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FAST INTERPLANETARY MISSIONS WITH LOW-THRUST
PROPULSION SYSTEMS

By W. E. MokckeL

SUMMARY

A simple family of indirect-transfer trajectories
between circular orbits 1s used to evaluate the mass
ratio required to complete round-trip interplanetary
missions using low-thrust propulsion systems. These
trajectories, although not optimum, yielded very sub-
stantial reductions in total round-trip time for Mars
massions with moderate increases in initial weight.
For a powerplant specific weight a of 10 pounds per
kilowatt of jet power, trip times were reduced from
1200 to 600 days, for a typical manned mission,
with an inilial weight increase of a factor of two.
Comparison with a nuclear rocket with 1000-second
specific impulse indicated that the electric-propulsion
system required less initial weight for trip times as
low as 550 days with a=10 and as low as 400 days
with a=5§ pounds per kilowatt. Further weight
reductions would be expecled with more mnearly
optimum trajectories.

INTRODUCTION

The study of round-trip interplanctary missions
using low-thrust propulsion systems (such as clec-
tric propulsion) is more difficult than simitar
studies for high-thrust systems, because the tra-
jectory cannot, in general, be represented in closed
form. 'To determine the propellant mass required,
a complete integration of the trajectory equations
is generally necessary for each trajectory chosen.
It is naturally desirable to choose those trajec-
tories that minimize the total initial weight re-
quired to complete a mission in a given length of
time. For one-way trips to Mars, such an optimi-
zation program was reported in reference 1. A
discussion was also given in reference 1 of round-
trip aissions consisting of optimum one-way

trajectories; but, since no attempt was made to
include the effect of waiting time at the destina-
tion planet (which is required to effect rendezvenus
with the Karth), no valid conclusions could be
drawn on the propellant requirements as functions
of overall mission time. It is, in fact, clear from
studies of high-thrust trajectories (refs. 2 to 4)
that direct Earth-planet trajectories such as those
of reference 1 are unlikely to produce the largest
mission-time reductions for a given initial weight.

Another study of low-thrust round-trip missions
was included in reference 5, wherein constant-
tangential-thrust trajectories were used. How-
ever, as was pointed out in that reference, an
extensive program of trial-and-error computa-
tions would be required to make these trajectories
useful for round-trip missions much faster than
the minimum-energy mission.  Consequently, it
has hitherto not been determined whether faster
round-trip interplanetary missions are possible
using electric-propulsion systems, or what weight
penalties are likely to be involved to achieve such
time reductions. The purpose of the present
report 1s to answer these questions in a preliminary
way.

The approach used herein is to seleet a particu-
lar family of continuous-thrust trajectories (not
necessarily optimum) for which it is casy to vary
trip time, transit angle, and perihelion or aphelion
distance. Combinations of inembers of this family
of trajectories are then found that minimize the
initial weight for a given total trip time. The
results are then applied to typical manned and
unmanned Mars missions to show how initial
welght varies with mission time and to compare
this weight with that possible using high-thrust
nuclear rockets.
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MISSION ANALYSIS

GENERAL DISCUSSION

Before considering the particular trajectories
selected, it is well to derive getieral expressions
for determining initial weight required for any
round-trip interplanetary mission. These mis-
sions can generally be divided into seven phases:
(1) Earth escape, (2) Earth-planet transfer, (3)
descent to planetary orbit (or surface), (4) waiting
time, (5) escape from planet, (6) planet-Earth
transfer, and (7) descent to Earthi orbit (or sur-
face). For one-way interplanetary probes, only
the first two or threec of these phases nced be
considered ; while for round-trip missions, all must
be included. With high-thrust propulsion sys-
tems, only phases (1), (3), (5), and (7) involve
propulsion periods; while with low-thrust systems
all phases except phase (4) may require continuous
propulsion.

For preliminary studies of mission capabilities
and feasible trajectories, such as those contained
herein, it is assumed that:

(1) Only a single gravitational mass need be
considered during each phase (the Earth in phases
(1) and (7), the destination planet in phases (3),
(4), and (5), and the Sun in phases (2) and (6)).

(2) The orbits of the Earth and the destination
planet are circular and coplanar.

These assumptions are justifiable on the grounds
that the major energy changes involved in the
actual mission are included in this simplified
model.

The cscape and descent phases of the mission
(phases (1), (3), (5), and (7)) can be adequately
handled using the charts of reference 5. These
charts present trajectory parameters for constant
specific impulse and constant thrust directed
parallel to the instantaneous velocity vector.
It has frequently been indicated (c.g., refs. 1 and
5) that constant-tangential-thrust trajectories are
close to optimum with respect to propellant
consumption for accelerations from satellite orbits
to escape velocity.

The Earth-planet transfer phases (2) and (6)
will be evaluated using a particular trajectory
tamily to be derived. These phases consist of
transfers between two circular orbits (those of the
Earth and the destination planet) with the
boundary condition that the vehicle velocity is
equal in magnitude and direction to that of the

Earth at the Earth’s orbit and that of the destina-
tion planet at its orbit. For such transfers,
reference 1 indicated that propellant consump-
tion is minimized if maximum jet power is applied
at all times (as in the constant-thrust case) but
with the thrust varied to follow certain optimum
trajectories. Phases (2) and (6) will therefore be
called variable-thrust phases; and the trajectory
family to be derived, although not optimum, is of
the constant-power, variable-thrust type.

MASS RATIO FOR CONSTANT-THRUST PHASES

As pointed out in reference 5, mass losses other
than propellant consumption can somectimes be-
come important in calculating the trajectories
and perforinance of low-thrust vehicles. Particu-
larly for manned missions, the consumption and
ejection of subsistence supplies may significantly
affect the trajectory during the lengthy propul-
sion periods. The mass-ratio expressions, both
for constant-thrust and variable-thrust trajec-
tories, will therefore be derived for the case where
supplies, other than propellant, are being ejected
without generating thrust. It is assumed that
this ejection takes place at a constant rate, since
discontinuous ejection of sizable mass requires
stepwise integration of the equations of motion.

