and outer jets. Figure 13a, shows the axial-azimuthal
Reynolds stress profile at x=0.025 m. Figure 12b and 12c, show the axial-radial and radial-azimuthal Reynolds stress
profiles at x=0.102 m.

The analysis of the main turbulent intensities and of the Reynolds stress components using the isotropic eddy-
viscosity k- turbulent model do not reveal exclusively the advantage of one near-wall model over the other. Moreover,
Reynolds shear stress profiles are sensitive to the upstream inlet conditions and the developing mean flowfield. Although
the mean flow quantities show a general trend of improved predictions using the 2L near-wall model, the main effects of
turbulence are due to anisotropy of Reynolds siresses especially around the highly sheared region of the outward diverted
outer jet and the vortex bubble. -

Streamline curvature and swirl corrections have been attempted in the present analysis with little success. Corrections
of C using equation (18) with equations (16) and (19) for the swirl and curvature Richardson numbers. Figure 13(a,b) show
the radial distribution of the radial velocity at x=0.025m, and the axial velocity at x=0.102m. Small improvement is
detected with these corrections. The constants o, and ¢, used are those recommended by Srinivasan and Mongia(!%) in their

calculations (atg=-0.75 and @.=-2.0). These constants were not optimized in the present calculations.

CONCLUSIONS

Flow predictions were performed for the standard k-¢ turbulence model with different near-wall treatments to assess
their performance when applied to rotating flows. Comparisons of predictions with the experimental data of Daily & Nece,
and Roback & Johnson show reasonable agreement for all near-wall models and in general, the two-layer model seem to
offer better comparisons compared to the wall function and Lam & Bremhorst low-Reynolds number models. From a
computational perspective, the two-layer model require less computer time and relatively few grid points in the wall region
than the low-Reynolds number model and is less sensitive to the location of the interface between the sublayer and the fully
turbulent regions. Swreamline curvature and swirl corrections show small improvements. However, further study is needed to
optimize their constants.
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ADVANCED TURBULENCE MODELS FOR TURBOMACHINERY

Ali H. Hadid, Michele E. DeCroix, and Munir M. Sindir
Rocketdyne Division, Rockwell International

ABSTRACT

Development and assessment of the single-time-scale k-¢ turbulence model
with different near-wall treatments and the multi-scale k-¢ turbulence model for
rotating flows are presented. These turbulence models are coded as self-
contained module decks that can be interfaced with a number of CFD main flow
solvers. For each model, a stand-alone module deck with its own formulation,
discretization scheme, solver and boundary condition implementations is
presented. These satellite decks will take as input (from a main flow solver) the
velocity field, grid, boundary condition specifications and will deliver turbulent
quantities as output. These modules were tested as a separate entities and
although many logical and programming problems were overcome only wider
use and further testing can render the modules sufficiently "fool proof”.
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KEMOD-1 MODULE DECK (CONT'D)

READ GEOMETRY DATA
GRID NODES

Y

CALL GRIDG CALCULATE
Fx, Fy, ARE voL

MODFHI
CALL CALCE (TE, 1) t} FOR IDIR = 1f
(TURB KINETIC ENERGY K) ——————
~———— soLsip

IF(LAY2 « OR -LRE) 2
TWOLAY
NO
CALL CALCE (ED, 2) Fo";“:g;;Hi 2
ENERGY DISSIPATION -
EQUATION (¢) ] SoLsiP
MODVIS

KEMOD FLOW CHART

Rockwell International

Wisi CFD 83 013012 DV/ARH
Rocketdyne Division
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KEMOD-1 MODULE DECK (CONT'D)

]

GEOMETRY AND INITIAL
CCNDITIONS

TER =2
ITERATICN CCUNTER

MER=MER +1

* AFTER ASSEMBLING
U, V MAIN CCESFCIENTS AND
\ ——>  BESORE CALLING

e s‘o LVER re—— soLveasoRUANDY |
Y CALL MCCIFY ’
CALL OTHER RCUTINES

FOR W-EQUATICN.
PRESSURE-CORRECTION

OR OTHERS

f

CALL KEMCD 70
- CALCULATE
' -k AND g

Y

CHECK MAXIMUM
RESIDUAL
ERROR CF SQUATICONS

1

NO F: ITER *GE * MAXIMUM [TERATION
OR RESIDUAL ERROR IS

; l SMALLER THAN PRESET VALUE

YES

@)

KEMOD-1 INTERFACE WITH A MAIN SOLVER

Rockwell International

Rocketcyne Divisicn €70 93 013-013C1/AHH
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KEMOD-2 MODULE DECK (CONT'D)

READ GEOMETRY DATA
GRID NODES

!

CALL GRIDG CALCULATE
Fx, Fy, ARE. VOL

e i MODMSKE
CALL CALCXE (TE. 1) waf—— FORIDIR =1

(TURB KINETIC ENERGY X_)
) > soLsp |

t—e———Jpi MODMSKE |

i
CALL CALCXE(TET.2) 1 mweo |
(TURB KINETIC ENERGY K )  f———3p —

L

CALL CALCKE (ED, 3) ———3 MODMKDE
(ENERGY TRANSFERRATE &) [ | ;;;-; l

—>— soisP |
y
CALL CALCXE (EDT.4) Lg% MODMKSE
(ENERGY DISSIPATION RATE €) L_DE=4 |
-‘—li SOLSIP I

v

MODVIS

KEMOD-2 FLOW CHART

Rockwell International

ivisi 170 VARH
Rocketdyne Division CFD 930139

_/
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KEMOD-2 MODULE DECK (CONT'D)

Y

GEOMETRY AND INITIAL
CONDITIONS

\i
{TER=0
{TERATION COUNTER

T

|

MER=ME3 +1

\

U VMAIN | L
FLOW SOLVER ..._"r_;‘

v

CALL OTHER RCUTINES
FOR W-2QUATICN,
PRESSURE-CORRECTICN
OR OTHERS

e
T R SR MRS SN - et e B,
b A 43

CHECX MAXIMUM
RESIDUAL
EARCR OF EQUATIONS

v

IF ITER *GE * MAXIMUM MERATION
OR RESIDUAL ERROR IS
SMALLER THAN PRESET VALUE

NO
bt

YES

G

KEMOD-2 INTERFACE WITH MAIN SOLVER

Rockwell International
Recketdyne Division CFT 93 013-018/D17ARH
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COMPUTATIONS OF CONFINED SWIRLING FLOWS WITH HIGH ORDER
TURBULENCE MODELS IN A MODULAR FORM

A. Hadid!, M. Sindir!, C. ChenZ2, and H. Wei2

1 CFD Technology Center
Rocketdyne Division/Rockwell International
Mail Code IB39, 6633 Canoga Avenue
Canoga Park, CA 91303
2 Department of Chemical Engineering

University of Alabama at Huntsville
Huntsville, AL 35899

Abstract

A finite-volume procedure is used to
compare the performance of different high order
turbulence models for confined swirling wrbulent
flows. Eddy-viscosity single and muld-scale k-¢
turbulence models together with second;moment
algebraic and Reynolds stress closure models are
tested for a two-dimensional, axisymmetric swirling
flow case. The ability of second-moment closure
models to capture the interaction between swirl and
the turbulent stress field is crucial to the predictive
performance of the computational scheme.

