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I n  h i s  memoir He lmho l t z  ( r e f e r e n c e  1) showed t h e  
p o s s i b i l i t y  o f  r , a t h e m a t i c a l  a n a l y s i s  of t h o s e  t y p e s  of 
f l o w  02 i n c o m p r e s s i b l e  l i q u i d s  t h a t  a r e  ' c h a r a c t e r i z e d  
by t i l e  f o r m a t i o n  of s o - c a l l e d  rays ( S t r a h l e )  o r  j e t s  
w i t h i n  t h e  r e g i o n  a t  r e s t ,  F o l l o v i n g  t h e  work o f  
He lmho l t z  a r a t h e r  l a r g e  number o f  i n v e s t i c s t i o n s ,  
d e v o t e d  t o  t h e  same p r o b l e m ,  a p p e a r e d  i n  f o r e i g n  and  
R u s s i a n  s c i e n t i f i c  l i t e r a t u r e ,  A t  p r e s e n t  t h e  f u l l y  
worked o u t  Joukowsky method ( r e f e r e n c e  2) p e r m i t s  t h e  
s o l u t i o n  of a n y  p rob lem on s t e a d y ,  ' i r r o t a t i o n a l  f l o w  
o f  a n  i c ? e a l  l i q u i d  u n d e r  t h e  f o l l o w i n g  c o x d l t i o n s :  
f i r s t ,  t h e  f l u i d  t h r o u g h o u t  n;oves p a r a L l e l  t o  a c e r t a i n  
p l a n e ,  t h e  f l G w  b e i n g  bounded by p l a n e  w a l l s  p e r p e n d i c -  
u l a r  t o  this p l a n e ,  a n d  s e c o n d l y ,  t h e  m o t i o n  t a k e s  p l a c e  
i n  t h e  a b s e n c e  o f  e x t e r n a l  forces. (The  same c o n d i t i o n s  
a r e  imposed i n  a l g o s t  a l l  p r o b l e m s  o f  t h i s  t y p e . )  

The a n a l o g o u s  p r o b l e m  f o r  a n  i d e a l  g a s  h a s  h a r d l y  
b e e n  t o u c h e d  upon. The a u t h o r  i s  f a n i l i a r  w i t h  o n l y  one 
Daper  w!iich d e a l s  w i t h  gas j e t s ;  namely ,  t h e  o n e  by P, 
Iviolenbroek ( r e f e r e n c e  3 ) .  lv.olenLroek s e t  up t h e  d i f f e r -  
ential e q u a t i o n s  on v h i c h  t h e  p rob lem o f  g a s  j e t  f l o w  
d e p e n d s  a n d  g a v e  c e r t a i n  p a r t i c u l a r  I n t e g r a l s  o f  t h e s e  
e q u a t i o n s ;  t h e s e  e q u a t i o n s ,  however ,  h s r l l i y  c o r r e s p o n d  
e v e n  t o  t h e  t h e o r e t i c a l l y  c o n c e i v e d  rriction of  t h e  gas, 

I n  t h e  p r e s e n t  p a p e r  a method i s  p r e s e n t e d  w i t h  t h e  
a i d  of which  i t  i s  p o s s i b l e ,  is many c a s e s ,  t o  f i n d  t h e  
s o l u t i o n  of a g i v e n  p rob len ;  on t h e  f r o w  of a n  i d e a l  gas, 

* S c i e n t i f i c  Wemoirs, koscow U n i v e r s i t y ,  1 9 0 2 ,  
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Here  i t  i s  n e c e s s a r y  t o  impose  a l l  t h e  c o n d i t i o n s  wh ich  . 
a r c  assumed i n  t h e  a n a l o g o u s  p r o b l e m s  o n  a n  i n c o m p r e s s i b l e  
l i q u i d  as  p r o v i o u s l y  m e n t i o n e d  by  Joukovsky  ( r e f e r e c c e  2 ) .  
B u t ,  i n  a d d i t i o n ,  t h e  a p p l i c a b i l i t y  of t h e  a n a l y s i s  h e r e  
d e v e l o p e d  i s  f u r t h e r  r e s t r i c t e d  by t h e  s p e c i a l  r e q u i r e m e n t  
t h a t  t h e  v e l o c i t y  of t h e  g a s  p a r t i c l e s  must nowhere ex- 
c e e d  t h e  v e l o c i t y  o f  sonnd f o r  t h e  p a r t i c u l a r  p h y s i c a l  
s t a t e  of t h e  G a s  a t  a g i v e n  p o i n t  ( l o c a l  v e l o c i t y  of 
s o u n d ) ,  C o r r e s p o n d i n g  r e s t r i c t i o n s  a r e  l i k e w i s e  imposed 
on t h e  L i m i t s  w i t h i n  which  t h e  p r e s s u r e  may v a r y ,  If 
t h i s  a d d i t i o n a l  c o n d i t i o n  i s  n o t  s a t i s f i e d ,  s t a b l e ' m o t i o n  
a p p a r e n t l y  i s  n o t  p o s s i b l e .  I t  i s  assumed ,  however ,  t h a t  
w i t h  t h e  a i d  o f  a c e r t a i n  h y p o t h e s i s ,  s t a t e d  i n  t h i s  
p a p e r ,  t h e  p r o b l e m  c a n  b e  a n a l y z e d  a l s o  f o r  t h e  c a s e  
where  t h e  a d d i t i o n a l  c o n d i t i o n  i s  n o t  s a t i s f i e d .  The 
m a t h e m a t i e x 1  t r e a t m e n t  o f  t h i s  p r o b l e n ,  however ,  i s  l e f t  
t o  another p a p e r ,  

A b r i e f  summary o f  t h e  c o n t e n t s  o f  t h i s  p a p e r  i s  
p r e s e n t e d  h e r e ,  

I n  p a r t  I t h e  d i f f e r e n t i a l  e q u a t i o n s  o f  t h e  p rob lem 
of a g a s  f l o w  i n  two d i m e n s i o n s  i s  d e r i v e d  a n d  t $ e  p a r t i c -  
u l a r  i n t e g r a l s  b y  which  t h e  p ro3 lem on j e t s  i s  s o l v e d  a r e  
g i v e n ,  Use i s  made o f  t h e  same i n d e p e n d e n t  v a r i a b l e s  a s  
Molenbroek  u s e d ,  b u t  i t  i s  f o u n d  t o  be more s u i t a b l e  t o  
c o n s i d e r  o t h e r  f u n c t i o n s .  The s t r e a m  f u n c t i o n  and  v e l o c -  
ity p o t e n t i a l  c o r r e s p o n d i n g  t o  t h e  p r o b l e n  a r e  g i v e n  i n  
t h e  form of  s e r i e s .  

The i n v e s t i g a t i o n  o f  t h e  c o n v e r g e n c e  of t h e s e  s e r i e s  
i n  c o n n e c t i o n  w i t h  c e r t a i n  p r o p e r t i e s  of t h e  f u n c t i o n s  
e n t e r i n g  them f o r m s  t h e  s u b j e c t  o f  p a r t  11, 

In p a r t  1 1 1  t h e  p r o b l e m  of t h e  o u t f l o w  of  a g a s ' f r o m  
a n  i n f i n i t e  v e s s e l  w i t h  p l a n e  w a l l s  i s  s o l v e d ,  

I n  p a r t  IV t h e  i m p a c t  o f  a gas j e t  on a p l a t e  i s  
c o n s i d e r e d  a n d  t h e  l i m i t i n g  c a s e  where  t h e  j e t  e x p a n d s  
t o  i n f i n i t y  cha r ,g ing  i n t o  a g a s  f l o w  i s  t a k e n  up i n  more 
d e t a i l ,  T h i s  a l s o  s o l v e d  t h e  e q u i v a l e n t  p r o b l e m  of t h e  
r e s i ' s t a n c e  of a g a s e o u s  Kedium t o  t h e  E o t i o n  of a p l a t e ,  

F i n a l l y ,  i n  p a r t  V, a n  a p p r o x i r c a t e  method i s  p r e +  
s e n t e d  t h a t  p e r m i t s  a s i m p l e r  s o l u t i o n  of t h e  problem o f  
j o t  f l o w s  i n  t h e  c a s e  where $ h e  v e l o c i t i e s  of - the  gas 
( v e l o c i t i e s  of t n e  p a r t i c l e s  i n  t h e  g a s )  a r e  n o t  v e r y  
l a r g e .  
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A nurcber of  s u p p l e m e n t a r y  c o t e s  a r e  a p p e n d e d  a t  t h e  
end o f  t h i s  r e p o r t ,  t h e  s e c o n ?  c f  wh ich  e s t a b l i s h e s  a 
r e l a t i o n  b e t w e e n  t n e  a n a l y s i s  o f  p a r t  V w i t h  c e r t a i n  
probl-erns i n  t h e  t h e o r y  o f  m i n i t ; a l  s u r f a c e s ,  

A f u r t h e r  i n t e r e s t i n g  rerriark n a y  be n o t e d  h e r e :  
T h e ' ! r e s u l t s  o b t a i n e d  i n  p a r t s  I 1 1  and  I V ,  a t  l e a s t  
q u a l ~ i t a t i p e l y ,  a g r e e  s u f f i c i e n t l y  w e l l  w i t h  t e s t  r e s u l t s ,  
although t h e  e x p e r i r i e n t a l  i n v e s t i e h t i o n  o f  t h e  phenomena 
acconipanying  t h e  j e t  f c r m a t i o n  was c o n d u c t e d  u n d e r  con- 
d i t i o n s  v e r y  d i f f e r e n t  f r o m  t h o s e  B S S U E I ~ ~  i n  t h e s e  theo- 
r e t  i c a l  i n v e s t i g a t i o n s .  

The p r i n c i p l t - s  of t h e  x e t h o d  \*.it11 i t s  a p p l i c a t i o n  
t o  f l o w s  p r e s e n t e d  h e r e  were  b r i e f l y  communicated t o  
t h e  k o s c o w  h a t h e m a t i c a l  S o c i e t x  a t  t h e  b e g i i i n i n g  o f  1896,  
A 1iiorc d e t a i l e d  p r e s e n t a t i o n  was nlade a t  t h e  e l e v e n t h  
s a s s i o r ,  o f  t h e  e x p e r i c e n t a l ,  s c i e n t i s t s  and d o c t o r s  i n  
1 9  01. 

I n  c o n c l u d i n g  t h e s e  i n t r o d u c t o r : r  r e m a r k s  d e e p  
a p p r e c i a t i o n  i s  e x p r e s s e O  t o  E. A .  B c ~ l c t o v  f o r  h i s  k ind .  
h e l p  i n  p r o o f r e a d i n g  t h e  m a n u s c r i p t ,  
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CiEBi3ilAL PRii?CIPLES OF T H E  hJIETHO3 OF I B V E S T I G A T I O I T  

An i n f i n i t e  mass of  a p e r f e c t  gas c o n t a i n e d  be tween  
t w o  p a r a l l e l  p l a n e s  is assumed a n d ,  i n  a d d i t i o n ,  bounded 
by c e r t a i n  c y l i n d r i c a l  s u r f a c e s  p e r p e n d i c u l a r  t o  t h e s e  
p l a n e s .  One o f  t h e  l a t t a r  i s  aesumzd a s  t h e  c o o r d i n a t e  
p l a a e  X Y ,  L e t  t h e  Gas b e  i n  s t a b i l i z e d  m o t i o n  and  l e t  
t h e  d i r e c t i o n  of t h e  v e l o c i t y ,  t h r o u g h o u t  b e  p a r a l l e l  t o  
X Y ,  !?he e f f e c t  of e x t e r n a l  f o r c e s  w i l l  be n e g l e c t e d  a n d  
i t  will be  assumed t h a t  t h e  v s l c c i t i e s  have  a p o t e n t i a l ,  
Since i t  i s  d e s i r a b l e  t o  a v o i d  v o r t i c i t y  f o r m a t i o n ,  i t  
i s  necessary t o  c o n s i d e r  t h e  pressure as a function o f  
t h e  d - e n s i t y ,  I t  i s  c o n v e n i e n t  t o  t a k e  

Y 
P = k p  

and t h u s  a s s u E e  an  a d i a 3 a t i c  p r o c e s s ,  

Tho m a g n i t u d e  Y e q u a l ,  f o r  a t m o s p h e r i c  a i r ,  t o  
1 , 4 0 2 5  ( r e f e r e n c e  4 )  i s  t h e  r a t i o  o f  t h e  s p e c i f i c  h e a t s ,  
I t  i s  p r e f e r r e d  t o  c o n s i d e r  t h e  m o t i o n  a s  c o n s t a n t  h e a t  . 
p r o c e s s  i n  v i e w  o f  t h e  small  h e a t  c c n d u c t i v i t y  and  r a d i a -  
t i o n  o f  t h e  gas p a r t i c l c s .  Because  o f  t h i s  t h e  a d i a b a t i c  
p r o c e s s  a t  l a r g e  v e l o c i t i e s  a p p e a r s  m o s t  c l o s e l y  approach-  
i n g  t h e  t r u e  c o n d i t i o n s ,  I n  a n y  c a s e ,  t h e  r a c u l t  o f  t h i s  
a n z l l j s i s  must  t e  c o n s i d e r e d  as a f i r s t  a p p r o x i m a t i o n  foi. 
t h i  r e a s o n  t h a t  no  a c c o u n t  i s  t a k e n  o f  t h e  c o r i n e c t i n g  
c h a i n s  be tween  t h e  p a r t i c l e s  an3 t h e  r a s u l t i n g  v i s c o s i t y  
f o r c e s ,  f r i c t i o n  a t  t h e  wa l l s ,  a n d  s o  f o r t h ,  f a z t c r s  
wh ich ,  i n  t h e  c a s e  of gas  f l o w s ,  a r e  p o s s i b l y  of g r e a t e r  
a f f e c t  t h a n  i n  t h e  c a s e  o f  liquid f l o w s ,  

Under t h e  f o r e g o i n g  a s s u x p t i o n s  t h e  v a l o c i t y  p o t e n t i a l  
cp i s  a f u n c t i o n  o f  x a n d  y a d ,  f o r  t h e  components  c f  
t h e  v e l o c i t y  u, v ,  t h e  e x p r e s s i o n s  

Sfith t h e  d e n s i t y  o f  t h o  g a s  d e n o t e d  by  p t h e  con- 
d i t i o n  o f  c o n t i n u i t y  i s  w r i t t e n  



. 
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The B e r n o u l l i  law i n  t h i s  p rob lem may, w i t h  t h e  a i d  
o f  e q u a t i o n  (l), be r e d u c e d  t o  t h e  r e l a t i o n  

where 

v” = u2+ p, 

t h e  d & n s i . t y  a t  t h e  
w h e r e  V = 0, 

F o r  b r i e f n e s s ,  

P O  
p o i n t  of t h e  gas i s  e v i d e n t l y  

s o  t h a t  

E q u a t i o n  ( 3 )  i n d i c a t e s  t h e  e , x i s t e n c e  o f  a f u n c t i o n  
$ d c t a r i r ; i n e d  by t h e  e q u a t i o n s  

. 
From e q u a t i o n s  ( 2 )  and ( 6 )  w i t h  t h e  aid o f  e q u a t i o n  

( 5 )  a r e l a t i o n  i s  o b t a i n e d  be tween  t h e  f u n c t i o n s  cp and 
$ g i v e n  by t h e  f o r m u l a s  
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The f u n c t i o n  \L r z p r e s e n t s  t h a  s t r e w n  f u n c t i o n ,  
t h a  e q u a t i o n  \Ir = c o n s t a r t  b e i n g  t h e  e q u a t i o n  o f  a s t r e a m - .  
l i l l c ,  B y  a s s i g n i n g  s u c c r ? s s i v e  c o n s t a n t  v a l u e s  C, and  
C, t o  t h e  l a t t e r ,  i t  i s  r e a d i l y  shown t h a t  ( C 1 -  C,)po 
exy i . cases  t h e  mass o f  gas per  s e c o n d  f l o w i n g  t h r o u g h  a 
c r o s s  s e c t i o 3  o f  t h e  j e t  be tween  t h e  streemlines. 

E q u a t i o n s  ( 7 )  are t r a n s f o r m e d  by t a k i n g  cp, @, f o r  
thct i n d e p e n d c n t  v a r i a b l e s  dnd c o n s i d e r i n g  x ,  y a s  

' f u n c t i o n s  o f  cp and  q. The r e l ? . t i o n s  

a r e  r e n d i l g  o b t a i n e d  where  

Froc .  t h e  f o r e g o i n g  e q u a t i o n s  t h e  r e c i p r o c a l  o f  t h e  s q u a r e  
of t h e  v e l o c i t y  i s  o b t a i n e d :  

( 7 ' )  

E q u a t i o n s  (7) become 
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I t  i s  n e c e s s a r y  t o  c o n s i d e r  t h e  d e r i v a t i v e s  w i t h  
r e s p e c t  t o  (p and  $ o f  t h e  v a r i a b l e s  7 = V 3 / 2 a  and 

. dc, dx - 

t h e  i n c l i n a t i o n  o f  t h e  v e l o c i t y  t o  t h e  X = a x i s  is evi -  
d e n t l y  8.  D i f f e r e n t i a t i o n  o f  V' w i t h  r e s p e c t  t o  $ 
r e s u l t s  in 

o r ,  on the  b a s i s  of  e q u a t i o n  ( 8 )  

D i f f e r e n t i a t i o n  o f  8 w i t h  r e s p e c t  t o  cp g i v e 8  
dX dy d% dx d2y 

_- 06 +--+am&=- d iq i q d * - & J F q  

6 or  
d8 

These r e l a t i o n s  l e a d  t o  t h e  e q u a t i o n  

Further  
dY 

dn 

whence, w i t h  t h e  a i d  of e q u a t i o n  ( 8 ) ,  t h e r e  i s  obta ined  
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But i 

and m By making t h e  f i n a l  r e d u c t i o n  i n  t h e  formula f o r  

s a b s t i t u t i n g  -r f o r  V 2  i n  relation ( 3 )  g i v e s  t h e  
r e l a t i o n s  :, 

J 

P a s s i n g  n e x t  t o  t h e  in ,Aependent  v a r i a b l e s  7 ,  8 a n d  
t a k i n g  cp a n a  3, as f u r , c t i o r , s  o f  t h e  f o r m e r  g i v e s  t h e  
formulas r e q u i r e d :  

( 11) 



I n  o r d e r  t o  show t h a t  t h e  f u n c t i o n  $ i s  f u l l y  
d e f i n e d  f o r  t h e  g i v e n  c o n d i t i o n s  i t  w i l l  b e  p r o v e d  t h a t  
t h e  c c n t r a r y  i s  n o t  t r u e ,  L e t  i t  be  assumed t h a t  t h e r e  
e x i s t  two f u n c t i o n s  and  $ 2  s z t i s f y i n g  all. t h e s e  
c o n d i t i o n s ,  I t  w i l l  b o  shown t h a t  @I- $2 = 0, The 
f u n c t i o n  $3 = e v e r y w h e r e  In t h e  g i v e n  r e g i o n  o f  
v a l u e s  7 ,  6 i s  f i n i t e  a n d  c o n c i n u o u s ,  s a t i s f i e s  equa-  
t i o n  (12), a n d  a t  t h e  b o u n d a r y  o f  t h e  r e g i o n  a s s u m e s  t h e  
v a l u e  z e r o ,  k u l t i p l y  t h e  l e f t  s i d e  o f  e q u a t i o n  ( 1 2 )  by 
$dTde a n d  i n t e g r a t e  v i t h i n  t h e  l i m i t s  of  t h e  T ,  9 re-  
g i o n ,  If t h e  r e s u l t  o f  t h e  i n t e e r a t i o n  i s  d e n o t F d  by I ,  
s u b s t i t u t i n g  Q 3  f o r  $ t h e r e  i s  r c a l i l y  o b t a i n e d :  

where  t h e  d o u b l e  i n t e g r a l  e x t e n d s  o v e r  t h e  e n t i r e  7 ,  8 
r e s i o n ,  once  o v e r  i t s  c o n t o u r ,  S i n c e  o n  t h e  c o n t o u r  
\Ir3 = 0 t h e  e q u a t i o n  I = 0 c a n  b e  t r u e  o n l y  if t h e  
d o u b l e  i n t e g r a l  becomes z e r o ,  Under t h e  a b o v e - i n d i c a t e d  
c o n d i t i o n s ,  howevcr ,  t h e  f u n c t i o n  u n d e r  t h e  i n t e g r a l  s i g n  
may b e  e i t h e r  p ' o s i t i v e  o r  z e r o ,  I t  i s  c l e a r  t h a t  t h e  z c r o  
value must b e  t a k e n ,  a a d  t h i s  l e a d s  t o  t h e  e q u a t i o n s  

aqJ 
a e  

__-- = --2 = 0 and q 3  = c o n s t a n t  = 0 

as was r e q u i r e d  t o  b e  p r o v e d ,  



Among t h e  r e q u i r e d  c o n d i t i o n s  f o r  t h e  e x i s t e n c e  o f  
a d e f i n i t e  s o l u t i o n  i t  h a s  b e e n  m e n t i o n e d  t h a t  t h r o u g h o u t  
t h e  r e g i o n  o f  g a s  f l o w  t h e  i n e q u a l i t y  

1 
2g+ 1 

7 C--- 

must be s a t i s f i e d ,  
w i l l  be e x p l a i n e d .  