To determine the trajectory as a function of
time fromn the charts of reference 5, the two
parameters that must be specified arc ¢, and 17,
wliere ay=F/myg, is the initial thrust acceleration,
and V;=uw,/v, o isthe effective jet velocity parameter.
(Subsecript 0 is used to designate values in the
reference orbit, which is either the departure
orbit for escape phases or the destination orbit
for descent phases.) The expression for effective
jet velocity parameter is derived as follows:

A M
where 2, is cffective jet velocity, £ is thrust, i,
is propellant consumption rate, and m; is supply
cjection rate. (Al syvmbols are defined in ap-
pendix A.)  Now
. F
m ]

P,
Cs,pr

where v; ,, is propellant jet velocity, so that

Vs, pr

Tj* . ¢
My (2)
! +mp,
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Making all velocities dimensionless with the ref-
erence circular velocity v, vields

L Ty (3)
1+—+=
+m,,,

With V; and a, specified, constant-thrust phases
of the trip can be determined from the charts of
reference 5. The mass ratio for these propulsion
periods is given by

my T My
eV, m, W
where 7=v,t/r, the dimensionless propulsion-
time parameter, and where my=m, for outward
paths and my=m, for inward paths.

For electric-propulsion systems, thrust and pro-
pellant jet velocity (or @y and »;,,) are not in-
dependent. For constant jet power, they are,
in fact, related by

Mop 0%, pr =04, pr=14T761, (5)

where /' 1s expressed in pounds, ; ,, in feet per
second, and P; (the jet power) in kilowatts. In
dimensionless form this becomes

1476 W, P,

Vs,0 Moo W ©)

Vi pr=

where W;=mgq 1s the initial space vehicle weight.
This initial weight is introduced to permit use of
two design parameters: the specific powerplant
weight « (=W,,/P;, 1b/kw) and the ratio of power-
plant weight to initial gross weight g8 (=W,,/W,).
With these parameters, equation (6) becomes

1476 W, 8

Ve, 0 7n0_(]0 [

a(]Vj pr— (7)

The mass ratio for the propulsion period can be
expressed in a more useful form, in terms of the
propulsion time and the parameters « and g.
Thus.

My My QT Tty
e a0 )

where #, 18 the propulsion time. But

1476 W,
g LN ©

@V, 0 TMoGo ¢

and
) _ (@)
Ty Zeols (10)
7o
Consequently,
;7—2;—1—4 1410~ aro(aOT)Z(m°> m“q‘);;f %ﬁf
(11)

where 7, is expressed in miles and ¢, in days.

For the outward trajectory (my==m,), cquation
(11) is the solution for m,/m, For the inward
trajectory {(my=m,;), the solution of the quadratic
for my/m, is

_~/1+4O (1—% 1
Ma 20

where

— -5 2 Mafo &
C=4.14X10"%7(a,r) W, Bi

For values of €' and m,t;/m, much less than unity
(which is generally the case), expansion of the radi-
cal yields, to first order in C"and mt,/m,,

20

Mg

This expression can also be written in the following
more convenient form (for later derivations):

._~< ity tf) [1+4 14107y (agr)? T & o 2
7.

(11a)

Equation (11) (with my=m,) will be used for com-
putations of mass ratio for outward paths, and
equation (11a) for inward paths. Use of equation
(11a) is conservative, in that values of my/m, ob-
tained are lower than those resulting from the
exact equation.

The dimensionless total-impulse parameter (ao7)
is determined from reference 5 for the energy
change required during the propulsion period. For
values of ao and V; corresponding to escape from,
and descent to, circular orbits near the planets with
electric-propulsion systems, the value of a7 is
approximately 0.9 and is rather insensitive to mod-
erate variations in gg and V; in the range of interest
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for electric propulsion. This value will therefore
be used for the escape and descent phases of inter-
planetary missions.

It is clear from equation (11) that, for each
constant-thrust propulsion period, an optimum
propulsion time exists that minimizes the sum of
the propellant weight and supply weight required.
Representing equation (11) by

%=1—a1tfl——(1/2tf (12)
‘a
aud differentiating with respect to ¢, yield the fol-
lowing values for optimum propulsion time and
maximum mass ratio:

topr=v /05, days (13)
<mb> =1- 2\/(11(12 (14)
mazr

For most missions of interest, ¢,,; is unreasorn-
ably large. In particular, if a, is negligible (very
small supply ejection rate), equation (12) leads to
the obvious conclusion that the propulsion time
should be as large as possible to reduce propellant
consumption. This optimization is therefore not
a useful one when reductions in total trip time are
being sought.

MASS RATIO FOR VARIABLE-THRUST PHASES

For variable-thrust propulsion phases, the deri-
vation of convenient expressions for the mass ratio
proceeds in a manner similar to that of reference 1,
except that supply consumption and ejection are
considered. The differential mass loss can be
expressed as follows:

dm=— dmp, —dms

=— dt—mS d¢

7’] pr

mia? | .

where the constant-power condition

P, ,,=1476P, (16)

has been used. KEquation (15) can be written in
integral form as follows:

i dt ioqrdt
“"‘“”“f f 1476P, (17)

or

! T,
0.28P; %—1—77'%7%] fdt> f f( >dr—
magavo,(l my 0

where v, , is expressed in miles per second. The
integral of the square of the nondimensional ac-
celeration v is the quantity to be determined from
the particular trajectories selected.

To obtain the mass ratio in a reasonably sim-
ple manner from equation (18), the mass in the
denominator of the supply-consumption integral
is represcnted by a mean value, given by

T (-t ) =k (1+%} (19)

With this substitution, equation (18) becomes

Mty
0.28P; | m, My
mgvj My 1= moN | (20)
adalc,a 2 Ty
(o
In terms of the parameters « and g,
0.28P; 0.28P, My Joo__ 0 28 Yoo My _ﬂ_ (21)
MeYalc,a W Veya Mg Ja Voo o Mg &
so that equation (20) can be written
Mty
m m My ¢
Mo oo Te_Talp (22)
my o 1”_b>2 m; 8
’ (1+ma
where
_Vew fa, kW
02890 7 1D (23)

Equation (22) is the required relation between
mass ratio and the trajectory parameters. It is
plotted in figure 1 for several values of the supply-
consumption ratio m,/m, for the particular value
k=1%. 'T'hat this value of k 1s a reasonable onec for
moderate supply-consumption rates was verified
by comparing the curves of ficure 1 with values
obtained for two special cases for which the
m~? integral in equation (18) is easily evaluated.
These cases are (1) m/m,=1— const. (¢/t;), and (2)
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variable-thrust propulsion periods involving nonpro-
pulsive mass ejection.

