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Abstract

A ncw analytic rcsult in acoustics called “Formulation
1B,” proposcd by Farassat, is uscd to computc the load-
ing noisc from an unstcady surfacc pressurc distribution
on a thin airfoil in the time domain. This formulation is
a ncw solution of the Ffowes Williams-Hawkings cquation
with the loading sourcc term. The formulation contains a
far-ficld surfacc intcgral that depends on the time deriva-
tive and the surface gradient of the pressurc on the airfoil,
as wcll as a contour intcgral on the boundary of the air-
foil surfacc. As a first test casc, the necw formulation is
uscd to computce the noisc radiated from a flat platc, mov-
ing through a sinusoidal gust of constant frequency. The
unstcady surfacc pressurc for this test casc is specified
analytically from a rcsult that is bascd on lincar airfoil the-
ory. This tcst casc is usced to cxamine the velocity scaling
propertics of Formulation 1B, and to demonstratc its cquiv-
alence to Formulation 1A, of Farassat. The ncw acoustic
formulation, again with an analytic surfacc pressure, is
then used to predict broadband noisc radiated from an air-
foil immersed in homogencous turbulence. The results arc
comparcd with cxpcrimental data previously rcported by
Patcrson and Amict. Good agrecement between predictions
and mcasurcments is obtaincd. The predicted results also
agree very well with those of Paterson and Amict, who
uscd a frequency-domain approach. Finally, an altcrnative
form of Formulation 1B is dcscribed for statistical analysis
of broadband noisc.

Nomecnclature
b = airfoil scmi-span (m)
co = ambicnt sound spced (m/scc)
f = frcquency (Hz)
f~ = gcomctry function for airfoil surfacc
F = f obscrved in retarded time (Eq. 2(b))
E* = combination of Fresncl integrals (Eq. 9(g))
g = vclocity-to-pressurce transfer function
k = w/U, convcective wave number (m ™)
k= kL./2, reduced frequency
L. = airfoil chord (m)
£y, = strcam-wisc integral length scalc
¢; = corrclation length in the “¢” dircction
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M = \_/’/co7 Mach numbecr vector

M, =M. 7/r Mach numbecr in radiation dircction

M, = M - © Mach number in dircction of

p = unstcady pressurc on upper airfoil surface (Pa)

p’ = sound pressurc radiated to obscrver (Pa)
9p/ds = dircctional surfacc pressurc gradient (Pa/m)

= & — ¢, sound radiation vector (m)
= corrclation function of u

1~
|

= spcctral density of u

= obscrver timc (scc)

= uniform frce-strecam speed (m/scc)

= unstcady strcam-wisc vclocity (m/scc)

1~
|

= airfoil vclocity vector (m/scc)

local vclocity vector magnitude (m/scc)
= unstcady upwash vclocity (m/scc)

= [#1, 22, 22]7, obscrver position (Fig. 1)

= [y1,42,0]7, surface source position (Fig. 1)
=+V1-M?

= co/f, acoustic wavc-length (m)

— Mk

= dircctivity angle (Fig. 5)

= unit, inward gcodcsic normal (Fig. 1)

= radiation dircction (Fig. 1)

Tven >a@wag ome o ATy
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po = ambicnt density (kg/m®)

7 =1t —r/cg, source time (scc)
® = random phasc variablc

w = 2xf, circular frequency (Hz)

1. Introduction

The development of analytical mcthods to predict noisc
radiated from an airflow over a rigid body has bcen a
subjcct of cxtensive rescarch within the acroacoustic com-
munity for dccades. Rescarch in this arca has, in large
part, bcen motivated by the desire to incorporate the re-
sults of acroacoustic analysis into an acrodynamic dcsign
mcthodology. The present work is similarly motivated, and
the resulting formulation should lend itsclf well to an en-
gincering design-tool suite.

The current work is specifically focused on the calcula-
tion of far-ficld noisc that results from fluctuating pressurc
on a solid surface. The acoustic analogy® provides a frame-
work for the development of mcethods to predict noisc from
many typcs of sources, including noisc duc to unstcady sur-
facc loading. Such noisc is mathcematically described by
the loading source term, or “dipole term,” of the Ffowces
Williams-Hawkings (FW-H) cquation’ Bccausc the noisc
duc to an airflow over a rigid surfacc is often dominated
by dipolc radiation, thc acoustic formulations of intcrcst
in this work arc dctermincd by solutions of the FW-H
cquation with the loading source term, ¢.c. neglecting the
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thickncss and quadrupolc tcrms.

The solution of the FW-H cquation can bc written in
many forms. A ncw solution, called “Formulation 1B” is
presented hercin. The types of noisc that can be calcu-
lated with the proposcd Formulation 1B arc most typcs of
broadband noisc, including noisc that is dominatcd by an
airfoil’s lcading and trailing cdges. Formulation 1B is the
simplest loading-noisc prediction formula known to datc.
This simplicity makes the new formulation highly suitablce
for statistical analysis of broadband noisc for rotating sur-
faccs.

In Scction 2, Formulation 1B is dcrived for the specific
casc of a flat platc in rectilincar motion. For low Mach
numbcrs and distant obscrvers, the dominant term in this
formulation is a far-ficld surfacc intcgral that depends on
the time derivative and the surface gradient of the airfeil
surfacc pressurc. The formulation also contains a contour
intcgral on the boundary of the airfoil surfacc that includes
the lecading and trailing cdges. This linc integral vanishes
along the trailing cdgce if the Kutta condition is imposcd.

In Scction 3, Formulation 1B is uscd to calculatc the
noisc radiated from a flat platc moving through a sinusoidal
gust of constant frequency. The unstcady surface pressurc
uscd in this test casc is an analytical result from lincarized
airfoil theory that is taken from the work of Amict.®* A
mesh refincment study is performed to demonstrate the
cquivalence of Formulation 1B with Formulation 1A a
previously devcloped acoustic formulation that is also a
solution of the FW-H cquation. Rcsults from this analyt-
ical test casc arc also used to cxamine the velocity scaling
propertics of Formulation 1B, which arc found to be con-
sistent with the results of Curle® and Ffowes Williams and
Hall” The dircctivity of the noisc induced by a periodic
gust is also cxamincd.

