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Abstract

Multi-dimensional Upwind Fluctuation Splitting Scheme with Mesh
Adaption for Hypersonic Viscous Flow

By
William Alfred Wood TII

Committee Chairman: Bernard Grossman

Aerospace Engineering

(ABSTRACT)

A multi-dimensional upwind fluctuation splitting scheme is developed and imple-
mented for two-dimensional and axisymmetric formulations of the Navier-Stokes equa-
tions on unstructured meshes. Key features of the scheme are the compact stencil,
full upwinding, and non-linear discretization which allow for second-order accuracy
with enforced positivity. Throughout, the fluctuation splitting scheme is compared
to a current state-of-the-art finite volume approach, a second-order, dual mesh up-
wind flux difference splitting scheme (DMFDSFV), and is shown to produce more
accurate results using fewer computer resources for a wide range of test cases. The
scalar test cases include advected shear, circular advection, non-linear advection with
coalescing shock and expansion fans, and advection-diffusion. For all scalar cases the
fluctuation splitting scheme is more accurate, and the primary mechanism for the
improved fluctuation splitting performance is shown to be the reduced production of

artificial dissipation relative to DMFDSFV. The most significant scalar result is for
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combined advection-diffusion, where the present fluctuation splitting scheme is able to
resolve the physical dissipation from the artificial dissipation on a much coarser mesh
than DMFDSFV is able to, allowing order-of-magnitude reductions in solution time.
Among the inviscid test cases the converging supersonic streams problem is notable in
that the fluctuation splitting scheme exhibits superconvergent third-order spatial ac-
curacy. For the inviscid cases of a supersonic diamond airfoil, supersonic slender cone,
and incompressible circular bump the fluctuation splitting drag coefficient errors are
typically half the DMFDSFV drag errors. However, for the incompressible inviscid
sphere the fluctuation splitting drag error is larger than for DMFDSFV. A Blasius
flat plate viscous validation case reveals a more accurate v-velocity profile for fluctu-
ation splitting, and the reduced artificial dissipation production is shown relative to
DMFDSFV. Remarkably the fluctuation splitting scheme shows grid converged skin
friction coefficients with only five points in the boundary layer for this case. A viscous
Mach 17.6 (perfect gas) cylinder case demonstrates solution monotonicity and heat
transfer capability with the fluctuation splitting scheme. While fluctuation splitting
is recommended over DMFDSFV, the difference in performance between the schemes
is not so great as to obsolete DMFDSFV. The second half of the dissertation develops
a local, compact, anisotropic unstructured mesh adaption scheme in conjunction with
the multi-dimensional upwind solver, exhibiting a characteristic alignment behavior
for scalar problems. This alignment behavior stands in contrast to the curvature
clustering nature of the local, anisotropic unstructured adaption strategy based upon
a posteriori error estimation that is used for comparison. The characteristic align-
ment is most pronounced for linear advection, with reduced improvement seen for
the more complex non-linear advection and advection-diffusion cases. The adaption
strategy is extended to the two-dimensional and axisymmetric Navier-Stokes equa-
tions of motion through the concept of fluctuation minimization. The system test
case for the adaption strategy is a sting mounted capsule at Mach-10 wind tunnel
conditions, considered in both two-dimensional and axisymmetric configurations. For
this complex flowfield the adaption results are disappointing since feature alignment
does not emerge from the local operations. Aggressive adaption is shown to result

in a loss of robustness for the solver, particularly in the bow shock/stagnation point
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interaction region. Reducing the adaption strength maintains solution robustness but

fails to produce significant improvement in the surface heat transfer predictions.
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Over-bars are used to represent average values. Vector symbols indicate vectors
spanning multiple spatial dimensions. Bold face is used for vectors and tensors of
systems. Subscripts of independent variables are short-hand for differentiation. Hats

denote unit vectors. Tildes denote Roe-averaged quantities.
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Chapter 1

Introduction

1.1 Objective

The present dissertation seeks to develop a next-generation numerical aerothermody-
namic predictive capability. High-fidelity flowfield solutions are sought with increased
accuracy and reduced analysis time, especially with respect to configuration changes.
This is an effort to push the state of the art for aerothermodynamic analysis capability
closer to being a usable tool for vehicle designers.

Specifically, the multi-dimensional upwinding concepts of Sidilkover[1, 2, 3] as
applied to the Euler equations of inviscid, perfect gas flows are incorporated into a
consistent treatment of viscous and heating terms to solve the Navier-Stokes equa-
tions of gas dynamics. A detailed analysis of the base algorithm is performed and
applications to several validation cases are conducted. Also, aggressive unstructured
mesh-adaption strategies are investigated in conjunction with the fluctuation splitting

scheme.

1.2 Motivation

Current proposals for future United States access-to-space systems incorporate reus-
able trans-atmospheric flight vehicles, performing a role similar to the space shuttle

orbiter, seeking to minimize recurring costs. For efficient design and operation of these
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vehicles aerothermodynamic performance predictions are required to high accuracy
and in a timely fashion.

The current computational capability to provide these aerothermodynamic per-
formance predictions for complex vehicles is severely limited by total solution times,
which include both domain discretization and flowfield evolution, measured in months.
In order for high-fidelity aerothermodynamic predictive tools to play an active role
in the design phase a leap in responsiveness must be made over the current state of
the art methods, represented by dimensionally-split approximate Riemann solvers.

An effective numerical aerothermodynamic predictive tool must be able to provide
rapid analysis of vehicle aerodynamics and control surface effectiveness. To do so
flowfield features, such as embedded shocks, shear layers, and boundary layers, must
be accurately modeled and solution domains must be easily generated for complex
shapes, allowing rapid re-calculation with respect to geometry changes.

The emphasis in aerothermodynamics on heat transfer and high-speed flows pro-
vides additional challenges with regard to the accurate resolution of boundary layers,
loss of accuracy with highly-stretched meshes, and convergence slowdowns associated
with a disparity in information speeds between nearly stagnated boundary layer flow
and hypersonic shock layers.

To make the next generation of computational aerothermodynamic predictive tools
responsive to the design phase a truly multi-dimensional, robust Navier-Stokes solver
based on general unstructured domains is required. Advanced, aggressive conver-
gence acceleration methods and the exploitation of distributed or massively parallel

architectures are mandatory.

1.3 Background

1.3.1 Fluid Dynamics Algorithms

The twin goals of improving both accuracy and efficiency have long been objectives of
the computational fluid dynamics developers. Accuracy is typically addressed through

the spatial discretization, with the Van Leer ‘Ultimate’ series of papers[4, 5] being a
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driving force throughout the 1970’s. In the domain of hypersonic applications, effi-
ciency has been improved through the temporal discretization, with MacCormack’s
work standing out on explicit predictor/corrector[6], implicit line Gauss-Seidel[7, §],
and approximate factorization schemes[9], along with a notable extension by Can-
dler to the LU-SGS scheme[10]. Several industrial solvers, such as GASP[11], have
emerged from this finite volume legacy, such as the successful CFL3D code[12].

In his landmark paper, Roe[13], building on the work of Godunov[14], introduced
an upwind, approximate-Riemann-problem solution technique for the one-dimensional
Euler equations. The Roe scheme has been extended on structured meshes to multiple
dimensions by decomposing the domain into locally one-dimensional problems aligned
with the computational coordinates. Viscous terms have been incorporated and in a
decade’s time the structured Roe scheme! for Navier-Stokes equations set the standard
for continuum aerothermodynamics[15, 16, 17, 18].

Unstructured schemes have since been developed, seeking both much greater flex-
ibility for complex geometries and a reduction in preferential solution directions
aligned with computational coordinates. Notable contributions for the unstructured
Roe schemes have been made by Barth[19, 20, 21, 22] and Whitaker[23, 24]. These
approaches, however, still rely upon a locally one-dimensional, dimensionally-split
algorithm at cell faces.

A different tack has been taken by Fey[25, 26], who has advocated the method of
transport for a true multi-dimensional treatment of the Euler equations. This method
is more an extension of flux vector splitting concepts, an approach known to be more
dissipative than flux difference splitting[17].

The advent of multi-dimensional linear advection schemes, termed fluctuation
splitting[27, 28, 29, 30, 31, 32], induced Roe to revisit his one-dimensional scheme.
The fluctuation splitting formulation is based on an unstructured triangulation and
is local to each cell, suitable for application on massively parallel computers. A
two-dimensional analog to the Roe scheme for the Euler equations has been devel-
oped based on characteristic wave decompositions[33, 34, 35, 36, 37, 38, 39, 40, 41].

Unfortunately, these wave decomposition schemes have been of limited robustness

Includes extensions of the base Roe scheme to higher-order accurate discretizations.
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and have not reached their full potential. Applications have also been made to the

shallow-water equations[42].

Taking the wave decomposition idea to the extreme, some authors have applied
fluctuation splitting to Boltzmann schemes for the Euler equations[43, 44, 45, 46].
These gas kinetic schemes are very expensive to run and show very modest improve-

ments over dimensionally-split finite volume[47].

Diffusion terms have been incorporated into scalar fluctuation splitting schemes|[21,
48] and viscous terms have been added to the wave-decomposition models to solve
Navier-Stokes problems[49, 50, 51, 52]. While the Galerkin approach to viscous terms
appears compatible with fluctuation splitting for convective terms, these schemes suf-
fer from a lack of robustness. Carette[51] states, “However, this scheme is not sat-
isfactory at present in terms of robustness and convergence, and improvements in
this respect is still subject [sic] of current research.” Even for the classical flat plate

[43

boundary layer problem Tomaich[50] reports, “...the agreement with the Blasius

solution is rather poor.”

Sidilkover, who along with Roe established a strong link between fluctuation split-
ting and upwind flux difference splitting finite volume|[3], has proposed an alternative
multi-dimensional treatment of the Euler system[l, 2]. Rather than performing a
wave decomposition to decouple the Euler equations, Sidilkover employs fluctuation
splitting to treat the system of equations as a whole unit. In doing so he has been
able to apply efficient multigrid[53, 54, 55] solution strategies to shock reflection and
channel flow problems. Advantages of Sidilkover’s method for the Euler equations in-
clude: arbitrary triangulations, stability of Gauss-Seidel relaxation on high resolution
discretization, compact stencil, second-order accuracy, and rotationally invariant ar-
tificial dissipation. Among these, Sidilkover[55] claims, “The fundamental advantage
of this approach is that it leads to a scheme that combines high-resolution and good

stability properties.”

Sidilkover’s fluctuation splitting scheme for the Euler equations has the promise
to satisfy many of the cutting-edge aerodynamic requirements. It provides a truly

multi-dimensional treatment of the governing system of equations in an unstructured,
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compact, high-order algorithm suitable to distributed and massively parallel compu-
tation. Being stable with respect to Gauss-Seidel relaxation, as opposed to Runge-
Kutta[56] marching, opens the possibility of greatly improved multigrid convergence
rates. Robustness appears to be improved relative to the wave decomposition models.

What is lacking from the scheme to be an aerothermodynamic tool are the exten-
sion to the Navier-Stokes equations, rigorous evaluation of robustness and accuracy
relative to finite volume schemes on complex geometries, analysis of the effect of grid
stretching, and critical determination of the accuracy and efficiency for heat transfer

and skin friction calculations.

1.3.2 Mesh Adaption Strategies

Solution adaptive remeshing techniques have been utilized with some success for hy-
personic flows on structured domains. A simple, effective approach developed by
Gnofto[57] utilizes a spring analogy energy minimization to align the bow shock and
cluster to the boundary layer. This approach works very well for entry forebodies, for
which it was developed, but is more difficult to apply to complex vehicle shapes. The
method also is unresponsive to embedded shocks or other shock-layer flow features.
Harvey[58, 59, 60] has developed a mesh adaption technique that is sensitive to
shock-layer features to obtain parabolized Navier-Stokes solutions over simple config-
urations, e.g. cones, using a spring analogy based on Gnoffo’s work. Unfortunately,
defining relative clustering strengths for various flow features proved difficult, and a
damaging lack of robustness is shown for three-dimensional leeside flowfields[59].
Mesh adaption on unstructured domains offers a significant benefit over structured
mesh adaption—the ability to insert and delete nodes. Much of the research in this
area has gone into global remeshing using isotropic cells[61, 62, 63, 64, 65, 66, 67].
Grids composed of (nearly) isotropic cells quickly become prohibitively large for hy-
personic applications, where the capture of essentially one-dimensional flow features,
such as shocks, results in refinement in all three dimensions. These methods typically
employ gradient clustering, using a second derivative check on some or all of the de-

pendent variables to define clustering strengths. This sort of clustering is intended
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Figure 1.1: Pictorial of “ideal” mesh for shock discontinuity (left) and mesh resulting
from gradient based clustering (right).

to reduce the interpolation error in a piecewise-linear data representation[68, 69], but
is not necessarily driven by the flow physics, and can lead to excessive clustering or
conflicting requirements in certain regions, such as a bow shock or stagnation point.
Figure 1.1 presents an illustrative pictorial based on the results of Ait-Ali-Yahia[70]
et al., where 18 cells were driven into the bow shock by gradient based clustering. A
shock is pictured on the left side of the figure with an ideal mesh for a three-point
stencil. On the right side is a mesh typically produced by gradient-based cluster-
ing, which gathers more points in the vicinity of the discontinuity without providing
sharper resolution.

More recently, impressive results using anisotropic elements have been reported
by Habashi[71, 72, 73, 74, 75, 76] et al. With that approach, all grid adaptions
are local operations, as opposed to global remeshings. Highly-stretched elements are
obtained, achieved by equating the interpolation error along each edge, again using
a spring analogy minimization. The clustering is still driven by second derivatives in
the solution.

Roe[32, 77] has applied the concept of performing global mesh adaption wia lo-
cal node movements to a scalar advection problem using fluctuation splitting. His
analysis reveals that a characteristic mesh results, with far fewer points required than
gradient based clustering would imply. His method is based on the minimization of an
objective function formed by taking derivatives of the fluctuation splitting scheme. A

differentiable high-resolution linear scheme, which cannot be monotonic[56], is chosen.
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For a complex flowfield or for systems of equations it may not be possible to achieve
a perfectly-aligned characteristic mesh, in which case the non-monotonic property
would most likely be detrimental or even fatal to the solution. Tt is not clear how
to extend the differentiahility requirement to a high-resolution, non-linear monotonic
scheme.

Another attempt at mesh alignment has been performed by Trépanier[78] et al.
While their scheme is unresponsive to characteristic lines, a wave decomposition model
is used with an inviscid cell-centered finite volume solver to produce shock alignment
of unstructured isotropic cells. Less success was demonstrated for shear alignment.
One drawback of the method is the need to explicitly detect and classify flow features,
which could hinder the extension to three dimensions. Similarly, Parikh[79] et al. use
a wave decomposition in conjunction with a cell-centered finite volume solver to drive
edge alignment, but with automated general feature detection. Unfortunately, their
approach was able to provide only extremely modest benefits, in part because there

was no mechanism for providing cell stretching.

1.4 Course of Action

A systematic approach to developing new methods is pursued. Current leading-edge
technology is embraced and developed into a complete gas dynamics solver, applicable
to reentry vehicles across their speed range. Throughout, the scientific method is
followed, where new schemes are critically evaluated against the current state of the
art.

One-dimensional scalar advection is considered first, where the common ancestry
of the upwind finite volume and fluctuation splitting paradigms is presented. Exten-
sion to the incorporation of diffusive terms is presented, followed by the treatment
of systems, for both the Euler and Navier-Stokes equations. The chapter culminates
with the current state of the art in dimensionally-split schemes. Fluctuation splitting
provides an identical discretization in one dimension.

Two-dimensional scalar advection on unstructured domains is addressed next. The

methodology for applying the dimensionally-split concepts in multiple dimensions is
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shown. The different approach of fluctuation splitting is highlighted, providing a truly
multi-dimensional treatment. A critical comparison between the upwind finite volume
and fluctuation splitting schemes for scalar equations is performed. The extension
to diffusive problems is developed, with emphasis placed on consistent incorporation
into the fluctuation splitting framework while still maintaining formal second-order
accuracy.

Novel concepts for mesh adaption are developed analytically for two-dimensional
scalar problems, based on the physics of the solution rather than gradient-based
clustering. Emphasis is placed on concepts that can be extended to systems. Demon-
strations for simple basic problems and more challenging advection-diffusion problems
are performed.

Systems in two dimensions are formulated for the Navier-Stokes equations, rep-
resenting the crux of the development of the fluctuation splitting concepts. The
treatment follows the lead of Sidilkover in treating the system as a cohesive unit,
in contrast to the wave-model simplifications of Roe and Deconinck. Specialization
to axisymmetric equations of fluid motion provide useful applications and consistent
treatment of source terms.

The mesh adaption strategies developed for scalar equations are reformulated for
the fluid dynamics systems. The resolution of flowfield features is addressed, along
with robustness and convergence of the adaption process. An automatic refinement
procedure is sought whereby the solution is converged uniformly with mesh density.

A critical aerothermodynamic evaluation of the fluctuation splitting algorithm and
mesh adaption strategies are performed using the primary case of an entry capsule
at Mach-10 wind tunnel conditions, for which prior experimental and computational

data exists.



Chapter 2
One-Dimensional Analysis

The current state of the art for solving the compressible Navier-Stokes equations,
namely upwind flux-difference-split finite volume schemes, is developed on non-uni-
form meshes in one spatial dimension. Upwind flux difference splitting, in particular
the Roe scheme[13, 80|, is considered the most accurate scheme for compressible
Navier-Stokes applications[17, 18], primarily because of the low levels of artificial
dissipation introduced through the matrix dissipation model. The particular finite
volume scheme considered in this dissertation can be described as node-based, median-
dual mesh upwind Roe flux difference splitting finite volume with limited multi-di-
mensional reconstruction, and will be abbreviated as DMFDSFEFV. for dual mesh flux
difference splitting finite volume, throughout.

The sections in this chapter progress from scalar advection to diffusion and then
to combined advection-diffusion. Treatment of scalar equations is followed by the
Euler and Navier-Stokes systems of equations. The fluctuation splitting approach is
developed in parallel with the DMFDSFV analysis, and is shown to result in identical
discretizations in one dimension.

This chapter has a threefold purpose: to introduce DMFDSFV and fluctuation
splitting basics, to develop the state of the art for the locally one-dimensional approx-
imate Riemann solver used in the finite volume algorithms, and to serve as a prelude
for the multi-dimensional analyses, where fluctuation splitting offers new capability
over the DMFDSFYV extensions.
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Linear data
\— representation

Control volumes
| X | X | X ‘ and centroids
i—3 i— % i+ 3
i ° ° ° ° Nodes
TR i i+1 i+2
(boundary) (ghost)

Figure 2.1: One-dimensional finite volume domain.

2.1 Domain

In one dimension the domain considered is a discretization of the z-axis, either with
uniform or non-uniform spacing between grid nodes, which are indexed by ¢. Depen-

dent variables are stored at the nodes.

In the node-based finite volume context a median-dual control volume is con-
structed about each node by defining a cell face halfway between adjacent nodes.
This convention is depicted in Figure 2.1, with the cell faces referred to as the i%
points. In the illustrative case of Figure 2.1, the ¢ + 1 node is a boundary point, and
the corresponding cell extends only from 7 + % to 1 4+ 1. The generalized volume of
the median-dual cell is formed as 2, 1 — x; 1 for interior nodes or x;+; — x;, 1 for
the boundary point shown in Figure 2.1. If the solution at the boundary nodes is
specified, then there are two fewer interior finite volumes to solve than the number
of nodes. If the boundary nodes are updated by the interior scheme, then there is
a one-to-one correspondence between the nodes and control volumes, plus two addi-
tional numerical boundary conditions, which may be implemented with ghost nodes
(4 2 in Figure 2.1) or specified boundary fluxes. If the ghost node is used, it can be
located co-incident with the physical boundary node, and does not need to have an

associated control volume. A ghost node co-located with the physical boundary node,
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Linear data
representation

X X % ‘ Domain elements
and centroids
L7 L3 i+ 3
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. . 4 T-axis
1—1 i i+1
(boundary)

Figure 2.2: One-dimensional fluctuation splitting domain.

without an associated control volume extends more easily to multiple dimensions with
unstructured grids than would a formulation based upon physically locating the ghost
node.

Notice that for the nodal distribution depicted, which has non-uniform spac-
ing, the cell centroids, denoted by x in Figure 2.1, do not coincide with the nodes.
Barth[22] states that nodal storage in this case, referred to as mass lumping in a
finite element context, only alters the time accuracy of finite volume schemes, and
not the steady state solutions. In the present dissertation unsteady problems will
employ uniform grids, though stationary problems are free to use non-uniform node
distributions.

Notice also the piecewise-linear representation of data in the finite volume context.
Discontinuous jumps in the dependent data are allowed at cell faces.

Figure 2.2 depicts the discretization of the domain for the fluctuation splitting
approach. The data is now continuous and piecewise linear over elements defined
by the nodes. The centroids of the fluctuation splitting elements are at the same

locations as the faces of the finite volume cells. No special definition of a boundary

! The use of uniform meshes to avoid degradation of time accuracy due to mass lumping is done for
convenience. It is possible to compute cell centroids and use that location in calculations involving
cell distances. Conversely, a cell-centered, rather than node based, data storage structure could be
adopted for the finite volume discretization.
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cell is required. The length of an element is,
Cijv1 =T — o = Agx (2.1)

There are one fewer elements than nodes, and each element is associated with two
nodes. Correspondingly, each interior node is associated with two elements, while
each boundary node is associated with only one element.

The data structure for fluctuation splitting shown in Figure 2.2 resembles a cell-
centered finite volume layout, with a key difference that cell-centered finite volume
stores the solution at cell centers, as opposed to at the nodes for fluctuation splitting.
Additionally, it is emphasized that the fluctuation splitting data is C-0 continuous
whereas cell-centered finite volume would have discontinuous jumps in the data at

the cell interfaces.

2.2 Scalar Advection

A hyperbolic conservation law takes the form,

U +V-F =0 (2.2)

2

where U is the vector of conserved variables and F is the flux? of these variables.

Following Godunov[14], Eqn. 2.2 can be evaluated in an integral sense,

/Ut Q) :—/ V- FdQ (2.3)
Q Q

If the control volume, {2, is fixed in time, then,
Q

where the over-bar indicates a cell-average value. Using the divergence theorem the

flux term can be evaluated as,

/ﬁ-ﬁdsz:fﬁ-ﬁdr (2.5)
Q

r

F = F(U). For some of the

2The flux function F is a function of the dependent variables U,
F = F(u,x,y). In such cases the

scalar cases F will also be a function of the independent variables,
flux will be in a variables-separable form, F' = Az, y)u.
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where 1 is the outward unit normal to the control volume boundary, I'.

The one-dimensional scalar advection problem is obtained from Eqn. 2.2 as,
which can be written for a control cell as,

SQﬂt = _/ Fa: df} = Eeft face — Fright face <27)
Q

2.2.1 Linear Advection

Linear advection is obtained from Eqn. 2.6 by choosing F' = Au. The advection speed,

A, is taken to be constant.

DMFDSFV

Equation 2.7 is expressed for the finite volume about node ¢ with mass lumping to
the node as,
Siuit =F

71—

1 .
1+3 =5

[V

where the numerical flux, f, is a difference expression approximating the exact flux

function, F'. Choosing,
Fi+ F
fier = % (2.9)

results in a second-order central difference scheme,

The first-order upwind CIR[81] scheme is obtained by the choice,

A A A=A
fisp = 2| |Ui + 2| |Ui+1 (2.11)
Fi+Fy A
= — — —A; 2.12
) g~ (212)
giving,
. Al
Ry = —6;F + uofu (2.13)

2
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The first-order upwind is then seen to be the same as a central distribution plus an
artificial dissipation term,

Al
Py = |2—|a$u (2.14)
Second-order upwind is constructed following the MUSCL concept of Van Leer[5],

where a linear reconstruction is performed on each finite volume. The numerical flux
of Eqn. 2.11 is modified to be,

. A+|A| A—|A|
fisd = 5 ULt 5 UR (2.15)
where u is the reconstructed conserved variable on the left side of the cell face and

uR is the reconstructed variable on the right side of the cell face. Following Barth[22],
a limited reconstruction is performed on each cell as,

Uface = Uy + %(VU); : Fface

(2.16)
The gradient is evaluated as a central difference,
- Ot
Vu); = — 217
(Vu), =% (217)

The limiter function, ¢, is employed to provide monotonicity of the solution, based
upon positivity arguments. The limiter takes the form,

+(3)

Uit — U = .
— %7 q=(Vu); 7y

where,

L
2

The more restrictive of the + choices is used for 1. Some popular limiters are pre-
sented in appendix A.

The discrete numerical flux (Eqn. 2.15) expands to,

AH[A Cisat o A=A Ciig1 .
fi—}—% = % <U,Z + Y 275_{1 ()Zu> + % (ui-H — d)i_;,_l ﬁéiHu) (218)
_ Fi+ Fiy B mA» Ciit

Vi Vi
et Bl Bt (L) - 220 (7o)

1+1
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leading to,
Ri = —OZF + (I)U + R2U (219)

where the second-order correction is,

lic1i (Vi1 (R
o R IR )
biiv1 (Wi ¢ Vis1
= G (Y R ) — S (P 2.2
(5 (A — 2L () (220
The residual (Eqn. 2.19) can be rearranged as,
' 1 Vi1 Vit Yi-1
Ry = —0F — < licig—Fio — 20 Fi- bijrig— —licig— | B
8 [ Mg T T e < S " Si—l)
+ 20 Fip — &,m—wiﬂﬂm} + ®ay (2.21)
Sit1

where the artificial dissipation is now,

A Wy bi

Dy = Py+ % {_Ei—l,i?jui—Q + %l (Ciivr — Ciz1 i) Uimn
Yi—a Yiy1 s

bimrig— T livig— | wi — 5 (G — bici)
+ ( Lig T ’“SM)U Si< it 1) Uit
/y.
fi,i%—l%uﬂa] (2.22)

i1

On a uniform grid and without limiting, the second-order residual (Eqn. 2.21)

reduces to a low-truncation-error central difference minus fourth-order dissipation,

A

(—Fi—2 +6F;_1 —6F1q + Fiig) + 3 (=i + 4ty — 6u; + 41 — Uigo)
(2.23)

R, =

Co| =

Fluctuation splitting

In the fluctuation splitting framework Eqgn. 2.7 is evaluated over each domain element,

without recourse to the divergence theorem. The element fluctuation is defined as,

Q
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Assuming piecewise linear data, the fluctuation for the cell bounded by z; and x;.,
is evaluated as,
*Ti41 A
Piiv1 = _)\/ Uy db = —L; 541 )\—Zu = -A\F (2.25)
7 x ’ AzJj

i

The elemental update, the LHS of Eqn. 2.24, is formed as,

o U +Uip1 it
Saily =lij | —5—) =
t

2 (u’it + ui+1t) - ¢i,i+l (226)

Partitioning the fluctuation into halves and distributing equally to the nodes yields

the basic non-upwind elemental update formula,

iy, =t b, | e (2.27)
Assembling all the elemental contributions to the nodal updates, it is clear each
interior node will receive fluctuation signals from the elements adjacent to the left
and right. The nodal update is formed as the sum of these fluctuation contributions,

bicva,, i, b T i
2 " 2 " 2

Ui = Siuit = % + % (228)

or,

Sius, = Qi1 —2F Piit1 (2.29)

A popular nomenclature convention for Eqns. 2.27 and 2.29 is to describe the elemen-

tal distribution formula as,

&m}é—?%ﬂ~+COE,,ﬂﬂuﬁhe—?%ﬂn%COE (2.30)

where COE indicates a sum of similar contributions from other elements joining at
that node.
Expanding the nodal update formula (Eqn. 2.29),

~V,F - AF

—0; I 2.31
. 5 (231)

Siuit =

which is the identical central discretization as for DMFDSFV (Eqn. 2.10).
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An upwind scheme can be constructed by introducing artificial dissipation in order

to redistribute the fluctuation,

o = sign(\)oe (2.32)

The upwind distribution formula becomes,

_ 4 b (1 — s
Sl‘ul‘t «— ¢E 2 ¢E + COE — @Z,’L-ﬁ-l( 2 Slgn()\)> + COE
! . 1 :
Sittisn, % 4+ cOR = Zinl J;Slg”m) +COE  (2.33)

Using the fluctuation definition (Eqn. 2.25) the nodal update is obtained as,

AV A=PDAu
2 2 a

Siuit = —6Z‘F+ %éfu (234)

which is identical to the first-order upwind discretization for DMFDSFV (Eqn. 2.13).
A second-order scheme is easily obtained by adding the exact same DMFDSFV
correction, Ryy (Eqn. 2.20), to the nodal update formula (Eqn. 2.34).

2.2.2 Non-linear Advection

Non-linear advection is obtained from Eqn. 2.6 by choosing the flux to be,

F== (2.35)

Define the Jacobian of the flux,
A=F,=u (2.36)

so that,

_ L _ Oy, = Au,

T 9r  Oudz

Equation 2.6 may be rearranged in non-conservation form,

u+Fy =up+ Aug, =0 (2.37)
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DMFDSFV
Following Roe[13], the analog to the numerical flux of Eqn. 2.15 becomes,

) AL+|A|1‘+1 AR—|A|i+;
fixr = 3 fu + 5 “UR

2

A+ P Al
_ L'g S - (ur— ) (2.38)

where A is the conservative linearization of the flux Jacobian, which in this case is,

A~ :UL+UR
2

(2.39)

1+

[

A first-order upwind scheme is obtained using piecewise-constant data, v, = u;, and
ur = U;x1. A second-order upwind scheme is constructed using the linear reconstruc-

tion of Eqgn. 2.16. The first-order residual may be written explicitly as,

. |A|i+% |A‘i—%
Fluctuation splitting
The elemental fluctuation is
o = —/ EF,dQ = —/ Aug dS2 (2.41)
Q Q
Assuming piecewise-linear data Eqn. 2.41 becomes,
I _AH%AW = —A\,F (2.42)

An upwind scheme is created by introducing the artificial dissipation,
0k =sign(d,.y)0e = —[ Al A (243

The distribution formula remains,

e — O
2
P + P

Siuz, + COE

Si+1‘Ui+1t “— + COE (244)



2.3. SCALAR ADVECTION-DIFFUSION 19

The nodal update is,

Gi1i T Bi1;  Piit1 — i
SA » — ’ 3 ? 3
Zult 2 _'_ 2

v.F ALy AF Al

= —— — Viu — — = A

5 ] 5 U 5 + 5 U

|A|i—l

2

2

This is the identical update formula as for DMFDSFV (Eqn. 2.40).

= —GiF -

Viu +

Aju (2.45)

Expansion shocks

The discretization of Roe’s scheme allows for non-physical expansion shocks that
violate the entropy condition. Harten and Hyman[82] proposed a commonly used
method for perturbing the wavespeeds such that entropy is satisfied and expansion
shocks are prevented. The correction is applied to any wavespeed that can go to zero

at a sonic point and takes the form,

) Aies if My > e
Ajrr A2 . (2.46)
Al : ( ‘j% +e> if [z <€
where the perturbation scale is,
¢ = max [o, (Rips = M)y i = Aipn) (2.47)

2.3 Scalar Advection-Diffusion

The governing equation for scalar advection-diffusion problems in one-dimension is,

u+ Fy = (pug)s (2.48)

2.3.1 Heat Equation

Modeling of the viscous RHS in Eqn. 2.48 begins with a consideration of the heat
equation,

w = (Uty), (2.49)



20 CHAPTER 2. ONE-DIMENSIONAL ANALYSIS

In the finite volume framework one approach to discretizing the viscous term is to

construct a viscous flux, so that the nodal update becomes,

where,

(/ju:c)w% = [ (2.51)

N

(Vu); + (ﬁu)iH]
2

with the gradients Vu defined by Eqn. 2.17. This approach leads to a five-point

stencil.

An alternative is to use a finite element discretization, which results in a three-
point stencil. This approach is adopted both by Barth[22] and Anderson and Bon-
haus[83] in a finite volume context and by Tomaich[50] in a fluctuation splitting
context.