To enhance the predictive capability of CFD
tools for engineering applications, advanced
turbulence models are coded as self-contained module
decks that can be interfaced with a number of CFD
solvers. Three of these modules, namely the single
and the multi-scale models and the Algebraic stress
model (ASM) have been successfully interfaced and
tested with the code MAST of the University of
Alabama at Huntsville in a relatively short time.
These modules are independently tested and evaluated
with the data of Roback and Johnson for swirling
turbulent flow in a confined double concentric jets
with a sudden expansion.

Modularization of a general purpose CFD
code structure in terms of different aspects of physical
models is necessary for computational efficiency.
Further, individual modular routines are transportable
and can be easily modified to include extra physical
effects. This would allow many users using different
CFD codes to concentrate their talents on developing
and improving physical hypothesis for specific
engineering problems.

Introduction

Computational Fluid Dynamics (CFD) has
been used extensively for the last decade or so in
analyzing complex flow phenomena for many
industrial applications, such as, turbomachirery and

combustion devices. Most flows of technological
interest are turbulent and for many of them, relatively
simple prediction methods are sufficient 10 produce
results of engineering accuracy. For others, mainly in
high technology applications, accurate predictions
using high order turbulence models are required.
Increases in available computational capabilites have
permited the development and testing of sophisticated
models in the numerical simulation of turbulent
flows. Direct numerical simulation, where all
essential scales of the mrbulent flow are resolved by
solving the unsteady Navier-Stokes equations, are
possible only at low to moderate Reynolds numbers.
Turbulent flow analysis for engineering applications,
therefore, can only be achieved by utilizing the time-
averaged Navier-Stokes equations coupled with some
level of modelling. The analysis of turbulent
transport and modelling evolves from the Reynolds-
averaged Navier-Stokes equations and auxiliary
equations for velocity and length scales for eddy
viscosity specifications towards a more sophisticated
modeling startegy - one offering greater width of
applicability, particularly in complex shear flows or
where extemnal force fields modify the turbulence
structure.

One of the widely used models is the two-
equation single-time-scale k-€ model(1). In this model
ransport equations for the turbulence energy (k) and
the energy dissipation (g) are solved to determine the
wrbulent eddy viscosity. An improvement to the
single scale k-& model is the multi-time-scale k-z
model where the energy spectrum of a turbulent flow
is split into a production range and a dissipation
range(2), Improved predictions using the multi-scale
over the single-scale k-¢ model have been
demonstratedG4).

Other complicated single-scale models
offering greater width of applicability, particularly in
complex shear flows or where external force fields
modify the turbulence structure are based on secon-
moment closures. These take the exact equations for

the ransport of the Reynolds stresses (iu;) as their
starting point and devise approximations for the



unknown turbulent correlations appearing in them. In
a three-dimensional flow, or even in an axisymmetric
flow, all six components of the Reynolds stress
tensor are nonzero. With a full second-moment
closure model (RSM), therefore, differental transport
equations need to be solved over the solution domain
for each of these components. This represents an
increase in the task of numerical solution compared
with the sitvation where the k-g eddy-viscosity model
is adopted. An intermediate level of modeling has
evolved(®>-6) known as Algebraic second-moment
closure (ASM), with the aim of retaining the greater
physical realism of second-moment treatments while
achieving computational times closer to that of an
eddy-visocity model. The simplification is achieved
by approximating the convective and diffusive
transport of the Reynolds stresses in terms of the
corresponding transport of turbulent energy. This
allows the transport equations for the stresses to be
expressed as a set of algebraic formulae containing the
turbulence energy and its rate of dissipation as
unknowns. Second moment schemes have been
extensively and successfully applied to a wide range
of flows, as reviewed for example by Leschiziner(?).
Few applications, however, have considered
axisymmetric swirling flows(6-8) where the external
forces due to swirl exert damping effects on the
turbulent ransport.

Progress in turbulence modelling have been
paralleled by improvements in numerical techniques,
essentailly, combining second moment closure with
non-orthogonal, co-located grids using finite-volume
methods. However, the implementation of RSM into
non-orthogonal finite-volume codes poses difficulties:
the co-located variable arrangement can cause
decoupling of the mean velocity and Reynolds stress
fields leading to oscillating solutions or even
divergence. Using a special interpolation procedure in
the context of Rhie(®), Obi and Peric(19) caiculated
the two-dimensional wrbulent flow on a co-located
grid arrangement usin the Reynolds stress turbulence
model.

In the present paper, we pesent predictions of
two dimensional/axisymmetric swirling flow using
various models based on eddy-viscosity single and
multi-scale k-€ and on second moment closure. These
models are cast in a modular form enabling them to
be used with a number of flow solvers based on the
finite-volume and finite-difference methods. A
discussion of the different models used and their
assessment is presented. The modular structure of the
different turbulence models will also be presented and
discussed.

Theory and Model Equations

The turbulent flow considered is two-
dimensional and steady which can be described by the

Reynolds averaged continuity and momentum
equations which may, respectively, be written as

U 1dptV
%*:’S’Tﬂ ®

orUe Borve 2 (00,0 0

Where <& stands for any of the momentum
components U, V, and rW and the corresponding
sources S¢p are
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where p, u are the fluid density and visocosity
respectively.

The appearance of the Reynolds stresses uju;
represents an unknown correlation and different

turbulence models provide the means of relating these
unknowns to known determinable quantities.

Single-Scale Eddv-Viscositvy Turbulence
Models

Here it is assumed that a single-time-scale
(proportional to k/e) can be used to describe the
turbulent flow. Turbulence is simulated through
transport equations for the turbulent kinetic energy
(k), and its rate of dissipation (€). The stress tensor is
modelled using a gradient transport model of the form

-uiu. vt ( 3

The generalized form of the two-equation eddy-
viscosity turbulence model can be written as

Kinetic Energy (k) equation:
Ck=Dx+P-¢ )
where
Cx= M Convection of k
! axj
Dy = 2 (v 2ty &K Diffusion of k
oxj oK’ 0xj
i Ui BLI) 8U1 Producuon ofk

Pty 3= V1 (5 * 3



o k2
vt = eddy viscosity = Cpy .