In Scction 4, the single-frequency surface pressure in Sce-
tion 3 is cxtended by spectral represcentation to scrve as an
analytic broadband sourcc modcl for incident turbulence
noisc. This surfacc pressurc is used as input to Formula-
tion 1B to predict broadband noisc to the far ficld. The
resulting calculations arc comparcd to cxperimental data
previously reported by Paterson and Amict® In Scction 5,
an alternative acoustic formulation is described for statis-
tical analysis of broadband noisc.

2. Acoustic Formulation

Consider a flat, finitc surfacc moving in the planc 23 =0
along a vclocity vector V. Let f(xl,xg,t) denote a geo-
mectric function that is so defined that f = 0 on thc surfacc
cdge, and f > 0 on thc intcrior of the surface. Let 0 = 6f~
denote the unit geodesic normal which lics in the planc of
the surface, is normal to the cdge, and is dirccted inward
(Scc Fig. 1). The velocity vector V and the plate’s geom-
ctry arc rclated to the coordinate axcs as pictured in Fig.
1. Notc that V nced not be constant in spacc or timc. The
only stipulation on thc vclocity is that thc motion of the
surfacc is in the samce planc as the surfacc.

Denote by # = [#1, %2, 23]7 the position of an obscrver,
and by § = [y1, y2,0]” the position of a source point on the
platc’s surface (Fig. 1). Thc unstcady perturbation pres-
surc p(y, t) on the surfacc gives risc to sound that radiatces
along 7 = # — ¢ to thc obscrver. This sound is described by

Fig. 1

Schematic for the derivation of Formulation 1B.

p'(Z, t), the perturbation pressurc that arrives at the point
(rl, T2, xg) at timc ¢. Both & and § framcs of reference arc
considcred fixed relative to the undisturbed medium. For
somc of the subtle mathcmatical dcetails in the following
dcrivation, scc Ref. 9.

From the FW-H cquation, the loading noisc is given by
a solution of

1 9°p 2 > R .
where ¢p 1s the ambient sound spced and 7 is the unit
surfacc normal which, for the present case, is cquivalent to
€3, thc unit vector in the dircction of the xs-axis. H is
the Heaviside step function and é the Dirac delta function.
Evaluating the divergence in Eq. 1(a) yiclds

1 82p/ 2 i N

2 op V¥ = pene QHI @) (b)

where §'(ws) denotes differentiation with respect to s.

Eq. 1(b) is thc wave cquation with a source term, and
its formal solution in an unboundcd domain rcquires the
Green’s function 6(g)/4nr, wherc g =7 — ¢+ r/co, and ¢
and 7 arc the obscrver and source timcs, respectively. The
solution of Eq. 1(b) can then be written in the form

. ! 5(g A . .

47rp/(x7t)= f/ / r)p(yl,yQ,T)H(f)o'(yg)dydT
—co J RE

Now, let 7 — ¢ and intcgrate with respect to g. The result

can bc written

1o 1 7~ ' -
s @0 = [ Tl HE) )d7 ()

where the subscript “ret” dcenotcs cvaluation at rctarded
time 7 = ¢ —r/co, and F'is

F(yr.yos #,8) = fly1,y2,t —r/co) = [ f e (2b)

Intcgration with respect to ys on the right-hand side of Eq.
2(a) yiclds

dy1 dy> (3a)

y3=0

9 { [Pl

drp @ t)=— | =— H(F
@ =- [ o { e
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Performing the differentiation in the integrand of Eq. 3(a)
yiclds

O [ e gy s : :
3y3{ r H(F)

} = —[fapleH(F)

coT

T+ Sl pleH(F) (3b)
+ L[] a

cor | Ot et

where pis the time derivative of pressurce cvaluated relative
to an obscrver that is fixed with respect to the medium at
rcest, and 73 is the third component of the unit radiation
vector # = 7/r. Clearly, then, 75 = é3 - # = cos 8, where
8 is as shown in Fig. 1. The first and sccond terms on the
right-hand sidc of Eq. 3(b) arc of the similar form @ H(F‘)
In Ref. 10, it is shown that thc intcgration of these two
tcrms in Eq. 3(a) can bc written

QdE:/ @

———dS
Fso oo [1 =My Joer

(4a)
where d¥ is the clement of the surface arca of the acoustic
planform of f > 0. Also, M, = M - # is thc Mach numbecr
in the radiation dircction, where M = V/co is the local
Mach numbecr vector of the surfacc.

The integrated valuce of the third term on the right-hand

side of Eq. 3(b) is dctcrmined as follows. This intcgral is
of the form

Q H(F)dy, dy, =

R2

T= [ a9 3(F)dyr dye (1b)

The differential surface clement dy;dys can be writtentC

dedr (4¢)
| Vo £

where d£ and dA arc differential clements of arclength that
arc, respectively, parallel and normal to the the surface
cdge defined by £ = 0, as shown in Fig. 2. The notation V,

denotes the surface gradient in the y; y2-planc. Morcover,
it can be shown!® that

cdt
|VQF| N [17A/[1‘]ret

dyl dy2 =dL d/\/:

(4d)

where df is an clement of arclength along the surface cdge
defined by f =0. Eq. 4(b) can now bc writtcn

o~ dLdF
I = /qy17y2)<>F =
) 3P o
_ / W) gp (4¢)
F=o |V2l|
dl

_ / a(y1, v2)
roo - M, T
Note that the surfacc time derivative 3f/37' in Eq. 3(b),
and contained in ¢(y1,y2) in Eq. 4(c), is referenced to the
undisturbed medium. However, 3f /87 can be rclated to
the matcrial derivative Df/D7 in the rcference frame of
the moving surfacc, by

Df

DT f:

0

3

AL o

dﬂ{ilj/j =9

Fig. 2 Diffcrential surface clement in Eq. 4(c).

where the subscript “f = 0” dcnotces the reference frame of
the moving surface. Furthermore, when referenced to the
moving surfacc, Df/DT must bc zcro, and it follows from
Eq. 5(a) that 8f/or = -V - b.