A Galerkin finite element discretization, using mass lumping to the nodes, is
constructed on the fluctuation splitting domain by integrating with the aid of the
finite element linear shape function v (see Bickford §4.2.2[84] or Bathe §7.2[85]),

Siug, :/Ui(uux)x ds) (2.52)
Q
Integrating by parts,
Squs, = vi(pug)|it1 — / (Vi) (prug) dQ (2.53)
Q

The shape function is the linear tent function, and is equal to zero at x;4;, eliminating
the first RHS term of Eqn. 2.53. The remaining term is integrated over each element

connecting at node ¢,
Siu;, = —Z/ Uyt dS) (2.54)
o JE

The dependent variable and shape function gradients are constant over the element,

and taking the element-average viscosity coefficient the elemental contributions are,

A;
Siuit — “ ﬁ'i-i-l + COE
Cijr T2
Ay
Sisitlis1, 4 ——"f,, 1 +COE (2.55)

Cijprn 72
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The nodal update is written,

Au Vi _ _

2.3.2 Combined Advection and Diffusion

The combined effects of advection and diffusion in the governing equation (Eqn. 2.48)
are treated by discretizing the advection terms as discussed in section 2.2 and adding
the discretization of the diffusion terms of section 2.3.1. Recall, however, that the
upwind advection discretization includes artificial dissipation, which can mask the
physical dissipation.

Perhaps the best approach for solving discretized advection-diffusion problems, as
suggested by Barth[21], is to include the maximum of either the physical diffusion
term, as defined by Eqn. 2.51 or Eqn. 2.55, or the artificial dissipation, the second
term of Eqn. 2.38 for DMFDSFV or %'E in Eqn. 2.43 for fluctuation splitting.

2.4 Systems
A hyperbolic conservation law for systems (Eqn. 2.2) is written in one dimension as,
U,+F, =0 (2.57)

A decomposition of the flux function is sought such that the system can be expressed

as a decoupled set of advection-diffusion equations.

2.4.1 Euler Equations

The one-dimensional Euler equations[86] for perfect gases, suitable for simulating
non-reacting, low-Knudson-number shock-tube flows, are written as a conservation
law (Eqn. 2.57) with,

U =< pu (2.58)
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U
F =¢ pu2+P (2.59)
puH

The Euler equations have a form similar to the non-linear advection problem.
The total energy and enthalpy are obtained from the internal energy and enthalpy,

2 2

U U
FE = — H=h+—
e+2 +2

The energy and enthalpy are related as,
h=e+?l
P
The perfect gas equation of state is,
P =pe(y—-1) (2.60)
DMFDSFV

The numerical flux remains as in Eqn. 2.38,

F . +F |A|1 L
£, = L2 R _ 2+2(UR—UL) (2.61)

Roe[13, 80] constructs the conservative linearization for the |A|, 11 matrix by intro-

Z:\/ﬁlil (2.62)
L # )

The ¢ + % state is taken to be a linear average of the parameter vector,

ducing the parameter vector,

Z, +7Zg
ity — T 9

Taking the velocity and total enthalpy from the parameter vector,

. 2
P=2 g=2 2.63
== Z. (2.63)
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and defining the Roe-density,
p =/PLPR (2.64)

the Jacobian matrix is formed as,

|A] = X[A|X! (2.65)
The eigenvalues are,
A =diag(u, u+a, u—a) (2.66)
The right eigenvectors are,
1 1 1
X(l) — u X(Q) = u-+a X(3) = U —a (267)
“2—2 H+ua H —ua

The product }N(_l(UR — Uy) results in the characteristic variables,

. 2a2dp — 2dP
X7 (Up~U1) =X7dU = o dP+ jiidu (2.68)
dP — padu
The sound speed is,
P u?
@ = Wp =y =Ne=(y-Dh=(y-1)(H - 7) (2.:69)
Also note the grouping pdu can be constructed as,
ﬁdu = ZleQ - ZQle (270)

As for the scalar case, first-order spatial accuracy is obtained by taking the right
state to be ¢ + 1 and the left state at . Higher-order accuracy is obtained using
gradient reconstruction (Eqn. 2.16) applied either to each of the conserved variables

(Eqn.2.58) or each of the primitive variables, which are,
P
v ={ 4 (2.71)
P

The nodal update is still formed as in Eqn. 2.8. The residual remains as expressed

in Eqn. 2.40, but for systems rather than scalar quantities.
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Fluctuation splitting

The Euler flux (Eqn. 2.59) can be written in terms of the parameter vector,

Z1 Zy
F = %leﬁf%lzg (2.72)
237

Further, the derivative of the flux is,

Zy A 0
dF = | =27, 17, 127, | dZ (2.73)
0 Zs Zy

By assuming a linear variation of the parameter vector on each element, the

fluctuation is obtained from Eqn. 2.41 as,

dp = —/ F, dQ = —/ F,Z,d0) = —F,\Z (2.74)
Q Q

Deconinck[36] et al. show,
F;A,Z = AAU = AF (2.75)

when the Roe-averaged forms (Eqns. 2.63 and 2.64) are used to obtain A.

An upwind scheme is constructed by adding the artificial dissipation,
G = —|Al AU (2.76)

where |A| is defined in Eqn. 2.65. Employing the same distribution formula as for
the scalar advection (Eqn. 2.44) leads to an update formula analogous to Eqn. 2.45,
showing the equivalence between DMFDSFV and fluctuation splitting for the one-
dimensional Euler equations.

Before ending the fluctuation splitting discussion, it is desired to frame the arti-

ficial dissipation in the form,

ot = sign(A,.1)e (2.77)
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The difficulty lies in defining the matrix sign(A). One approach combines Eqns. 2.65,

2.74, 2.75, 2.76, and 2.77 to form,
sign(A)A =|A| = X|A|X!

sign(A) = X|A[X—A~! = X|AJA-1X"!

(2.78)

Sidilkover|[1] offers an alternative to brute force matrix multiplications for evalu-

ating Egn. 2.78. Introduce the auxiliary variables, W, defined by the transformation,

dU = Uy dW
where,
ds
dW =< pdu
dP
with the first Riemann variable defined as,
dP
ds =dp——
a
The Jacobian of the transformation is,
1o L
Uy = | u 1 %
u? 1 u?
7T Ut

The element fluctuation (Eqn. 2.74) can be reworked,
de = —AAU = Uy U AU, U AU = Uy AAW = Upge
where &E is the fluctuation as computed for the auxiliary variables,

e = —ANW

(2.79)

(2.80)

(2.81)

(2.82)

(2.83)

(2.84)

(2.85)



26 CHAPTER 2. ONE-DIMENSIONAL ANALYSIS

The flux Jacobian of the auxiliary variable formulation is obtained from the conserved

flux Jacobian via the similarity transformation,
A = U} AUy = U XAX Uy = XAX! (2.86)

so the eigenvalue matrix, A (Eqn. 2.66), remains unaltered. The right eigenvectors
are obtained from Eqns. 2.67 and 2.83,

X =Uy'X

xM :!(1)1 X(Q):! 221 X<3>!Ojl (2.87)
Lo) L) L)

The inverse is easily computed to be,

1 0 0
X7t =10 £ L (2.88)
0 —5 72
The flux Jacobian is evaluated from Eqn. 2.86,
z 0 0
A=10 a 1 (2.89)
0 a® a

which corresponds to the following non-conservative form of the Euler equations,

s +us, = 0
pus+upu, + P, = 0
P, +ad’puy +uP, = 0 (2.90)

Having developed an alternative method for obtaining the elemental fluctuation
(Eqn. 2.84), the artificial dissipation can be addressed (Eqn. 2.77).

¢ = sign(A)ge = Uy Uy/'sign(A) Uy ge = Uy ot (2.91)
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where,
(EIE = U;&Sign(A)Uw(sz = Sign(jl)ggE (292)
and with the aid of Eqns. 2.78 and 2.86,

sign(A) = Uplsign(A)Uy = UprX[A|[ATIX'Uy = X|AJA1X! (2.93)

Using the eigenvalue and eigenvector definitions (Eqns. 2.66, 2.87, and 2.88) sign(.A)

is evaluated to be,

~ [sien(@) 0 0
sign(A)=| 0 Llilsign(@+a)+sign(@—a) o [sign(i+a) —sign(a—a)] | (2.94)
0  %[sign(i+a) —sign(a—a)] 1 [sign(a+a) + sign(@—a)

By considering two cases, for subsonic and supersonic conditions, Eqn. 2.94 takes on

simple forms,

o M i || > @
sign(.A) —{ M i i < d (2.95)
where,
M®“ = sign (i) ] (2.96)
and,
sign(a) 0 0
Mo = o 01 (2.97)
0 a 0

2.4.2 Navier-Stokes Equations

The Navier-Stokes equations[87, 88] for the flow of a perfect gas are written in one-
dimensional conservation law form (Eqn. 2.57) with U defined in Eqn. 2.58 and the

flux defined as,

F =F —F’ (2.98)
where the inviscid flux, F¢, is the same as the Euler flux (Eqn. 2.59). The viscous
flux is,

0
O - (2.99)

UTgy — Qx
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Using Stokes’ hypothesis the stress is,

4
Too = Fhitis (2.100)

Fourier’s law for heat flow gives,
G = —rKT, (2.101)
The thermal conductivity is related to the viscosity through the Prandtl number,
p =t (2.102)

where for air P, = 0.72[89]. The temperature is obtained from the perfect gas equation

of state,
P

f— pT\R
The inviscid flux is discretized in the manner of section 2.4.1. The contributions

(2.103)

from the viscous flux to the nodal update is obtained in a Galerkin sense using
the system analog to Eqn. 2.54. No viscous contribution is made to the continuity
equation.

Using the linear variation of the parameter vector over an element, the velocity

gradient is locally defined on an element[36, 34],

22 2, 1 . p p
(uz)E (Zl)x 5 2 21, 5 (Ajzg — A21) > u z u )
where,
2
x i T \/Pi
5oz (\//TT WH) (2.105)

is called the consistent density average. The viscous contribution to the momentum

equation can now be expressed,
4 4 -
/gvxuux dQ) = gvmﬂgAiu (2.106)
E p
The first term of the viscous energy flux is evaluated in a similar manner,

4 4 .
/—Uxuuum dQ) = —%mj@Aiu (2.107)
E 3 3 p
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The second term requires some manipulation. Begin by defining the temperature

gradient over an element,
e = (L) =2 (Be o) _ & (AP Awp (2.108)
VETA\pR), AP p) Wm\UP '

p=2° (2.109)

where,

The heat flow contribution to the viscous flux is then obtained,

' i (AP A e, @ (AP A,
/umme dQ :le_ia—< i 5”) :UJE“CZ’“—( i f) (2.110)
E YR\ P p PR\ P i

The elemental contributions from the viscous terms is similar to Egn. 2.55,

0
5 ZZ: N 520u + COE
_ 0
Sit1Uipr, _fi N ggAu +COE (2.111)
TN

As discussed for the scalar advection-diffusion equations, when solving the Navier-
Stokes equations the maximum of the viscous contribution to the nodal update and
the artificial dissipation from the inviscid flux discretization should be utilized. When

the physical viscous terms are large enough, no artificial dissipation is needed.

2.5 Finite Volume State of the Art

The one-dimensional analysis of the Navier-Stokes equations represents the state of art
for upwind flux difference split finite volume schemes. Extensions of the unstructured
finite volume method to multiple spatial dimensions relies upon solving a locally
one-dimensional approximate Riemann problem across cell faces, an approach that

looses some of the coupling present in a system of equations. Locally one-dimensional
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solution techniques also introduce preferential grid-aligned wave directions that may
not correspond with physical wave-propagation directions.

The fluctuation splitting framework approaches the governing equations from a
different perspective than finite volume, but is seen to result in identical discretiza-
tions in one dimension for the DMFDSFV scheme. However, the following chapters
show how fluctuation splitting generalizes to multiple dimensions in a more compact

and coupled manner than locally one-dimensional finite volume schemes.



Chapter 3

Two-Dimensional Scalar Analysis

Having shown the equivalence of the fluctuation splitting and DMFDSFEFV schemes
for one-dimensional domains, the extensions to two spatial dimensions are considered.

The present chapter analyzes the case for a single governing conservation law,
U+V-F =V (uVl) (3.1)

to which steady-state solutions are sought. Systems, e.g. the Navier-Stokes equations,

are deferred to a subsequent chapter.

DMFDSFYV is extended in an upwind, edge-based formulation for general unstruc-
tured meshes with a multi-dimensional reconstruction. The crucial piece of the solver
remains a locally one-dimensional approximate Riemann evaluator, as developed in
chapter 2. This locally one-dimensional treatment of the fluxes results in increased
production of artificial dissipation, particularly when discontinuities are not aligned
with the mesh[40].

The extension of the fluctuation splitting scheme to multiple dimensions takes

on the flavor of a node-based upwind residual-distribution algorithm, resulting in a

31
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greater flexibility to propagate multi-dimensional wave phenomenon without dissipa-
tion. Fluctuation splitting has a more-compact stencil than DMFDSFV for second-

»l

order accuracy and exhibits “zero cross-diffusion”" in a grid-aligned condition. Fluc-

tuation splitting is seen to grid-resolve advection-diffusion problems on coarser meshes
than DMFDSFV.

This chapter begins by defining the different elemental domain structures for
DMFDSFV and fluctuation splitting. Then formulations are developed for the two
schemes and applied to two-dimensional linear and non-linear advection model prob-
lems. Observations are made about the effects in both schemes of grid orientation
on the production of artificial dissipation. Discretizations for diffusion follow, along
with results for the heat equation. The chapter concludes with an advection-diffusion
test problem, revealing the improved accuracy and decreased solution times using
fluctuation splitting vis a vis DMFDSFV.

3.1 Domain

The DMFDSFV scheme is implemented for an edge-based data structure. The domain
is discretized on an unstructured mesh of arbitrary connectivity. Control volumes are
then constructed about each node. One common method for defining the control
volumes is to use the median-dual mesh, shown as the dashed lines in Figure 3.1.
For a triangulated domain, the generalized median-dual volume about a node equals

one-third the sum of the areas of each triangle connected at that node,

1
Si =3 Z St (3.2)
VT[T
The fluxes into and out of the control volumes are efficiently computed as a sum
of contributions distributed to the nodes from a loop over edges. For each edge,
the fluxes through the control faces to the right and to the left of the edge, Fig-

ure 3.2, are computed, with the convention that a positive flux is out of the control

L“Zero cross-diffusion” refers to the practice of adding artificial dissipation terms in the stream-
wise direction only, as opposed to adding artificial dissipation in both the streamwise and cross-
stream directions.
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. Node
=—— Unstructured grid
— — Median-dual control volume
— Outward normal
X Quadrature point
0 Current node
1 Distance-one neighbor node
2 Distance-two neighbor node
interior

2 1 1

bad
P

LA P __________ 1
] ¥ boundary

(a) Interior node. (b) Boundary node.

Figure 3.1: Finite volume computational domain for edge-based implementation.

volume surrounding the initiation node and into the control volume surrounding the
termination node. The fluxes are evaluated at the quadrature points, and data is re-
constructed from the nodes to the quadrature points, denoted by x, along the vectors
7 in Figure 3.2.

For the special case of a boundary edge, shown in Figure 3.2(b), two fluxes are
computed to the right-hand side of the edge, one for each associated node.

The DMFDSFYV scheme is referred to as a locally one-dimensional scheme because
the fundamental Riemann problem is approximately solved normal to a face, with the
solution going to either or both of two nodes only, connected by the physical mesh
edge. The mesh edge and control volume face can have an arbitrary orientation within
multi-dimensional space. The reconstruction step in general can be multi-dimension-
al.

In contrast to the edge being the fundamental computational element for DM-
FDSFV. fluctuation splitting is formulated on a multi-dimensional simplex element.
In two dimensions the simplex element is the triangle, while in three-dimensions the
simplex is a tetrahedron. A pictorial of the domain nomenclature for fluctuation

splitting is presented in Figure 3.3. Local curvilinear coordinates, (£,7), are defined
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(a) Interior edge. {(b) Boundary edge.

Figure 3.2: Flux quadrature for edge-based finite volume scheme. Solid bold line is
physical mesh, dashed lines are control-volume faces.

Figure 3.3: Elemental triangular domain for fluctuation splitting.
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on each triangle, parallel to two of the sides. A good choice of sides for the curvilinear
coordinates to minimize computer round-off error may be the two most orthogonal
sides. The fluctuation computed on a triangle may now be sent to one or more of
the three vertices (versus two for DMFDSFV), allowing for a truly multi-dimensional
distribution scheme.

By definition, all elements are interior to the domain, so no special domain dis-
cretization is needed for the boundaries with fluctuation splitting. However, numerical
boundary conditions will still need to be applied at the boundary nodes to account

for contributions from ‘ghost’ elements outside the computational domain.

3.2 Advection

Pure advection is obtained from Eqn. 3.1 when p =0,
U+V-F =0 (3.3)

This section extends the DMFDSFEFV procedure in a straight-forward manner from
the one-dimensional analysis in chapter 2. Then the fluctuation splitting method is
applied, in a formulation that now differs significantly from DMFDSFV. A tempo-
ral pseudo-time marching solution procedure follows, including a positivity analysis
yielding timestep restrictions. A statement on the boundary conditions concludes the

analytic formulations, leading to results for both linear and non-linear test cases.

3.2.1 Formulations
DMFDSFV

The traditional, locally one-dimensional, approximate Riemann solver finite volume

scheme[22] begins by integrating Eqn. 3.3 over the control volumes and applying the

/UtdQ = —f F-adl (3.4)
Q T

divergence theorem,
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Using mass lumping to the nodes, similar to an explicit finite element treat-

ment[85], the temporal evolution is evaluated on a time-invariant mesh as,
' oU; S;
Uy dQ = Si—— — — (U™ - U! 3.5
/Q ! ot At v ) (3:5)
The discretization of the convective flux, ﬁ, is performed using Barth’s imple-
mentation[22] of the upwind, locally one-dimensional, approximate Riemann solver
of Roe[13] by constructing the numerical fluxes as a combination of the flux function
and artificial dissipation,
7{ Fofdl ~ Y fraceAT = —R; (3.6)
r ,
faces
The numerical flux at the face is analogous to the one dimensional form (see Eqns. 2.12
and 2.38),

1 — —
fface = § (En + Fout) n—@ (37)
where the artificial dissipation provides the upwinding (see Eqns. 2.14 and 2.38),
1 =
¢ = §|‘4 ) ﬁ|(Uout - []m) (38)

Out and in refer to states on the outside and inside of 2 at the face. The flux

Jacobians are defined, HF* OFY
= Y= —
A BTl A oU

where A = A% + AYj, F = P9+ FYj, and the tilde indicates the conservative

(3.9)

linearizations at the cell face[13].
Piecewise linear reconstruction from the nodal unknowns to the cell faces as in
Eqn. 2.16, repeated here,

Utaee = U + VU -7 (3.10)
provides second-order spatial accuracy in smoothly-varying regions of the solution.
Median-dual gradients of the dependent variable, VU , are obtained from the un-
weighted least squares procedure outlined by Barth. Following Bruner and Wal-

ters[90], the limiter is supplied an argument equal to half the argument Barth uses,

Umin/max _ Ui
b= | —= . (3.11)
Q(VU . f‘)mm/maw

namely,
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where U™/ j5 the minimum (resp. maximum) of U; and all distance-one neighbors.
The most restrictive limiting from choosing the minimum or maximum is used.

In casting the limiter argument in this form, Bruner equates the Barth limiter
with Superbee, for a limiter argument less than or equal to one. For the full domain

of the argument, the non-symmetric Barth limiter takes the form,

0
1/)<]2> — {92 i g
q q
1

for the limiter cast as Eqn. 3.11. Many limiter functions exist, and several of the

(3.12)

(VAR SN VAN
A ="
D=

als A ar
N |—

more popular versions are detailed in appendix A.

The DMFDSFV flux evaluation needs to be performed three times for each inte-
rior triangle, once for each edge of the triangle. For linear advection at a uniform
advection speed Eqn. 3.8 requires 4 multiplication/divisions and 2 additions/sub-
tractions. Equation 3.7 requires 4 each multiplications and additions. Ignoring the
work required to compute the nodal gradients and limiter, which varies based upon
the mesh connectivity, the reconstruction, Eqn. 3.10, requires 6 multiplications and
4 additions per face. Equation 3.6 adds one more multiplication per face, bringing
the total operation count for DMFDSFV per triangle to 45 multiplications and 30

additions.

Fluctuation splitting

The Narrow Non-Linear (NNL) fluctuation splitting scheme is presented as a slight
re-interpretation of the work of Sidilkover and Roe[3]. The current interpretation
is as a volume integral over triangular elements, without recourse to the divergence
theorem. The discretized equations, however, are identical to Sidilkover’s. This form
of fluctuation splitting employs a general limiter function for determining the residual
distributions.

Integrating Eqn. 3.3 over an element, where €2 is now the area of the triangular

element,

/Ut dQ) = —/ V- FdQ (3.13)
Q Q



38 CHAPTER 3. TWO-DIMENSIONAL SCALAR ANALYSIS

For linear variation of the dependent variable over the element, the temporal evolution

is (see also Eqn. 2.26),
X s
Upd = StU; = Z-(Uh, + U, + Us,) (3.14)
Q

where Uy, Uy, and Uj correspond to the three nodes defining element €2.
Using the local curvilinear coordinates (£,7), defined in Figure 3.3, the divergence

of the convective flux can be transformed,

— — a = a —
. — XL Y=~ (F-% —(F .35 1
V-F =+ F 8x( z)+ay( 7) (3.15)
9 el
or | _ & s i (3.16)
2 & n 9
Ay vy an
V-F = &(F i)+ &(F - e+ na(F - )y +my(F - )y (3.17)

Introducing the inverse Jacobian of the coordinate transformation,

_ 25T
T = ey, — wyye = A (3.18)
and the invariants of the transformation,
. y77 - ’flli . .1'77 _ TAlle
e = 775 F0 iy =
_ Ye _ M3l X N3]
e ==53 =" 5=1 O Ly (3.19)
Eqn. 3.17 becomes,
= o 1 /. = . = bty (. < L
V-F = F (nl'Fg - ng'Fn) = E (nl-AU§ - ng-AUn) (320)

If F is linear or quadratic in U, then for a linear variation of U over the element,
/ V- FdQ = oAU+ AU (3.21)
1)

where the difference operators are AU = U, — U; and AU = Us — U, and the

advection speeds are,

[N

o = 31’&1'12(, /[D) = —g’fl;g'ff (322)
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A is now the conservative linearization over the entire triangular element[36].

The advective fluctuation can be defined,

¢:—/€JMQ (3.23)
Q
The fluctuation can be split,
¢ =t + ¢ (3.24)
where,
¢ = —alAU, ¢"=-BAU (3.25)

Following Sidilkover[1] the scheme is extended to second-order spatial accuracy

by repartitioning the fluctuation through the use of a symmetric limiter function,

¢ = ¢t + 6"p(Q) = ¢* (1 - %) (3.26)
¢ =¢" — ¢"(Q) = ¢" (1 - ¥(Q)) (3.27)
with,
= ¢ 3.28
Q = o (3.28)

In practice, if an averaging function, My, exists for the desired limiter, it is numerically
advantageous to compute My (47, —¢%) = ¢")(Q), avoiding the need to evaluate @
explicitly.

This critical step, allowing the redistribution of the fluctuation, is what principally
distinguishes the multi-dimensional fluctuation splitting scheme of Sidilkover from a
locally one-dimensional extension of Riemann solvers. There is no analog to this in
the formulations of chapter 2.

Upwinding is achieved through the introduction of the artificial dissipation terms,
¢ =sign(a)e®, ¢ = sign(3)¢"" (3.29)

Combining Eqn. 3.14 with a distribution scheme for Egn. 3.23 and summing over
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all elements, the contributions to nodal time derivatives can be written in the form,

1
Sl[]lt — §(¢*€ — ¢l€) +COF
1 1, "
Solla, 4= 50" +¢") + 5(¢" — ¢") + COE

1 7 i

or in a more compact form,

1
SiUit —

7B =6 + (~1)'6") + (~4+5i = #)(6” — (-1)'¢")]

+ COE i =1,2,3 (3.31)

where COE stands for contributions from other elements containing these nodes.

The distribution requires 4 addition/subtractions and 3 multiplication/divisions.
Upwinding requires 2 multiplications for each term of Eqgn. 3.29. Ignoring the cost of
evaluating the limiter function, as was done when counting the DMFDSFV operations,
one more multiplication and addition are performed in each of Eqns. 3.26 and 3.27 and
for each term of Eqn. 3.25. Finally, a and 5, Eqn. 3.22, each require 4 multiplications
and one addition for a total operation count of only 19 multiplications, versus 45 for
the DMFDSFV scheme. Only 10 additions per triangle are required by fluctuation
splitting, versus 30 for DMFDSFV.

3.2.2 Advective Timestep Restriction

Both schemes are formulated as either Gauss-Seidel or Jacobi time-relaxation algo-
rithms.
The nodal updates for the discrete system can be formed as a sum of contributions
from all nodes.
URA =3 U = aUi+ > oU; (3.32)
J J#L
For positivity[56] each of the coefficients in Eqn. 3.32 must be non-negative.

In the finite volume context the nodal update (Eqn. 3.32) can be rearranged into
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the form of Eqn. 3.5,

Si Si Si
Ut Uty = 2l — 1)U, + 2L . .
JFt
For the upwind, edge-based algorithm considered here, each £ 2Lte; will be related to
a positive-definite coefficient equal to zero for outflowing faces and related to the
wavespeed for inflowing faces, yielding the restriction At > 0 on the timestep. The

remaining term can be expressed,
Si
c 3.34
S =Y (3.34)
k about ¢
where the ¢, coefficients are also positive-definite, either zero for inflowing faces or re-

lated to the wavespeed for outflowing faces. Rearranging and imposing the positivity

constraint, ¢; > 0, yields the timestep restriction,

1—— o =20 (3.35)
lk about ¢
SA
At < ——2— (3.36)
Zk about ¢ Ck
For fluctuation splitting, the nodal updates are assembled from Eqn. 3.31 as,

S; _ . -
At(U”At Ul => (U = Uy) (3.37)

J#L

In this case the c¢; coefficients are formed as contributions from the fluctuations in

the triangles to both the left and the right of mesh edge 77. The positivity restriction

on At is found to have a similar form as for finite volume (Eqn. 3.36),
S;

Zj;ﬁi G

Local time-stepping based on positivity is shown to yield stable, yet non-conver-

At <

(3.38)

ging, solutions in some second-order cases (see section 3.4). Robust convergence is
obtained by using the first-order ¢’s in Eqns. 3.36 and 3.38, even for second-order-
accurate spatial discretizations. This is similar to the common practice of using a

first-order Jacobian discretization in a time-implicit scheme.
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An implicit scheme can be constructed for fluctuation splitting by linearizing the

flux in time,
Fiat — ity gt <Ut+At — Ut) (3.39)

The spatial discretization remains the same and the coefficients of the LHS of Eqn. 3.37

are changed from the scalar %; to the operator,

Si
At +ale + A, (3.40)

A full implicit scheme would require inverting the sparse matrix corresponding to
the operator of Eqn. 3.40. Since both A; and A, operators use a nearest-neighbor
compact stencil, creative re-ordering of the nodes could pack the implicit matrix into
a banded diagonal of average bandwidth 6. Another strategy is to use a variant of a
red/black coloring, here grouping the nodes into three sets because of the triangular
connectivity. The three sets of nodes would then be integrated with a line Gauss-
Seidel strategy, where the matrix to invert has been reduced to a simple diagonal form
for each set of nodes. The present dissertation does not implement a fully-implicit

temporal integration.

3.2.3 Boundary Conditions

Explicit Dirichlet inflow boundary conditions are employed. Advective outflow bound-
aries are treated for free convection through the boundary nodes, allowing boundary

nodes to be handled in the same manner as interior nodes.

3.2.4 Results
Linear

The linear advection equation is obtained from Eqn. 3.3 for a flux function F= XU,
yielding,
U, +V-(\U) =0 (3.41)
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Figure 3.4: First-order fluctuation splitting, uniform advection.

A divergence-free advection velocity is considered, such that VX =0. Equation 3.41

can then be written,

U+ X-VU =0 (3.42)

The appropriate averaged flux Jacobian for linear advection is simply A= X,
where X is evaluated at the quadrature points for DMFDSFV and at the element

centroid for fluctuation splitting.

Uniform advection

Uniform advection of the Heavyside function at —45 degrees, X = (1,—1), on a cut-
cartesian mesh is shown for first-order fluctuation splitting, second-order fluctuation
splitting, and second-order DMFDSFV in Figures 3.4-3.6, respectively. The mesh
is shown as the dashed background, and equally-spaced contours vary on [0,1], the
minimum and maximum solution values. The spread of the contour lines with spatial
evolution is indicative of the amount of dissipation introduced into the solution by

the discretization of the convective terms.
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Figure 3.5: Second-order fluctuation splitting, uniform advection.

Second-order fluctuation splitting is seen to be greatly superior to first-order, as
expected, reproducing the exact solution in this case with no introduced dissipation.
Also, fluctuation splitting represents a significant reduction in numerical diffusion ver-
sus the corresponding DMFDSFV scheme, with both results employing the Minmod

limiter.

However, the “zero cross-diffusion” results of Figure 3.5 with fluctuation splitting
are misleading. In Figure 3.7 the advection velocity has been rotated counter clock-
wise by 90 degrees on the same grid. Clearly, the artificial dissipation introduced by
the fluctuation splitting scheme has been increased.

The corresponding DMFDSFYV solution is shown in Figure 3.8. While the change
in contour spreading for the DMFDSFV scheme between Figures 3.6 and 3.8 is less
dramatic than the change in spreading for the fluctuation splitting scheme in Fig-
ures 3.5 and 3.7, the fluctuation splitting results still exhibit less diffusion than the
DMFDSFV results, comparing Figures 3.7 and 3.8.

Employing the compressive Superbee limiter with the fluctuation splitting scheme
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Figure 3.6: Second-order DMFDSFV, uniform advection.

yields the results of Figure 3.9. In this case the discontinuity is confined to a 2-3 cell
stencil, and does not grow in space. Applying the Superbee limiter to DMFDSFV
cannot eliminate all artificial dissipation for this case, as is possible with fluctuation
splitting. The DMFDSFV results (not shown) corresponding to Figure 3.9 spread the
discontinuity over four cells by the outflow boundary, with a continually broadening
trend.

However, while it is possible to use the Superbee limiter with fluctuation splitting
for this case, compressive limiters can be unstable on different grid orientations. For
example, no degree of compression is stable for the case of Figure 3.5. This potential

for instability is related to global positivity, as discussed by Sidilkover and Roe[3].

The effect of using a general unstructured grid is investigated in Figures 3.10
and 3.11. The unstructured grid in this case was generated using VGRID[91, 92].
The fluctuation splitting solution exhibits less dissipation, but is not as smooth as
the DMFDSFV solution. While the fluctuation splitting scheme preserves contact

discontinuities over larger spatial ranges than the DMFDSFV scheme, fluctuation
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Figure 3.8: Second-order DMFDSFV, uniform advection.
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Figure 3.9: Second-order fluctuation splitting with compressive limiter.

splitting does not appear to degenerate gracefully with regard to extreme coarsen-
ing of the unstructured mesh for this test case. This behavior could have negative

implications for applications employing multigrid convergence acceleration.

Circular advection
Circular advection is achieved by setting X = (y, —z). A decaying sine-wave input

profile is used,

U(z,0) = (e*sinnz)?

Results for the two schemes, using the Minmod limiter, are presented on the worse-
case cut-cartesian mesh in Figures 3.12 and 3.13. Again, the fluctuation splitting
results are considerably less diffusive than the DMFDSFV solution.

The circular-advection problem is also applied on an unstructured mesh. The
input profile for this case consists of both a top-hat function and a decaying sine

wave, allowing comparisons between the schemes for both sharp discontinuities and
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Figure 3.11: DMFDSFV on unstructured mesh.
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Figure 3.12: Fluctuation splitting, circular advection.

