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TURBULENT BOUNDARY LAYER ON A YAWED CONE IN A
SUPERSONIC STREAM!

By Winnis H. Brauw

SUMMARY

The momentum integral equations are derived
Sorthe boundary layer on an arbitrary curved surface,
using a streamline coordinate system. Computa-
tions of the twrbulent boundary layer on a slightly
yawed cone are made for a Prandtl number of 0.729,
wall to free-stream temperature ratios of %, 1, and
2, and Mach numbers from 1 to 4. Deflection of
the fluid in the boundary layer from outer stream
direction, local friction coefficient, displacement sur-
Jace, Uft cocfficient, and pitching-moment coefficient
are presented.

INTRODUCTION

The flow of a laminar boundary layer over a
cone in a supersonic stream has been well estab-
lished, not only when the cone is alined with the
free stream (refs. 1 and 2) but also for certain
perturbed motions. Moore (refs. 3 and 4) has
computed the boundary layer on a cone at angle
of attack, and Mingworth (ref. 5) has found the
flow when the cone is spinning.  Recently, the
laminar boundary layer for a cone that is both
spinning and at angle of attack has been investi-
gated (refs. 6 and 7).

The corresponding treatment of the turbulent
boundary layer on a cone has only been begun.
Van Driest (ref. 8) and Gazley (ref. 9) have studied
the cone at zero angleof attack. They have found
transformations relating boundary layers on cones
to those on flat plates. Van Driest’s method
represents the turbulent stresses aceording to the
mixing-length theory, while Gazley uses the
momenlum-integral cquations.

The investigation of the cone at yaw (attack)
orin spin is impeded by the lack of any generaliza-
tion of the turbulent stress representations to

I Supersedes NACA Technical Note 4208 by Willis T1. Braun, 1958,

three-dimensional  boundary layers. Moreover,
it appears from experimental measurement (sce
ref. 10 for review of experimental results) that
the “principle of independence” may not hold
for three-dimensional turbulent boundary layers.
That is, on a yawed cylindrical surface, the flow
in the plane normal to the axis may not develop
independently of that along the gencrators, as
in laminar, incompressible flow. From these
considerations it appears that a resolution of the
equations of motion along a body coordinate sys-
tem will not, in general, lead to a tractable prob-
lem.  More appropriate for this case is the integral
method as applied by Mager (ref. 11), which
follows the development of the boundary layer
along a streamline, assuming that the thickness,
skin friction, and other properties behave nearly
as in plane flow.

The following development extends Mager’s use
of the integral method to compressible flow over
arbitrary curved surfaces. The specific case of the
turbulent boundary layer on a cone at small angle
of yaw is considered. The forees exerted by the
boundary layer on the cone and the heat transfer
to the surface are computed.

SYMBOLS
A defined in equation (19)
B defined in equation (18)
C constant
Cp frictional drag coeflicient
C, local friction coefficient (defined in
eq. (12))
« frictional lift coefTicient
Cir pitching-moment coefficient
D defined in equation (51)
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defined in equation (42)
frictional drag force

frictional lift foree

determimant of metrie coeflicients
metric cocfficients

integral

constant

defined in equation (40)

AMach number on surface of un-
vawed cone

Mach number on surface of yawed
cone

Mach number ahead of shock

pitching moment

index, equation (15)

Prandtl number

pressure

distance from apex of cone

Stanton number

arc length in

temperature

time

velocity ecomponent in direction of
cone ray

veloeity component in " direction

circumferential - velocity compo-
nent

constants defining potential flow

coordinate in streamline system of
coordinates

defleetion angle at wall

defined in equation (45)

ratio of specific heats

displacement surface height

boundary-layer thickness

displacement thicknesses, equation
(11)

yaw angle

parameter defining pressure in po-
tential flow

cone half-angle

momentum thicknesses, equation
(11)

yaw parameter

viscosity

kinematic viscosity

parameter defining density in po-
tential flow

density

viscous stress

direction

@ angle aboul wind axis
¥ angle about body axis
Subseripts:

m mean value

8 stream value

w wall value

Superseript:
- value on unyawed cone

INTEGRAL EQUATIONS ON A CURVED SURFACE

Consider the boundary layer of thickness § on
the surface S of sketeh (a).  The projection of
the stream velocity u, on the surface determines
the # direction. (Tt is assumed that w, is the
velocity a potential flow would have at the
surface.) The direction in the plane of the
surface normal to ! is designated 2% With the
choice of «9 normal to the surface the result is a
right-handed orthogonal system. There can, in
general, be a pressure gradient in the 2% direction.
The effeet of the pressure gradient is much
stronger upon the low-energy fluid in the boundary
layer than upon the outer stream. Consequently,
u? does not vanish in the boundary layer, and the
turning of the streamlines within the boundary
layer is greater than at 2°=8. The angle of de-
flection between the outer streamline and the
limiting direction of the streamlines at the surface
1s denoted by a.