The s i g n i f i c a n c e  of t h i s  r e q u i r e m e n t  
T u r n i n g  t o  f o r r r u l a s  (4) and  ( 4 ' )  f o r  

g i v e s  

where 

whence 

o r ,  making use o f  r e l a t i o n  (1) g i v e s  

Thus t h e  r e s t r i c t i o n  imposed  on T i s  e q u i v a l e n t  
t o  t h e  r e q u i r e m e n t  t&g4 $12 m l o c i t x  20 tg.5 gas-nowherz  
+zzzEecl 4112 wloa i tn  sf nsggg.g&,hs of sayn_d f o r  t h e  
p a r t i c u l a r  p h y s i c a l  c o n d i t i o n s  a t  t h e  p o i n t  u n d e r  con- 
s i n e r a t i o n ,  I t  is s u p p o s e d  t h a t  s u c h  v e l o c i t i e s ,  a t  
l e a s t  f o r  e s t a b l i s h e d  flows, c a n n o t  even  e x i s t ,  ( S e e  a l s o  
r e f e r e n c e  5 ,  

t h e  lircits w i t h i n  which  t h e  p r e s s u r e  may v a r y  i n  t h e  r e g i o n  

I 

a n d  t h e  a u t h o r s  c i t e d  by him.)  

The l i n i t i n g  v a l u e  7 = 1/(2j3+1} e s t a b l i s h e s  also. 
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occup ied .  by t h e  moving gas  mass, Thus ,  i f  t h e  v a r i a b l e  
7 i s  e v e r y w h e r e  l e s s  t h a n  i t s  l i r r i t l n g  T a l u e ,  t h e n  

i f  i t  i s  a,ssumed t h a t  Y e q u a l s  a2proximateI .y  1.40, 

The a u t h o r  t u r n s  t o  t h e  d e r i v a t i o n  o f  o t h e r  v e r y  
i m p o r t z n t  t h e o r e m s  w i t h  r e g a r d  t o  t h e  m o t i o n  u n d e r  con- 
s i d e r a t i o n  t o  show, i n  t h e  f i r s t  p l a c e ,  t h a t  i.ha v e l o c i t g  
E?_te242:2'1 re I -_-------- c o n s i d e r e d  -- as  2 f_u_ncti_o_n 21 &&_e c o o r d i q a t e s ,  
_-- can  nowhere -_---- w i t h i n  --- t h e  f l o w  rrgiho_n, &zhs _eLi&_ey 1. gnxirnurr, 
o r  3 ginimum. T o  p r o v s  t h i s ,  i t  migh t  be p o s s i b l e  t o  con- 
~ i c i e r  o n l : ~  t h e  f o l l o w i n g  c o n d i t i o n ,  If a p o i r , t  e x i s t e d  a t  
w h i c h  cp h a d  a maximum, t h e r e  would t h e n  have  t o  e x i s t  
a b o u t  i t  a c l o s e d  c u r v e  o n  wh ich  q had a c o n s t a n t  v a l u e  
l e s s  t h a n  t h e  maximum, I n  s u c h  c a s e  t h e  g a s  would f l o w  
t h r o u g h  t h i s  curve f r o m  o u t s i d e  t o  i n s i d e  t h e  area boiiiicle& 
by i t ,  The mass, bounded by t h e  c u r v e  w o u l d  i n c r e a s e  w i t h  
t ir , ,e a n d  t h e  a o t i o n  c o u l d  n o t  be  s t e a d y .  By s i m i l o , r  con- 
s i d e r a t i o n  t h e  a s s u m p t i o n  of a minimum o f  cp i s  l i k e w i s e  
shown t o  b e  i m p o s s i b l e .  But s i n c e  t h e  t h e o r e m  on t h e  func-  
4102 ----- h 'o lds  ------- a l s o  f o r  --- t h e  ---_-I-- f n n c t  i o < - - ~ ~ - - < ~ ~ - & ~  v i ew g 
t h e  f a c t  t h a t  i t  i s  t r u e  a l s o  f o r  t h e  c o o r d i n a t e s  _-- ---- ---- -- -- ---- ---- --- -------v-..---- - x i  Y, 
r e s a r d e d  as  f u n c t i o n s  o f  t h e  i n d e g e n d e n t  v a r i a b l e s  -- ---- -- -- -----I_-- -- -- ---- --*--- -------I- -!I? 
and 2 ,  a n o t h e r  p r o o f  a p p l i c a b l e  t o  a l l  t h e s e  f u n c t i o n s  
a l s o  will be  g i v e n ,  

-.- 

-- --- ----- 
Y 

--- 

A t  a c e r t a i n  p o i n t  A o f  t h e  f l o w  r e g i o n  l e t  cp have  
a masircum ( o r  minimum), About t h i s  p o i n t  t a k e  a c l o s e d  
c u r v e  (C) a l o n g  which  cp r r a i n t a i n s  R c o n s t a n t  v a l u e  k ,  l e s s  
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t h a n  t h e  maximum ( o r  g r e a t e r  than t h e  minimum), k u l t i p l y  
t h e  above  e q u a t i o n  i n  q by F(cp)dxdy a n d  i n t e g r a t e  
o v e r  t h e  r e g i o n  bounded by t h e  c u r v e  ( C ) .  I n t e g r a t i o n  
by p a r t s  y i e l d s  

Yz 3 '  x 2  Dt 

where t h e  s y m b o l  / B " i n d i a a t e s  t h a t  t h e  f u n c t i o n  u n d e r  

t h e  i n t e g r a l  i s  t h e  d i f f e r e n c e  o f  t h e  v a l u e s  (1-7) 22 
hX 

a 
B '  

- 
a t  t h e  p o i n t s  I 3 1  and  B ( f i g ,  1) a n d  s i n i i a r l y  f o r  

0 1  - / . S i n c e ,  i n  t h e  c a s e  o f  a maxinum, cp i n c r e a s e s  
D 
i n  ; ? a s s i n g  i n w a r d  from t h e  c o n t o u r  ( C )  a t  r o i n t s  3 ,  

B f  t h e  r e s u l t  i s  dx  > 0 i n  passing w i t h i n  t h e  

re ,y ion  o f  I n t e g r a t i o n ,  But since, a t  t h e  f i r s t  o f  t h e s e  
p o i n t s  dx 0 and  a t  t h e  s e c o n d  C 0 f o r  t h e  m o t i o n  
a l o n g  E B I ,  t h e n  

, 

bX 

and s i m i l a r l y  

The f u n c t i o n  F(v) is c h o s e n  s o  t h a t  F ( q )  and  Ft(cp) 
a r e ,  e v e r y w h e r e  w i t h i n  ( C ) ,  g r e a t e r  t h s n  z e r o .  T u r n i n g  
now t o  t h e  a .bove-der ived  r e l a t i o n  (a) i t  c8.n be s e e n  t h a t  
a11 i t s  t e r m s  a r e  l e s s  t h a n  z e r o  a n d  t h e r e f o r e  i m p o s s i b l e ,  
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h e n c e  a i s 0  t h e  a s s x m y t i o n  o f  a maxioua 
assumed a r in imum,  t h e  s i g n s  i n  t h e  s u b s t i t u t i c n s  would  
hava  been  r e v e r s e d ,  a n d  t h e  f u n c t i o n  3' c h o s e n  s o  t h a t  
e v e r y w h e r e  F ( p )  an?  F'(cp) < 0, and  a g a i n  would nave  
a r r i v e d  a t  t h e  i m p o s s i b i l i t y  o f  (a). * 

w .  ( I f  t h e  a u t h o r  

The same c o n s 5 a e r a t i o n  p r c v e a  t h e  c o r r e c t n e s s  o f  t i i s  
de i - ived  t h e o r e m  a l s o  f o r  t h e  o t h e r  above -Een t ioned  con- 

, d i t i o n s ,  f o r E u l a s  ( E ? )  b e i n g  r e q u i r e d  f o r  f u n c t i o n s  
x(p ,  Q ) and Y(cp,\1, ) ,  

With t h e  a i d  o f  e q u a t i o r ,  (lo) i t  i s  n o t  d i f f i c u l t  
t o  p r o v e  a s i m i l a r  t h s o r e m  a l s o  f c r  t h e  f u n c t i o n  7 an& 

e x i s t  b u t  t h e  minimum v a l u e  o f  7 i s  zero 
?revs t h i s  t k e  f o l l o w i ~ ~ :  e q a a t i o , l  i s  c o n s t  
_--_ --- -_ -----I ----- -.- - -- --_- 

e - 

. 
r 

c a n n o t  have  
a minimum h i a x  

I n  o r d e r  t o  

------ ---- 
4 -- __-__- - --- 

UCteit o n  t l i e  

Assume t h a t  t h e r e  e x i s t s  i n  t h e  T,  \1, p l a n e  a p o i n t  
itrhere T h a s  a maxinun o r  n,inimurn, ?Ee.ke, F.LIOUT; t h i s  
p o i n t ,  a c u r v e  !C) w i t h  c o n s t a n t  v a l u a  o f  7 ;  ~ ~ u l t i p l y  
t h e  o q n a t i c n  f o r  7 by a c e r t a i n  f u r l c t i o n  f ( T )  a n 3  
i r t e j r a t e  t h e  l e f t  pal-t  o v - r  t h e  a r ea  boun?eb by t h e  c u r v e  
(C). I n t e g r a t i n g  by parts y i 3 l d s  t h c  r e l r t i o n :  

I n  q u i t e  t h e  s;-2nre manner ,  3 s  i n  t h e  above-cons idered-  
c a s e s ,  t h e  i E , p o s s i b i l i t g  o f  t'-.is r s l s t i o n  w i l l  h e  n r o v e d ,  
I t  i s  r 3 s d i l y  s e e n ,  h o w e v e r , ,  t h s t  t h e  p r o c f  w i l l  b e  v a l i d  

f l o v ,  and  t h i s  c o n c l i t i o a  h a s  a l r e a d y . b e e n  assumed a n d  i t s  ---- 
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p h y s i c a l  m e a n i n g  e x p l a i n e d ,  The c a s e  7 = C is i t s e l f  
e x c l u d e d  f rom t h e  r a n g e  of a p p l i c a b i l i t y  of  t h e  a b o v e  
c o n s i d e r a t i o n s  a n d  f o r  t h e  f o l l o w i n g  r e a s o n :  A t  t h e  
p o i n t  1 = 0, if t h i s  p o i n t  l i e s  w i t h i n  t h e  f l o w  m e s s ,  t h e  
s t r e a m l i n e s  mee t ,  I t  i’s r e a d i l y  s e e n  t h a t  i n  t h i s  c a s ?  
t h e  c o o r d i n a t e s  x ,  y c a n n o t  be s i n g l e - v a l u e d  f u n c t i o n s  
o f  c p ,  +; t h e  l a t t e r  r e g i o n  w i l l  Be r e p r e s e n t e d ,  at l e a s t ,  
by 2 two-sheet  Riemann s u r f a c e  n o t  ~ s s ~ ~ m e d  i n  s e t t i n g  up 
t h e  d o u b l e  i n t e g r a l s  t h z t  f i g u r e  i n  t h e s e  c o n s i d e r a t i o n s ,  
I t  i s  e a s y  t o  show, however ,  w i t h o u t  any f o r m u l a s ,  t h a t  
t h e  v a l u e  7 = 0 i s  t h e  min imum ’ 7 ,  F o r  t h i s ,  i t  i s  
s u f f i c i e n t  t o  re rnenber  t h a t  7 = (ua f v2)/2a, a n d ,  
s i n c e  t h i s  f u n c t i o n  i s  e v e r y w h e r e  p o s i t i v e ,  t h e  v a l u e  
z e r o  i s  a c t u a l l y  i t s  minimum, I n  w h a t  f o l l o w s ,  o n l y  
s u c h  gas f l o w s  f o r  wh ich  t h e  c r i t i c a l  p o i n t  T = 0 l i e s  
O R  t h e  bounding c o n t o u r  o f  t h e  T ,  0 r e g i o n  a n i  t h e  
s u r f a c e  of t h e  vP:$  r e g i o n , a  s i n g l e  s h e e t  s u r f a c e  w i l l  
be  c o n s i d e r e d ,  

By s e t t i n g  up  f o r m u l a s  ( 1 0 )  t h e  d i f f e r e n t i a l  e q u a t i o n :  

a n d  a p p l y i n g  t h e  a b o v e - d e s c r i b e d  d e v i c e  i t  i s  f o u n d  t h a t  
&&e function ---_I c a n n o t  --- h a v e  -__-__ e i t h e r  2 maxipun: o_r 5 
minn~l_uli, In  t h o  same v a y  t h e  a b s e n c e  .of  t u r n i n g  v a l u e s  
a l s o  f o r  t h e  f u s c t i o r , s  e p ,  $, o f  T a n d  0 ,  i f  t h e  
l a t t e r  a r e  t a k e n  as  t h e  i n d e p e n d e n t  v a r i a b l e s  i s  e s t a b -  
l i s h e d ,  F o r  t h i s  p u r p o s e  f o r m u l a s  (11) must b e  u s e d .  

S l d Q  

I From t h e  f o r e g o i n g  t h e o r e m s  p r o v e d  i t  i s  c l e a r  t h a t  
i n  t h e  ‘3, $ r e g i o n  t h e r e  c a n n o t  e x i s t  c l o s e d  c u r v a s  a l o n g  
w h i c h  t h e  f u n c t i o n s  x, y ,  7 ,  0 z a i n t a i n  c c n s t a n t  v a l u e s ;  
a l l  s u c h  c u r v e s  must end  a t  t h e  b o u n z a r y  of t h e  r e g i o n ,  
S i m l l i a r  c o n s i d e r a t i o c s  h o l d  f o r  t h e  7 ,  0 r a g i o n  and  
t h e  c u r v e s  cp = c o n s t a n t  a n d  \I/ = c o n s t a n t ,  

Ii1 a p p l i c a t i o n  c n l y  s u c h  prob1cn;s a s  c o r r e s p o n d  t o  
a 7 ,  B r e g i o n  bounded by c o n c e n t r i c  c i r c l e s  and  t h e  
s t r a i g h t  l i n e  s e g m e n t s  p a s s i n g  t h r o u g h  thc-i  r c e n t e r s  w i l l  
be k e p t  i n  mind ,  The m a g n i d u t e s  T, 0 v i 1 1  be  t a k e n  as  
t h e  y o l a r  c o o r d i n a t e s  of t h e  p o i n t s  of t h e i r  r e g i o n  and  
t h e  comlnon c e n t e r  o f  t h e  b o u n d a r y  c u r v e s  w i l l  bs t h e  p o l e  
of t h e  c o o r d i n Q t e s ,  
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F o r  t h e s e  c o n d i t i o n s  f rom t h e  theo rem o n  t h e  i m -  
p o s s i b i l i t y  o f  a maximum o r  minimum o f  T(cp,\lr) 0 ( c p , d J )  
i t  oay b e  c o n c l u d e d  t h a t  i n n e r  p o i n t s  of t h e  7 ,  0 
r e f i o n  c o r r e s p o n d  t o  i i i n e r  p o i n t s  o f  t h e  ? *  $ reg ion , ,  
I t  1~!2,y be  n o f e d  f u r t h e r  t n a t  by making  u s e  o f  t h e  ab- 
s e n c c  of a maximum o r  a lninimum o f  t i l e  f u n c t i o n  $ ( 7 ,  e ) ,  
t h e r e  c a n  e q a i n  be o b t a i n e d  t h e  t:?eorem a l r e a d y  p r o v e d  
o n  t h e  u n i q u e n e s s  o f  t n ?  f u u c t i o n  i f  i t  i s  c o n t i n u o u s  
w i t h i n  t l i e  7 ,  0 r e g i o n  and  i s  gii- .en 02 i t s  b o u n A a r i e s ,  
--- The -I---- s e r i e s  of its b o u n d a r y  v a l u e s  z g x ,  22 g g 2 e r a l , - a l s o  
-- be -------------% d i s c o n t i n u o u s  

A p r o b l e n  on t h e  f l o w  o f  a gas will now be c o n s i d e r e d ,  
B s s v m e  8 s  known thr? c o r r e s p o a d i n g  c c n t o i i r  o f  t h e  r e g i o n  
o f  t h e  v a r i a b l e s  7 ,  9 s a t i s f y i n g  t h e  c o n d i t i o n  7 < 
l/(ZB + 1) ;  f i n a l l y  $ c n  t n c  c o n t o u r  i s  known. If i t  
i s  p o s s i b l e ,  f rom c e r t a i n  c o n s i d s r a t i o n s ,  t o  c o n c l u d e  
t h r + t  t h L  g i v e n  p rob lem has a s o l u t i o n  and  i f  a c o n t i n u o u s  
f u r t i o n  $ s a t i s f y i 2 g  t f i e  g i v e n  c c a d i t i o n s  i s  f o u n d ,  
t h e n  t h i s  f u n c t i o n  w i l l  a c t u a l l y  r e p r e s e n t  t h e  s t r e c m  
f i i n c t i o n ,  s i r - c e  no 0 t h 3 r  i s  p o s s i b l e . -  b e z a u s e  o f  t h e  
t h e o r e m  on t k e  u n i q u e n c s s  o f  t h e  s o l u t i o n  o f  t h e  J i f f a r -  
e n t i a 1  e q u a t i o n s  o f  t h d  same t y p e  a s  t h e  e q n a t i o n s  f o r  
t h c  f u n c t i o n  $. ( S e a  P I S O  r e f e r c n c e  6. j 

S i d e  c o n s i d a r a t i G n s ,  as  t o  t h e  e x i s t e n c e  o f  c? solution, 
a r e  n o $ ,  however ,  a l w a y s  a p r i o r i  p o s s i b l e ,  clnd s u c h  b z i a g  
t h e  c . t se ,  h a v i n g  c b t a i n e d  a f u n c t i o n  \L, and  t h r o i l g h  i t  cp, 
i t  m,a;T be q u e s t i o n e d  a s  t o  w h e t h a r  t h a s e  p a r t i c u l a r  fi lnc- 
t i o n s  g i v e  ro p o s s i b l e  scluticn of t h z  p rob lem,  I n  o r d e r  
t o  remove s u c h  d o u b t  i t  i s  n e c e s s a r y  t o  sbow e a c h  t i m e  
t h a t  t1:e fo rmulas  f o r  cp a n a  \1, $ . e t e r m i n e  7 a n d  8 a s  
s i n r z l a - v a l u e  f u n c t i o n s  o f  x and. y. 