Figure 3.13: DMFDSFV, circular advection.
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smooth gradients. The input profile is,

(e sin(27z))? —05<z <0

0 —06<zx<-05
U(z,0) = =7

0.4 —0.8<xr<-0.6

0 —1<x<-0.8

Results for this case are displayed in Figure 3.14 for fluctuation splitting and Fig-
ure 3.15 for DMFDSFV, both using the Minmod limiter. Fluctuation splitting per-
forms significantly better at preserving the top-hat distribution. Fluctuation splitting
also does a better job of maintaining the minimum and maximum values of the sine
distribution, though both schemes do well on the smooth gradient portion of the sine

wave.

Non-linear

The non-linear advection equation is obtained from Eqn. 3.3 for the flux function

F= (%2 U). In non-conservative form the equation is written,
U,+U0U,+U, =0
A coalescing shock problem is considered, with an anti-symmetric input profile,

U(=1,y) =U(0,y) =0
U(z,0) = -2z —1onz=(-1,0)

The exact solution to this problem contains symmetric expansion fans on the sides and
a compression fan at the inflow that coalesces into a vertical shock at (z,y) = (—3, 3).

The first mesh is cut-cartesian containing 26 x 26 nodes. The fluctuation splitting
and DMFDSFV solutions, both using the Minmod limiter, are presented in Fig-
ures 3.16 and 3.17. Both algorithms exhibit the same grid dependence on the amount
of artificial dissipation as seen before, with the left-half solutions having more diffu-
sion than the right halves, due to the grid orientation. Both methods perform the
same in the compression-fan region, coalescing into a shock to within the accuracy of

the input-profile discretization.
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Figure 3.14: Fluctuation splitting on unstructured mesh, circular advection.
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Figure 3.15: DMFDSFV on unstructured mesh, circular advection.
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Figure 3.17: DMFDSFV, Burgers equation.
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The shock is more sharply defined by fluctuation splitting than by DMFDSFV.
Figure 3.16 has the correct shock speed, with nearly the entire gradient captured in
one cell thickness. In contrast, Figure 3.17 shows a slightly incorrect shock speed when
using DMFDSFV, as the shock progresses to the left beyond the coalescence point,
even though the discretization is conservative. The incorrect shock speed results from
a non-symmetric distribution of the dependent variable to the left and right of the
shock, caused by the excessive artificial diffusion generated on the grid-misaligned
(left-hand) side.

Contours of the absolute value of the error are presented in Figures 3.18 and 3.19.
Errors from both computed solutions show a lack of symmetry, again reflecting the
grid dependence of the artificial diffusion terms. The error levels from fluctuation
splitting are less than from DMFDSFV. The shock curvature in the DMFDSFV
solution at the coalescing point is clearly visible in Figure 3.19, resulting in significant
downstream errors in the shock location as compared with the fluctuation splitting

€ITorsS.

This problem is repeated on a 25 x 25 mesh with symmetric diagonal cuts, favor-
ably aligned with the advection directions. The fluctuation splitting and DMFDSFV
solutions, Figures 3.20 and 3.21, are in good agreement. Plots of the absolute error
contours, Figures 3.22 and 3.23, show fluctuation splitting to be a little more accurate
than DMFDSFYV for this case.

The final mesh for this case is a truly unstructured triangulation containing
847 nodes and 1617 cells. The nodes are clustered to the outflow boundary, with
an arbitrary bias towards the left-hand side, introduced merely as an additional chal-
lenge for the schemes. The fluctuation splitting solution is presented in Figure 3.24,
showing very accurate and crisp shock resolution and good symmetry in the solution
contours despite the mesh-clustering bias. In contrast, the DMFDSFV solution in
Figure 3.25 has a more-diffuse shock and again an incorrect shock speed, with the
outflow shock offset to the left of z = —%. The DMFDSFV solution is also somewhat

less symmetric than the fluctuation splitting solution.
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Figure 3.19: DMFDSFV, Burgers equation, absolute error.
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Figure 3.23: DMFDSFV, Burgers equation, absolute error.
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Figure 3.25: DMFDSFV, Burgers equation, unstructured mesh.
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3.3 Diffusion

The model diffusion equation, the well known heat equation, is obtained from Eqn. 3.1
when F = 0,

Uy, =V-(uVlU) (3.43)

Lacking cross-derivative terms, the heat equation suffers somewhat as a model for the
Navier-Stokes equations.

Two methods for evaluating the diffusion term are detailed. The finite element
form has a more compact stencil and will be shown to be more accurate. Either dif-
fusion discretization can be used with either advection discretization, and in practice
the finite element diffusion treatment is preferred with both the fluctuation splitting
and DMFDSFYV advection schemes.

3.3.1 Formulations
Finite volume

In finite volume form, with the aid of the divergence theorem, Eqn. 3.43 becomes,
/ U, dQ) = 7{ uVU - i dl (3.44)
Q r

Discretizing the RHS of Eqn. 3.44, in a manner similar to Eqns. 3.6 and 3.7 (see also
Eqns. 2.50 and 2.51) yields,

f uVU - adl — Y % (VUin + VUii) - 21 AT (3.45)

r faces
where in refers to the state inside the control volume and out refers to the state
on the other side of the face from the control volume. The diffusion coeflicient is
averaged over the length of the face. The gradients from Eqn. 3.10 are not limited

before averaging at the control-volume faces in Eqn. 3.45, as suggested by Anderson
and Bonhaus[83].
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Finite element

A finite element treatment, similar to Tomaich[50], is employed. Begin by integrating

Eqn. 3.43 over an element, where € is now the area of the triangular element,
/ U, dS) = / V- (uVU) dS (3.46)
Q Q
The diffusive fluctuation is defined,
o / V- (uVU) dS (3.47)
Q

Assuming piecewise-linear data and an element-averaged diffusion coefficient leads
to a diffusive fluctuation of zero for the triangular element. Introducing the linear
nodal shape functions wv;, such that Zle v; = 1, the elemental diffusive fluctuation

can be expressed ¢¥ = 2?21 @? = 0, where
or = / vV - (uVU) dS2 (3.48)
Q
Integrating by parts (analogous to Eqn. 2.53),

oY = ?{ vV U - i dl — / uVU - Vo, d (3.49)
r Q
The boundary integral in Eqn. 3.49 will cancel for interior nodes on summing con-

tributions from neighboring elements. For linear variation of U over the element the

remaining volume integral can be evaluated analytically,

3 A
. -1 = —lin;
T _ T.0.5. Z: L 350
VU =g ;szjnj Vi = 5o (3.50)
A | fili <
o = 45_% ZUjfjﬁj.ﬁi/QMdQ = _451 ZUijﬁj-m (3.51)
j=1 j=1

where [i is the element-average diffusion coefficient.

The physical dissipation is then distributed to the nodal updates as,

SU, « ¢! +COE (3.52)
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3.3.2 Diffusive Timestep Restriction

Continuing the positivity discussion from section 3.2.2, restrictions on the timestep
are sought to maintain positive coefficients ¢; in Egn. 3.32.

Unfortunately, the finite element formulation for the diffusive terms (Eqn. 3.51)
cannot be guaranteed to preserve local positivity on obtuse triangles (see Barth[22]).
Considering only the contributions from the current node, the coefficient for the

diffusion term can be written,

At 2
At _ it - = 2 )
U; U; ( 3 E 4ST> (3.53)

v yTai

The resulting timestep restriction is,

S;
At < P (3.54)
2T 157
In a similar manner the timestep restriction from Eqn. 3.45 is,
Si
At < ———— (3.55)

S it
3.3.3 Boundary Conditions

For the diffusion terms a Neumann outflow boundary is applied with zero gradient
normal to the boundary (VU -7 = 0), achieved by setting the boundary integral in
Eqn. 3.49 to zero.

3.3.4 Heat Equation

The heat equation (Eqn. 3.43) test problem, a steady-state boundary value problem
on the unit square in the second quadrant, is taken from Tomaich[50]. The Dirichlet

boundary values are,

U(-1,y) =0 U(0,y) = sin(my)
U(x,0) =0 U(zx,1) =—sin(mx)
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The analytical solution on z = [—1,0], y = [0, 1] is,

Ulz,y) = sin1h7r sinh(m(z+1))sin(my) + sinh(my) sin(7(z+1))]

Both diffusion discretizations, Eqns. 3.45 and 3.51, are compared on a 438-node
unstructured mesh. Figures 3.26 and 3.27 plot the absolute value of the error in
the converged solutions using Eqns. 3.45 and 3.51, respectively. A carpet plot of the
solution, using the finite element formulation, is presented in Figure 3.28.

The finite element treatment is clearly more accurate, and is used to discretize
the diffusion terms for both DMFDSFV and fluctuation splitting in the following
section. The average-gradient results in Figure 3.26 appear to exhibit a decoupling

mode, similar to odd/even decoupling for structured meshes.

3.4 Advection-Diffusion

When considering combined advection and diffusion problems, rather than adding
both physical and artificial dissipation terms, it is advantageous to only augment
the physical dissipation with as much artificial dissipation as is necessary to ensure
monotonicity of the solution. That is, if the physical dissipation term is larger than
the computed artificial dissipation, no artificial dissipation is needed.

This rationale can be implemented with fluctuation splitting, for example, by

modifying the fluctuation distribution (Eqn. 3.30) to be,

¢*£ ¢I§
SlUlt — 5 -+ max —7,¢1lj + COFE

"3 «7 I3 oM
Solls, % + max (% ¢g>+ COE

n 171
S3U3t — % -+ max (7, ¢§> +COFE (356)

Similarly for DMFDSFV, the artificial dissipation term in Eqn. 3.8 can be compared

with the physical diffusion term.
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Figure 3.27: Pure-diffusion problem error, diffusion terms from Eqn. 3.51.
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Figure 3.28: Heat equation solution using finite element formulation. Contour incre-
ment is 0.1.

Smith & Hutton problem

The final scalar test case is a linear advection-diffusion (Eqn. 3.1) problem due to
Smith and Hutton[93]. The flux function is ' = XU, with,

X = (291 - 2?), —22(1 — 1))

The streamlines for this problem, while not truly circular, are similar in orientation

to the circular advection problem. The inflow profile is,
U(xz,0) =1+ tanh(20z + 10)

The diffusion coefficient is chosen to be a constant, ¢ = 1072, The domain is the unit
square in the second quadrant. No closed-form solution is known to the author for
this problem.

A sequence of five unstructured meshes is considered. The meshes have no pre-

ferred clustering or stretching and have nominal node-spacings of 0.1, 0.05, 0.025,
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Mesh Nodes Fluctuation Splitting DMFDSFV
(CPU seconds)

A 134 <1 <1
B 495 1 1
C 1,928 5 8
D 7529 64 145
E 28,915 760 1880

Table 3.1: Grids and solution times for advection-diffusion problem.

Fluctuation Splitting DMFDSFV
1411 6, Mesh ([l 16"l
(art.) (phys.) (art.) (phys.)
1274 215 A 1918 190
597 265 B 640 176
192 161 C 144 119
54 76 D 46 66
13 36 E 18 36

Table 3.2: Ly-norms (x10°) of artificial and physical viscosities for advection-diffusion
problem.

0.0125, and 0.00625, labeled as Meshes A—E, respectively. The number of nodes for
each mesh, along with the solution times for both fluctuation splitting and DMFDSFV
on a 195 MHz SGI R10000 CPU are listed in Table 3.1.

Lo-norms of the artificial and physical viscosities computed using both fluctuation
splitting and DMFDSFYV are presented for each mesh in Table 3.2. Notice that the
norm of the artificial dissipation for both DMFDSFV and fluctuation splitting drops
lower than the norm of the physical dissipation on Meshes D and E. However, the
norm of the physical dissipation is smaller for DMFDSFV than fluctuation splitting on
each mesh A—D. The physical viscosity is driven by the solution curvature, suggesting
fluctuation splitting maintains the solution profile sharper than DMFDSFV on the
coarser meshes. A comparison of outflow profiles will soon verify this interpretation.

Evidence of a grid-resolved fluctuation splitting solution is seen in Figures 3.29
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Figure 3.29: Fluctuation splitting profiles on finest mesh, advection-diffusion problem.
(FS = fluctuation splitting)

and 3.30. The fluctuation splitting solution on Mesh E at the outflow boundary is
presented along with the inflow profile and the corresponding pure-advection (p = 0)
fluctuation splitting solution in Figure 3.29. Because the pure-advection solution
is seen to replicate the inflow profile, the fluctuation splitting artificial dissipation is
insignificant on this mesh, and hence further grid refinement would not appreciably
change the solution. Plotting only the fluctuation splitting results with respect to
grid refinement, Figure 3.30 shows a convergence of the outflow profile by Mesh C for

fluctuation splitting.

The accuracy of fluctuation splitting and DMFDSFV are compared in Figure 3.31,
where the outflow solutions from fluctuation splitting and DMFDSFV are plotted for
Meshes C and E. Taking the grid-converged fluctuation splitting Mesh-E solution to
be the true solution, it is clear that fluctuation splitting reaches the grid converged
solution on a coarser mesh than DMFDSFV.

Computational efficiencies of the two algorithms are compared in Figure 3.32,
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Figure 3.31: Fluctuation splitting and DMFDSFV for advection-diffusion problem.
(FS = fluctuation splitting, FV = finite volume)
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Figure 3.32: Convergence histories for advection-diffusion problem. (FS = fluctuation
splitting, FV = finite volume)

where the Lo-norm of the residual is plotted versus CPU time for the fine-mesh
fluctuation splitting and DMFDSFYV solutions, along with the fluctuation splitting
convergence history on Mesh D. The Mesh-E fluctuation splitting solution converges
in 760 sec. The corresponding DMFDSFV solution takes 2.5 times longer than fluc-
tuation splitting, due, in part, to the need to reconstruct gradient information at
each node with DMFDSFV for second-order spatial accuracy. However, considering
the solution time to reach a given accuracy, it is more reasonable to compare the
fluctuation splitting solution time on Mesh D to the finest-mesh DMFDSFV solu-
tion. The fluctuation splitting Mesh-D solution took only 64 sec, a factor of 29 times
less than DMFDSFV on Mesh E, and still shows better accuracy than the fine-mesh
DMFDSFYV solution.

An even greater speedup is seen with fluctuation splitting in conjunction with the
Van Albada limiter, where now the Mesh-B solution over-plots the curve from the

finest grid, shown in Figure 3.33. The corresponding DMFDSFEYV result using the
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Figure 3.33: Advection-diffusion results using Van Albada limiter. (FS = fluctuation
splitting, FV = finite volume)

Van Albada limiter on Mesh B is included, and clearly falls short of the fluctuation
splitting accuracy. The DMFDSFYV case was repeated with the highly-compressive
Superbee limiter with little improvement in accuracy. The solution time for fluctua-
tion splitting on Mesh B is about one second, yielding a speedup factor of 2-3 orders
of magnitude over DMFDSFV.

The final set of results addresses convergence issues while pushing the positivity
limits. Figure 3.34 compares two convergence histories for the second-order fluctu-
ation splitting on Mesh B. The non-converging, though stable, convergence history
is the result of using strict positivity arguments to set the timestep (Eqn. 3.38).
The resulting solution is bounded and approximately correct but oscillatory. Limiter
“ringing” is the cause of this behavior, with the higher-order discretization for the
implicit matrix reducing the diagonal dominance, and hence stability, of the Gauss-

Seidel iteration.

Full convergence is achieved by using first-order positivity coefficients, which are
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Figure 3.34: Convergence rates using first- and second-order positivity coefficients.

not dependent on the limiters. The resulting local timesteps will not be as large as

true second-order positivity would allow, but are more robust.

3.5 Benefits of Fluctuation Splitting

Fluctuation splitting and DMFDSFYV schemes have been compared in detail as ap-
plied to scalar advection, diffusion, and advection-diffusion problems. The fluctuation
splitting scheme is seen to introduce less artificial dissipation while treating advection
terms, allowing for more accurate resolution of weakly dissipative advection-diffusion
problems. The ability to resolve solutions to these problems on coarser meshes makes
the fluctuation splitting scheme the preferred choice over DMFDSFV.

Linear advection test problems were utilized to investigate the dependence of
artificial diffusion production on grid orientation. Both fluctuation splitting and
DMFDSFV are shown to exhibit grid dependencies, but with fluctuation splitting

producing less artificial dissipation on all grids considered.
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A non-linear coalescing shock problem further explored grid dependencies as cases
were constructed that result in incorrect shock speeds for DMFDSFV. Fluctuation
splitting shows correct shock speeds for all grids and provides tighter shock capturing
than DMFDSFV.

An advection-diffusion problem with small physical dissipation (diffusion coeffi-
cient of 107%) was considered where the reduction in artificial dissipation with fluctu-
ation splitting results in a significant accuracy improvement over DMFDSFV. Con-
vergence times were compared, showing a speedup of 2.5 for fluctuation splitting over
DMFDSFYV on identical grids, using a point Gauss-Seidel relaxation. However, a grid
convergence study shows fluctuation splitting has better resolution of the solution on
a coarser mesh than DMFDSFV does on finer meshes, resulting is a speedup of 29
for fluctuation splitting over DMFDSFV.



Chapter 4

Scalar Mesh Adaption

Mesh adaption strategies, for use in conjunction with the discretization and solution
procedures discussed in chapter 3, are sought for two-dimensional scalar problems.
Mesh adaption seeks to reduce to a minimum the number of nodes needed to obtain a
desired level of solution accuracy. Implicit in this objective is the optimal placement

of the retained nodes for a “most-accurate” solution.

Many authors[61, 62, 65, 66, 67, 94] prefer to maintain isotropic (or nearly so)
elements while performing unstructured mesh adaption. Their belief is that the ac-
curacy of the solvers degrades on anisotropic elements. However, the use of isotropic
elements will lead to excessive mesh densities when resolving phenomenon with dis-
parate length scales in multiple dimensions, e.g. plane shocks or boundary layers.
A contrasting approach is to employ anisotropically stretched elements, a technique
long used for structured meshes[57, 70]. More recently, highly anisotropic elements
have been demonstrated with unstructured grids[71, 74, 91, 95].

Two primary techniques are commonly used to perform mesh adaptions. One is
to perform a global remeshing[96], where the adapted mesh is unrelated to the initial
grid. This method works well when the adapted mesh will be significantly different in
character from the initial mesh and usually employs an efficient grid-generation code
to accomplish the adaption, with the initial solution driving the placement of source

terms for the grid generator.
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An alternative strategy is to form the adapted mesh from a series of local opera-
tions on the initial mesh, based upon the local solution. This approach is very efficient
when only a smaller fraction of the total grid requires refinement. Also, local opera-
tions can allow for more control over the adapted grid and can be more robust than
global grid generators. On the other hand, global remeshings can produce smoother
grid distributions than can local operations. The present dissertation will pursue the
local adaption strategy, as opposed to global remeshings. As before, unstructured

triangulated domains are considered with the solution values stored at the nodes.

This chapter begins by introducing the current state-of-the-art for anisotropic local
refinement for finite volume solution methods as advocated by Habashi[71, 74, 75, 76].
Then a consideration of the behavior of fluctuation splitting methods on general
meshes is presented. From this, a framework for local, anisotropic mesh refine-
ment is developed in conjunction with the multi-dimensional fluctuation splitting
scheme. The behavior of the new fluctuation splitting adaption strategy has a feature-
alignment flavor, rather than feature-clustering like current methods, implying a re-
duction in the required number of nodes, and hence solution times, for non-linear

problems.

4.1 Curvature Clustering

Current state-of-the-art for unstructured mesh adaption is based on a posteriori error
estimation[61, 62, 65, 66, 67, 69, 71, 74, 75, 76, 97, 98, 99]. The error estimates
can be derived either by looking at the leading truncation error terms in the spatial
discretization or by considering the solution interpolation error. In practice, either
approach reduces, for second-order-accurate spatial discretizations, to a check on the
curvature of the solution. Nodal positioning is then driven to equate the scaled
second derivatives along all edges. If isotropic cells are desired, the magnitude of
the local curvature inversely dictates the element sizes, while for anisotropic adaption

directional derivatives can be used to stretch elements.
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Figure 4.1: Edge swapping schematic.

Habashi[76] defines the a posteriori error estimate on an edge to vary like,

o*U

E,| ~#
2 or?

(4.1)

or as “the edge length squared times the second derivative of the solution.” In the
finite volume context, one simple and efficient way to construct an edge-based error

estimate along edge 01 is,

zazwﬁm—ﬁ%)%l

(4.2)

The edge-based finite volume scheme detailed in chapter 3 alrcady performs the gra-

dient computations, making the error estimate a trivial computation.

4.1.1 Adaption Mechanics
Edge swapping

One simple method to improve a mesh is to swap edges between nodes, altering the
local connectivity. If the triangles to either side of an edge form a convex quadrilateral
(Figure 4.1) then that edge is a candidate to be swapped. If the error estimate for

the swapped connectivity is smaller than for the current edge connectivity, then the
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Figure 4.2: Initial, poorly aligned mesh and solution. Solution contours vary on (0,1)
with 0.1 increments.

edge is swapped. In practice, an error threshold is employed to avoid limit cycles in

smooth regions of the solution.

The edge swapping procedure is demonstrated in Figures 4.2—4.4. The problem
statement is linear advection of a shear discontinuity with X = (1,1) and a uniform
inflow on the left boundary U(—1,y) = 0 and uniform inflow on the bottom bound-
ary U(z,0) = 1. The DMFDSFV scheme is used and reconstruction is performed
using the compressive Van Albada limiter. The initial mesh is poorly aligned,
Figure 4.2(left), and the resulting solution shows significant contour spreading, Fig-
ure 4.2(right). Successive global edge swapping sweeps, Figures 4.3 and 4.4, improve

the solution, reducing the contour spread.

Excessive dissipation is created in the bottom left inflow cell for this case, where
the diagonal is not swapped with the present routine. Node insertion, to be discussed
presently, will be able to handle cells such as these, where the edge swapping logic

breaks down.
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Figure 4.3: First edge swap, with improved solution. Solution contours vary on (0,1)
with 0.1 increments.
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Figure 4.4: Second edge swap, with small solution improvement. Solution contours
vary on (0,1) with 0.1 increments.
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Figure 4.5: Reduction from 6 to 3 edges connected to node 0.

Figure 4.6: Four edges are the minimum that must be connected to node 0.

Point deletion

If all edges connected to a node have an error estimate, Eqn. 4.2, less than a threshold
value, then that node can be removed. Once a node is flagged for deletion, the number
of edges emanating from that node are reduced via edge swapping, as depicted in
Figure 4.5. Usually, the number of edges connected at a node can be reduced to
three, though Figure 4.6 shows a case where the minimum number of connected
edges at the node is four.

The removal of one node also eliminates two triangular elements and three edges.
A schematic of the actual removal process of an interior node is depicted in Figure 4.7
for both the three and four edge connectivity cases. The removal of a boundary node
with three edges connected, depicted in Figure 4.8, eliminates one triangular element
and only two edges.

The objective of point deletion is to minimize the number of grid points while
retaining the same accuracy. In practice, bookkeeping of node/cell/edge numbering

is the most difficult part of the point deletion process.
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(a) Three edges connected. (b) Four edges connected.

Figure 4.7: Schematic of node deletion.

Figure 4.8: Schematic of boundary node deletion.

A numerical example of point deletion is presented for the 45° linear advection
example. Figure 4.9 shows a grid and converged DMFDSEFYV solution to which the
edge swapping routine has been applied. The point deletion routine is then applied,
resulting in the grid of Figure 4.10. The solution on the reduced mesh remains

unchanged from the finer-mesh solution.

Point insertion

Point insertion can be considered to be the opposite procedure of the four-edge con-
nectivity point deletion, shown in Figure 4.7(b). If the error estimate along an edge
exceeds a given threshold, then that edge is flagged for refinement. A new node is
added at the midpoint of the edge, two new cells are defined, and three new edges
are created. The aim of point insertion is to increase solution accuracy, albeit at an
increased computational cost due to the additional mesh nodes. Use of the local error

estimator allows for selective refinement and results in fewer nodes than would be
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Figure 4.9: Before point deletion. Solution contours vary on (0,1) with 0.1 increments.
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Figure 4.10: After point deletion. Solution contours vary on (0,1) with 0.1 increments.
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Figure 4.11: After point insertion. Solution contours vary on (0,1) with 0.1 incre-
ments.

produced by a global refinement.

The familiar numerical example of this section is continued by applying the point
insertion algorithm to the solution and mesh last shown in Figure 4.10. The locally
refined mesh, with most of the refinement occurring near the inflow boundary where
the greatest artificial diffusion is produced, is shown in Figure 4.11, where 13 new
nodes have been introduced. The solution shows improved accuracy, particularly in

the reduced spreading in the lower left corner.

Nodal displacement

The fourth local adaption technique considered is nodal displacement. Neither the
number of nodes nor their connectivity are altered, but their spatial location is op-
timized. The nodal displacement concept mimics the Gauss collocation quadrature
points familiar in calculus, and hence seeks to improve solution accuracy without
increasing computational cost.

The approach taken here uses the spring analogy, similar to the techniques pre-
sented by Gnoffo[57] and Ait-Ali-Yahia[70] et al. The springs are taken to be the

mesh edges. The spring constants are the edge error estimates. A minimization is
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Figure 4.12: After nodal displacements. Solution contours vary on (0,1) with 0.1
increments.

then sought for a potential energy formed as,

1
Z 3 B, |; 7 jis all distance 1 neighbors to node 0 (4.3)

J

The minimum is obtained by setting the derivative to zero, giving the requirement,
> B Fy; =0 (4.4)
J

where 0’ indicates the new, minimum energy position of node 0. Holding the edge

error estimate constant during the displacement, an updated position vector can be

obtained,
J
> Erlj 7o
‘f’go/ - —Foro _ (46)
> B

Equation 4.6 gives the position vector pointing from the current location of node 0
to its adapted location. This adapted location is an attempt to optimally equate the

scaled error estimates over all edges connected to the current node. Since the error
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estimates are held constant during the local adaption step, an iterative process is
required to obtain the optimal nodal positions.

The nodal displacement, routine is applied to the results in Figure 4.11, completing
one global iteration of the full mesh adaption suite for unstructured meshes, consist-
ing of nodal displacements, insertions, and deletions and edge swapping. Solution
improvement, shown in the tighter contour clustering in Figure 4.12, particularly

toward the upper right, is demonstrated using the point movement technique.

4.1.2 Adaption Procedure

Following the recommendations of Dompierre[71] et al. and Habashi[76] et al., the
nodal displacement technique is used as a smoother between applications of the other
three adaption operations. Also, close coupling between the solver and the mesh
adaptor is to be maintained.

The overall solution strategy therefore follows:

1. Solve on initial mesh.

2. Swap diagonals and iterate solver.
3. Move nodes and iterate solver.

4. Tnsert nodes and iterate solver.

5. Move nodes and iterate solver.

6. Delete nodes and iterate solver.

7. Swap diagonals and iterate solver.

8. Move nodes and iterate solver.

Steps 4-8 are repeated until convergence of the entire process.
The entire solution-adaptive procedure is applied to the 45° shear problem using
the DMFDSFV solver with the Van Albada limiter.  The initial grid, containing



82 CHAPTER 4. SCALAR MESH ADAPTION

0.8

0.8

0.4

0.2

0 0 1 1 ]
-1 -08 -0.6 -0.4 -0.2 0 -1 -0.8 -0.6 -0.4 -0.2 0

X X

Figure 4.13: Starting mesh and converged solution, X = (1,1). Solution contours vary
on (0,1) with 0.1 increments.
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Figure 4.14: Adapted mesh with greatly improved solution. Solution contours vary
on (0,1) with 0.1 increments.
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121 nodes, and the solution on this mesh are shown in Figure 4.13. After only four
complete adaption cycles, the mesh size has been reduced to just 103 nodes while
capturing a very accurate solution, as seen in Figure 4.14. While the mesh adaption
is highly anisotropic, the solution remains well behaved.

A demonstration of the method is also performed for a case with a variable ad-
vection velocity, namely the circular advection problem. The inflow profile contains
a linear ramp between U =0 on 2 < —0.7 and U =1 on & > —0.6. The initial mesh
is the same as for the shear case, containing 121 nodes. The solution on this mesh
is excessively smeared, Figure 4.15. Three mesh adaption cycles were performed, re-
sulting in a final mesh having 146 nodes. A significant improvement is again seen in

the resulting solution, Figure 4.16.

4.2 Characteristic Alignment

4.2.1 Exact Advection Solution

While anisotropic adaption to reduce a posteriori error estimates represents current
state-of-the-art for unstructured-grid finite volume algorithms, it was shown in chap-
ter 3 that there exists a better scheme for multi-dimensional advection than DMFDS-
FV, namely fluctuation splitting. The question arises as to whether an edge-based
error estimate, which is by the definition of an edge a locally one-dimensional indi-
cator, is an appropriate adaption criteria for a truly multi-dimensional scheme. This
section explores the development of candidate multi-dimensional adaption criteria
that fit within the framework of the four local anisotropic adaption operations—edge
swapping, point insertion, point deletion, and nodal displacement.

As a starting point, posit that an optimal mesh is one with the least number of
nodes on which a positive scheme can obtain a solution free from artificial dissipation.
The artificial dissipation terms for fluctuation splitting, ¢ and ¢ in Eqn. 3.29,
were seen to scale with the limited fluctuations, ¢*° and ¢*" in Eqns. 3.26 and 3.27,
respectively. For a locally positive scheme the limited fluctuations are bounded by

the total cell fluctuation. Thus, driving the cell fluctuation to zero will eliminate
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artificial dissipation production, and vice versa.
Combining Eqns. 3.22, 3.24, and 3.25, the cell fluctuation is,

o

¢ P T
¢ = —glfh'A(Uz —Uy) + 53&3;4([] —Us) (4.7)
or,
1. o . o A
¢ =5 [mU = (G + Laig)Us + L3y Us]- A (4.8)
Noting the vector identity 2?21 n:¢; = 0, the fluctuation can be expressed in compact
notation,
1L :

Recall from the notation for an element’s geometry, Figure 3.3, that edge ¢ is the edg~e
on the opposite side of the triangle from node . If the cell-averaged flux Jacobian, E,
is parallel to side ¢, then ﬁzj = (0. In the context of mesh adaption, assume that
an edge, say without loss of generality edge 3, is aligned to be parallel to fY, then
from Eqn. 4.7 it is clear that the fluctuation, and hence the artificial dissipation, goes
to zero as U; — U;. Note that this condition for a vanishing fluctuation holds true
irrespective of the value Us.

The known solution to steady advection is that the solution remains invariant
along the characteristics. A coupled solution-adaptive strategy is apparent—the adap-
tion aligns one edge of each cell with the discrete counterpart to the characteristic,
namely fi and the fluctuation splitting scheme converges to an exact advection so-
lution by equating each downstream node of an aligned edge with the value of the
upstream node. Efforts along this tack follow, though not without some lingering
questions. What of the non-linear problem, where characteristics vanish at a shock?
How can systems of equations be handled with multiple or imaginary characteristics
defined on each cell? What about combined advection-diffusion problems where the
exact solution no longer remains invariant along characteristics?

By way of demonstration that in fact fluctuation splitting does compute the exact
solution to multi-dimensional linear advection problems when the grid is aligned such
that each triangle with non-zero gradient has one edge parallel to the cell-average

advection velocity, the two cases employed with the curvature clustering adaption are
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considered. The 45° shear case can be captured using a mesh with only 6 nodes, none
of which are on the interior. The optimal mesh and fluctuation splitting solution
are shown in Figure 4.17. Contrast these results with the mesh-adapted DMFDSFV
solution to this problem in Figure 4.14. Fluctuation splitting in this case produces
a more accurate, diffusion-free solution on a mesh 17 times smaller. A DMFDSFV
solution is performed on this optimal fluctuation splitting grid, yielding the results
of Figure 4.18, where 30 percent of the shear discontinuity has been smeared by the

outflow boundary.

For the circular advection problem a mesh is constructed containing 10 nodes, an
order of magnitude fewer than were in the adapted DMFDSFV results of Figure 4.16.
The fluctuation splitting mesh and solution are shown in Figure 4.19, where the inflow
profile is exactly mapped to the outflow boundary. The mesh is called ‘optimal’
for this case because it contains the fewest points required to convect a diffusion-
free solution. However, the solution representation on the interior of the domain is
exact only in a discrete sense. Note that while the DMFDSFV solutions used the
compressive Van Albada limiter, the fluctuation splitting solutions were performed
with the non-compressive Minmod limiter. The DMFDSFV solution on the optimal
fluctuation splitting grid is shown in Figure 4.20, where it is clear that significantly

more nodes will be required to achieve reasonable accuracy.

