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ABSTRACT

This report details the development of a reliability based multi-objective design tool for solving

structural optimization problems. Based on two different optimization techniques, namely

sequential unconstrained minimization and nonlinear goal programming, the developed design

method has the capability to take into account the effects of variability on the proposed design

through a user specified reliability design criterion. In its sequential unconstrained minimization

mode, the developed design tool uses a composite objective function, in conjunction with weight

ordered design objectives, in order to take into account conflicting and multiple design criteria.

Multiple design criteria of interest including structural weight, load induced stress and deflection,

and mechanical reliability. The nonlinear goal programming mode, on the other hand, provides for

a design method that eliminates the difficulty of having to define an objective function and

constraints, while at the same time has the capability of handling rank ordered design objectives or

goals.

For simulation purposes the design of a pressure vessel cover plate was undertaken as a test bed for

the newly developed design tool. The formulation of this structural optimization problem into

sequential unconstrained minimization and goal programming form is presented. The resulting

optimization problem was solved using: (i) the linear extended interior penalty function method

algorithm; and (ii) Powell's conjugate directions method. Both single and multi-objective numerical

test cases are included demonstrating the design tool's capabilities as it applies to this design

problem.
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CHAPTER I. INTRODUCTION

The concept of optimization is intrinsically tied to the engineering design process. The desire to

develop and manufacture a product that is of superior performance and reliability than its

predecessor is a major driving force in engineering design. As a result, design tools that allow

the attainment of these goals in a timely and economical fashion have become essential in the

design process. Over the past forty years the development of numerical optimization techniques

has been instrumental in this context.

Since the pioneering work by Schmit in 1960, the use of numerical optimization techniques in

engineering design has gained widespread acceptance and popularity [ 1]. In the spirit of this

work and that which has followed since [2] lies the motivation for the work in this paper. In

particular, this thesis was conceived having as its primary objective to develop a reliability based

multi-objective design tool. A tool that should have the capability to take into account the

effects of variability on the proposed design, while at the same time provides a realistic design

model that takes into account conflicting and multiple objectives. Multiple objectives of interest

that include structural weight, load induced stress and deflection, and mechanical reliability.

As a testbed for this newly developed design tool, the design of a pressure vessel cover plate was

selected. In the proceeding sections, a brief insight into the design of pressure vessels, namely

categories, code of standards, and welding method(s) is presented for reference. A brief review

of previous work in structural optimization follows. This chapter concludes with an outline of

the work in this thesis.

1.1 Pressure Vessel Design

Categories

The design of a pressure vessel, and as a consequence its components (e.g. cover plates, nozzles,

etc.), is inevitably determined by its intended use. In essence, function ultimately dictates the

appropriate design. In the case of industrial applications (i.e. hydrocarbon processing), pressure



vesselsfall into threebroadcategories,namelydrums,towers,andreactors[3]. Eachcategoryis

associatedwith aspecificapplication.For instance,drumsareprimarily usedfor separatingor

mixing fluids andin generalarethin-wall vesselsmadeof carbonsteel[3]. If serviceconditions

warrantit, drumsmaybe thick-walledvesselsandalow alloy steelmaybeemployedgivenits

corrosionresistance[3].

Towers,on theotherhand,areusedfor distillation, absorptionor strippingandareroutinely

operatedat modesttemperatureandpressures[3]. Giventheir harshoperatingenvironment,

towersarecommonlyclad (coated)with ferritic or austeniticstainlesssteelfor addedcorrosion

protection[3]. However,for extremelycorrosiveenvironmentsalloyssuchasmolybdenumand

chromiumaregenerallyrequired,andvesselsmadeof specialanti-corrosionmaterialssuchas

titaniumor zirconiumarenotuncommon[4]. In Photo1,apairof titaniumpressurevesselsare

shownreadyfor final shipmentanda lifetime of corrosiveduty.

Photo 1. Titanium Grade 2 Pressure Vessels 84" OD [5]
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Finally, thisbrief insight into industrialtypepressurevesselsconcludeswith thework-horsesof

industry,namelyreactors.Not surprisingly,thesevesselsform thebackboneof all industrial

processesfor in themtheessentialchemicalreactionsnecessaryfor awiderangeof applications

takeplace[3]. In particular,in theoil andfanning industriestypical applicationsinclude[4]:

- For Oil Refineries

• heavyoil, light oil desulphurizationreactors
• heavyoil hydrocrackingreactors

- For Fertilizer Plants

• urea reactors

• ammonia converters

The elevated temperature and pressure at which reactors operate at commonly warrant the use of

a thick-walled design. As a consequence, reactors may be solid wall or multi-layered [3].

Inherently, the multilayer design has various advantages over the solid wall design. Most

notably is the fact that a multilayer design, as characterized by a thin laminate of thin plates, has

better notch-ductility and by nature is less prone to brittle failure [3]. Nonetheless, most reactors

continue to this day to be of a solid wall construction [3]. In Photo 2, a multilayer pressure

vessel is shown during final inspection.

Photo 2. Pressure Vessel: Multilayer [6]

3



Lastly, it shouldbenotedthatwith few exceptionstheheadsor coverplatesof all industrialtype

pressurevesselsareof a solidwall construction[3]. Forhighpressurestheheadis generallyof

ahemisphericaldesign,however,configurationswith fiat, elliptical or torisphericalheadsare

not uncommon[7].

ASME Boiler and Pressure Vessel Code

Enacted in 1914 after a disastrous boiler explosion in a shoe factory in Massachusetts, the

ASME Boiler and Pressure Vessel Code has evolved over the years into a set of standards

governing the design and construction of all pressure vessels in the United States [8]. Vessels

designed, fabricated, and inspected under its provisions are ensured to meet/comply with the

highest standards of safety in industry worldwide [3].

Of course, since 1914 the code has routinely been updated and new provisions added as

advancements in materials, construction, methods of fabrication, and inspection were developed.

Today, the ASME Code is composed of eleven sections and is listed here for reference.

ASME Boiler and Pressure Vessel Code [8]

- Section I. Power Boilers

- Section II. Material Specifications

• Ferrous Materials, Part A

• Nonferrous Materials, Part B

• Welding Rods, Electrodes, and Filler Metals, Part C

• Properties, Part D

- Section III, Division 1. Nuclear Power Plant Components

Subsection NCA: General Requirements

Subsection NB: Class 1 Components

Subsection NC: Class 2 Components

Subsection ND: Class 3 Components

Subsection NE: Class MC Components

Subsection NF: Component Supports

Subsection NG: Core Support Structures

- Section III, Division 2. Concrete Reactor Vessel Containments

- Section IV. Heating Boilers

- Section V. Nondestructive Examinations

4



- SectionVI. RecommendedRulesfor CareandOperationof HeatingBoilers
- SectionVII. RecommendedRulesfor Careof PowerBoilers
- SectionVIII, Division 1.PressureVessels
- SectionVIII, Division 2. PressureVessels- AlternativeRules
- SectionIX. WeldingandBrazingQualifications

- SectionX. Fiberglass-ReinforcedPlasticPressureVessels
- SectionXI. Rulesfor InserviceInspectionof NuclearPowerPlantComponents

Pertinentto pressurevesseldesign,theASME Codeprovides a set of standard formulas used to

compute the minimum required wall thickness. Formulas are also provided for vessel

components such as cover plates (heads) and nozzles. Of interest in this regard is the minimum

required thickness of a circular flat head given its importance, as will be seen later, in addressing

the main objectives of this thesis. As defined per ASME Code UG-34 [9], the appropriate

formula for a circular flat head is given by

where:

t = d_/0.13 P/SE (1-1)

t = minimum required thickness, exclusive of corrosion allowance, in.

d = inside diameter of shell, in.

P = internal design pressure, psi

S = maximum allowable stress value of material, psi

E =joint efficiency

In closing, it should be noted that the joint efficiency is a correction factor intended to take into

account the quality of the weld between the shell (body) and cover plate (head) of the pressure

vessel. In particular, the joint efficiency is a function of three factors, namely the type and

design of the welded joint and the degree of examination [9]. In this context, type refers to

whether a single or double butt or fillet weld will be employed. Provisions for the use of a

backing strip are also addressed and ASME Code UW-12 [9] is listed here for reference.

The design of the welded joint, on the other hand, refers to whether, for example, a longitudinal

or circumferential weld is required. In Figure 1, a schematic of a pressure vessel is shown

illustrating the location and design of welded joints consistent with the provisions provided for

in the ASME Code.



Lastly, thejoint efficiency is alsoafunctionof thedegreeof examinationtheweldedjoint is

subjectto. As definedper theASME Code,radiographyand/orultrasonictestingmaybe

requiredfor theexaminationof mainseams[3]. Dependingon thedegreeof examination,

rangingfrom 100%radiographyandultrasonictestingto spotor evennoexamination,theCode

providesacompletelisting of themaximumallowablejoint efficienciesto beused. The

interestedreaderis referredto ASME CodeSectionUW-12 [9] for furtherdetailson thissubject.

I .t'gt'lid

_) Longitudinal joints; circumferential joints connecting hemispherical heads to the main shell;

any welded joint in a sphere.

(_) Circumferential joints; circumferential joints of torispherical, ellipsoidal heads;

angle joints not greater than 30 °.

(_) Flange joints; Van Stuae laps; tube sheets; flat heads to main shell.

(_ Nozzle joints to main shell; heads; spheres; flat sided vessels.

Figure 1. Welded Joint Categories and Locations [8]
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Welding

The fusion welding processes most appropriate to pressure vessel manufacture are shielded

metal arc welding and submerged arc welding [3]. For brevity and given its relevance to this

paper, an overview of shielded metal arc welding follows. A complete discussion of structural

welding is presented by Lancaster [3] and is provided here for further reference.