(m/m,)*=1—const.(#/t,). Forthefirst case(constant
mass-consumption rate), equation (22) becomes

|ty
-ZLLZ *ﬂ— (22a)
+ﬁ 3 r
For the second case, equation (22) becomes
M t,l ( )
Ma_j_ _ﬂ’ 5T @2

Ty

365957—61 2

Values obtained from equations (22a) and (22b)
are indicated in figure 1 for the case mt;/m,=0.3.
The comparison indicates that, at least for values
of mg,;/m,<0.3, the curves obtamed for k=%
are adequate 1or preliminary mission studies.
These curves do not, however, yield the correct
values of m,/m, at T=0[(m,/my)p=o=1— (1t /m4)].
The dashed curves were therefore faired into the
correct value to improve the accuracy near the
abscissa.

With the curves of figure 1, the mass ratio
required to follow constant-power trajectories can
be determined when the value of v for those tra-
jectories is found. For the particular case of
heliocentric transfer from the orbit of the Earth,
the relation between v and T is

T'=0.04y (24)

[It should be noted that the v of this report is
not the same as that of ref. 1. The relation be-
tween them 1s

al’= (72>Ref.1

The expression v%/« plotted in ref. 1 is related to
the present parameter by

o454 (7 kw
I‘40.4o4(a>ReL1; o

where the factor 0.454 converts the a of ref. 1
(which is in kg/kw) into Ib/kw.]

MASS RATIO FOR INTERPLANETARY ROUND TRIPS

The mass ratios required for the seven phases
of a round-trip interplanetary mission can now be
summarized as follows:

Phase (1).—Escape from circular orbit of radius
7 around Earth (from eq. (11)):

1335108, I &My
my; Goo Bt1 My

(25)

Phase (2).——Earth-planet transfer (eq. (22)):

4rhst2
MM My
Ma ! ( m2> ™My 6 (26)

(The solution of this equation is given in fig. 1.)



Phase (3).—Descent to circular orbit at radius
rs around planet (eq. (11)):

Mags M3 o Msts

ms _
—=1-3.35X10"5%»
2 < ¢ Moo Mo Bty My

@7

or, from equation (11a):

m3 mstg _ m/g gg a>”1
T (1= (143 5y o2 I3 2
< my >< T3.35X107r My Goo Bt

My
(274)
Phase (4).—Waiting or exploration period:
ZE_“=1 _%_Lnﬁ (28)
ms ms ms

where m,, is the mass, other than provisions, that
is used during this period and left behind (such
as landing and exploration equipment),
Phase (5).—Escape from circular orbit at radius
rs around planet (eq. (11)):
ms my g3 o

Nt
T 13,355 1075 1y =2 Msls
my < 3 My Goo Bts My

(29)

Phase (6).—Planct-Earth transfer (eq. (22)):

4mst
ms ms msza
AL ISR L S LLL it :
me <1 mg\  m; B Ts (30)

(The solution of this equation is plotted in fig. 1.)

Phase (7).—Descent to circular orbit at radius
7, around Earth (eq. (11)):

- _ ms m g7 o ’/flst7
—T=1-335%10 0 pp— —L L _— 577
Mg ! Mg My Joo Btz Mg

&1
or, from equation (1la):

-1
ﬁll~< m3t7><1+3 355105 py 28 I1 9)

Mg My Goo Bty
(31a)
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The mass m; 1s the mass returned to an orbit
around the HKarth, and includes (1) the return
payload mass (crew quarters and supplies, except
consumed provisions, crew shielding, communica-
tion and navigation equipment, instrumentation,
etc.), (2) the powerplant mass m,,, and (3) the
reserve propellant and provisions my,, If the
basic payload and reserve are grouped together
and denoted by m,, the return payload mass, then

e Mg (32)
My My

All structure weight is assumed to be included in
the powerplant weight.

It is worth noting that the parameters o and 8
appear in equations (25) to (31a) only as the ratio
a/B, which is equal to W,/P;. Consequently, the
final- to initial-weight ratio m;/m; can be deter-
mined without scparately specifying o and 8. To
find the portion of the final mass m; that is pay-
load, of course, requires specification of powerplant
weight ratio 3.

For the general manned mission, the payload
must be calculated by the step-by-step process,
starting with an assumed initial mass m;. 1If the
payload turns out to be less than or greater than
that needed for the mission, other values of m,
must be assumed, and the correct value can be
obtained by plotting a curve of m, against m,.

For preliminary calculations, aimed at deter-
mining optimum values of the many parameters
involved in equations (25) to (32), it is better to
simplify these ecquations by neglecting m,, and the
supply consumption 7. It is also convenient to
consider a specific missionn. The mission chosen
for consideration herein is a round-trip Mars jour-
ney starting and ending in an orbit around the
Earth at radius r;=7r;=4360 miles (g;=¢;=26.6
ft/sec?). At Mars, a waiting orbit at 7,==2500
miles is assumed (g;==8.7 [t/sec?). With these
simplifications, equations (25) to (32) can be com-
bined to yield the following expression for the
ratio of payload weight to mitial weight:

{ +ml | r4-0.0226 <~~~>]}

[+m1a

P2+0_0_2@>] +m1a B+0 1207){ +m1a Ty 10,022 6(»-—)]}

(33)
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tion (see sketch (a)). The radius ratio p is 7/rg,
and the derivatives are with respect to the time
parameter T=uv,,t/r.

Sketeh (a)

Equations (41) and (42) have been integrated
in the past for several types of trajectories. In
reference 5, the thrust is constant and directed at
all times parallel to the velocity vector (tangential
thrust). In reference 6, the acceleration F/m is
constant, again with tangential thrust. In refer-
ence 1, auxiliary equations are derived, using
variational methods, whose solutions yield tra-
jectories that minimize v for a given one-way trip
time between two circular orbits. Other integra-
tions have been carried out for circumferential
thrust (6=0°) and radial thrust (6=90°). None
of these approaches are satisfactory for fast round-
trip analyscs, because, as pointed out previously,
the trajectories most likely to reduce total round-
trip time with minimum propellant consumption
are not direct transfers between circular orbits.
Although indircet-transfer trajectories can be
obtained by trial-and-error patching of wvarious
constant-thrust and zero-thrust trajectories, the
procedure is much too laborious for preliminary
analyses.