These test cases suggest a tremendous potential for highly accurate fluctuation

splitting solutions on extremely coarse meshes, when properly aligned.

4.2.2 Adaption Strategies for Fluctuation Splitting

The fundamental strategy for optimizing a mesh for fluctuation splitting solutions to
linear-advection problems is to align one edge of each triangle with the cell-average
characteristic direction. Translating this requirement into a systematic logic for local
adaption is not straight-forward, particularly for a variable advection velocity when
one edge cannot simultaneously be aligned with the characteristics in the elements to
both the right and left of the edge.
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Figure 4.17: Optimal mesh and diffusion-free solution using fluctuation splitting,
A = (1,1). Solution contours vary on (0,1) with 0.1 increments.
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Figure 4.18: DMFDSFYV solution on optimal fluctuation splitting mesh, X = (1,1).
Solution contours vary on (0,1) with 0.1 increments.
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Figure 4.19: Fluctuation splitting optimal grid and diffusion-free solution,
A = (y, —z). Solution contours vary on (0,1) with 0.1 increments.
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Figure 4.20: DMFDSFYV solution on optimal fluctuation splitting mesh, X= (y,—x).
Solution contours vary on (0,1) with 0.1 increments.
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Figure 4.21: Edge swap options for linear advection with fluctuation splitting.

Edge swapping

Consider the 45° shear advection on a unit square, Figure 4.21. For this problem
j =\= (1,1) for all cells. The choice of diagonal perpendicular to X, Figure 4.21(a),
constitutes a poorly aligned grid. The other choice of diagonal, Figure 4.21(b), creates
a perfectly aligned grid. For the misaligned grid the cell fluctuations can be computed

using Eqn. 4.9,
1 , 1 ;
da = 5201~ Uz~ V) b5 = 5(Us + Uy — 2Us) (4.10)

and their sum is ¢4 + ¢ = U} — Us.

For the grid-aligned case, the fluctuations are,

1 , G4+
¢o = 5(U1 ~Us) =0y = ATgbB (4.11)
which leads to the observation,
Pat+ OB = Qo+ by =20, (4.12)

Clearly, swapping the diagonal does not in itself reduce the total fluctuation. Yet it
is known that fluctuation splitting will obtain the exact solution on the aligned grid

and a diffused solution on the misaligned grid (recall the results of section 3.2.4).
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Still seeking a link between mesh alignment and fluctuations, consider the RMS
of the fluctuations. It is postulated that the RMS of the fluctuations is less on the

aligned mesh than on the misaligned mesh. The proof proceeds from Eqn. 4.12,

P4+ B =29, (4.13)

O + 20405 + ¢ = 467 (4.14)
O+ O =46, — 20405 (4.15)

= %(4@21 — 40 408) + 202 (4.16)

2
= % [4 <—¢A ; ¢B> —4padp | + 20 (4.17)
Gatop = %«bi — 20405 + 0p) + 2] (4.18)
= (04— 08)" 267 (4.19)
> 20, = b + b (4.20)

The use of the RMS of fluctuations to guide adaption for scalar problems has
been proposed by Roe[32, 77]. The fluctuation splitting solver Roe employs is of the
non-positive type, and for general solutions suffers from extreme dispersion errors.
Also, nodal displacements are the only adaption operation demonstrated.

A demonstration of the present edge swapping is performed for the 45° shear
problem. The initial grid and fluctuation splitting solution are shown in Figure 4.22.
The fluctuation splitting solution on this mesh is similar to the one obtained using
DMFDSFV in Figure 4.13. However, after just a single edge swapping sweep the
exact solution is obtained by fluctuation splitting, Figure 4.23. DMFDSFV was not
able to match this accuracy from fluctuation splitting even on the highly adapted

mesh from Figure 4.14.

Point deletion

Point deletion for a fluctuation splitting grid mimics the procedure previously dis-

cussed in the finite volume context. If all elements connected at a given node have
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Figure 4.22: Starting mesh and converged fluctuation splitting solution, X = (1,1).
Solution contours vary on (0,1) with 0.1 increments.
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Figure 4.23: Exact solution obtained by fluctuation splitting after one edge swap
cycle, A = (1,1). Solution contours vary on (0,1) with 0.1 increments.
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small or vanishing fluctuations, then that node is a candidate for deletion. FEdge
swapping is performed to reduce the number of edges, and hence cells, connected to
the node, under the restraint that the RMS fluctuations of the swapped configura-
tions must remain small. If the number of cells connected at the node can be reduced
to three, then the node can be deleted if the fluctuation remains small in the triangle
formed by the agglomeration of the three connected elements. If four elements remain
connected at the node, the point may be deleted if the RMS fluctuations remain small
in either of the two possible agglomerations from four triangles to two triangles.
When the point deletion algorithm is applied to the advected shear results seen
in the edge swapping demonstration, Figure 4.23, the minimum optimal grid and
associated exact solution, presented in Figure 4.17, are obtained after a single loop

over the domain.

Nodal displacement

A scheme for displacing nodal coordinates to minimize RMS of fluctuations about
the node has been presented by Roe[32, 77]. The development presented by Roe
uses the same minimization scheme to evolve the solution as is used to drive the
nodal positioning. That type of fluctuation splitting solver has a central difference
flavor and is not monotonic. The present procedure incorporates the upwind, non-
linear fluctuation splitting algorithm detailed in section 3.2.1 with some of the mesh
movement strategies of Roe. The development also bears some resemblance to the
adjoint equation adaption schemes of Anderson[98] and Venditti[99]. However, the
adjoint schemes seek to evaluate changes in global parameters with respect to an
error estimate computed on a coarsened mesh for a finite volume solver, while the
present technique is entirely local and does not employ a coarsened sub-mesh and is
specifically for a fluctuation splitting discretization.

At a given node, the nodal displacements are computed as a first step and then
the solution is updated at the new nodal location via a local point-implicit inversion.
In this manner a global mesh movement sweep can be accomplished in conjunction
with a single Gauss-Seidel iteration of the solver. In this section the current node to

be moved is globally numbered node i. Within each triangular element the nodes are
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locally numbered 1-3. Derivatives in y are omitted when they exactly follow from the
derivatives in z.

The functional to be minimized is defined at the node as a sum of contributions
from all cells surrounding the node (equivalent to Eqn. 13, p. 248 in [77]),

T = % D ¢rErer = %ZET@ﬁ?r (4.21)
VT i T

The weighting factor, =1, is a positive scalar, generalizing to a symmetric, positive
definite matrix for systems. The functional is thus a sum of positive semi-definite
contributions from triangles containing the current node.

The derivative of T with respect to a nodal coordinate is,

o, G027 - 0dr
— = — = 4.22
&xi Z ( 2 8:51 + T¢T 8a:i ( )

Note that the derivatives in Eqn. 4.22 represent the change in solution values as
the discrete mesh is perturbed, and as such are to be interpreted in the context
of variational calculus, and not as spatial gradients according to the more-familiar
multi-variable calculus.

The minimization of T can be performed using a fixed-point iteration to force the

derivatives to zero,

Y
gt =af - gx, (4.23)
T
Az, = —gx. (4.24)

Equation 4.24 can be combined with Eqn. 4.22 in the form of a distribution method

of steepest descent,

(4.25)

Convergence can be enhanced over the fixed-point iteration by using a Newton

scheme. Expanding the gradient in an approximate Taylor series,

ox ™t  oar|” o or|" o or "
_ ~ ne 9 971 L Amy, 4.2
0 8371 al‘l +A xl@xi 8:51 * ylayi 8[()1 ( 6)
ar |t ax | o oY o or|"
— ~ Ay, — "y 4.27
0 0y; 0y; o Oz; Oy; Y Jy; Oy; (+:27)
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leading to the form,

" %Y %Y ox

N Y 7 7 -—

AN t - _ or; 9z;0y; | -1 ) 0z 9

A A a2 2Y ax (4.28)
Yi Oz 0y, ay? i

In [32], Roe suggests neglecting the off-diagonal terms in Eqn. 4.28.

Second derivatives of the objective function are,

o*T 2 0°= 0=7 0 0¢ %
g - :Z{ﬁ T 95, T ¢T+HT< ¢T> T¢T d
T

4.29
ox? 2 Oz Ox; Ox; Ox; (4.29)

I—I

%Y - 8¢T O=T1 O0=1 8¢T (]5-%— 8QET 8@1’ 8¢T
ox;0y; Z [qu (80@ oY; + ox; 0y; + 78@3% += 8@ Oy;

ia)
= 4,
+ ¢T T@xiayl} ( 30)

The fluctuation can be manipulated from Eqn. 4.9 as,

1 i 7
¢ = 9 [Ui(ys — y2, w2 — x3) + Us(y1 — y3, 3 — 1) + Us(y2 — y1. 21 — 22)]- A

= %[(UQ = Us)(y1, —71) + (Us = Ur) (g2, —w2) + (U1 — Uz)(y3, —xg)]-j (4.31)

The spatial derivatives take the form,

g 1] T Y - N, o7

— (. — . W Yk e At 4.39
9y 2 _(Dl Us)A +j§1 Uil 5% + Eﬁ Ui 48:102 (4.32)
96 1] 20U,
90— 2 (U — ) E:UZ E:z ; 433
Oy 2 _( ’ A+ nj iy 3?/2] ( )

The derivatives of the cell—averaged flux Jacobian will depend upon the particular

flux function. However, since A is a weighted average of three nodal values,

o4 104,

— ~ - 4.34

8:52 3 8[()2 ( )
For uniform advection, 3A = 0. For circular advection, gA = (0,—3) and % = (3.0).
For non-linear problems, in general,

04 10U

— ~-= (4.35)
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In keeping with the Gauss-Seidel update philosophy, only the derivative of the
solution value at the current node is retained in the last term of Eqns. 4.32 and 4.33.
That is, if the current node is designated node 2 of the triangle under consideration,
then ‘;—g; = % is retained while 2 dbl o~ g%i ~ () is assumed.

Evaluating % directly from the high-resolution non-linear fluctuation splitting
scheme is 1mpract1ca1. Limiters such as Minmod are not continuously differentiable,
and while the Van Albada limiter is differentiable its use does not lead to a con-

o 9. for

venient explicit form from which to evaluate As an approximation to
the non-linear scheme, derivatives are sought using linear distribution schemes. Two
linear choices for fluctuation splitting are to use a linearity preserving (second-order
spatial accuracy), non-monotonic distribution or an upwind, monotonic first-order
distribution. The linearity-preserving, non-monotonic scheme is of the Lax-Wendroff
type[100], and tends to produce dispersion waves in response to nodal displacements.
This behavior tends to under-predict the change in solution value at the perturbed
node relative to the fluctuation splitting scheme employed herein.

The linear upwind scheme is obtained from the present fluctuation splitting scheme
by discarding the limiter. This scheme exhibits a dependency on the numbering of
nodes within a triangle. To alleviate this dependency, the approximation to g—gf is
built by looping over all cells connected to node ¢ and renumbering the nodes within
each triangle so that the current node is designated as node 2 of the triangle. It
is emphasized that the linear upwind scheme is not used in the calculation of the
solution, but only employed to provide an estimate of the solution variation with
respect to nodal displacements, providing the forcing functions for the mesh adaption.

The distribution to node 2 of a triangle using the linear upwind scheme is obtained

from Eqns. 3.22-3.30, with ¢*° = ¢¢ and ¢*" = ¢", as,
O¢'+(U1 - []2) - /3_([/?3 - Uz) = O¢'+L71 + (6_ - Od+)[j2 - ﬁ_Ug, (436)

where,

ot = at|al _ al + sign(a) gt =

18] _ ;1 sien(5)
2 2

2 2

(4.37)

Assembling all contributions from the surrounding cells of the form in Eqn. 4.36 and
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solving for the steady state value of the current node yields, with U, = U,
U; Z = (ot — B7Us) (4.38)
T

The variation of the nodal solution with respect to nodal displacement can now be

evaluated as,

ggj ;(oﬁ -87) =) <U1%L A ) Ui Z (%f ax:) (4.39)

T

Recall that the solution at surrounding nodes is held fixed during displacements of
the current node.

The derivatives of the functions in Eqgn. 4.37 are defined,

+ 0 a<0 - 9 5<0
da :{ 0 o 5 :{ % p< (4.40)
Ox Ja q>0 Ox 0 8>0
Further, Eqgn. 3.22 leads to,
b A 1 04 oo A 1 04
2 L Tps, - =4 Py — 4.41
8[()2 2 + 2£1n1 8.1'2 8y2 2 + 261,”1 ayg ( )
o8 AV 1 A op A< 1 94
ey N Yt 2 L g 4.42
8,1’2 2 2 3”3 8.1'2 8y2 2 2 313 8y2 ( )

For non-linear problems an implicit relation arises for % and g—g. One option is to
neglect the derivatives of j in Eqns. 4.41 and 4.42. Another option would be to lag
these same terms from the previous iteration level.

Second derivatives of the fluctuation with respect to variation of a nodal location

follow from Eqns. 4.32 and 4.33, again incorporating the approximation 22 ~ 9 ~(),

Oxo — Oxo
8¢ oAy 94 ou, 52 GO0 3 oA
99—y, —U 0 i v b 4.43
o~ g Y g e T2 +Z_: g 4
) A% 0.4 aU, b, U NSl 524

I — 9% b, 402 USn O 8 g
o = U= Uit bl g+ oo Ay +2_: it (444)
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pAx  9AY  (aAoU, 040U,
_TI7 o . _ = -
(U3 Ll) ( ) +€2n2 (ayQ 83:2 + 8.1?2 8y2>

Second derivatives of A are developed in an analogous manner to its first derivatives.

The second derivatives of the solution at the current node with respect to varia-
tions in the position of the current node can be developed from the first derivative

UL ~, Uz ~,
expression in Eqn. 4.39, again with the approximation For 2 Gor 0,

U, . Pot P8
ox? ;(oﬁ—ﬁ ) :Z (Ul ox? —Us dx? )

T

oU; dat  0p~ Pat 0?8~
i A P A 44
o7s ZT: ( or,  om ) D’Z ( a7 oa? ) (4.46)

7 7

PU; Vo  oPat PB\  OUi— (Da*  0p
0z;0Y; ;(a -8 = ; <b13$iayi ~Us axiayi) O ; < dy; Oy )

o, dat  9p~ Pat B
_ _ S _

The remaining derivatives to be specified follow from Eqgns. 4.41 and 4.42,

a%_aﬁwgﬁ A Po_ ok 1, A
dx2  Oxy 002 a2 Oy, 2 0y2
P 194 194 1 52 A
_ 2 _Z 2l — 4.48
8:62(9y2 2 3y2 2 8332 + 2 1 81‘28y2 ( )
923 9AY 1. . 924 923 oA L, 92A
—_— :___ n —_— e = [
or2 Oz ) Y3 dya 2°° Oy3
2 y Ax 2 T
6 194 104 1,. 04 (4.40)

al'gayg a 582/2 B 5&7}2 B 2 378 axgayg
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For =, Roe[77] chooses 1 = ﬁ, for which the derivatives are,

=T 1 05t
= -7 4.50
O°Zr _ 2 (9ST\"_ 1 &Sr (4.51)
oz  S3\ O S2 92 '
0?2+ B i@ST 0ST B L 0?5t (4.52)
8xi8yi N S—il)’— 8xz 0yi S—%— axlayz ’
The area of a triangle is,
1
St = 3 [z1(y2 — y3) + 22(y3 — 1) + 23(y1 — V)]
1
= —5 [y1<{L'2 — 1‘3) + yQ(IL’g — ,1’1) + yg(,l’l — ,7}2)] (453)
leading to the derivatives,
05t ys— 08t w1 — w3
= = 4.54
8.1'2 2 8y2 2 ( )
and,
2 2 2
o°St  9°ST  0°ST (4.55)

oxd Oy Ox20y, -
This choice of weighting emphasizes fluctuations on the smaller cells.
An alternative is to weight all cells equally, with Z+=1. Two other obvious choices
for weighting are =1+=957, emphasizing fluctuations on the larger cells, and =1 = %T;,
for even stronger emphasis on the smaller cells. The derivatives for this latter case

are, with Eqn. 4.53,

0=1 2 957 X
P=r 6 [95T\° _
57 = 5 (0_@) (4.57)

2= :

OZr 6 057957 (4.58)

The fluctuation splitting node movement techniques are evaluated for the familiar
circular advection problem of the present chapter. One cycle of point deletion results

in the grid and solution of Figure 4.24. The grid contains 70 nodes.
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Figure 4.24: Starting mesh and solution for demonstrating fluctuation splitting node
movement schemes. Contours vary on (0,1), with 0.1 increment.

1 1 1 1 1 1 1 1 1 1
08 08 08 o8
Y 06 06 Y 06 06
04 04 04 o4
02| o2 02| o2

o7 i3 0.6 o X 37 0° o7 i3 06 o X 37 0°

Figure 4.25: Mesh and solution after four fixed-point mesh adaptions with fluctuation
splitting. Contours vary on (0,1), with 0.1 increment.



100 CHAPTER 4. SCALAR MESH ADAPTION

1 0.8 0.6 0.4 0.2 0 1 0.8 0.6 0.4 0.2 0

1 T T T 1 1 T T T T 1
08 0.8 08 —0.38
08 0.6 08 0.6
04 Jo4 04 Jo4
02k o2 02k o2

] ] ] ] ] ]
0 1 08 0.6 04 0.2 UO 0 1 0.8 0.6 04 0.2 UO

Figure 4.26: Mesh and solution after four diagonal Newton mesh adaptions with
fluctuation splitting. Contours vary on (0,1), with 0.1 increment.

Applying the fixed-point iteration strategy for four node movement cycles results
in the mesh and solution of Figure 4.25. This fluctuation splitting solution shows
a somewhat improved accuracy over the optimally adapted DMFEFDSFYV solution of
Figure 4.16, despite a mesh with fewer than half the number of nodes. The fixed-point
procedure is found to be a slowly converging technique. To improve the response,
local iterations and/or over-relaxation can be applied. Unfortunately, the amount of
over/under-relaxation for optimal convergence is problem and grid dependent. For
the results of Figure 4.25, an over-relaxation factor of 10 was used with five local
iterations per global adaption, with Z+=1.

Employing the full Newton strategy to improve the convergence of the minimiza-
tion procedure has not been encouraging for this case. Numerical stiffness due to a
vanishing determinant in Eqn. 4.28 is the culprit, a condition that is likely to worsen
for finer grids.

However, the diagonalized Newton scheme proves robust and fast for this case,
without the need for either local iterations or a tunable over /under-relaxation param-
eter. Four cycles of the diagonal Newton scheme (E1=1) yield the grid and solution

in Figure 4.26. The mesh adaption is clearly more aggressive than for the fixed-
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point scheme, achieving slightly improved resolution of the solution at the outflow

boundary.

Point insertion

Additional nodes are created by subdividing edges, in a manner similar to that de-
scribed in section 4.1.1. However, instead of using an edge-based error estimate, the
fluctuations in the cells to either side of the edge are used to trigger mesh refinement.
If the magnitudes of the fluctuations in both cells, or the only cell for a boundary
edge, exceed a threshold, then the edge is split by adding a new node at the edge

midpoint.

The various operations for performing mesh adaption in the fluctuation splitting
context are combined as a series of sequential steps to form a complete adaption cy-
cle. The steps are arranged in the same order as is enumerated in section 4.1.2. The
complete fluctuation splitting mesh adaption is applied to the circular advection test
problem for a single cycle. The initial mesh and solution were previously shown in
Figure 4.15. The resulting mesh, containing 96 nodes, is shown in Figure 4.27(a). The
associated solution, showing very good accuracy, is in Figure 4.27(b). The fluctuation
splitting solution-adaptive procedure achieves slightly better solution resolution in a
single adaption sweep than the state-of-the-art finite volume solution-adaptive pro-
cedure was able to obtain in three adaption cycles on a mesh with 50 percent more
nodes. Thus, the present fluctuation splitting adaptive scheme is more than three

times as fast as the finite volume scheme which utilizes a posteriori error estimates.

Note, however, that the ‘optimal’ fluctuation splitting mesh from Figure 4.19(a) is
not achieved with only one adaption cycle. In fact, it appears that for this variable-
velocity advection problem the local adaption strategy falls short of achieving the
globally-optimal mesh. A retreat is therefore made from the goal of globally-optimal
mesh adaption, and instead the present method seeks a consistently-improved solu-

tion/mesh combination with each adaption cycle.
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Figure 4.27: Mesh and solution for circular advection problem after a single mesh
adaption cycle with fluctuation splitting. Contours vary on (0,1), with 0.1 increment.

4.3 Non-linear Advection

The two solution-adaptive schemes, a finite volume solver with adaption based on
edge error estimates and a fluctuation splitting solver with adaption to minimize
fluctuations, are applied to the two-dimensional non-linear advection problem of sec-

tion 3.2.4, repeated here,

U+ UU, + U, =0
U(_lay) = U(an) =0 U(%O) =2z -1

To avoid the problem of a doubly-defined node at (—1,0) and (0, 0), the inflow corners
are set to U = 0, and thus the expansion at the inflow is linearly distributed between
the corner points and the first node in from the corner, along the y-axis.

The DMFDSFYV scheme with edge error estimates is applied without modification.
The initial mesh, Figure 4.28(a), contains 121 nodes. The DMFDSFV solution on this
mesh, Figure 4.28(b), is very diffused and exhibits grid-induced asymmetries. Three

full cycles of solution adaption are applied, nearly doubling the mesh density to
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Figure 4.28: Initial mesh and DMFDSFV solution for non-linear advection case.
Contours vary on (-1,1), with 0.1 increment.

237 nodes, Figure 4.29(a). The solution on this mesh shows a dramatic improvement,
Figure 4.29(b), for shock thickness, shock speed, point of coalescence, and preservation
of extremum in smooth regions. Note, however, that there is some asymmetry between
the expansion fans toward the top of the domain, that the shock is not entirely
straight, and that the compression fan begins to coalesce into a shock at y = 0.4,
instead of at y = —0.5, the correct location.

The fluctuation splitting adaption scheme is also applied for three cycles to the
same problem and initial grid. The solution on the initial mesh is similar in char-
acter to the DMFDSFV solution in Figure 4.28(a). The adapted mesh, containing
206 nodes, and corresponding solution are shown in Figure 4.30. The adapted fluctua-
tion splitting solution, using 14 percent fewer nodes, exhibits slightly greater accuracy
than the adapted DMFDSFV solution, particularly in the expansion fan symmetry
and shock coalescence point. One feature that is better resolved in the DMFDSEFV
solution is the extremum between the compression and expansion fans on the lower
right-hand side. The fluctuation splitting shock is wider at the coalescence point but

then has comparable crispness to the DMFDSFYV result and is a little straighter with
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Figure 4.29: Mesh and DMFDSFV solution after three adaption cycles, non-linear
advection case. Contours vary on (-1,1), with 0.1 increment.
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Figure 4.30: Mesh and fluctuation splitting solution after three adaption cycles, non-
linear advection case. Contours vary on (-1,1), with 0.1 increment.
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increasing y. The fluctuation splitting shock at the outflow is ever so slightly offset

to the right from x = —0.5, the correct location.

The DMFDSFV and fluctuation splitting meshes, Figures 4.29(a) and 4.30(a),
have similar character in the expansion and compression fans. The fluctuation split-
ting adaption does not cluster as many points to the shock, resulting in overall 14 per-
cent fewer nodes. This fact that the fluctuation splitting adaption scheme can resolve
crisp shocks without excessive clustering normal to the shock may have favorable im-
plications when considering fluid dynamic problems with extremely strong shocks in
the vicinity of more subtle, though still important, features, such as an entropy layer.

While adapting to the non-linear problem, it became necessary to include an
eigenvalue limiter in the fluctuation splitting algorithm to prevent expansion shocks.
The one-dimensional eigenvalue limiting of Harten and Hymen (see section 2.2.2) is
extended to multiple dimensions by searching for expansions in the & and n directions
separately. Combining Eqns. 3.25-3.29, the artificial dissipation terms can be recast

as,
¢ = —|a|AU + sign(a) M, " = —|B|A, U — sign(8) M, 4.59
3 Y 7 Y

|a| and || are then limited as in Eqn. 2.46 with the parameter ¢ (Eqn. 2.47) defined

as,

1 U
oy = 5 A [07 Gy (A= Ay), G- (A — A)} (4.60)

1 . T
oy = 5 max [0, bty (T = ), Lying- (A~ )| (4.61)

respectively.

As a final note to this section, the fluctuation splitting solver is applied to the
adapted mesh previously used with DMFDSFV, from Figure 4.29(a). The fluctuation
splitting solution on this mesh is shown in Figure 4.31, as a demonstration that the

fluctuation splitting solver still works on a mesh adapted to solution curvature.
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05

Figure 4.31: Fluctuation splitting solution on curvature-clustering mesh. Contours
vary on (-1,1), with 0.1 increment.

4.4 Advection-Diffusion

The two solution-adaptive schemes are applied to the Smith & Hutton advection-dif-
fusion problem of section 3.4, starting on the 1928-node Mesh C. The finite volume
adaption with clustering based on edge error estimates is applied without modifica-
tion, resulting in a 619-node mesh. The RMS difference between the solution profile
at the outflow boundary for the adapted DMFDSFV result and the grid-converged
solution profile from the previous chapter is listed in Table 4.1 along with the RMS
difference for the DMFDSFYV solution on the unadapted mesh C. Two cycles of mesh
adaption have been performed, reducing the required number of nodes by two-thirds
while improving the RMS outflow resolution by 28 percent.

The incorporation of physical diffusion into the adaption strategy utilized with the

DMFEDSFV  Fluctuation splitting
adapted 0.0208 0.0063
unadapted 0.0288 0.0068

Table 4.1: RMS difference of solution outflow profile relative to grid-converged result.
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fluctuation splitting scheme requires some modifications. A check on the magnitude
of the diffusive fluctuations in the surrounding cells is added to the criteria for deleting
a node. For edge swapping, the RMS of the diffusive distributions are added to the
RMS advective fluctuations to determine the optimal connectivity. An edge is split,
adding a node, if the diffusive distributions sent to the end nodes of the edge exceed
a threshold value.

For nodal displacements, the advective fluctuation on a cell, Eqn. 4.31, is modified
to include the diffusive distribution sent to the current node, ¢! defined in Eqn. 3.51,

repeated here,

¢ = 4STZU€ i (4.62)

The additional derivatives to be added to Eqns. 4.32 and 4.33 take the form,

sy @ (10 189St L OU, .

al’Q = 4S-|— [(ﬂ@xg ST 3,7}2 E Ué ZQTZJ TZQ +€28 7 (.1'3 .T1)<[11 Ug)
(4.63)
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of the diffusive distribution follow as,

where the assumption 0 has already been applied. The second derivatives
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The derivatives of the cell-averaged diffusion coefficient scale like,

o lom w10
drs 30z ox: 3 0x2

(4.68)

The variation of the dependent variable at the current node with respect to the
nodal position also needs to be modified to account for the diffusion terms. The

steady-state value of the current node, Eqn. 4.38, now becomes,

éQ
U, (oﬁ—ﬁ + L ) = [oﬁo B~U
> BE) =5 forti - proa-

T
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and the variation, Eqn. 4.39, is replaced by,
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The second variations of the dependent variable, Eqns. 4.46 and 4.47, become,
0*U; bz
81:2Z< —h +4ST> a?( —F +E>
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The RMS differences of the solution profiles at the outflow boundary relative to

the grid-converged result are in Table 4.1. Although the fluctuation splitting solution
on the unadapted 1928-node mesh is good, one cycle of mesh adaption reduces the
number of nodes by a factor of 2.8 to 695 nodes, while still producing some (7 percent)

improvement in accuracy.

4.5 Recapitulation

Current state-of-the-art for anisotropic unstructured mesh adaption based on a poste-
riori error estimates is implemented in an edge-based structure in conjunction with a
finite volume solver. This type of adaption results in meshes where the node densities
are clustered to regions of high curvature in the solution. Significant improvement in
solution accuracy is verified using this technique on scalar model problems.
Recognizing the remarkable property of the discretized fluctuation splitting scheme

that multi-dimensional advection can be solved exactly when one edge of each cell
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is aligned with the characteristic direction, a different mesh adaption scheme is pro-
posed. Retaining the mechanics for performing only local operations, i.e. point inser-
tion/deletion, edge swapping, and nodal displacement, a solution-predictive approach
is chosen in favor of a posteriori curvature clustering. The concept of aligning cell
edges with characteristic directions is generalized as a minimization procedure to al-
low extension to diffusion problems and systems. Extending this process to non-linear
problems leads to a multi-dimensional implementation of eigenvalue limiting.

It is seen that while performing a series of local optimizations does lead to glob-
ally improved solution accuracy and reduced grid sizes, in general a truly globally
‘optimal” mesh is not achieved in a reasonable number of adaption cycles. However,
the solution-predictive adaption in conjunction with the fluctuation splitting scheme
does provide moderately more accurate solutions on smaller meshes for comparable
number of adaption cycles versus the DMFDSFV solver with adaption driven by error
estimates.

Considering extensions to three-dimensional hypersonic flow applications, perhaps
the most promising difference between the two adaption strategies lies in their treat-
ment of shocks. For the a posterior: adaption, the number of nodes clustered to the
shock grows as the shock strength grows, which could lead to a how shock dominating
the adaption for hypersonic problems. In contrast, the minimization of fluctuations
tends to merely align the grid with the shock, leaving the points outside the shock
largely unaffected.



Chapter 5

Two-Dimensional Systems

5.1 Overview

The fluctuation splitting and DMFDSFYV discretization schemes detailed in chapter 3
for scalar advection-diffusion problems are extended in the present chapter to the
system of equations governing the compressible fluid dynamics of a dilute, ideal gas
for two-dimensional and axisymmetric lows. First, the mass, momentum, and energy
equations for an inviscid fluid, termed the Euler[86] equations, are formulated in both
the fluctuation splitting and finite volume contexts. Then, the system is extended to
include the effects of viscosity and conductivity as the Navier[87]-Stokes[88] equations.
The formulation of the upwind fluctuation splitting scheme for the two-dimensional
and axisymmetric Navier-Stokes equations is a leading-edge research area.

The chapter concludes with verification and validation of the schemes. A brief
discussion of the coding strategy is included, immediately followed by a verification
of the code using the test cases and methodology of Shinghal[101] and Roache[102].

The validation cases range from the incompressible flat-plate to a Mach-17 cylinder.

5.2 Inviscid Formulations

Spatial discretizations are developed for the Euler equations using both the DMFDS-

F'V and fluctuation splitting schemes. The two-dimensional development is extended

111
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to cover axisymmetric problems through the additional appropriate radial derivatives,
treated as source terms.

The non-dimensional system of equations are taken from appendix B, Eqn. B.9,
with F* = B” = 0 as,

@, Uy + V- (w,F) = wB" (5.1)
with,
p
uv=|"™ (5.2)
pU
pE
pU pu
. 2+ P
R puv (5.3)
pUY pv? + P
puH pwH
B" =(0,0,P,0)7 (5.4)

w is a logical switch between two-dimensional (w = 0) and axisymmetric (w = 1)

equations and w, = 1 — w + wy is toggled by w between 1 (w =0) and y (w = 1).

5.2.1 Finite Volume

Integration of the dependent variables over the control volume about node 7 is per-

formed as,
/ w U d) =%,5U;, (5.5)
Q;

For two-dimensional 7o, = 1, while for axisymmetric 7z, can be either taken as
W, = ¥;, for mass-lumping to the node, or as the y-value of the centroid of €2;.
The axisymmetric source term, B', is simply evaluated at the node as,

/ B'dQ = S;B! (5.6)
Q.

i
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The discretization of the fluxes follows the development of section 3.2.1, with the
only modifications being the inclusion of w, (equal to 1 for two-dimensional or the
y-value of the quadrature point on the face for axisymmetric) and the definition of

the artificial dissipation in Eqn. 3.8, which is,

& = -|K-4|(Up - UL (5.7)

N —

where by convention the right state is to the outside of the control volume while the
left state is to the inside.