I n  o r d e r  t o  c l a r i f y  this po in t . ,  t h e  r e e s o n i n g  w i l l  
be. a s  f o l l o w s ,  L e t  a s i n g l e - v a l u e d  f u n c t i o n  $(T, a )  be 
c e f i a a d ;  t h e n  f rom t h e  f o r m u l a  
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t h e r e  i s  o b t a i n e d  

I nnd  s i m i l a r  o n e s ,  

. and  f ron !  e q u n t i o n s  ( 8 )  and  (11) t h e  r e l a t i o n s  

fro;,; wh ich  i t  i s  c l e a r  t h a t ,  i f  e v e r y w h e r e  
t h e  e q u a t i o n  ( x , y ) / ( T , Q )  = 0 i s  p o s s i b l e  only i f  b o t h  
p a r t i a l  d e r i v a t i v e s  o f  t h e  f u n c t i o n  V a r e  s i m u l t a n e o u s l y  
z e r o ,  T h i s  c a n  happen  czt a s i n g u l a r  p o i n t  o f  one of  t h e  
c u r v e s  $ = c o n s t a z t  i f  s u c h  s i n g u l a r  p o i n t  on t h e  c u r v e  
e x i s t s ,  I n  g ; e n e r a l ,  ' t o  d e n y  t h e  e x i s t e n c e  o f  s u c h  p o i n t s  
i s  i m p o s s i b l e ,  b u t  i t  can  b e  s t a t e &  t h a t  c u r v e s  $ ( T ,  0 )  = 
c o n s t a n t  t r i l l  i n  no. c s s e  f o r a  a l o o p ,  s i n c e .  c l o s e d  c u r v e s  
9 = consGant  would t h e n  e x i s t  w i t h i n  t h e  l o o p ,  Hence, t h e  
b r a n c h e s  of o u r  c u r v e ,  a f t e r  f o r r r i n g  t h e  s i n g u l a r  p o i n t ,  
will s u p p o r t  t h e m s e l v e s  a s a i n s t  t h e  b c u n d a r y  o f  t h e  r e g i o n  
sonewhat  as shown i n  f i g u r e  2, I f ,  however ,  i t  i s  known, 
a t  l e a s t  f r o m  t h e  c o n d i t i o n s  of  t h e  p r o b l e m ,  t h a t  a l l  t h e  
c u r v e s  $ =  c o n s t a n t  i s s u e  f r o m  t h e  same p o i n t  o f  t h e  
c o n t o u r  7, 0 a n d  a q a i n  meet  a t  a n o t h e r  p o i n t  o f  t h e  
b o u n d a r y ,  t h e n  t h e  above-ment ioned  d i s p o s i t i o n  o f  t h e  
c u r v e  i s  i m p o s s i b l e  a n d  t h e r e f o r e  t h e  v a n i s h i n g  o f  t h e  
(X,y)/(T,8) i s  l i k e w i s e  i m p o s s i b l e ,  The same i s  a l s o  

7 2 1 / ( 2 B + 1 ) ,  

4 
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t r u e  i n  t h e  c a s e  where ,  s t a r t i n g  from t h e  s a n e  p o i n t  o f  
t h e  b o m d a r y  o f  t h e  r e g i o n ,  th.e c u r v e s  $ ( T ,  0 )  = c o n s t a n t  
t h e n  d i v i d e  i n t o  p e n c i l s ,  e a c h  o f  t h e n  a g a i n  c o n v e r g i n g  a t  
one p o i n t ,  

An e n t i r e l y  d i f f e r e n t  p i c t u r e  w i l l  r e s u l t  i f  a s t e a d y  
g a s  f l o w  u n d e r  conc2 i t ions  s o  t h a t  e x c e e d s  t h e  l i m i t -  
i n g  v a l u e  l/(2@+ I) i s  sough t .  The J a c o b i a n  ( v l  $) /  
( 7 ,  0 )  i n  t h e  r e g i o n  o f  1, 6 where  7 i s  g r e a t e r  t h a n  
t h e  l i m i t i n g  v a l u e  w i l l  t h e n  b e  t h e  d i f f e r e n c e  be tween  
t w o  p o s i t i v e  q u a n t i t i e s  a n d  w i l l  kecome z e r o  a l o r , g  a c e r -  
t a i n  c u r v e ,  C o n s i d e r ,  f o r  example ,  t h e  c a s e  where  t o  
t h e  b o u n d a r i e s  o f  t h e  cp,* r e g i o n  t h e r e  c o r r e s p o n d s  i n  
t h e  7, f3 r e g i o n  t h e  s e m i c i r c l e  ACB a n d  i t s  d i a m e t e r  A B ,  
t h e  c e n t e r  o f  t h a  s e m i c i r c l e  b e i r g  a t  T = 0;  l e t  * 
a l o n g  t h i s  c o n t o u r  h a v e  some c o n s t a n t  v a l a e ,  

Along 08 e v i d e n t l y  ( a J / / T ,  0 )  = 0 ;  on t h e  s e z i -  
c i r c l e  ACB (b * /?J i3 )  = 0, T h e r a f o r e ,  i n  p a s s i n g  a l o n g  
a n y  c u r v e  f rom a p o i n t  IVL on t h e  d . ian ;e te r  t o  a p o i n t  F 

o n  t h e  s e m i c i r c l e ,  t h e  r a t i o  p a s s e s  t h r o u g h  

a l l  ~ o s s i b l e  v a l u e s  f r o =  C t o  m; h e n c e  i t  f o l l o w s  t h a t  
i f  S O L S  v a l u e  To 1/(2@+ 1) i s  c h o s e n  f o r  7 ,  t h e n  on 
e a c h  o f  t h e  c u r v e s  j o i n i n g  k and  iV a p o i n t  w i l l  %e 
f o u n d  a t  wh ic : i  t h e  e x p r e s s i o n  

becomes z e r o .  The s e r i e s  o f  t h e e e  p o i n t s  i n  t h e  
r e g i o n  will be on a c e r t a i n  c u r v e ,  The p o i n t .  where  t h e  
l a t t e r  m e e t s  t h e  c u r v e  7 = T o  will be t h e  p o i n t  a t  
w h i c h  t h e r e  h o l d s  t h e  e q u a t i o n .  

a n d  t h e r e f o r e  by t h e  p r e c e d i n g  f o r m u l a s  also t h e  e q u a t i o n  



? 8  

E v i d e n t l y  f r o n  t h e  r r a n r e r  ir, which  one  o f  t h e s e  
p o i q ~ s  i s  o b t a i n e d  i t  ixust be  conc luCed  t h a t  t h e y  f o ~ m  
a c c r t a i n  Lense  c u r v e ,  ~ n u . s  ~ ( x , y j  and  O ( x , y )  w i l l  
n o t  7-e s i n g l e - ~ r a l u e d  its i s  r e q u i r e d  i n  a r e a l  m o t i o n  o f  

The a u t h o r  r e t u r n s  t o  t h e  s o l u t i o ?  o f  t h s  p rob lem 
which W ~ E  e s v e c i a l l y  t h o u g h t  o f  i n  s e t t i f i g  a9 t h i s  a n a l y s i s ,  
The f l o w  o f  a g a s  Soundzd b y  plane walls a t  wrriiich t l -e  cas 
s s o r r a t e s  and continues t o  f l e w  i i l  G, r e g i o n  of' c o n s t a n t  
p r e s s ? i s e  i s  c o n s i ? e r e d ,  Thn, i ; r o 7 ; l i n ; s  o f  t:c, f l o w  o f  a F ~ s s  
o u t  o f  r" v e r y  l a r z e  v e s s c l  :tnd t n e  pressure? o f  e n  i n f i n i t e  
gap f l o i i  a t  a plate w i l l  be  s t u d i e d  i n  g r e n t c r  d s t z i l .  

Z o n s i d s r  a '  2 a r t i c u l t z r  s o l u t i o n  o f  e q u a t i o n  ( 1 2 )  o f  
t h e  f o r n ,  

w h e r e  z I s  n f v c c t i o n  o n l y  o f  T, Yo d e t e r m i n e  t h i s  
f u n c t i o n ,  t h e  o r c i n a r y  d i f f e r e n t i a l  e q u a t i o n  n 

S e t t i n g  

y i o l C s ,  f c r  t h e  n e t e r n i n a t i o n  o f  y n ,  t h e  e q - x i t i o n  
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T h i s  i s  a h y p e r g e o m e t r i c  e q u a t i c n ,  I t s  i n t e g r a l s  
a r e  o f  t h e  f o r c  

where  K ( T )  d e n o t e s  t h e  s e r i e s  

I f  i t  i s  d e s i r e d  t o  h a v e  a n  e x p r e s s i o n  f o r  $' t h a t  
d o e s  n o t  becorrle i c f i n i t e  a t  t h e  c r i t i c a l  p o i n t  7 = 0, 
i n  eqTJ-ation (14), i t  i s  n e c e s s a r y  t o  t a k e  t h e  i n t e g r a l  
o f  e q u a t i o i i  (16), which  r e m a i n s  f i n i t e  f o r  T = 0 ,  I t ,  
t h e r e f o r e  i s  a s s u n e d  t h a t ,  by maklng  u s e  o f  t h e  n o t a t i o n  
o f  Gauss 

Y, = F(cin,  b n ,  2n + 1, 7) (19) 

where  an a n d  bn a r e  d e t e r m i n e d  f r o m  t h e  e q u a t i o n s  

The q u e s t i o n  t o  be  d e c i d e d  i s  which  o f  t h e  problerfis 
o f  t h e  a b o v e - i n d i c a t e d  t y p e  n a y  be s o l v e d  w i t h  t h e  a i d  o f  
a f u n c t i o n  $' e x p r e s s e d  by t h e  f o r n u l a  

\L, = A + BO + cSnan ( 2 0 )  

where  A ,  B ,  3, a.re  c e r t a i n  c o n s t a n t s  a n d  'Jn i s  d e t e r -  
mined by f o r m u l a s  (14), (17), and  (19). 

F i r s t  c o n s i d e r  t h e  b o u n d a r y  c o n f i i t i o n s  o f  t h e  
p r o b l e m s ,  S i n c e  t h e  gas  mass i s  t o  b e  bounded 5y s t ream-  

\. 

I 
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l i n e s ,  t h e n  a l o n g  t h e  b o u n d i n g  c o n t o u r  o f  t h e  7 , e  
r e g i o n  $ must  assume c e r t a i n  c o n s t a n t  values. I f  t h e  
p a r t  of t h e  c o n t o u r  a n d e r  c o n s i d e r a t i o n  c o r r e s p o n d s  t o  
a !,lane wall, t h e  a n g l e  0 fo rmed  by t h e  v e l o c i t y  d i -  
r e c t i o n  w i t h  t h e  x-axis  s h o u l d  m a i n t a i n  a c o n s t a n t  value 
s o  t h a t  t b i s  p a r t  of  t h e  b o u n d a r y  w i l l  be  a s e c t i o n  of 
a s t r a i g h t  l i n e  p a s s i n g  t h r o u g h  t h e  p o l e  'r = 0, I f  t h e  
s u r f a c e  o f  t h e  j e t  i s  c o n s i d e r e d ,  t h e r e  i s  a l o n g  t h e  su r -  
f a c e  p = c o n s t a n t ,  and  t h e r e f o r e ,  by t h e  B e r n o u l l i  t h e o r e e ,  
t h e  v e l o c i t y  s h o u l d  l i k e w i s e  have a c o n s t a n t  v a l u e  vo, 
But v 2 / 2 a  = T, s o  t h a t  7 l i k e w i s e  h a s  a c o n s t a n t  v a l u e  

8 r e g i o n  c o r r e s p o n d i n g  t o  t h e  j e t  v i 1 1  b e  fo rmed  o f  a n  
a r c  o f  a c i r c l e  t h e  c e n t e r  of v h i c h  s e r v e s  as  t h e  pole, 

I t  i s  c l e a r  t h a t  t h e  p a r t  o f  t h e  b o u n d a r y  o f  t h e  7 ,  
TO 

The prob len ,  p r o p o s e d  o f  t h e  E O t i O n  o f  a gas mass i s  
now con,?ared w i t h  t h e  c o r r e s p o n d i n g  F r c b l e m  o f  t h e  flow 
o f  a n  i n c o m p r e s s i b l e  l i q u i d  f o r  t h e  same b o u n d a r y  condi -  
t i o n s  ( t h e  same d i s p o s i t i o n  o f  t h e  b o u n d a r y  w a l l s ,  ve l -  
o c i t i e s  a t  i n f i n i t y ,  a n 6  v e l o c i t y  a t  t h e  j e t  b o u n d a r i e s ) ,  
The l a t t e r  p r o b l e m  i s  s o l v e d  w i t h  t h e  a i d  of t h e  w e l l -  
k n o u n  Joukowsky method. By t h e  u s e  o f  t n i s  method t h e  
r e l L t i o n  be tween  t h e  complex  v a r i a b l e s  1g v0/v + i e  = 

l g  +,/-+ i o  a n d  w = cp1 + i*l i s  f o u n d  where  cpl 

anit a r e  t h e  v e l c c i t y  p o t e n t i a l  a n d  t h e  s t r e a m  func-  
t i o n  c o r r e s p o n d i n g  t o  t h e  p r o b l e m ,  I t  i s  assumed t h a t  

/T- \ 
+ i e /  

w = f  l g J -  7 i (21) 

i s  o b t a i n e d  a n d  t h a t  t h i s  f u n c t i o n  c a n  be  expanded i n  a 
s e r i e s  o f  t h e  f o r m  

Then 
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i s  t h e  h y p e r g e o m e t r i c  s e r i e s  d e f i n a d  by f o r m u l a  
i t s  p a r t i c u l a r  v a l u e  with T s u b s t i t u t e d  f o r  Yn where  

(W, Y 
n ,  O 

T~ a n d  A a c e r t a i n  c o n s t a n t ,  

The c o r r e c t n e s s  of  t h i s  k t a t e n e n t  Liaj', i n  p a r t ,  be 

0 .  

p r o v e d  i m m e d i a t e l y ,  Thus ,  i t  i s  r e a G i l j r  s e e n  t h a t  f o r  
T = 7 t h e  r i g h t - h a n d  s i d e s  ' o f  f o r n u l a s  ( 2 2 )  and  ( 2 3 )  
a g r e e ;  n e n c e  i f  f o r  7 = 70 $1 = c o n s t a n t ,  t h e n  l i k e -  
w i s e  $ = c o n s t a n t ,  I f ,  f u r t h e r ,  f o r  a n y  v a l u e  8 = 8, 
t h e  f i u c t i c n  a e f i n e c ' .  by f o r m u l a  ( 2 2 )  d o e s  n o t  depend  on 
7, t h i s  i s  t r u e  o n l y  i f  t h e  c o n d i t i c n  s i n ( 2 n O 0 +  an) = 0 
i s  s a t i s f i e d  f o r  e v e r y  n u n d e r  t h e  sumo,at ion s i g n ;  b'Llt 
t h e n  t h e  r i g h t  s i d e  o f  formula ( 2 3 )  f o r  t h e  s a a e  0 a l s o  
w i l l  have  a c o n s t a n t  v a l u e ,  Tnus t h e  boundary  c o n d i t i o n s  
imposed on t5.e f u r i c t i o n  \Ir a r e  s a t i s f i e d ,  

I t  i s  now n o t e d  h e r e  t h e  t h e  s e r i e s  $ f o r m a l l y  -------- 
s a t i s f i e s  e q u a t i o n  (12), s i n c e  i t  i s  t h i  sum o f  i t s  p a r -  
tial integrals. Jf 2'" Ai 23 shown that fzx agy 2-5-2~ 
t h e  s e r i e s  Lzzl g ~ ~ ~ e r ~ : , - . s  an? f o r  '0 t e n d s  .t, 422 
----- s a p e  ----- l i e i t  g s  s e r i e s  1221, t h e n  t h e  f u n c t i o n  e x p r e s s e d  by 
i t  a c t u a l l y  w i l l  be t h e  r e q u i r e d  s t rear i !  f u n c t i o n ,  I f ,  
m o r e o v ~ r ,  i t  i s  shown t k a t  t h i s  s e r i e s  c o n v e r g e s  a b s o l u t e l y  
a n d  a u i f o r m l y  t o g e t h e r  w i t h  t h e  s e r i e s  o b t a i n e d  by i t s  
term-by-teru d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  7 and  a 
i t  w i l l  be  j u s t i f i a b l e  t o  c o n s i d e r  t h e  l a t t e r  s e r i e s  a s  
e x p r e s s i o n s  f o r  t h e  p a r t i a l  d e r i v a t i v e s  o f  t h e  i n i t i a l  
s e r i e s ,  Then f o r  a g i v e n  $', making  u s e  o f  e q u z t i o n s  
( 7 1 ) ,  ( 8 ' )  a n d  (ll), cp, x, 9, w i l l  be foUilC1, 4 s  r e g a r d s  

c p ,  i t  i s  f o u n d  from for f f iu las  (11) which  l e a d  t o  t h e  re- 
l a t i o n  

__-- ------ --- _-..e ------ ----- 

1-( zg+1') -2n( oos2nB + u n ) d 7 z n  ------ 
2 r  



whence by use o f  e q u a t i o n  (15)  and  t h e  f o l l o w i n g  o n e s  
e q u a t i o n  (24) 

-6 1+- 7 - Y'n\ \ c o s ( 2 n e + a n )  ( 2 4 )  

yn 

- (1-7)  
Yn, 0 

1 

may be e a s i l y  o b t a i n e d ,  

7 Y ' ,  
The f u n c t i o n s  1 + - -- w h i c h ,  i n  what  follows, 

Y n  

w i l l  be  d e n o t e d  by x n ,  p l a y  a v e r y  i m p o r t a n t  p a r t  i n  
t h i s  problerr.  s i n c e  t h r o u g h  them a r e  e x p r e s s e d  t h e  cha r -  
a c t e r i s t i c  c o n s t a n t s  of  t h e  v a r i o u s  p r o b l e m s ,  C e r t a i n  
p r o p e r t i e s  o f  t h e s e  f u n c t i o n s  a n d  t h e  me thods  f o r  t h e i r  
c o ~ p u t a t i o n  a n d  l i k e w i s e  t h e  e s s e n t i a l  p r o p e r t i e s  o f  t h e  

o f  i n t e r e s t  h c r e  w i l l  b e  d e s c r i b e d  f u n c t i o n s  '2, a n d  
i n  t h e  f o l l o w i n g  s e c t i o n ,  Only by becoming a c q u a i n t e d  w i t h  
a l l  t h e s e  p r o p e r t i e s  i s  t h e  p o s s i b i l i t y  o b t a i n e d  o f  denon- 
s t r a t i n g  t h e  c o r r e c t n e s s  o f  t h e s e  s t a t m e n t s  t h a t  r e m a i n  t o  
b e  p r o v e d  w i t h  r e g a r d  t o  t h e  f u n d a m e n t a l  s e r i e s  f o r  $, 

YQ 

b 

.. , 

. _  
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PART I1 

2 3  

The f u n c t i o n  z n  ' is  t h a t  i n t e g r a l  of t h e  e q u a t i o n  

w h i c h  d o c s  n o t  b e c o c c  i n f i n i t c  f o r  T = 0 .  T h i s  i n t c g r E 1  

h y y c r g e  o n c t r  i c  f u n c t i o n  
where n > 0 a.nd Yn i s  tho  i s  of t h e  f o r m  Zn = T n >rn 

y ,  = F ( a , ,  b,, 2n + 1, T )  

t h e  p a r a m e t e r s  a n  a n d  bn  b c i n g  d c f i n c d  by t h e  f o r n u l a s .  

an -t bli = 2n - B ,  anb,  = -Bn(2n f 1) 

It w i l l  b o  shown f i r s t  of a l l  t h a t  z, a.0c-s. 3-03 

p o s s e s s  any  r e a l  r o o t s  bc twocn  t h o  v a l u e s  0 a n d  ------ 1 
20 4- 1 - ----- -_I- ---- - -----I- --____--__ --.----- - ---- 

of $-&- y>,r-iaal-l.- . .Ti Assune  t h e  c o n t r a r y  t o  b e  t h e  c a s e  a n d  
l e t  T = a b e  t h e  l e a s t  p o s i t i v e  r o o t  of t h c  f u n c t i o n  z n .  
S i n c e  z n  becoixcs z e r o  a l s o  f o r  T = 0 ,  t h e n ,  b e t w e e n  
t h e  v a l u e s  0 a n d  a ,  a q u a n t i t y  b s h o u l d  e x i s t  which  

s e r v e s  R S  t h e  r o o t  o f  t h e  e q c a t i o n  

f u n c t i o n  u n d e r  t h e  d i f f e r e n t i a t i o n  s i g n  on t h e  l e f t - h a n d  
s i d e  o f  co_ua t ion  ( 2 5 )  w i l l  h a v e  t h e  r o o t s  T = 0 ,  T = b ,  
a n d  c o i i s e q u e n t l y  i t s  d e r i v a t i v e  s h o u l d  p o s s o s s  a r o o t  
-r = c rrhere  0 < c < b < a .  In v iew of t h e  f a c t  t h a t  on 
t h e  r i g h t - h a n d  s i d e  of t h i s  e q u a t i o n  t h e  c o e f f i c i e n t  o f  zn 

--- dzn  = 0 ,  Thus t h e  
d7 

, i t  must b e  a s sumed  c a n n o t  become z e r o  f o r  T 4 ------ 
213 + 1 

1 

t h a t  z n ( c )  = 0; a n d  h e n c e  t h c  f u n c t i o n  Zn must h a v e  a 
r o o t  T = c < a .  By t h o  same r e a s o n i n g  i t  i s  c o n c l u d e d  



24 NdCA TM NO, l O l j 3  

t h a t  i n  t h e  r a n g e  of v a i u e s  of t h e  v a r i a b l e s  f r o m  0 t o  
a ail i n f i n i t e  number o f  r o o t s  of z, must be  i n c l u d e d .  
Bu t  t h e n  z n  c o u l d  n o t  be e x p r e s s e d  b y  a power s e r i e s .  