The element of arc ds in the z-system is given by
(ds) 2= goo(dz")+ g11 (") + g2 (ds®)®

where the gy are the metrie coeflicients.  Of these,
gu and gy, are functions of 2°, #!, #* determined by
the surface S. By choosing z° to be the normal
distance from S, it is correct to set go=1. With
the definition

9=gul=gugx
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the equation of continuity becomes (ref. 12)

El: - (pu) + pu‘ — lu r/]— H

The momenium equations are (as derived from
ref. 12)

2
2 (P” W +7“ Dl (]” Tl. 1>4 2

In equation (2) uf, is the covariant derivative of
the contravariant vector u' with respeet to z
and 7§ is the stress tensor excluding pressure.

Tt 1s more convenient to have (1) and (2) in
terms of the physical components of the velocities
and stresses.  The physical components are given

by B
u ({) j\/gn u! (3)
r(?])—\/:;” 75 @

and the are lengths in the three coordinate diree-
tions are

ds(D) =+"g,; durt (5)
I, in addition, the results of the appendix are used

to choose the dominant turbulent force terms,
cequations (1) and (2) become, respeetively,

Z[Dpu(?) \/ ]
s (1) DS(T) i
and

+pu(l)u@) 2 "f(‘ggu 20) 32 1
:555(3)1) a?g) @
v 22 e
+pu(Hu(2) aé”(‘l)q” w2(1) a.é“.é)qn
abrs(g’%) asaé) (8)

Outside the boundary layer, equations (7) and (8)
become

Ouy __ Op_
P (1Y~ " ow(D) ©)
and -
,0In Vi op (10)

psus a\‘(r))

T 0s(2)

Equations (7) and (8) are now {o be integrated
across the boundary layer with the use of (6),
(9, (10), and the following definitions of dis-
placement and momentum thicknesses:

[T as
! a P '

A O [
. 0 U, psis

8
*__ p"@ 0
% j;) psUs de ( (1 1)
= [ 2L 4t
Jooo U pgl
52 (2 2)
Or= ’—f —‘" (_) p_?l (-) d.?
0 Uy psUs J

The result is

ag]] a 6821
a\(l)_*_ 11 O (]) ln ps"s\(]’2+61 a ( ) ln Us +a,—(2_)

*

a I 6
. 2 . o — 2
18, O\‘(Q) In p,u3g,,—0,, v (1) I+ x ()

T(Ol)w=1_
pss 2

Q —
—o% mhl PsUs \ Ju= (12)

04,, o8,
a\(l)—}_ 21 a (1) 111 Ps 302’+a'\‘<2)'

i a —
0 D-s'(?j In pud v'gn— (911+5T) 25(2) In /gy

—L 0 7'(09) w__

1
3000, 2 C, tana (13)

In deriving (12) and (13) use has been made of
the fact that the metric coefficients change very
little over the thickness & of the boundary

layer, so that (l'ef 12)

D (2)1“\(111 O (9)]]1'\011 = ID[ (j( >] f(14)

aln g~—1—
oY R )

a\(])ln\g,j 5 (1)111\(], o (.I:
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where in each of equations (14) I is some radius
of curvature. Terms of order 6/ compared with
unity have been negleeted in (13).

Equations (12) and (13) govern the development
of a compressible boundary layer on a curved
surface on those portions of the surface where the
radius of curvature is very much greater than
the boundary-layer thickness. In this respect
the foregoing derivation resembles that of Timman
(ref. 13) for laminar, incompressible boundary
layers in contrast to that of Mager (ref. 14) for
incompressible boundary layers over axisymmetric
bodies at yaw.

VELOCITY PROFILES AND FRICTION
COEFFICIENT

The five boundary-layer thicknesses (11) thal
arise in the equations of motion (12) aund (13)
are functions of the two velocity profiles in the
boundary layer w(1)/u, and %(2)/u,, and of the
density ratio p/p,. These three unknown variables
along with the friction cocfficient €, and the
deflection angle a give a total of five.  Therefore,
hypotheses about the boundary-layer character-
istiecs must be added to the two equations of
motion for the system to be solvable. The only
hypotheses available are those suggested by
studies of the boundary layers on flat surfaces
where the streamwise pressure gradient is neg-
ligible, Tt is convenient to write these hypotheses
here and to discuss in a subsequent scction
whether they are appropriate to a cone at yaw.