The approach used herein is to prescribe a
family of fairly simple trajectories, calculate the
thrust and acceleration programing required to
follow these trajectorics, and determine the com-
binations of members of this family that yield
minimum values of the two-way mass-ratio param-
eter (Iy+T%).

Two familics of trajectories were considered.
For the first, the cquations of motion were left
infact, and an attempt was made to find simple
cquations for the path that were capable of satisfy-
ing the boundary conditions for transfer between

circular orbits. A reasonable form for the tra-
jectory is obtained if p is assumed to be a sine
function of 6. The angle 6, in turn, was repre-
sented by a power scries in 7. The resulting
equations for the trajectory were

f=r1 [034—% <3 %—205—9})
2
+(2) (a2 %0)] @
Tf Tf

p—1 +£’f2_—1 [1 +sin 2 (%9~1>] (46)
~ i

where subscript f refers to conditions at the final
orbit. These cquations satisfy the boundary
conditions

At 7=0: 0=0, p=1, p’=0
(4

At r=7;: 0=0;, p=0py, p’:OJ

Substitution of these expressions for 6 and p
and their derivatives into equations (41) and (42)
and subsequent integration of the square of the
acceleration yield v as a function of 6, 7., and the
initial and final circumferential-velocity param-
oters 6, and 60;. If circular velocity is desired at
both extremities, then =1 and 6;=p7;%2. These
values produce a direct transfer between two
circular orbits. For such transfers, an optimum
0, is found that minimizes v for each transit time
7, For indirect transfers, combinations of paths
can be used as illustrated in sketch (b). Both
portions @b and be could be transfers between
circular orbits, but lower values of v for the com-
bined path can be obtained by wvarying the
circumferential-velocity parameters 6, at the inter-
mediate point 6. A number of one-way and

~=Indirect
trajectory

~Final orbit

Sketch (b)
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round-trip trajectories were ecalculated for this
family, but it was found that lower values of ¥y
were obtained with the second family tried. Since
the second family is also simpler to deal with in
that closed expressions are obtained for the 4's,
no further discussion of the first family will be
presented.

For the sccond family of trajectories, the
assumption was made that at all points the relation

b= po2 (48)

was maintained. This assumption implies that
the ecireumferential component of the velocity is
equal to the local circular velocity at all times.
For this family of trajectories, the equations of
motion (eqs. (41) and (42)) assume the particularly
simple form

a, ,

et 49
P (49)
?=é p 3%’ (50)

The expression for vy then becomes

= |7 dr= [ Lo o6 o0

The assumption 8 =p7%% defines the relation be-
tween the two independent variables 6 and p, but
still permits arbitrary variations of p as a function
of time. It is now only necessary to find an expres-
sion for p as a function of r that satisfies the follow-
ing boundary conditions for transfer between two
cireular orbits:

At 7=0: p=1, p’=0 )
G
At r=1,: p=ps p'=0
J
The simplest expression that satisfies these

conditions is

=1+6-0 (D) (3-2L) 63

Denoting 7/7, by £ the expressions for p and its
derivatives are

p=1+4(p—1)E(3—2¢) (54)

) (55)

pr =0 1oy (56)

J

For indirect trips, such as those of sketeh (b),
combinations of two transfers between circular
orbits can again be emploved, but there is no
choice of the magnitude of the circumfercntial
velocity of the intermediate radius, because this
velocity is circular, for these trajectories, when
p’=0. Substitution of equations (54) to (56) into
(51) vields

3014, o, _

where

Ot pa—prde
Fop= | i 5T

= j FEp)dE (58)

and where f(£,p,) 1s equal to the integrand of the
second term.

The value of 6, for these trajectories is, from
equations (48) and (54),

. 1
o= | s dr=r, [ ot g

=1,G(py) (59)
where
_ (" _ (! dg
Ge)= | ot pts= | " (e —2p 2
(60)

The functions #(p,) and G(p,) are plotted in figure
3. For the entire range of p, shown, an excellent
approximate expression for F(p,) is

F(Pf):'OOSS Pf—3/2 (61)
For a limited range of p; (0.3<p,<3.0), which is of
interest for Mars and Venus trips, the function
G (ps) 1s given to good approximation by

G(Pf) = Pfﬁm (62)

Substituting these expressions into equations (57)
and (59),

3(p,—1)% /4
=3I (Lpone) )
Tr Tr

Or=1,p, /4 radians 3 )
} (64)

=57.3 7,0, 3%, deg
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Radius ratio, Py

Functions

Fiaure 3.-—[Exact and approximate values of functions F(pp) and G(py).

Equations (63) and (64) are the equations for
the trajectory parameters upon which the remain-
der of the discussion will be based.

DIRECT TRANSFER BETWEEN CIRCULAR ORBITS

Although much of the present report is devoted
to round-trip interplanetary missions, it is of
interest to discuss briefly the use of ¢'=,"¥? tra-
jectories for one-way direct transfers between
circular orbits. Such transfers arc needed for
missions such as raising or lowering satellites and
for one-way planetary probes. Furthermore, com-
binations of such direct transfers will subsequently
be used for analysis of round-trip missions. For
heliocentric paths starting from the Earth’s orbit,
1" is given by

T'=0.04y (65)

and the trip time parameter is

ey _18.5X0.864X10%, ,
T T rg 072t (66)
where t,is expressed in days.

Values of T calculated from equations (63) and

(65) are shown in figure 4 as a function of =, for
various radius ratios p, Shown for comparison
is the curve for the optimum Earth-Mars transfer
taken from reference 1. It is apparent that the
0’ =p %2 trajectories are far from optimum for
one-way interplanetary transfers. For an Earth-
Mars transfer time of 175 days, for example, and
for a value of /=50, the ratio of initial to final
mass m;/mg is about 1.007 for the trajectories of
reference 1 and about 1.25 for the 8/=p"¥2 trajec-
tories. Although it appears doubtful that the
low mass ratios obtained for the optimum trajec-
tory can be realized in practice, even for one-way
trips, the difference is so large that there is ade-
quate basis for assuming that round-trip mass
ratios calculated with 6"=p"%? trajectories are
quite pessimistic, and that subsequent trajectory
studies will produce considerably lower values for
given trip times.

For geocentric missions involving transfer to
higher orbits from a near-Earth orbit (r,=4360
miles), I' is given by (see cq. (23))

I'=13.82y (67)
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- Radius ratio,
P

O

.000!