From t h e  p r o p o s i t i o n  jus t  p r o v e d ,  i t  f o l l o w s  t h a t  z n  
i s  nil i i l c r e a s i n g  f u n c t i o n .  T h u s ,  s i n c e  z l n  h a s  n o  r o o t s  

l e s s  t h a n  

S i n c e  i t  
b e ma i il t 8. 

a b  ovc-li?en 

1 
must a l w a y s  vary i n  t h e  same s e i l s e ,  

i o  p o s i t i v e  f o r  v e r y  small  7 ,  t h e  same s i g n  W i l l  
i i lad f o r  a l l  v a l u e s  o f  t h e  TTariable w i t h i n  t h e  
t i o n e d  r a n g e .  Thus z n  i n c r e a s e s  f o r  v a l x e s  of 

& 

3 'n 28 + 1 
----- 

T n e a r  z e r o ,  a n d  h e z c e  will. c o n t i n u e  t o  i n c r e a s e  u n t i l  ! Z I n  

chai iges  s i g n .  I t  i s  x o t e d  that 

t h e  f u n c -  -----__-- 1 where it  is c o n c l u d e d  t h a t ,  

have  no r o o t s  a n d  a r e  a l w a y s  g r e a t e r  t h a n  0 ~ J O W  .xn. , _____ - ___ ______ _____ .___ ._._____.- _ _ _ _ -  ._ 
f o r  t i t t h i n  t h e s e  l i m i t s  z l n  0 .  

'i < 7 .C: ------ z e  + 1' 

T u r n  now t o  t h e  f u n c t i o n  yn, t h e  n o l o m o r p h i c  i n t e -  

era1 o f  t h e  e q u a t i o n  

y1fn ~ ( 1  - T )  + y l n  [(2n + I) (1 - 7 )  + + ~ n ( 2 n  + 1 ) y n  = 0 (26) 

o r  i t s  e q u i v a l e n t  

F r o n  t h e  t h e o r e m  . j u s t  p r o v e d ,  i t  is c o n c l u d e d  t h a t  
does  n o t  have  a n y  r o o t s  be tween  t h e  v a l u e s  o f  7 wi th -  

i n  t h e  rars4e c o n s i d e r e d .  
w i t h  regard .  t o  %he  s u c c e s s i v e  d e r i v a t i v e s  o f  t h i s  f u n c t i o n .  
F i r s t  or" all, f r o m  e q u a t i o n  (26') i t  i s  c o n c l u d e d  t h a t  
what has b e e n  s t a i t e d  i s  t r w  t s i t h  r e g a r d  t o  t h e  f u n c t i o n  
Y ' n .  Thus ,  i f  t h e r e  e x i s t e d  a r o o t  o f  t h i s  f u n c t i o n  t h e  
d e r i v a t i v e  

Ys &. ___. _-_ _.___-_ --- ---- -- _-__ --_ _-I _-_ .-* _-_____ 
The same may be p r o v e d  l i k e w i s e  -- .- ~ -. -...-_---_---- 

4 



-1 

c lecrezse .  

3.2 s e t t i n g  m = PBn f o r  :t s ~ i t ~ ~ b l e  c h o i c e  o f  p ,  
t h e r e  i s  i n  t k e  b r s c z c t s  3 c c q r t t i v e  q? - . cn t i$y  f o r  all v a l u e s  
of 7 if the e x - p r e s s i c n  i s  n e g a t i v e  u r  z e r o  f3r t n e  h r z -  

i s  s u f f i c i c c t  t o  c h o o s e  p s o  t h a t  i t  s a t t s f i e s  t h e  equa-  
t i o a  

o r ,  a f to r  r e d u c t i o n ,  
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---7 d a n + i  (1 - T)- '  y' ,  
dT 

would li!rei;iise have  a r o o t .  B=IC t h i s  i s  i m p o s s i b l e  b e c a u s e  

c a n a o t  become z e r o  ~ ~ i i t h i n  t h e  r a n g e  o f  v a r i a t i o n  o f  7. 
By d i f f e r e n t i a t i r g  lii tlmcs e q u a t i o r ,  ( 2 6 )  t h e r e  i s  ob- 
t a i n e d  

I t h e  secoi id  t e r m  01: tl:e l e f t - h a n d  s i d e  o f '  e q u a t i o n  (2 i i ' )  

(a+ 1) 
whence ,  ' r e a s o r l i r g  a s  b e f o r e ,  i t  i s  co i i c luded  t h a t  yn  
can i io t  have r o o t s  w i t h i n  t h e  r a n g e  of v a r i a t i o n  o f  T i f  
y d o e s  not have r d o t s  w i t h i r ,  t 5 i s  r a n g e .  By s e t t i n g  

m = I, 2 ,  3 . e t  t h e  c o r r e c t i i e s s  o f  t h i s  s t a t e m e n t  i s  
pr ove d. 

11 

S e t t i n g  T = 0 ,  g i v e s  

. .  

S i n c e  8 i s  a p p r o x i m a t e l y  2.5 ar.d n i s  a p o s i t i v e  
numbor ,  t h e  s i g n s  of t h e  a b o v e  q u a n t i t i e s  a l t e r n a t e .  The 
same w i i l  b e  t r u e  f o r  a n y  T s a t i s f y i n g  t h e  i n e q u q l i t i e s  
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rn s h e  maximxm v a l u e  o f  p i s  o 3 t a i n e d  f o r  v e r y  l a r g e  
n ( n  = CO); i n  t h i s  c a s e  p = 2 .  I n  g e n e r a l  p < 2 ;  
t h u s ,  f o r  n = 2 ,  I3 = 2 . 5 ,  p = 1.083;  f o r  n = 3 ,  
p = 1.181. 

V i t h  t h e  a b o v e  c h o i c e  o f  t h e  q u a n t i t y  m t h e  f u n c -  
t i o n  s f n  c a n r o t  h a v e  a r o o t  d i f f e r e n t  f r o m  z e r o  w i t h i n  
t h e  r a n g e  o f  v a r i a t i o n  o f  T.  T h i s  c a n  b e  p r o v e d  b y  t i e  
same r c n s o a i n g  a l r e a d y  more t h a n  once a p p l i e d ,  

I t  i s  n o t e d  t h a t  s n ( 0 )  = 1 c::d f r o n  e q u a t i o n  ( 2 7 )  
s I n ( O )  = m - B E  i s  ob ta . ined .  For m = bpn, s ' n ( C )  > 0 ai id  
the re lo :*e  t i le  f u n c t i o n  

( 2 9 )  

i n c r e a s e s  w i t h  t h e  v a r i a b l e  a n d  w i l l  e x c e e d  c n i t y .  If 
B n - e - 1  

2 n  + 2 
m = $:I, h o w e v e r ,  

ani! t h i s  rnrtgriitude f o r  n > 1 + - i s  a n e g a t i v e  q u a n t i t y .  

F o r  t h i s  r e a s o ?  s t n ( r )  l i k e w i s e ,  a s  a. d e c r e a s i n g  f u n c t i o n ,  

s n o u l d  for T > 0 be  l e s s  t h a n  z e r o ;  h e n c e  i t  i s  c o n c l u d e d  
t h a t  

(0) = 0 ,  b u t  $ 1 '  ( e )  = -3n ---------- 
'n n 

1 
B 

1 
B 

f o r  11 > 1 + -. i s  a d e c r e a s i n g  f u n c t i o n  a n a  r e p r c s e : i t s  a 

p r o p e r  f r a c t i o n ,  

F o r  n < 1 + 1 t h e  q u a n t i t y  w i t h i n  t h e  b r a c k e t s  la e 
e q u s t i o i i  ( 2 7 )  will b e  less t h a n  0 f o r  m = Bn;. s ' , ( O )  = 3 ,  
s",(O) > 0, a n d  t h e r e f o r e  s I n ( T )  =. 0 a n d  

w i l l  b e  a n  i n c r e a s i n g  f u n c t i o n ,  

The s m a l l e r  r o o t ,  d e n o t e d  siri lply b y  14, of e q u a t i o i i  
( 2 8 )  t r i l l  ? e  l e c s  t h a n  1. I t  c a n  b e  r e a d i l y  shown t h s t  i f  

m = p @ n  ~ l l d  0 c T -= -----, 1 t h e  c o e f f i c i e n t  o f  s n  
28 f 1 
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i n  e q u a t i o n  (27) w i l l  a g a i n  b e  o f  cons t a3 . t  s i g n ,  t h e  
l a t 5 e r  b e i n g  p o s i t i v e .  T h e r e f o r e  s t n ( T )  > 0 i s  o b t a i i i e d  
s i n c e  s* , , (o)  > 0 ;  a n d  h e n c e  i t  i s  c o n c l u d e d  tnat  t h e  
f unc  t i o n  

d e c r e a s e s  w i t h  i n c r e a s i n g  7. T h u s ,  f o r  e x a m 2 l e ,  f o r  
n = 1,  1.1 =- 0 . 9 3  ( e  i s  t a k e n  e q u a l  t o  2.51, a n d  t h e r e -  

f o r o  w i t h  i n c r e a s i n g  yl(l - T)- ' ,  Y i ( 1  - 7 )  
b e  a d e c r e z s i c g  f u n c t i o n .  

-0.93Fj will 

The above -men t lonsd  p r o p e r t i e s  of Yn g i v e  l i m i t i n g  
f u i 1 c t i o i r s  w i t h i n  w h i c h  yn i s  i n c i i i d e d ;  n a m e l y ,  

where  p i s  d e t e r r c i n e d  b y  e q u a t i o n  ( 2 8 )  a n d  i s  e q u a l  t o  
t h e  smal le r  o f  i t s  r o o t s .  

I t  b e  n o t e d  f u r t h e r  t h a t  t h e  f u n c t  i cn 

i n c r e a s e s  a f o r t i o r i ,  F o r  n < 1 f t h i s  i s  e v i d e n t ;  

f o r  11 > 1 f 9 ,  on t h e  b a s i s  o f  what h a s  b e e n  s a i d  a b o v e ,  
B 1 

B 
i t  nay b e  c o n s i d e r e d  a s  t h e  p r o d u c t  of w o  i n c r e a s i n g  f U i I C -  

t i o n s  y n ( l  - ,)-PBn a n d ,  (1 - T ) - ( 2 - p j B n .  Hence i f  t h o  
g r e a t e s t  v a l u e  w h i c h  T a s s u m e s  i n  t h e  g i v e n  problern i s  
d e n o t e d  b y  T o  a n d  t h e  c o r r e s p o n d i n g  v a l u e  o f  yo by  

t h i s  w i l l  g i v e  t h e  i n e q u a l i t y  ?I, 0 f 



1 
Last t o  b e  c o n s i d e r e d  i s  t h e  f u n c t i o n  xn - - 1 + 7, L.2l 

Yn 
on w h i c h ,  a s  has b e c n  shown i i  t h e  f o r e g o i n g ,  deponds  t h e  
c o z l m t a t i o c  o f  t h e  r e r y  i m p o r t a n t  cor ,s t?-nts  o f  i n t e r e s t  i n  
t h e  v a r i o u s  p r c b l e r n s ,  The d i f f e r e n t i a l  e q u a t i o n  wh ich  t h e  
f u n c t i o n  xn s a t i s f i e s  i s  f i r s t  s e t  up.  I t  i s  o b t a i n e d  
. f r o n  t h e  h y p e r g e o m e t r i c  e q u a t i o n  ( 2 € )  b:r s e t t i n g  

: I  
* '  0 y, = e 

Thus ,  i t  i s  f o u n d  t h a t  

T h i s  e q u a t i o n ,  t o g e t h e r  w i t : ?  t h e  c o n d i t i o n  x n ( 0 )  = 1, 
f u l l y  d e t e r m i n o s  t h e  f u n c t i o n  Xn. I t  h a s  b e e n  shown 
a l r e a d y  t h a t  t h e  f u n c t i o n  Xn f o r  a change  i n  t h e  va , r . i ab l e  
w i t h i i l  t h e  l i m i t s  under c o n s i d e r a t i o n  remains always 
g r e a t e r  t h a n  z ~ r o ,  I t  trill b e  shcwn t L a t  i t  d e c r e a s e s  w i t h  
- i n c r e a s e  -2% T .  F o r  t h i s  p u r p o s e  equa t ion (35  w & s  d i f f e r -  

--- 
. .  e n t  i a t e d ;  t l i e r e  w a s  o b t a i n e d  

S u b s t i t u t i i i g  i n  t h e  b r a c k e t s  for 

a n d  n u l t i p l y i n g  t h e  e q u a t i o n  b y  ~ ~ ~ ( 1  - 7)-Byn , r e d u c e s  
i t  t o  t h o  f o r m  

xn i t s  v a l u e  1 + - - -  7' y', 
3- Yn a 
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Y'n 
B u t  xn  i s  l e s s  t h a n  1, s i n c e  xn  - 1 = - --- i s  a neg- 

n Yn 
a t i v e  nag i i i t u i i e  on t h e  b a s i s  of v h a t  h a s  b e e n  s a i d  w i t h  
regarc '  t o  t h e  s i g n s  3f t h e  f u n c t i o n  Sn a n d  i t s  d e r i v a -  
t i v e s .  S e n c e ,  t h e  r i g h t - h a n d  s i d e  o f  t h e  o b t a i n e d  equa- 
t i o l i  i s  a n e g a t i v e  q u a n t i t y  o f  c o r s t a n t  s i g n .  If xln, 
e q u a l  t o  -8 f o r  T = 0, h a d  a r o o t  w i t h i n  t h e  r a n g e  o f  

v a r i a t i o i l  o f  T ,  t h e n  --7 d (1 - T )  yn x t n  would  

a l s o  kecome z e r o  f o r  a v z i u e  o f  7 l e s s  t h a n  t h i s  r o o t ,  
a resu!.: i rh i ch  i s  i m p o s s i b l e ,  E u t  X ' n ,  e v e r y w h e r e  
f i n i t e ,  2,s c a n  r e a d i l y  be  shown,  c a n n o t  c h a n g e  s i g n  e x c e p t  
b y  g a s s i n g  t h r o u g h  a r o o t .  Thus x r n  remains l e s s  thail 
z e r o  a n d  t h e r e f o r e  xn  d e c r e a s e s .  

2nf 1 -p+1 2 

d T  

The n e x t  s t e p  i s  t o  s e e k  t o  o b t a i n  f u n c t i o n s  t h a t  
-"- l i m i t  t h e  v a l u e  of x . F o r  t h i s  p u r p o s e  t h e  f o l l o w i n g  
t h e o r e m  v i 1 1  b e  p r o v e $ :  If, - on s u b s t i t u t i n g  - i n  -- t h e  - eta-- - 

i f  t h e  r e s u l t  of t h e  s x b s t i t u t i o n  i s  l e s s  t h a n  z e r o .  F o r  
T = 0 ,  k, may b e  e q u a l  t o  1. From t h e  assurned i n e q u a l i t y  
- --- - 

k t n T ( l  - T )  4- n k L 2 ( 1  - 7 )  + kn$T - n [ 1  - (28 + 1)T) <> 0 (33) 

s u ' o t r a c t  e q u a t i o n  (32$, which  l e a v e s  

7 

By s e t t i n g  kn- 1 /' -?-- nd7 

t h e n ,  O i i  s u b s t i t u t i n g  i n  t h e  b r a c k e t s  f o r  k, a n d  xn 
t h e i r  v a l u e s  i n  t e r m s  o f  Zn a n d  Yn a n d  m u l t i p l y i n g  b y  

2n- i  
t h e  p o s i t i v e  f a c t o r  y n l n 7  
t a i n e d  

-$ 
(1 - T )  , t h e r e  i s  ob- 
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I n t e g r a t i n g  t h i s  i n e q u a l i t y  w i t h i n  t h e  l i m i t s  0 t o  7 
y i e l d s  

2n -e > 
(kn  - xn)T (1 - T )  y n l n  < 0 

whence t h e  r e q u i r e d  i n e q u a l i t y  i s  o b t a i n e d  

It u i l l  now b e  shown hgw t h e  f u n c c i o n  xn may b e  ccm- 
p u t e d  t o  a n y  d e g r e e  o f  a c c u r a c y  by  t r a n s f o r m i n g  i t  i n t o  a 
conti: iucci f r a c t i o z .  I n  d i f f e r e n t i a l  e q u a t i o n  ( 3 2 )  t h e  new 

indcpenc7-ent v a r i a 3 l e  s d e f i n e d  b y  s = ------ i s  s u b s t i -  
1 t u t e d :  when T v a r i e s  f r o m  0 t o  ------ 

T 

1 - r  
s v a r i e s  from 

28 + 1' 
0 t o  -- I . The d i f f e r e n t i a l  e q - m t i o n  for x I w i l l  become 2B n 

Prom e q u a t i o n  ( 3 4 )  i s  f o u n d  X n ( O )  = 1, ~ ' ~ ( 0 )  = - 8 .  If 
" a n y  f u n c t i o n  kn s a t i s f i e s  i n e q u a l i t y  (33)' t h e n  on ~7ub- 

s t i t u t i n g  i n  ( 3 4 )  t h e r e  w i l l  b e  o b t a i n e d  

( 3 5 )  k' ,  s ( 1  + s >  + k,Ds f nkn 2 - n ( l  - 2Ps) 2 0 

whence f o l l o w s  a s  b e f o r e  t h e  r e l a t i o n  kn  <> x n ,  f o r  
k n ( 0 )  F 1. 

S q u a t i o n  ( 3 4 )  t o g e t h e r  w i t h  i n e q u a l i t y  (35)  w i l l  be  
w r i t t e n  a s  

w h i c h  i s  t o  b e  u n d e r s t o o d  a s  f o l l o w s :  I f ,  o n  s u b s t i t u t i n g  
a n y  f i n i t e  f u n c t i o n  w i t h i n  t h e  r a n g e  o f  v a r i a t i o n  o.€ s 
a n d  equal t o  1 f o r  s = 3 ,  t h e  r e s u l t  i s  z e r o  on t h e  l e f t -  
h a n d  s i d e  o f  r e l a t i o n  ( 3 6 ) ,  t n e n  t h i s  f u n c t i o n  i s  t h e  e x a c t  
e x p r e s s i o n  f o r  x n ;  i f ,  a s  a r e s u l t  o f  t h e  s u b s t i t u t i o n  
a p o s i t i v e  q u a n t i t y  i s  o b t a . i n e d ,  t h e  s u b s t i t u t e <  f u n c t i o n  
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i s  a l w a y s  g r e a t e r  t h a n  x n ;  i n  t h e  c o n t r a r y  c a s e  t h e  s i g n  
of t h e  i n e q u a l i t y  i s  r e v e r s e d .  

where  c ( n )  i s  a new f u n c t i o n  t o  b e  d e t e r m i n e d .  On r e d u c -  
i n g  aiid c h a n g i n g  s i g n ,  t h e r e  r e s u l t s  f r o m  (36) 

(n)'  s(l + + (n) (27. +- 2 - es) - (2-n + ljc(i1)2s - np .+ B + 1 ~ 0  i3-11) C 

tvhere i t  was n e c e s s a r y  t o  r e v e r s e  t h e  i n e q u a l i t y  s i g n .  
The s e o , i i i i g  o f  t h e  r e l a t i o n  is a s  follows: I f ,  a f t e r  sub- 
s t i t u t i n g  in t h e  l e f t - h a n d  s i d e  a n y  f u n c t i o n  i n  p l a c e  Of 
C ( n ) ,  t h e  r e s u l t  i s  a n e g a t i v e  q u a n t i t y ;  t h e n  r e p l a c i n g  
C ( n )  i n  formula  ( 3 7 )  b y  this v a l u e  t h o r e  i s  o b t a i n e d a q  

liixit of  t h e  f u n c t i o n  - t h a t  i s ,  a f u n c t i o n  !LfLEZ. ___ ._ __ ___ ____-______ .Xn 
g r e a t e r  t h a n  xno 

F u r t h e r  i s  s e t  

( n )  
C 

s a t i s f i e s  t h e  r e l a t i o n  

whence l i s  o b t a i n o d  

I 

N e x t ,  s e t t i n g  s u c c e s s i v e l y  



-- 
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The equations for determining cm and a, are 
the following: 

c(”Jrn,s( 1 +S)+C(”)/,(( ’3)2+21,2+ 2 - ps) -( L’n+ k/- 1 p ” ~ * / , , . 9 -  

-0Ot’ (2n+?nL)+p+l z 0, nl-l,G 

P)’,,p( 1 +s)+d(”) ‘), [ 2 n+ 2 ) ) I  + 3 -t (F + 1 ) s] - (2 I ?  3- 2 N + 2) d”)*,,, s - 
-c(”) ( ? n + 2 n 2 + 1 ) - p  2 0 .  m,o 

All these relations can be readily v e r i f i e d  by the 
method of passing from m to m + 1, 
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Tlze s i g n  <: i n  t h e  l a s t  o f  t h e  f o r e g o i n g  r e l a t i o n s  
holcls u n t i l  t h e  i n d e x  m e x c e a d s  a c e r t a i n  l i m i t i n g  
v a l u e :  nar. iely,  w h i l e  c ( n )  i s  p o s i t i v e ;  if C ( n )  

in, 0 m,o 
t h e n  i n  t h e  r e l a t i 0 2  f o r  a ( n )  m t k e  s i g n  < mgst re re- 
p l a c e t ?  b y  >. T h i s  i s  b e c a u s e ,  among t h e  s i n p l i f i c a t i o L 1 s  
wh ich  vrerr? made i n  t r a L s f o r n i n g  t h e  above  r e l a t i W ,  t h e r e  
o c c u r r e d  c l i v i s i o n  b y  c ( n ) m , o .  