All threc terms on the right-hand side of Eq. 3(b)
arc now intcgrated in Eq. 3(a) over the physical surfacc
fN(xl,xg,t) > 0, using 4(a) and 4(c). Before writing the
final solution to Eq. 1(a), notc that p is rcferenced to the
mcdium at rest, c.g. as mcasurcd by a transduccer that rc-
mains stationary as thc surfacc passcs by it. The quantity
p can be rclated to dp/37, the time derivative of pressurc in
the reference frame of the moving surface, ¢.g. as mcasured
by a transduccr attachcd to the surfacc. This rclation is

op

yr

N
S

or or (5b)

where 9p/9s is the gradicnt of p in the dircction of \7, and
V is the local magnitude of V. The minus sign in Eq. 5(b)
results from the fact that the surface gradient and vclocity
arc mcasurcd from oppositc dircctions (Fig. 1).

Incorporating all of the above results into Egs. 3(a,b),
the solution of Eq. 1(a) can now bc written. The result is

Formulation 1B,
I

I,
.

where M, = M- 7, the Mach numbcr in the dircction of ».

The first and third intcgrals in Eq. 6 represent the sound
radiatced to the far ficld, whercas the sccond integral rep-
rcsents radiation to the ncar ficld. It is notcworthy to
consider the rclative contributions of the terms in Eq. 6,
undcr the conditions of low Mach number and an obscrver

drp' (2,t)

(Op/07 — V 3p/ds ) cosb
[ s cor(lprV[T) :|rdS

et

ds

ret

+

(6)

de,

ret

in the acoustic far-ficld, i.c.

M«1, > A (7)
where A is a typical acoustic wavclength of interest. With
respect to M and r, the surface far-ficld integral, i.c. the
first intcgral in Eq. 6, is proportional to 1/r, whercas the
sccond and third intcgrals arc proportional to 1/r? and
M/r, respectively. Therefore, the far-ficld surface intcgral

dominates the signal under the conditions in Eq. 7.
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Note, again, that Eq. 6 is valid for thc casc of non-
uniform flow. Thercfore, Eq. 6 can be uscd, as is, to
predict loading noisc from rotvating surfaces. Its predeces-
sor, Formulation 1A; is significantly morc complicated in
its rotational form, and cannot bc approximatcd by only
onc surfacc integral in the far ficld. Such a significant sim-
plification for far-ficld calculations makes Formulation 1B
morc suitablc for statistical analysis of broadband sourccs
for rotating surfaccs. A statistical formulation bascd on
Eq. 6 will be addressed in Scction 5. Howcver, the focus
of the current work is the time-domain application of For-
mulation 1B | as will be demonstrated in the following two
scctions.

3. Sinusoidal Gust of Constant Frequency

Any noisc prediction made with Eq. 6 will be only as
good as thc mmput surfacc pressurc p(4.¢). The current
thinking is that such timc-dependent pressure data would
rcesult from cxperimental mcasurcment or a computational
fluid dynamics (CFD) calculation. Howcver, in this initial
work, an analytic cxpression is uscd for p(g,t) to scrve as
input data for the ncw acoustic formulation. To this cnd,
an analytic formulation from thin-airfoil thcory will be used
to describe the unstcady surface pressurc that results from
a sinusoidal gust of constant frequency. This particular
surfacc pressurc formulation is chosen as an cxample that
will be usced in this scction to cstablish the cquivalence of
Formulation 1B and Formulation 1A° and to cxaminc the
vclocity scaling propertics of Formulation 1B. In addition,
the frequency-dependent directivity of the far-ficld sound
produced by this sinusoidal gust is discusscd.

3.1 Surface Pressure from Thin Airfoil Theory

Consider a rectangular flat plate, in rectilincar motion,
as in Fig. 3. The vclocity vector V= [-U,0,0]7, where U
is a constant subsonic spced. For the following cxamples,
the plate’s surface and its boundary, f >0, arc dcfined by
{0 <z <L} x {—b < <b}. This surfacc will be
precsumed to have an unstcady pressurc distribution that
is analytically prescribed from lincarized airfoil theory, as
discusscd bclow.

In Refs. 3 and 4, Amict presents closcd-form cxpressions
for thc unstcady pressurc on the surface of an infinite-span,
thin airfoil. The airfoil is precsumed to move rectilincarly

o (X, X5, X3)

L

Fig. 3 Schcmatic for the constant-frequency loading noisc
problem in Scction 3.

through a sinusoidal gust. Analytical mcthods arc used to
solve the two-dimensional, time-dependent lincar potential
cquation by rcpresenting the solution as a product of spa-
tial and tecmporal solutions. The solution is represented
as a truncated scrics in which higher-order terms arc ne-
glected (Scc Refs. 3 and 4 for dctails. ).

A complex-valucd representation for the airfoil surface
pressurc is assumced to arisc from a stationary gust in onc
spatial dimension. This gust can be written in the “sta-
tionary” variable z; — Ut as

w(z1 — Ut) = wo TR (8)

where k& = w/U is the strcam-wisc convective wave number,
and wq is the gust amplitude. This gust and the airfoil
surfacc pressurc that it gencerates arce, for now, considered
as functions of a single amplitude and frequency.

The unstcady surfacc pressurc that ariscs duc to the
incidence of a gust of the form in Eq. 8 can be written

AP(z1,t) = poUwo g(x1, k) Ut (9a)

where po is the ambicnt density, & = kL./2 is thc re-
duced frequency (bascd on the scmi-chord), and g(z1,k)
is a transfer function whosc form is dependent on the fre-
quency of interest. In Ref. 8, the suggested paramcter to
dclincate between the low and high frequency regimes is

p = Mk/3?, where 8 =+/1— M2,

For low frcquencics, p < 0.4, the transfer function is

1
oo, k) = = <& B 1) O e <o,
/ /3 71
(9b)
where k* = k/B%, Gs is the classical Scars function,'

which, for the present work, is approximated by

1
. 1 7
Gok™Y~ | ———— + 27k" , 9

( ) |:1~|»2.4k* e ( C)

as suggested in Ref. 8, and

q(z1, M) = M2(211/L671) +(1-8)InM + BIn(1+3) —In2
(9d)

For high frequencics, p > 0.4, the transfer function
is the sum of a lcading-cdge solution and a trailing-cdge
correction i.c.