¥

?

Time parameter

alues of T for 8’ =p"%2 trajectorics.

URE 4.—V.

Fia
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The relation between 7, and ¢, is

4.69>0.864><10° ¢,
e 4360

=93 ¢, (68)

where 7,1s again in days. Obviously, the range of
7, of interest for geocentric missions differs greatly
from that of figure 4.

INDIRECT TRANSFERS BETWEEN CIRCULAR ORBITS

To evaluate mass ratios for indirect transfers
with the 6'==p7%? family of trajectories, two
members of this family are combined, as shown
in sketch (e):

—~—Initia} orbit

’_-—Final orbit

Sketeh (c)
Let
7y )
Pa=—
a
e
Pb——rb
7,
pc=—c & (69)
rll
T
pl_ﬁ?"a
r
Po==
Tb;

Then the e expression for v appropriate for the entire
transfer abe is derived as follows:

. ’”(‘i>2dn
0 \Ya
=" (s 2+lp1‘3 p1 ) dn
ST +ae()]
= [ () +5o(s0) ]
" forb [<p,2,>2 N im_a( p;ﬂ dr, (70)

where
Poay )
o=
a s ab
Ve, b
Ty=—""14
s ¢
Z’C,a '-'1
Te ta,c } (/ )
Ta
7
= c.ay
g
Ten
To— o t
Ty J

The integrals in this expression for v are the same
as those which led to equation (63). Consc-
quently, the value of v for an indirect trip becomes

]
e G R U

Let k=t, i/t. . be the fraction_ of the total transit
time alloted to the portion ab of the trajectory.
Then, since py=p./p., equation (72) becomes

2]
e {[(1
(]

020(1 pa)2< 1o

[ +010w0- 3/2}

3/2

-55) @

where

A—[o=

1'—pa

For a given total one-way trip time #,,. and a
given destination radius ratio p,, equation (73)
expressed v in terms of the intermediate radius
ratio p, and the proportion of the transit time
allowed for the first portion of the trip x. For
each pg p., and ¢, an optimum value of « exists
that minimizes vy for the trip. Differentiation of
equation (73) with respect to « yields the following
equation for this optimum « (denoted by «):
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5 L)

030 A?

3/2 3/2

)]4)@@

The solutions of this equation for 7,=0 and 7,=
are

For r,=0: —1:'(”:11”2 (75a)
3
1—
Forrp=w: — "= ‘34 (75b)
Ky Pc

These solutions for optimum «, are plotted in

figure 5. Also shown are values obtained for
7¢=+120. These calculations show that, for

values of 7, of interest for interplanetary missions,
there is no appreciable change in x, from the 7,=0
value. It is, therefore, a good approximation to
use the value of x, for 7,=0 in the expression for
v (eq. (73)). This expression then becomes

'Y:Tc_gfl (pc;pa)—l_Tc_ y'l(pc;pa) (76)
where

Filpepa) =12(1—p )2 (14~ A)* (772)

Fa(peypa) =0.30(1— po)2ps ¥2(14++/A)

[14(A/pe)**]  (77b)

The limiting forms of the functions for p,=1 and
pa=p, (direct transfers) are

fl(pcyl) :fl(pcypc):12(1_pc)2 (78‘1)

f?(pcyl):‘fZ(pc;pQ:O-SO pc_3/2(1_Po)2 (78b)

The resulting expressions for vy are, of course,
identical with the direct-transfer values of equa-
tion (63).

Considerable simiplification in making round-
(rip calculations results from noting that

Al Y07 ) =[Apeypa)] 7! (79)
Sl Y07 00) =05 1 (poyPa) (80)
F2les L0 pa) = pefe(perpa) (81)

The transformations p.~»p;!, p,~>pilp, corre-
spond to inward and outward trips between the
same circular orbits along trajectories with the

Fraction of time allowed for first portion
of indirect transfer, «q

!

Intermediate radius ratio, 2

Fiaure 5.—Limiting values of optimum «; for p,=1.524.

565957—61—3
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a

N

Sketeh (d)

same intermediate radius », (sketch (d)). If the
value of v for the outward trip (abe) is denoted by
72, and for the inward trip (dbe) by vs, equations
(79) to (81), together with equation (76), vield
the result that

n(E() () @

where r,=r,. This equation, in turn, when used
in equation (36), vields the required result that

(r Tb) <7 ; }a) (83)

Values of f; and f, are shown in figure 6 for
p.—1.524 (Earth-Mars trip) and p,=0.656 (Mars-
Earth trip). With these wvalues, mass ratios
required for various combinations of round-trip
Mars trajectories can be calculated.

Another quantity needed for these round-trip
calculations is the angular distance traveled.
From equations (59) and (62),

_ —3/4 —3/4
B—Tapa 3/4+Thpb -

Ueakla ¢ _ Lo pe)
Pettue s e (g, (2
b a

Ta

lirz = (1+\Ap 8/4), radians (84)
or —
14 p 24 A

ol (85)

6
— (pe, pa)
TC

where, as before, the optimum value of « for
7.=0 has been used.

The relation between values of 6/7 for inward
and outward transfer between the same circular
orbits with the same intermediate radius is

6, _, _ [
; (pc I,Pc 1Pu>:03/2 ; (Pc; pa)

so that

6(ps, 0 pu) =0(p, pa)

Even more useful for interplanetary mission
studies 1s the lead angle ¢ acquired during the
transit by the vehicle relative to the initial planet
(Earth). Any lead angle acquired during the
outward trip (and during the time spent in the
vicinity of the destination planct) must be reduced
to zero or augmented to 27 if the rendezvous with
the initial planet is to be achieved. The lead angle
acquired during the departure phase (phase (2)) is

«’Q:gz - I‘EE ts

i/( E l:

where 2, and 7z are the orbital speed and radius
of the Earth, 75 is the orbital radius of the destina-
tion planet, and r,, is the intermediate radius on
the outward trip. The lead angle for the return
trip (phase (6)) 1s

Tp In.2 _1] (86)

'"E ]

Ve B
- f

o=0—
[( £) ()]
SR GEOR] 7

where 7,6 1s the intermediate radius for the return
trip. The lead angle acquired during the time
spent in the vicinity of the destination planet
(phases (3), (4), and (5)) 1s