With respect to the velocity profile in the
direction of the free stream, the customary
assumption of a power law is made; as in planar

flow,
1 ; oN1I/n i
O e

The index n 1s known to vary roughly as the
logarithm of the Reynolds number (vef. 15},
although to simplify computations it is usually
kept at a constant value between 7 and 9.

The component of crossflow in the boundary
layer u(2)/u; must vanish both at the wall and at
the edge of the boundary layer, as shown in
sketch (a). An expression which yiclds a quali-
tatively correct profile and which is also quanti-
tatively accurate for slow flows (ref. 11) is

For the density ratio p/p, there is available
under the condition of negligible pressure gradient
the quadratic in the veloeity profile that holds in
plane flows (e.g., ref. 8):

o Tyt (MOYT
ps—Tw[H B u) an

wliere
= s Y=y T
B:(l s YA 18)

Ar=Prs r—1

5 Mg% (19)

The subscript s refers to conditions outside the
boundary layer, and 7, is the (constant) temper-
aturc of the wall. The factor Pr¥é is an empirical
correction (ref. 16).

Again, using a property of plane flow, the
friction coefficient is replaced by a generalized
Blasius formula

U /T \% iy
Y s s 9
Ofﬁlx (.us ) <]'m> (’usa) (HO)

The subscript m refers to reference conditions in

the boundary layer. Eckert (ref. 17) gives for a

reference temperature

’Y__
2

The value of K is generally taken as about 0.045

Lipr,  e@n

Tom (Tt T 0.22 D%

for a flat plate and ?ﬁ (0.045) for a cone alined
Ve
with the stream.

The relations (15) through (21) reduce the
number of dependent variables to two, the
thickness & and the deflection angle a. Stream
Mach number and ratio of wall to stream temper-
ature are the parameters. Further progress in
the solution of the equations of motion (12) and
(13) requires knowledge of the strcam of a given
configuration (i.c., ).

STREAM COORDINATE SYSTEM ON A SLIGHTLY
YAWED CONE

The coordinate system on the yawed cone is
composed of the potential-flow streamlines on the
surface and their orthogonal trajectories. The
flows on the surface of an unyawed cone and a
yawed cone are compared in figure 1. Whereas
the surface streamlines coincide with the elements
of an unyawed cone, on a yawed cone they are
deflected by the circumferential pressure gradient.
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Unyawed

Yawed

Figure 1.—Coordinate systcms on unyawed and yawed cones.

The potential flow may be found for small yaw
angles ¢ by use of the tables of reference 18.
(The definition of e used here and in ref. 18 is the
negative of that of some treatments.)

In terms of the angle ¢ about the wind axis, and
to first order in ¢, the radial and circumferential
components of velocity are given by

U=7U-+€x cos ¢ (22)

w==ez SIN ¢ (23)

where z,2,% are coefficients tabulated in reference
18 agaiust cone angle and Mach number, The
velocity % is recognized as the radial velocity at no
vaw (e==0). When making computations it is
necessary (ref. 3) to replace the values of z appear-
ing in reference 18 by z=—z (tables) —2x/sin 6.
At the surface of the cone it is allowable to first
order in e to replace the angle ¢ by the cone angle ¢

(ref. 19). Then the path of the streamlines on
the surface of the cone is given by
dr
%z > dy @4
rsin® *
d?

Integration of (24) viclds
I—cosy| = .  —Zsin 0]‘2 o o
T cos ¥ 72 (sin ¥) (25)

where each value of the parameter #? is associated
with a streamline. The exponent ¢/sin © appear-

Sa)=

ing in (25) is the parameter describing the per-
turbation of the system from zero yaw, and is
hereinafter denoted as \:

€
sin O

il

A (26)

Let the function f(x%) be chosen so that at zero
yaw (A=0) 2’=—cos y. Then

2
f (12)=} f;z @7)

Equations (25) and (27) taken together are an
implicit transformation from r,§ to 2% Their
combination yields

2*=-—cos y—A sin®y In [r#? (sin ¢)-@Dsne6]  (28)

Equation (28) describes the streamlines on a
yawed cone to first order in the yaw parameter \.
The new coordinate z* runs from —1 at the top
of the cone to 41 at the bottom.