Currently, the most widely used manual welding process is shielded metal arc welding

(SMAW). Undoubtedly, its versatility including the ability to be used in all positions, in

confined spaces, and for a wide range of welding applications has contributed to its popularity

and widespread use in industry [3].

As one of the fusion welding processes, SMAW produces a fusion weld between the base and

filler metals. That is, a weld produced by heating both the base and filler metals to a molten

state and allowing them to coalesce and solidify into one piece. In SMAW, the heat source is an

electric arc formed between the base metal and a consumable electrode [10]. As the name

implies, the metal electrode is consumed during the process to provide the required filler metal.

In Figure 2, a schematic illustrating the shielded metal arc welding process is shown.

Welding Machine

Electrode Holder

Electric Arc _ lilt Electrode Lead /

WeldBead _ \ ItLI _ Gas Shield Ground Lea _

[ ............................ _, I)----7-,__._=

Metal----- _Base Weld Pool Ground Clamp

Figure 2. Shielded Metal Arc Welding (SMAW) [10]
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It shouldbeemphasizedthattheflux coatingon theelectrodeplaysapivotal role in SMAW.

Most notably,astheelectrodeis consumed(specificallyits flux coating),ablanketof gasis

producedthat shieldstheweldfrom atmosphericcontamination[10]. Shieldingis absolutely

essentialgiventhatmoltenmetalreadilycombineswith oxygen,nitrogen,andhydrogenin the

atmosphere,andasa consequencecanweakenor damagethedesiredweld properties[!0]. In

Figure3, aclose-upview of theshieldedmetalarcweldingprocessis shownincluding the

shieldinggascloud.

Heat Source (Metal Electrode)

j Flux Coating

j Shielding Gas

- Base Metal

Molten Weld Pool

Figure 3. Fusion Welding: Shielded Metal Arc Welding (SMAW) [10]

Lastly, it should be noted that besides producing the gas shield, the flux coating on the electrode

is also responsible for generating the arc flow, ensuring directional metal transfer, stabilizing the

arc, and promoting a favorable weld chemistry [3]. The interested reader is referred to

Lancaster [3] for a more in depth discussion on this subject.
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1.2 Previous Work on Structural Optimization

The development of structural optimization, as an engineering discipline, can be traced back to

the eighteenth century [ 11 ]. However, not until recently, in particular the last forty years, has

the application of numerical optimization techniques in structural design been feasibly

practical [ 1]. Most notably in this regard, was the application of nonlinear programming

techniques to the design of elastic structures pioneered by Schmit in 1960 [1]. Since then

extensive research has been undertaken in the application of structural optimization to real life

design problems including, for example, turbine rotors, engine bearing caps, and cooling

towers [ 1]. Vanderplaats [ 1] and Haftka et al. [11 ] provide an exhaustive listing of technical

papers in reference to this topic and these authors are mentioned here for further reference.

Undoubtedly, the advent of structural optimization as a plausible, real life design tool would not

have been made possible if the mathematical complexities associated with it had not been

addressed. In particular, the development of the finite element method and its subsequent

implementation to the digital computer has been instrumental in this regard. More recently, the

availability of low cost high performance computing power, in conjunction with the rapid

improvements in the algorithms used for design optimization, have furthermore contributed to

the development of structural optimization as a real life design tool [ 12].

In closing, it should be noted that several structural optimization methods have been developed

over the years. They include:

• The Classical Method: in the context of this paper (i) sequential unconstrained

minimization techniques (SUMT), specifically, the linear extended interior

penalty function method (Vanderplaats [1 ]); (ii) nonlinear goal programming

(NLGP) using Powell's conjugate directions method (Vanderplaats [ 1] and

EI-Sayed et al. [2]).

• The Optimality Criteria Method (Rozvany [12]).

• The Homogenization Method (Bendstae [12]).



1.3 Scope

The primary objective of this work is to develop a reliability based multi-objective design tool. As a

test bed, both nonlinear single and multi-objective constrained optimization techniques were applied

to the design of a pressure vessel cover plate. In particular, this involved sequential unconstrained

minimization techniques, specifically, the linear extended interior penalty function method and

nonlinear goal programming based on Powelrs conjugate directions method. Optimization criteria

included structural weight, load induced stress and deflection, and mechanical reliability. The

following is a brief summary of each chapter:

• Chapter 2 describes the design criteria selected, notably static linear

strength, static linear stiffness, and reliability.

• Chapter 3 presents a discussion on modeling and simulation. In

particular, topics of interest include service conditions, FEA, regression

analysis, and nonlinear single and multi-objective constrained

optimization.

• Chapter 4 details the finite element modeling of the preselected cover

plate including the predicted stress and deflection response.

• Chapter 5 presents the regression analysis of the FEA data. Highlights

include the computation of the stress and deflection functions necessary for

numerical optimization.

• Chapter 6 details the numerical optimization of the preselected cover

plate. Highlights include nonlinear single and multi-objective optimization

test cases based on: (i) the linear extended interior penalty function method

algorithm; and (ii) Powell's conjugate directions method algorithm.

• Chapter 7 presents conclusions on work completed.

10



CHAPTER II. DESIGN CRITERIA

Pressure vessels are subject to a wide range of service as well as environmental loading

conditions. As defined per the ASME Boiler and Pressure Vessel Code [9] they include:

• internal or external pressure

• weight of vessel and contents

• static reactions from attached equipment, lining, supports

• cyclic and dynamic reactions due to pressure or thermal variations

• impact loading due to fluid shock

• temperature gradients and differential thermal expansion

• wind and seismic forces

Since each one of these loading conditions may constitute a possible mode of failure, the

appropriate loading condition pertinent to the desired design must be identified. In the case of a

pressure vessel cover plate, and hence in terms of this paper, an internal pressure loading

condition was selected for simulation given its prevalence in real life applications. Associated

with this loading condition, a set of core/primary design criteria were likewise selected. In

particular, they included static linear strength, static linear stiffness, and reliability. A brief

discussion in reference to these preselected design criteria is presented in the proceeding

sections.

2.1 Static Linear Strength

The concept of the static linear strength design criteria is based on the simple premise that the

load induced stress at the critical location in the cover plate should be less than or equal

to a maximum allowable/permissible stress. That is,

_ < a,,_x (2-1)

Normalizing yields,

a 1 < 0 (2-2)
max

11



It shouldbenotedthattheASME Boiler andPressureVesselCodeSectionVIII Division 1

providesfor amaximumallowablestressof one-quartertheultimatetensilestrength[3].

2.2 Static Linear Stiffness

Similarly, the static linear stiffness design criteria is based on the premise that the load induced

deflection at the critical location in the cover plate should be less than or equal to a maximum

allowable deflection. That is,

Normalizing yields,

z < z,_ (2-3)

z 1 < 0 (2-4)
Zmax

The maximum allowable deflection is user defined and is selected based on engineering

judgment and/or customer specifications.

2.3 Reliability

The reliability design criteria is based on the theory of probability and statistics. In particular,

reliability, as referred to in this project, is defined as the probability that the strength exceeds the

load induced stress at the critical location in the cover plate [13]. Both strength and stress are

observed to be random variables having a normal distribution according to the Central Limit

Theorem of Statistics, and are characterized by a mean and a standard deviation [14]. That is,

S ~ N(la,, (_,) and o ~ N(12o, 0o) (2-5)

The so-called coupling equation relates reliability, through the standard normal variate z, to

the statistical parameters of the normally distributed strength and stress [13]. That is,

z = 12,- _o (2-6)
+ '/2

12



Basedon thevalueof z in conjunction with the standard normal distribution curve, the

associated reliability is determined as shown in Figure 4.

Rel'u_bility

R = p(Z >z)

I

Figure 4. Cumulative Distribution: Standard Normal (Gaussian)

Specifically, it can be shown that [ 13]

R = _" -_ exp (--_) du (2-7)

Numerical computation of the observed reliability is a fairly simple task once the statistical

parameters of the normally distributed strength and stress are known. Based on the concepts

inherent in Figure 4 in conjunction with Eq. (2-7), one such approach is shown by the algorithm

of Figure 5. In this case

I -- --_ exp - du (2-8)

Simpson's Rule or trapezoidal approximation can be employed to undertake the necessary

numerical integration.

13



Enter ]

No

Yes

No

Yes

i,_r I Return:R=0.9999 ]

No

Yes

,.--""-[ Return:R--0.0000 ]

Numerically Integrate over the Standard NormalDistribution Cumulative Density Function --_ I

[] Return: Calling Program

No

Yes

"-b"_[Return:R--0"5 + I I

Return:R---0.5 - I I

Figure 5. Reliability Algorithm
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Lastly, it shouldbenotedthattheobservedreliability per its definition is consequently a

function of the strength and stress statistics. As a result, the reliability design criteria imposes

the requirement that the observed reliability be equal to or greater than a target reliability.

That is,

R >_Ro (2-9)

where Ro is the target and R(o, S) is the observed reliability.

inequality yields,

Normalizing and inverting the

1 -R_<0 (2-10)

The target reliability is user defined and is selected based on engineering judgment and/or

customer specifications.
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CHAPTER IIl. MODELING AND SIMULATION

The development of a reliability based multi-objective design tool involved the use of both

nonlinear single and multi-objective constrained optimization techniques as applied to the design

of a pressure vessel cover plate. As a consequence, the geometry and dimensions of the

proposed design had to be selected. Likewise, service conditions had to be specified. In

addition, the analytical tools necessary to undertake the numerical optimization had to be

finalized. Lastly, the nonlinear single and multi-objective optimization design problems had to

be formulated. In the proceeding sections an overview of this process is presented.