In an analogous manner to the conservative one-dimensional linearization of sec-
tion 2.4.1, the parameter vector, Z = /p [, u, v, H]', is linearly averaged,
Z = £(Z, + Zr), to provide the quantities,

Zs . s N
= =, = =, H = — 58
“ =7 "= 7 7, (5:8)

and the Roe-density remains from Eqn. 2.64, p = \/pLpR.-
The projected flux Jacobian is decomposed as in Eqns. B.37-B.40,

pgt

|A-f| = X|AIX? (5.9)

with A given in Eqn. B.38 and X given in Eqn. B.40.
The product X‘l(UR — Uy) is expressed analogously to Eqn. 2.68[23],

2a%dp — 2dP

. . 1| 26 (n*dv — n¥d
XN (Up-Uy) =X"qUu=— |~ (n*dv — n¥du) (5.10)

20 dP + pidy

dP — pady

where the projected velocity is V = V-7 and the averaged speed of sound for a perfect

gas is,

a2 =(y—1) (H— ﬂz;ﬁQ) (5.11)
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5.2.2 Fluctuation Splitting

In the fluctuation splitting context, the parameter vector is taken to vary linearly over
each element. The assumed linear variation limits the scheme to second-order formal
accuracy, but will allow for a positive formulation when combined with a non-linear
distribution. Caraeni, Caraeni, and Fuchs[103], basing their work on the published
formulations from the present report, use a quadratic variation of the parameter
vector to derive a formally third-order scheme. That scheme, however, cannot be
positive, a critical requirement for the robust computation of strong shocks.

For a perfect gas, changes to the conserved variables can be related to changes in

the parameter vector as,

dU =UydZ (5.12)
27, 0 0o 0
Z,  Z 0 0
U, = |7 ! (5.13)

Z3 0 Al 0

1 ol -1 1

7Z4 v Zy v Zy 721
Integration of w,U; over an element leads to a mass matrix,

/waUt ds? :/waUZZt dQ2 (5.14)
Q Q

If mass-lumping to the nodes is employed, introducing temporal, but not spatial,
errors, Eqn. 5.14 can be distributed to the nodes as in Eqn. 3.14, so that the sum of
all contributions to node ¢ equals w,,S;U;,.

While some authors insist on upwinding source terms[3, 104], the present analysis
considers an upwind distribution to be inappropriate for the axisymmetric source
terms, which arise from purely geometric manipulations. The axisymmetric source

term can be distributed to the node in a mass-lumped analogy as,
wa,-SiUit — WSlB; (515)

which is equivalent to the finite volume treatment of Eqn. 5.6. A modification of this

distribution is to send contributions weighted by the averaged values,

St ~
., 5U;, w?TBT +COE (5.16)
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Figure 5.1: Subdivision of triangular element into three quadrilateral integration
areas. Dashed lines are the median-dual mesh.

A more rigorous treatment integrates the source term analytically, based on a

linear variation of the parameter vector. The only non-zero inviscid source term is,

1 724 72
B, =p=1"— (le4 - %) (5.17)
¥

The integration over the triangular element is divided into thirds along the median-

dual boundaries, as in Figure 5.1, so that,
Q =0+ Qs + €3 (5.18)

The subintegrals are then distributed to the nearest node. Notice that the subdivided
integration elements, {);_3, are quadrilaterals, whereas the original element was a

triangle. The distribution formula is thus,
Q;

The integration of the source term over €2; is expanded in detail in appendix C.1.1.

Integration of the inviscid flux is performed as,

/ﬁ-(waﬁi) dszz/wﬁ-ﬁi d£2+w/ F 40 (5.20)
Q Q Q
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The y-component of the flux function can be written in terms of the parameter vector

as,
] o _
775
A

A linear variation of the parameter vector over a triangular element can be represented

as,

Z(z.y) = ﬁ%zj [ — 22) (5 — 5) + (v — i) (25 — ) (5.22)

where ¢;5;, is the cyclic-permutation summation operator. The linear variation can

also be written in the element-local (£,7) coordinates, referring to Figure 3.3, as,

1 1
Z&n) =21+ —(Zy — 7))+ —(Z3 — Zy)n
I I
1
{3

(5.23)

1
=Zi+ AZE+ 0L
1

The domain is on 0 < np < i—;f and 0 < & < f3. The Cartesian coordinates map

similarly,
1 1
2(&m) =z + A {4 A (5.24)
3 1
1 1
y(&n) =y + EAgy £+ ZA"‘U n (5.25)

Some general integration rules can be developed for linear variations over the trian-

gular elements:

/ dQ = St (5.26)
Q

/ 2dQ) = $r7 (5.27)
Q

s
/Qxy dQ) = Stxy — T (xy ~3 ;J;jyj> (5.28)
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The cell-averaged value is,
3
.I‘l + .I'Q + 3 1
S T D0 (5.29)
The last term of Eqn. 5.20 is distributed to the nodes in a manner similar to the
source term,
o, S U;, — —w@ / F” dQ; + COE (5.30)

The integration rules from Eqns. C.16-C.20 are used to evaluate the integral, leading

to,

a 144

for the continuity equation. The integrals for the other governing equations follow

3
42, 2y + 120, 23 + 20 25) + 920, 25, + > 71,73, | (5.31)
j=1

directly from Eqn. 5.31.

The remaining term to evaluate in Eqn. 5.20 is the inviscid fluctuation,

o= —/ @,V -F d
Q

. flfg ' ~ T ~ g

=55 | = (i Fi — iy Fy ) a2 (5.32)
1 ' .3 L

e —E Qwa (glanZAéz — £3n3'FZAT]Z) dQ

where dF' = F, dZ and,

[ Z, 7 0 0 |
. 1=ly atly  _a-ly  a-lym
Fy = |7 a7 (5.33)
0 75 7y 0
0 7 0 7y |
[ Z, 0 A 0 |
B 0 A 7 0
Y = ’ S (5.34)
=17 _lez MZ?) lel
Y
0 0 74 Zs |
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The integration rule Eqn. 5.28 allows for the direct evaluation of Eqn. 5.32 as,

3
1 = 1 /= 1 Wa; =
¢ = _§wa£1n1' [Fz - Z (FZ - § 21 =, FZj) A§Z
. (5.35)
1 R = 1 (= 1 Wa; =
+§wa€3n3 FZ_Z (Fz—gj_l ﬁa sz> AnZ
Noting that ji = EZ Zg and,
1 0 0 0
7 _ 1 —u 2 0 0 (5.36)
PN — 0 2 ‘
—H+ (-1 @?+v?) =2(v—Du —2(yv—1)v 2y
with the tilde-averaged quantities defined as,
U =U(Z) AU =Uz AZ AU =UzA,Z (5.37)
leads to the fluctuation expressed as,
1 ot 1 = 1 3 e ~ e
¢ — —§ﬁa£1ﬁ1' [A - Z (A - g J_Zl _E': AJ> AgU
3
1_ |z 1({= 1 Way = — (5.38)
+ §wa€3n3' [A 2 (A -3 le = Aj) A,U
- ¢§ + @"
Equation 5.38 includes the approximation,
A, ~F, 7 (5.39)

A transformation of variables can be made to the auxiliary variables so that,

¢ =Upd (5.40)
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with Uy given in Eqn. B.61. The similarity transformations developed in section B.3
lead to,

3
o 1 > 1/ = 1 Wa; e
¢ = ——waﬁlnl [A— Z ( - gg ﬁa j) AgW
tyig- | A— 2 [A- 1S Zug )| A
+ =W, 3n3- - Z - § ; =, d] nW (541)
= -, (a AW + 8 A:W)
_ $§+$n
with A = Wy AUy and,
AW =W AU =W, AZ AW =W;AU=W;A\Z (542)
where Wy is given in Eqn. B.62 and,
H U v
2= W
—u 1 0 0
W, =
A 0 10
=g a1, =i, =1
Y B Y ) Y . v ) (543)
[221 — 57 27 57 —%Zq
B ~ 7y Z 0 0
— 0 71 0
y=1 _a=l _ o=l y=1
~ Z4 'Y ZZ 5 Z3 py Z1
using the relation,
6[2
h =¢.T = 5.44
Cp f)/ _ 1 ( )
The projection of LA has the simple form, derived as Eqn. B.54,
YV 0 0 0
[ 0 0 Vv 0 X
i-A =0 VI aT| = " (5.45)
. 0 vV
0 a’n VY
0 a’n* a’nY VY
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where the projected velocity is ¥V = A-V. The generalized advection speeds are,

P T Y 13waj~ _
04:57“-[,4—1(,4—32ﬁ j>] (5.46)

incorporating the approximation,

Aj - Wﬁl&.jﬂ[{/ (548)

Linearity preservation for second-order spatial accuracy is obtained by limiting
the fluctuations componentwise,

5= 5 Q) = & (1 _y (i))

5.49
0; (5.49)
;' = 0] = 9] v(Q;) = 9] (1 - ¥ (Qy)) (5.50)
where the second equalities hold for symmetric limiters. The limiting ratio is,
é&
Q == (5.51)
J
In vector form, Eqns. 5.49 and 5.50 can be written,
v} *‘5 v
€%’ (5.52)
»" =D"g" (5.53)
with
1
D¢ = diag (1 -9 <Q—>> D" = diag (1 — ¥ (Q;)) (5.54)
J
Upwinding is achieved through the introduction of artificial dissipation
o N -
" =sign(a)¢ = —mMDM o] AW (5.55)
i [

—sign(8)¢ = —=M;D'M;" (8| A, W
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where M, = sign(a) and My = sign(8). The absolute values of the generalized
advection speeds are developed using the following decomposition, which is exact for

the two-dimensional equations but approximate for the axisymmetric form,

¢ 4
a = 51@1 A= 512(1\,\6 (5.57)

where A and X are defined in Eqns. B.38 and B.57, respectively. The absolute value

is then defined as,

b 4

lo| = X|A|X (5.58)

Expressions for the sign of the generalized wavespeeds are developed from,

laf =M 5.59)
M, = X|AA” X (5.60)
leading to,
M, = sign(V,)! if (V] > (5.61)
sign(V,) 0 0 0
0 Ysign(V,)  — V) 4 -
M, = m Slgfl( ) —rimsign(Vo) i it Vol <@ (5.62)
0 —indsign(V,) 0 sign(Vy) =L
0 an’ any 0
where V, = f;-V. Similarly, defining 18] as,
R
18l = X|A|X (5.63)
leads to,
Mg = sign(Vs)I if V| > a (5.64)
sign(Vs) 0 0 0
0 Yeign(Vs)  —ninisign(Vy) = .
M, = i sin(Vy) - mmmsen(Ve) T e ca (s6)
0 —nynysign(Vg)  njsign(Vg) 2
0 an’ any 0
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where Vg = ﬁg-f’. M, and My have the property,
M, =M, 1\/1[;1 = Mgy (5.66)
Eigenvalue limiting for the suppression of expansion shocks can be introduced into
the expression for ||, Eqn. 5.58, by limiting |A;| = |Ay| = |V, |As| = [V + @, and
|Ay) = |V — @| in the manner of Eqns. 2.46 and 4.60. If the limited eigenvalue is
expressed as,

[Altim =[|Al+ A (5.67)

then the additional artificial dissipation for eigenvalue limiting in the £ direction to
be added to Eqn. 5.55 is, with AT = 2(Ay, + Ay, ) and A~ = 2(Ay, — Ay,),

(A, 0 0 0 ]
0 AT+l Ay, wR(AY —Ay,) BA-|
) " S nfﬂ ) 4 AW (5.68)
210 (AT —Ay) nF AN+l AT LA~
| 0 anfA~ anyA~ At
while the eigenvalue limiting in the 5 direction takes the form,
(AL, 0 0 0 ]
0 nfAT+n Ay, nY(AT —A,,) BAT|
I " ms A 1 2) o= AT (5.69)
210 mn3(AT —Ay,) ny Ap, +nf AT ZBAT
| O anyA~ anj A~ AT

The fluctuation is distributed to the nodes using a simple extension of the scalar
distribution, Eqns. 3.30 and 3.31,

1
SU;, « 5(gzs*g — ¢*)+COE
1 1 7 il
SoU,, ;¢”+¢S+§w*+d)+00E
1 kil il
S3U3t — §(¢* — ¢, ) + COFE (570)

or in a more compact form,

S0, 7 [ =167 + (C1)¢) + (~4+5i = )@ +(-1)' ")

+COE i=123 (5.71)
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where Eqn. 5.40 is used to define,

~ Y3

~ o %6
¢ =Uwod , ¢ =Uno (5.72)
¢ =Uyd , ¢ =Uy¢ (5.73)

At the 15" ATAA Computational Fluid Dynamics Conference Prof. Philip Roe[103]
suggested including the radial distance, w,, within the definition of the parameter
vector. Further reflection reveals that /@, is the proper term to consider. This
approach has the potential to avoid some of the explicit integration by parts in this
section and allow for cleaner expressions for many of the combined axisymmetric/two-
dimensional relations, such as Eqn. 5.35. However, the flux function F is no longer
just a function of state but also of position, so that the gradient can no longer be
expanded as V-F = f‘z-ﬁz which could lead to complicated expressions again.
Also, the consistent incorporation of this redefinition of the parameter vector into
the viscous discretizations is not straightforward due to the difficulty in expressing

all terms as explicit quadratic products of the parameter vector.

5.3 Viscous Formulations

The complete set of governing equations for the motion of a two-dimensional or ax-

isymmetric viscous fluid are presented in appendix B as Eqn. B.9,
@, U, + V- (w,F) = V- (@, F") + wB" — =B" (5.74)

Integrations of the conserved variables, inviscid flux, and inviscid axisymmetric source
proceed as developed in section 5.2.

Integrating the viscous flux over a triangular element leads to the viscous fluctu-
ation (see Eqn. 3.47),

¢’ = / V- (w FY) df (5.75)
Q

The nodal distributions are developed in a finite element sense by integrating by parts

as the extension of Eqn. 3.49,

P! = f{ v FY - A dl — / @, FY - Vo, dS (5.76)
Iy Q
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For interior nodes the boundary integral in Eqn. 5.76 will sum to zero and the volume

integral is integrated analytically for a linear variation of the parameter vector,

3 ~

= 1 = Eml
7 = —— 707 o

v QST; ity Vvi= =3
70 Tal; =

= JJU o d0 = 2L F Ly

@, QST/Qw 0 n

The viscous flux is,
0
FY = T
KNT +Vr

with the shear-stress tensor defined,

r e[0T (97) - 2er]

(5.79)

(5.80)

Struijs[34] et al. have shown that derivatives of primitive variables can be consis-

tently represented in terms of the parameter vector gradients as,

VV =V,VZ
where,
[ 227, 0 0 0
7z 1
v, _ﬁ_ S 0 0
1
a=1 a=1 _o=1 a=1
L Zs Zy ¥ Z y Z
and,
VA
. _ Zy
V =V(Z) = 2

(5.81)

(5.82)

(5.83)
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Further, the consistent temperature gradient is,

VP PVp 1
pR PR Rp?

VT — <NP - Pﬁp> (5.84)

The viscous fluctuation is then distributed to the nodes as in Eqn. 3.52,
S;U;, < ¢ +COFE (5.85)

An alternate approach to integrating the viscous flux is obtained by using the

divergence theorem,
/ V- (wF) d) = ?{ w FU - dl (5.86)
i I

where €); is the generalized control volume containing node ¢, with two-dimensional
area equal to S;, and T'; is the boundary of €2;.

Haselbacher[106] et al. have recently presented an approximate treatment for in-
tegrating Eqn. 5.86 on two-dimensional unstructured grids, which they relate to the
thin-layer approximation of the Navier-Stokes equations presented by Gnoffo[16] for
structured grids. The method preserves positivity for the Laplacian and is transparent
to grid topology.

The development begins with the expression,

/ vn: 1*O ¥ \V \
sy o 1 H [vu'n—ng Vn* — V- ] i
F'-n = R._ I [ﬁv.th%ﬁ V4 Vo f} (5.87)
VT4 o [H(V- V) (Vo) + 39V = uVo-f o+ oVued]

where £ is a tangent vector with components (—nY, n*). Haselbacher’s approximation
neglects all tangential terms and approximates V-V ~ nVu-ii + nYVo-i. Using the
notation u, = ﬁu-fz? etc., and including the axisymmetric terms gives the approxi-

mation,

V-V ~V, A+ w— (5.88)
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leading to,

Fon o~ R“ VI + T (Vn-ﬁ + wﬁ) (5.89)

€o0

A further simplification aligns 7 with the nearest mesh edge for faces of I' on the
interior of the domain, so that terms such as u, reduce simply to the difference in
nodal values divided by edge length. Also, @, is chosen to be the midpoint of the
edge.

Including one more approximation, namely replacing the length T" of the median-
dual face with the length of the associated containment-dual face, has the effect of
canceling some of the errors for very high-aspect-ratio cells introduced by assuming
n is edge-aligned. For low-aspect-ratio cells, the containment dual is the same as the
median dual and the true 7 is closely aligned with the mesh edge. This implementa-
tion is similar to the suggestions of both Barth[22] and Haselbacher[107], yet retains
the global median-dual implementation required by a distribution scheme.

The viscous axisymmetric source term has only one non-zero entry,

By = 312%’;‘00 (25 -V V) (5.90)
Integrating using the Haselbacher approach leads to,

/ B d) =

Mass lumping to the node for the hrst term ylelds,

©V-ndl (5.91)

B2 a0 = 18,2 (5.92)
o0 Y Yi

while the second term is evaluated at edge midpoints.

5.4 Boundary Conditions

5.4.1 Weak Formulations

Boundary nodes may be updated either strongly, where the nodal solution values are

simply assigned a priori, or weakly, where the solution values at the boundary nodes
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Dual mesh
Interior
o T @ ————— XK o o
Exterior
B - Boundary state — = Reconstructed state

Figure 5.2: Weak implementation of finite volume boundary condition for node 0,
imposed by specifying external state. Quadrature points denoted by X’s.

are relaxed in time using the same formulations as for interior nodes.

For finite volume, the weak boundary implementation specifies the solution state
to the outside of boundary faces, then allows the approximate Riemann solver to
construct the appropriate fluxes through the boundary faces. See Figure 5.2 for an
illustration of the weak finite volume boundary condition. The solution state to the
inside of the boundary face can be set from either a first- or second-order reconstruc-
tion from the node. For some cases, second-order reconstruction to boundary faces
has led to localized oscillations in the solution convergence at boundary nodes.

Weak formulation of the fluctuation splitting boundary condition is developed
using fictitious “ghost” nodes, one for each boundary node, as shown in Figure 5.3.
Considering the scalar case, the positioning of a ghost node such that the edge con-
necting the ghost and boundary nodes is parallel to the advection velocity results in

a boundary fluctuation of,
1, - i
Pocy = 530114'”01([/;‘0 — ) (5.93)

for node 0 of Figure 5.3. Observe that this formulation is independent of the physical
location of the ghost node, so the ghost node can be chosen to be infinitesimally close

to the boundary node it supports. The solution state at the ghost node remains to
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Interior o1

1 fo, f1 are ficti-

fo_OHIIch Extert . tious mnodes for

Xterior sending  bound-

ﬁllﬁbcl p , ary fluctuations

’ to nodes 0 resp 1.

o .

Figure 5.3: Weak implementation of fluctuation splitting boundary condition, im-
posed by specifying external state at ghost nodes fy. fi.

be specified, and can be varied node-to-node. The associated artificial dissipation is,

¢;}CO = Sign(g'ﬁ01>¢bco (594)
and the resulting distribution is,
I
SolUp, 5(% + Bhe,) + COE (5.95)

Since no account of the ghost cell area is made in forming the dual area on the LHS

1

of Eqn. 5.95, a scale factor on [3,1] can be applied to the distribution.

The extension to systems follows by analogy. The boundary fluctuation is defined,

V)

Wa - . .

Pocy = =5 o1 Aveo 701 (W, — Wo) (5.96)
with the artificial dissipation,

[o¥) . — . o _

¢bco = Slgn(Abco 'n01)¢bco (59 ()

Additional dissipation for the suppression of expansion shocks is added to Eqn. 5.97
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following the form of Eqns. 5.68 and 5.69 as,

0 0 0 0
+wa0€£ 0 n)U(jy(AAg + AA4) nglg%l (Af\g + A1\4) :%(Al\s - A1\4) (Wfo _ WO)
4 0 nglnm (Af\s + AA4) 91 (AA:& + AA4) %(AAS - AA4)
0 an‘)o(l (AAg - AA4) an%l (AAg - AA4) (A/Xs + A/\4)
(5.98)
The distribution to the boundary node is then formed as,
1 v ot
S()Uot $— §UW(¢bco + (bbco) +COF (599)

This system treatment is only approximate, as the cross-fluctuation does not van-

ish when V|| 7,0, as in the scalar case, but reduces to the term,

0 0 0 0
0 0 0 X
"o (5.100)
o 0 0
0 @ %, azn’}o 0

Strictly, there should be some cross-coupling with the neighboring boundary nodes.
However including the term from Eqn. 5.100 requires explicitly locating the ghost
nodes, which can be impossible for certain geometries.

The distribution to node 1 is formed analogously, substituting 0 for 1 in Eqns. 5.93—
5.100.

5.4.2 Boundary Types

The freestream boundary condition is enacted by specifying a complete, constant
thermodynamic state and velocity vector. By using the weak boundary enforcement,
this one boundary condition covers the four permutations of subsonic or supersonic,
inflow or outflow.

The inviscid wall boundary is implemented by mirroring the primitive variables,

either across the face for DMFDSFEFV or at the node for fluctuation splitting.
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Viscous walls define a no-slip velocity and a specified wall temperature. The zero
velocity at the wall causes the viscous axisymmetric source to be zero.

Both the full viscous flux and the approximate thin-layer flux of Haselbacher
reduce to,

1

FU.n =
n R

—

0, uV,, an} (5.101)

o0

at a wall, since 17, 6—17, and V’nﬁ go to zero. Defining the heat transfer into the wall

according to Fourier’s law,

w = ——T, 5.102
g R (5.102)
and the wall shear stress,

— //[/ —F

w = — vV, 5.103

o= pe (5103
allows the Eqn. 5.101 to be written as,

F'i = —[0, T Gu) (5.104)

where the minus sign results from the choice of an outward unit normal, », to the
control volume, which points into the wall at a boundary.

The solid wall is enforced weakly, by specifying the wall shear that will drive the
flow momentum to zero and the heat flux that will drive the solution temperature to
the desired wall temperature. An advantage of this weak approach is that wall heat
transfer and skin friction are solved for directly, rather than as a post-processed least-
squares reconstruction. Using an explicit update, the wall heat flux can be isolated

as,

B 1 WS
T = 5 ST, | At

Similarly, the wall shear is,

(Uy — Uy e(T,)) + RHSQ*”} (5.105)

. 1 {waS

= J. i+v i
Tw W > Ty | At (L27U3)+RHSQ,3:| (5.106)
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On the axisymmetric axis the control-volume centroid for 75, in Eqn. 5.5 is used for
the temporal evolution, to avoid a singularity in the nodal update. The DMFDSFV
axis condition is implemented by setting all fluxes to zero through the axisymmetric
axis. For fluctuation splitting the axis is treated in the same manner as an inviscid
wall, but with the radial term set to the cell centroid to ensure the numerator in
the distribution contribution goes to zero faster than the denominator from the LHS
time evolution. These implementations of the axisymmetric axis are observed to
work well in practice except at the stagnation point on the axisymmetric axis, which
is a singularity in the flowfield as well as a mathematical singularity. The deficiency
observed with the weak boundary implementation at the axisymmetric stagnation
point is a lack of preservation of massflow, where the velocity vectors sometimes
allow a slight leak into or out of the domain, depending upon the particular flow

conditions.

5.5 Temporal Evolution

Solutions at the nodes are updated using an explicit forward-FEuler LHS. A Jacobi
relaxation strategy is followed with local time stepping.

The CFL (Courant[108] ef al.) criteria for explicit schemes is adapted for use with
the node-based unstructured scheme. The inviscid timestep is defined by the most
restrictive time for signal propagation, at the eigenvalue speeds, between adjacent

nodes,

Aty = min _}HALM =min | — _’TOi.TOi = (5.107)
|Vo-Toi| + ao |Vo-Toi| + ao ||70il]

where the current node is node 0 and ¢ takes on nodal values for each distance-one
neighbor of the current node.
The viscous timestep restriction is taken to be an approximation based upon the

positivity analysis for the scalar case, Eqn. 3.54, assuming order-1 Prandtl number,

9
Aty = — 2oopolte, R (5.108)

[2
po(R+v—1) 3+ &
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The stability and convergence of axisymmetric solutions is found to be enhanced
by scaling the timestep for points near the cylindrical axis by the maximum of either
the node height or the square root of the median-dual area.

The more restrictive of the inviscid or viscous timestep is used to scale the nodal

update.

5.6 Verification and Validation

5.6.1 Coding Strategy

The code is written using a literate programming[109] style that blends source code
(written in C) with documentation (ETEX) in the same file. Maintaining close physi-
cal proximity between the code and documentation aids the debugging process. Mod-
ularity is emphasized, with individual functions being verified using sample inputs
prior to being linked with the main driver routine.

Verification of the complete solver is performed in stages using a methodology
derivative of Singhal[101]. A variety of canonical cases are constructed, including
grid distortions, that are designed to exercise combinations of the various functions
that comprise the complete solver. Validation is the application of the solver to

complex flowfields with comparison to benchmark data.

5.6.2 Inviscid Verification
Distorted mesh

The first verification case simply passes a uniform flow through a distorted grid, with
success being the preservation of uniformity to at least six significant digits. The
domain is initialized to stagnant conditions with freestream flow impulsively applied
at the boundaries. A variety of flow angles were tested on —180° < AOA < 180° for
subsonic, transonic, and supersonic Mach numbers. Regular, high aspect ratio (100),
skewed (2° < # < 175°), and randomly distorted (Figure 5.4) meshes with 121 nodes

were used. Initial runs were instrumental in refining the treatment of eigenvalue
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X
Figure 5.4: Sample randomly distorted mesh used for solver verification cases.

limiting for fluctuation splitting as described in sections 5.2.2 and 5.4. All final runs
were successful for both DMFDSFV and fluctuation splitting.

Converging Mach streams

Thermodynamic routines are verified by considering converging Mach streams, in-
clined at £10°. The upper stream is at Mach 2.3 while the lower stream has Mach 1.8.
The two streams have matched densities but a temperature ratio of 1.0812, resulting
in a horizontal slip line behind the oblique shocks. A complete description of the
analytic solution appears in Figure 5.5 and Table 5.1.

A sequence of four meshes, with a refinement ratio of 1.5, is considered. The
meshes are triangulated from 16 x 16, 24 x 24, 36 x 36, and 54 x b4 grids. The
triangulated 16 x 16 grid is shown in Figure 5.6. The finer meshes cover the same
domain and are constructed similarly to the shown mesh.

A Mach-number contour plot for fluctuation splitting on the finest mesh is shown
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State A

Mach = 2.3

AOQA = -10°
State C
Mach = 1.91
AOA =0°
State D
Mach = 1.45
AOA =0°

State B
Mach = 1.8
AOA = 10°

Figure 5.5: Description of converging Mach stream problem. Flow from left to right,
with oblique shocks, solid, and slip-line, dashed, emanating from trailing edge of
splitter plate.

State p, kg/m? T, K P,kPa V, m/s
A 1.2 300 103.34 798.6
B 1.2 324.7 111.73 649.9
C 1.813 356.7 185.62 723.7
D 1.718 376.4 185.62 563.7

Table 5.1: Analytic thermodynamic states for converging Mach streams.
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Figure 5.6: 16 x 16 mesh for converging Mach streams.

in Figure 5.7, showing crisp discontinuity resolution and the correct post-shock Mach
numbers. The shock angles for all eight cases, i.e. DMFDSFEFV and fluctuation splitting
on each mesh, are measured to be correct within +1°. The Ls-norms of the primitive-
variables error at states C and D are plotted versus the characteristic mesh size in
Figure 5.8. The slopes of the regression lines are indicative of the order of accuracy
with respect to grid convergence of the two schemes for this test case. DMFDSEFV
exhibits second-order convergence, as expected. Unexpectedly, fluctuation splitting
shows super-convergence for this particular case. True multi-dimensional upwinding
is likely the source of the exceptional fluctuation splitting accuracy for this purely-
supersonic flow. Supplementing the graphical determination of the grid-convergence
rates, the equations presented by Roache[102], based on a Richardson extrapolation,
yield average grid-convergence rates of 3.0 for fluctuation splitting and 2.1 for DM-
FDSFV.

Temporal convergence rates are plotted in Figure 5.9, with timings performed on

an TRIS R10000 platform. All cases were run using the Minmod limiter and a Jacobi
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Figure 5.7: Mach contours from fluctuation splitting on finest mesh.
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Figure 5.8: Grid convergence rates for converging Mach stream case. Circles = fluc-
tuation splitting, squares = DMFDSFV.
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Figure 5.9: Convergence histories for converging Mach stream case. Fluctuation
splitting solid, DMFDSFV dashed. Coarsest mesh on left, finest on right.

update strategy with local time steps. Fluctuation splitting was run with a unity CFL
number, while best convergence for DMFDSFV was found for CFL=0.7. Fluctuation
splitting runs at 145 us per node per iteration, while DMFDSFV runs at 165 us per

node per iteration.

Diamond airfoil

A verification of the inviscid wall boundary condition is performed on a diamond airfoil
at zero angle of attack and Mach 1.5. The flow deflection is five degrees. The grid
is shown in Figure 5.10. A Mach-number contour plot using fluctuation splitting is
shown in Figure 5.11. The corresponding DMFDSFYV solution, not shown, is visually
indistinguishable from the fluctuation splitting solution. The analytic drag coefficient,
based on chord length, is 0.02760. The fluctuation splitting drag coefficient is 0.02638,
for a 4.4 percent error. The DMFDSFV result has an error of 6.6 percent from a drag
coefficient of 0.02579.
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05 1
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Figure 5.10: Grid for diamond airfoil verification test.

Contours vary on
1.35-1.65 with 0.05
increment.

05

Figure 5.11: Mach contours on diamond airfoil, M = 1.5, fluctuation splitting solu-
tion.
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Figure 5.12: Two-dimensional 10 percent circular bump mesh with isobars from fluc-

tuation splitting solution at Mach 0.1.

Circular bump

A subsonic two-dimensional verification is performed on a 10 percent circular bump

at Mach 0.1. The 1389-node mesh with isobars from the fluctuation splitting solution

is shown in Figure 5.12. A true incompressible inviscid flow would have symmetric

isobars fore and aft, and zero drag. The fluctuation splitting drag coefficient, based
on cord length is 0.0058. DMFDSFV predicts a drag coefficient more than twice as

large, 0.0128. A lower fluctuation splitting drag coefficient is indicative of lower levels

of artificial dissipation in the solution for this case.

Sphere

In a similar vein, Mach 0.1 axisymmetric flow over a sphere is tested on a 1369-node
mesh. The drag coefficient, based on frontal area, is 0.43 for DMFDSFV but 0.56 for

fluctuation splitting. Contrary to expectation, the increased artificial dissipation in

the DMFDSFYV solution creates enough of a total pressure loss to nearly eliminate

separation on the leeside, whereas the leeside increase in pressure toward the centerline

in the fluctuation splitting solution does produce a sizable separation region, and in

this case a larger drag coefficient. As with subsonic bump case, true incompressible,
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inviscid flow should theoretically produce zero drag. Both solvers converged to steady

solutions for this case.

Cone

The final inviscid verification is for an 11-degree semi-vertex-angle cone at Mach 1.5.
The well-established Taylor-Maccoll[110] method for the conical supersonic Euler
equations predicts a drag coefficient, based on base area with no base pressure, of
0.7795. The fluctuation splitting solution, which converged seven orders of magni-
tude in 38 seconds, predicts a drag coefficient of 0.7785, for only a 0.13 percent error.
The DMFDSFYV solution, which took 13 percent longer at 43 seconds to reach seven
orders of magnitude residual convergence, predicts a 0.7754 coefficient, for an error

of 0.53 percent.