Energy Dissipation (g) equation:

€
Ce=De+ x Ce1P - Ce2e) (5)
where
oU;
Ce= -a‘li Convection of €
X
D =21 (v+-24y Diffusion of
e = ax;t *oe) ax iffusion of €

In the present study, the standard two-equation model
was used with the wall function(1) and the two-layer
model(11) to bridge the gap between the near-wall
log-layer region and the fully turbulent region away
from the wall. In the standard model the numerical
values of the constants are Cy=0.09, C¢1=1.44,
Ce2=1.92, 6y=1.0 and o©.=1.3. Details of the
implementation of the wall function and the two-layer
models can be found in Hadid and Sindir(12),

Mult-Time-Scale k-€ Turbulence Model

The Multi-time-scale turbulence model used
here is based on the variable energy partitioning of
the turbulent energy spectrum proposed by Kim and
Chen(®). In this model the turbulent kinetic energy
spectrum is divided into two sets of wave number
regions giving two evolution equations for each
region. These equations represent the kinetic energy
(kp) and the energy dissipation (gp) in the production
range of the spectum and the kinetic energy (k,} and
the energy dissipation (g,) in the dissipation range of
the spectrum. This model allows the partition to
move toward the high wave number region when
production is high and toward the low wave number
region when production vanishes.

The equations for the turbulent kinetic energy kp)
and the energy transfer rate (z-:p) for the production
range are

Ckp = ka +P-¢gp ©)
2
P 1 fp
Cep =Dep + 5]'(; (ECpIP + Cp2gp) - Cp3 El; O

The equations for the turbulent kinetic energy (k;) and
the dissipation rate (g;) for the high wave number
transfer region are

Ckp =Dk +&p- & ®

-
-

&

£
Cet=Dg + i% (Cugp + Cpep - C3 5 ©)
dUikp anED

where Ckp=p axj and Cep p 8

d
ka=——.£<n B —91 and
Skp

S ﬁn
DEp ax [(U- cEp OX_]]
similarly for Ck¢, Cgy, D¢, and Dg; equations and
the model constants used are those of Kim and
Chen3)-

2
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represent variable energy transfer functions. The
former increases the energy transfer rate when
production is high and the latter increases the
dissipation rate when the energy transfer rate is high.
The turbulent viscosity mt is given as p; =
pCuk2fep = pCuk=fe;, where k=kp+ky is the total
turbulent kinetic energy.

Second Moment Closure Models

The exact form of the Reynolds stress
equations can be derived from the time-averaged form
of the Navier-Stokes equations and can be written as:

D —_
a@uiuj) = Pjj +Qijj + Djj +pgjj (10)
where

— dUj

Pij=-p ( ujuka X te uluk ) Production

3, — . — _
Djj =§X—k( -p ujujuk - 8ik puj - 8k puj) Diffusion

dij=p (gl;‘ a—uJ) Pressure-strain redistribution
Ejj = % dijj € Dissipation

Due to the introduction of correlations of higher
orders, modelling of these terms is required to close
the set of equations.



Algebraic Stress Model (A

The ASM model used is based on the work
of Rodi®®). The idea is to simplify the stress equation
(eq. 10) by approximating the convective and diffusve

transport of the Reynolds stresses (ujuj) in terms of
the corresponding transport of nrbulent energy. This
simplification allows the transport equation of the
stresses 10 be expressed as a set of algebraic formulae
containing the turbulent energy and its rate of
dissipation as unknowns. This set of algebraic
equations can be written as;

uiuj=;,k_—e[Pij -%Sije +di; | (1)
The pressure-strain term &jj is decomposed into a
fluctuating part (&jj, 1), @ part due to the mean rate of
strain ($jj,2), and a part due to reflected wall-
influence (®jj w), i.e., Dij = ij,1 + Djj,2 + Dijw

Rotta’s return 10 isoropy concept is used to
model the non-linear pant (®jj,1) as

E —
®ij,1 = - C1p (i - %kSij )
®ij,2 is modelled using the isotopization of
production concept as

®ij,2 = - C2 (Pyj - %PSij )
The wall reflection term ®jjy is modelled
following Shir!3) and Gibson and Launder(14) as
Dij,w = Dij, 1w + Djj,2w
where
Djj,1w =
S LB Bi: -2 g Mo - = vem ens (12
Cp X (ugum nknmdi; - 7 UkUi fkRj = 5 Ul ngen; X (12)
bj52w =
' 3 3 n
Cy (Pxm.2 nknm i3 Pik,2 nknj- 5 Pjk 2 nkny) £ (13)

where n; is the wall-normal unit vector in the i-
direction. The wall distance function (f) represents the
ratio of turbulence length scale and the wall distance
c:0.75 1.5
—_) -l—where An is the wall-normal
X £ An

distance. The above wall-correction terms are written
in a tensorialy invariant form and their effect is to
transfer energy from the wall-normal normal stress
component to the tangential stresses i.e it is
redistributive.

f=(

For axisymmetric swirling flows the set of
algebraic stress equations can be written in a general
matrix formas A T = B where
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Revnolds Stress Model (RSM)

In the RSM model the full transport equation for the
Reynolds stresses {eq.10) are solved for each stress

component (Ujy;) after modelling the diffusion and the
pressure strain terms similar to Launder et. a1,

The diffusion term is modelled as
L@ — kdugul
Dij = - 5 (PCk Wil & 5~ ]

The pressure-strain redistribution term ®jj is
modelled in a similar way to that used in the ASM
mode! discussed earlier. Special consideration is given
to the problem of mean velocity-Reynolds stress
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decoupling which appear when using a collocated grid
arrangement which is a source of numerical
instability. This is done by invoking a special
interpolation procedure for the cell-face stresses in the
context of Rhie(9). This practice results in the
addition of normal stresses to the pressure term where
the cell-face velocity is sensitized to the pressure
differences as well as to normal stress diffrences at the
nodes surrounding the face.

Turbulence Model Decks (Modules)

As the state-of-the-art of computers has
advanced, so has the range, size and complexity of
flow models being applied. Users have become more
sophisticated and there is a constant demand for
improvement. CFD codes have adapted to this
demand and many general-purpose computer codes
have been developed and used. As general-purpose
codes become larger, their code structure becomes
sophisticated. In general codes can be divided into
three main areas, they include; 1) Numerical
algorithms (which can be subdivided into
discretization methods and solution techniques). 2)
Methods of dealing with complex geometries. 3)
Physical models (which include turbulence models,
porosity, combustion kinetics, two-phase flow...). It
seems, therefore, that the practicing engineer must
have the knowledge of all these elements of the CFD
program in order to successfully utilize this code. To
obtain the maximum benefits from these general-
purpose CFD codes, modularization of the code
structure may be necessary. That is developing
individual modular routines for the solver and for
different physical models for example. If such
modules are successful it would allow users to
concentrate their talents on developing and improving
physical hypothesis such as turbulent models for
example that can easily be tested using such modules.