3.1 Geometry and Service Conditions

In Figures 6 and 7 the geometry and dimensions of the design selected for optimization are

shown. In addition, for simulation purposes the following service conditions were adopted:

• a cover plate made of SA-515-70 grade carbon steel with its edges securely

fixed (welded seal: SMAW)

a maximum allowable stress per ASME Code [9]" t_m_x= -_ = 120 MPa

• a maximum allowable deflection: Z_x = 0.1 mm

• a target reliability: Ro - 0.999

• a target structural weight: Wo = 3.50 kg

• an inside diameter: D = 200 mm

• a maximum uniformly distributed internal design pressure: Pmax = 4.2 MPa

3.2 Stress and Deflection Response

The finite element method ill conjunction with regression analysis were selected in order to

recover the stress and deflection response necessary for numerical optimization.

Specifically,

• Finite Element Analysis: stress and deflection response (ALGOR FEA

Software Package)

• Regression Analysis: stress and deflection functions (MINITAB Statistical

Software Package)

16
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7
• Circular Cover Plate

• Edges Fixed (Welded Seal: SMAW)
• Uniform Pressure Load

Flange Outlet --_

Sight Glass j

f Sight Glass

F Flange Inlet

C

IF Sight Glass

B

A

Figure 6. Schematic: Pressure Vessel & Cover Plate
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(i !)

(a) Top View

_- OD

[_- ID

(b) Side View

(//////////////////_/_

(c) Welding Detail & Symbology

Figure 7. Cylindrical Pressure Vessel: Flat Circular Cover Plate Design
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3.3 Nonlinear Constrained Optimization Formulation

Both nonlinear single and multi-objective constrained optimization problems were selected in

order to aid in the development of the reliability based multi-objective design tool. In particular,

this involved sequential unconstrained minimization techniques (SUMT), specifically, the linear

extended interior penalty function method and nonlinear goal programming (NLGP) based on

Powell's conjugate directions method. Optimization criteria included structural weight, load

induced stress and deflection, and mechanical reliability. The proceeding sections provide a

preview of the complete optimization process presented in Chapter VI.

SUMT - Nonlinear Sin_t,l¢ Objective Constrained Optimization

A nonlinear single objective constrained optimization design problem was selected in order to

address two main objectives: (1) ensure predicted optimum design was within ASME Code

standards and (2) assess how the variability in the strength characteristics of the cover plate

affected the predicted optimum. In particular, based upon the required service conditions in

conjunction with the preselected design criteria, the single objective design problem focused on

minimizing the structural weight of the cover plate, as a function of its thickness, subject to

constraints on stress, deflection, and reliability. That is, find the design variable, h, that would

Minimize:

Subject to:

where

W(h) = pAh

g,(h)= c -1<0

g: (h)= z_-I<0

Objective Function

Inequality Constraints

• a = t_(h) = FEA/Regression Analysis

• z = z(h) = FEA/Regression Analysis

• R = R(h) = R(G, S) • see algorithm of Figure 5
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SUMT - Nonlinear Multi-Objective Constrained Optimization

Consequently, a nonlinear multi-objective constrained optimization design problem was selected

in order to assess how the selection of weighting factors, in reference to conflicting and multiple

objectives, affected the predicted optimum design. In particular, the multi-objective design

problem focused on minimizing the structural weight, load induced stress and deflection, and

maximizing the reliability of the preselected cover plate, as a function of its thickness, subject to

constraints on stress, deflection, and reliability. That is, find the design variable, h, that would

W(h) a(h) z(h) R(h) _Minimize: F(h)= w, W_--fi-_+w2 _i----_+w3 zi(h------_-W,R---_j
Composite Objective
Function

Subject to:

g_(h)=_a -1_0

g2 (h)= zT--_- 1 <0

g3 (h)= 1-_oo-<0

Inequality Constraints

where

• w, (for n = 1, 2, 3, 4) are the weighting factors

• W(h) = pAh

• a = a(h) = FEA/Regression Analysis

• z = z(h) = FEA/Regression Analysis

• R = R(h) = R(a, S) : see algorithm of Figure 5

• ith subscript indicates function value at initial value of design variable
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]NLGP - Nonlinear Multi-Obiective Constrained Optimization

Lastly, a nonlinear multi-objective constrained optimization problem, based on goal

programming, was selected in order to assess how the selection of a preemptive priority system,

in reference to conflicting and multiple objectives, affected the predicted optimum design. In

particular, the multi-objective design problem focused on minimizing the sum of deviational

variables, in a preemptive priority system, subject to constraints on structural weight, stress,

deflection, and reliability. That is, find the design variable, h, that would

Minimize:

Subject to:

weighted deviations of Priority _K)
z = / weighted deviati.ons of Priority

!
_, weighted deviations of Priority

- 1 = deviation 1
Wo

a 1 = deviation2
(_max

z 1 -- deviation3
Zmax

R 1 = deviation4
Ro

Achievement Vector

Design Constraints

and side constraints

where

5_h_40

• W = W(h) = pAh

• t_ = o(h) = FEA/Regression Analysis

• z = z(h) = FEA/Regression Analysis

• R = R(h) = R(t_, S) : see algorithm of Figure 5
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CHAPTER IV. FINITE ELEMENT ANALYSIS

In order to recover the stress and deflection response necessary for numerical optimization, both

the finite element method in conjunction with regression analysis were employed. In this

chapter, the finite element analysis of the cover plate preselected for optimization is presented.

In particular, the proceeding sections discuss the applied boundary conditions and loads as well

as the test cases that were run.

4.1 Boundary Conditions and Loads

The finite element analysis of the preselected cover plate was undertaken using the Algor finite

element software package. Loading conditions required the plate to be subject to a uniformly

distributed design pressure along the -z direction having a magnitude of 4.2 MPa. Boundary

conditions required that the plate's edges be securely clamped. This meant that nodes along the

plate's periphery were restricted so as to experience no translation or rotation. Service

conditions also required:

• Stress units: Pa

• Displacement units: m

• Young's Modulus, E = 200 GPa

• Poisson's Ratio, v = 0.29

• Inside Diameter, D = 0.2 m

• Internal Design Pressure, Pm_x= 4.2 MPa

• Material: Isotropic SA-515-70 grade carbon steel

4.2 Test Cases

Eight design test cases were analyzed in terms of both maximum principal stress and predicted

deflection. In each case, a 3-D model was generated using 224 three-dimensional plate/shell

elements with 210 global nodes. In the proceeding pages the results obtained are presented.
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Test Case #1: Cover Plate Thickness, h = 5 mm.

Finite Element Model: 224 plate elements with 210 global nodes.

i) Stress Distribution:

F.

|

Principal

1.15e+ns
9.qBe_OB
B.4Oe40B
6.B3e408
5.26e-_OB
3.r_9e_OB
2.11e+OB
5,44e407
-1.0_.OB
-2.6e+OB
-4.1e_Og
-5.7e+OB
-7,3e+OB

(_ma = 1150 MPa

Figure 8. Stress Distribution of a 5 mm Thick Cover Plate

• Note: Consistent with the Theory of Rexure of Plates [15]: (i) Maximum principal stress occurs along the periphery of the

cover plate. (ii) Maximum deflection occurs at the center of the cover plate.

ii) Plate Deflection:

|
Figure 9. Predicted Deflection of a 5 mm Thick Cover Plate
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TestCase#2: CoverPlateThickness,h= 10 mm.

Finite Element Model: 224 plate elements with 210 global nodes.

i) Stress Distribution:

l,la_ Principal

p 2.88e-_08.... 2.49e-_OB
2.10e+Ofl
1.70e+08
1.31e+08

i 9.22e-_07

1.36e+07
......-2.5e+07

-G.Se+O7

i -1.0e40B-I.4e408
-1.8e-I.08

Figure 10. Stress Distribution of a 10 mm Thick Cover Plate

• Note: Consistent with the Theory of Flexure of Plates [15]: (i) Maximum principal stress occurs along the periphery of the
cover plate. (ii) Maximum deflection occurs at the center of the cover plate.

ii) Plate Deflection:

Max Principal

2.Bile+Off2.49e-_OB
• 2.10e+08

1.70e+08
1.31e+OB
9.22e-+07
5.29e-I-07
1.36e+07

, -2.5e+07
-6.5e+07

i -1.0e+08-1.4e408
-1.fle-_Ofl

Zmax = 0.330 mm

Figure 11. Predicted Deflection of a 10 mm Thick Cover Plate
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TestCase#3: CoverPlateThickness,h = 15 mm.

Finite Element Model: 224 plate elements with 210 global nodes.

i) Stress Distribution:

Max Prinrrpal

1,2Be+OB
:.,_ l.lOe+08
.... 9.34e407

7.53e407
5.B4e-_07
4.10e+07

, 2.:15e407
6.o5e4o6

.... -I.Ie-_07
:_- -2,8e+07

i -4.r_e+07-fi.3e+07
-B.le_07

(_max = 128 MPa

Figure 12. Stress Distribution of a 15 mm Thick Cover Plate

• Note: Consistent with the Theory of Flexure of Plates [I 5]: (i) Maximum principal stress occurs along the periphery of the
cover plate. (ii) Maximum deflection occurs at the center of the cover plate.

ii) Plate Deflection:

Z Zm_ = 0.098 mm

Figure 13. Predicted Deflection of a 15 mm Thick Cover Plate
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TestCase#4: CoverPlateThickness,h = 20mm.