5.6.3 Viscous Validation

Two canonical viscous validation cases are considered: a subsonic flat plate and a
hypersonic cylinder. Steady laminar solutions are obtained using the Haselbacher
thin-layer viscous treatment with containment-dual modification as described in sec-
tion 5.3.

Flat plate

The classic Blasius[111] flat-plate boundary layer problem is solved on a rectangular
domain. Mach 0.3 flow enters 2 units upstream of the plate leading edge, which is
located at the origin. The plate is 4 units long, ending at an extrapolation outflow
boundary. The upper boundary is 1.2 units above the plate. The Reynolds number
is 10%.

The meshes are obtained from a structured grid containing 37 equally-spaced
points parallel to the plate, 12 points upstream of the plate and 25 points on the
plate, and 41 points normal to the plate. The vertical grid spacing at the wall is
0.001 units with an exponential stretching as described in Ref. [112], placing approx-

imately 20 nodes within the boundary layer. The unstructured mesh is formed from
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(a) Fluctuation splitting. (b) DMFDSFV.

Figure 5.13: Boundary layer profiles of tangential velocity extracted from three sta-
tions on flat plate.

the structured grid using diagonal cuts in an alternating pattern. Two coarser meshes
are similarly constructed by successively deleting every-other node in the wall-normal
direction, leaving 10 and 5 nodes, respectively, in the boundary layer for the medium

and coarse grids.

Boundary layer profiles of u are extracted at z = 1,2,3 from both the fluctu-
ation splitting and DMFDSFV solutions and plotted versus the Blasius solution in

Figure 5.13. The boundary layer scaling variable is defined as,

R
Xz

n =y (5.109)
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Figure 5.14: Boundary layer profiles computed using two different viscous dual mesh
definitions.

Both solution sets match the Blasius profile, indicating well-developed flow with ad-

equate grid resolution on the finest mesh.

Figure 5.14 shows the effect of using the containment-dual approximation in the
Haselbacher thin-layer viscous treatment. Boundary layer profiles of u are again
extracted at © = 1,2,3, with both solutions being run with fluctuation splitting.
Figure 5.14(a) is the same as Figure 5.13(a), while Figure 5.14(b) uses the strict
median-dual definition for the viscous terms. For the highly-stretched grid elements
used in this case, it is clear that the containment-dual approximation provides im-
proved boundary-layer resolution, while omitting the approximation leads to a profile
that is “too full.”
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Figure 5.15: Boundary layer profiles of vertical velocity extracted from midpoint of
flat plate.

The v-velocity profiles from the fluctuation splitting and DMFDSFEFV solutions
are compared in Figure 5.15, both extracted from the plate at x = 2. The fluctu-
ation splitting solution comes much closer to matching the Blasius profile than the
DMFEFDSFV result. Excessive artificial dissipation is produced by the DMFDSFV
scheme in the y-momentum equation, which suppresses the v-velocity below the ana-
lytic value. The artificial dissipation contributions to the y-momentum equation are
plotted for both fluctuation splitting and DMFDSFV in Figure 5.16. The vertical
scale has been enlarged by a factor of 30 to zoom in on the boundary layer in Fig-
ure 5.16. Clearly, DMFDSFV is producing significantly more artificial dissipation

than fluctuation splitting over the length of the boundary layer.

For this essentially incompressible case, the suppression of the vertical velocity
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Figure 5.16: Artificial dissipation production in the y-momentum equation. Eleven
contours spaced equally on 0-0.0005.



5.6. VERIFICATION AND VALIDATION 145

due to excessive artificial dissipation is manifested by an increase in skin friction co-
efficient, as shown in Figure 5.17, where the friction coefficient increases with running
length for DMFDSFV, but not for fluctuation splitting. Recall that DMFDSFV is
continuously producing artificial dissipation over the length of the plate while the fluc-
tuation splitting dissipation is restricted to the leading-edge region only. Figure 5.17
presents data from all three grid refinement levels. The DMFDSFYV results degrade
dramatically with coarsening of the mesh, but the fluctuation splitting results remain
relatively invariant with mesh resolution, all the way down to only five nodes in the
boundary layer.

The medium-mesh DMFDSFV solution was repeated using the full Navier-Stokes
treatment, rather than the thin-layer equations. No change in the skin-friction results
are seen over the first half of the plate, Figure 5.18, though there is an 8-percent
improvement toward the end of the plate. Solving for the full Navier-Stokes terms

requires 11 percent more CPU time per iteration.

Cylinder

The opposite end of the Mach-number spectrum is used to validate heat-transfer
calculations, in this case for a cylinder of 1 m radius in Mach 17.6 flow. The perfect-gas
assumption is a poor physical model for these extreme conditions, V,, = 5 km/s, po =
0.001 kg/m3, T, = 200 K, T, = 500 K, but the case provides a severe test of the
algorithms under a re-entry scenario. Results are compared against the LAURA[15,
16, 113] benchmarks.! The LAURA code is well-established as a structured-grid
hypersonic solver. Also included in the LAURA benchmark data is a solution using
the unstructured-mesh finite volume solver FUN2D[83]. The FUN2D code employs
the same basic inviscid and viscous discretization strategy as the present DMFDSFV
scheme. However, differences exist between the two codes in their eigenvalue limiting
and their flux limiting, where FUN2D uses the Venkatakrishnan limiter[114] while the
present DMFDSFV scheme is using Minmod. Also, FUN2D uses a strong boundary
enforcement as opposed to the weak formulation and the FUN2D heating rates are

post-processed from the temperature field rather than using the heat flux directly

'http://hefss.larc.nasa.gov/
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Figure 5.17: Skin friction coefficients for Blasius flow.
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Figure 5.18: Effect of viscous modeling on skin friction.

from the RHS discretization, as is used here.

The unstructured grid for this case was obtained by simple triangulation of the
LAURA grid, which has 65 nodes perpendicular to the surface, clustered to the wall,
and circumferential nodes spaced every 3 degrees. Only the forward-half of the cylin-

der is solved, as shown in the mesh and flowfield solution of Figure 5.19.

The surface pressure coefficient is plotted versus rotation angle from the stagna-
tion point for both the fluctuation splitting and DMFDSFYV solutions, along with the
LAURA and FUN2D results in Figure 5.20. The LAURA, FUN2D, and fluctuation
splitting curves all over-plot, and the DMFDSFV solution nearly over-plots, being
1 percent low at the stagnation point and slightly high by a similar amount 90 de-
grees away. The calculations were repeated on a grid coarsened by a factor of four
(skip of two in both structured-grid directions), with surface pressure results plotted
in Figure 5.21 along with the fine-mesh LAURA solution. The coarsened fluctua-
tion splitting surface pressures retain good agreement, and the DMFDSFV solution

matches over most of the cylinder, with minor exceptions again at the stagnation
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Rotation degrees from stagnation point

Figure 5.20: Cylinder surface pressures, solid = fluctuation splitting, LAURA, and
FUN2D, while dashed = DMFDSFYV.
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Rotation degrees from stagnation point

Figure 5.21: Cylinder surface pressures on coarsened mesh, solid = LAURA,
dashed = fluctuation splitting, and dotted = DMFDSFV.
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Figure 5.22: Cylinder surface heat-transfer rates, solid = LAURA, dashed = FUN2D,
and dotted = fluctuation splitting.

point, 1 percent high on this grid, and at the 90 degree point.

Surface heat-transfer rates for LAURA, FUN2D, and fluctuation splitting are
shown in Figure 5.22. Both of the unstructured-mesh solutions show elevated heat-
ing at the stagnation region, with fluctuation splitting being 30 percent higher than
LAURA while FUN2D is 50 percent higher. The DMFDSFV solution is shown in
Figure 5.23, predicting stagnation heating rates more than double the LAURA pre-
dictions. Also included in Figure 5.23 is the fluctuation splitting solution on the
coarse mesh, which is seen to produce heating rates closer to the LAURA solution
than DMFDSFV does on the fine mesh. While the basic DMFDSFV and FUN2D
schemes are ostensibly the same on the interior domain, the significant differences in
boundary implementation and limiting detailed at the start of this section are the

reasons for the differing heat transfer predictions between the codes.

The fine-mesh solutions were repeated using the full Navier-Stokes treatment, and

no changes in heating levels were observed.
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Figure 5.23: Cylinder surface heat-transfer rates, solid = LAURA, dashed = DM-
FDSFV(fine), and dotted = fluctuation splitting(coarse).

5.6.4 Summary of Results

Six inviscid test cases verify and compare the fluctuation splitting and DMFDSFV
implementations. Both schemes are able to maintain uniform flow on a severely
distorted mesh. DMFDSFV displays the design order of accuracy, second-order, for
converging Mach streams while fluctuation splitting surprisingly displays third-order
accuracy for this case. Fluctuation splitting is more accurate than DMFDSFV for
the diamond airfoil, circular bump, and supersonic cone, but DMFDSFYV is more
accurate for the sphere test. Timings reveal fluctuation splitting runs 10-12 percent
faster than DMFDSFV per node with the present algorithms.

The two viscous validation cases are an incompressible flat plate and M = 17.6
cylinder. On the flat plate fluctuation splitting produces significantly less artificial
dissipation than DMFDSFEYV and provides much better skin friction predictions on
coarse meshes, down to only five points in the boundary layer. Both schemes produce

excellent surface pressures for the hypersonic cylinder and fluctuation splitting does
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better for surface heating, though neither unstructured scheme predicts heating as

well as the structured-mesh benchmark result.



Chapter 6

System Mesh Adaption

6.1 Overview

The adaption strategies detailed in chapter 4 for scalar advection-diffusion problems
are extended to the Navier-Stokes system of equations. For the first time, the fluctu-
ation minimization strategy for mesh adaption is developed for two-dimensional and
axisymmetric systems, and is compared with the curvature clustering adaption that
is representative of the current state of the art.

This chapter’s application case is a Mach-10 wind tunnel simulation of a sting-
mounted Mars capsule model. This case has previously been studied by Hollis[115]
using a structured-grid adaption strategy, and the resulting agreement with experi-
mental data for the sting heating was “found to be highly dependent upon grid res-
olution and grid quality” in the wake. The structured-grid approach to this problem
required an extremely fine mesh with extensive adaptation by hand. The challenge for
the unstructured-grid techniques will be to obtain comparable accuracy using fewer

grid points with fully automated adaption.

6.2 Curvature Clustering

The local, anisotropic adaption strategy based upon a posterior: error estimates is

extended directly from section 4.1. In extending to the system, Eqn. 4.2 generalizes

153
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to,

(6.1)

A scalar value for the error estimate is required, with a simple choice being to just
take the Lo-norm of the error vector. Also, the error does not necessarily need to
be formed from the conserved variables, but could alternatively be formed from the
primitive variables, the Mach number as Habashi[76] does, or even a derived quantity
such as heat transfer.

The basic operations remain point deletion, edge swapping, point insertion, and
nodal displacements. These procedures are applied sequentially in the order listed,
with the solver iterating on the solution between each of the four steps, constituting
a complete adaption cycle. A tolerance can be set for thresholds to define when the
mesh is sufficiently adapted.

While the explicit use of nodal gradients in Eqn. 6.1 makes this style of adaption
naturally symbiotic with the DMFDSFEFV scheme used here, there is no restriction
against using curvature clustering with the fluctuation splitting solver. Also note
that Eqn. 6.1 is written in vector notation, and so can be applied directly in three

dimensions just as it is used here in two spatial dimensions.

6.3 Characteristic Alignment

Chapter 4 demonstrated that fluctuation splitting is an exact solver for linear ad-
vection on a characteristically-aligned mesh. Adaption for characteristic alignment
was developed as an automated, anisotropic local-operation strategy in sections 4.2
and 4.4. Applications to non-linear and advection-diffusion problems showed that
alignment with characteristics was approximated, but not fully achieved, by the au-
tomated local scheme. For the Navier-Stokes system, true characteristic alignment is
not a physically valid ideal due to the presence of multiple and/or imaginary charac-
teristics. However, the automated local anisotropic adaption strategy is extended here

with the objective of achieving solution improvement with fluctuation minimization
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as the agent to obtain characteristic-driven alignment in supersonic regions consistent
with mesh enrichment in the subsonic regions.

As with the scalar case, the analogy to the edge error estimate is formed from
the fluctuations, both inviscid and viscous, in the cells adjoining the edge. For ax-
isymmetric cases the fluctuation is scaled by the inverse of the cell-centroid y value.
Additional weighting by the inverse of the square root of the cell area is found to

balance the contributions from neighboring cells of disparate sizes.

Point deletion

Nodes are flagged for deletion if the sum of the Lo-norms of the fluctuations in all
surrounding cells is below a threshold. Edges are swapped in an attempt to reduce
the number or edges connected at the node to three or four to match the canonical
point-removal patterns. If the local connectivity is too complicated for the automated
pattern matching, the node is simply left in the domain. During a typical cycle, on
the order of only 10 percent of the nodes that had heen flagged for deletion will be

left in the domain because of localized complicated connectivity.

Point insertion

An edge is split, adding a node, if the sum of the Ly-norms of the fluctuations in the
cells to either side of the edge exceed a threshold. The cell fluctuations are weighted

in the same manner as was described for the point deletions.

Edge swapping

An edge is flagged as a candidate for swapping if the RMS of the fluctuations in the
cells to either side of the edge exceed the target threshold. If the swapped config-
uration maintains a physically valid grid, then the RMS of the fluctuations in the
swapped cells are computed. If the swapped configuration has a smaller RMS value

then the edge swap is performed.
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Nodal displacement

Mesh movement for the system is driven by the minimization of a functional, just as

for the scalar case. The system extension of Eqn. 4.21 is,
1 T o
T =5 ¢rErer (6.2)
=

The functional T can be expressed in terms of either the conserved or auxiliary
fluctuations, as the minimization of one implies the minimization of the other. The

derivative of T (see Eqn. 4.22) is formed using the chain rule as,

0 =
o :Z( AP A A a?) (63)

Having defined the gradient of the functional, the method of steepest descent from
Eqns. 4.24 and 4.25 can be applied directly to drive the nodal displacements.

The weighting factor Et is a symmetric positive-definite matrix. Weighting each
equation equally without regard to cell sizes results in 21t = I, while inverse area
weighting yields 21 = SLT[ . The derivatives of Et for these and other area-weighted
choices have been covered in Eqns. 4.50-4.56.

The cell fluctuation can be rearranged from Eqn. 5.41 (two-dimensional terms) as,
1o -
¢ =3 > 4n; AW, (6.4)

where W; = W;Z;. Following Eqns. 4.32 and 4.33, the derivatives of the fluctuation

are,

oo 1| TV = OW, \ |
o _1 -W v | ZEw ] 6.5
81‘2 2 A<W1 3)_'_; jn] (81‘2 J+A3x2 ( )
o6 1. (oA oW, )]
— = |A(W3-W)+ > L | —W,; +A4—7 6.6
2 2w wo (aw %)_ 69
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The flux Jacobian of the auxiliary variables is,

0 0 0 0

R _ 0 0 0 2
A =7+ Z (6.7)

00 0

0 a? a?) 0

which leads to the approximation % ~ %[ . As was done for the scalar case, it is

assumed that moving a node does not change the solution at the other two nodes of

the triangle, so that the variation of the cell-average flux Jacobian scales like one-third
dA ., 19V;

d 5% ~ 3o |-

Similarly, the variation of the Jacobian of the transformation scales like one-third

oW z ~ L0Zo
Ox2 3 dx»

the change in solution value,

the variation of the velocity at the node being move

the nodal variation, , and is neglected as a sub-principle term relative to

oW, _ . 0%

8.3172 o 2(9_332

(6.8)

Since the solution is locally assumed to vary only at the node being moved, i.e.,
9% _ 925 _ )

Oxs ~ Bxa ~
3
OW; 0Z,
~W,— 6.9
Z 33:2 Z&TQ ( )
7 =1
The remaining term to evaluate is %. The steady-state distribution can be
written,

T

DI +Mo) @ — (I+My) 8| W2,
(I +M,) aW;Z, — (I + M) BW;Z5] (6.10)

or,

d (ot =B WZy =) (a"W3Z, — BTW,Zs) (6.11)
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where,
at = % (I+M,) (6.12)
1
BT =5 +My)p (6.13)

Differentiating while freezing the Jacobians leads to,

dat 0BT 07
; [( o i) W;Z, + (a+_5+) Wza—xj

8[()2 B &7)2

oo™ 0B~
-y (8ivvzz1 - %wzzg) (6.14)
T Hi) {3

+ + _ _ O’ oy 0B” \xr
d (et =B Wy— =) Wz (21— Z) = ——W; (Zs - ZQ)] (6.15)

33:2 X2

3_332 &7)2

9Zy _ [Z (o — §%) WZ] ) Z <8a+ A?W n EA,TW) (6.16)

Neglecting the subsonic blending on M, and My allows o™ and 87 to be expressed

as,
. V>0 . V>0
o =4 P gr={ PV (6.17)
07 a < 0 0, vﬁ < 0
with derivatives,
. ~ 86 ~.
Oo7 _ ] 4% Va0 98" o Vit U gy
O, 0, V,<0 Oz 0, V3<0

The derivatives of & and 8 remain as Eqns. 4.41 and 4.42.

d 922 9V

Having determine T Tas follows from,

_ d(y/pu) — ud(,/p) - dlyp) —vd(D)
du = N dv = N (6.19)

The concept of fluctuation minimization extends directly to three dimensions for

point deletion and insertion. The idea of edge swapping extends as face reconnec-

tions amongst tetrahedra in three dimensions which is more complicated due to the
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increased degrees of freedom and geometric connection possibilities. The functional
for nodal displacements, Eqn. 6.2, is written in vector notation and so can be applied
directly to three dimensions. However, not only would the derivatives of the fluc-
tuation splitting scheme need to be reformulated, but the basic fluctuation splitting

scheme itself would need to be worked out in detail to move to three dimensions.

A three-dimensional alignment strategy has been employed by Beeman and Pow-
ers[116]. That method starts on an attached shock and projects downstream, trying to
remain on the shock. This involves iterating an assumed shock shape and an implied
body, iterating until the implied body matches the true surface. Open questions
remain on how to start on detached shocks and how to handle embedded shocks. A
significant drawback mentioned by the authors is that, “[The method] far enough

downstream will eventually become unstable.”

6.4 Mars Pathfinder

The demonstration case for the system adaption is borrowed from the Mach-10 wind
tunnel tests of Hollis[115, 117, 118], which investigated the aerothermodynamic envi-
ronment experienced by a payload in the wake of an aerobrake. For his dissertation,
Hollis specifically looked at the effect of grid adaption on sting heating for his model.
Using a structured-grid finite volume solver, a mesh of 125 x 357 = 44,625 nodes was
required to get reasonable pressure and heating-rate agreement on the sting. Addi-
tionally, this fine mesh required extensive and time consuming adaption by hand to

sufficiently resolve the wake flow.

Using the Hollis data as a benchmark, the present study seeks to achieve compara-
ble results on an automatically-adapted unstructured mesh. Significant time savings
can be achieved primarily by automating the adaption procedure, but also reducing
the solver iteration and convergence times if the unstructured approach requires fewer

grid nodes for the same resolution.
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Figure 6.1: Computational domain for axisymmetric Mars Pathfinder capsule.

6.4.1 Configuration and Conditions

The axisymmetric wind tunnel model of the Mars Pathfinder capsule consists of a
spherically-blunted 70-degree sphere-cone. The radius is 1 in. and the nose radius is
% in. The shoulder radius is % in. and the aftbody angle is 40 degrees. The base
radius is £ in. The sting is 4 in. long with a radius of 3 in. Figure 6.1 shows the

boundary of the computational domain.

The freestream conditions for the NASA Langley 31-Inch Mach 10 Air Tunnel,
corresponding to a nominal Reynolds number per foot of 0.5x10° ft=1, are: P = 69 Pa,
T =53 K, p = 0.0045 kg/m? and u = 1416 m/s. The wall temperature is taken
to be a uniform 300 K. Historical experience with this tunnel at these conditions
indicate that laminar perfect-gas calculations are adequate for comparison with the

experimental data.
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In addition to the axisymmetric configuration, the present study also considers
a two-dimensional version of the problem, using the same geometry and freestream

conditions.

6.4.2 Benchmark Data

For the axisymmetric configuration Hollis has provided the experimental heat-transfer
data along with numerical heat-transfer and surface pressure results. The numerical
results were generated using the NEQ2D code of Candler[119]. A second set of numer-
ical results were obtained for the present study using the LAURA code of Gnoffo[15].
Both of these codes are structured-grid finite volume solvers. Surface pressure co-
efficients from the numerical results are shown in Figure 6.2 and heat-transfers for
all three datasets are in Figure 6.3, where the size of the symbols is indicative of
the uncertainty in the experimental data reported by Hollis, +£7%. The forebody
pressures are in agreement between NEQ2D and LAURA, but the aftbody pressure
agreement is weaker. The computed heating rates match the experimental data, aside
from an irregularity in the LAURA result at the stagnation point, along the body to
a running length of 3 inches, which is located on the sting. Hollis speculates that the
free shear layer in the wake may be transitioning at the point where the experimental

and computational heating rates diverge on the sting.

For the two-dimensional configuration, the axisymmetric grid was enlarged to be
125 x 513 = 64,125 nodes so as to capture the bow shock due to the greater shock
stand-off distance. A LAURA solution was obtained for this case, and the results of
grid convergence in the body-normal direction on pressure and heating are shown in
Figures 6.4 and 6.5. Surface pressures are largely converged with 129 points in the
body-normal direction, and certainly by 257 points. A similar statement applies for
the heating, except in the vicinity of the stagnation point. The heating prediction at

the nose continually increases with each grid doubling.
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Figure 6.2: Axisymmetric capsule benchmark surface pressures, solid=NEQ2D,
dashed=LAURA.
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Figure 6.4: Two-dimensional capsule benchmark surface pressures, solid=513,
dashed=257, dotted=129, dash-dot=65 points normal to the surface.
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Figure 6.5: Two-dimensional capsule benchmark surface heating, solid=513,
dashed=257, dotted=129, dash-dot=65 points normal to the surface.
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6.4.3 Unadapted Baseline

Prior to performing any adaption, both unstructured DMFDSFV and fluctuation
splitting schemes were used to obtain solutions on triangulated versions of the struc-
tured meshes, as an indication of a target accuracy for the adaption strategies. During
this process, a number of problems and sensitivities were encountered.

As a general note the explicit single-stage time integration scheme used here is
severely restricted in the stable timestep for high-Reynolds-number viscous problems.
A structured-mesh solver, such as the LAURA code, would typically alleviate this
stiffness by employing an implicit solver. Another option would be to use a parallelized
strategy. However, both the development of an unstructured implicit solver for the
present schemes and the parallelization of the schemes were considered beyond the
scope of the current work. As a consequence, viscous solutions for the capsule on the
fine meshes required weeks of CPU time on a desktop PC.

Since both the DMFDSFV and the fluctuation splitting schemes are implemented
at the nodes, the timestep on the axisymmetric axis vanishes, slowing temporal con-
vergence. The radial term in the timestep determination is chosen at the median-dual
centroid for nodes on the axisymmetric axis, rather than at y = 0, allowing for a more
realistic wave propagation on the axis. The solutions are observed to remain tempo-
rally stable with this implementation while yielding much faster convergence rates.
Yet, the axisymmetric axis is always observed to converge slower than the rest of the
flowfield, due to the radial weighting on the control volume. In general, axisymmetric
solutions take two to three times longer to converge than an equivalent two-dimen-
sional case because of this axis singularity effect.

The carbuncle effect, Figure 6.6, reared its ugly head for some cases, typically on
meshes that are fine in the streamwise direction but very coarse in the body-normal

direction. Although the carbuncle effect is a known deficiency! in the structured

!The carbuncle effect was first reported by Peery and Imlay[120] for a Mach-6 cylinder as an
unexplainable “protuberance” in the bow shock at the symmetry plane. Later work by Roberts[121]
and Quirk[122] reveal the mathematical basis for the production of spurious solutions for grid-aligned
shocks with the Roe flux difference splitting scheme. As Quirk reports, “[P]arallel to the shock, Roe’s
scheme will not add any dissipation via the contact and shear waves, to counteract perturbations
that appear through the acoustic waves; this appears to be a recurring theme whenever Roe’s method
fails. It is interesting to note that if Harten’s entropy fix is applied to the contact and shear waves,
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Carbuncle in bow shock.

Figure 6.6: Fluctuation splitting u-velocity contours, showing carbuncle formation
for two-dimensional capsule case.

Roe solver, its behavior in unstructured schemes has not been as well characterized.
Lowering the CFL number by three orders of magnitude did not change the solution,
verifying that the phenomenon was not instability induced. Similarly, re-running
time-accurately produced the same behavior, strongly suggesting the phenomenon
was not transient induced. The traditional fix for the Roe scheme involves adding
dissipation through eigenvalue limiting. The present schemes were being run with
thin-layer viscous terms and eigenvalue limiting on V &£ a only. Switching to full
viscous terms and limiting all eigenvalues both served to reduce the occurrence of the
carbuncle effect, Figure 6.7.

The last problem encountered was that the surface heating at the stagnation point

had the wrong trend, dropping toward zero heating. Figure 6.8 shows the forebody

any shortcoming of Roe’s scheme is invariably cured. However, there is no justification, either
physical or mathematical, for applying this fix to these waves, it is just a convenient method for
introducing an amount of artificial dissipation into the scheme.”
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Figure 6.7: Fluctuation splitting u-velocity contours for two-dimensional capsule case.

heating on a two-dimensional 63 x 129 mesh using fluctuation splitting. Note the
dramatic drop in heating at the stagnation point, contrasted with the benchmark
data of Figure 6.5(a). Looking into the flowfield for an explanation of the heating
trend a recirculation bubble is found at the nose, Figure 6.9, which physically should
not be present. The cause of this stagnation recirculation proved extremely time
consuming to identify and it was unexpectedly found to be a grid-induced feature.
The unstructured meshes for the unadapted cases were initially created by a simple
triangulation of the structured grids. All quadrilateral cells were cut in the same
direction, and this bias in the diagonals along the axis boundary produced a shift
in the stagnation point off the axis. Repeating the calculations on a biased grid
covering both the upper and lower half-planes removed the vortex but still shifted
the stagnation point. The cure for this problem was to remove the grid bias by
alternating the diagonals in the derived unstructured meshes, vielding the vortex-free

solution in Figure 6.10 for the same case as is shown in Figure 6.9.
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Figure 6.9: Stagnation point vortex.
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Figure 6.10: Correct streamlines in stagnation region.

32 x65 32x129
63 x 65 63 x129 63 x 257
125 x 65 125 x 129 125 x 257 125 x 513

Table 6.1: Matrix of grid dimensions for two-dimensional baseline cases.

Two-dimensional

Viscous solutions for the two-dimensional capsule were computed using both fluctu-
ation splitting and DMFDSFYV discretizations on a sequence of unadapted grids as
listed in Table 6.1.

Results using only 32 points to define the surface were generally under-resolved for
both schemes. Results for 63 and 125 surface points are compared in Figures 6.11-6.14
using 257 points normal to the body.

DMFDSFYV surface pressures, Figure 6.11, overlap the benchmark results on the
forebody for both grids. Aftbody pressure agreement is poor for 63 surface points.
The solution improves by going to 125 points, though the pressure coefficient is still
over-predicted by a factor of 2. The heating trends for DMFDSFV are reversed
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Figure 6.11: Two-dimensional capsule surface pressures: i-refinement with DMFDS-
FV, solid=63, dashed=125, dash-dot-dot=benchmark.
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Figure 6.12: Two-dimensional capsule surface heating: i-refinement with DMFDSFV,
solid=63, dashed=125, dash-dot-dot=benchmark.
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Figure 6.13: Two-dimensional capsule surface pressures: i-refinement with fluctuation
splitting, solid=63, dashed=125, dash-dot-dot=benchmark.
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(a) Heatshield.

(b) Aftbody and sting.

Figure 6.14: Two-dimensional capsule surface heating: i-refinement with fluctuation
splitting, solid=63, dashed=125, dash-dot-dot=benchmark.
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from the pressure trends. Figure 6.12 shows that the coarser-mesh forebody heating
is in poor agreement with the benchmark. The finer mesh improves the heating
prediction, but is still more than 20 percent higher than the benchmark over much
of the heatshield, especially at the shoulder. The aftbody and sting heating rates are
reasonable on both meshes.

Fluctuation splitting surface pressures, Figure 6.13, are in very good agreement
with the benchmark data, both fore and aft. The 125 surface point mesh is in par-
ticularly good agreement, over-plotting the benchmark over all but the tail end of
the sting. Fluctuation splitting surface heating, Figure 6.14, is in good agreement
for both meshes, with the finer mesh providing better resolution at the shoulder.
The glaring weakness in the fluctuation splitting solutions is at the stagnation point,
where the heating spikes 40 percent higher than the benchmark. Further, the known
correct heating trend at a stagnation point calls for the heating to level off, as the
benchmark results do, rather than spike, as with the present results.

Grid convergence trends in the body-normal direction, for 125 surface points, are
shown in Figures 6.15-6.18.

The DMFDSFYV surface pressure grid convergence is shown in Figure 6.15. On
the forebody excellent agreement with the benchmark is seen for all but the coarsest
mesh. On the aftbody and sting, only the solution from the mesh with 129 points
normal to the body is in good agreement with the benchmark. The trend with
refining the mesh is toward increasing pressures on the aftbody, and the solutions do
not appear to be converging toward the benchmark result. The DMFDSFV heating
with grid refinement is shown in Figure 6.16. On the heatshield the solution from the
j=129 mesh provides the closest match to the benchmark, while the 257-point result
is not too much worse. The solution from the coarsest mesh is wildly unresolved and
the result from the finest mesh is disappointing. On the aftbody, again the coarsest
mesh is under-resolved. The three finer meshes do appear to be converging with grid
refinement and have reasonable agreement with the benchmark.

The fluctuation splitting surface pressures, Figure 6.17, show good grid conver-
gence trends, with both of the two finest meshes matching the benchmark over the

entire body, and none of the grids produced terrible results. Fluctuation splitting
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(b) Aftbody and sting.

Figure 6.15: Two-dimensional capsule surface pressures: j-refinement with DMFDS-
FV, solid=513, dashed=257, dotted=129, dash-dot=65, dash-dot-dot=benchmark.
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Figure 6.16: Two-dimensional capsule surface heating: j-refinement with DMFDSFV|
solid=513, dashed=257, dotted=129, dash-dot=65, dash-dot-dot=benchmark.
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Figure 6.17: Two-dimensional capsule surface pressures: j-refinement with fluc-
tuation splitting, solid=513, dashed=257, dotted=129, dash-dot=65, dash-dot-
dot=benchmark.
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32 x45 32x89
63 x45 63x89 63 x177
125 x 45 125 x 89 125 x 177 125 x 353

Table 6.2: Matrix of grid dimensions for axisymmetric baseline cases.

heatshield heating, Figure 6.18, also shows good grid convergence trends, with both
of the two finest-mesh solutions matching the benchmark well except at the stagna-
tion point, where the 513-point results do better but still have a spike of 15 percent
at the symmetry line. Heating results in the wake region also show some grid conver-
gence trends, though the finest mesh resolves an additional wake vortex on the sting,
producing an inflection in the data. The coarser meshes actually match the bench-
mark better on the aftbody, before elevating on the sting where the finer meshes, and
the 257-point result in particular, do a better job of matching the benchmark.

The two-dimensional unadapted baseline results are chosen to be the solutions on
the triangulated 125 x 257 mesh. The fluctuation splitting solutions on this mesh
were as good as on the finest mesh but with half the points. For DMFDSFV the
125 x 129 mesh produced results generally as good as or better than the baseline,
though the results are difficult to interpret due to the lack of clear grid-convergence
trends. The baseline surface pressures and heating rates are shown in Figures 6.19
and 6.20. Both solvers match forebody pressure with the benchmark. Fluctuation
splitting also matches the benchmark pressure on the sting, while the DMFDSFV
baseline over-predicts the pressure in this region. The fluctuation splitting forebody
heating matches the benchmark well except as previously discussed at the stagnation
point. The DMFDSFV forebody agreement is not as good. However, both schemes
yield comparable aftbody heating rates.