(2 (éP - 0E>{L

_lem rg\*”?
T [(ﬁ> 1] (88)

where t,=t;-+t,41;.
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To evaluate the weights needed as functions of
trip time for interplanetary round-trip missions,
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T, and T's must be determined for conibinations of
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Tg
1

)
’

0

>— 1], deg/day (89)

>_1} deg/da
0.462, deg/day
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a sharp minimum at r,/rg=1.0, it was thought
likely that the lowest values of I's+T'; for a given
total trip time would be obtained when either
the outward or return trip is a direct one (r,/rg
=1.0). Subsequent calculations confirmed this
conjecture, and further calculations were therefore
made for r,o/rp=1.0. The first step was to
caleculate T's+T¢ as a function of # for several
fixed. values of ¢, and ¢/, where ¢’ 1s the total
round-trip time with the exceptions of the Earth
escape and descent phases; that is,

t,:t2+tw+t6 (94)

Equations (94) and (92) and figure 7 determined
@5, s, and 7, ¢/7z as a function of #,; Ty, and T’y were
then obtained from figure 8. This calculation
yielded the optimum distribution between % and
#; for given t’ and t,, together with the values of
Ty, T, and 7, /7% corresponding to these optimum
trips. The results are shown in figure 9 for ¢,=50
days. The curves show that the outward (direct)
trip time f#, is about one-quarter of ¢, and that
the optimum intermediate radius for the return
trip 7,5 is about 57>10% miles and is almost
independent of ¢’.

Using the values from figure 9, a calculation
was next undertaken using equations (34) and
(37) to determine the best distribution between
t; and ¢ for a given total trip time. Values for
B of 0.2 and « of 10 were used for this part of the
calculation. The ratio m,/m; was found to be
rather insensitive to simall redistributions of total
trip time between %, t’, and #. The resulting
breakdown of trip times is shown in table I.

Using these values, the ratio of initial mass to
payload mass was caleulated from equation (33),

which is the more precise equation for the case
me=0, m;=0. Results are shown in figure 10
for «=5 and 10 pounds per kilowatt. Also
shown for comparison are mass ratios for the
same nission using nuclear rockets with specific
impulses of 800 and 1000 seconds. The compu-
tation procedure and trajectories used for the
nuclear rocket are described in appendix B. The
two branches of the curves for the nuclear rockets
result from use of a different type of trajectory
for low and high trip times.

Figure 10 shows that, contrary to general opin-
ion, electric rockets are potentially as capable as
nuclear rockets of making fast interplanetary round
trips. In fact, for mass ratios less than 10, it
appears that electric rockets ean accomplish the
mission considerably faster than nuclear rockets.
These comparisons, of course, depend on practical
achievement of the assumed performance param-
eters for both systems, but the ones chosen are
generally regarded as being attainable. Another
interesting result shown in figure 10 is that the
mass ratio increases very slowly as trip time is
reduced quite drastically below the minimum-
energy values.

THRUST AND SPECIFIC-IMPULSE PROGRAM

It is of interest to calculate, for some typical
missions, the thrust and specific impulse required
to follow the assumed trajectories. For constant-
power trajectories, such as those considered herein,
thrust and specific impulse (or jet velocity) are
related by equation (5), which can be expressed as

1>
F pg59 L
m:goo

:45.9B

mMyGoo o

(95)

TABLE IL—NEAR-OPTIMUM PARAMETERS FOR EARTH-MARS ROUND TRIPS FOR {,=50 DAYS USING
6’ =p=3/2 TRAJECTORIES

Total trip t t ty i3 4 ts ts t; Ty, kw/lb T, kw/lb b6
time, days rE
1

400 15 370 08 15 25 10 222 15 0. 0315 0. 063 0. 61

450 20 410 110 250 20 . 023 . 044 .62

500 25 455 122 283 20 . 0165 . 031 .62

550 30 495 130 315 23 . 0132 . 0235 . 625

600 35 5140 148 342 25 . 0095 . 0185 .63

700 50 620 160 410 30 . 0060 L0124 . 63

800 70 700 190 460 30 . 0043 . 0090 . 63
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Fraurm 10.—Mass-ratio comparison for Mars round trips (m.,=0; ts==0).

If F{muge 1s denoted by ay, equation (95) becomes

_45.98

Aoy &

I

(96)

For constant-thrust phases (phases (1), (3), (5),
and (7)),

m ayT M, 0.9 m
P ofo__ Qo ogo_. ofo 97)
Mifoo T Moo Ve,al MiGao
Ta

where mogoy=m.g, for phases (1) and (5), and
Mmogo=msg, for phases (3) and (7). Thus, for
phase (1) (Earth escape), with g./ge=26.6/32.2
=0.826, and m,=m,,

0.008
t

(98)

(go,1==

and
Bty

1, =5740 - (99)
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For phase (3) (AMavs descent), g,/g0=8.7/32.2=
0.270,

0.00335 m,

Apg 3™ 2‘3 m, (100)
and
=13,700 222 5“ il (101)
My
For phase (5) (Mars escape),
_ 0.00335 m,
i 2
Ao, 5= ‘s m, (102)
and
I=13, ,oo% My (103)
My
For phase (7) (Earth descent),
0.008 m-
(lnnfﬂT ;n‘z (104)
and
15740 %’ T (105)

For variable-thrust phases (phases (2) and (6)),
the accelerations are obtained from equations
(49), (30), (54), (55), and (56), and the thrust is

caleulated from
M fa ) (
m; ifloo \/(% +

Thus, for phase (2) (diveet Earth-Mars trajectory),

Ay = —
" m, 1900

(106)

a0 ]O bo()

2 !
7 £) (107)
and
“;'Q:Ex (1594, 5 (108)

where f (1.524, £) 1s the function under the integral
sign in equation (58).

For phase (6) (Aars-Earth indirect return), the
aceelerations for the first portion are

a,5 —42,300

o (0.4274)°

—2¢) (109)

and

s s 193 ) frm ( rb>
e (N oD (pes=22) (110
0.497, Vi (0a.6,E) { pa.s - (110)

Ja
and for the sccond portion,

Qo 2080
de  (0.58 )7

ass 51.2 g
da 0.58ts \/f <m’ E)

The thrust and specific-iinpulse programs are
shown in figure 11(a) for a 500-day trip and in
figure 11(b) for an 800-day trip. Values of «
and 8 used were: a==10 pounds per kilowatt and
B8==0.20. These figures show that the specific
impulse ranges from 2,500 to 37,000 for the 500-
day trip, and from 4,000 to 38,000 for the 800-day
trip. The mass-flow rates required for a given
power vary as /7% so that mass-flow variation by
a factor of 100 is needed if 7 varies by a factor
of 10. Although these large variations are not
impossible with lon accelerators, a reduction in
the range of variation will certainly be desirable.
It is possible that trajectories can be found that
do not require such large thrust variations and
that will not significantly increase the mass ratio.
Considerable investigation to find such trajectories
is certainly warranted.