In the present work, turbulent modules are
being developed to meet this need. Figure 1, shows a
flowchart of a turbulence module interfaced with a
typical main flow solver. The module is called by the
flow solver passing to it the mean flow velocities,
mass fluxes at cell faces and grid information among
others. The turbulence differentail equations are
discretized and the matrix coefficients are setup and
solved using Stones strongly implicit method(16). In
the ASM module, the set of algebraic stress equations
are solved simultanously using Gauss-Seidel method
at each step or iteration. In the eddy-viscosity models
the values of k, €, and eddy viscosity (y,) are passed
to the main flow solver, while, in the second moment

closure models the Reynolds stresses u’iij are passed

to the main solver. The solver then calls subroutine
MODIFY of the module where the momentum

sources are modified to account for the near-wall shear
stresses in the eddy-viscosity models or to calculate
Reynolds stress gradients in the second moment
models.

These modules are structured to be self-
contained and transportable to a number of general
purpose CFD solvers to maximize computational
efficiency. They have been tested independently at the
University of Alabama at Huntsville using the
MAST code.

Results

The various turbulence models are analyzed
by comparing model predictions with the
experimental data of Roback and Johnson{17) for
swirling flow in confined double concentric jets with
a sudden expansion.

Figure 2, shows the decay of the mean axial
centerline velocity using both the single and multi-
scale k- models. Figure 2a, shows the comparison
using the wall-function near wall approach and Figure
2b shows the results using the two-layer near wall
model. The single-scale k-& model seems to
underpredict the extent of the central recirculation
zone as compared with the multi-scale k-¢ model.
Moreover, improved comparisons with the data are
obtained using the two-layer near wall model. Figure
3, shows the radial profile of the mean axial velocity
at two distances downstream of the jet exit. Again,
the two-layer model predicts better comparisons with
tha data than the wall function approach. The radial
profiles of the mean tangential velocity are shown in
Figure 4.

Figure 5, shows the radial profile of the
mean axial velocity at three axial locations using the
algebraic stress model (ASM) with wall function and
two-layer near wall models. The radial profiles of the
mms axial turbulent intensity are shown in Figure 6.
Streamline contours are shown in Figure 7 using the
single-scale k-€ and the ASM models with the two-
layer near wall approach. The extent of the central
vortex is better predicted using the ASM model.
Preliminary results were also obtained using the full
Reynolds stress model (RSM). Comparisons with the
backward facing step data of Driver and
Seegmiller(18) shows improved predictions over the
single scale k-& model as shown in Figure 8 where
the radial profiles of the axial normal stress and shear
stress are plotted at four step heights downstream.
Further testing of the RSM model for swirling flows
are planned.



Conclusions

Different turbulence models for industrial
applications have been formatted in a modular form
and successfully interfaced and tested independently
using two different main flow solvers. The turbulence
models include the single and mult-sclae k- models
both with wall functions and two-layer near wall
models. Second moment models that include the
algebraic (ASM) and full Reynolds stress model
(RSM) have been tested. It was shown that the two-
layer near ‘wall model improves predictions as
compared to the wall function approach. Convergence
of the stff ASM model equations was obtained by
solving the 6x6 stress equations (for
axisymmetric/swirling flows) at each iteration. The
wall-reflection terms in the pressure-strain model
showed little or no improvements in the ASM model
predictions. Elaborate pressure-strain models that
require no wall-damping are needed e.g. Speziale
et.al(19). The full Reynolds stress model (RSM)
promises to be the next model to be used for
engineering applications.
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A NUMERICAL STUDY OF TWO-DIMENSIONAL VORTEX
SHEDDING FROM RECTANGULAR CYLINDERS

A. H. HADID' M. M. SINDIR' R. L. ISSA!

Abstract

An efficient time-marching, noniterative calculation method is used to analyze time-
dependent flows around rectangular cylinders. The turbulent flow in the wake region
of a square section cylinder is analyzed using an anisotropic k-¢ model. Initiation
and subsequent development of the vortex shedding phenomenon is naturally cap-
tured once a perturbation is introduced in the flow. Transient calculations using
standard eddy-viscosity and anisotropic k-¢ models, averaged over an integral num-
ber of cycles to get the fluctuating energy (organized and turbulent), are compared
with experimental data. It is shown that the anisotropic k-¢ model resolves the
anisotropy of the Reynolds stresses and gives mean energy distribution closer to the
experiment than the standard k-e model.

1. INTRODUCTION

Vortex shedding is a periodic unsteady flow phenomenon that occurs frequently behind bluff
bodies and is therefore of great practical importance. Many attempts to calculate the two-
dimensional (2-D) vortex shedding motion past square and circular cylinders by solving the
unsteady Navier-Stokes equations were successful at low Reynolds numbers where the flow is
laminar and the fluctuations are periodic, e.g., [1] and [2]. At higher Reynolds numbers which
are more relevant in practice, turbulent fluctuations are superimposed on the periodic unsteady
motion. The problem then concerns the decomposition of the flow into organized motion that is
resolved in the calculation and a remaining turbulent motion to be represented by a turbulence
model. Previous analysis of vortex shedding calculations at high Reynolds numbers have not
been successful due to the inadequacy of the standard k-¢ model and the lack of affordable
higher order models that take into account the anisotropy of the turbulent intensities

Franke et al. [3] analyzed the unsteady turbulent flow for a square cylinder using the stan-
dard k-¢ model. They showed that the model tends to damp the periodic shedding motion
underpredicting the Strouhal number. They also analyzed the detailed experimental results of
Cantwell and Coles [4] for vortex shedding in the 2-D wake behind a circular cylinder. They
additionally point out the need for improved models that account for the history and transport
effects of the individual stresses. MacInnes et al. [5] used the standard k-¢ model to simu-
late the periodically forced turbulent mixing layer investigated experimentally by Weisbrot and
Wygnanski {6]. They managed to capture the main features of the mixing layer development
where there is a clear distinction between the organized and the random turbulent motion.
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Majumdar and Rodi [7] have shown that the separated turbulent flow past circular cylinders
cannot be predicted realistically without a time-accurate numerical procedure to account for
the periodic shedding of vortices.

Experimental investigations are needed to judge the different numerical and turbulent
schemes. Durdo et al. [8] conducted an experimental study of transient turbulent flow be-
hind a square cylinder. They used spectral analysis and digital filtering of the LDV data in
order to separate and quantify the turbulent and periodic, nonturbulent motions. They show
for example that in the zone of highest velocity fluctuations the energy associated with the tur-
bulent fluctuations is about 40 % of the total energy. Therefore, for a successful simulation of
transient turbulent flows, a reliable time-accurate numerical procedure and a good turbulence
model are needed.

The purpose of the present paper is to model turbulent vortex shedding flows using an ef-
ficient time-accurate numerical procedure based on the PISO [9] methodology. Calculations of
the turbulent vortex shedding are performed using the two-equation k-¢ model with isotropic
eddy-viscosity and with a modified two-equation model using an anisotropic eddy-viscosity. In
the anisotropic model, nonlinear corrections are added to improve the eddy-viscosity represen-
tation of the Reynolds stresses as developed by Yoshizawa [10] with the aid of a two-scale direct
interaction approximation. A similar anisotropic eddy-viscosity model was also developed by
Speziale [11]. The adequacy of the models to simulate transient turbulent flows is assessed
with the aid of the experimental results of Durao et al. [8] for vortex shedding in the 2-D wake
behind a square cylinder at Re = 14, 000.