< O  

By c o l l e c t i n g  t h e  r e s u l t s ,  xn i s  f i n a l l y -  e x p r e s s e d  
'Dy t h o  f o r n u l n :  

__---- a c a r ,  
0 '  1 -  

a r e  e x p r e s s e d !  b y  f o r m u l a s  
m , o  ( n )  a n d  a ( " )  where  c 

( 4 0 )  a , o  

( n )  N o w  c o n s i d e r  t h e  magnit -Jde of t h e  q u a n t i t i e s  c 
a ( n ) ,  , 
c o n t a i i l c a  b e t w e e n  8 / 2  a n d  - X .  T h o  f i r s t  o f  t h e s e  i s  
o b t a i n e d  f o r  n v e r y  l a r g e  ( n  = m ) ;  t h o  s c c o n d , i n  g e n e r a l ,  
d i f f e r s  l i t t l c  f r o x  -1/4 a n d  i s  o b t a i n e d  f r o m  t h e  minimum 
of t h o  e x p r e s s i o n  

I t  i s  n o t  d i f f i c u l t  t o  s e e  t h a t  the; '  a r e  always 

a s  2. f u i 1 c t i o n  of k.  T h i s  minimum o c c u r s  e i t h e r  f o r  

k = E n , / J n "  - 1 + n ( 2 n  - 1 > ,  o r  k = E n J n  

+ n ( 2 n  - 1) + 1; t h e s e  v a l u e s  f o r  i n t c g r a l  n a r e  e q u a l  
t o  

2 2 4n - n - 1 a n d  4n  - n 

(n) The c o e f f i c i e n t s  o f  ------ 2p + i n  t h e - f o r m u l a  f o r  c k-i.0 

c o r  r c s 13 o E d i ng 1 y r e c e i v e  t h e  va lue s 
2 



3 5  

t h e  s c c o i i d  of wh ich  i larger t h a n  t h e  f i r s t .  Thus t h o  
m i n i n u n  v a l u e  of c ( n 7  i s  k-1.0 

B 28 + 1 - .- ----------c-*--- 

I t  c a n  f u r t h e r  e a s i l y  b e  shown t h a t  t h e  c o n t i n u e d  
f r a c t i o i :  ( 4 1 )  i s  always c o n v e r g e n t .  m ih-e c ~ n t r a r y  cou-1-6 
b e  t h i  c a s c  cn l j r  i f  t h e  c x > r e s s i o n  

-7n7-- 1 - a  o s  
----- 

approac3iod u n i t y .  But even i n  t h e  l e a s t  f a v o r a b l e  c a s e ,  
f o r  11 = m, this q u a n t i t y  becomes  

I 
1 - -$s . 0 . 

2 

1 a n d  i t s  iiiaximuin v a l u c ,  o b t a i n e d  f o r  t h e  imxinuki v a l n c  s = -- 
is 28 

1 1 
2 

= -  
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A S  r e g a r d s  t h e  signs o f  c a n d  b ( f o r  s i m p l i c i t y  
i n  w r i t i n g ,  t h e  i n d i c e s  a r e  o m i t t o d )  t h o s e  f o r  
1uhich m i s  e q u a l  t o  0 ,  1, 2 .., up t o  a c e r t a i n  l i m i t i i l e ;  
v a l u e  vfi11 be p o s i t i v e ,  a l l  t h e  r e n a f n i n g  ones  n e g a t i v e ,  
p r o v i d e d  that  n has a f i n i t e  v a l u e .  The l i m i t i c g  v a l u e  
of 1 + m is o b t a i n e d  f r o m  t h e  i n e q u e t l i t y  

o r ,  on r e d u c i n g ,  

ka 4- (2n + @ ) k  - Bn(2n - 1) > 0 

T h i s  i n e q u a l i t , y  i s  s a t i s f i e d  a s  s o o n  as rn f '1 = k 
exceed; ;  t h e  lsLrger o f  t h e  r o o t s  or' t h e  e q u a t i o n  

The l i x l t i n g  v a l u e  o f  EI w i l l  t h e r e f o r e  be  e x p r e s s e d  by  
t h e  f . o r n u l a  

E f  o n l z r  i n t e g r a l  v a l u e s  of n a r e  c o z s i d e r e d ,  t h e  
f o l l o ~ ~ i i ~ g  l i m i t i n g  m a n d  c ( n ) , , o  will b e  o b t a i n e d :  

a ( n )  
a,* m i n c r e a s i n g  w i t h  n as r e q u i r e d .  The q u a n t i t y  

l i k e v i s e  b c o m e s  n e g a t i v e ,  b u t  o n l y  f o r  l a r g e  v a l u e s  o f  
t o  be l e s s  t h a n  z e r o ,  t h e  i n e q u a l i t y  m , o  

a .  F o r  a?.) 



must b e  s a t i s f i e d ,  o r  

k2 + (2n  - B ) k  - Bn(2n + 1) > 0 

The l i m i t i n g  v a l u e  o f  m d e n o t e d  by i s  e x p r e s s e d  
by  t h e  f o r m u l a  

a u t  i f  p >  q a n d  p = E ( p )  + 8 ,  q = E ( q )  + 9 
where  0 a n d  Q a r e  p r o p e r  f r a c t i o i i s ,  then p - q = _ E ( p )  - 8(q) 

+ e - Q ;  t h u s  

J u P  - s >  = E ( p )  - o r  X ( p )  - E ( q )  - 1 

T h e r e f  o r e ,  c o a p s r i n g  t h e  o b t a i n e d  v a l u e s  o f  m, a n d  
t h e  l i i i i i t i n g  n, i t  w i l l  b e  f o u n d  t h a t  m w i l l  b e  e q u a l  

E(@), cr p1u.s E ( B )  + 1. Thus 
t o  t h e  l i m i t i n g  m f o r  t h e  c o e f f i c i e n t  , i n )  p l u s  a , o  

n = 1, m, = 2 ,  (1) = o  . .  2.0 

11 = 2 ,  m l  = 4 ,  a ( a ) , . o  = - -- 1 . 
2 8  
1 
76 

p = 2.5 ( 4 3 )  
n s 3 ,  rill = 5 ,  a (3) 5.0 - - - -- 

A l l  c (11 1 m , o  s t a r t i n g  f r o m  t h a t  which  c o r r e s p o n d s  t o  
f o r  rn 5 m, 

( n  1 1 - a m l , o ~  
m , o  the l i m i t i n g  v a l u e  o f  m l i k e  a l l  

a r e  n e g a t i v e  q u a n t i t i e s  a n d  t h e  renaindgr .-- 

o f  t h e  c o n t i n u e d  f r a c t i o n  i s  e x p r e s s e d  i n  t h e  u s u a l  form 
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1 + Et---- 
1 f b,---- ;, i t s  n u m e r i c a l  v a l u e  b e i n g  c o n t a i n e d  

l f C . . .  

b e t w e e n  .I + a a n d  1. +--a_----, 
l + b  

Of t h e  f u n c t i o n s  xn t h e  one  t h a t  i s  p a r t i c u l a r l y  
s i m p l e  i s  x I ,  . w h i c h  f o r  t h e  a s s u m a d  v a l u e  o f  B i s  ex- 
p r e s s e d  a s  a f r a c t i o n  of t w o  p o l y n o m i a l s  o f  athe t h i r d  
d e g r e e .  F o r  n = 1 

3 32 - 64s - 14sa - 2 s  X I  = _c----41-----c---c- 

( 4  +, s)(s2 f 2 s  + 8 )  
(44)  

With  t h i s  formula y 1  i s  r e a d i l y  f o u n d .  For t h i s  

is s u b s t i t u t e d  S 
p u r p o s e  t h e  p r e v i . o u s  v a r i a b l e  7 0 ----- 

1 +  s 

. .  
whence, s&ce yl(0) = 1, t h e r e  i s  o b t a i n e d  

32y, = ( 4  - 3 7 ) ( 8  - 147 + 7 T 2 )  
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The p r e c e d i n g  s i m p l i f i c a t i o n  r e s u l t s  o n l y  f r o m  t h e  r o u n d e d  
v a l u e s :  fl = 2 . 5 ,  Y = 1.40 .  The m o r e  a c c u r a t e  v a l u e  o f  
Y f o r  a i r  i s  1 .4025  ar,d @ i s  sorcewhat l e s s  t h a n  2.5. 
I n  t h i s  c a s e  a l l  xn a r e  e x p r e s s e d  by  i n f i n i t e  c o n t i n u e d  
f r a . c  t i o i l s  . 

’ T o  einploy i n  t h e  a p p l i c a t i o n s  t h o  e x a c t  formulas f o r  
xn a p p e a r s  i n p o s s i b l e ,  s i i i c e  t h i s  would o f f e r  v e r y  g r e a t  
d i f f i c u l t i e s  which  have  n o t  b e e a  overcome. However,  b y  
u s i n k  e v e n  t h e  s i m p l e s t  p r o p e r  f r a c t i o n s ,  xn i s  o b t a i n e d  
w i t h  su2 f  i c i e n t  a c c u r a c y .  E n t i r e l y  s a t i s f a c t o r y  r e s u l t s  
a r e  o b t a i ; l e d  e v e n  i n  t h e  c a s e  l i n i t e d  t o  t h e  t h i r d  p r o p e r  
f r a c t i o n  a n d  xn i s  e x p r e s s e d  by  

o r ,  after r e d . u c t i o n  a n d  s u b s t i t u t i o n  o f  t h e  v a l u e s  of t h e  
coe f  f i c i e a t  s 

T h o  e i - ro i ’  f o r  s u c h  c o m p u t a t i o n  o f  X n  i s  g r e E t e r  t h e  
g r e a t e r  t h e  v a l u e  of s. The magii i tude o f  t h i s  e r r c r  i i o v  
i s  e s t i n a t e d ,  c q q s i d e r i c g  O Z L ~  the .  inte,qza_& v a l u e 2  gf - n.  

Wi th  f h e  e x a c t  v a l u e  o f  xn f o r  n = 1,  a d i r e c t  
c o m p a r i s o n  o f  t h e  r e s u l t s  of t h e  c o u p u t a t i o n  o f  t h i s  f u n c -  
t i o n  m y  b e  c a r r i e d  o u t  by  f o r m u l a s  ( 4 4 )  a n d  ( 4 5 ) .  The 

c o m p u t a t i o i i  w i l l  be  made f o r  maximum s = -- I c r  s = 0 . 2 ,  

assuiii3iig a s  b e f o r e  8 = 2.5.  The e x a c t  v a l u e  o f  x 1  w i l l  
be  

2e  

776  ---- = 0.5253893 
1477 

F r o m  f o r m u l a  (45 )  i s  o b t a i n e d  
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x1  a 0 , 5 2 5 5 1 0  
I . .  
I 

The d i f f e r e n c e  i s  a p p r o x i n a t e l y  G.03012. 

F o r  o t h e r  v a l u e s  o f  n i n  e s t i u a t i n g  t h e  e r r o r ,  i t  
i s  n e c e s s a r y  t o  p r o c e e d  o t h e r w i s e .  I t  is n o t c d , f i r s t  of 
a l l ,  t h a t  . f o r  a l l  n > 2 f o r m u l a  ( 4 5 ' )  g i v e s  a f u n c t i o n  
g r e a t e r  t h a n  x n ;  t h e  c o n t r a r y  i s  t r u e  f o r  n = 2, I n  
o r d  r t o  s h o w  t h i s ,  t u r n  t o  e q u a t i o n  (33'), d e t e r m i n i n g  
a ( n F *  T h i s  e q u a t i o n  may be  w r i t t o n  a s  f o l l o w s :  

. S u b s t i t u t i n g  i n  t h e  l e f t - h a n d  s i d e  a ( n  1 0 f o r  dn ) ,  g i v e s  

o r ,  a f t e r  s u b s t i t u t i n g  i n  t h e  b r a c k e t s  f o r  
v a l u e  b y  f o r m u l a s  ( 4 0 )  

a ( " ) ,  . i t s  

F o r  n > 2 t h i s  v a l u e  w i l l  b e  l e s s  t h a n  0.  Bu t  f r o m  t h i s . , .  
a s  h a s  b e e n  s a i d ,  i t  must be  c o n k l u d e d  t h a t  on r e p h c i n g  
a ( n )  i n  t h e  formula .  f o r  x, by  a t r i a l  v a l u e ,  a f u n c t i o n  
g r e a t e r  x, i s  o b t a i n e d .  On t h e  c o n t r a r y ,  f o r  n = 2 i n  
t h e  b r a c k e t s ,  t h e  q u a c t i t y  

2 - 2- 2 & + 1 , 0  ---- 
7 

which  shows t h e  c o r r e c t n e s s  o f  t h e  r e v e r s e d  i n e q u a l i t y  
(x2 i s  g r e a t e r  t a n  t h e  value t h a t  would b e  o b t a i n e d  on 
s u b s t i t u t i n g  a d ,  f o r  h a  i n  t h e  f o r m u l a  f o r  x a )  f o r  
t h e  v a l u e  n = 2 .  

A s  r e g a r d s  x a ,  t h e  lower  l i m i t  o f  t h e  f u n c t f o n  w i l l  
b e  t h e  f o l l o w i n g  p r o p e r  f r a c t i o n .  Thus 
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By c o n p u t i n g  :he v a l u e s  o f  t h e  l i r r i i t i n g  f u n c t i o n s  f o r  t h e  
case oi" t h e  p r e a t e s t  d i f f g r e n c e  i n  t - i e i r  v a l v e s ,  when 

s = --- = 0 . 2 ,  t h e r e  i s  o b t a i n e d  1 
28 

0.47034 < ~ ~ ( 0 . 2 )  < 0.47037 

* I n  t l 9 . 0  c a c o  n > 2 ,  assume i n  t h e  e q u a t i o n  f o r  a ( n )  
I n )  dn) - - -----A, wheye k i s  a c o n s t a n t  t o  'De d e t e r m i n e d ,  

1 - ks 
a n d  le is c k a s c n  s o  that t h e  r e s u l t  o f  t h e  s u b s t i t n t i o n  

l e a d s  t o  t h o  i n e q u a l i t y  

i s  G r e a t e r  t h a n  z e r o  f o r  C < s < -- 1 T h i s  r e y u i r e i a e n t  
2a 

T h e  s m a l l e r  r o o t  o n  t h e  l e f t - h a n d  s id .e  o f  t h i s  in -  
e q u a l i t y  i s  sxpressed b y  

I t s  na : ; i i . l um v a l u e  c o r r e s p o n d s  t o  s = -- = 0 . 2  a.nd i s  
e q u a l  t o  2B 

2n + 3 
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If k ts equal t o  t h i s  v a l u e ,  t h e  a b o v e  inc.qi:alit,T F r i l l  ' 

b e  s a t l 3 - ? i e d .  

2 n  + 3 

0.43'28 > ~ ~ ( 9 . 2 )  > 0.4343 

0.4395 > x4(9.2) > 0 , 4 c 7 3  

0 . 3 9 0 5  > ~ ~ ( 3 . 2 )  > 0.2972 

c.3755 x6(2.zj > 0.57;4 

I t  i s  C' dA1v,s S B C E  t h a t  t i i c  e r r o r  i n c r c a s < > s ,  o r  mcre accurately, . 
may i i l c r c s s o  w i t h  n 3ilt n c v c r t h e l e s s  L s  v e r y  small f o r  
s n a l i  7;  ;lies rJf t b e  l a ' , t c r ,  F o r  so!-eewhat large values cf  
n t l + e  ii i t s  of c r r c r  widei i .  Thus  

n = 12, C . 2 2 6  > x (3.2) > C.308 

n = 24, 0 . 2 9 3  > ~ ~ ~ ( 0 . 2 )  > G.251 

1 2  



. 
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T b . i s  u n f a v o r a b l e  c i r c u m s t a n c e  i s  o f f s e t ,  h o w e v e r ,  t o  S O : B ~  

e x t e i i t  b y  t h e  f a c t  t h a t  t h e  f u n c t i o n s  xn w i t h  l a r g e  n 
e n t e r  t h e  i iore rerfiovcd’ t e r m s  of t h e  s e r i e s  a n d  t h e  c o o f f i -  
c i c z t s  of  t h e s e  t e r m s  a r e  r e l a t i v e l y  small. 

F k e  ‘ l i n i t i n g  f u n c t i o n s  f o r  xn a .1so  w i l l  be g i v e n  
w i t h  l a r g e  n .  These  f u n c t i o n s  w i l l  be u s e f u l  i n  coi.iyutiiig 
t h e  l i i . i i t s  w i t h i n  wh ich  t h e  r e m a i n d e r  t e r n  o f  t h e  s e r i e s  
f o r  t h e  gas J e t  p r o b l e m  i s  i n c l u d e & .  A g a i n ,  i n  t h e  d i f f c r -  
e n t i a l .  e q u a t i o n  d e f i n i n g  xn 

’a s(l + s )  + x n a s  + 2 
n x  n - n ( 1  = o  

S u b s t i t u t e  on t h e  l e f t - h a n d  side the e x y r e s s i o n  

/1-.+---2Ps + 2us2, and c h o o s o  t h e  f u n c t i o n  u s o  t h a t  t h e  
r e s u l t  cf t h s  s u b s t i t u t i o n  i s  g r e a t e r  t h a n  z c r o .  T h e n ,  
b y  t h e  thoorern p r o v e d  a b o v e ,  

T h i s .  s u b s t i t u t i o n  g i v e s  o n  t h e  l e f t - h a 2 d  s i d e  of t h e  ecua-  
t i o i l  f o r  x, t h e  e x p r e s s i o n  -- - 

u* s ( i  + SI + 2Ui-r + (I + t3)4 - s(i + 2 8 )  + 2r,uJFZ%s + 2us2 

.$; - 2 B S  + 2usz 

k =  5% (47) 
----I__- 

which.,  a s  c n n ’ b e  s e e n ,  w i l l  be  g r e a t e r  t . han  z e r o  i f  

T h u s ,  f o r  t h i s  v a l u e  o f  u ,  /c;---- C B S  + 2us2 i s  a d e c r c a s -  

i n g  f i l n c t i o n  of s ;  t h e  p r o d u c t ,  h o w e v e r ,  of t h i s  r o o t  b y  

2nu  f o r  t ? i e  maximum v a l u e  c f  t h o  v a r i a b l e  s = -- i s  

e q u a l  t o  (I  + 2$)8, and t h e r e f o r e  t h e  q u a n t i t y  k T e n a i n s  
p o s i t i v e .  On t h e  o t h e r  h a n d ,  i t  beconies n e g a t i v e ,  w h a t e v e r  
t h e  va lGc  o f  s ,  if 

ze 
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s i n c e  t h e  n u m e r a t o r  in t h e  e x p r e s s i o n  f o r  k i n  t h i s  c a s e  
is e q u a l  t o  z e r o  f o r  s = 0 a n d ,  a s  a d e c r e a s i n g  f u n c t i o n ,  
w i l l  b e  l e s s  t h a n  z e r o  f o r  s > 0 .  Thus 

By r c i s i n g  somctsrhat t h e  u p p e r  l i m i t  o f  t h e  f u n c t i o n  
X n ,  t h e  f i r s t  p a r t  of t h e  d o u b l e  i n e q u a l i t y  also can be 
t r a r , s f  o r n o d  i n t o  

- -  -__I_- 

a n d  t h e r e f o r e  xn c a n  be expresses by t h e  formula 

where  h i s  a p r o p e r  f r a c t i o n .  