FiniteElementModel:224plateelementswith 210globalnodes.

i) StressDistribution:

Om_ = 72.2 MPa

Idax Printipal

_- 7.22e-_0-115.23e-_07
........_ 5.25e407

4.27e407
3.28e,_07

,2.:I0e-_07
!:_:. 1.32e+07

_ 3.40e406

i -6.4e+06

ii -1.6e-_07
-2.fie+07

i -3.5e+07-4.5e+07

Figure 14. Stress Distribution of a 20 mm Thick Cover Plate

• Note: Consistent with the Theory of Flexure of Plates [15]: (i) Maximum principal stress occurs along the periphery of the

cover plate. (ii) Maximum deflection occurs at the center of the cover plate.

ii) Plate Deflection:

Z

Max Printipal _Y

- 7.22e-_07

• 5.25e40-I
• 4.21e407
• 3.28e-_07
• 2.:]0e-_07
• 1.32e+07
• 3.4oe405
• -6.4e+06
• -1.6E+07
- -2.6e+07
- -3.5E+07
• -4.5e+07

= 0.042 mm

Figure 15. Predicted Deflection of a 20 mm Thick Cover Plate
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TestCase#5: CoverPlateThickness,h- 25mm.

FiniteElementModel:224plateelementswith 210globalnodes.

i) StressDistribution:

Figure 16. Stress Distribution of a 25 mm Thick Cover Plate

• Note: Consistent with the Theory of Rexure of Plates [15]: (i) Maximum principal stress occurs along the periphery of the
cover plate. (ii) Maximum deflection occurs at the center of the cover plate.

ii) Plate Deflection:

Zm_ = 0.020 mm

Figure 17 Predicted Deflection of a 25 mm Thick Cover Plate

27



TestCase#6: CoverPlateThickness,h = 30 mm.

Finite Element Model: 224 plate elements with 210 global nodes.

i) Stress Distribution:

t_max = 32. I MPa

_ax Principal

i_ 3.21e+072.77e-_07

I 2.:]:Ie4071.89e$07
1.46e+07
1.02e+07

i
5.flSe401:;
1.r, le+O6
2 Fie+n6

!__- -7.2e+05

Ii -1 lel07-1 5e407
-2.0e+07

Figure 18. Stress Distribution of a 30 mm Thick Cover Plate

• Note: Consistent with the Theory of Flexure of Plates [15]: (i) Maximum principal stress occurs along the periphery of the
cover plate. (ii) Maximum deflection occurs at the center of the cover plate.

ii) Plate Deflection:

Max Printipal

3.21e+07
2.77e-_07
2.3:1e407
1.89e÷O7
146e+r17
1.02e+01
5,BBe406
1.51e+06

._ -2.8e+05
-7.2e+06

-1.1e407-1.5e-I,07
-2.0e+07

zm_ = 0.012 mm

Figure 19. Predicted Deflection of a 30 mm Thick Cover Plate
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TestCase#7: CoverPlateThickness,h = 35 mm.

Finite Element Model: 224 plate elements with 210 global nodes.

i) Stress Distribution:

Z

Wax Principal

_ 2.35e.+0I2.0:Ie-_07
1,71e+07
13qe+07
1,07e+07
7.5:1e-+01:;
4.32e40E
l.lle+o6
-2.0e+06

IN -5.3etOg
-B.Se+06
-I.Ie407
-1.4e-_07

Figure 20. Stress Distribution of a 35 mm Thick Cover Plate

•Note: Consistent with the Theory of Flexure of Plates [ 15]: (i) Maximum principal stress occurs along the periphery of the
cover plate. (ii) Maximum deflection occurs at the center of the cover plate.

ii) Plate Deflection:

Zma_ = 0.008 mm

Max Principal [ _'mmr 2.35e+n71
2.0:Ie-_071

! ..... 1.71e+rri i
/ 135E÷1]'! I
I 1.07e+07 I
1 7.53e-_061
| 4,:12e40GI
I 1.11e+OB I
I.....-2.0e+061

-5.3,+0BI ,_j,./;;

-8.Se+0Bl
-I .1e4n7 /
-1.4e o7J

Figure 21. Predicted Deflection of a 35 mm Thick Cover Plate
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TestCase#8: Cover Plate Thickness, h = 40 mm.

Finite Element Model: 224 plate elements with 210 global nodes.

i) Stress Distribution:

IdaxPrincipal

_w 1.80e+07
:::!-1.55e+07
.... 1.31e+07

1.06e+07
B.22e_,OE
5.76eI.06
3,::lOe40G
B51038.B

..... -I.6e+06
_'_- -4,0e+06

_ -6,5e+06I- -B.9e+06
-I .Ie-I-07

Figure 22. Stress Distribution of a 40 mm Thick Cover Plate

•Note: Consistent with the Theory of Flexure of Plates [15]: (i) Maximum principal stress occurs along the periphery of the
cover plate. (ii) Maximum deflection occurs at the center of the cover plate.

ii) Plate Deflection:

Max Prinripal

r 1.80e+07
_-_F1.55e+0-I

b-1.31e+07
1.06e÷07

F 8.22e-_Ofi
I- 5.76e_.06
I- :1,90e406
I" 851038,6
I- -1.6e-_06
t- -4.0e+06
I- -6.5e+06
t- -8.9e+06
L -1 .le-_O-I

= 0.005 mm

Figure 23. Predicted Deflection of a 40 mm Thick Cover Plate
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CHAPTER V. REGRESSION ANALYSIS

This chapter presents the regression analysis associated with the results of the finite element

analysis presented in Chapter IV. In particular, the chapter details the computation of the stress

and deflection functions necessary for numerical optimization. In Table 1, a summary of the

important findings that were obtained during finite element modeling are listed for reference.

Table 1. Maximum Principal Stress and Deflection Data

Test Case Thickness Maximum Principal Stress Maximum Deflection
# h, mm o, MPa z, mm

1 5 1150 2.622

2 10 288 0.330

3 15 128 0.098

4 20 72.2 0.042

5 25 46.2 0.020

6 30 32.1 0.012

7 35 23.5 0.008

8 40 18.0 0.005

In the proceeding sections a comprehensive regression analysis of the data in Table 1 follows

including:

• scatter plots of the response and regressor variables

° formulation of the proposed regression model(s)

• parameter estimation in reference to the proposed regression model(s)

• diagnostic tests: model utility and residual analysis

5.1 Scatter Plots

Successful fitting of a regression model requires a careful analysis of the database for the

problem under study. As part of this analysis, plotting the variables of interest is an invaluable

first step in assessing the relationship between the independent (regressor) and dependent

(response) variable(s).

In reference to the data presented in Table 1 and as a consequence of importance for numerical

optimization purposes, the key variables of interest included: the thickness (regressor variable)
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of the preselected cover plate and the load induced maximum principal stress and deflection

(response variables). In Figures 24 and 25 the scattergrams of thickness versus maximum

principal stress and thickness versus maximum deflection are shown respectively.

Maximum Principal Stress

MPa

Y
1250-

1000-

750-

500-

250.

0.

-250

0

O

0 0 0 0

X
I I I I I

10 20 30 40 50

mm

Figure 24. Scattergram: Thickness (x) versus Maximum Principal Stress (y)

Maximum Deflection

Y
3.5-

mm

2.5-

1.5

0.5

-0.5

0

0

0 0 0 0 0 0

I I I | I X

10 20 30 40 50

mm

Figure 25. Scattergrarn: Thickness (x) versus Maximum Deflection (y)
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5.2 Proposed Regression Model

Based on the scatter plots of Figures 24 and 25 in conjunction with the Theory of Flexure of

Plates [15], a power regression model was proposed for both the maximum principal stress and

deflection. In general, the power regression model [14] assumes the form

/ttvl_ = [3oXa' for x > 0 (5-1)

or

yi = [3oX_'ei for x > 0 (5-2)

A logarithmic transformation is used to linearize this model as follows:

In yi = In 13oX_'ei

In yi = In 13o+I]l In xi + In ei

or

(5-3)

(5-4)

The new linear model becomes

Yi = 13o+ 13,xi + e; (5-5)

where y_ = In y,, 130= In 13o, _; = 13, x_ = In xi and e_ = In e,. Parameter estimates are _, = 1_;

and 13o = e I_0.

5=3 Parameter Estimation

Based on the proposed power regression model of Eq. (5-2), parameter estimation required a

logarithmic transformation of the database, parameter transformation, formulation of the power

regression equation, and finally a check on model utility. In the proceeding sections the results

obtained for both the maximum principal stress and deflection models are presented.
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Maximum Principal Stress

Consistent with Eq. (5-3) the required logarithmic transformation of the database is shown in

Table 2.

'lhble 2. Maximum Principal Stress: Logarithmic Transformation

Test Case Thickness [Regressor Transform Maximum Principal Stress Response Transform

# h, mm In (h) o, MPa In (o)

1 5 1.60944 1150 7.04752

2 10 2.30258 288 5.66296

3 15 2.70805 128 4.85203

4 20 2.99573 72.2 4.27944

5 25 3.21888 46.2 3.83298

6 30 3.40120 32.1 3.46886

7 35 3.55535 23.5 3.15700

8 40 3.68888 18.0 2.89037

Using the MINITAB statistical software package, the linear regression analysis of the data in

Table 2 was undertaken. In particular, the regression analysis was based on x = In(h) and

y = In (o). The MINITAB output follows.