2. MODEL EQUATIONS .
The basic equations of motion in transient periodic flows can be written after separating the
flow into an organized (phase averaged) component

N
Ui(z;,t) = -]-vl— Z_%]u,(z,', t+ nT) (1)

where U;(z;,1) is the resolvable portion of the instantaneous velocity u;, and T is the period
of the oscillation, and a random turbulent component v',(z;,t). The instantaneous velocity
u,(z;,t) is then given by

w=U+di =T+ %+ (2)
where 7, is the time-mean component of the velocity, and %; is the periodic fluctuating compo-
nent. Assuming an incompressible flow, the momentum equations can be written after applying
phase averaging as;

ou. . 8U, 18P 8 0ol

_Ei_+ J—é—zj——;—az-Fa—IJ(uaxJ-f-R.J) (3)

where R, = — < v/; ¥/, > is the phase-averaged Reynolds stress tensor and v is the kinematic

viscosity.

Standard Isotropic k-e Model

In the standard isotropic k-¢ model [12], R,; is approximated by using the eddy-viscosity v; as;
ou, aU,

2
lez—gké'J+Vf(—éT+ 81:'
7 T

) (4)
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where k is the phase-averaged turbulent kinetic energy and v, = C,(k?/¢), € is the phase-
averaged energy dissipation rate and C, is a model constant. The spatial and temporal distri-
bution of £ and ¢ are determined from differential transport equations of these quantities

8k ok @ ve. Ok
Ok L, 0k _ 0 |, myOk) G 5
5t TV B, Pa, [(”ak) a:c.] Te-E ©)
de de 2 vy, Oe €
et = g (v gE] s feo-oo ©

ou; . .
where G = R, P is the turbulent generation term. The constants C,, C;, C;, ok, and o,
z,

have values of 0.09, 1.44, 1.92, 1.0, and 1.3, respectively.
Anisotropic k-¢ Model
In the anisotropic model the Reynolds stresses can be expressed as;

R; = —%kéi, + v (g—% + Zgj) + \713- (33; Tmsmkk) biy — ni:] Tm ST, (7)
Tn = CTmi_z (8)

=5, ©

=7 (52 72 * 52 52) o

$3, = g—lﬁ ‘ZZ:‘ (11)

and Cr, (m = 1, 2, 3) are model constants. The first two terms on the right hand side of
(7) give the familiar isotropic eddy-viscosity representation, while the third and fourth terms
express the anisotropy of R,;. These additional nonlinear quadratic terms of the mean velocity
gradients seem to be a simple way to resolve the individual normal stresses with the k-¢ model.
The anisotropy is reflected especially in the k-¢ equation where both the diffusion and pro-
duction terms are quadratic forms of the mean velocity gradients and turbulent kinetic energy
gradients.

The anisotropic eddy-viscosity model has been successfully used by Nisizima and Yoshizawa [13]
and Myong and Kasagi [14] for fully developed turbulent channel flows. In their calculations
only C7 and CT, were optimized to reproduce the anisotropy of the turbulent intensities since
C3 does not appear in their equations. In the present study the flow is shear dominated with
little departure from isotropy. Therefore, the model constants Cry, C7, and C7; were opti-
mized to 0.01, 0.01, and 0.001, respectively, to satisfy the réalizability constraint. (Note: zero
constants reduce to the isotropic eddy-viscosity model.)

Applications of the k-¢ isotropic and anisotropic eddy-viscosity models were made using
wall functions to bridge the viscosity affected near the obstacle wall region. It is assumed that
inadequacies in near-wall modelling play a minor role to the inaccuracy of normal Reynolds
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Fig.1: Flow characteristics of the wake for Re = 14,000

stress differences arising from use of an isotropic eddy viscosity. Improvements can be made by
integrating all the way to the wall [15] or by using the two-layer model of Chen and Patel [16].

3. NUMERICAL METHOD
The PISO methodology [9], in conjunction with a finite-volume technique, is used to solve the
implicitly discretized, time-dependent flow equations. The method is essentially noniterative,
where the solution process is split into a series of steps whereby operations on pressure are
decoupled from those on velocity at each time-step. The avoidance of iterations substantially
reduces the computational effort compared with that required by iterative methods. This is
possible since the splitting error of PISO is negligibly small at the level of time-step required
to eliminate the temporal truncation error. A backward temporal difference scheme is used,
while the convective terms are discretized using a second-order upwind difference scheme. The
method can also be used for steady-state flows, e.g., Hadid et al. [17].

Calculations are performed for the turbulent flow around a square cylinder (step height,
H = 20mm) in 2 domain extending about 16 H downstream and 2.5 H upstream of the obstacle.
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Fig.2: Centerline distribution of mean axial ~ Fig.3: Time-mean kinetic energy of the ve-
velocity locity fluctuations

The calculations captured the vortex shedding phenomenon after perturbing the flow at the
inlet. A reference velocity of 0.68m/s and turbulence intensity of 6% (i.e., £ =< v'* >=
3.6x1073 m?/s?} were used as the inlet conditions. The length scale L of turbulence at the inlet
was not measured in the experiment but an order of L ~ 0.1 mm was assumed from which the
energy dissipation rate e = k%2/L was estimated. It is expected that the calculated results are
not sensitive to the precise value of ¢ used at the inlet. The upper and lower boundaries are
treated as symmetry planes, at the exit, a zero-gradient outflow boundary condition is applied
to each variable. The computational domain is resolved by 75x40 grid cells with clustering at
the obstacle walls. An optimized time step of 0.001sec. was chosen for the calculations.

4. RESULTS AND DISCUSSION

Figure 1(a) shows the normal velocity history at the centerline of the wake for Re = 14000 at five
step heights downstream. The power spectrum of the normal velocity fluctuations (Fig.1(b))
confirms the oscillatory nature of the flow with a single predominant frequency of about 4.7 Hz,
which is in agreement with experimental results [8]. Figure 1(c) shows a marker particle trace
at time=3sec., which illustrates the shedding pattern. In order to calculate the time-mean
kinetic energy of the velocity fluctuations, the fluctuating velocity component (organized -+
turbulent) is % = u; — U;. For the 2-D plane geometry considered, the kinetic energy of the
velocity fluctuations can be written as;

3o
E= 1 (U12 + Uzz) ‘ (12)
where T;° = u? — 2u,U, + 7.-2, and the time-mean value of the kinetic energy of the velocity

fluctuations is 5
E=; (@ +%) (13)
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where . - |
= (-2l +T00) = [+ - 20+ v) G+ T

and from the definition of time averaging u; U; = 0, we get,
W=U2-T +v?  (i=1,2) (14)

The first two terms on the right hand side of (14) represent the organized periodic energy
contribution, while the last term represents the turbulent energy contribution.