I t  c a n  bo e a s i l y  shown t h a t  xn f o r  t h e  same v a l u e  
of t h e  v a r i a b l e  d e c r e a s e s  w i t h  i n c r e a s i L l g  n .  T h i s  i s  
c l e a r  f r o l i i  t h e  e q u a t i o n  f o r  Xn+m: 

. S u b s t i t u t i n g  on t h e  l e f t  xn f o r  x ~ + ~ ,  t h e r e  i s  o b t a i i r e d  
on t i le  b a s i s  o f  t h o  e q u a t i o n  f o r  Xn 

a magiiitv.de g r e a t e r  t h a n  z e r o  duo t o  inequality (48), and 
t h c r a f o r e  i t  i s  c o n c l u d e d  t h a t  

whatcvc , r  t h o  p o s i t i v e  number m .  

iTow v i t h  t h e  p r o p e r t i e s  of t h e  f u n c t i o n  xn t h a t  
a r e  of i m p o r t a n c e  f o r  what  f o l l o w s  , t w o  i n e q u a l i t i e s  
wh icn  t h e  f u n c t i o n s  , y n  must s a t i s f y  w i l l  be  n o t e d  



NACA TI1 KO. 1063 45 

f u r t k e r .  The f i r s t  o f  t h e s e  w i l l  b e  d e r i v e d  i n  t h e  f o l 1 o : r -  
i n g  x a ~ a e r :  S e t  up ti;e d i f f e r e n t i a l  e q u a t i o n  d e t e r m i n i n g  

T), - - --- Y'n:  

T o  t h i s  e q u a t i o n ,  a s  'can b e  e a s i l y  s e e n ,  t h e  t h e o r e m  
p r o v e d  f o r  e q u a t i o i i  ( 3 6 )  f o r  t h e  f111ictioa xn i s  a p p l i -  
c a b l e .  If o n  s u b s t i t u t i n g  f o r  tn a n y  h o i o m o r p h i c  
f u n c t i o n  t h e r e  i s  o b t a i n e d  0 3  t h e  l e f t - h a n d  s i d e  a n  
e x p r e s s i o n  g r e a t e r  t k a n  z e r o ,  t h e  s u b s t i t u t e d  e x p r e s s i o n  
w i l l  b e  g r e a t e r  t h a n  t n ,  If 2Bn i s  subs t i tu ted  t h i s  r e s u l t  
i n  f a c t  i s  obtainod, a n d  t h e r e f o r e  E n  < 2 e n .  

S u b s t i t u t e ,  f u r t h e r ,  i n  t h e  e q u a t i o n  d e f i n i n g  tn+m 
i n  p l a c e  of f n + m  t h e  f u n c t i o n  e n .  The r e s u l t  o f  t h e  
s u b s t i t u t i o n ,  o n  t h e  b a s i s  o f  e q u a t i o n  (511, t j h i c h  i s  
s a t i s f i e d  by t n ,  r c d u c e s  t o  

T h i s  e x p r e s s i o n  i s  n e g a t i v e  f o r  ar-y T ,  s i n c e  i t  givr3s a 
r e s u l t  i e s s  t h a n  z e r o  on s u b s t i t u t i n g  f o r  E n  t h e  g r e a t e r  
m a g n i t u d e  2Bn. E e n c e  f n <  k , n + m ,  o r  

I n t e g r n t i n g  t h i s  i n e q u a l i t y  f roin T t o  To, a n d  p a s s i n g  
f r o m  l o g a r i t h m s  t o  numbers ,  g i v e s  
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w h e r e  y i l a 0 ,  by  t h e  assumed n o t a t i o n ,  d e n o t e s  Yn(T0) .  

c r e a s  rag.- ,n. 

f o l l o v r s  f r o m  r e l a t i o n  ( 5 3 ) .  Tram t h e  l a t t e r  is . o b t a i n e d  

Y 'n  ~ ' n + n  > ----- 
Yn Sn+ m 

------- 
The s e c o n d  i n e q u a l i t y  wh ich  i t  v a s  p r o p o s o d  t o  d e r i v e  

--- 

I n t e c r a t i n g  w i t L i n  t h e  l i i n i t s  s Etild s o ,  g i v e s  t h e  

aedalO a n  p a s s i n g  f r o m  l o g a r i t h n s  t o  numbers :  

i n c r e a s e s  w i t h  i n c r e a s i n g  n .  Yn 
Tli i~is  , t h e  r a t  i o  ----- 

I Yn,  o 

I t  i s  n e c e s s a r y  t o  p r o c e e d  t o  t h e  l a r g g f . - ~ f . . t l )  .cog- 
- ~ ~ g g c - z c g  of t h e  s e r i e s  g i v i c g  t h e  s c l u t i o n  of t h e  g a s  j e t  
pro 'olens.  
o f  t l i i s  t y p e  o f  p r o b l e m  ( s e e  p t .  I j ,  t h e  f o l l o w i n g  f o r -  
mulas co r  e x p r e s s i n g  t h e  s t r e a m  f u n c t i o n  a n d  t h e  v e l o c i t y  

I n  e x p l a i n i n g  t h e  g e n e r a l  method of  s o l u t i o n  

' p o t e n t i a l .  were  a r r i v e d  a t  i 
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These  a r e  f e r m u l a s  ( 2 3 )  a n d  ( 2 4 )  o f  p a r t  i .  The i c d i c e s  
n e;ltei-!.l:; t h e a  i n c r e a s a  a s  t h e  t e r n s  o f  a n  s r i t h x e t i c  
proLz; i -css ion ,  2 t  w i i i  b c  shown t h e  p r e c e d i n g  s e r i e s  a r e  
a b s o l u t c L g  a n d  clnir"orn1y c o n v e r g e n t  f e r  a n y  T < T* i f  
t h i s  i s  t r u e  o f  t h e  s e r i e s  

e x p r e s s i i z g  t h e  s t r0a .m f u n c t i o n  a n d  v e 1 o c i t . y  p o t e n t i a l  f o r  
t h e  c o r r c E p o n d i n g  p r o b l e m  ia t h e  c a s e  o f  i n c o m p r e s s i b l e  
l i q u i d s .  The s e r i e s  'jil a n d  rppl w i l l  e v i d e n t l y  be  

a b  s o l u  t e 1 y c o I? v e r gc n t i f  --- < 1, where  n a n d  n ,  
lim B n ,  

n = m B n  
a r e  t t r o  su . cccs s ive  v a i u c s  of n .  I t  i d i l l  b c  assurr,ed tIiat 
t h i s  ccj:-.?..ftlcn i s  s a t i s f i e d .  C)n t h e  S a E i s  o f  r o l p u t i o i i  (31) 
i t  c a n  t h e n  b o  s t a t e d  t h a t  t h e  t e r m  o f  t h o  s e r i e s  \1, a r e  

. c o r r c s p o n d i n g l y  l e s s  tLaa the t z r n s  o f  t k e  s e r i e s  

wh ich  i s  ;til a b s o l u t e l y  ccnvcrgent s c r i c s  f o r  T < T o  i f  ------ ________________ - 

2B a n d  t l i c r e f  o r e  ' ----------- T ( l  - 7 )  i s  a p r o p c r  f r a c t i o n .  
T o ( l  - T o >  2P 

The r e m a i n d e r  t e r m  o f  t h e  s e r i e s  9 
n r  OD 

It, = 1 B, (J-)n --Q- s i n  (Zn8 + an)  
\T  0 Yn. o 

n=n  



-- 
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is n u n e r i c a l l y  l e s s  t h a n  t h e  t e r m  R ' ,  o f  t h e  s e r i e s  (54) 

" n s  n 

b u t  a p p r o a c h e s  z e r o  w i t h  i n c r e a s i n g  n no m a t t e r  
i n  vrhst manner T i s  l e s s  t h a n  r0. F r o m  t n i s  i t  i G  

c o n c l u 3 e d  t h a t  t h e  s e r i e s  $ i s  g g i f  o r m l x  . ~ ~ ~ y g ~ z x i ~ & .  

S i n c e  t h e  s e r i e s  e n t e r i ~ g  t h e  f u n c t i o n  'p d i f f e r s  
f r o r i ;  tie c n e  j u s t  c o n s i d e r e d  b y  h a v i n g  c o s i n e s  i n s t e a d  o f  
s i n e s  and t h e  s u c c e s s i v e  t e r m s  m u l t i p l i e d  b y  a s e r i e s  O f  
decress i r_g;  p o s i t i v e  quantities, t h e  theorems just proTrod 
l i k e w i s e  h o l d  f o r  t h e  s e r i e s  'p. F u r t h e r m o r e ,  i t  c a n  b e  
e a s i l y  s e e n  t h a t  t1:e s a n e  p r o p e r t i e s  a r e  p o s s e s s e d  bp t h e  
d e r i v a 5 f v e s  of tiis f u n c t i c i n s  c p .  a n d  w i t h  r e s p e c t  t o  
8 n i z c l  t h e r e f o r e  a l s o  t n e i r  d e r i v a t i v e s  w i t h  r e s p e c t  t o  
7 ,  s i i i c e  t h e  l a t t e r  a r e  c o i i n a c t e d  w i t h  t h e  f o r m e r  b y  t h e  
l i n e a r  r e l a t i o n s  (11) of p a r t  I .  A c o n s e q u e n c e  o f  t h e s e  
t h e o r e x s  i s  t k e  c o r t i n u i t y  o f  t h e  funcCvions 4, a n d  $ 
a n d  t h e i r  d e r i v a t i v e s  w i t h i n  t h e  rarigk o f  t h e  v a r i a b l e s  
T ,  8 u ~ l d e r  c o n s i d e r a t i o n ,  ( S e e  V O L  I ,  p .  310 o f  r e f e r -  
e n c e  7 , )  

c o r r e s p o n d i n g l y  b y  [ a n d  ?,, thecie sums c a n  be t r ans -  
f o r m e d  i n t o  
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T he e xpr e s s i on s 

The s e r i e s  C u n  a a d  CU'n u n i f o r m l y  c o n v e r g e  f o r  
a n y  l e s s  t h a n  u n i t y ,  s i n c e  t h e y  c o i n c i d e  v i t h  t h e  
s e r i e s  e n t e r i y g  t h e  f u n c t i o n s  'pl a n d  q1. I t  i s  a s s u x e d  
t h a t  t h e y  c o n v e r g e  a l s o  f o r  [ = 1; the r ,  from a known 
t h e o r e n  i n  a n a l y s i s  t h e i r  v a l u e  f o r  t = 1 i s  t h e  l i i n i t  
wh ich  t h e y  a g p r o a c h  a s  b a p p r o a c y e s  1 ( a n d  h e n c e  T - + T o ) .  

But i n  t h i s  c a s e  n c a n  b e  g i v e n  an i n c r e a s i n g l y  l a r g e  
v a l u e  s o  t h a t  the,  suns  

Un,c Ui i ,  + Unz,  U n l  + Unz + Un3 9 .  .. Un, + %;? * 0 . 0  -I- Unp 

a r e  inc3.v-ded ' ce tween  a n y  v a l u e s  E a n d  6 a s  small  as  i s  
d e s i r e d ,  w h e t h e r  t i l e  q u a , n t i t y  i s  l e s s  t h a n  o r  e q u a l  t o  
u n i t y .  A n d ,  s i n c e  on t h e  b z s i s  o f  t h e  p r o p e r t i e s  i n v e s t i -  
g a t e d  i n  t h i s  s e c t i o n  of t h e  f u n c t i o n s  Xn a n d  >-n, t h e  
q n a n t i 5 i e s  q n ,  xn e n t e r i n g  t h e  e x p r e s s i o n s  cs a n d  0' 

a r e  g r e r . t e r  t h a n  z e r o  a n d  d e c r e a s e  w i t h  i n c r e a s i n g  n ,  
t h e n  3y t h e  t h e o r e m  o f  A b e l ,  a i s  i n c l u d e d  b e t w e e n  t h e  
l i m i t s  

T o r  t h e  same r e a s o n s  0 1  i s  i n c l u d e d  b e t w e e n  o t h e r  
a r b i t r a r i l y  small n u m e r i c a l  l i m i t s ,  a n d  t h e  p r o p o s i t i o n  i s  
t h u s  ;>roved. 

A s  a r e s u l t  cf a l l  t h e  p r o p e r t i e s  w h i c h  have  b e e n  
d e m o n s t r a t e d  o f  t h e  s e r i e s  'p a n d  ;Ir t h e  c o n c l u s i o n  i s  
a r r i v e d  a t ,  w h i c h  was t h e  o b j e c t  o f  t h e  i n v e s t i g a t i o n s :  
name ly  , t h a t  t&g .fscmzlas obtsined- a ~ e - - a n  a c t ~ g l . . ~ . s l ~ 4 & ~ 1  
__. o f  __._ t h e  ~ p o n o s e d  -_.. _---- g a g  CLm grobleri?s .  
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THE FLOV 01 A GAS FROM AN I N F I X I T E L Y  VIDE VESSEL 
~ 

The method d e s c r i b e d  n i l l  be  a p p l i e d  t o  t h e  p r o b l e m  
o f  t h e  f l o 7  cf  a gas from a n  i n f i n i t e  v e s s e l  n i t h  p l a n e  
aalls, t h e  s i m p l e s t  c ' i se  b e i n g  c o ~ s i d e r e d  - t h a t  i s ,  
n h e r e  o n e . n a l l  i s  a c o n t i n u a t i o n  o f  t h e  o t h e r .  

~ 

C o n s i d e r  a n  incocipi  e s s i b l e  l i q u i d  f l o n i n g  out  of  
s u c h  a v e s s e l  ( f i g .  4 ) :  AB a n d  A ' B '  a r e  t h e  t r F t c e s  of 
t h e  w a l l s  o f  t h e  v e s s e l ;  OX i s  t h e  t r a c e  o f  i t s  p l a E e  o f  
s y m s e t r y ;  BCC'B' i s  t h e  e s c a p i n g  j e t ,  If t h e  q u a n t i t y  
floning o u t  p e r  second i s  d e n o t e d  by 6, t h e  velocity 
p o t e n t i a l  ar-d t h e  s t r e a m  f u n c t i u n ,  r e s p e c t i v e l y ,  by cpl 
a n d  q 1 ,  c o n s i d e r i n g  \L = 0 on O X ,  t h e n  i n  t h e  r e g i o n  
o f  f l o t - s  ep v a r i e s  f r o m  - - - m  t o  +m a n d  \c, f r o m  
- -  ' t o  $. s a  The complex  v n r i a b l e  

2 2 

n i l l  b e  c o n n e c t e d  n i t h  a n o t h e r '  complex  v a r i a b l e  u ( r e f -  
e r e n c e  2 )  t h r o u g h  t h e  r e l a t i o n  

The r e g i o n  o f  v a r i a t i o n  of  v t h e n  c o r r e s p o n d s  t o  t h e  
u p p e r  h a l f  p l a n e  o f  t h e  r e g i o n  o f  U. I n  a d d i t i o n ,  t h e  
l o g a r i t h m  of  t h e  r a t i o  of v e l o c i t i e s  v o / v  a t  t h e  j e t  
s u r f a c e  a n d  a t  t h e  p o i n t  o f  t h e  fluid c o n s i d e r e d  w i l l  b e  
d e n o t e d  by 9, and t h e  a n g l e  of t h e  v e l o c i t y  d i r e c t i o q  . 
n i t h  t h e  X a x i s  by 0 .  The p r o b l e m  i s  t h e n  s o l v e d  i f  

C 
U 

9 + if3 = i a r c s i n  - 
l 

F o r ,  on  t h e  boundary  ABC \1/ = - '$ - $9 v a r i e s  f r o m  -OD 2' 
I t o  +OJ a n d  u p a s s e s  t h r o u g h  t h e  n e g a t i v e  p a r t  of  t h e  

I n 
- ?  
2 

0 3 )  d r o  if r e a l  a x i s  f r o m  0 t o  -a; e = 
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o > u > - c ;  $ = ~ , v = v  E > ~ > o  f o r  - c > u > - m .  

On t h e  b o u n d a r y  A I S I C t  \i/ = -, rp' v a r i e s  n i t h i n  t h e  

same l i i a i t s ;  e = - g, m > > o f o r  o < u < c ;  = 0 ,  

O' 2Q 

2 

I: 
Tr v = v  - -  < 0 < 0 i f  c < u C: CO, The p o i n t  u = 0 

O' 2 
t h u s  c o r r e s p o n d s  t o  t h e  i n f i n i t e l y  d i s t z n t  p o i n t  o f  t h e  
v e s s e l  a h e r c  3 = m a n d  t h e  v e l o c i t y  becomes z e r o ;  u = 03 

g i v e s  t h e  p q r t  of t h e  j e t  a t  i n f i n i t y .  F i n a l l y ,  f o r  
0 =: 0 ,  u i s  p u r e l y  i m a g i n a r y  a n d  I) = 0 a n d  t h e  c e n t e r  
l i n e  o f  f l o n  c o i n c i d i n g  n i t h  t h e  X ? .xis  i s  o b t a i n e d ,  

From t h e  p r e c e d i n g  formulas i s  f o u n d  

O Y ,  i f  3 + i b  i s  d e n o t e d  by 6 ,  

I t  i s  n o t e d  t h a t  cpF1 = 0 .  a t  t h e  p o i n t s  r rhere  t h e  j e t  
s e p a r a t e s  from t h e  walls; 0 i n  these cases h a s  t h e  

v a l u e  &iz. 

. s e r i e s ,  t h e r e  i s  o b t a i n e d :  

Tr 

By e m a n d i n g  t h e  l o g a r i t h m  i n  f o r m u l a  (55 )  i n  a 

* I n  t h e  c a s e  o f  a v e s s e l  w i t h  t h e  walls m e e t i n g  a t  
a n  a n g l e  i t  i s  n e c e s s a r y  t o  r e p l a c e  i n  t h i s  f o r m u l a  o 
by a a n d  i n  t h e  s u c c e e d i n g  r e l a t i o n s  h by -, 0 by 

e -. The a n g l e  b e t w e e n  t h e  walls i n  t h i s  c a s e  w i l l  be e q u a l  
9 
t o  qn. 

3 

9 9 
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1 

S u b s t i t u t i n g  i n  t h i s  f o r m u l a '  t h e  v a r i a b l e  7 d e t e r -  

-2 9 - e  r e s u l t s  i n  t h e  7 - v2 mined by t h e  e q u a t i o n  -- - --- - 
r e q u i r e d  e x p r e s s i o n :  

0 v 2 0  T 

Since t h i s  s e r i e s  i s  a b s o l u t e l y  c o n v e r g e n t  t h e r e f o r e  ~ by 
the method given a b o v e ,  by u s e  o f  f o r m u l a  (23) a n  expres- 
s i o n  i s  a r r i v e d  at f o r  the stream f u n c t i o n  JI d e f i n i n g  
t h e  flow of gas f r o m  a vessel o f  t h i s  kind; t h e r e  i s - o b -  
t a i n e d :  

m n 

All c u r v e s  W = c o n s t a n t  i n  t h e  T , 0  r e g i o n  s t a r t  f r o m  
t h e  p o i n t  T = 0 a n d  meet a g a i n  at t h e  p o i n t  7 = T ~ ,  
e = 0. 

The v e l o c i t y  p o t e n t i a l  by formula (24) i s  d e t e r m i n e d  
by t h e  r e l a t i o n :  

With t h e  formula f o r  'p, i t  i s  not d i f f i c u l t  t o  
s e t  up t h e  e q u a t i o n  o f  t h e  j e . t .  By f o r m u l a s  ( 8 )  of p a r t  I 



whence 

53 

If u s e  is made of t h e  f o r m u l a s  f o r  cp a n d  $, t h e r e  i s  
o b t a i n e d  

N 

I n t e g r a t i n g  w i t h  r e s p e c t  t o  8 y i e l d s  
N 

S i n c e ,  f o r  8 = 0 ,  i t  s h o u l d  f o l l o w  that y = 0 ;  t h e r e f o r e  
@ ( T )  = C, Thus. f i n a l l y ,  

By t h e  t h e o r e m  p r o v e d  a t  t h e  end  o f  p a r t .  I1 
a s e r i e s  of m a g n i t u d e s  d e c r e a s i n g  w i t h  
sion 

sin(2n-l)O + sin(?n+l)OJ 
2n-1- 2 n + T  

a n d  e a p p r o a c h e e  1, o r ,  i n  o t h e r  words 
7 6 ,  t e n d s  t o  t h e  v a l u e  

n. 
5n r e p r e s e n t s  

Thus t h e  e x p r e s -  

, a s  t a p p r o a c h e s  
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sin(2n-l)O + sin(%+l)U 1 ---- 9 

2n+l  
a n d  the same l i m i t  i s  approached  by tne more compl i ca t ed  
rummation (58) e n t e r i n g  the  formula f o r  t h e  o o o r d i n a t o  y .  
Transforming  I i n t o  

1 
y i e l d s  

1 1 

- -  

where R i n d i c a t e 6  t h a t  t h e  r e a l  part o f  t h o  e x p r e r r l o n  
must be  t aken .  I t  c a n  be r e a d i l y  6een t h a t ,  f o r  a uon- 
t l n u o u s  change of 8 f r o m  0 t o  8 ,  -- 

1 +cosO--isinO 
'g 1 -cosO+isin@ 

a n d  t h e r e f  o r e  
cu 

sin (2" 1 ) 0 'I: --- -* " 2n 1 
1 

depending  on t h e  s i g n  of 8 ;  t h u r  
'I: I = * - -sin@. 2 

I n  view of  t h e  impor tance  of t h e  r e l a t i o n  o b t a i n e d ,  
more r igo rous  method of i t s  d e v i a t i o n  w i l l  be pro ren to8 .  
S t a r t i n g  f r o m  t h e  e q u a t i o n  

m 

1 
a n d  i n t e g r a t i n g  i t  w i t h i n  !the l i m i t 6  0 t o  8 r e s u l t s  I n  

m t3 

1 0 

But t h i s  limit, a s  i s  known, equals 0 I f  8 l r  positive 

and  - 5 i f  i t  is n e g a t i v e .  (See r e f e r e n c e  7 , V O ~ .  11, 
p .  233.) Hence, 

2 

eu m 

I 1 
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The  s e c o n d  s e r i e s  .in e q u a t i o n  (57), f o r  7 = T o  
a p p r o a c h e s  t h e  e x p r e s s i o n '  

- 
1 ' s i n ( 2 n  - i > e  - s i n  ( 2 2  + I > @  

0-  2 n  - 1 2 n  + 1 n 
P 
) X I  - 
1 

n h i c h  i s  a c o n v e r g e n t  s e r i e s  f o r  811 v a l u e s  o f  0 .  T h i s  
c a n  b e  shown by c o n s i d , e r i n g  t h e  r e m a i n d e r  term o f  t h i s  
s e r i e s :  

1 r 
cn 

: s i n ( 2 n  - 1 ) ~  s i n ( 2 n  + l > e  Xn = 7 X, I -- --- - --cc---- 
-1 C. 2 n - 1  2 n + 1  - n 

S u b s t i t u t i n g  i n  t h e  p r e c e d i n g  e q u a t i o n  f o r  xn i t s  ex- 
p r e s s i o n  g i v e n  by e q u a t i o n  (49) y i e l d s  

n - 1 ) e  . 