—i[2p(1=M)a1 [ Letm/4] . p>0.4

(9¢)

glr1,k) = (g1 + g2 )¢

where
7. 1
g1(z1,k) = [27r7m:1(1 n M)/LC}%
(of)
g2($1 E) = 71+(1+i)E*[4“(171‘1/Lc)]
7 [27k(14+M)]3
and

AMERICAN INSTITUTE OF AERONAUTICS AND ASTRONAUTICS



The quantitics C(€) and §(¢) arc the Fresnel cosine and
sinc integrals, and will be cvaluated numecrically by the
formulas dcrived by Bocrsma.'? The final representation
for the unstcady surfacc pressurc p(z1, ¢) assumed to be a
rcal quantity, is

pla1,t) = Re{AP (21, t)} (9h)

Notc that Eqgs. 9(a-h) represent the pressurc distribution
on thc upper surfacc of the airfoil and that this pressurc
is assumcd to bc antisymmctric between the upper and
lower surfaces. Notc, also, some diffcrences between Egs.
9(c-f) and their countcrparts in Refs. 3 and 8. Such dif-
ferences include the choice of coordinatc-axcs origin and
the spatial normalization cmployed by the author. An-
other difference ariscs from the usc of complex conjugates
here, which scrves to make the present notation morc con-
sistent with the cventual broadband representation in Ref.
8, which is also cmployed in the Scction 4. The above sur-
facc pressurce was originally proposcd in order to derive an
cxpression for unstcady lift which was ultimatcly incorpo-
rated into a frequency-domain acoustic formulation™®1?
Howcver, in the present work, the unstcady pressurc itsclf
will be uscd as input to Eq. 6 for a time-domain prediction.

3.2 Grid Refinement Study

The surfacc pressurc in Egs. 9(a-h) is now used to numer-
ically demonstrate the cquivalence of Formulation 1B and
and the loading-noisc terms of Formulation 1A°. Formula-
tion 1A forms the basis of WOP-WOP, a rotor noisc predic-
tion code developed at NASA Langley Rescarch Center?
For the prediction of loading noisc from an airfoil in uni-
form rcctilincar motion, Formulation 1A simplifics to

S [ 9p/oT cos8 ]
Anp!(F8) = / _9p[OT cosb | g
IO = ol (R ]
v / ﬂ] ds (10)
Aso Lr? (L=My)2 ],

dS

et

- / [p cos@(k[,-fl\[‘))
f1>0 L 7n2(17j\47‘)3 r

Notc that the entire formulation here is integrated on the
surfacc interior. At first glance, the form of Eq. 10 appcars
no morc complex than Eq. 6, but only bccausc of the sim-
plicity of uniform, rcctilincar motion. Eq. 10, as writtcn
above, is not applicable to a rotating surfacc, but Eq. 6 is.
The loading-noisc terms of the full Formulation 1A arc, in-
deed, applicable to rotational flow, but the full formulation
is more complex than Eq. 10.

The far-ficld noisc radiated from a thin airfoil in a onc-
dimensional, single-frequency sinusoidal gust is now calcu-
lated, using Eq. 6 and Eq. 10. Let p'i 5 and p', 4 denote
the sound calculated by Egs. 6 and 10, respectively. If the
input surfacc pressurc p(y, ¢) is known analytically at any
point on the airfoil surfacc, then the only non-machinc-zero
crror madc in the numecrical solution of Eqgs. 6 and 10 is the
crror associated with the quadraturc formula that is cho-
scn to perform the surface and contour integrations. In this
casc, the mid-point rulc is the quadraturc of choice. There-
forc, the cquivalence of Eqgs. 6 and 10 is demonstrated if the
difference | p'y 5 — p'a | diminishes in mesh refinement like

5

the cummulative crror cxpcected from the mid-point rule,
i.c. that the crror is O(Az?).

The plate’s rectangular dimensions arc determined by a
chord length of L. = 0.5 mcter and a span of 26 = 2.0
mcters. The plate is moving at a Mach number of 0.2,
and thc sound spced is taken to be 343 m/scc. The am-
bient density po = 1.23 kg/m?, and thc upwash amplitudc
is wo = 0.05U, i.c. five pereent of the free strcam. The
[-1,0, %, in
mcters. Fig. 3 roughly depicts this rclative obscrver posi-
tion, although not to scalc.

obscrver position for this test casc is & =

The calculation is performed for onc time period of the
surfacc pressurc fluctuation at frequencics of f = 25 Hz
and f = 1 kHz, with 32 timc-steps in cach period. Thesc
choices of frecquency, at the prescribed obscrver location,
will test both the ncar-ficld and far-ficld cquivalence of the
two formulations. Notc that thc transfer functions in Eqgs.
9(b,f) arc singular at 1 = 0, and the spatial derivative of
Eq. 9(f) is singular at ;1 = L.. Although both singulari-
tics arc integrable, they would causc the quadraturc crror
to deviate from that of thc mid-point rule which, by its
definition, rcquires sufficient smoothness throughout the
intcrval of intcgration. Thercfore, the domain of strcam-
wisc intcgration is restricted to an interval of the form

(11)

6LC§$1 S(lfe)LL

where ¢ 1s a small, positive paramctcr.

FEach calculation is performed on a scquence of six sur-
face grids: {10x40}, {20x80}, {40x 160}, {80x320}, {160x
640}, and {320 x 1280}. Grid clustcring is pcrformed ncar
the lcading and trailing cdges of the plate in order to acco-
madatc the paramcter e = 0.02 on the coarscr meshes. The
maximum valucs of |p'; 5 — p'; 4 | during cach time pcriod,
arc shown as a function of the number of grid points on a
log-log plot in Fig. 4. The abscissa N is thc number of
surfacc clements in #1. The dashed linc represents a ficti-
tious quantity whosc valucs arc spccifically calculated to be
dircctly proportional to N 2. Clearly, the slopes of both

calculations arc visibly parallcl to a slopc of 2, thcreby

10°

N
<
T

[N NEEEE A |
200 300 400

|
700
Ny

Fig. 4 Grid rcfincment validation for cquivalence of For-
mulations 1A and 1B.
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demonstrating that
|phs —phal = O(NS?) = O(Asd),

which is the cummulative crror cxpected from the mid-
point rule of intcgration.