Axisymmetric

Viscous solutions for the axisymmetric capsule configuration were obtained on a se-
quence of unadapted meshes formed as triangulations from the structured meshes
used for the benchmark computations. The sequence of grids is listed in Table 6.2.

All of the axisymmetric solutions to be shown suffer from irregular heat transfer
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Figure 6.18: Two-dimensional capsule surface heating: j-refinement with fluc-
tuation splitting, solid=513, dashed=257, dotted=129, dash-dot=65, dash-dot-
dot=benchmark.
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Figure 6.19: Two-dimensional baseline capsule surface pressures, solid=fluctuation
splitting, dashed=DMFDSFV, dash-dot-dot=benchmark.
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Figure 6.20: Two-dimensional baseline capsule surface heating, solid=fluctuation
splitting, dashed=DMFDSFV, dash-dot-dot=benchmark.
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patterns at the axis stagnation point, true for both the DMFDSFV and fluctuation
splitting formulations as here implemented. The stagnation point surface pressures,
however, are well behaved. The difficulty with the heating appears to be a result of
applying the weak form of the boundary conditions at both a mathematical singular-
ity, the axisymmetric axis, and a surface flow singularity, the stagnation point, for the
node-based schemes. Cell-based, rather than node-based, schemes or strong bound-
ary enforcement formulations might not experience similar stagnation point heating
difficulties for the axisymmetric cases. These heating irregularities are confined to

the stagnation node and immediate neighbor nodes.

As with the two-dimensional results, the axisymmetric solutions using only 32
points to define the surface were under resolved. Results using 63 and 125 points
to define the surface are presented in Figures 6.21-6.24, all with 89 points in the

body-normal direction.

DMFDSFYV surface pressures, Figure 6.21, overlap the benchmark results on the
forebody, especially on the finer mesh. Aftbody pressures are poorly resolved on the
coarser mesh. The finer mesh reasonably matches the benchmark except right at the
shoulder where the overexpansion is missed. DMFDSFV heating trends with stream-
wise refinement are shown in Figure 6.22. The forebody heating is much improved
on the finer mesh, though still 20 percent higher than the benchmark over most of
the heatshield. The stagnation point heating is over-predicted by as much as 40 per-
cent on both meshes and the peak heating on the shoulder is greatly over-predicted.
However, on the aftbody and sting the finer mesh results are in very good agreement

with the benchmark results. The coarser mesh under-predicts the wake heating.

Fluctuation splitting surface pressures for streamwise grid refinement are shown
in Figure 6.23. The forebody pressures are the same for both meshes, but are 3-5 per-
cent lower than the benchmark, except at the stagnation point where the benchmark
is matched. Aftbody pressures match the benchmark extremely well for both grids.
Forebody heating with fluctuation splitting, Figure 6.24, matches the benchmark
fairly well except for over-predicting the shoulder heating spike and the stagnation
point maximum. The finer mesh does a better job at the shoulder but results from

neither mesh are particularly encouraging at the stagnation point. The fluctuation
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Figure 6.21: Axisymmetric capsule surface pressures: i-refinement with DMFDSFEFV,
solid=63, dashed=125, long-dash=NEQ2D, dash-dot-dot=LAURA.
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Figure 6.23: Axisymmetric capsule surface pressures: i-refinement with fluctuation
splitting, solid=63, dashed=125, long-dash=NEQ2D, dash-dot-dot=LAURA.
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splitting heating results on both meshes provide excellent matches with the bench-

mark data on the aftbody and sting.

Grid convergence trends in the body-normal direction, for 125 surface points, are
shown in Figures 6.25-6.28.

DMFDSFYV forebody pressures match the benchmark on all grids, Figure 6.25.
However, the aftbody and sting pressures do not show grid convergence. The best
match with the benchmark comes on the grid with 89 points normal to the body. Tt
is disappointing that the pressures deteriorate on the finer meshes, with the details
being washed out perhaps by a different separation pattern in the wake. The DM-
FDSFV forebody heating, Figure 6.26, also fails to show a good grid convergence
trend, with the results deteriorating on the finer meshes. The two coarser meshes
provide the best agreement, with the 89-point results being smoother than the 45-
point solution. Still, the forebody heating is over-predicted by 20 percent over most
of the heatshield and by more at the stagnation point. On the aftbody and sting only

the 89-point solution provides good agreement with the benchmark data.

Surface pressure trends with grid refinement in the body-normal direction using
fluctuation splitting are shown in Figure 6.27. The forebody pressure is grid con-
verged on all meshes, but slightly under-predicts the benchmark results. Aftbody
and sting pressures on all meshes show excellent agreement with the benchmark solu-
tions. Forebody heating with fluctuation splitting, Figure 6.28, shows good agreement
over most of the heatshield for all but the 45-point mesh, which itself is only 20 per-
cent elevated. As usual the stagnation point heating is largely in error. Heating in
the wake shows good agreement for all but the finest mesh, where the heating on the

sting shows an unexpected inflection point.

The axisymmetric baseline solutions are chosen to be the results on the triangu-
lated 125 x 89 mesh. The fluctuation splitting solutions are consistently grid con-
verged on this mesh, and the DMFDSFV results on the mesh are generally the best,
often better even than on the finer meshes. The axisymmetric baseline pressures are
presented in Figure 6.29. On the heatshield the DMFDSFV solution overlaps the

benchmark pressures, while the fluctuation splitting result is steadily 3 percent low.
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Figure 6.24: Axisymmetric capsule surface heating: i-refinement with fluctuation
splitting, solid=63, dashed=123, long-dash=NEQ2D, dash-dot-dot=LAURA, cir-

cles=experiment.
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Figure 6.25: Axisymmetric capsule surface pressures: j-refinement with DMFDS-

FV, solid=353, dashed=177, dotted=89, dash-dot=45, long-dash=NEQ2D, dash-dot-
dot=LAURA.
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(b) Aftbody and sting.

Figure 6.26: Axisymmetric capsule surface heating: j-refinement with DMFDS-
FV, solid=353, dashed=177, dotted=89, dash-dot=45, long-dash=NEQ2D, dash-dot-
dot=LAURA, circles=experiment.
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Figure 6.27: Axisymmetric capsule surface pressures: j-refinement with fluctua-
tion splitting, solid=353, dashed=177, dotted=89, dash-dot=45, long-dash=NEQ2D,

dash-dot-dot=LAURA.
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Figure 6.28: Axisymmetric capsule surface heating: j-refinement with fluctua-
tion splitting, solid=353, dashed=177, dotted=89, dash-dot=45, long-dash=NEQ2D,
dash-dot-dot=LAURA, circles=experiment.
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On the aftbody and sting it is the fluctuation splitting solution that provides an ex-
cellent match to the benchmark. The DMFDSFV solution is generally good except
for missing the overexpansion pressure drop at the shoulder, seen as the pressure min-
imum at s = 1.2. The baseline surface heat transfer rates are shown in Figure 6.30.
The fluctuation splitting heating on the forebody is in very good agreement with
the benchmark data except at the stagnation point, where the match is poor. The
DMFDSFYV result generally over-predicts the forebody heating, except for a region
between s = 0.2-0.4 near the nose, where the agreement with the benchmark data
is very good. Heating levels at the stagnation point and shoulder are both greatly
over-predicted. Both schemes match the benchmark heating datasets on the afthody

and sting.

6.4.4 Solution-Adapted Results

The adaption mechanisms, point deletion, edge swapping, nodal displacements, and
point insertion, are applied one at a time, using both the curvature clustering with
DMFDSFV and the fluctuation minimization with fluctuation splitting, to assess the
effect of each individual component. Then a full adaption cycle is applied using a

strategy based upon the results of the individual adaption tests.

Two-dimensional

For point deletion the starting solution is the converged baseline. The baseline mesh
has 32,125 nodes, and the objective is to remove points while maintaining the accuracy
of the baseline solution. Both schemes were able to remove 10 percent of the nodes
(3284 nodes for fluctuation minimization and 3366 for curvature clustering) causing
minimal change to the solution. The nodes were predominantly removed from the
freestream. A further 10 percent of the nodes were removed (3157 for fluctuation min-
imization and 3076 for curvature clustering), for a total of 20 percent of the nodes
deleted from the initial grid. The heating rates for both schemes are essentially un-
changed, Figures 6.31 and 6.32, but both schemes have trouble maintaining the bow

shock capture due to the further loss of freestream points, as shown in Figure 6.33 for
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Figure 6.29: Axisymmetric baseline capsule surface pressures, solid=fluctuation split-
ting, dashed=DMFDSFV, long-dash=NEQ2D, dash-dot-dot=LAURA.
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Figure 6.30: Axisymmetric baseline capsule surface heating, solid=fluctuation
splitting, dashed=DMFDSFV, long-dash=NEQ2D, dash-dot-dot=LAURA, cir-

cles=experiment.
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(b) Aftbody and sting.

Figure 6.31: Two-dimensional capsule surface heating after coarsening with curvature
clustering, solid=baseline, dashed=10% removed, dotted=20% removed.
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Figure 6.32: Two-dimensional capsule surface heating after coarsening with fluctua-
tion minimization, solid=Dbaseline, dashed=10% removed, dotted=20% removed.
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Figure 6.33: Loss of shock capture due to coarsening, fluctuation splitting.

fluctuation splitting with fluctuation minimization. A similar problem also occurred
using DMFDSFV with curvature clustering. The removal of more points causes rapid
solution deterioration due to the failure of both schemes to properly capture the bow

shock on the coarsened meshes.

For evaluating the edge swapping adaption the starting mesh has half as many
points as the baseline, about 16,000 nodes and 50,000 edges, with the goal of realizing
an improvement in the solution. Curvature clustering was used to swap the 538
edges (approximately 1 percent) with the largest error estimate. These edges were all
located in vicinity of the bow shock. The resulting heat transfer rates show only minor
changes from the starting solution, Figure 6.34, without showing a clear progression
toward the benchmark dataset. Edge swapping with fluctuation minimization is not
beneficial for this case. About 1 percent of the edges were swapped but the resulting
fluctuation splitting solution does not converge due to ringing of the bow shock near
the stagnation point. Figure 6.35 shows pressure contours in the stagnation point

region. Notice the irregular contours downstream of the shock. The difficulty in this
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(b) Aftbody and sting.

Figure 6.34: Two-dimensional capsule surface heating after swapping with curvature
clustering, solid=start, dashed=1% swapped, dash-dot-dot=benchmark.
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Figure 6.35: Fluctuation splitting shock bulging at stagnation point after edge swaps,
pressure contours.

solution is that the bow shock is making discrete jumps across grid lines, induced by
swapped edges at the shock. The unadapted bow shock more closely follows the grid
lines at the y = 0 symmetry plane. Recall that this mesh was originally well-aligned
with the bow shock from the structured-grid solvers, and the effect of edge swapping
on a more random unstructured mesh may be different. Also, on a finer mesh, such as
is used for the baseline solutions, the smaller grid spacing at the shock might lessen
the detrimental effects of discrete jumps in the shock location. Edge swapping was
tried again for fluctuation minimization, this time only swapping half a percent of
the edges, but still produces the same disappointing results.

Nodal displacements are tested using the same 16,000-node mesh as was used to
start the edge swapping, also with the goal of improving the solution toward the
baseline. Curvature clustering was used to move 1717 nodes with the largest error
estimates, about 10 percent of the nodes. The total distance moved was 10.34 in., the
average distance moved was 0.006 in., and the RMS distance moved was 0.0095 in.

Nodes were moved in the shock, at the shoulder, and in the forebody boundary layer.
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Figure 6.36: Nodal displacements at shock using curvature clustering, original mesh
shaded.

A close-up of movement at the bow shock is shown in Figure 6.36, where the original
mesh is shaded. Observe that the movement is not aggressive, but rather produces
a gentle clustering toward the shock. Surface heating rates for this case are shown
in Figure 6.37, where a minimal change in the solution is seen. Displacing nodes
with fluctuation minimization moved 1827 nodes a total distance of 0.7488 in., for an
average of 0.0004 in. and RMS of 0.0015 in. The fluctuation minimization movement,
while moving a few more nodes than the curvature clustering, moved the nodes much
smaller distances. Again, the movement occurred at the shock, near the shoulder,
and in the forebody boundary layer. Surface heating rates for this case are shown
in Figure 6.38. The solution has been made much worse on the forebody, while not
much change is seen in the wake. Investigating the solution reveals that a windside
vortex pattern has emerged, Figure 6.39, that is causing the lower heat transfer rates
on the heatshield. The solution was run a further 800,000 iterations with no change
to this windside vortex pattern.

Point insertion is tested on the unadapted 16,125-node mesh, seeking to add
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Figure 6.37: Two-dimensional capsule surface heating after moving with curvature
clustering, solid=start, dashed=10% moved, dash-dot-dot=benchmark.
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Figure 6.38: Two-dimensional capsule surface heating after moving with fluctuation
minimization, solid=start, dashed=10% moved, dash-dot-dot=benchmark.
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Figure 6.39: Windside vortices produced by fluctuation minimization nodal displace-
ments.

20 percent more nodes. Curvature clustering added 3154 nodes, producing the heating
results shown in Figure 6.40. On the forebody, there is improvement in the stagnation
point region, but worsening near the shoulder. On the aftbody and sting the heating
moves somewhat away from the benchmark result. Fluctuation minimization added
3299 nodes, with heating results shown in Figure 6.41. On the heatshield the heating
levels rise markedly toward the benchmark result, but exhibit a high-frequency oscil-
lation of significant amplitude. There is not much change in the heating in the wake
region.

For the full adaption the starting solution is taken on the triangulated 125 x 129
mesh with 16,125 nodes, half the number of nodes used to generate the baseline
unadapted solutions. The intention is to look for an improvement in the coarse mesh
solution without increasing the number of nodes. Based upon the results of the
component adaption tests, the strategy for an adaption cycle is to delete 10 percent
of the nodes, swap 1 percent of the edges, move 5 percent of the nodes, and then

insert back in 10 percent of the nodes. The solution is re-converged between each
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(b) Aftbody and sting.

Figure 6.40: Two-dimensional capsule surface heating after point insertion with cur-
vature clustering, solid=start, dashed=20% inserted, dash-dot-dot=benchmark.
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(b) Aftbody and sting.

Figure 6.41: Two-dimensional capsule surface heating after point insertion with fluc-
tuation minimization, solid=start, dashed=20% inserted, dash-dot-dot=benchmark.
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step of the adaption cycle.

The curvature clustering cycle proceeded by deleting 1637 nodes, swapping 444
edges, moving 696 nodes a total distance of 6.23 in., and adding 1599 nodes. The
resulting heat transfer plots are shown in Figure 6.42. On the heatshield the stag-
nation region heating has been improved and is now in excellent agreement with the
benchmark. There is no further change in heating over much of the forebody between
s = 0.2-0.9, but the heating spike at the shoulder is more tightly resolved. In the
wake region there is little change in heating on the aftbody, while the sting heating
is increased, trending away from the benchmark.

The fluctuation minimization adaption successfully removed 1601 nodes, but ran
into trouble again while swapping. Windside vortices were spawned in the stagnation
region by an oscillating bow shock. In an effort to damp the solution the CFL
number was reduced by an order of magnitude, without producing an improvement
in the solution or eliminating the vortices. The number of edges to be swapped was
reduced to % percent, but the same vortices and oscillating bow shock appeared.
For this case edge swapping was omitted and the adaption cycle continued with the
nodal displacement step, where 706 nodes were moved a total distance of (.7 in.
Finally, 1638 nodes were added, yielding the results of Figure 6.43. The forebody
heating is generally improved toward the benchmark solution, although there is a
high-frequency oscillation in the data starting at s = 0.6. Heating in the wake is only
slightly changed, though the aftbody heating is improved to match the benchmark

between s = 1.2-1.8.

Axisymmetric

The axisymmetric adaption component testing starts from the the baseline solution
and mesh, which contains 11,125 nodes. The intention is to remove nodes without
altering the surface heat transfer rates. About 10 percent of the nodes were success-
fully deleted without impacting the solutions using both curvature clustering, 1029
nodes, and fluctuation minimization, 1079 nodes. A close-up of the fluctuation split-

ting mesh is shown in Figure 6.44, where it can be seen that most of the nodes are
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Figure 6.42: Two-dimensional capsule surface heating after full adaption cycle with
curvature clustering, solid=start, dashed=adapted, dash-dot-dot=benchmark.
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Figure 6.43: Two-dimensional capsule surface heating after full adaption cycle with
fluctuation minimization, solid=start, dashed=adapted, dash-dot-dot=benchmark.
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Figure 6.44: Coarsened axisymmetric mesh using fluctuation minimization.

removed from the freestream while a smaller amount are removed from the wake re-
gion. Further point reductions were tried, and the curvature clustering successfully
removed another 1136 nodes with minimal change in the surface heating. However,
removing 1081 more nodes with fluctuation minimization leads to the problem of a
loss of shock capture, as was seen in the two-dimensional results of Figure 6.33. In
this case, the solution deteriorates to an unacceptable level because of the bow shock

blowout.

Edge swapping is started from a mesh four times coarser than the baseline, tri-
angulated from 63 x 45 = 2835 nodes, looking for the heating predictions to improve
toward the baseline results. The mesh has 8290 edges, and 78, about 1 percent,
with the largest error estimates were swapped using curvature clustering. Figure 6.45
shows the initial and adapted heating rates compared with the baseline solution. The
edge swapping produces only marginal changes in the heating rates. Fluctuation
minimization swapped 88 edges and also shows minor changes in the heating, Fig-

ure 6.46, except at the stagnation point where the adapted heating is dramatically
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Figure 6.45: Axisymmetric capsule surface heating after edge swapping with curvature
clustering, solid=start, dashed=adapted, dash-dot-dot=DMFDSFYV baseline.
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(a) Heatshield.

(b) Aftbody and sting.

Figure 6.46: Axisymmetric capsule surface heating after edge swapping with fluctua-
tion minimization, solid=start, dashed=adapted, dash-dot-dot=fluctuation splitting

baseline.
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Figure 6.47: Shock kinked in toward stagnation point at the xz-axis after axisymmetric
edge swapping with fluctuation minimization, velocity contours.

raised well beyond the correct result. Looking at the bow shock in the vicinity of the
nose, Figure 6.47, a sharp kink in toward the body is seen along the axisymmetric
axis. This kink in the bow shock elevates the pressure along the axis and causes the
significant stagnation point heating over-prediction.

The nodal displacement tests start from the same 2835-node meshes and solutions
that were used to start the edge swapping check. Five percent of the nodes were
moved using each scheme without producing a noticeable change in the solutions.
A second pass of node movement was made, this time moving 10 percent of the
nodes. Curvature clustering moved the nodes a total distance of 2.88 in. with an
RMS of 0.017 in. The movement was performed at the bow shock and in the forebody
boundary layer. The results, shown in Figure 6.48, show minimal change with a slight
smoothing of the prediction on the heatshield between s = 0.2-0.5. With fluctuation
minimization the nodes were moved a total distance of 0.18 in. with an RMS of
0.0015 in. Most of this movement was in the shock near the axis. Figure 6.49 shows

basically no change to the heating levels due to the nodal displacements.
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(a) Heatshield.

(b) Aftbody and sting.

Figure 6.48: Axisymmetric capsule surface heating after nodal displacements with
curvature clustering, solid=start, dashed=10% moved, dash-dot-dot=DMFDSFV

baseline.
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Figure 6.49: Axisymmetric capsule surface heating after nodal displacements with
fluctuation minimization, solid=start, dashed=10% moved, dash-dot-dot=fluctuation

splitting baseline.
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Point insertion is applied to the coarse 2835-node mesh using both schemes to add
10 percent more nodes. Curvature clustering added 283 nodes at the shock and in the
windside boundary layer, but does not change the surface heating appreciably, Fig-
ure 6.50. Fluctuation minimization added 287 nodes, also in the shock and windside
boundary layer. While the average heating levels on the forebody remain roughly the
same, Figure 6.51 shows a wild oscillation in the surface heating has been introduced
with the additional nodes. The sting heating shows a small reduction, but does not

exhibit a clear improvement.

For the full axisymmetric adaption procedure a cycle is defined similar to the
cycle for two dimensions. Starting from a converged solution on a mesh with half the
number of nodes as the baseline, 125 x 45 versus 125 x 89, 10 percent of the nodes are
deleted, 1 percent of the edges are swapped, 5 percent of the nodes are moved, and
then 10 percent more nodes are added back. The solution is re-converged between

each step of adaption.

Curvature clustering deleted 560 of the 5625 nodes, primarily from the freestream
but also from the wake and in the sting/vehicle juncture. Of the 14,941 remaining
edges, the 150 with the largest error estimates were swapped. These edges were
located in the bow shock and in the forebody boundary layer. Then the 253 nodes
with the largest error estimates were moved. These nodes were also in the shock
and forebody boundary layer. The nodes were moved a total distance of 1.2 in. with
an RMS of 0.007 in. Finally, 570 nodes were added, enriching both the shock and
the boundary layer. The results of the adaption cycle are shown in Figure 6.52.
Essentially no change in surface heating is seen due to the adaption, other than a
smoothing of the originally oscillatory data on the sting.

Fluctuation minimization ran into problems with deleting nodes from the starting
mesh for the full adaption test. Deleting 10 percent of the nodes proved to be too
aggressive, leading to a loss of the bow shock capture. So the adaption cycle was mod-
ified to only delete and insert 5 percent of the nodes, rather than the original target of
10 percent. Deletion was successful removing 263 points entirely from the freestream.
Edge swapping was viable for this case as 159 edges were swapped. The problems en-

countered during the two-dimensional edge swapping were not encountered with the
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(a) Heatshield.

(b) Aftbody and sting.

Figure 6.50: Axisymmetric capsule surface heating after point insertion with curva-
ture clustering, solid=start, dashed=10% inserted, dash-dot-dot=DMFDSFV base-

line.
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0 0.5 1 1.5

(a) Heatshield.

(b) Aftbody and sting.

Figure 6.51: Axisymmetric capsule surface heating after point insertion with fluc-
tuation minimization, solid=start, dashed=10% inserted, dash-dot-dot=fluctuation

splitting baseline.
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Figure 6.52: Axisymmetric capsule surface heating after full adaption cycle with cur-
vature clustering, solid=start, dashed=adapted, dash-dot-dot=DMFDSFV baseline.
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axisymmetric case. The nodal displacements were performed primarily at the shock
with a small amount moved in the boundary layer, for a total of 268 nodes moved a
distance of 0.22 in., RMS of 0.002 in. Point insertion added 280 nodes, mainly at the
shock but also a small amount in the forebody boundary layer. The results of the
adaption cycle are shown in Figure 6.53. Most of the heatshield remains unchanged
except for an improvement between s = 0.3-0.7 and a change in the stagnation point
trend from being a large under-prediction to being a large over-prediction. Heating

in the wake is largely unchanged other than an increase at the tail end of the sting.

6.5 Discussion

The primary new development of this chapter is the extension of the characteristic
alignment mesh adaption strategy to the Navier-Stokes system of equations by a
generalization of the fluctuation minimization formulas originally developed for the
scalar advection-diffusion equation. Particular emphasis is placed on formulating the
nodal displacement forcing functions for the upwind, positive, linearity preserving
fluctuation splitting distribution scheme consistently in both axisymmetric and two-

dimensional coordinates.

The main test is a hypersonic, perfect gas wind tunnel case for a Martian probe
model, configured for both the real axisymmetic geometry and the corresponding
two-dimensional geometry. In considering the unadapted results, the two-dimension-
al baseline solutions for both fluctuation splitting and DMFDSFV are obtained on the
125 x 257 mesh, the same mesh for which the LAURA benchmark is grid converged,
aside from at the stagnation point. The fluctuation splitting surface pressures are
in excellent agreement with the benchmark while the DMFDSFEFV surface pressures
match the benchmark on the heatshield but do not match well in the wake. For the
forebody heating fluctuation splitting shows excellent agreement with the benchmark
aside from at the stagnation point while the DMFDSFV result is consistently high.
The aft heating is about the same for both schemes, reasonably agreeing with the

benchmark.
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(a) Heatshield.

(b) Aftbody and sting.

Figure 6.53: Axisymmetric capsule surface heating after full adaption cycle with fluc-
tuation minimization, solid=start, dashed=adapted, dash-dot-dot=fluctuation split-

ting baseline.
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For the axisymmetric unadapted results, the baseline solutions for both unstruc-
tured schemes are obtained on the 125 x 89 mesh, which is a factor of four coarser
than the mesh that Hollis had to use to get good results with the structured finite
volume code NEQ2D. DMFDSFV surface pressures are excellent on the forebody,
very good on the aftbody, but a little high on the sting between s = 2.5-3.5. The
fluctuation splitting pressures are a little low on the forebody and excellent in the
wake, splitting the difference between the two benchmark datasets. The fluctuation
splitting forebody heating is an excellent match with the benchmark, aside from at
the stagnation point. DMFDSFYV over-predicts the forebody heating. Both schemes
produce an excellent match with the benchmark in the wake, splitting the difference

between the two computational benchmarks on the sting.

In testing the component adaption techniques point deletion is the most beneficial
tool. Coarsening works well removing up to about 20 percent of the nodes, but when
taken too far leads to a loss of the bow shock capture, and a rapidly deteriorating
solution. The other adaption techniques generally have minimal or negative impacts
on the solution, with the exception of point insertion with fluctuation minimization
where a little solution improvement occurs. Curvature clustering produces nodal dis-
placements on the order of ten times larger than fluctuation minimization for the
same number of points moved, but the fluctuation splitting solutions on the con-
torted meshes are less robust. The lack of robustness is usually caused by distortions
to the bow shock near the symmetry axis. Common failure modes are an oscillating
shock shedding windside vortices or a steady shock kink producing unexpected pres-
sure contours and surface heating spikes. The root cause is that the local, compact
adaption techniques employed here are mis-aligning the mesh with the bow shock.
The typical behavior is that the fluctuation splitting scheme is more sensitive to grid
perturbations introduced by the fluctuation minimization adaption in corrupting the
solution, but is generally more accurate than DMFDSFV on suitable meshes. The
component tests indicate that the mesh adaption for systems can not be nearly as

aggressive as was possible for scalar equations.

For the full adaption cycle in two dimensions with curvature clustering the heating

in the stagnation region and at the shoulder improves, the sting heating is worse, and



6.5. DISCUSSION 223

the rest of the vehicle sees no change. With fluctuation minimization the forebody
heating improves but becomes oscillatory, the aftbody is the same, and the sting
improves. For the axisymmetric case the curvature clustering cycle does not change
the magnitude of the heating but does smooth the initially rough heating on the sting.
Fluctuation minimization produces some improvement over a quarter of the heatshield
but also makes the sting heating a little worse at the tail end, leaving the rest of
the heating unchanged. Although heat transfer is a variable of primary interest for
aerothermodynamics and may be a first consideration for driving the adaption criteria,
the present results emphasize that for blunt-body hypersonic aerothermodynamics
the bow shock placement is critical to the forebody heat transfer rates. Due to the
strength of the hypersonic bow shock, discrete jumps in shock position from one node
to another produce significant pressure disturbance waves which strongly affect the
flowfield in the subsonic bubble and can overwhelm more subtle adaption within the

boundary layer.

To conclude, the adaption techniques do not significantly improve the solutions,
the adaption effectiveness is not consistent, and the solutions display a lack of robust-
ness. Point deletion works the best, but is risky if applied too aggressively. These
results indicate that the extension of characteristic alignment based adaption from
scalar problems to the Navier-Stokes system is not straightforward due to the non-
uniqueness of the characteristics and the complexity of the flowfield features which
are not adequately modeled by the minimization of a single functional based upon

fluctuations as formulated here.

These local adaption strategies are designed to be synergistic with the compact
solvers, and are attractive candidates for parallelization, but the present results may
be indicating that the adaption requires a global view to introduce a level of smooth-
ness. Dr. Peter Gnoffo[123] has suggested reworking the adaption strategies to in-
crease the support of the discretization stencil. Such an increased stencil may allow
for the introduction of smoothing parameters or other grid-quality controls, but at the
expense of requiring more than nearest-neighbor communications, complicating any
extension to a parallel computing strategy. The upper limit on an increased stencil

would be a fully implicit treatment.
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As a post-note to this chapter, Yamaleev and Carpenter[124] have recently pre-
sented a very detailed mathematical analysis of the effect of grid adaption for super-
sonic blunt bodies in the context of second and fourth-order structured finite volume
schemes. They specifically consider nodal displacements and point insertion, conclud-
ing, “The grid refinement study shows that for the second-order scheme, neither grid
adaptation strategy improves the numerical solution accuracy...” For the fourth-

14

order scheme the situation is worse because, “...the design-order error component
drastically increases because of the grid nonuniformity.” A consensus on adaption
guidelines for general supersonic flows with captured multi-dimensional discontinu-

ities remains elusive, for both structured and unstructured meshes.



Chapter 7
Summary and Recommendations

This report addresses the suitability of fluctuation splitting for hypersonic aerother-
modynamics. A desirable aerothermodynamic solver must be robust in the presence
of strong shocks, meaning that the solution must remain stable and positive with-
out radiating dispersion or phase errors. The desirable scheme must also be of high
accuracy to resolve the derivative quantities heat transfer and shear stress, and thus
should be non-diffusive. The classic approach to reconciling these two criteria is the
construction of a non-linear second-order scheme with reduction to first-order in the
vicinity of captured discontinuities. Perhaps the most popular of these schemes for
unstructured meshes is finite volume with Roe upwind flux difference splitting and
limited linear reconstruction (referred to as DMFDSFV here). A drawback to this
scheme is the reliance upon a locally one-dimensional approximate Riemann solver
even when applied in two and three dimensions. Fluctuation splitting possesses the
benefits of the traditional scheme and adds a truly multi-dimensional upwind distri-
bution. But the discussion of a flow solver independent of the computational domain
is only of academic interest, so this report also seeks to develop a mesh adaption
scheme in conjunction with the desirable solver to improve the results and reduce the
expense of analyzing a vehicle geometry.

The fluctuation splitting scheme considered here had been introduced by Sidilkover
as the optimal compact zero-cross-diffusion solver for linear hyperbolic equations,

with an extension to the two-dimensional Fuler equations on Cartesian grids. The
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formulation lacked eigenvalue limiting, an axisymmetric derivation, and a viscous
coupling, had not been demonstrated on a general unstructured mesh, was untested
for non-linear advection-diffusion, had not been applied to a hypersonic problem, had
not been used to calculate heat transfer, and had never been evaluated relative to the
current most popular strategy—DMFDSFV. The evaluation of fluctuation splitting
begins by proving the equivalence of DMFDSFV and fluctuation splitting in one
dimension along with a strategy for viscous coupling to the inviscid flux distribution.
Then the extension of both schemes to scalar two-dimensional problems is detailed to
underscore the fundamental differences between a multi-dimensional upwinding and
the locally one-dimensional treatment, with particular emphasis on the production of
artificial dissipation. The superiority of fluctuation splitting over DMFDSFYV for both
linear and non-linear advection-diffusion is demonstrated and a new mesh adaption
strategy for scalar problems is developed to exploit characteristic alignment with
fluctuation splitting. This adaption scheme maintains the fully local, compact stencil
of fluctuation splitting to allow for future parallelization and use on computer clusters,

and is able to produce accuracy and efficiency gains for the scalar problems.

The details of extending multi-dimensional upwind fluctuation splitting to a prac-
tical aerothermodynamic solver for the two-dimensional and axisymmetric Navier-
Stokes equations are detailed and a suite of verification and validation cases compares
the fluctuation splitting and DMFDSFV schemes. Fluctuation splitting is still to be
preferred over DMFDSFYV for the system of equations, more so for viscous problems
than inviscid, but the difference is not as dramatic as is seen for the scalar model
problems. While fluctuation splitting should certainly be considered as a viable alter-
native to DMFDSFV when selecting algorithms for code development, the differences
in capability demonstrated here are not significant enough to obsolete existing codes
based upon DMFDSFV technology.

The characteristic alignment mesh adaption strategy is extended to two-dimen-
sional and axisymmetric systems as a generalized form of fluctuation minimization.
The practical implementation for systems proves to be very difficult, and in the cur-

rent adaption framework only the point deletion strategy is recommended. None of
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the other adaption components produce significant accuracy improvements and of-
ten lead to a loss of robustness of the solver. For inviscid or subsonic flows where
heating is not an issue, perhaps the current adaption could be of use. For aerother-
modynamics though, the local adaption strategy as it is currently presented is not
recommended.