2 n  - 1 2 n  + 1 

r rhe re  k i s  a f i n i t e  number a n d  h n  a p r o p e r  f r a c t i o n .  
Hence limn,,Rn = 0. 

By nov p u t t i n g  T = -r0 i n  t h e  f o r m u l a  f o r  t h e  coor -  
d i n a t e  y ,  t h e  e q . u a t i o n  of t h e  j e t  boundary  i s  a r r i v e d  a t  

n 
w h e r e  the u p p e r  s i g n  of - c o r r e s p o n d s  t o  9 g r e a t e r  

t h a n  z e r o .  
2 

I f  t h e  n i d t h  o f  t h e  i n f i n i t e l y  d i s t a n t  p a r t  o f  t h e  
j e t  i s  d e n o t e d  by 2 b ,  t h e n  

- 
f o r  d2aT0 i s  t h e  v e l o c i t y  a t  i n f i n i t y  ,, 'P 

I n  order t o  d e t e r m i n e  t h e  j e t  C o n t r a c t i o n ,  i t  nust  
b e  n o t e d  t h a t ,  f o r  t h e  c o n d i t i o n g  u n d e r  . c o n s i d e r a t i o n  

f ,  = ----), 1 t h e  c o n t r a c t i o n  o c c u r s  a t  i n f i n i t y  as [ 0 < 2 p +  1 
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i n  t h e  c a s e  o f  t h e  o u t f l o w  o f  a n  i n c o m p r e s s i b l e  l i q u i d .  
T h u s ,  i f  t h e  maximum c o n t r a c t i o n  w e r e  a t  a f i n i t e  d i s -  
t a n c e  f r o m  t h e  o r i f i c e ,  i t  w o u l d  t h e n  be f o l l o w e d  by a n  
e x p d n s i o n :  The s t r e a n l i n e s  wou ld  b e  t u r n e d  by t h e  con- 
c a v i t y  t o w a r d  t h e  i n s i d e  of t h e  j e t ;  t h e  p r e s s u r e  w o u l d  
d r o p  f r o m  t h e  s u r f a c e  i n w a r d  a n d  wou ld  r e a c h  a minimum 
a t  a c e r t a i n  p o i n t  on t h e  l i n e  of symmetry. A t  t h i s  
p o i n t  t h e  v e l o c i t y  would  r e c e i v e  i t s  maximum v a l u e ,  wh ich  
s e s u l t  i s  i m p o s s i b l e .  Thus t h e  c o n t r a c t i o n  mill be  e q u a l  
t o  t h e  r a t i o  o f  t h e  w i d t h  2 b  a t  i n f i n i t y  t o  t h e  w i d t h  
2 a  o f  t h e  o r i f i c e  o f  t h e  v e s s e l .  T h i s  r a t i o  i s  d e t e r -  

. .  
TI 

2 
mined  f r o m  formula ( 5 9 )  by s u b s t i t u t i n g  8 = - t Y = - a ,  

a n d  t a k i n g  t h e  upper s i g n  of  t h e  f i r s t  t e r m  on t h e  r i g h t -  
hand side. Then there i s  o b t a i n e d  

'orhence t h o  c o n t r a c t i o n  ' is 

n- I n 
I 

must  be con- 
n , o  The s e r i e s  S = )  (-1) -- x 

4 4n2 - 1 
v e r g e n t  s i n c e  i t  i b  a n  a l t e r n a t i n g  s e r i e s  w i t h  n u m e r i c a l l y  
d e c r e a s i n g  t e r m s .  A n o t h e r  may o f  p r o v i n g  i t  is by s u b s t i -  
t u t i n g  f o r  x ~ , ~  i t s  e x p r e d s i o n ,  f o r m u l a  (49), o f  t h e  p r e -  
c e d i n g  s e c t i o n .  Thus  t h e  r e m a i n d e r  t e r m  S Df t h e  s e r i e s  
i s  f o u n d  i n  t h e  f o r m  

1 

a, 0) 

w h e r e  i t  i s  c l e a r  t h a t  i t  a p p r o a c h e s  zero w i t h  i n c r e a s i n g  
n ,  f o r  k is a c e r t a i n  c o n s t a n t  a n d  An a p r o p e r  f r a c -  
t i o n .  



-- 
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F o r  T~ = 0 ,  x n o  = 1 a n d  t h i s  l e a d s  t o  E i r e h h o f f ' s  
f o r m u l a  

Th i s  n i l 1  be  t h e  a p p r o x i m a t e  v a l u e  o f  t h e  c o n t r a c t i o n  f o r  
03 

xn (-1 ) n-l-_n-- 7 4n2 - I 
smal l  f l o 7  v e l o c i t i e s . ,  T o  compute  

d 

1 
f o r  f i n i t e  v e l o c i t i e s  a n d  f i i 2 i t e  d i f f e r e n c e  i n  p r e s s u r e  
b e t w e e n  t h e  r e s e r v o i r  a n d  t h e  medium i n t o  w h i c h  t h e  d i s -  
c h a r g e  o c c u r s ,  u s e  i s  made o f  t h e  a p p r o x i n a t e  f o r m u l a  f o r  
Xn* 

b 
a 

The l i m i t s  be tween  v h l c h  t h o  q u a n t i t y  - i s  con- 

t a i n e d  a r e  f o u n d  by t a k i n g  a n  e v e n  o r  nmaber of i n i t i a l  
t e r n s  of  t h e  s e r i e s  

n 
xn ------ 

L . J  4E* - 1 
I 

I n  t h e  f i r s t  c a s e  t h e  p o s i t t v e  t e r m s  a r e  r e p l a c e d  by t h e  
l o n e r  l i r r i t i n g  v a l u e s ,  a n d  t h e  n e g a t i v e  t e r m s  by t h e  u p 9 e r  
limiting v a l n e s ;  in the s e c o n d  c a s e  t k e  r e v e r s e  i s  dona. 
T h i s  c o m p u t a t i o n  vi11 be made for the limiting c a s e  

70 = ------ 2p + 1 
f o r  d e t e r m i n i n g  t h e  u p p e r  limit a n d  s i x  t e r n s  f o r  d e t e r -  
m i n i n g  t h e  l o v e r .  Use i s  made o f  t h e  v a l u e s  o f  xl,. . . 
x6 c o r q u t e d  i n  p a r t  11, a n d  t h e  u p p e r  a n d  l o n e r  l i m i t s  

o f  1 ( - l )n- l - -x- -Xn 2 a r e  d e n o t e d  by A a n d  B ,  r e s p e c -  

t i v e l y ,  t o  f i n d  

0 . 5 2 5 4  2 X 0.4703 3 X 0.4343 3 = ------ - ---------- + -----I--- 

c o n s i d e r i n g  o n l y  f i v e  terr.:s o f  t h e  ser i e s  1 

4n - 2 

3 15 35 

4 X 0.4095 5 X 0.3872 6 X 0.3755 - ------c--- f -------- - --- 
6 3  9 9' 1 4 3  

w h e n c e ,  v r i th  a n  a c c u r a c y  o f  0, 001 ,  
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By r e j e c t i n g  t h e  l a s t  term and adding  t h e  p o s s i b l e  errors, 
A i s  ob ta ined .  The e r r o r s  n i l l  add  up only  t o  0.0003 
and  n i l l  have  no e f f e c t  on t h e  accu racy  des i red .  Hence 

A = 0.128 3. 0. 015 

S u b s t i t u t i n g  these  l i m i t i n g  v a l u e s  of t h e  summation i n  
fo rmula  ( 6 0 )  y i e l d s  

or, if t h e  c o m p u t a t i o l l  is c e r r i e d  o u t ,  

0.73 < - b < 0.75 ' b  i s  approx. 0.74. 
a a 

Thus t h e  &t expar,iis wi th  i n c r e a s i n l  D r e s s u r e  i n  t h e  
____c____ *___ .____ *._------------ --------.e-- --- 

-- reEer-Lo-Lr.3-Q ._t_h_e_-I-L&tLLn~ va lue .  
i n  n i d t h  a r e  0.61 X 2a and 0.74 X 2a where 2a as 
b e f o r e  deno tes  t h e  n i d t n  a t  t h e  o r i f  i c e .  

I t s  extreme d imens ions  

An approximate  f u n c t i o n a l  formula f o r  t h e  con t r ac -  
t i o n  i s  o b t a i n e d  by naking u s e  of t h e  approximate  expres-  
s i o n  f o r  t h e  f u n c t i o n  xn g i v e n  by e q u a t i o n  (45), which 
may be  changed t o  

P s2 xn = 1 - P S  - -- K 
2 

rrhere 
M N 

K = L 3. __-_ 3. _-_----I---- 

n + 1 2n(1 - P S )  + 3 + ( B  + 2 ) s  

The c o e f f i c i e n t s  L ,  I d ,  H d o  p o t  i n c l u d e  t h e  pa rame te r  n 
a n d  have t h e  v a l u e s  

2p + 1 

1 f (38 3. 2)s 
M = - ------ - 8 

1 F P S  

L =  ----- 
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If, 8 s  before, i t  is assumed that B = 2,5, there is 
obtained finally 

where 
6+!b 

The series S entering equation (60) readily can 
?= 4-1us- 

be computed by setting cu 
n 

4n'-1 

c\3 

+ 
1 

(61) 

92 

1 

w 
15s2 ?/ +,?-I( -+13s - , ) - I  ( I ! +  1) (4112- -+ 1) 

I 

where for simplicity s o  is r-eplaced by s, The first 
summation in equation (61) for S is of the f o r m  I: - 1 + , - - a - - + 5 + 7 - F -  1 1 1 1 1 1  .... --. 

4 *> .) 5 1 

It I s  necessary now t o  return to the comDutation of 
1) 
7- 

@+!A)( I n  -1) ' 
The particular case of this s e r i e s  corresponding t o  t h e  
value p, = 1 will be the second summation in the equa- 
tion f o r  S, And a(p)  may be expressed in the follow- 
i n g  f o r m :  

1 

0 
The series under the integral s i g n  can be sumned. Thus 

dntp-1  tp-1 
(-1)-'--= __ I+--.-- 

4n'-1 4 

* Since the series within the brackets 1s absolutely con- 
vergent f o r  t < 1, the order of its terms may be 
changed and this Elves 
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whence 
3 z 4  
3 3  4 ~ ( 1 )  = ;; - ; + $2=0,5437. 

When the r e s u l t s  are added, there i e  o b t a i n e d  for the 

I 
contraction - 

b 
u 74-88 
- = -- 

4 

6 + 980 where p = ----, a(p) i e  de te rmined  by e q u a t i o n  ( 6 2 )  

a n d  

i n  the f r e e  s p a c e ,  

p a r t  I i s  

4 - 108, 

eo by the  r a t i o  of t h e  p r e e s u r e  i n  the v e e e e l  t o  that  
7 0  

1 - T o  
so = -- s which by the- f o r m n l a r  of 

7 
2 
- 

M -( l+S,)' + P=(l+s,). 
r1 

Of g r e a t e s t  i n t e r e e t  1 s  t h e  j e t  c o n t r a c t i o n  f o r  a p r e s -  
e u r e  near  t h e  l i m i t i n g  v a l u e  - tha t  i s ,  f o r  which  t h e  veloe- 
i t y  of t h e  eecap ing  j e t  is e q u a l  t o  the v e l o c i t y  of mound 
p r o p a g a t i o n  i n  a gar a t  rest  of the  same phyrical  e t a t e .  T h i s  
l i m i t i n g  p r e e s u r e  c o r r e s p o n d s ,  a e  har been ehorn, t o  the v a l u e  

and  has the value po = p1 1 1 - 
7 0  =--- D ' O m -  

2 g +  1 2s 
= 1.89 p1 
the  f r e e  medium i e  e q u a l  t o  a tmospher ic .  

- tha t  i e ,  1.89 a tmorphe ree  - If the p r e r r u r o  in 
If 

T o  compute a c c u r a t e l y  the def l n i t e  i n t e g r a l ,  
r 
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J l + t  0 

f o r  s u c h  v a l u e  of  p i s  r a t h e r  l a b o r i o u s .  I n  v iew o f  t h e  
f a c t ,  h t v e v e r ,  t h a t  t h i s  e n t i r e  c o m p u t a t i o n  i s  of a n  a p p r o x -  
i m a t e  c h a r a c t e r ,  t h e  ~ r o b l e m  may be s i m p l i f i e d :  ndrrielg, 
c o m ~ u t e  j ( 4 )  and  j ( 3 . 7 5 )  a n d  t h e n  b e c a u s e  o f  t h e  n e a r -  
n e s s  o f  t h e  v a l u e s  of t h e s e  i n t e g r a l s ,  f i n d  j ( 3 . 9 )  by 
s i m p l e  i n t e r p o l a t i o n  ( a s s u m i n g  p r o p o r t i o n a l i t y  b e t w e e n  t h e  
i n c r e m e n t  o f  t h e  f u n c t i o n  a n d  o f  t h e  i n d e p e n d e n t  v a r i a b l e ) ,  
T h e r e  is r e a d i l y  o b t a i n e d  

1 

= 0.15CO 

whence 0.144; a n d  e q u a t i o n  

2 7T 15.6 * 40(3,,9) = --- - ------- f ---- 0.144 = .0.212 
8.8 8 . 8  X 6.8 8.8 X 6.8 

S u b s t i t u t i n g  this v a l u e  of  u ( W )  a n d  t h e  c o r r e s p o n d -  
i n g  s o  i n  f o r m u l a  (63) y i e l d s  

. .  

( 6 4 )  3 159 
2 9  145 

8 s  = 0.5 -t- - X 1.087 + -- X 0.424 = 1.08 

t h e  mean v a l u e  be tween  t h e  l i m i t i n g  v a l u e s  o f  the s e r i e s  
8 s  o b t a i n e d .  The c o n t r a c t i o n  t h e n  i s  g i v e n  by 

- a .74  Tr I f . =  _-.--_- 
a 71 + 1. 08 

*The p rocec iu re  f o r  c h e c k i n g  i s  a s  f o l l o w s :  ComDute 
t h e  a c c u r a t e  v a l u e s  40(4) = 0,2079 a n d  4a:(3.75)= 0,2193 
whence  by i n t e r p o l a t i o n  a g a i n  i t  i s  s e e n  t h a t  4033.9) = 
0.2124,  a v a l u e  a g r e e i n g  w i t h  t h a t  a l r e a d y  L b t a i n e d .  
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s, 

&J 

This  c o e f f i c i e n t  d e c r e a s e s  w i t h  d e c r e a s e  i n  t h e  p r e s -  
s u r e  i n  t h e  r e s e r v o i r  b e c a u s e  o f  t h e  i n c r e a s e  in v a l u e  o f  s. 
T h i s  d e c r e a s e  i s  s u f f i c i e n t l y  U n i f O r R i ,  a s  may be s e e n  f r o m  
t h e  t a b l e :  

0,2 1 0,182 0,154 I 0,137 1 0,117 
1,89 I 1,79 1 1,65 1 1,5ti 1 1,18 

p [3 ,90  1 3,50 1 3 , O O  1 2,75 1 2,50 I 
F i n a l l g ,  t h e  e x p r e s e i o n  f o r  t h e  q u a n t i t y  of o u t f l o w l n g  

%as i s  g i v e n  by 

where  p o  
fa r - removed r e g i o n  f r o m  t h e  o r i f i c e )  28, as b e f o r e ,  is t h e  
w i d t h  of t h e  o r i f i c e  and  a is d e f i n e d  by t h e  f o r m u l a  

is t h e  d e n s i t y  o f  t h e  gas in t h e  v e s s e l  ( a t  a 

I 

where  
1 ~=1,40=1+ 7- 
? 

I t  i s  n e c e s s a r y  f i r s t  t o  c o n s i d e r  the c a s e  o f  t h e  ------ o u t f l o w  o f  . a gas f r o m  r e s e r v o i r s  w i t h  various p r e s s u r e s  
-d i n t o  5 s p a c e  where  the z r e s s u r g  15 c o n s t a n t  ( e . g . ,  i n t o  
t h e  a t m o s p h e r e ) ,  Then 

and t h e  f i n a l  f o r m u l a  
- / 8-1 1 

o r ,  a g a i n ,  If Y = 1 . 4 0 ,  B = 2.5 
/-- 3 2 
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b 
a 

S i n c e  t h e  c o n t r a c t i o n  - i s  a f u n c t i o n  o f  s o  a n d  

t h e r e f o r e  de3eods  o n  t h e  r a t i o  P o ,  -- i 7 i t h  c o n s t a n c y  o f  

t h e  r a t i o ,  t 3 E :  d i s c h a r g e  q u a n t i t y  of t h e  gas i s  p r o p o r -  
t i o n a l  t o  t h e  s q u a r e  r o o t  of t h e  d e n s i t y  o r  i n v e r s e l y  
p r o p o r t i o n a l  t o  t h e  s q u a r e  r o o t  o f  t h e  t e m p e r a t u r e .  

p1 

Yon s u p y o s e  t h a t  t h e  s t a t e  o f  t h e  g a s  i n  t h e  r c s e r -  
v o i r  r e m a i n s  u n c h a n g e d  and  c o n s i d e r  t h e  f l o n  i n t o  a me-  
d ium of v a r y i n g  p r e s s u r e .  T>.e v e l o c i t y  o f  sound  i n  t h e  
gas c o r r e s p o ~ i d i n g  t o  t h e  same p h y s i c a l  c o n d i t i o n s  a t  a 
g r e a t  d i s t a n c e  f r o m  t h e  o r i f i c e  i s  d e n o t e d  by co .  Tnan 

I--- 

a n d  thc: f o r a m l a  f o r  t l i e  d i s c h a r g e  may 3e  g i v e n  as 

o r ,  by s u b s t i t u t i n g  = l , d ,  

Xn t h i s  f o r m u l a  f o r  E o n l y  t h e  l a s t  t r r o  f R c t o r s  
t h a t  de-pend e n t i r e l y  on t h e  p r e s s u r e  r a t i o  v a r y .  

As r e g p r d s  t h e  j e t  c o n t r a c t i o n  o r  t h e  di_s_chc~g~ 
c o e f f i c i e n t  as  t h e  m a g n i t u d e  b / a  a l s o  - r i l l  b e  c a l l e d ,  
i t  i s  a c c i l r a t e l y  d e t e r n i n e d  by f o r m u l y  ( 6 0 )  and approx-  
i m a t e l y  by r o m u l a s  (63).  or a n  R p p r o x i m n t i o n  o f  s c c u -  
r a c y  up  t o  0.. 0 1 ,  r -umor ica l  v ~ l u e s  have b e e n  g i v e n  o f  
t h i s  c o e f f i c i e n t  f o r  t h e  l i m i t i n g  p r e s s u r e  a n d  s e v e r a l  
o t h e r  s p l a l l e r  p r e s s u r e s ,  I t  i s  f o u n d  t h a t  ii u r ; l c t i c a l  
r e s u l t  o f  t h e  s9IT.e a c c u r a c y  i s  o b t a i a e d  i f ,  i n s t e a d  of 
t h e  cumbersorno f o r m u l a  ( 6 3 ) ,  t h e  f o l l o w i n g  e x p r e s s i o n  

i s  t n k e n  f o r  - = A ;  
b 
Ft 



r A. 