RogrossionJknAlysi8

The regression equation is

y = 10.3 - 2.00 x

Predictor Coef Stdev t-ratio p

Constant 10.2652 0.0027 3792.62 0.000

x -1.99873 0.00090 -2221.18 0.000

s = 0.001675 R-sq = 100.0% R-sq(adj) = 100.0%

a. Parameter Transformation

Based on Eq. (5-5) the appropriate parameter transformation yields

_o=e_°=e'°2652=28716 and _,=_=-2.0 (5-6)
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b. Power Regression Equation

Substituting the parameter estimates of Eq. (5-6) into Eq. (5-2) yields

a = 28716h -z° (5-7)

Consistent with the Theory of Flexure of Plates [15], the obtained regression equation confirms

that the maximum principal stress is inversely proportional to the square of the cover plate's

thickness.

e. Model Utility

Based that the null hypothesis Ho: 1_ = 0 can be rejected with p = 0.000, the regression is

significant. That is, the model is useful in predicting the maximum principal stress based on the

cover plate's thickness. The R: statistic furthermore suggests that 100% of the total variation in

the maximum principal stress is indeed explained by the plate's thickness. Figure 26 shows the

fitted model and suggests a good fit.
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Figure 26. Maximum Principal Stress as a Function of Plate Thickness
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Maximum Deflection

Consistent with Eq. (5-3) the required logarithmic transformation of the database is shown in

Table 3.

Table 3. Maximum Deflection: Logarithmic Transformation

Test Case

#

Thickness

h, mm

10

Regressor Transform
In (h)

1.60944

2.30258

3 15 2.70805

4 20 2.99573

5 25 3.21888

6 30 3.40120

7 35 3.55535

8 40 3.68888

Maximum Deflection

Z, mm

2.622

0.330

0.098

0.042

0.020

0.012

0.008

0.005

Response Transform

In (z)

0.96394

-1.10866

-2.32279

-3.17009

-3.91202

-4.42285

-4.82831

-5.29832

Using MINITAB, the linear regression analysis of the data in Table 3 was undertaken. In

particular, the regression analysis was based on x = In(h) and y = In (z). The MINITAB output

follows.

Rogrossion _nalysis

The regression equation is

y = 5.80 - 3.00 x

Predictor Coef Stdev t-ratio p

Constant 5.80418 0.04998 116.14 0.000

x -3.00393 0.01662 -180.79 0.000

s = 0.03092 R-sq = 100.0% R-sq(adj) = 100.0%

a. Parameter Transformation

Based on Eq. (5-5) the appropriate parameter transformation yields

_o=e_=e"_1'=331.68 and [_,=[_=-3.0 (5-8)

37



b. Power Regression Equation

Substituting the parameter estimates of Eq. (5-8) into Eq. (5-2) yields

z = 331.68h- 3.o (5-9)

Consistent with the Theory of Flexure of Plates [ 15], the obtained regression equation confirms

that the maximum deflection is inversely proportional to the cubic power of the cover plate's

thickness.

e. Model Utility

Based that the null hypothesis Ho: 13_= 0 can be rejected with p = 0.000, the regression is

significant. That is, the model is useful in predicting the maximum deflection based on the

cover plate's thickness. The R 2 statistic furthermore suggests that 100% of the total variation in

the maximum deflection is indeed explained by the plate's thickness. Figure 27 shows the fitted

model and suggests a good fit.
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Figure 27. Maximum Deflection as a Function of Plate Thickness
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5.4 Residual Analysis

As a final diagnostic test, verifying the validity of the regression models introduced in Sect. 5.3,

a residual analysis [14] was conducted. In particular, the basic underlying assumptions of these

models were verified. Most notably, this involved verifying that the residuals (i.e. the difference

between the observed response and the predicted value) were independent, exhibited a constant

variance and were normally distributed random variables with mean 0. Nongraphical as well as

graphical techniques were used in the assessment of the validity of these assumptions. In the

proceeding sections the residual analysis of both the maximum principal stress and maximum

deflection regression models are presented.

Tfst for Independence

Using the MINITAB statistical software package, the test for independence involved computing

the so-called Durbin-Watson statistic. The MINITAB output for both regression models follows.

a. Maximum Principal Stress Regression Model

Durbin-Watson statistic = 1.26

b. Maximum Deflection Regression Model

Durbin-Watson statistic = 2.60

• Conclusion

Based on the results of both parts (a) and (b), the null hypothesis of independence Ho can not

be rejected at the 1% level [16]. That is, the assumption of independence, in each case, does

not appear to be violated.
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Homogeneity of Variance

Using MINITAB, a standard residual plot was generated to test for homogeneity of variance.

The results obtained for both the maximum principal stress and maximum deflection regression

models are shown in Figures 28 and 29 respectively.

a. Maximum Principal Stress Regression Model

Residual vs. Fits

0.002 --

O.OOl --

Residual

0.000

-0.001 --

-0.002 --

0

0

0
0

0

0

0

I I I I

3 4 5 6

Fit

Figure 28. Standard Residual Plot: Maximum Principal Stress

b. Maximum Deflection Regression Model

O

Residual vs. Fits

Residual
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-0.01 -
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-0.03 -

°0.04 -

-0.05 -

0

0

0

0

0
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0

0
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Figure 29. Standard Residual Plot: Maximum Deflection
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• Conclusion

Given that in both Figures 28 and 29 the residuals are scattered randomly about 0 with a

uniform spread, the assumption of common variance, in both cases, does not appear to be

violated [ 14]. However, the absence of replicates prevented further confirmation by Bartlett's

Test.

Normality Test

Similarly, using MINITAB a normal probability plot was generated to test the normality

assumption. The results obtained for both regression models are shown in Figures 30 and 31

respectively.

a. Maximum Principal Stress Regression Model

Normal Probability Plot
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.99 ............. _ ...............

.95 - ........ ........ _ ...... ; .......

.a0 i........ ' ..... - _-
Probability .50 - ..... ,- - -- ....... _F ...... -

• _ :

•05 -, ........ r ...... q" ...... F ....... ,-

.01 ......... ' ....... : ...... L ........

.001 ....................... L ........
t ; I i

, , i ,

-0.002 -0.001 0.001 0.002

Average: 0
Std Dev: 0.0015503
N of data: 8

i

0.000

Residual

Anderson-Darling Normality Test
A-Squared: 0.330
p-value: 0.420

Figure 30. Normal Probability Plot: Maximum Principal Stress
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b. Maximum Deflection Regression Model

Normal Probability Plot

I I I I
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Residual

Average: -0.0000000 Anderson-Darling Normality Test
Std Dev: 0.0286277 A-Squared: 0.147
N o! data: 8 p-value: 0.939

Figure 31. Normal Probability Plot: Maximum Deflection

• Conclusion

The normal probability plots of both Figures 30 and 31 do not suggest a serious departure from

a straight-line, thereby implying that the normality assumption, in both cases, does not appear

to be violated [16]. Note a p-value > 0.10 for both cases. A further indication that there is not

enough evidence to reject the null hypothesis of normality.
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Chapter VI. NUMERICAL OPTIMIZATION

In order to develop a reliability based multi-objective design tool, nonlinear single and multi-

objective constrained optimization techniques were applied to the design of a pressure vessel

cover plate. In this chapter the complete optimization process, as previewed in Chapter III, is

presented. In particular, the generalized nonlinear constrained optimization problem, in

reference to sequential unconstrained minimization and nonlinear goal programming, is

presented along with the optimization methods adopted for solution. In each case, several

numerical test cases were solved and the proceeding sections detail their development.

6.1 Sequential Unconstrained Minimization

General Nonlinear Constrained Optimization Problem Formulation

The classical optimization method has its roots in the study of maxima and minima of functions

and functionals [ 11]. Based on this method, the general nonlinear constrained optimization

problem is formulated as follows [1]:

Minimize:

Subject to:

To find:

F(X) objective function

gj(X) __0 j = 1, m

hk(X) = 0 k= 1,1

I
Xi<Xi_<X_' i=l,n

X = {X j, X,, X3 ..... X,}

inequality constraints

equality constraints

side constraints

design variables

(6-1)

SUMT - Linear Extended Interior Penalty Function Method

Over the years, various methods have been proposed/developed to solve the general nonlinear

constrained optimization problem of Eq. (6-1 ). A notable approach, given the simplicity of its

optimization strategy, has been the development of the so-called sequential unconstrained

minimization techniques or SUMT.
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As thenameimplies,SUMT requirethesolutionof severalunconstrainedminimization

subproblemsin orderto obtaintheoptimumconstraineddesign[1]. Thebasicunderlying

principleof SUMT is to minimizetheobjectivefunctionasanunconstrainedfunction butat the

sametimeprovideapenaltyto limit constraintviolations[1]. Numericallythis is accomplished

throughtheunconstrainedminimizationof apseudo-objectivefunctionof theform [1]

• (X, rp} = F(X) + rp P(X) (6-2)

where F(X) is the original objective function, P(X) is an imposed penalty function, and rp is a

scalar multiplier that determines the magnitude of the penalty imposed for a given unconstrained

minimization cycle.

The specific form that the penalty function assumes characterizes each SUMT. A notable

approach in this context is the linear extended interior penalty function method. A method that

when compared with other classical approaches (e.g. exterior and interior penalty methods) has

proven to be far more efficient and reliable at obtaining an improved design [ 1].

As developed by Cassis and Schmit [ 1], the linear extended interior penalty function method

provides for a penalty function (assuming the absence of equality constraints) of the form [ 1]

P(X) = _ _j(X) (6-3a)
j_t

where _j(X) = 1 if gj(X) < e (6-3b)
gj(X)

2e - gj(X) if gj(X) > e (6-3c) j(x) =-

The parameter e, as defined by Haftka and Starnes [1], is defined by

= - C(rp)" t/3 _<a < _h (6-4)

where C is a constant.

In Figure 32, the algorithm for the linear extended interior pena/ty function method is presented.