The curves orthogonal to the streamlines are
defined by

dr ezsiny
rsinOdy @tercosy

which upon integration yields
:r‘:r(l—)\ sin?0 g cos |,lx> (29)

On the left of (29), 2! is a parameter associated
with the family of normal curves or, alternatively,
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a coordinate measured along the streamlines.
Equations (28) and (29) are the transformation
from the unyawed to the yawed coordinate
system.

The inverse {ransformation is readily found
to be

r=—ul [1 —X (sin% Q) % .z'{] (30)

N[ (%)) {Z In

~TS O 1} 1)

cos y=—1r?

On the surface,

(d)2= (dr) 24 [r (sin O) dy|?
=gy, (dr") 24, (da?)? (32)
Using (30) and (31) in (32}, it is found that

gn=1—2\ (sin2O) % 2 (33)
_Wsin@)? 0 oy 5 [2 s L
Jor= [ 1 —2\r = sin O+1‘Zl“ J
x . T st
—g sin O_ﬁ - — (%7 }) (34)

The density and velocity at the edge of the
boundary layer are also required in the equation
of motion. They are obtained {rom reference 18
to first order in X as follows:

W=t ur =7 (1—2>\ ’—q-‘;—o .1'2> 35)

=7 (1 A E20 r) (36)
P=P (1;)\ m S;_? il ;r'~’> 37

From (35), (36), and (37), it follows that

T,=T [1 4 (sin ©) (é— IE)) .1-2] (38)
and

A=ATe [1+>\ (mlo)( = 5)1] (39)

In the preceding equations, a bar over a quantity
indicates its value at zero yaw.

With the aid of expressions developed, it is
possible to show that, for a cone at small angle

of yaw, the forms hypothesized for the velocity
and density profiles in the preceding section are
indeed appropriate. The substitution of (16),
(33), (34), and (37) into the equation of motion (7)
gives, upon neglecting terms of second order in a
and A and the term of order 8,

ou(l)
2[" D otey

The pressure gradient is seen to be negligible, so
that the velocity profiles (15) and (16) are good
approximations.

Moreover, replacing u(1) by temperature and
7(01) by heat flux over heat capacity in the pre-
ceding equation results in the energy equation.
This is the condition necessary for Reynolds’
analogy between stress and heat flux to hold.
Consequently, the density (or temperature) pro-
file (17), which is based on Reynolds” analogy, can
be properly used for the cone at small angle of yaw.

_or(01)
T os(0)

SOLUTION OF THE MOMENTUM INTEGRAL
EQUATIONS

The momentum integral equations (12) and (13)
are now to be written for a yawed cone at constant
temperature in terms of the boundary-layer thick-
ness § and the deflection angle o, Tn order to do
this it is necessary to evaluate first the integrals
(11) using (15) through (21). Tt is convenient to
specialize at once to n=7 in the profiles (15) and
(16) and to make the following definitions:

7 =f[ fmdi'
" Jo 14+ Br—A%e
1 ‘-mdf
Jo (1+B§‘—;12§'2)2
1 [ B—2.42

Im,zz

412+ B2 14+ B—-12

+212(m—1)In—Bm ],,‘_1]

oy ¥ g T
2‘ w

7£L( ypps ¥t w)—l

8

T ity — 1) A2
1T Pty 1))1]
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Then to first order in A and «, the displacement
and momentum thicknesses (11) become

o )
'E 1, I7+k(81n O) T [(4—‘“).[7

+ Byl ,+2 %2219.2] z?

=[L,-+X(sin ©) L,x?

&3 T

—5‘1—0[ 7(17 2Ix4+121)
—=—CYN1

bu_ T 2op o

6 =a7 |w 7(18 "’Il::+122) r (40)
=al’

A=7—TT—W (I,—I9 +A(sin e)7%><
| E-D)t—1—Buds—1o
p P

—2 %22(19.2’_]10,2)] x?

= Ry+\(sin 8) Rr?

022_ (‘ (a ) J

The integrals I;, I, and (I;—I3) appearing in
(40) are listed in the tables of references 20 and
21. The integrals I, and Iy, which are required
to compute Iy, and I,,,, may be obtained from
the recurrence relation

1 /= 1
Im+I=A’:12<13]m+Im—l_r—n"'>

The combinations of integrals (I;—27,+1,) and
(Is—21 5+ 1) should be computed separately,
rather than from the recurrence relation, to avoid
cumulative error.