The time variations of several trajectory vari-
ables for the Earth-Mars transfer portion (phase
(2)) of the trips shown in figure 11 are plotted in
ficure 12. Of particular interest are the curves
for the direction of the thrust vector §, which
show that the thrust is radial at both ends of the
trajectory and is inclined at large angles to the
velocity vector throughout most of the transfer.
The fact that the thrust is radial at both ends
of the trajectory for all #=p"%? transfers can
also be seen from cquations (49), (50), and (56),
which show that the radial component of the
thrust vector decrcases linearly with & from its
maximum positive value at £=0 to its maximum
negative value at =1, while the circumferential
component is zero at both ends (p’=0) and reaches
its maximum value near the middle of the transfer
path.

2¢) (111)
and

(112)
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Frqure 12.—Time history of several trajectory variables
for Earth-Mars transfer along 87 = p~%2 trajectories.

MANNED MARS MISSIONS

Using the near-optimum parameters of table I,
calculations were made of the weights required for
a manned Mars mission similar to that discussed
in references 5 and 7; that is, an 8-man expedition
capable of landing on Mars. The constants of
the journey are the same as used for the unmanned
trips of the previous scction, and the additional
constants are m,gy=380 pounds per day (based on
a consumption rate of 10 1b per man per day) and
exploration equipment mgge, equal to 40,000
pounds.

Equations (25) to (32) for this mission become,
with 8=0.2:

Phase (1):
Wi 0.604a  80¢,

W=l (113)

Phase (2):

80¢,
w,_,_\w) W>

e

——-OOLFQ -{1 :

(solution plotted in fig. 1) (114)

Phase (3):
|80t
ur:%__ I/VZ _ =Y
W. | 0113V, (115)
t3 Wfi
Phase (4):
W, . 80t 40,000 .
W, W, T, (116)
Phase (5):
W 0113aW4 80t -
| /A { e 1 (e

Phase (6):

4 80t>
W, W) or, W
(a3 5Wy

EC

(solution plotted in fig. 1) (118)

Phase (7):
180t
W Wi
m“1+0.604awe (119)
t7 -[111
The return payload ratio is, as before,
W, Wi
=020 (120

Using equations (113) to (120) and the param-
eters of table I, the return payload weight W,
was calculated as a function of initial weight for
several trip times and for values of specific
powerplant weight of 10 and 5 pounds per kilowatt.
Results are shown in figure 13. For a return
payload of 50,000 pounds, the initial weights are
shown as functions of trip time in figure 14.
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Ficure 14.-—Comparison of initial weights required in
near-Earth ‘orbit for 8-man Mars mission as funetion
of total trip time (return payload=>50,0001b; W,..,=
40,000 1b).

Also shown in figure 14, for comparison, are
initial weights required for the same mission with
a nuclear rocket having a specific impulse of 1000
seconds and a powerplant weight of 20,000
pounds. Appendix B describes the calculation
procedure for the nuclear rocket.

Among the features of interest in figure 14 is
the result that the initial weight increases very
slowly, with electric propulsion, as the trip time
is reduced from the minimum-energy value of
about 1200 days (refs. 5 and 7) to about 700 days
for a=10 or about 550 days for a=5. The rate
of increase is even slower than that for the
unmanned mission (fig. 10), because reduction
in supply weight needed tends to compensate for
the increased propellant weight as trip time is
reduced. The relative position of the curves for
electric and nuclear rockets remains about as for
the unmanned-mission calculation.

CONCLUDING REMARKS

The results of this study show that, even with
a simple, nonoptimum family of trajectories, it is
possible to produce drastic reductions in the time
required for round-trip interplanetary missions
using continuous, low-thrust propulsion. It 1s
to be hoped that further trajectory optimization
studies will produce even greater trip-time reduc-
tions for given initial mass. It is also desirable,
although perhaps not essential, to find trajec-
tories that require less variation in thrust and
specific impulse than those used herein.

LEwis REsEArRcH CENTER
NATIONAL AERONAUTICS AND SPACE ADMINISTRATION
CrLEVELAND, OHro, April 22, 1960
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APPENDIX A

SYMBOLS

Ps™ Pa II7

1— Pa IIY-L
thrust acccleration o
radial thrust acceleration 8

circumferential thrust acceleration

thrust acceleration in reference circular orbit
for constant-thrust phases

4.4X107%r(agr)*(Mago/ Wa) (a/Bt,)

thrust, 1b

gravitational acceleration

gravitational aceeleration in reference cir-
cular orbit

gravitational acceleration at Karth surface
(32.2 ft/sec?)

specific impulse, scc

mean-value parameter

mass, slugs

mass, other than provisions, used and left
behind (phase (4))

jet power, kw

distance from center of gravitational body

intermediate radius for indirect trajectory

Earth orbital radius, 92.9X10° miles

Mars orbital radius, 141.5X 108 miles

time, days

time for phases (3), (4), and (5), t;-+t4+¢;

total round-trip time except phases (1) and
(7), bttt

jet veloeity parameter, v,/v, 4

circular velocity

cireular veloeity in reference orbit (departure
orbit for escape phases and destination
orbit for descent phases)

jet velocity

!

weight, mgop

Moo

specific powerplant weight, W,,/P;, Ib/lcw
ratio of powerplant weight to initial vehicle

weight, W,,/W,

T (26, 094/0.28900)v, kw/lb

v integrated acceleration parameter for
variable-thrust phases

§ angle between thrust vector and circumfer-
ential direction

g trajectory angle (anomaly)

K fraction of time allotted to first portion of
indirect transfer

£ /7y

p radius ratio

T time parameter, v, of/ro

7, sceeq. (71)

¢  lead angle

¥ angle between velocity vector and circumfer-
ential direction

Subseripts:

a values at start of phase

b values at end of phase

FE  Earth

¥ final values at end of propulsion period

) initial

p  payload

pp  powerplant

pr - propellant

s subsistence supplies

w  wait time (phases (3), (4), and (5);