Figure 2 shows the distribution of the mean axial velocity at the centerline. The anisotropic
model gives better distribution downstream of the obstacle. Figure 3 compares the calculated
distribution of the time-mean kinetic energy of the fluctuating motion (periodic + turbulent)
along the centerline of the flow. The figure shows a better trend exhibited by the anisotropic
k-¢ model due to the improved resolution of the normal stresses. The standard k-e model acts
to damp the periodic fluctuations by producing too much eddy viscosity, which underestimates
the time-averaged momentum transfer. Hence, the length of the separation region behind the
obstacle is overpredicted. Also, the maximum of the kinetic energy at the centerline lies further
downstream. The length of the recirculation zone and the location of the maximum fluctuating
energy are improved by using the anisotropic model. The figure also shows some fluctuating
energy in front of the obstacle, whereas measurements indicated that the flow remained virtually
laminar there. This is because in the k-e model the large velocity gradients at the stagnation
region produce large turbulent kinetic energy. Results are also obtained from calculations in
which the production of k in front of the obstacle was suppressed. Figure 4 shows the mean
axial velocity distribution indicating better comparison with the experiment downstream of the
obstacle. Figure 5 shows the distribution of the mean kinetic energy along the centerline. it can
be seen that suppressing the production of the kinetic energy in front of the obstacle causes an
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increase in the fluctuating energy. Also, the peak of the energy fluctuations is shifted slightly
upstream closer to the experimental data. The figure also shows smaller residual fluctuating
energy in front of the obstacle. Figure 6(a) and (b) show the contour plots of the normal
turbulent stress term < v'+' > at an instant T' = 3sec. It can be seen that the anisotropic k-¢
model produces higher < v/’ > values, which act to increase the total fluctuating energy.

5. CONCLUSIONS

The turbulent vortex shedding flow behind a square cylinder was analyzed using an efficient
time-accurate numerical method based on the PISO methodology. Turbulence was modeled
using an anisotropic k-¢ model which resolves the anisotropy of the Reynolds stresses rea-
sonably well. Comparisons with the experimental data show the advantages of the model as
compared with the standard isotropic k-¢ model. Accurate predictions, however, can only be
made by accounting for the history and transport effects of the individual Reynolds stresses.
The anisotropic k-¢ model seems to offer a compromise between the computationally intensive
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Reynolds stress model and the standard isotropic k- model.
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Single point modeling of rotating turbulent flows

By A. H. Hadid!, N. N. Mansour’ AND O. Zeman®

A model for the effects of rotation on turbulence is proposed and tested. These
effects which influence mainly the rate of turbulence decay are modeled in a modified
turbulent energy dissipation rate equation that has explicit dependence on the mean
rotation rate. An appropriate definition of the rotation rate derived from critical
point theory and based on the invariants of the deformation tensor is proposed.
The modeled dissipation rate equation is numerically well behaved and can be
used in conjunction with any level of turbulence closure. The model is applied
to the two-equation k-e turbulence model and is used to compute separated flows
in a backward-facing step and an axisymmetric swirling coaxial jets into a sudden
expansion. In general, the rotation modified dissipation rate model show some
improvements over the standard k-¢ model.

1. Motivation and objectives

The ability to accurately model the effects of rotation on turbulence has a wide
variety of important applications in rotating machinery and combustion devices.
Many turbulent flows of engineering importance involve combinations of rotational
and irrotational strains. However, turbulence models of the eddy viscosity type
are oblivious to the presence of rotational strains since they depend only on the
mean velocity gradients through their symmetric part (i.e. the mean rate of strain
tensor). The rotation rate, for example, does not explicitly enter the equations for
the turbulent kinetic energy and its dissipation rate, yet evidence from experiments
(Wigeland and Nagib 1978, Jacquin et al. 1990) and from direct numerical simula-
tion (Bardina et al. 1985, Speziale et al. 1987, Mansour et al. 1991) show that the
decay rate of turbulence is reduced by the presence of rotation. v

The effects of rotation on turbulence are known to be subtle. They are manifested
through changes in the spectrum of the turbulence caused by nonlinear interactions.
For initially isotropic turbulence, rotation inhibits the cascade of energy from large
to small scales. Zeman (1994) proposed a modified energy spectrum that takes into
account the effects of rotation at high Reynolds number by introducing a rotation
wavenumber, kg = 1/§3/¢, below which rotation effects on spectral transfer are
important. Much of the application work in simulating rotating flows have been
conducted using varieties of eddy viscosity models (k-¢ or k-I) and second order
closure models with modified dissipation rate transport equation to account for
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rotational effects. However, most of these models fail to predict the asymptotic
behavior of the turbulence decay rate in the limits of large rotation rate. The
objectives of this work are to model the effects of rotation using single-point two
equation models and to offer an appropriate definition of the mean rotation rate

that is consistent with the fact that spin is the main cause of reduction in the
dissipation rate.

2. Accomplishments

For incompressible viscous flow with constant properties, the modeled transport
equations for the turbulent kinetic energy, k, and its dissipation rate, ¢, that are
widely used for engineering applications take the form;

k,g+Ujk,j=Dk+Pk—€ (1)
e+ Uje; = D, + P — ®. (2)

where Dy and D, are the diffusion terms for k and € respectively and are modeled

as
RS GEIR
Ok J Te J

where v is the laminar viscosity and vy is the eddy viscosity = Cy k%/e. o and o,
are the ratio of Prandtl to Schmidt numbers and are taken as constants. Py is the
production term for k given as Py = —uju U ;, where uju'; is the Reynolds stress
term and U; is the mean velocity in the i-direction.

Assuming that the production of the dissipation rate Pe is proportional to the
production of turbulent kinetic energy P, i.e Pe ~ Px/T where T is the turbulent
time scale given by T = k/e. Similarly assume that the destruction rate of dis-
sipation rate @, is proportional to the turbulent energy dissipation rate term, ie.
&, ~ ¢/T. The modeled form of the dissipation rate equation becomes

2
€ €
€+ Uje,;j =D¢+01£Pk—02—k‘ (3)

Due to the symmetry of the Reynolds stress tensor ;’E, the kinetic energy pro-
duction term can be written as Pr = —;1_',-11_;5,-,', where Si; = (Uij + Uji)/2 1s
the mean rate of strain tensor. Therefor it can be seen that the standard dis-
sipation rate, eq. (3), has no explicit dependence on the mean rotation tensor
Qi; = (Ui; — Uj;i)/2. It follows that the commonly used modeled dissipation rate
equation can only be affected indirectly by rotational strains through the changes
that they induce in the Reynolds stress tensor.

In order to sensitize the dissipation rate equation to rotational effects, consider

the simple case of isotropic turbulence in a rotating frame. In this case, an initially

decaying isotropic turbulence is described by;

Be= ¢ ()
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&
e =—Cr (5)

Equations (4) and (5) do not distiguish the difference between isotropic turbulence

" in a rotating frame and in an inertial frame. Models that have a non zero rotational

correction have been proposed by Bardina et al. (1985), for example, for rotating
isotropic turbulence where eq. (5) takes the form

2
€= —-Cz% — Cafde (6)
with C; = 1.83 and C; = 0.15.