The Blasius formula (20) may likewise be ex-
pressed in terms of stream parameters at zero yaw.
If a linear viscosity law is used,

LT
Ms_( T,

545676—60——2

then (from (20))

0,:1{(%)”2(_1)'“ [\ F (sin ) 27 (41)

)

where

__1T 72 (z_i’_ z
F— 2.Tm[o.uP, -1 7 (14 21_7)

G 7 (5 5) @

Introducing the thicknesses (40) and the fric-
tion coefficient (41) into the momentum integral
equations (12) and (13) gives, to first order in
a and X\,

% 8 (Ro+Asin® Rur?) 46 (Ry+Xsin 6 Ryz?) %X

z (x) . 0
<1_)‘ u x2)+ (sin ©) 2! [1+OM) I:W N idex

(z%)*

~Nisa ) |-G (14 000) [ 5 P

i B 2'7 1/2 __v_ 1/4
—P,aa(‘(k)]—K (7") <m> X
[1+>\ (sin ©) (F_% sin e) z{l (43)
and
O PractPiia 2 14 0] =5 [Ry+ Lot sin 0) (7
VI=(@Y?

7!

——aK< W)W( )” H+ON]  (44)

In order to solve (43) and (44), the dependent
variables « and & are expanded in powers of (small)
yaw parameter \:

+L) ] \ (sin 6)

| w

tan a=a A+ A2+ ..
S=8+ 5N . . . } (45)
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Equation (43) yields equations of zero and first
order in )\, and (44) yields a first-order equation

as follows:
o Tl T, ( ) u60> (46)

351 172 gy
S (1) C

a0 By (2 o T2
= 9? +38y ﬁlllelo)fl

(Y@ o (5

RVETCPR o] V) 47)

xr!sin O ¢ ou?

P)a\‘_—_@z

(f ),,m o 6

Equation (46) is simply the integral equation for
the unyawed cone. The solution of (46) satisfying
the condition §(z!=0)=0 is

37_59_ j 2/5 5K Tr\4/5
QDT w

14

Substitution of (49) into (48) yields

. 2 Lo+ R
a=sin 0 = (HI;’[—{——QOPO)‘ 1—(@®)z  (50)

Then using (49) and (50), the solution of (47) is
found to be

u_a_lzé [9 (Siﬂ 9) (F——-% sin 0 —

I, 2 z
v 905 E)+ﬁ+5ﬁ

XA'YI_Pl L+ Ry :I(T 255K 4/5:qu

R, TaP+oR,\T7. ) \9R, 7

_f% :7_* 25 /5 Trt\4/5 ,

Equations (50) and (51) show that the boundary-
layer thickness has its greatest changes at the
windward and leeward rays of the cone and that
the fluid in the boundary layer is deflected most
in the horizontal plane (fig. 1).

BOUNDARY-LAYER EFFECTS

From the results of the previous section it is
possible to find the cffect of the boundary layer
on the outer stream and the forees it exerts on
the body.

DISPLACEMENT SURFACE

Let A(xL,2?) designate the distance, in the nor-
mal direction from the body surface, which the
potential flow is displaced by the boundary
layer. Moore (ref. 22) has shown that A is de-
termined by

div [pJLA— f (ostts—pt) ds«n]:o (52)
0

where the arrows designate vector quantities.
In terms of the previously defined boundary-
layer thicknesses, (52) becomes

o] — o] —
1 PstUsy 22 (A_af) ==z pxus'\,gllat (53)
or or

Equation (53) and the boundary condition at the
tip show that, on the unyawed cone, the surface
A has the value of the usual displacement thick-
ness 6. Substitution of (33) through (36), (40),
(49), (50), and (51) into (53) yields

A 20 4 A L0+RQ
T, LTt (9 D+L ety 14P1+9R0>
(54)

For a positive value of the yaw parameter A, A
is nearly a circular cone whose axis is inclined
downward from that of the body.