3.3 Velocity Scaling Laws

Attention is now turncd to the way in which the intcnsity
of the far-ficld noisc, as predicted by Eqn. 6, will scalc as a
function of vclocity, when the surface pressurc is described
by Egs. 9(a-h). Thc physical dimcnsions of the platc for
this cxcrcisc arc the same as for the test case above. The
conditions of a far-ficld obscrver in a low-Mach-number
flow (Eq. 7) will be assumed. The Mach-number range of
interest 1s 0.01 < M < 0.2. In addition, the proportionality
of the acoustic intcnsity to vclocity will be determined ac-
cording to two different conditions placed on the frequency
f. Thesc two conditions will declincatc between compact
and non-compact sourccs.

First, it will bc assumed that the source is compact, :.c.
L. < A, This condition will be achicved by requiring the
frequency to be proportional to vclocity, f ~ U/L., for a
sufficiently low range of frequency. For 0.01 < M < 0.2,
f = 80H=z is rcferenced to M = 0.2, and f is then madce
a function of vclocity while requiring a constant Strouhal
number fL./U = 0.583. The frequency range is, then,
4Hz < f < 80Hz. Notc that g < 0.4 throughout this
rangc.

The platc’s physical dimcensions arc as in the above mesh
rcfincment problem. The calculation is performed on a
100 % 400 surfacc grid, with the strcam-wisc intcgration in-
terval restricted as in Eq. 11, with sufficient grid clustering
ncar the lcading and trailing cdges to allow for e = 0.003.
The obscrver is choscn at a distance of 100 mcters, dircctly
abovc the platc’s center, i.c. # = [0.25,0,100]7 in mcters.
This location placcs the obscrver in the acoustic far-ficld
for the entire range of frequency.

A scparatc calculation is run for cach Mach numbecr
and its corresponding frequency. The upwash amplitude is
wg = 0.05U for cach of 50 cqually spaccd Mach numbcrs
between 0.01 and 0.2. The surface pressurc in Eqgs. 9(a-
d,h) is uscd as input to cquation to Eq. 6 to predict the
far-ficld sound p'(Z, ¢). Each calculation is performed for
onc acoustic period 7' of the corresponding frequency, with
64 timc-steps. The average intensity 1(Z) of the acoustic
signal at thc obscrver #, assuming sphcrical sprcading, is
then calculated by

I(#) = l /(; [p/(fv t)]z dt

T po Co

The average acoustic intensitics for a compact source, as
a function of Mach numbcr, arc represented as squarcs in
Fig. 5. The slopc of these results on a log-log plot can be
visually dctermined by proximity to the dotted line whosc
slopc is preciscly six at every point. This U¢ proportional-
ity is consistent with Curle’s? result, as cxpected from the
conditions placed upon the calculations.

The demonstration of a vclocity scaling law is now de-
sircd for a non-compact source z.c. for u > 0.4. Thercfore,
the restriction that f ~ U/L. must be lifted, so that f is

——+H—— Compact Source
—O— f=1kk

10" = — — — — Slope=6
-~ —
e Slope = 5
wry L 1 I BN NEEE |
10 0.05 0.1 015 0.2

Fig. 5 Vclocity scaling propertics of Formulation 1B.

indcpendent of U. The simplest such condition is that f
is constant, in which casc the Strouhal number remains a
function of U. A scrics of calculations is again performed,
as above, with the only paramcter change being that the
frequency is held constant at 1 kHz throughout the range
of Mach numbcr. The input surfacc pressurc for this casc is
given by Egs. 9(a,c-h). The computed acoustic intcnsitics
at 100 mecters arc represented by circles in Fig. 5. In this
casc, the acoustic intensity scales approximatcly as U®, a
result that is consistent with Ffowes Williams and Hall” .

3.4 Directivity

As a final cxcrcisc in this scction, the dircctivity of a
single-frequency source is cxamined. The radiated noisc
p'(Z,t) is calculated at many locations on a circular arc in
the planc > = 0 that is centered on the gcometric center of
the plate’s upper surface, as shown in Fig. 6. The arc tra-
Jjectory (r, ) is determined by r = 3 meters and 0 < ¢ < 7.
The dircectivity is determined by the peak pressurc ampli-
tude ||p’|| that is calculated at cach position on the circular
arc, during onc pceriod in time for a given frequency. The
flat platc’s dimcensions and surfacce discrctization arc as in

c—>

2

Fig. 6 Schematic for directivity calculation. Obscrver on
circular path in planc x2 = 0.
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Fig. 7 Dircctivity for two sourccs of constant frcquency.
2-kHz rcsults arc scaled by a factor of 2.5.

the previous ecxample, and there arc 128 time-steps in a pe-
riod. The obscrver path, 0 < @ < &, is discrctized into 128
cqually spaccd locations. The free-strcam Mach number is
0.2 and the gust amplitude is wo = 0.05U. Fig. 7 shows
the results, in polar form, for frequencics of 1 kHz and 2
kHz. The higher-frequency results arc scaled in order to
visualizc both loci on the samc plot. As cxpcected, there arc
twicc as many lobcs in the 2-kHz solution. Also, notc the
frequency-dependent positions of the lobes with respect to
a fixcd obscrver. For cxample, an obscrver at @ = /2
will reccive a signal that is ncar the pcak amplitude for the
central lobe of the 1-kHz signal, whercas the 2-kHz sig-
This
frequency-dependent  characteristic of dircctivity is men-
tioncd here for futurce reference in the following scction.

nal is ncar a local minimum for thc samc obscrver.