The above model is able only to accurately predict the reduction in the decay
rate of the turbulent kinetic energy in rotating isotropic turbulence for weak to
moderate rotation rates where the effects are small. However, for sufficiently high
rotation rates and long enough time, the model drastically underpredicts the decay
rate of the turbulent kinetic energy.

Hanjallic and Launder (1980) proposed a model for wlnch the e-transport equation
in rotating isotropic turbulence takes the form

ex = ~Ca - CaQk (1)

where C3 = 1.92 and C; = 0.27.

This model predicts unphysical behavior of negative dissipation rate at high ro-
tation rates, thus violating the realizability constraint. Other modifications to the
dissipation rate transport equation have been proposed to account for rotational
strains, e.g Raj (1975) and Pope (1978). Again they fail in one way or another to ‘
account accurately for the rotational effects. l

3. Proposed model

In the present work a new model is proposed that accounts for rotational effects
and correctly predicts the asymptotic behavior at zero to inifinte rotation rates.
Consider the dissipation rate equation in rotating isotropic turbulence

5 a? €
+ = 8
€t = (17 602+1)k (8)

a=0.35Ro™! 9) |

with

where Ro is the Rossby number defined as Ro™! = Qk/e. For @ >> 1, C; = 2.5,
which gives a power law exponent n = 0.6 (in k ~ ¢~") maching the power law i
proposed by Squires et al. (1993) for the asymptotic state of rotating homogeneous
turbulence at high Reynolds numbers.

The experminental data of Jacquin et al. (1990) are used to test the proposed
model. Their experiments consisted of measuring the velocity field and characteris-
tic quantities characterizing the fluctuating field downstream of a rotating cylinder
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containing a honycomb structure and a turbulence producing grid. The coupled
differential equations for k¥ and e describing the effects of rotation on an initially
isotropic turbulence can be written as

ki=—¢ (10)

2 2
€1 = — (Cz +C’3;;-!+—1) % (11)

These equations were solved numerically using a fourth-order Runge-Kutta inte-
gration scheme. The model predictions (with C2 = 1.7 and C3 = 5/6) are compared
with the experimental data of Jacquin et al. (1990) as shown in Fig. 1a. The model
predicts well the evolution of turbulent kinetic energy and its decay rate for a wide
range of rotation rates. We have also tested the model for the three Reynolds
numbers measured by Jacquin et al. (1990), and found similar agreement of the
model predictions with the data. We should point out at this point that the value
C, = 1.7, proposed here for zero rotation rate, is lower than the value convention-
ally used in k-€ modeling. We find that with the conventional value of C; = 1.92
(and C3 = 3/5) the model fails to predict the experimental data (see Fig. 1b)

Q. Q
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FIGURE 1. Decay of turbulent kinetic energy. Symbols are the data of Jacquin
et al. (1990), lines are the model predictions. o & Q = 62.8 (rad/s),0 &
—=-- Q =314 (rad/s), & & - Q = 15.7. (a) Model predictions with C; = 1.7
and C; = 5/6; (b) Model predictions with C; = 1.92 and C; = 3/5.

4. Rotation Rate For General Flows

In order to test the rotational correction proposed in eq. (8) to the dissipation
rate equation for general flows where the rotation rate is a function of position and
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in the presence of mean strains, the question arises as to what is the appropriate
definition of the rotation rate, 7
In most previous studies, the rotation rate or the mean vorticity ! was replaced
0,72, where Qi; = (Ui,; — Uj,i)/2 is the rotation rate tensor of the mean
flow. However, such definition does not distinguish between a vortex sheet and
a vortex. A definition of a vortex or a region of vorticity (with spin) was given
by Chong et al. (1990) -using the arguments of the critical point theory and the
invariants of the deformation tensor- as a region in space where the vorticity is
sufficiently strong to cause the rate of strain tensor to be dominated by the rotation
tensor, i.e. the rate of deformation tensor has complex eigenvalues. This definition
satisfies the principle of frame invariance since it depends only on the properties
of the deformation tensor. We shall use it because the reduction in the dissipation
rate is due mainly to the spin that the mean imposes on the turbulence. Consider
the matrix D;; of the elements of the deformation tensor,

D;; = Ui, (12)
which can be split to
D;; = Si; + Q;; (13)

The complex eigenvalues of D;; are found by solving the characteristic equation
|Ds; — Aéi;] = 0, where the \’s are the eigenvalues of D;;. For a 3 x 3 matrix, A can
be found from the solution of

N +PN+QA+R=0 (14)

where P, Q and R are the matrix invariants and are given by

P=-U; (15)
1
Q = 5(P* - 5ijSji — i) (16)
1
R= 3 (—P3 + 3PQ - S,'jSJ'kSkg - 39,','9]'1;51;,') (17)
For an incompressible flow P = 0 from continuity and the characteristic equation
becomes
N+QrA+R=0 (18)
Now if
R Rz Q3] v
A=l—-= — g
[ 2 T ( s 27)
and,

1/3

R (B2
B”{——— <T+27)
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then the three roots of A are;

A+B _A-B A+B _A-B
[A+B’— .; +1 2 ﬁ,— -‘2- —1 2 ﬁ]

That is )\ can have:

(i) all real roots which are distinct when
[(@/3)° +(R/2"] <0,

or
(i) all real roots where at least two roots are equal when

[(Q/3)° +(B/2)"] =0,

or
(i4i) one real root and a pair of complex conjugate roots when

[(@Q/3)* +(R/2)?] > 0.

We shall follow Chong et al. (1990) and define the rotation rate

Q=3(\) = -‘/2—§(A - B), when [(Q/3)* +(R/2)*] >0, (19)

Q = 0 otherwise. It is important to note that for two dimensional Cartesian flows,
the rotation rate defined by Eq. (19) reduces to Q = \/l_éi , when @, the determinant
of the deformation tensor matrix, is negative. For pure shear the definition, eq. (19)
yields © = 0. Conventional models that are calibrated for shear flows, need not be
recalibrated when corrections based on § are added to the model.

5. Numerical Procedure

For a two-dimensional, incompressible and steady turbulent flow, the Reynolds
averaged momentum, continuity, turbulent kinetic energy and dissipation rate equa-
tions can be written in the generalized form;

0 190 0 0% 10 0%
55 (PU®) + ;EZ(PTVQ) =3 (Fq», 5::-) + 1% (1'1"4». gy-) + Se (20)

Where r = 1 for Cartesian two-dimensional flow, and y = r for two-dimensional ax- ‘

isymmetric flow. Table 1 gives a summary of the terms in eq. (20) for the dependent
variables solved in the code. :
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dy Ty, Tes, Ss

1] O. 0. 0.