LOCAL FRICTION COEFFICIENT

Because Reynolds’ analogy shows that the local
friction coefficient is proportional to the local
heat-transfer coefficient, it is desirable to know
the local distribution of stresses on the surface of
the cone as well as the net forces. Combining
(29), (41), (45), (49), and (51) yields the friction
coefficient :

12 12 -1
o5 (1) [ih(7) %]
{1—)\ [F sin 6—»9— D—g (sin*0) %

] oS ¢}
=0, 1—\ (F sin 6—l D——l sin%0 E) cos \0]
- 9 5 u

(55)

o
W
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Using as a measure of heat transfer the Stanton
number,
Stm e
Cp(Two_ Tw)pu
where ¢, is the heat transferred at the wall, ¢,
is the heat capacity, and T, is the insulated wall
temperature, then

St = % Cf
FRICTIONAL DRAG FORCE

For the net forces on the cone it is convenient
to transform the stresses from the streamline
system of coordinates (#-system) to the body
system (r¥,y, fig. 1). The transformations
required are

rur)#r(m)(a Vot SN

(56)
T =g T(OD (aw Juthay a¢\g>,>
from which
(yr)=7(01)[1+ O ()]
") =MOD) sing g (sin 0 <1 + 1411?’(1?51%)
(57)

The force on an element of area da’ on the
cone surface 1s

dF1 :Ti)darj
The net force in the direction of any unit vector
7 is
F@)=[r.2'da’ (58)

-2 . . . . . .
If v is in the direction of the cone axis, it has no
y-component, and the drag force is

Fp=2 cos O sin ef f’ r(yryr dr dy
0 0

The viscous stress appearing in the integral is,
by (12) and (57),

r(yr)=7(01) {1—)\ €os ¢|:sin e) F—%])

)]} o

1. 2 .
J—— 20 Z—
5 sSIn‘G = (sm 6)

The frictional drag coefficient is then

Iy
pulrrisin ©

oo () 5 G
2"

To first order, there is no change in the drag co-
efficient with yaw.

Comparison with the pressure-drag cocfficients
of reference 18 reveals that the pressure forees are
of the order of a hundred times the frictional
forces.

CDE

1+ (60)

FRICTIONAL LIFT FORCE

Consider the force in the direction of unit
vector 7 in the plane of yaw and perpendicular to
the axis:

{b)

The components of » are
(v,,0¢,0,)= (sin © cos ¢,—sin ¥, cos O cos ) (61)

Combination of (57), (58), (60), and (61) yields
for the ratio of the frictional lift force to the
frictional drag force

tan 0

{ [F sin 6——D—— (sin?0)

IS S

Fr 0,

o (35 )
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FRICTIONAL PITCHING MOMENT

Consider the moment of forces about an axis

through the cone apex, normal to the plane of
yaw:

{c)
The stress 7(ry) acts through the apex and so can-

not contribute to the moment. The stress r(¥y)
has a moment arm r cos 8, and its component in
the upward direction is

—(sin ¥)r(¥y)

The pitching moment is then

./ =—2 sin O cos erf' (sin Y)r () r* dr d¢

Use of equations (57) and (60) results in
o —

" Fpr cos ©

33 z At Ly

= )\28 tanea<1+5 14P1+9H0> (63)
for the frictional pitching moment.

NUMERICAL EXAMPLES

Computations of the boundary layer on the
yawed cone have been made over a free-stream
Mach number range of 1 to 4 to show the effect
of cone angle and temperature ratio. The Prandtl
number was taken as 0.7.

The computational procedure is as follows.
For a given Mach number and cone angle, the
parameters @, z, z, £/p, and 5/p are obtained from
reference 18. For a given Mach number M and
temperature ratio 7/T,, the integrals I, and g
are obtained from reference 20 or 21. The inte-
grals I, and I, are obtained from I; and 73 by
the recurrence formula. The combinations of
integrals (I;,—2L,+ 1) and ([y—21;+ 1) are
also functions of M (zero yaw Mach number on
the cone surface) and the temperature ratio
T/T,. They are plotted in figure 2, which shows

O7E i B
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05 Lo
_ i
o~ ._"\‘ '
+ - -
Jo4 L
N . :
f ‘ i :
& |
- af
03
02 . N -
it o I
i A( b; $ H H t i jlg + ::,
Ol i it i ‘FIHU';L N e e Tt et e s I i i
=0 4 6 8 10 0 > 4 < . 1
M2 "

(a) Integrals arising in &%.

(b) Integrals arising in 6z,.

Ficure 2.—Integrals arising in boundary-layer thicknesses.
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that they are nearly linear in M2 From these
parameters and integrals, the quantities Ly, Ly,
Re, By, Py, and N, (eq. (40)) may be obtained, and
with them the coefficients of the previous section.

In figure 3 is shown the parameter (from eq.