4. Broadband Prcdiction with
Comparison to Expcriment

The analytic surface pressurc in the previous scction is
cxtended to modcl a broadband source on a slender airfoil
at zcro angle of attack. This broadband surfacc pressurc
is uscd as input to Formulation 1B to predict far-ficld
radiation, and thc results arc comparcd to cxpcerimental
mcasurcments. Note that Amict’® has previously proposed
a broadband solution to this problem in the timc domain,
using thc transfer functions in Egs. 9(c-g). His resulting
solution was a Fouricr transform of the frequency-domain
solution in Refs. 8 and 13. In the current work, the high-
frequency formulation in Scction 3 is cxplicitly cxtended to
a broadband sourcc application with uscr-spccificd spectral
content.

4.1 Experiment - Incident Turbulence Noise

The cxperiment that is modcled in this scction is rec-
ported by Patcrson and Amict in Ref. 8. A NACA 0012
airfoil is placed between two vertical plates, at zero angle
of attack, in thc test scction of an open-jet wind tunncl.
The airfoil has a chord length of 0.23 m and a span of
0.53 m. Turbulence is gencrated by a grid upstrcam of the
airfoil. Noisc propagates from the test scction into an anc-
choic chamber that is instrumented with six microphoncs.
The microphones arc located on the tunncl centerline, on
an arc of raidus 2.25 m, rclative to the airfoil’s gcometric
center. The microphone locations on this arc arc at angles
of 70, 90, 105, 120, 130, and 140 dcgrees, rclative to the

7

upstrcam dircction. Far-ficld noisc mcasurcments of thc
incident turbulence on the airfoil arc determined by sub-
tracting microphonc mcasurcments, with and without the
modcl, at cach of five tunncl spceds: 40, 60, 90, 120, and

165 m/s.

4.2 Broadband Analysis

For prediction purposcs, the airfoil is modcled as a flat
platc in a pcriodic gust that gives risc to an unstcady
surfacc pressurc that is a broadband cxtcnsion of the an-
alytic formulation in Scction 3. The airfoil gcomctry is
oricnted with respect to the coordinate axcs as in Fig. 3,
with {0 <2 < L.} x {—-b <2y <b}, where L. = 0.23
m and 2b = 0.53 m. As cncountcred by the airfoil surfacc
in the z1-z2 planc, the normal componcent of the turbulent
vclocity ficld can be written

’w(l“l,l“z,t) :/ / {;}(khkz)C—i[kl(ll—Ut)+k2Iz]dkldk2

where '&)(kl, k2) is thc gust amplitude wave-number
spcctrum, dcefined by the inverse Fouricer transform of
w(z1,z2,t). The complex-valued, unstcady surface pres-
surc arising from the incidence of a turbulent velocity ficld
of this form is given by

(12)

AP(CL‘th, t) =
@ (kr k2 )g(w1 k1 ks Yot FrV =R2m2) g ks,

poU /

The cxpression for surface pressurc in Eq. 13 is simpli-
ficd by the following rcasoning. Amict argucs in Ref. 13
that, for an obscrver in the planc 2 = 0, the only spanwisc
wavcnumber that contributes significantly to the far-ficld
sound is k2 = 0. His conclusion is dcrived mathematically,
in the frequency domain, for the limiting casc of an airfoil of
infinitc span. From a physical standpoint, this conclusion
makes scnsc for an obscrver in a location that is symmectric
to the airfoil span. The cffect on the far-ficld acoustics of
any gust that is skewed to the airfoil lcading cdge by some
anglce « will be canccled by another gust skewed at an an-
gle of —a. In the casc of a finite-span arifoil, Amict argucs
that this simplification is still valid as thc quantity Mk.b
becomes large. i.c. in the high-frequency limit. Follow-
ing this linc of rcasoning, the z» dependence in AP also
vanishces, by Eq. 12, and thc surfacc pressurc becomes

[=~)

AP(xl,t):poU/ @ (k1 ,0) gz ,k1,0) " 1) dky (13)

—o0

The cvaluation of the surface pressurc in Eq. 13 1s accom-
plished by first recognizing the turbulent fluctuations as a
stochastic process. This process can be approximated by a
truncatcd scrics whosce limit cxhibits the required rclation-
ship between the autocorrclation and the power spectrum
of that proccss. (Scc, for cxample, Ref. 16.). This rcla-
tionship is achicved by cvaluating the spectral amplitudes
{?J(kl ,k2) as a function of thc power spectral density (PSD)
of w(#z1,22,t). To this cnd, the infinitc wave-number do-
main, —oo < k1 < 0o, in Eq. 13 is intcgrally discretized and
truncatced such that k1 _n < k1., < k1,~. The largest wave
numbecr ki § represents an “upper-cut-off” wave number,
beyond which the spectral density amplitude is considered
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negligible or is out of range of cxpcrimental measurcment.
The unstcady surface pressurc in Eq. 13 is then approxi-
mated by

N
poU z A”vo Clq}n g(‘L‘l ’ klﬂlv 0) c’ (k1,07)

AP(1717 t) ~
—-N
ki, =nlk, n=041,42, ... +N (14a)
Ak, = ki, ~n/N

The phasc angles {®,,} arc indcpendent random variables
uniformly distributed on [0, 27 ].
g(z1,k1,n,0)is an cxtension of the high-frequency function
in Eqgs. 9(c-g), and takes the slightly modified form

The transfer function

91,k 0) = (g1 + go Jo~ Brnl1mtm bt nfi=ho]

where g1 and g2, now functions of ki1 », arc otherwisc iden-
tical to Eq. 9(f),

1
[27k1 o1 (1+ M)/L. ]2

91(9317 k1,n)
(14b)
14 (143) E* [4pn(1 — w1 /L.)]
[2ﬁE1,11(:1+M) ]%

g2(z1,k1n) =

and E* is the samc complex combination of Fresncl inte-
grals as in Eq. 9(g). Thc low-frequency transfer function
is not uscd in thesc broadband predictions becausc the ex-
perimental facility is ancchoic for frequencics above 200 Hz,
and the paramcter p is greater than 0.4 at this frequency
or above, for all five tunncl spceds.