Ui 2p. He —0P/0z + 1/r0(u.roV/0z)/0y
V| #e 2. —0P/dy + d(p.0U/8y)/0y

Wi pe He —pVW/r - W/r?0(rp.)/0r

k| p+pefor | ptpfor | Pe—pe

el ptpfo. | ptpfor | CiPee/k - Carpe[k

Table 1. Summary of the governing equations. p is the density, ['¢, and Te,
are the exchange coefficients in the axial and radial directions respectively, Se is
the source term for the variable &. In the table, p. is the effective viscosity given

as p. = p + pt, Where p is the laminar viscosity and p¢ is the turbulent viscosity,
B = C‘,pkz/ €.

In the standard k-e turbulence model the constants Cy, C1, C2, 0k and o, have
the values 0.09, 1.44, 1.92, 1.0 and 1.0 respectively.

In the rotation modified k- turbulence model, only C, takes the form given by
eq. (11) i.e, C2 = 1.7+ (5/6)a?/(a® +1).

The governing transport eq. (20) is solved using the primitive variables on a
nonstaggered mesh and converted into a system of algebraic equations by integrat-
ing over control volumes defined around each grid point. The SIMPLE pressure-
correction scheme (Patankar 1980) is used to couple the pressure and velocities
and the resulting algebraic equations are solved iteratively. The convective terms
are differenced using a second-order upwind scheme while the diffusion terms are
approximated by a central differencing scheme.The physical domain is discretized
using a non-uniform mesh where grid points are clustered close to the walls.

6. Model Application

The performance of the present model for complicated recirculating flows is
demonstrated through calculations and comparisons with the experimental data
of Driver & Seegmiller (1985) for backward-facing step flows and with the experi-
ments of Roback & Johnson (1983) for a confined swirling coaxial jets into a sudden
expansion.

Figure 2, shows the streamlines for the backward-facing step using the rotation
modified k-e turbulence model. The calculations were performed on a 100x40 grid
points. The computational domain had a length of 50H (H is the step height) and
a width of 9H. The experimental data were used to specify the inflow conditions
for a channel flow calculation where the fully developed profiles at the channel exit
were used as the inlet conditions for the backward-facing step calculations. Fully
developed flow conditions were imposed at the outflow boundary. The standard
wall function approach (Launder & Spalding 1974) was used to bridge the viscous
sublayer near the wall.
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- 50H —»

FIGURE 2. Backward-facing step geometry and stream-function contours. The
contour levels were set between (-0.1 and 0.1) with an increment level = 0.01.
-~-- negative values, positive values. B

The computed reattachment lengths were 5.50H using the standard k-e¢ turbu-
lence model and 6.22H for the rotation modified k-e turbulence model. The modified
k-e model prediction is closer to the experimental value of 6.10H. While these re-
sults are encouraging, they are mainly due to the fact that we have changed the
value of C; for the non-rotating case. In general, a change in the value of C; will
result in poor predictions of the mean profiles. The mean velocity profile at three
locations downstream are shown on Fig. 3, while the turbulent stress profiles at
X/H = 4 are shown on Fig. 4. All the quantities were normalized by the step
height (H) and the experimental reference free-stream velocity (Ures). It can be
seen that the overall performance of the rotation modified dissipation rate equation
is better than the standard k-e model especially in the recirculation region (Figs. 3a,
and 4). Some improvements are also obtained in the recovery region using the mod-
ified k-e model. Figure 5 shows the contours of the effective rotation rate used as
defined by Eq. (19).

For the 2D/axisymmetric swirling flow computations, the expressions for the

invariants Q and R (Egs. (16) & (17) respectively) are expanded and Eq. (19) is

used to obtain the values of 2. The model was used to predict the mean profiles for a
confined double concentric jets with a swirling cuter jet flow into a sudden expansion
(Roback & Johnson, 1983, see Fig. 6). Measurements are available for the mean
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FIGURE 3. Mean axial velocity profiles at different axial locations. o data (Driver

& Seegmiller, 1985); modified k-¢ model; ---- standard k-e model. (a)
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FIGURE 4. Turbulent stress profiles at X/H = 4. o data (Driver & Seegmiller,
1985); modified k-¢ model; ---- standard k-¢ model. (a) uhul/UZ;, (b)

with a coarse nonuniform grid of 30x20 mesh points were made. However, there
is some uncertainty about the inlet conditions to be used since the first velocity

Ty /U2, ;, (0) Wi [UZ -
velocity profiles and velocity fluctuations downstream of the expansion. Simulations
i
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FIGURE 5. Contours of the effective rotation rate, . Contour levels were set
| between (0.1,1.0) with an increment level = .01. are
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FIGURE 6. Roback & Johnson’s swirling coaxial jets discharging into an expanded
duct.

A profiles measured were 5mm downstream of the expansion.

To predict this flow, the measured profiles at 5mm were adjusted near the edges
and were used as inlet conditions at the expansion plane. Preliminary results ob-
tained with the coarse mesh indicate similar trends as the experiment. Figure 7
shows the streamline contours using the standard and the modified k-¢ turbulence
models. The figure shows that a closed internal recirculation zone forms at the
center with an additional zone at the corners downstream of the step. This causes a
flow diversion outwards with high gradients between these regions. Figure 8 shows
the axial and tangential velocity profiles at 25 mm downstream of the expansion
using the standard and the modified k-¢ turbulence models. Results in this case
indicate little or no improvements offered using the modified k-e model over the

the inlet boundary conditions raise the question about the adequacy of using this
experiment for validation purposes.

standard k-e model. Finer mesh may improve the results but the uncertainties in

|
|
!
1
i
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FIGURE 7. Swirling coaxial jets discharging into an expanded duct. Stream-
function contour. —--- levels were set between (-0.15,0.) with an increment level
= 0.01, levels were set between (0.,0.7) with an increment level = 0.05. (a)
Standard k-e model, (b) Modified k-e model.
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FIGURE 8. Velocity profiles at X = 25 mm. o data (Roback & Johnson, 1983);
modified k-e model; ---- standard k-e model. (a) Axial Velocity, (b) Tan-
gential velocity.

7. Conclusions

A new simple model for the turbulent energy dissipation rate equation has been
proposed to account for the rotational effects on turbulence. A frame invariant
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definition of the rotation rate proposed by Chong et al. (1990) based on the critical
point theory was used. The model can be used in conjunction with any level of
turbulence closure. It was applied to the two-equation k-€ turbulence model and was
tested for separted flows in a backward-facing step and for axisymmetric swirling jet
into a sudden expansion. The model is numerically stable and showed improvements
over the standard k-e turbulence model. It is important to point out that the
present study was carried out to roughly evaluate the model, but that a systematic
recalibration of the constants in the k-e¢ model is needed before going any further
with the proposed model.

The authors would like to acknowledge many discussions with Dr. K. Shariff
regarding proper definition of the rotation rate.
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