Parameters of interest including X °, r r. ),, C, and a are user defined, and the interested reader is

referred to Vanderplaats [ 1] for an in depth discussion into their specific selection.
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[Start I

Select: X °, rp, "_,C, a ]

Minimize (X, rp, E)
as an unconstrained function

Converged?
Yes

No

r_

[] Search Direction Method Algorithm

[] Program Termination

Figure 32. Linear Extended Interior Penalty Function Method Algorithm [1]
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Unconstrained Minimization - First Order Methods

As noted earlier and as shown by the algorithm of Figure 32, SUMT require the solution of

several unconstrained minimization subproblems, as defined by Eq. (6-2), in order to obtain the

optimum constrained design as defined by Eq. (6-1). In this section, two first order

unconstrained minimization methods are discussed, namely steepest descent and variable metric.

The steepest descent and variable metric methods are first order (i.e. gradient based) numerical

search techniques. These techniques start from an initial design vector X° and iteratively update

the design until no more progress can be made to improve (minimize) the objective function.

The most common form [1 ] of this iterative procedure is given by

X q÷ _= X q + _qS q (6-5)

where q is the iteration number, X is the vector of design variables, S_ is the search direction

vector, and aq is a scalar multiplier determining the amount of change in X for a given iteration.

The specific form of the search direction vector (i.e. search engine) determines the type of

search method employed. In the case of the steepest descent method, the search direction is

taken as the negative of the gradient of the objective function [ 1]. That is, at iteration q

S q =- VF(X q) (6-6)

Variable metric methods [1], on the other hand, define the search direction at iteration q by

S q =-- H _TF(X q) (6-7)

where H is an n dimensional array whose form defines the specific variable metric method

employed. Vanderplaats [1 ] presents a complete discussion on this topic and is listed here for

further reference. However, it should be noted that the H matrix plays a pivotal role in

accelerating the rate of convergence, as compared to the steepest descent method, by utilizing

information from previous iterations. As a result, variable metric methods, such as the Broydon-

Fletcher-Goldfarb-Shanno (BFGS) method, are recommended for general applications in favor

of the steepest descent method [ 1].

47



In Figure33, thealgorithmfor thesteepestdescentandvariablemetricmethodsis shown.

Regardlessof thesearchengineemployed,thealgorithmconsistsof threemajorcomponents[1]

1.Determinethedirectionin whichto search(i.e.selectsearchengine)

2. Performtheresultingone-dimensionalsearch

3. Checkfor convergence(i.e. attainmentof anacceptablesolution)

One-Dimensional Search - Golden Section Method

Based on Eq. (6-5) in conjunction with the algorithm of Figure 33, the unconstrained

minimization problem in n variables eventually reduces to a one-dimensional search in o_'. In

this section, a brief summary of a one-dimensional search technique based on the golden section

method is presented.

The basic strategy behind a one-dimensional unconstrained minimum search method can best be

summarized by the general flowchart shown in Figure 34. The three major components of

interest include

1. The Bounding Algorithm: ensures that in the region of search the function is

unimodal. That is, the function has only one bounded minimum solution.

2. The Golden Section Method Algorithm: reduces/refines the bounded interval to an

optimum minimum size. Three optimum points define this optimum minimum

interval.

3. Polynomial Interpolation: refines solution through a three-point quadratic

approximation. Yields ¢t'.

In Figures 35 and 36, the flowcharts for both the bounding algorithm and the golden section

method are shown respectively. There are presented here only for reference since a detailed

explanation is beyond the scope of this paper.
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[Start]

X_"X° [

or

S _- [_-HVF(X)

Find

minimize F(X + _" S)

No

[ X_X+o_'S ]

I Exit ]

[] One-Dimensional Unconstrained

Minimum Algorithm

[] Return: Linear Extended Interior

Penalty Function Method Algorithm

Figure 33. Search Direction Method Algorithm [ 1]
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Bounding Algorithm

Golden Section Method Algorithm

[ Exit ]

[] Function Call

[] Return: Search Direction Method Algorithm

Figure 34. One-Dimensional Unconstrained Minimum Algorithm [1]
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Figure 35. Unconstrained Minimum Bounding Algorithm [1 ]
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Figure 36. Golden Section Algorithm [1]
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Convergence Criteria

Convergence criteria play a pivotal role in the optimization routines of Figures 32 and 33 given

that they determine program termination. Specifically, they assess whether convergence to an

acceptable solution has been achieved, and as a consequence have a major effect on the

efficiency and reliability of these optimization techniques [ 1]. In this section a convergence

algorithm is presented and its associated convergence criteria are briefly discussed.

In Figure 37, an algorithm for assessing convergence is presented. It incorporates three

convergence (termination) criteria [1 ], namely

1. Maximum Number of Iterations: q > q_x

This termination criterion is provided in order to ensure that the optimization

algorithm will not continue to iterate indefinitely. In essence, it is simply a safety

feature ensuring program termination.

2. Absolute Change in the Objective Function: IF(X q) - F(X q- 1)1< EA

This termination criterion checks on the progress of the optimization. Specifically, it

compares the absolute value of the objective function F(X) on successive iterations.

Convergence is achieved if the absolute change is within a specified tolerance,

e^ -- 0.0001 (user defined parameter).

IF(X_)- F(Xq-') I
3. Relative Change in the Objective Function: m--_[_ F(X_, ]-6-*_] < _R

Similar to the absolute change criterion, this termination criterion checks on the

progress of the optimization. However, this criterion compares the relative change in

the objective function FO0 between successive iterations. Convergence is achieved if

the relative change is within a specified tolerance, ER _- 0.001 (user defined parameter).

Lastly, it should be noted that convergence is indicated when either the absolute or relative

change criterion are satisfied. However, in order to ensure true convergence it is important that

the criterion be satisfied on at least two successive iterations [1 ].
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Figure 37. Convergence Algorithm [1 ]
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6.2 SUMT - Reliability Based Optimization

A reliability based nonlinear constrained optimization design tool was developed based on the

linear extended interior penalty function method (SUMT). The BFGS variable metric method

was used for the unconstrained minimization subproblem, and the one-dimensional search used

the golden section method followed by three-point quadratic polynomial interpolation.

Convergence criteria included maximum number of iterations and absolute and relative change

criterion. Both single and multi-objective numerical test cases were conducted as applied to the

design of a pressure vessel cover plate. In the following sections the results obtained are

presented.

SUMT - Nonlinear Single Objective Constrained Optimization

A nonlinear single objective constrained optimization design problem was undertaken in order to

address two main objectives: (1) ensure predicted optimum design was within ASME Code

standards and (2) assess how the variability in the strength characteristics of the cover plate

affected the predicted optimum. In particular, based upon the preselected design criteria (see:

Chp. II) in conjunction with the required service conditions (see: Chp. III), the single objective

design problem focused on minimizing the structural weight of the cover plate, as a function of

its thickness, subject to constraints on stress, deflection, and reliability. That is, find the design

variable, h, that would

where

Minimize: W(h) = pAh

Subject to:

g, (h)= O-6---_- 1 _<0

g_ (h)= z_---_- 1 < 0

g3 (h) = 1 - _oo < 0

• p = 7.86 x 10 -6 kg/mm 3

• _ = o(h) = 28716h -2° [see: Eq. (5-7)]

oz = z(h) = 331.68h -3"°

• R = R(h) = R(o, S)

[see: Eq. (5-9)]

[see: Figure 5]
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• A = gD2
4

• ¢_._ = 120 MPa

*zm._ = 0. l mm

• Ro = 0.999

(6-8)



Thestatisticalstrengthandstressdistributionparameterswereassumedasfollows

• S ~ N(las,_s): strengthatthecritical locationin theplate

• _s---Sy= 262MPa •_s = 5 MPa

• o ~ N(lao, _o) : load induced stress at the critical location in the plate

ol2o -- a(h) = 28716h -z° ._o=2MPa

Penalty parameters included: rp = 1.5, e_ = -0.1, a = 0.5, and ), = 0.1.

Test Cases

Case I. ASME Code Verification

The nonlinear single objective constrained optimization problem of Eq. (6-8) was solved using

the developed SUMT design tool in order to verify that the predicted optimum design was

within ASME Code standards. In particular, the predicted optimum design was compared with

the specifications provided for by Eq. (1-1) per ASME Code UG-34 and UW-12 [9]. In Table 4,

the results of this comparison are presented.

Table 4. ASME Code Verification Data

Maximum Allowable Minimum Allowable Structural Weight

Design Joint Efficiency, E Thickness, h(mm) W(h), kg

ASME: Fully Radiographed 0.90" 14.18 _ 3.50

ASME: Spot Examined 0.80" 15.04 c 3.7 !

SUMT: Optimum 0.76" 15.47 3.82

ASME: Not Examined 0.65" 16.69 _ 4.12

'Per ASME Code UW-12 [91; bTheoretical: Computed based on Eq.(1-1); ' Per ASME Code UG-34 [9]: Eq.(1-1)

• Conclusion

The SUMT design optimum was within ASME specifications. Primarily: (1) the SUMT

optimum did not require a maximum allowable joint efficiency greater than that provided for by

the ASME Code (i.e. E = 0.9), and (2) the SUMT minimum optimum thickness did not violate

the minimum allowable thickness per ASME Code (i.e. h =14.18 mm). It should be noted that

the importance of the results listed in Table 4 lie not on whether the SUMT design was better
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than or worse than the ASME designs, but rather on the observation that the SUMT design was

in compliance with ASME specifications, namely maximum allowable joint efficiency and

minimum allowable plate thickness. Simply stated, the SUMT design tool provided for a design

that satisfied the required user specified design criteria (e.g. load induced stress and deflection

and reliability), while at the same time provided for a design within ASME Code specifications.

Case H. Variability Effects

Similarly, the nonlinear single objective constrained optimization problem of Eq. (6-8) was

solved using the developed SUMT design tool in order to verify its ability to take into account

the effects of variability on the predicted optimum. For simulation purposes the mean strength

of the cover plate was varied, and as a consequence its affect on the optimum minimum

thickness was recorded as listed in Table 5.