The spectral cocflicients {A, 0} arc cvaluated by

1117,,0 = [Sww(kl,nvo) Akl Ak2]% (14C)

where Sww(kl,kz) is thc two-componcnt power spcctral
density of w. As this grid-gencrated turbulence is assumed
to be homogencous and isctropic, the PSD is cvaluated by
the von Karman formula!” The formula for Suww(ki,k2)
that is uscd in the present calculations is derived from von
Karman’s cnergy spectrum in Appendix [ of Ref. 13.

2 12 | 1.2
Sww(kl7k2): i%% (14d)
Om BE (14 k7 + k2]
where u? is the strcam-wise turbulent cnergy, and
. e
ki—&, e=ﬁ (‘j) , (14c)
k. £ T()

and £ 18 the strcam-wisc integral length scale

»Cl :/ wa(xl)dxl
Q

where R is the upwash corrclation function dcfined by

Ryw(r) = w(z1,t)

1 /T
lim — / w(z, t)w(w +r,t)dt
Jo

T—co

w(z1 + 1, t)

Notc that the two-componcnt formula in Eq. 14(d) was
derived in Ref. 13 by intcgrating the von Karman cncrgy
spcctrum over all ks components. Thce k2 componcent is

8

then sct to zero for the present calculations.  Valucs for
u? and £ arc determined by measurcment. In Ref. 18,
Fink rcports that the turbulence intensity that results from
the grid in question can be approximated by the empirical
formula

@ = 0.04 [,L]_OQ

U ref ( ! 4f)

where the reference speed is Uwer = 60 m/s. Fink'® also
reports a mcasured value for the integral length scale as
L1 =3.175 cm

All of the above cxpressions and mcasurcments arc in-
corporated into Eq. 14(a). The final representation for the
unstcady broadband pressurc on the airfoil’s upper surfacc
is then given by the rcal part of Eq. 14(a). This broad-
band surfacc pressure is uscd as input to Formulation 1B
to predict the far-ficld noisc p'(Z, t).

Using symmctry arguments and algcbraic manipulation,
the indicial bounds for the surface pressurce’s spectral rep-
rcsentation arc altcred so that the domain includes only
positive wavenumbers. The resulting rcal-valued surface
pressurc on the airfoil’s upper surface can be written

N

p(ml ) t) = ‘)POU z An,O[Bn Cos(kl,nUt + ¢n - 0(77,)
1

+ D,sin(k1, Ut + @, — an)] (15a)

where the upwash amplitudes A, 5 arc cvaluated by Eq.
14(c) and Sww(k1,k2) is described in Egs. 14(d-f). The

quantitics B,,, D,, and «,, arc given by

Cn) +S(&n) — 1

Bn = g1\ ,k 7 + —
o hin) [27h1 (L1 M)]E

p, = Sl e (15b)
[2rkrn (14 M)]3

Qpn = 2“71(1+M)z_17151,n+g

where g1(z1, k1,») is cvaluated in Eq. 14(b), and €(&,,) and
8(&n) arc the Fresncl cosine and sinc integrals in Eq. 9(g)
with én = 4un(1—21/L:). The summation in Eq. 15(a)
begins at n = 1 becausce Sww(0,0) =0, by Eq. 14(d).

At this point, the valuc of Ak, in Eq. 14(c) is unknown
becausce there is no cxplicit span-wisc intcgration, thercby
giving risc to an adjustible constant. This constant is onc
of scalc only, and found to have no cffect the shape of the
far-ficld spcctrum. Furthermorc, this scale factor is found
to be constant for all data points, ¢.c. is indcpendent of
all paramctcrs considered (tunncl speed, frequency range,
band-width, airfoil span, ctc.).

4.3 Time-Domain Predictions

The lower frequency bound. and thercfore the funda-
mcntal frequency, for all five calculations is choscn at 10
Hz. Thc upper frequency for the predictions is chosen ac-
cording to the upper frequency for which mcasurcments arc
available for cach tunncl spced. For U = 40, 60, and 90
m/s, the upper bound is fy = 2.5 kHz. The upper bounds
for U = 120 and 165 m/s arc fy = 3.5 kHz and 4.5 kHz,
respectively. For all five calculations, the numecrical band-
width is Af = 10 Hz. Each calculation is performed for onc
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period of the lowest frequency, i.c. T' = 0.1 sccond. Thc
numcrical solution is samplcd at the Nyquist frequency, :.c.
At =T/2N. The calculation is performed on a 100 x 230
surfacc grid, with the strcam-wisc intcgration intcrval rc-
stricted as in Eq. 11, with sufficicnt grid clustering ncar
the lcading and trailing cdges to allow for ¢ = 0.003.

The cxperimental microphone position for which com-
parisons arc madc is at a distancc of 2.25 m from the modecl,
and at an anglc of 90 degrees rclative to the modcl’s geo-
mectric center. The coordinate system for the calculation
is such that the zs-axis is coincident with the center-span
linc, so that thc microphonc position is in the planc x2 = 0,
as in Fig. 6. Thc mcasurcd obscrver position for the pre-
diction is, then, # = [0.115, 0, 2.25]7 in mcters.

The position of the microphonc rclative to the airfoil is
corrccted for refraction duc to the presence of a shear layer
that forms downstrcam of thc upper lip of the squarc nozzle
cxit and is positioncd between the model and the micro-
phone. This correction is based on gecomcetrical acoustics
with an assumption of a zcro-thickncss shear layer, and is
rcported in Ref. 19. Shcear-layer corrcctions that arc bascd
on such formulations'® arc rcasonable for the present casc
with thc microphonce dircctly above the source. The re-
quired correction in the microphone position is significant.
At a mcasured angle of 90 degrees, the corrected angles
ranged from approximatcly 84.5 degrees for U = 40 m/s to
68.2 dcgrees for U = 165 m/s.