0 reference orbit

1-7 phases of interplanetary mission

Superseript:

indicates differentiation with respect to 7
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APPENDIX B

MISSION WEIGHT CALCULATIONS FOR NUCLEAR ROCKET

TFor a high-thrust interplanetary mission, start-
ing and ending in an orbit around the Karth, there
are four propulsion phases ((1), (3), (5), and (7)),
each characterized by velocity increment Av re-
quired to follow the chosen trajectories. If only
the propellant mass reduction resulting from each
Ap 1s considered, the mass ratio for ecach firing is

7
My,
m’a,n

:e—Av,L/v,-

(n’:1;3:5:7) (Bl)

For the nuclear rocket, it is assumed that a single
nuclear reactor and thrust chamber will be used
throughout the mission, so that no motor staging
will take place. However, after each firing, some
propellant tankage can be disposed of. If it is
assumed that the tankage weight is proportional
to the propellant used, the weight after each pro-
pulsion period can be represented as

mb,n: ml;,n_—en(ma,n—m;,n) (B?‘)
or
mb,n

= (l—l—en)e‘Avn/vj_en

a,n

n=1,3,5,7) (B3)
where e, 1s the ratio of disposed propellant tankage
to propellant used. A value of ¢, of 0.05 was used
in the present computations. If the mass ratio of
equation (B3) is denoted by mJ, the initial weight
for a complete manned interplanetary mission can
be written as follows:

s Wt Wiy mil¥ity
! mimsmsms
7”.; m'; (W9t4+ufez) + 77?é rﬂ.; m‘;th:’.

MMMy

+

(B4)

where W,=80 pounds per day for the 8-man mis-

gion considered, and W,,=40,000 pounds. For

the unmanned mission (W,=MW,=0), equation
(B4) reduces to

u72727

W,

I AN I
W, mimgmimg

(B3)
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For the nuclear-rocket curves of figure 10, equation
(B5) was used, with W,,/17, assumed negligible;
while for the curves of figure 14, equation (B4) was
used with W,, assumed to be 20,000 pounds.

The values of Av and trip times were obtained
from reference 4, which contalns results of system-
atic calculation of Earth-Mars round-trip tra-
jectories. For each range of total trip time, the
trajectories yielding minimum total A» were used.
For trip times between the minimum-energy value
of 970 days and 650 days, the best routes found in
reference 4 were of the direct type for the outward
trip and an aphelion route (passing outside the
Mars orbit) for the return trip.  For the trip time
range below 600 days, lowest Ap’s were found when
outward and return trip were both along perihelion
routes (passing inside the Earth’s orbit). Some
interpolation was necessary in the times and Av's
of reference 4, since, for some of the trajectories of
interest, values were given only for 100 days’ and
zero days’ walting time (#,) in the vieinity of Mars.
To obtain the weight ratio comparable with those
for the low-thrust missions, a value of #, (=t,) of
25 davs was assumed unless larger waiting times
produced smaller Ar’s. The resulting values for
the Av’s and times are given in table II.  The times
required for the propulsion phases were assumed to
be negligible. A slight correction was made in the
values of Ap; and Av; obtained from reference 4, to
allow for the difference between the 2500-mile
orbit assumed herein and the orbit at 1.1 r,, used
in reference 4. 'This correction amounted to
changes of the order of 0.06 mile per second or less
from the values of Au, and As; obtained from
reference 4.

Table II shows that, for trip times greater than
810 days, the waiting time at Mars 1s greater than
25 days for the optimum trajectories. No calcula-
tious for #,°>25 days were made for the low-thrust
propulsion system; however, the results of refer-
ences 5 and 7 for minimum-encrgy paths (,=450
days, t,;~1200 days) yielded initial weights com-
parable to those obtained herein for #,=25 days,
t0:=800 days. Consequently, it is expected that
trajectories can be found, in the range of ¢,,, from



FAST INTERPLANETARY MISSIONS WITH LOW-THRUST PROPULSION SYSTEMS 29

TABLE II.—TRAJECTORY PARAMETERS USED FOR NUCLEAR-ROCKET CALCULATIONS

Total trip ts ‘ lw ts J Ay ‘ Avs Avy Avq AVyos, Route
time, days miles/sec
970 260 450 260 2.20 1. 36 1. 36 2. 20 7.12 Minimum-energy
900 260 225 415 2. 20 1. 36 2. 62 2.32 8. 50 Direct-aphelion
850 260 110 480 2.20 1. 36 3.22 2. 44 9. 22 Direct-aphelion
810 260 25 525 2. 20 1. 36 3. 64 2. 53 9.73 Direct-aphelion
650 160 25 465 4. 48 2. 05 4. 84 4. 58 15. 95 Direct-aphelion
550 263 25 262 4. 60 2. 19 2. 68 5. 00 14. 47 Perihelion-perihelion
500 226 ‘ 25 249 4.70 2.78 2. 68 4. 30 14. 46 Perihelion-perihelion
400 155 \ 25 220 4. 70 3. 56 3.17 4. 00 15. 43 Perihelion-perihelion
350 123 ‘ 25 202 4. 60 4. 36 3. 76 4. 90 17. 62 Perihelion-perihelion
|

800 to 1200, that vield longer waiting times than
25 days with little, if any, increase in initial weight.

The round-trip missions analysed herein are not
necessarily the most economical for cither nuclear
rockets or electric rockets. Other missions possi-
ble with nuclear rockets might include nueclear
boost from the Karth as part of the escape phasc
(phase (1)), whereby some improvement in over-
all mass ratio might be realized relative to electric
rockets. Such a mission should be compared with
one in which electric rockets are launched into
orbit with nuclear rockets to determine whether
there is sufficient advantage in switching to elec-
tric rockets for the interplanetary part of the mis-
sion. Use of atmospheric braking, both at the
destination planet and upon return to Earth, would
reduce the weight ratio needed for both nuclear
and electric rockets for a given total trip time.
The reduction might be greater, percentagewise,
for nuclear rockets than for electric rockets, be-
cause reductions in the effective Av tend to be more
significant with systems having lower specific im-
pulse. Such analyses, as well as discussion of the
relative optimism or pessimism in the assumed

performance parameters of the two systems, are
beyond the scope of this report.
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