Table 5. Variability Effects Data

Mean Strength Minimum Allowable Structural Weight

Test Case lls, MPa Thickness, h(mm) W(h), kg

1 Sy = 262 a 15.47 3.82

2 t/2 Sy = 131 15.85 3.91

3 % Sy = 87.3 20.39 5.03

4 t/a S y = 65.5 24.42 6.03

'SA-515-70 grade carbon steel [9]

• Conclusion

The developed SUMT design tool provided for an optimum design suited to the specified

strength statistic, la,. By varying this statistical parameter, its affect on the predicted optimum

was accounted for.
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SUMT - Nonlinear Multi-Objective Constrained Optimization

A nonlinear multi-objective constrained optimization design problem was undertaken in order to

assess how the selection of weighting factors, in reference to conflicting and multiple objectives,

affected the predicted optimum design. In particular, the multi-objective design problem

focused on minimizing the structural weight, load induced stress and deflection, and maximizing

the reliability of the preselected cover plate, as a function of its thickness, subject to constraints

on stress, deflection, and reliability. That is, find the design variable, h, that would

W(h) ¢_(h) z(h) R(h)Minimize: F(h)= w,_ + w2 o--_ + w3 z_(h----_-w4 R--'_/

Subject to:

where

gl (h)= 0_--_x - 1 -<0

g2 (h)= zz---_- 1 _<0

g3(h)= 1-_o -<0

(6-9)

•w, (for n = 1, 2, 3, 4): weighting factors

• p = 7.86 x 10 -6 kg/mm 3

• o = o(h) = 28716h -2°

• z = z(h) = 331.68h- 3.o

• R = R(h) = R(o, S)

[see: Eq. (5-7)]

[see: Eq. (5-9)]

[see: Figure 5]

• W(h) = pAh

• A = riD2
4

• Cmax = 120 MPa

*Z._ = 0. I mm

• Ro = 0.999

• ith subscript indicates function value at initial value of design variable

The statistical strength and stress distribution parameters were assumed as follows

• S ~ N(Ia_, _) : strength at the critical location in the plate

*las ---Sy = 262 MPa "(L = 5 MPa
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• o ~ N(Iao, Go)" load induced stress at the critical location in the plate

• lao ---o(h) = 28716h -2° .6o = 2 MPa

Penalty parameters included: rp = 1.5, e_= -0.1, a = 0.5, and 3' = 0.1.

Test Cases

The nonlinear multi-objective constrained optimization problem of Eq. (6-9) was solved using

the developed SUMT design tool in order to verify its ability to take into account conflicting and

multiple objectives. For simulation purposes the specified weighting factors were varied, and as

a consequence their affect on the predicted optimum minimum thickness was recorded as listed

in Table 6.

Table 6. Impact of Weighting Factors on Optimum Design

Minimum Allowable

Test Case w_ w2 w3 w4 Thickness, h(mm)

1 5.0 0.0 0.0 0.0 15.47

2 2.0 5.0 1.0 1.0 27.01

3 5.0 2.0 1.0 0.0 16.55

4 5.0 1.0 2.0 5.0 17.01

na: not applicable

Structural Weight Stress Deflection Reliability

W(h), kg o(h),MPa z(h), mm R(h)

3.82 na na na

6.67 39.36 0.017 0.9999

4.09 104.79 0.073 na

4.20 99.24 0.067 0.9999

• Conclusion

The developed SUMT design tool provided for an optimum design suited to the specified weight

ordered design objectives. Multiple and conflicting objectives, namely structural weight, load

induced stress and deflection, and reliability were accounted for.
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6.3 Nonlinear Goal Programming

General Nonlinear Goal Programming Problem Formulation

The standard form of the nonlinear constrained optimization goal programming model is

formulated as follows [2]:

f'(d-'d*) }

f2(d-,d+)

Minimize: z = • achievement vector

fK(d',d÷)

Subject to:

To find:

g,(X)+ d7 - d_'= b, i= I,I

dT, d_'> 0 i=l,I

X_<X_<X_ i= 1, n

X= {X. X2,X3..... X.}

design constraints

nonnegativity requirement

side constraints

(6-10)

design variables

To find:

Design Criteria I

In addition to,

Target for Criteria 1 =

Target for Criteria 2 =

Target for Criteria I -

deviation 1

deviation 2

deviation I

(6-11)

Nonegativity requirement on deviations,

Side constraints

x = {x,, x=, x_ ..... xo}
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Design Criteria 1

Design Criteria 2

Subject to:

weighted deviations of Priority 1 = P_ "_
weighted deviations of Priority 2 = P2

weighted deviations of Priority K = PK

Minimize: z =

The simplified nonlinear constrained optimization goal programming model is written as [2]:



Thevectorz is referredto astheachievementvector. It is structured as an ordered set such that

a preemptive priority structure is maintained [2]. That is, P_ (most important goal) > P: >>> PK

(least important goal) [17]. The dimension of z represents the number of preemptive priority

levels which is equal to or less than the number of objectives (design criteria), and the value of z

will be equal to the zero vector if all the objectives meet their targets [2]. Lastly, it is important

to note for clarity that in reference to Eq. (6-10), gi(X) represent the design objectives (criteria)

and b, the aspired targets.

NLGP - Powell's Conjugate Directions Method

As noted earlier, a variety of methods have been proposed/developed over the years to solve

nonlinear optimization problems. One such approach, namely the linear extended interior

penalty function method, was introduced in Sect. 6.1. In this section, an alternative approach for

solving the nonlinear goal programming problem of Eq. (6-11) is introduced, namely Powell's

conjugate directions method. A method that is one of the most efficient and reliable and

certainly the most popular of the zero-order (i.e. nongradient) based methods available

today [ 1, 2].

Based on the concept of conjugate directions, Powelrs method is a zero-order unconstrained

minimization numerical search technique [1 ]. As was the case with the first-order methods

introduced earlier, this technique starts from an initial design vector X ° and iteratively updates

the design until no more progress can be made to improve (minimize) the objective function or

in the case of Eq. (6-11) the achievement vector.

Following the updating formula of Eq. (6-5), the basicconcept of Powell's method is first to

search in n orthogonal directions, where each search consists of updating the design vector using

the minimum along the previous search direction as the starting point [2]. After performing

these successive minimizafions, a new search direction is formed between the original starting

point and the resulting point of the successive n searches. The first search direction is then

dropped and the remaining search directions are kept along with the new direction, which is

placed last among the directions. The search is continued until convergence is achieved.
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6.4 NLGP - Reliability Based Optimization

A reliability based nonlinear optimization design tool for solving the nonlinear goal

programming (NLGP) problem of Eq. (6-11) was developed based on Powell's conjugate

directions method. The developed NLGP design tool first minimizes, as nearly as possible, the

objectives with the highest priority level. It then proceeds to satisfy the objectives of the next

priority, as nearly as possible, without degrading the achievement of any objective in a higher

priority level. This process is continued until all priority levels have been considered.

At each priority level the search is terminated when the difference between the present and the

previous achievement function value becomes sufficiently small. The value of the achievement

vector z will be equal to the zero vector if all the objectives meet their preselected targets.

Test Cases

In an effort to demonstrate the capabilities of the developed NLGP design tool several numerical

test cases, as applied to the design of a pressure vessel cover plate, were conducted. In

particular, based upon the preselected design criteria (see: Chp. II) in conjunction with the

required service conditions (see: Chp. III), four test cases were run including: (i) minimum

weight design with reliability constraints only; (ii) minimum weight design with stress and

reliability constraints at different priority levels; (iii) minimum weight design with deflection

and reliability constraints at different priority levels; and (iv) minimum weight design with

stress, deflection, and reliability constraints at different priority levels. In all four cases the

maximum positive or negative deviation was limited to be less than 0.01. In the following

sections the results obtained are presented.

Case I. Minimum Weight Design with Reliability Constraints

The minimum weight design problem with reliability constraints was solved using the developed

NLGP design tool. In particular, the optimization problem focused on minimizing the structural
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weightof thepreselectedcoverplateasafunctionof its thicknesssubjectto reliability

constraints.Thatis, find thedesignvariable,h, thatwould

Minimize:

Subjectto:

z = {deviation 1+ deviation2}

- 1 = deviation1
Wo

R 1 = deviation2
Ro

andsideconstraints

where

5_h_40

oW >Wo

•w = W(h)= pAh

*A= nD-----_-_
4

• R = R(h) = R(a, S) [see: Figure 5]

Achievement Vector

Design Constraints

oR>Ro

op = 7.86 x 10 -6 kg/mm _

• Wo = 3.50 kg

• Ro = 0.999

The statistical strength and stress distribution parameters were assumed as follows

• S ~ N(la_, @_) : strength at the critical location in the plate

°la_ = Sy = 262 MPa °@_ = 5 MPa

• a ~ N(lao, @,,) : load induced stress at the critical location in the plate

• la,_ = a(h) = 28716h -2° •_o = 2 MPa

In Table 7, the predicted optimum minimum thickness along with the optimum weight and the

expected reliability for the cover plate design are listed.