In addition, thc amplitudc of the radiatcd noisc is also
corrccted for the presence of the shear layer, although at a
mecasurcd angle of 90 degrees, the amplitude correction is
not significant, cspccially for the lower tunncl speeds. The
computed sound pressures p’(Z, ¢) were corrected by factors
ranging from approximatcly 0.997 for I/ = 40 m/s to 0.942
for U = 165 m/s. Thc microphonc position is corrccted for
the shear-layer in a pre-processing step. After the far-ficld
noisc is calculatced at the corrected position, the results arc
then post-processed for amplitude correction. In this way,
the corrccted predictions can be comparcd to the experi-
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Fig. 8 Predicted far-ficld signal, U = 165 m/s. Micro-
phonec at 90°, 2.25 m above airfoil center.
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mecntal results “as mcasured.”

Fig. 8 shows the far-ficld signal p/(#,t) that is predicted
by Formulation 1B, for onc fundamental pcriod in time, at
the cxperimental microphonce location, for a tunncl spced
of 165 m/s. Shcar-laycr corrections for amplitude and di-
rectivity arc included in this plot. In order to comparc with
cxperimental mcasurcments in Ref. 8, the time-domain re-
sults from thc numcrical predictions, for all five tunncl
spceds, arc Fouricr analyzed and converted to the fre-
quency domain. The resulting frequency-domain solution,
P'(fn), is used to compute the sound pressurc level (SPL)
spectrum of the far-ficld radiation. These sound pressurc
levels arc determined by

SPL(f.) = 10 log {M} (16)

ref

where the reference pressurce is prer = 2 % 107° Pa. The
SPL’s arc converted to a 1 Hz band-width by rcducing the
valucs in Eq. 16 by 10log(Af). This narrow-band conver-
sion is consistent with the experimental SPL’s which werc
mcasurcd at a band-width of 55.7 Hz and rcduced by 17.5
dB?

The predicted far-ficld spectral density for the five tun-
ncl speeds is shown Fig. 9 along with cxperimental mca-
surcments from Ref. 8 The solid symbols represent thosc
mcasurcments for which the difference between the noisce
with and without thc airfoill modcl was considered too
small, and arc thercfore subject to greater uncertainty. The
agrcement with the mcasured data is very good. The no-
ticcable “humps” in the predicted spectra arc, most likely,
the result of the changing placement of lobes, as a function

90 —

— Predictions

80

70

m 60
= ‘
i_
0 50 Experiment
o 40m/s
v 60m/s
40 ©  90m/s
A 120 mfs
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o
30 B oe
°®
....
20 | | | | |
0 1000 2000 3000 4000 5000
Frequency, Hz
Fig. 9 Prcdicted and mcasurcd far-ficld noisc spcctra.

Microphone at 90°, 2.25 m above airfoil center. Experi-
mcntal data reproduced from Ref. 8. Solid symbols dcnotc
low signal-to-noisc ratio.
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of frcquency, rclative to the obscrver. This phecnomcenon
was described in Scction 3 (Fig. 7). That the current pre-
dictions arc ncarly identical to the predictions in Ref. 8 is
not surprising, becausc the current predictions rcly upon
the samc unstcady surface pressurc formulation as thosc in

Ref. 8.

5. Statistical Formulation

Often, when acroacoustic cxperiments arc performed,
surfacc-pressurce corrclations arc cxtremely uscful in char-
acterizing noisc duc to an airflow over a model. Under
certain conditions, Formulation 1B is rcadily transformed
into an cxpression that aids in statistical analysis of broad-
band noisc. Recall that, in the casc of low Mach number
and with an obscrver in the acoustic far ficld (Eq. 7), the
signal 1s dominatced by the first integral in Eq. 6. Also,
rccall that the spatial and temporal derivatives of pressurc
in this intcgral can be written as a single time derivative of
pressurc when cvaluated in a reference frame that is fixed
rclative to the medium at rest, as in Eq. 5(b). In this fixed
rcference frame, the far-ficld sound at low Mach numbecr is
approximatcd by

- p cosf
4Trp’(x7t) z/~ [m]

f>0

ds

ret

(17)

In addition, assumc that the obscrver is many corrclation
lengths into the far ficld, i.c. r 3> £;, where

1

- Ryw(z;)dz;,
R, Rl

4 1=1,2
In this casc, the valucs of r, M., and 8 arc ncarly invariant
within a corrclation arca A of sizc £; by {2, and Eq. 17

can bc re-written as

K

t)zz
1

where rg, 65, and M, arc constant valucs choscn to replace
their ncarly invariant countcrparts in rctarded time, within

cos 0,

corr (1 — Mr,) (18)

47&'])/(3_:'7 / p(g,7)dS
A

£r

cach corrclation arca.

If thc autocorrclation opcrator is applicd to Eq. 17, the

result is
167" Ry (7) = 1677 p/ (&, 6) p' (3,6 + 7) (1%a)
- [079}‘]/ Ry (77, 7) difdi
- core (L— M:,) A, PRAS T T
where
Rypif7,7) = p(§, 7) (T + 77, 7+ 7) (18D)

The ability to mcasurc such timc-derivative corrclations,
rclative to the medium at rest, is alrcady in hand?° The
potential uscfulness of this alternate formulation is clcar.
After the autocorrclations in Eq. 18(b) arc determined cx-
perimentally, and uscd as input to Eq. 18(a), then the
Fouricr transform of Eq. 18(a) produccs the far-ficld noisc
spectrum.  The further devclopment and testing of this
statistical formulation is a topic of ongoing rcscarch for its
potential application to trailing cdge noisc prediction.

10.

10

Concluding Remarks

A new formulation for the solution of the loading term
of the Ffowces Williams-Hawkings cquation has been de-
rived. The potential uscfulness of time-domain solutions
for acoustic predictions with Formulation 1B has bcen
demonstrated.  This new far-ficld formulation has somc
advantages over previous formulations. The formulation
is both simple and has broad application, including thc
casc of non-uniform flow. In addition, thc dominancc of
only onc term in this formulation makes this solution much
casicr to posc in corrclation-function form for statistical
analysis of broadband noisc. Such an altcrnative formula-
tion can bc uscd to aid acoustic cxpcriments wherce surfacc

pressurc corrclations arc mcasurcd.
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