(54))
1 oA

_dpilag
—(-'?)_S.-‘//-TT _())\] X=u—9 D+Lo sin ©
4202 N Lot iy
9 u L, 14P,+91,

which determines the deflection of the displace-
ment surface axis from the cone axis. Tigure
3(a) shows the effeet of temperature ratio on a
20° conc, and figure 3(b) shows the effect of cone
angle at constant temperature ratio. A com-
parison with the displacement surface of a laminar
adiabatic boundary layer (ref. 3) is made. The
parameter is of the same order of magnitude for

the two boundary layers over the Mach number
range considered, although slightly higher for the
laminar flow. The displacement surface deflee-
tion is slightly greater for low wall temperatures
because of the inereased density in the houndary
layer.

The defleetion of the inner streamline is deter-
mined by the parameter (eq. 50))

VS LO ‘4‘ ]‘,0 _>

(641 . .
g 0 g \13p o,

sin
TFigure 4 shows that the deflection is considerably
fess in the turbulent boundary layer than in the
laminar. The fluid in the laminar layer, having
less kinetie energy, is influenced more by the trans-
verse pressure gradient.  Figure 4(a) shows the
effect of temperature ratio, and figure 4(b) shows
the effeet of cone angle. When the wall tempera-
ture is high, the density in the boundary layer is
lowered, and greater deflection results,

2.2 r -]
2.0 s - — - - - -
L - — L — | ]
1.8 - — — —
O —_— — —
I -
S5 1. s — — - -
S \\ P .-~ Laminar adiabatic
« — ‘Q\\ — o — = - —_—1 -- - -—
— 8 ~d__ 1
% 1.4p— : - \ :
I \ \ Cone half-angle,
— - - - b — N - ®‘ —
\\\ Temperature \ \ deg
: ratio, N
l.2r— 1 T T~ T./T 1 TN~ 4 .
\\\\{ 1 — o
L N 2 o™~ TT~-120 |
! T30
\\
[.O— ] — ? — I B - B
{a) (b)
B 2 3 4 5 1 2 3 4 5

Mach number ohead of shock, #,

(a) Cone half-angle, 20°.

(b)Y Temperalure ratio, Tu./T", 1.

Figure 3.—Displacement surface parameter.
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Ficure 4.-—Deflection of limiting streamline at surface
with respeet to potential-flow streamlines.

The change in local skin-friction coefficient
7(01)./3ps1% with yaw is determined by (eq. 35))

1 o1 .. 1,0 1., 2
_(..} cos g O\ ilho—Fsme 9[)—5-sm Gﬁ

Figure 5, a plot of this quantity, shows that the
effect of temperature ratio is small, whereas the
effect of cone angle is appreciable. The compari-
sont with the laminar flow again reveals that the
turbulent boundary layer is less affected by yaw.

The viscous lift coefficient (eq. (62)) is shown in
figzure 6. There are two types of forces contrib-
uting to this coefficient.  The viscous shear is
greater on the top of the yawed cone than on the
bottom, resulting in a lift force in the dirvection of

L2— | - T W
L
e S S P
Laminar cd»oboh(/
o | T
N
o - T 1o I
= !
bt F— i et ——4 ————
S
TR s —]
—1 >
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©
! Temperature
——' m Tt ratio,
7, /T
4 - Wll
\ 0
(a) \:,—//‘—r/ 2
2|___ __1 _ ,
T 3 4 5

2
Mach number chead of shock, #,

(a) Cone half-angle, 20°,

T T
Cone half-angle,

A . ] -+ deg |
Q ﬁo
-~

ac,
S dA

|
cos y G

IN=di¥
AN ,
{b)

—10
. 2 3 4 -5
Mach number chead of shock, M,

(b) Temperature ratio, T,/T, 1.

TFigure 5.-—TLocal skin-friction coefficient.
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3 . SRR R E 1 I o |
| 2 3 ) 3 4 5

(ay Cone half-angle, 20°.

5 | 2
Mach number ahead of shock, M,

(b) Temperature ratio, Tw/’_f', 1.

Ficure 6.—Lift on a yawed cone.

vaw. The circumferential forees always give a Lift
force opposing yaw. For small-angle cones the
drag forces grow relatively larger with Mach num-
ber until finally the resultant lift is in the direction
of yaw.

The pitching moment is shown in figure 7. Tt is
proportional to that part of the lift caused by the
circumferential forces. Tt is slightly higher for the
higher ratios T,,/T because of the greater deflection
of the low-density fluid in the boundary layer.