Parallelization of the fluctuation splitting scheme appears to be attractive because
of the compact stencil. The weak implementation of the boundary conditions devel-
oped here should be an enabling mechanism for exchanging boundary data between
partitioned sub-domains in a parallelized scheme. Another significant operational im-
provement could be made by casting the fluctuation splitting in an implicit scheme,
with either a point-implicit or colored strategy the most likely format. Two-equation
field models for turbulence appear to be the best path for extending the current fluc-
tuation splitting formulation to Reynolds and Farve-averaged flows. One remaining
significant unknown for fluctuation splitting with regards to aerothermodynamic ca-
pability is the inclusion of thermal and chemical non-equilibrium. In particular, the
transformation of the flux Jacobian to auxiliary variables may not yield an easily
factorizable system. Appendix B expresses the linearizations and transformations in
terms of a general gas, but all the details of such an extension need to be worked out
before a fair assessment of implementing a non-equilibrium scheme can be made.

Modifications to the adaption strategy for increased robustness should relax the
constraint that the adaption be as compact as the solver, focusing on some form of
increased stencil as a means to introduce smoothing. Perhaps, though, a completely
different adaption strategy is called for, something with a scaffolding analogy by which
the bow shock, embedded shocks, vortices, and other inviscid phenomenon are framed
with lines or shell elements while the gaps in the mesh framework are filled in with
an unstructured triangulation. Whatever adaption strategy is pursued, the present
results underscore the need for excellent bow shock alignment as a prerequisite to

boundary layer refinement for the hypersonic blunt-body problem.
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Appendix A

Limiters

A limiter is a function used to limit the ratio of two values, satisfying,

A symmetric limiter is defined by,

o) -0

(A1)

(A.2)

Symmetric limiters can also be expressed in terms of symmetric averaging functions,

My, obeying,
AN B _({a
qu . = My(p,q) = My(q.p) = p p

(A.3)

A limiter that can achieve a value greater than unity is termed a compressive limiter.

Degenerate limiters

Two degenerate, non-symmetric limiters, satisfying only one of the constraints in

Eqn. A.1, are useful. The first order limiter, v» = My = 0, is employed to limit a

scheme to first order spatial accuracy. In contrast, an unlimited scheme results from

the choice ¢ = 1.
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Minmod

The Minmod limiter[125] is a non-compressive, symmetric limiter defined as,

¢ (L) = max(o, min(1, p/a) (A4)
or,
0 pg <0
w(g) —{ plg it <] (A5)
1 lp|>1q]

The associated averaging function is,

0 pqg <0
My(p,q) =< p it |p|<lq| (A.6)
q p|>q|

The Minmod limiter is the non-compressive limit of a generalized limiter of
Sweby[126]. Minmod is achieved by setting the parameter ¢ = 1. The upper limit on
¢ is the Superbee limiter[127], ¢ = 2.

W (g) = max[0, min(ep/q, 1), min(p/q, ©)] (A7)
[0 pg <0
ep/q elp[<|q]
() =3 1 i islals el (A3)
p/q lq|<|p| < elq]
| ¢ elg| <|p|
(0 pg <0
ep elpl<lq]
M(p.q) = ¢ if [p[<|q|< e|p] (A.9)
p lg|<Ip| < elq]
£q elql<Ip]

\

Similar, non-symmetric limiters have been proposed by Chakravarthy[128],

o (L) = maxio. min(o/a. <) (A.10)
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and Barth[22],

" (g) = max[0, min(ep/q, 1)] (A.11)

The upper bound on these limitersis 1 < e < 2.
Van Leer

The harmonic Van Leer limiter[4] is a symmetric compressive limiter with an upper
bound of 2.

o(2) =8 et o o
q 1B ¢*+lpa]  [pl+lg]
+
M, _ Ipla +pla| (A.13)
[pl+al

Van Albada

The Van Albada limiter[129] is a symmetric, differentiable compressive limiter with

an upper bound of 1.18.

o(? _§§i§§+§_p2+52+(q2+52)§ (A.14)
\g) 14pE Pl te '
(pg+°)(p+4q)
My, = P2 + g2 + 2¢2 (A.15)

For this limiter the small parameter, =, serves to reduce the limiting in smooth
regions. Assuming O(1) variations over a normalized distance, this parameter is
scaled as €2 ~ £3, where ¢ is the mesh spacing.

Van Albada presents the averaging function as in Eqn. A.15. Limiter-function
forms have been presented corresponding to this averaging function in popular sources,
such Hirsch[125]. Denoting the ratios p/q by r and £/q by s, the limiter presented in

these sources is,
_(r+D)r
) = r2+1
which, lacking e, differs from Eqn. A.14,

(r+1)(r + 5%

v(r) = r2 414 252
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The more popular forms of this limiter do not turn off in smooth regions, thus missing

an essential feature of the original Van Albada formulation.



Appendix B

Governing Equations

B.1 Compressible Continuum Gas Dynamics

The Navier[87]-Stokes[88] equations of mass, momentum, and energy conservation for
compressible gas dynamics are presented. The formulations are in terms of Cartesian
coordinates, but include an axisymmetric source term,! B, which is set to zero for
two-dimensional and three-dimensional applications.

The derivation of the equations assume a Newtonian stress-strain relationship,
Stokes hypothesis on the bulk viscosity, Fourier’s law for heat conduction, no body
forces, and no external heat addition.

Non-dimensionalization is performed for the following quantities as: length, L,.y,
velocity, Vo, time, Lyer/Veo, energy, V2, density, pso, pressure, p. V2, viscosity, fio,
temperature, Ty, thermal conductivity, psV2 /T, and gas constant and specific
heats, V2 /Ty..

The Reynolds number appearing in the non-dimensional equation is defined,

VAN
R — poo‘oo ref (Bl)

€oo
Hoo

!The axisymmetric source terms were derived from the orthogonal curvilinear formulations of
Back[130] and Anderson, Tannehill, and Pletcher[89].
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B.1.1 Vector Notation
The system can be expressed in conserved variables as,

U,+V-F = —wB (B.2)
where F = F' — F*, B = B' — B, and,

P
U = |7 (B.3)
pE
pV
F = | pVIV +PI (B.4)

(
K T . (B.5)

=4 [VTV + (V7)) - V. ’I] (B.6)
7
B’ =3 VT (B.7)
pvH
0
v 1 Vs = 2 4\ pv T
B =5 [ny + Vo) — 29 () — (0, 5)%] (B.8)

KT, + pV-(V, + Vo) — %Vﬁ(ub) — %uvﬁ-v
w is the axisymmetric flag, equal to unity for axisymmetric equations and equal to

zero for Cartesian equations.

Alternatively, Yu[131] shows the equations can be written,
w,U; + ﬁ(waf‘) = wB’ (B.9)
where,

w, =1—w+wy (B.10)
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and
B =B' - B" (B.11)
B" =(0,0,P,0)7 (B.12)
1 v 2 = =\
B" = 0,0,2—= — ZuV-V,0 B.13
(00,22 - 2970 (B.13)

Also, when using the form Eqn. B.9 the divergence of the velocity in the viscous

terms, F* and B”, is replaced by,

Vo (w, V) = V7 4 LY

1
Wa Wa

V-V =

— wv

=V-V+ = (B.14)

B.1.2 Two-Dimensional/Axisymmetric Indicial Notation

The axisymmetric source terms are included in braces {}.

Continuity:
w
it (et )y = == (o) (B.15)
Wapt + wWa(pu)s + wa(pv), = —w{pv} (B.16)
Wapr + @a(pu), + (wapv)y =0 (B.17)

Momentum-x:

wm+@w+Pn+@wnR;(Qmmx:mxuww+%m) -
+ % {—puv oo [u(uy +0,) - %(uv)m] }

Tl + ol + P+ o)y = 1o ( Stz = 0]+ oy + ), )
+w {—puv + R [u(uy +v,) — %(/w)m] } (B.19)

@a(pu); + @a(pu? + Py + (wapuv),

2w
3R,

— o (3malutzus = w)l, + [ty 40, ) = P (B20)

3

Coo €oo
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Momentum-y:

(o) o)+ + Py = = ([t + )+ Sin(20, — ),

@a(pv)i + @a(puv), + wa(pU2 +P)y, = = ([N(uy + vg)]e + g[/ﬁ(%y - ux)]y)

1 2 4 pv
+w {—pv2 + [Q/Wy — =(uv)y, — —/;—b] } (B.22)

Do)t + @a(pu)s + (Wapv?)y + @ Py = T ([H'(uy + Vz)]a + g[ﬂ(%}y - um)]y>

=

2w 135
+ 3R {2/wy — [V — 2?} (B.23)
Energy:
1 2
(pE)+ (puH),+ (pvH), = 7 (kT%) e+ (KTy)y+ |1 §u(2u77 —vy) + v(uy + vy)
2
+ {u (u(uy +v,) + zv(2v, — ux))]
3 v (B.24)
w 1
+ m {—va t3 [ﬁTy + p(u(uy + vy) + 2vwy)

2

= (o) +o(uw)y) %/w(% + Uy>] }

Waq

wWa(pE)t + wa(puH )y + wo(pvH), = 7

(KTw)e + (KTy)y

€00

+ [N (%“(2% — )ty Ux)ﬂ

T

(B.25)

+ {M (u(uy +v,) + ;U(va - ux))]

Y

1
7 [/{Ty + p(u(uy +vy) + 2vvy)

€oo

+w{—va+
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1
wa<pE)t + wa(pUH)x + (wapUH)y = R wa(’%TJc)x + (wa/{Ty)y
2
| (Sul2us =) + oy + 02)
2
+ [wau <u(uy +v,) + §U(2Uy — u$)>] ]
) y
2w
~ 3R {(puv), + (), } (B.26)
B.2 Linearizations
The inviscid flux Jacobian is defined as,
. OF
A = B.27
50 (B.27)
For a general gas in two dimensions with,
P P oP oP
opu OpFE opv OpFE
the Jacobian is,
0 1 0 0 ]
AX _ Pp - U2 U(2 - PpE) —UPpE PpE‘ <B29)
—uv v U 0
w(P,— H) H—-v’P,r —uwP,p u(l+ Pyp)]
0 0 1 0o ]
—u 0
AY = v ! " (B.30)
Pp - 1)2 —UPpE U<2 - PpE) PpE‘
v(P,— H) —uwwP,rg H—v*P,p v(l+ Pyp)|

The projection of the Jacobian onto a unit vector can be written in compact notation,
0 n 0
A-iv = |Pa" —VVT VI+ VT —d"VEy i@ Puy (B.31)
V(P, — H) Hi—VVP,p V(1 + P,p)
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where the projected velocity is ¥V = Vh.
Specializing to an ideal gas with an equation of state,
2 2
P = (fy— 1)pe = (r}/_ 1) (pE _ M)
2p
=1
P, = ”?v?, Pp=v-1

where V2 = V.V = 42 + v2, the Jacobian becomes,

[ 0 1 0 0
A | TV —ulv=3) —e(=1) -
—uv v U 0
w(iFV?—H) H—u(y=1) —uw(y—1) ~u |
[ 0 0 1 0 ]
AY = —uv v u 0
V=0t —u(y=1) —u(y=3) -1
(V2 —H) —uwv(y—1) H—v*(y—1) v |
The projected Jacobian is,
0 n* nY 0
.5 —uV + V2 YV — (v =2un* un? — (y — Don* (v — 1)n*
o=
—oV + 2V ot — (y— DunY VYV — (v =2’ (y—1)n?

V(5V2—H) Hn*—(y—1)uV Hn' —(y—1)vY vV
The eigensystem for the projected Jacobian is formed as,
A = XAX™
The eigenvalues are,

A =diagV,V,V+a,V —a)

with the sound speed defined,

(B.32)

(B.33)

(B.34)

(B.35)

(B.36)

(B.37)

(B.38)

(B.39)
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The associated eigenvectors are the columns of X,

1 0 1 1
U

X — —nY u+an* u—an* (B.40)

X

v n v+any v—an’
72
VT m* —unY H+aV H-—aV

B.3 Variable Transformations

Transformations of the dependent variables can be performed from the conserved

variables, Eqn. B.3, to the primitive variables,
V= |VT (B.41)

satisfying dU = Uy dV, dV = VydU, and U;l = Vy. For a general gas, the

transformation matrices are,

1 0 0
Uy =| VT oI 0 (B.42)
72 o ;1
Viege PV B2
1 0 0 W
Vo = |-VT 1 0 (B.43)
P, —VPg Pg
While a perfect gas assumption leads to,
0 0
Uy = (VT oI 0 (B.44)
e
1 0 0
Vi = [-3VT 4 0 (B.45)
1
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The projected flux Jacobian, Eqn. B.31, can be transformed as,

w-Ap =Vy (A7) Uy (B.46)
For a general gas, Eqn. B.46 leads to,
V pn 0
AAp = |0 VI 1nT (B.47)
0 p[F = Ppp(VZ2—H)ln Y
while the perfect gas version is,
[v o 0 W
n-Ap =0 VI IaT (B.48)
0 vPn VYV
Introducing the auxiliary variables such that,
ds
AW = | pavV'T (B.49)
dP

where ds = dp—a%dP, a transformation from the primitive variables can be introduced

satisfying dV = Vi dW, dW = Wy dV, and V! = Wy, with,

1 0 =
Vi =10 41 0 (B.50)
00 1
0
Wy = [0 pI 0 (B.51)
0 1
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The projected flux Jacobian can be transformed accordingly,

TALA = Wv(ﬁu&p)VVV

H)l#

ﬁT

V

[V {1-L[P,—Pp(V2—H)}a 0
= |0 VI

0 [P, — Pp(V? —

[V 0 0
=lo v aT

0 a’n VY

The eigensystem of Eqn. B.54 can be expressed as,

A =XAX?

where the eigenvalues remain the same as for Eqn. B.38,

A =diag WV, V., V+a,V —a)

and the eigenvectors are,

1 0 0
y o |0
0 —a< Ay
0 0
(1 0 0
0 A -
—1 o
S PRV
2 2
[0 5% 57

The conversion from conserved to auxiliary variables is,

dU =UydV =UyVy dW = Uy dW
dW =Wy dV = W'V, dU = Wy dU

o

| 2 >
S < T
T

Y- o o

1
a
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(B.52)

(B.53)

(B.54)

(B.55)

(B.56)

(B.57)

(B.58)
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For a perfect gas, these matrices are,

1 0o %
Uy = VT T LVT (B.61)
V: g7 T
TV L7
; .
R
Wy = | —VT I 0 (B.62)

2V —(y-1)V y-1
where the enthalpy is obtained from the total enthalpy,

2
ho=H- VT (B.63)

and the stagnation temperature is defined,

1
% =14+ 1w (B.64)




Appendix C

Axisymmetric Source Term

Integration

C.1 Inviscid

The perfect-gas inviscid axisymmetric source term can be written either in the form
of Eqn. B.7 as,

Z
B =27 (C.1)
Yy
or in the alternate form of Eqn. B.12 as,
-1 72+ 72 T
B =10,0, P, 0] = [0, 0, 1 —~ (2124 - %) : o} (C.2)
Y

The parameter vector, Z, is assumed to vary linearly over a triangular element €.
The integration of B over Q) is performed by subdividing €2 into thirds along the
median-dual mesh, as depicted in Figure C.1. Notice that each sub-element €2; is a
quadrilateral over which the parameter vector varies linearly. Also, the area of each

); is one-third of the area of the triangular element,

ot

/ 40, = So, = (C.3)
o 3

T
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Figure C.1: Subdivision of triangular element into three quadrilateral integration
areas. Dashed lines are the median-dual mesh.

A linear variation, say of the m™ element of Z, can be represented as,

1
Zm(x> y) = E (am + bmx + Cmy)

. (C.4)
= s CijeZm; (& — 26) (Y — vi) + (¥ — vi) (2 — 23]
257
where,

U = Zy (T2Y3 — T3Y2) + Zmy (T391 — 21Y3) + Zins (212 — T2i1) (C.5)

= €ijkZm,; (ThYi — Tiyx) .
bm = Zm1(y2 - y3) =+ Zm2 (y3 - yl) =+ st(yl - y2) <C 6)

= €jkLm; (Yr — vi) .
Cm = Zmy (T3 — T2) + Zpy (01 — 3) + Ziny (T2 — 71) )

= €k L, (Ti — Tp)

In this appendix, ¢;;; is used to represent the cyclic permutation summation operator.
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C.1.1 Integration of Eqn. C.2

The only non-zero term in Eqn. C.2 is B} = P. The integration over a quadrilateral
sub-element can be broken out as,
. 1 1
/ Py =1 | zzya -1 | 72+ 72240 (C.8)

For a linear variation of Z, a typical term of Eqn. C.8 can be written,

. .
/ L Zn dSY; = — / (am + b + cny)(ay, + bpx + cpy) d€2;
% 4ST Q
1

_ (C.9)
152

/ [y + (Ambn, + apbin) 2 + (@mCy + AnC)y
Q;

+ (bnCp + buC ) 7Y + bpbpa® + cmcnyz] ds;
Equation C.3 leads directly to,

) S
/ Ay, dSY; = —Taman (C.10)
o 3

The remaining integrals in Eqn. C.9 are evaluated using a bilinear mapping to a
unit square in (£, 7n) space. Introducing the notation i— and i+ to represent the node

clockwise/counter-clockwise, respectively, from node i on triangle €2, ie,

i— 1 i+
3 1 2
1 2 3
2 3 1
the mapping from (z,y) to (£, 7) is,
x(§m) =r1+ 1€ +ran+raén (C.11)
y(€,m) =t + 1€ +t3m + 1l (C.12)
where the coefficients are,
| 1 2 3 4
T T %(33i+ — ;) %(mz— — ;) %(_xi— + 2% — 4i4)
tlye sWie =) sWio =) §(—vie + 20 — viy)
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& runs from node 7, & = 0, to the midpoint of side 7+, £ = 1. 7 runs from node 4,
n = 0, to the midpoint of side 71—, n = 1. (£,7) = (1,1) corresponds to the centroid
of 2. The inverse Jacobian of the transformation is,

S
J = mey, — wpye = il {1 — % €+ 77)] (C.13)

2
and a transformed differential area element is,

a0, = Jldedy (C.14)

Using the triangle centroid coordinates,

_:1’1+1’2+ZL’3 g:y1+y2+y3 (015)
3 3
the integrations in Eqn. C.9 take the following forms,
' S
/ rd$) = Z1(7% + 5;) (C.16)
o, 36
' St
ydQ; = — (77 + dby;) (C.17)
o, 36
. g 3
T _ L
/Q Ty dS); = Tad {149&;{; + 11(z;5 + Zy;) + 93y + ; J;jyj] (C.18)
. g 3
2 _ T =2 - 2 2
/Q ¥ df = = (14.75 + 222, 4 927 + ng> (C.19)
, g 3
24y = =L [ 145 + 229,57 + 992 y? :
/Qiy Tia \ 220+ yz+;y] (C.20)

C.1.2 Integration of Eqn. C.1

The integration of the axisymmetric source term, as given in Egn. C.1, over a quadri-

lateral sub-element is,

/ B, d€); :/ lZ?,Zm d€;
Q; o Y

i 1 i 1
- E /S_ZL g ((13 + ng + ng> (Cl/m + bmx + Cmy) d&)l

= BT, + BT, + BT; + BT,

(C.21)
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where,
a3Cm + Ay |
Bl =——M—— d€Q; C.22
= / (C.22)
BT, = 2mt bnts / v dQ; (C.23)
4ST Q;
c3Cm
BT, = — df); C.24
=55 [ vao, (C.24)
and,
1 1 5
BT4 = a7 — [(13Cl/m + (avgbm + amb3> T+ b3bm$ ] dgzz (025)

Equation C.3 leads directly to the first integral,

_Q3Cm T Gy

BT, = 2
I 25, (C.26)

Using the same bilinear mapping to (£, 7) space as was described in the previous

section, Eqn. C.23 can be written,

by + bes [ [ + S
BTQI?’—Q?J/ / (r1 + 128 + 13m + 148M) 1—5—77 =L dedn
55 Jo o 3/ 2 (C.27)
—M[QM + 11 (ro + 7r3) + 5ry]
RETTYoR 1 2+ 73 4
Similarly, Eqn. C.24 becomes,
= 53O [9dt) 411 (ty + t3) + Bt4] (C.28)
3 = 5885, 1 9 +13 4 .
BT, in Eqn. C.25 is further simplified,
BT, = BTy + BTy, + BTy (029)
where,
ast,, [ 1
BT, =— | —-d%; C.30
ash,, + a,bs [ x
BT,y = ————= | —d%; 31
i = et [ Zao, (©31)
bgbm ’ {172
BT, = — dS); .32
o =g [ T (©32)
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Using the coordinate mapping in Eqns. C.11-C.12 to transform Eqn. C.30 leads

to,

1 pl
a3y, 3-&—n
BT, = —2 dé d
“ 24ST/0 /0 t+tad +t3m + 1aln S

_ asQ,, |:/'11n (tl +t2+<t3+t4>77) < 1 ) (3—7]—|—t1+t37]> d
2451' 0 tl + t37] tg -+ t477 tg + t47]
ty ]
(C.33)

1+ —
Options for evaluating the remaining integral in Eqn. C.33 are to expand the natural

1
— —1In
171

ta

logarithm in a series expansion as,

In (tl —|—t2 + (tg +t4)77> —1In <t1 —|—t2>

t1 + t3m 41

N 1 <t3 + t4)77 :| n—1 |: tsm :| 2n—1
’ 5 L. C.34
" nz_l%_l { [2(t1+t2)+ (ts + ta)n %, + t3 (C.34)

or to resort to a numerical integration scheme, such as Gaussian quadrature.

Equation C.31 can be transformed as,

(l3b +amb3/ / T1+7"2£+7“37]+7“4€77( —f— )dfd
215, R T A

. Cl3b + ambg / / (035)
T 2457 (t1 +t3m) + (752 + )€

Al +rm)B=n) + [(re +ran)(B—1n) — (re + r3n)] € — (r2 + ran)&} dé dn

BTy =

The components of Eqn. C.35 are evaluated as,

/‘1 (r1 +7r30) (3 —7) g — (ri +rm)(3—1n) I (t2 ttan 1) (C.36)
o 1 |

tl + tg??) + <t2 + t4’f]>f a t2 + t477 tl + t377

T ry+ram)(3—n) — (r1 +ran)
dé d
/ / (t1 +t3m) + (t2 + tan)€ §dEn
3 t 1 t t
— T2t " 4+1‘ (Bry —ro —13) [t tgl t4+1H
4 t 2 t N 4 4 2 (037)
r r
S 421n|t2+t4| 2/ In |ty + tan| dn

_ /1 [(r2 + ran)(3—n) — (n 7; r3n)] (t1 + t3m) In (tz +14m N 1) i
0 (ta + tan) 1+ t3n



C.1. INVISCID 249

a1 el
To + T47) 2
déd
/0 /0 (t1+t3n)+(t2+t477)€€ S
:/.1 7“2+7"47]{l_t1+t377 [1_161 —|—t3771n (t1+t2+(t3+t4)7]>}} dn
0

t2 + t47] 2 tg + t47] tg + t477 tl + t37]
Ty ralo |ty Tot1 raty
= _2In +1|4+———=—1In + 1| + — C.38
2t4 tz ‘ 2, 27 |ty ‘ ty(ty +ta)  tots (C.38)
rots + 14ty ty ty Tats ts
————|ln|—+1 —1| ——= [ty +ts — 251 +1
12 {n W ‘+t2+t4 ] 7 {2 ! 2nt ‘ fy+ ta
1 2
t t t t
+/ (1o + ram)( 1+3 37) 1n< 2+ 477+1> dn
0 (t2 + tam) t1 + 137
Finally, Eqn. C.32 is transformed to,
2
1+ 19 + 1am + 1)
BTy = 3—§&— dé d
5= 24ST/ / G
1 2
+ 3—
24ST / / t1+t2§+t3n+t4§n{(“ ran)*(3 =) (C.39)

+ [2(r1 + 7r3n) (ro + 1am) (B3 — ) — (1 +131)°] €
+ [(r2 +74m)*(3 =) — 2(r1 + 730) (r2 +14m) | € — (r2 + r4n)*E*} dE dn
= BTy31 + BTy35 + BTys3 + BTy,

where
BTy = Dsbrm /‘1(7"1 +731)%(3 — 1) (/1 @ ) dn (C.40)
79457 ’ o b1+l 4t + tuén
b3bm ! 2
BTy3 = [2(7‘1 +r3n)(re +ran)(3 — 1) — (r1 + 737m) }
24ST 0
1 (C.41)
: Ui
o Tt 1€+t +14én
b3bm ! 2
BTys3 = [(7"2 +ran) (3 —=mn) = 2(r1 + r3n)(rs + 7"477)}
2451 Jo (C.42)

) (/1 ¢ de ) dn
o T+ 1€+t +14én

BT —_%/.1(7" +ran)? /1 &l d (C.43)
434 24ST 0 E 41 0 t1+t2£+t37]+t4€7] 7 .
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Integrating Eqns. C.40-C.43 with respect to £ and then 7, where possible, yields,

b3by, /'1 (r1+73n)*(3—mn) ta + 4
BT, = 1 +1})d C.44
BLT 048y ty + t4n "\E F K (C44)

BT — bsbp [ [2(r1 + ran) (r2 + ran)(3 — 1) — (r1 + r3n)?]
B2 948 ty+1
T 2 47

t 13 2 t
. 1—1+3nln 2+477+1 dn
t2+t4‘77 t1+t37]

ty

:b3bm 67“17'2-’/“%1 +1
2457 t4 2
n 61174 + 6191 — 21119 — 21173 1 _1 + 1
t4 t4 t2 (C.45)
6137y — 21114 — 2ror3 — 73 [ 1 b ty '
+ — 1—2mn +1
ta 2t t4 tg

)

3—n) — (ri+73n)% (t +t3n)
(ta + tam)?

i 2
n 2+477+1 dn
t1+t3’f]

4
T3T4 1 tg 1 t2
LI S R SR B
t4 3 t4 2 t4 t4
(

_ /1 [2(r1 + ran)(rs + ran)

_ bsby, g+ ram)?(3 — ) — 2(r1 4+ 7an) (ra + 74m)
BTy33 =
2451’ t2 + 2647]
1 t t t 13 12 t
_{__1+ 377[1_1+ 3771n<2+ 47]+1>}}dn
2 tg + t47] tQ + t4’f] tl + t37]

b3by, ! 2(3—p)—2 ,
_ b {BT4331 + BTy +/ (ro +1an)*(3 —m) — 2(r1 +r3n)(ra + 147)

2451’ 0 t2 + t47]

t +t3m)? ty+t
SURRE ) ln( 2 b4l +1> dn} (C.46)
(ta +t4n) T+ t3n
I |
BT. = - — [(3r2 =2 + (6 —r2—-2 — 2r
1331 = 5 /0 P—— [(3r3 — 2r1ra) + (6rary — 15 — 27174 — 27373)7)
+ (378 — 2rory — 27"37“4)7] —7 773} dn

3r2 —2rry . |ty 6rory — 15 — 271174 — 27973

S Rk Y o2y 1
ST PR 2t4 f" +
+37“Z—27"27“4—27“37“4 1 % 1__1 by
2t4 2 t4 264 t2

2 (1 1
Sl bl h 1——1n
204 |3 t4 |2 1y ts

. . 1m} (C.47)
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BTy330 = — /1 At [(3r3 — 2ryra) + (6rara — 15 — 21704 — 27973)7)
o (t2+1tam)?

+ (377 — 2rory — 2r37)n* — 7"2773] dn

_ tl 27'17”2 - 37"%
T\ttt

ti(r2 4+ 2 21913 — 6 t3(2 — 3r2 t t
N 115 4 2ryry + 2ra73 27’27"4) + t3(2r17m9 — 313) IS [T
4 to + 14 to
t1(2rary + 2rary — 373) + t3(r2 + 21174 + 27973 — 6rory)
£ (C.48)
t t t
-(1+ 2 220 —4+1>
to + 14 T4 ta
N trs 4+ t3(2rars 4+ 2r3ry — 33 [ 1y
212 ta+14
t t t t
—32(1+—=2——22In —4+1)]
t4 to + 14 14 12
tar? [ty — 2t t2 t t t
L e R L N |
32 |ttt 12 T T
and,
b b 1 2
BTy = — 30m / (1o + 7r4m)
24ST 0 tQ + t4’7]

1 t1+t3p |1 £ +13n 11+ t3m to + 147
DR - 1— In +1 dn
3 ta+tin |2 ta+itm to 4+ 147 t1 4+ 13
(C.49)

bsb,
_ 930m [BT4341 + BTy349 + BTyz43

- 245t
n /'1 (ra + ram)?(ts + 13m)° In (tz + 14 n 1)} dn
0 (to + tam)* i1 +t3n
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BTurs — 1 /1 (ro 4 714n)*(t1 + t3m)
1342 = 3 5
2 Jo (t2 + t4m)
iy 2roryty + 1383 In
2ty (ts + t1) 212 fs+ta
T3ty + 2roryts <2t2t4 + 13

12}
241
283 ty + t4 t D

@ ; 1_M _|_4_t%]n t_4_|_1
4ty |t +ty t5 3 |y

o)
(C.51)
- th In

BTy = — /1 (ro +ran)*(t1 + t37)?
0 (t2 + tam)?
et (2t ty)  ritity 4 rarat?
T2ty +14)2 to(ty + )2
N T2t5 + Tt + Arorytits <§ (Bt +4ty) n
23 2 (ty+1y)2
 rata(rats +raty) [265 — 985 — 1245ty 5 3 O
f [ (2 + 11)? : (2 !
it [ti — dtat] + 0t + 1263ts 62 <§
213 (ty +t4)2 2\ 2

t4

EHD (C.52)
1))
w1

—In
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Publications

The following publications have resulted from this dissertation.

Journal articles

o W. A. Wood and W. L. Kleb, Diffusion Characteristics of Finite Volume and
Fluctuation Splitting Schemes. Journal of Computational Physics, v. 153, n. 2,
pp- 353-377, August 1999.

Technical reports

e W. A. Wood, Equivalence of Fluctuation Splitting and Finite Volume for One-
Dimensional Gas Dynamics. NASA TM 206271, October 1997.

e W. A. Wood and W. L. Kleb, Comments on the Diffusive Behavior of Two
Upwind Schemes. NASA /TM-1998-208738, October 1998.

Conference papers

e W. A, Wood and W. L. Kleb, Diffusion Characteristics of Upwind Schemes on
Unstructured Triangulations. ATAA Paper 98-2443, June 1998.

o W. A. Wood and W. L. Kleb, On Multi-dimensional Unstructured Mesh Adap-
tion. ATAA Paper 99-3254, June 1999.
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e W. A. Wood and W. L. Kleb, 2-D/Axisymmetric Formulation of Multi-Dimen-
sional Upwind Scheme. ATAA Paper 2001-2630, June 2001.

Future publications are anticipated for the following topics: the placement of
eigenvalue limiting within the fluctuation splitting context from chapters 3 and 5;
the weak formulation of the boundary condition for the upwind fluctuation splitting
distribution scheme from chapters 3 and 5; and the adapted and unadapted capsule

results of chapter 6.



Appendix E

Navier-Stokes Solver and Mesh
Adaption Code

The source code, written in C, for the two-dimensional and axisymmetric fluctuation
splitting and DMFDSFV Navier-Stokes solvers along with the curvature clustering
and fluctuation minimization mesh adaption schemes is included. The codes are
actually written as the text documents shown here, and are converted to executable

code by a PERL script as part of a MAKEFILE compilation.
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/% Sery Iereoss */ ! 0 = IeTeds 3ut
/% ferr wooyo-sTquop x/ ¢ 0 = A1ares qur
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Appendix F

Non-linear Conservation Law

Solver

The source code, written in FORTRAN, is presented for the fluctuation splitting and
DMFDSFYV algorithms to solve scalar conservation law problems. Non-linear advec-
tion and linear advection-diffusion can both be treated in two dimensions. The grid

pre-processor code follows the solver code.
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