Table 7. Results for Case I - NLGP Cover Plate Design

Minimum Optimum Structural Weight Reliability
Thickness, h(mm) W(h), kg R(h)

14.20 3.51 0.9999
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CaseII. Minimum Weight Design with Stress and Reliability Constraints

In this case, the minimum weight design problem with reliability and stress constraints at

different priority levels was solved using the developed NLGP design tool. Specifically, the

optimization problem focused on minimizing the structural weight of the preselected cover plate

as a function of its thickness with: (i) weight and stress constraints priority level 1; and (ii)

reliability constraints priority level 2. That is, find the design variable, h, that would

Minimize:

Subject to:

deviation 1 + deviation 2 }z = deviation 3

W 1 = deviation 1
Wo

t_
(_max

R
Ro

and side constraints

Achievement Vector

where

1 = deviation2 Design Constraints

1 = deviation 3

5_h_40

• W > Wo

.R>Ro

• A = xD---_2
4

• t_ = a(h)= 28716h -2'° [see: Eq. (5-7)]

• R = R(h) = R(c, S} [see: Figure 5]

°G -<(_mx

•w = WCh)= oAh

• Wo = 3.50 kg

• ts,,_x = 120 MPa

• Ro = 0.999

The statistical strength and stress distribution parameters were assumed as follows

• S ~ N(12s, _s) : strength at the critical location in the plate

• las ---S y = 262 MPa • _._ = 5 MPa

• c - N(lao, _o)" load induced stress at the critical location in the plate

• lao -- t_(h) = 28716h -2° ._o = 2 MPa
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In Table8, thepredictedoptimumminimumthicknessalongwith theoptimumweight andthe

expectedmaximumprincipalstressandreliability for thecoverplatedesignarelisted.

Table 8. Results for Case II - NLGP Cover Plate Design

Minimum Optimum Structural Weight Maximum Principal Stress

Thickness, h(mm) W(h), kg a(h), MPa

15.47 3.82 120.0

Reliability
R(h)

0.9999

Case Ill. Minimum Weight Design with Deflection and Reliability Constraints

In this case, the minimum weight design problem with deflection and reliability constraints at

different priority levels was solved using the developed NLGP design tool. In particular, the

optimization problem focused on minimizing the structural weight of the preselected cover plate

as a function of its thickness with: (i) weight and deflection constraints priority level 1; and (ii)

reliability constraints priority level 2. That is, find the design variable, h, that would

deviation 1 + deviation 2 }Minimize: z = deviation 3 Achievement Vector

Subject to:

W
Wo

1 = deviation 1

z 1 = deviation 2
Zmax Design Constraints

1 = deviation3
Ro

and side constraints

5_hS40

where

• W >Wo

•R>Ro

• A= _:D___:
4

• z = z(h) = 331.68h -3'° [see: Eq. (5-9)]

•Z<_Zn_

•w = W(h)= 0Ah

• Wo = 3.50 kg

• Zm_,= 0.1 mm

• R = R(h) = R(O, S) [see: Figure 5] • Ro = 0.999
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Thestatisticalstrengthandstress distribution parameters were assumed as follows

• S ~ N(gs, eL) : strength at the critical location in the plate

• 12_---Sy = 262 MPa •_ = 5 MPa

• o ~ N(iao, 0°) : load induced stress at the critical location in the plate

• lao ---o(h) = 28716h -2° •_o = 2 MPa

In Table 9, the predicted optimum minimum thickness along with the optimum weight and the

expected maximum deflection and reliability for the cover plate design are listed.

Table 9. Results for Case III - NLGP Cover Plate Design

Minimum Optimum Structural Weight Maximum Deflection Reliability
Thickness, h(mm) W(h), kg z(h), mm R(h)

14.92 3.68 0.10 0.9999

Case IV. Minimum Weight Design with Stress, Deflection and Reliability Constraints

Lastly, the minimum weight design problem with stress, deflection, and reliability constraints at

different priority levels was solved using the developed NLGP design tool. Specifically, the

optimization problem focused on minimizing the structural weight of the preselected cover plate

as a function of its thickness with: (i) weight and reliability constraints priority level 1; and (ii)

stress and deflection constraints priority level 2. That is, find the design variable, h, that

would

Minimize: z = [ deviation 1 + deviation 4
deviation 2 + deviation 3 1

Achievement Vector

Subject to:
W
Wo

- 1 = deviation 1

o 1 = deviation 2
Omax

z 1 - deviation3
Zmax

Design Constraints

R 1 = deviation4
Ro
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and side constraints

where

5_h_40

• W__ Wo

*Z_<Z_

•W=W(h)= pAh
, A = nD---_-2

4

• a = a(h) = 28716h -2° [see: Eq. (5-7)]

• z = z(h) = 331.68h -3° [see: Eq. (5-9)]

• R = R(h) = R(a, S) [see: Figure 5]

*_-<6r_

°R>Ro

• p = 7.86 x 10 -6 kg/mm 3

* Wo = 3.50 kg

,c_= 120MPa

• z_ =0.1 mm

• Ro = 0.999

The statistical strength and stress distribution parameters were assumed as follows

• S ~ N(12_, _,) : strength at the critical location in the plate

• las = S y = 262 MPa • #_ = 5 MPa

• c_ ~ N(Iao, 0o)" load induced stress at the critical location in the plate

• lao = o(h) = 28716h -2° •(_o = 2 MPa

In Table 10, the predicted optimum minimum thickness along with the optimum weight and the

expected maximum principal stress, maximum deflection and reliability for the cover plate

design are listed.

Table 10. Results for Case IV - NLGP Cover Plate Design
' I ' . ° •

Minimum Optimum Structural Weight Maxunum Principal Stress Maximum Deflection Reliability

Thickness, h(mm) W(h), kg a(h), MPa z(h), mm R(h)

15.47 3.82 120.0 0.09 0.9999
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CHAPTER VII. CONCLUSION

Based on two different optimization techniques, namely sequential unconstrained minimization

(SUMT) and nonlinear goal programming (NLGP), a reliability based nonlinear optimization

method for solving structural optimization problems was developed. A method that affords the

design engineer the ability to take into account the effects of variability on the proposed design,

while at the same time provides for a realistic design model that takes into account conflicting

and multiple objectives. Multiple objectives of interest that include structural weight, load

induced stress and deflection, and mechanical reliability.

As a testbed, both single and multi-objective numerical test cases were run, using the developed

SUMT design method, as applied to the design of a pressure vessel cover plate. In particular,

the single objective design problem focused on a minimum weight design subject to constraints

on stress, deflection, and reliability. The nonlinear multi-objective design problem, on the other

hand, focused on minimizing the structural weight, load induced stress and deflection, and

maximizing the reliability of the preselected cover plate subject once again to constraints on

stress, reliability, and deflection. The subsequent solution of these numerical test cases

demonstrated the ability of the developed design tool to: (i) take into account the effects of

variability on the proposed design; (ii) yield an optimum design within ASME specifications;

and (iii) yield an optimum design suited to a user specified weight ordered priority system.

Similarly, in an effort to demonstrate the capabilities of the developed NLGP design tool several

numerical test cases, as applied to the design of a pressure vessel cover plate, were likewise

solved. These test cases ranged from a minimum weight design with reliability constraints to a

minimum weight design with stress, reliability, and deflection constraints at different priority

levels. As was the case with the developed SUMT method, the developed NLGP design tool

was able to: (i) take into account the effects of variability on the proposed design; and (ii) yield

an optimum design within ASME specifications. However, the solution of the preselected

numerical test cases also afforded the opportunity to demonstrate the most compelling attributes

of the developed goal programming method, namely: (i) its flexible problem formulation; and

(ii) its ability to yield an optimum design suited to a user specified rank ordered priority system.

68



REFERENCES

1. Vanderplaats, G.N. Numerical Optimization Techniques For En_ineerinz Design. New
York: McGraw-Hill, 1984.

. EI-Sayed, M.E., and T.S. Jang. "Structural Optimization with Nonlinear Goal Programming
Using Powell's Method." Proceedings of the ASME Design Automation Conference.
Chicago, 1990.

3. Lancaster, J. Handbook of Structural Welding. New York: McGraw-Hill, 1992.

4. Kobe Steel, Ltd. Available: http://www.kobelco.co.jp/eneka/p02/tmaine.htm [1998,

August 31 ].

5. Hebeler Corporation. Available: http://www.hebeler.com/asme.htm [1998, August 31 ].

6. Kempker Associates. Available: http//users.aol.com/Jerkemp/Vessels.html [ 1998,

August 31 ].

7. Morton Machine Works, Inc. Available: http://www.mortonmachineworks.com/asme.htm

[1998, August 31].

8. Chuse, R., and B.E. Carson. Pressure V¢ssels: The ASME Code Simplified. New
York: McGraw-Hill, 1993.

9. Megyesy, E.F. Pressure Vessel Handbook. 10th ed. Tulsa, OK: Pressure Vessel
Publishing, Inc., 1995.

10. Funk, E.R., and L.J. Rieber. Handbook of Welding. Belmont, CA: Breton Publishers,
1985.

11. Haftka, R.T., and M.P. Kamat. Elements of Structural Optimization. Dordrecht, The

Netherlands: Martinus Nijhoff Publishers, 1985.

12. Xie, Y.M., and G.P. Steven. Evolutionary_ Structural Optimization. London: Springer-

Verlag, 1997.

13. Shigley, J. E., and C.R. Mischke. Mechanical Engineering Design. 5th ed. New York:
McGraw-Hill, 1989.

14. Milton, J.S., and J.C. Arnold. Introduction to Probability and Statistics. 3rd ed. New York:
McGraw-Hill, 1995.

15. Boresi, A.P., R.J. Schmidt, and O.M. Sidebottom. Advanced Mechanics of Materials. 5th

ed. New York: John Wiley & Sons, 1993.

16. Chakravarthy, S.R. MATH 602: Applied Statistics Lecture Notes. Department of Science
and Mathematics, Kettering University, 1998.

17. Jang, T.S. "Large Scale Structural Optimization with Linear and Nonlinear Goal
Programming." Diss. University of Missouri-Columbia, 1990.

69