CONCLUDING REMARKS

The over-all picture given by the foregoing com-
putations is that the turbulent boundary layer on
the yawed cone behaves qualitatively like the

laminar layer, but the relative magnitude of the
effect is always less.  Thus, the deflection of the
fluid in the boundary layer, the frictional hift, and
the frictional pitching are relatively smaller
because of the higher shear stresses.

The assumptions enlering into the formulation
of the problem should be kept in mind in mter-
preting the results. The assumption that the skin-
friction law for plane flow holds for flows with
slightly curved streamlines should not be far from
the true picture. The choice of a power-law profile
for the velocity component in direction of the
outer stream is considered reasonable beeause the
pressure gradients are small. But the selection of
the proper profile for the transverse component is
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Freore 7.— Pitching moment.

less certain and at the same time critical, for it is
this profile that determines the three-dimensional
offects.  The results presented here give magni-
tudes and general trends but are not neecessarily
quantitatively accurate.

The analysis gives no information about the
separation of the boundary layer. Tt is limited to
small perturbations, from zero yaw, of the polen-
tial stream; consequently, there are no strong pres-
sure gradients to induce separation. Any form

factor construeted from ratios of the boundary-
layer thicknesses varies at most to order M over the
cone surface, whereas separation is associated with
the growth of a form factor to some large critical
value.

Lewrs ResgarcH CENTER
NATIONAL AERONAUTICS AND SPACE ADMINISTRATION
CLEVELAND, OH10, October 24, 1957




APPENDIX

SELECTION OF DOMINANT STRESS TERMS

The turbulent stresses arise in equation (2) in
the covariant derivative 7f ;. Tn a plane flow the
normal stresses 79,71,73 and the shear stresses
3,75 are known from experimental measurement
to be of the same order of magnitude. In three-
dimensional boundary Iayers, additional stresses
73,78, 73,71 arise that may Dbe smaller, but eertainly
no larger, than the normal stresses.

Tn the 2' equation of motion the stress terms are

1 1 a‘r“ : . 1)
— =— Tlyri—Thr}
gw n+ Tl |+ » 722 Joo \() u+ oTo— b o™
1 /ot ,
o (SE vt i)
1 /o7
+ (gt Thri- Pézr‘,) (A1)

where 1t 1s understood that 7 18 summed from 0
to 2. The T4, are the Christoffel symbols:

T, —0 for I=Zm=n#=l (A2)
Also,

TU., FOQA——O and o= (..\3)
Using (A2) and (A3), the right side of (Al)
becomes
o7} 1 orl 1 DT, 1 5 ( 1
o0 gy or! + g I ot (_1—11‘1

1 1 1 1
—— I‘Q.,)— l—Tr1lL4+7] (——* i +—T]
22 Tlg 2t T2 I “+!]22 12

1 1 1
—-——I‘?’A)—f — Th47—TL (A4
] 22 { Jix l+ 2 g 22 ( )

Consider first the partial derivatives in (A4).
They may be written in terms of the physical
components and are lengths:

1 OT(]O) ar(ll) o7 (12)

\gn 0s(0) t ds(1) + ds(2) (A5)

In a boundary layer, the stresses vary rapidly in
the direction normal to the surface but slowly in
directions parallel to it. Thus,

1 . )
- while ——— and » where As

o}
_— ~
os(0) 8 ox(1)
is a distance, measured on the surface, over which
a stress varies an appreciable part of its total
magnitude. Then,

07(10) ’a‘r(ll) or( 10)/ar(1°) As

05(0) "/ dx(1) " ds(0) | on@) 8

The Christoffel symbols are composed of terms
of the form

)
O (‘7) T As

>1 (AG)

1 Ofwm__ O
Do Q4™ QX"

Therefore, to take a typieal term as an example
2 . 2

In Tum

1 1 o1In gy 1 7221)
2. I" N {)1 > M-t :\7
T T ) 3h®) Vo As (A7)
Consequently,
07(10)

1 8 1 As

— bs(zo) —~ I~ _>>>1

Von i gn 8

Thus all terms not involving derivatives of the
slresses may be neglected.  (The fact that some
of the derivatives in the Christoffel symbols are
taken with respect to z° does not make them
large, for the g;; are nearly constant through the
boundary layer.)

It is scen that the only stress lerm which
remains in the z' equation of motion is

1 97(10)
Vg, 9s0)
A similar argument shows that in the #* equation
of motion the only term of importance is

1 or(20)
Vs, 0s(0)
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