- -  

n h c r c  k i s  a c e r t a i n  c o n s t a n t a  T h i s  f o r n u l a  g i v e s  v e r y  
g o o d  v a l u e s  o f  t h c  c o n t r a c t i o n  f o r  srim11 d i f € e r e n c e  i n  
t h e  g r e s s u r c s  ' b e t v e e n  r e s e r v o i r  3-d f r e e  mediun  - t l i s t  i s ,  
f o r  P n a a r  z e r o ;  f o r  s o  - -- O t k e  v-. , lues o f  b/r?. by 
( S O )  arid ( 6 8 )  a g r e 5  ~ i t ? ~  t h e  K i r c L i o B f  f o r m u l a  f o r  the  
j e t  c o n t r a c t i o z .  T 3 e  c o r ~ s t s i i t  k i s  s o  d e t e r m i n e d  t h a t  

f o r  s o  - -- = 0.2 t h e  r e s c l t s  2;- ( 5 6 )  and ( ~ 3 )  agree .  

F o r  t h i s  i t  3 s  necessary tii-it 

1 - 
2 8  

1. os; 1.1" ; 1.25; 1.57 ; '1.45 

n u x e r i c a l  v n l u e s  o f  t l i c  b i n o m i a l  2 - 4 . 5 ~ ~  e n t e r i n g  
forrn7il;r  ( 5 8 )  i n  >lace o f  8 s .  

' Such d i f f e r e n c e  k p s  no e f f e c t  on  t k e  r e s u l t s  f o r  the 
s e c o n d  decSm;\l accc r sc ; r  :7"nich has  b e e n  assumed.  

The ngrcemerit 7 i l l  be e v e n  Y e t t e -  i f  t h e  d i s c h a r g e  
c o e f f i c i e n t  i s  exx j r e s scd  by t h e  f o r m i l , ?  

(69) 
r: - b e  h - - __ _____c__-_---_--- - 

2 
a TI -k 2 - 5 s  4- 2 S O  

0 

T h o  s e r i e s  of vr4 lues  cjf t f ie f u n c t i o n  
' t h e  same s o  n i l l ,  t o  a n  n c c u r n c y  of  0. 0 1 ,  be  c c u a l  t o  
1. G8; 1. 13; 1.28; 1.35; Gild 1.44, :rrk+ich a r e  e o u a l ,  
r e s g e c t  i v e l y ,  t o  t h e  Et'oove o b t s i r i s a  aTprox imPtc  v ? l u e s  
o f  8 s  e n t e r i n g  t h e  e x r c t  ~ o n t r ? ~ c t i o ?  f o r n u l a .  T h u s ,  
f o r r n u l a  ( 5 9 )  o r  (68) f o r  k = 4.5 q u i t e  no11 e x p r e s s e s  
t h e  f u n c t i o n  X a n d  rmy v a r y  c o a v e n j ~ n t l y  b e  q p p l i o d  f o r  
p r a c t i c a l  p u r p o s e s .  The d'sc%args f o r m u l g  ( 5 7 )  f o r  t h e  
assnmed r o u n d  v a l u e s  of  9' = 1,4 and fi = I/(? - 1) = 2 . 5  
t a k  a s u f f i c i e n t l y  s i r r p l e  f o r n  if t h e  v s r i q b l e  s o  i s  
i n t r o d u c e d  i n  i t .  The l s t t e r ,  a s  119s b e e n  shovn,  i s  con- 
n e c t e d  n i t11  t h e  p r c s s u r e  r s t i o  

2 - i i so  + 2s02  for 

p o / p l :  
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By transforming equation ( 6 7 )  in this manner, the discharge 
formula is obtained a s  follows: 

It is noted th8.t of the two sisplified formulas for A 
t h e  second, ( 6 9 ) ,  is the m o r e  rational, Thus, to turn for 
a moment t o  formula (SO) 

A = -  x 

t h e  trinomial n, 0 
a n d  substitute i n  it f o r  x 

q, ( ( )  )+SJ',, ( s,+ s;22-.*,,(o 1 .  

expresses approximately the function X n ,  From the equa- 
tion for x, 

which gives for 
:r',S( 1 +s)+z,,jjs+nx, 2-P?(l - 2 [ : S ) = O  

xn( 0) = 1, xIn( 0) = -9 

Substitute these v a i u d s  in the above  trinomial and compute 
the series S, entering the denominator of the formula for 
A: 

b u t  

1 I 

or carry out t h e  integration 

whence 

Assume as before @ = 2.5, which gives 
8.5'1 2 - ",,+ 1 ~ Y s o  2 
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L i m i t i n g  t o  a n  a c c u r a c y  o f  0.01, c o n s i d e r  t h i s  f o r m u l a  
i d e n t i c a l  w i t h  ( 6 9 ) .  

I t  i s  c o n s i d e r e d  of  i n t e r e s t ,  f i n a l l y ,  t o  c a l l  t h e  
r e a d e r r s  a t t e n t i o n  t o  a v e r y  s i m p l e  c o n n e c t i o n  be tween  
t h e  v a r i a b l e  s o  by which  a l l  t h e  c h a r a c t e r i s t i ?  con- 
s t a n t s  of t h e  p rob lem and  t h e  t e m p e r a t u r e  o f  t h e  J e t  i s  
e x p r e s s e d ,  F o r  t h e  d e n s i t y  and  t h e  p r e s s u r e  w i t h i n  t h e  
g a s  f l o w  t h e  f o r m u l a s  a r e :  

p = kp Y = k p o  Y (1-7)” = ~ ~ ( 1 - 7 )  BY 

h e n c e  

a’nd s i n c e  by K a r i o t t e  and. G a y - L u s s e c ~ s  law 
where  T i s  t h e  a b s o l u t e  t e m p e r a t u r e  a t  t h e  p o i n t  con- 
s i d e r e d ,  t h e  f o r e g o i n g  e q u a t i o n  may b e  r e w r i t t e n  a $  

p / p , =  RT, 1 

7 

1- 7 
s i n c e  s = --- ( s e e  p t ,  11). A p p l y i n g  t h i s  r e l a t i o n  t o  

t h e  p a r t  of  t h e  J e t  r emote  f r o m  t h e  a r i f i c e  a n d  d e n o t i n g  
t h e  t e i i i g e r a t u r e  of t h e  g a s  t h e r e  by TI y i e l d s  

T h i s  i n v e s t i g a t i o n  on t h e  o u t f l o w  o f  g a s e s  w i l l  be 
s u p > l e m e n t e d  by c o m p a r i n g  t h e  r e s u l t s  o b t a i n e d  O D  t h e  one 
hand w i t h  a p p r o x i m a t e  t h e o r e t i c a l  f o r m u l a s  a p p l i e d  f o r  
comput ing  t h e  d i s c h a r g e  a n d  on t h e  o t h e r  hand  w i t h  t h e  
r e s u l t s  o f  t e s t s .  P u r e l y  e m p i r i c a l  f o r m u l a s  a r e  n o t  d e a l t  
w i t ! ?  a l t h o u g h  some o f  t h e  l a t t e r  w e l l  e x p r e s s  t h e  phanomenon 
w i t h i n  c e r t a i n  l i m i t s ,  a s ,  f o r  example ,  t h e  f o r m u l a  o f  
P a r e n t y  ( r e f e r e n c e  8 ) .  



For  a r a t i o n a l  b a s i s  o f  t h e  a p p r o x i m a t e  t h e o r e t i c n l  
t r e e t i n e n t  t h e  a d i a b a t i c  law was a s s u m T d  ( a l s o  i n  t h i s  
i n v e s t i C a t i o n )  t h e  a s s i ’mpt ion  b e l n g  msde t h a t  t h e  out-  
f l o w i n g  j e t  a t  a c e r t a i n  d i s t e n c e  f r o 3  t h e  o r i f i c e  h a s  
t h e  .nnximili.: c o n t r a c t i o c  and  t h a t  a t  t h e  p o i n t s  of t h i s  
c o n t r a c t i o n  t h e  v e l o c i t y  o f  t h e  gas  p a r t i z l e s  i s  c o n s t a n t ,  
As a r e s u l t  t h e  f o l l o l v i n g  f o r m u l a  i s  o7 ; t a ined  f o r  t h e  
d i s c h a r g e  f c r m u l e :  

where  S i s  t h e  o r i f i c e  area an< A. t h e  d i s c h a r g e  
--_--____ c o e f f i c i e n t  --- eqljai t o  t h e  r a t i o  o f  tlhe a r e a  of  t h e  con- 
t r a c k e d  c r o s s . - s e c t i o n  t o  t h e  a r e a  o f  t h e  o r i f i c e .  

?he above  e q h i a t i o n  d o e s  n o t  d i f f e r  i n  f o r x  f rom 
e q u a t i o n  ( 6 7 )  t h e  o n l y  d i f f e r e n c e  b e i n g  t h a t  t h e  d i s -  
cha2,u:e c o e f f i c i e n t  was n o t  d e t e r m i n e d  f o r  a n y ,  o r  even  
f o r  n p a r t i c u l a r  shaFe  of o r i f i c e .  I t  h a s  E s u a l l y  been  
a s s u i i e d  t h a t  i r ,  h a s  a c o n s t a n t  v a l u e  d e p e n c i n g  o n l y  on 
t h e  s h a p e  of t h e  v e s s e l  a n d  o r i f i c e ,  Such a s s u  . - .F t ion ,  
a s  i s  s e e n  f r o m  t h e  p rob lem s o l v e d  h e y e ,  i s  f a r  f ro19  

t r u e ,  I n  t h i s  c a s e  t h i s  c o e f f i c i e n t ,  f o r  a c n a n g e  i n  
-- ’’1 - f r o r n  1 t o  t h e  l i m i t i n g  v a l u e  0.53, i n c r e a s e s  f r o m  
PO 
0,C:i t o  0.74, The i n c r e m e n t  t h u s  c o ~ s t i t u t e s   ore t k a n  
2 1  g e r c e m .  of  t h e  l o w e r  l i r r i i t i n g  v a l u e ,  i f  c h e  o r i f i c e  
w e r p  r0v.r.a an.? n o t  i r ,  t h e  f c r l n  of a s l i t ,  a s  i n  t h i s  c a s e ,  
a s t i l l  s h a r p e r  d i f f e r e n c e  i n  t h e  v a l u e s  of  ;2 sho’ i id  b c  
e x p s c t e c l ,  f o r  t h e n  t t e  l i n e s  of f l o w  woulc? c o c v e r g e  t O V J a i - 6  
t h e  o r i f i c e  f r c s  a l l  a z i i i u t b ? s  and  n o t  f r o m  t w o  a s  i s  t r u e  
i n  t k e  j31-c s e n t  c a s e ,  F o r  t h i s  r e a s o f i ,  wheh , i t  w a s  a t t e i i p i e d  
t o ’ a p p l y  t h e  d i s c h a r g e  f o r a x l a  ~ ~ i t ~ i  c c n s t a c t  h t o  t h e  de- 
t e r n i n a t i o n  o f  t h e  t r u e  d i s c h a r g e ,  e x ~ e r i r n e n t  d i d  n o t  t u r n  
o u t  t o  be i n  iigreeiiient s r i t h  t h e  t h e o r y ,  I n  v iew of t h i s  
P a r c a t y  ( r e f e r e n c e  8 )  r e l y i n g  or, t \ e  t e s t s  o f  E i r n  ( r c f e y -  
e n c e  9 )  assume? t h a t  t o  “ p p l y  t h e  f o r m u l a s  b a s e d  o n  t h e  
a d i a b a t i c  1a:r of  p r e s s u r t  chanye  t o  f l o v  d i s c h a r g e s  f roJ l i  
o r i i ’ i c e s  was i n c o r r e c t .  Eowever t n e  r e s u l t s  of I I i r n l s  
t e s t s  wyifch hr; p r e s e n t s  show prcclstly t k e  i n c r e a s e  i n  t h e  
d i s c h a r g e  c o e f f i c i ~ n t  7,. w n l c k  i s  p r e d i c t e d  by t h e  n r 2 s c n t  
t h e o r y ,  The p o s s i b i l i t y  of such  a v a r i s t i o n  v a s  f o r e s e e , ?  
by Parent:. b u t  havi f ig  reKarkeC cn i t  gave  i t  nc  f d r t h e r  con- 
s i l e r a t i o n  s i n c e  he  had  :IO ineans o f  making  a q u a a t i t a t i v e  
e s t i x a t e  0 2  t h e  i n c r e a s e  i n  A. 



4 

6 8  

A n o t h e r  f a c t  i s  c c n s i d e r e d  h e r e  t h a t  i s  o f  i n t e r e s t ,  
Having  o b t a i n e d  t h e  d i s c h a r g e  f o r m u l a  ( 6 7 s )  Sain t -Venant  
c a l l e d  a t t e n t i o n  t o  t h e  f o l l o w i n g  p a r a d o x ,  I f  t h i s  f o r -  
mula v e r e  a p p l i e d  f o r  a n y  r a t i o  of p r e s s u r e s  i n  t h e  r e s -  
e r v o i r  and  t h e  open medium, t h e  d i s c h a r g e ,  i n c r e a s i n g  f r o m  

. z e r o ,  wou ld  p a s s  t h r o u g h  a maximum f o r  a c e r t a i n  p r e s s G r c  
r a t i o  and  t h e r e a f t e r  s h o u l d  a g a i n  d e c r e a s e ,  becoming z e r o  
a t  -j?,;L/po = 0 ,  The v a l u e  o f  P f o r  p l / p o  c o r r e s p o n d i n s  
t o  t : i e  naxiinun d i s c n a r g e  i s  d e t e r m i n e d  f rom t h e  c o n d i t i o n  

1 Y- I 1 

h c n c e  

T h i s  i s  jiust t h e  l i m i t i n g  p r e s s u r e  r a t f c  c o r r e s p o n d -  
i n g  t o  t h e  i n s t a n t  when t h e  ,-as i n  t h e  c o n t r a c t e d  p a r t  
of t h e  j e t  moves w i t h  t h e  v e l o c i t y  o f  s o u n d  p r o p a g a t i o n  
a t  t h a t  p o i n t ,  a s  re lnarked  b y  Hougcn io t  ( r e f e r e n c e  2 0 ) .  
T h i s  c o n d i t i o n , c a n n o t  o f  c o u r s e  o c c u r  i n  p r a c t i c e ,  Then 
Scin t -Venant  c o n d u c t e d  h i s  t e s t s  on t h e  f l o v  o f  g a s e s  h e  
f o u n d  t h s t  o n  l o w e r i n g  t h e  p r e s s u r e  i n  t h e  f r e e  m e d i u s  
and  v a r y i n g  t h e  r a t i o  p l / p o  f r o m  1 t o  0.53 t h e  d i s c h a i - g e  
i n c r e a s e s ;  b u t  g n  f u r t h e r  l o w e r i n g  pL t h e  p r o c e s s  becor.es 
r e g u l a r ,  t h e r e  b e i n g  n o  f u r t h e r  i n c r e a s e  i n  t h e  d i s c h a r g e ,  
T h i s  s u r p r i s i n g  r e s u l t  vas l o n g  l o c k e d  upon w i t h  doubC, b u t  
H i r n t s  t e s t s ,  c o n d u c t e d  n o t  v e r y  l o n g  a g o ,  c o n f i r u i e d  t h e  
r e s u l t s  o f  Sain t -Venant  w i t h  t h e  d i f f e r e n c e ,  howevkr ,  t h p t  
H i r n  o b s e r v e d  a n  f n c r e a s e  i n  t h e  d i s c h a r g e  beyond t h e  l i m i t  
i n d i c a t e d  by h i s  p r e d e c e s s o r ,  A c c o r d i n g  t o  F i r n l s  t a s t s  
t h c  a i s c h a r g k  r e a c h e s  t h c  naximux v a l a e  f o r  p l / t )o  = 0.26, 
a p p r o x i m a t e l y .  The c h a n g e  i n  d i s c h a r g a  on  l o w e r l n g  p l / p o  
f r o m  0 , 5 3  t o  0,26 i s ,  however ,  i n s i g n i f i c a n t ,  f o r  w h i c h  

l e s s  d c t a i l e d  o b s e r v a t i o n s ,  . 

I r e a s o n  t h i s  may n o t  have  been  n o t e d  by S a i n t  Vanant  i n  h i s  

I If i t  was a t t e m p t e d  t o  a p p l y  f o r m u l a  (70) f o r  A 
d e t e r m i n e d  b y  r e l a t i o n  ( 6 9 )  beyond t h e  p r o p e r  l i m i t s  o f  
i t s  a p p l i c a b i l i t z r  t h e  same p a r a d o x i c a l  r e s u l t  v o u l d  b e  
o b t a i n e d  e x c e p t  t h a t  t h e  maximum d i s c h a r g e  w o u l d  c0rre-t- 
spond  t o  a v a l u e  o f  p l / p o  somzwhat l e s s  t h a n  0 . 2 7 ,  R 



i?A C A No . 1063 6 9  

v a l u e  v e r y  c l o s e  t~ H i r n t s  l i m i t ,  T h i s  i n t e r e s t i n g  ag ree -  
ment shor.:s t h a t  +he  p r e s e n t  f orm:ilz.  e x p r e s s e s  s u f f i c i e n t l y  
w e l l  t i l e  i a v P s t i g 7 , t e d  ;?henomenon i n  i t s  e s s e n t i a l  f e a t u r e s ,  

I t  i s  now n a t u r a l  t o  i n c u i r e  i n t o  t h e  c h a r a r t e r  of 
t h e  n o t i o n  I n  t h e  c a s e  where  t h s  i ; r e s s L r e  i n  t h e  f r e e  
medium i n t o  w h i c h  t h e  j e t  J i s c h a r g e s  j s  l o v e r  t h a n  t!ie 

l i m i t l n g ;  t h e t  i s ,  i f  -- 0.53 .  If i t  i s  assumed tlr_s*i 

f lo : r  r e m a i n s  s t e a d y  ~ i t h  c o n t i n u o u s  c n a n ~ e  i n  t h e  v e l o c i t y  
a n 4  13ressi i re  w i t h i n  t h e  b o u n d a r i e s  o f  t h e  m o v i n r  erzs t r i F s s  

t h e  r e g i o n  o f  t h e  v a r i a b l e s  7 ,  8 w o c l d  b e  i n  ? h e  f o r n  o f  

a s e i 1 ! j c i r c l e  o f  r a d i u s  >---- 3. , T h i s  i s  t n e  v e r y  r e g i o n  
2$+1 

c o i l s i d e r e d  i n  p e r t  I w h e r e  i t  vas  shown t h a t  s t e a d y  a c t i o n  
of  t - i e  t:vpe t ' ia t  i s  of i n b e r e s t  t o  u s  was n o t  i n c l u d e d  i i i  

t h e  number o f  p o s s i b l e  m o t i o n s ,  H o u g o n i o t (  r a f e r e n c e  lo), 
s t a t a s  t n e  f o l l o w i n g ;  i f  p1 0.53 p o  t h e  e s c a p i n g  jsx 
i s  d i v i d e d  by t h e  s u r f a c e  o v a r  which  t h e  v e l o c i t y  o f  t h e  
p a - t i c l e s  i s  e q u a l  t o  t!;e v e l o c i t y  of sound, i p t o  ti.ro y z r t s ,  
t h e  p r e s s u r e  i n  p a s s i n g  t h r o u g h  t h i s  s u r f a c e  c?ian:iag d i s -  
c o a t i n d o u s l y ;  r b o v e  t h i s  p a r t i t i o n  s u r f a c e  i.1 t h e  j e t  t h e  
p r 3 s s u r e  i s  e q u a l  t o  0,53 po a n d  be low i t  i s  e q u a l  t o  - o l e  
( p h i s  pkenomenon r e r . i n J s  P a r e n t y  0 2  t h e  s e p a r a t i o n  from 
s o l i d  b a o ' i e s , )  But  t h e  f l o v  o f  t h e  gas  i s  c o n s i d e r e d  a s  
s t e a d y  in b o t h  p a r t s  of t h e  e s c a p i n g  j e t  Fna t h e  s u r f a c e  
o f  ;:ressure d i s c 3 n t i n u i t y  a s  e v e r y v h e r e  n o r n a l  t o  t h e  
s t r e am 1 i rL e s . 

P1 

P O  

T h i s  l a t t e r  sv .p>os i t i o . i  a p p a a r s  n ighl ; f  i r c p r o b a b l e  
s i i i c e  t h e  c h a r a c t e r  o f  t h e  m o t i o n  i n  t h e  u p p e r  p a r t  of 
t h e  f l o w  s h o u l d  r a d i c a l l y  c h a n g e  i m m e d i a t e l y  aft?? t h e  
p r e s s u r e  i n  t h e  f r e e  ~ i e d i u r i ~  p a s s e s  beyond ?.lie l i m i t  of 
0.53 a,, In f a c t ,  f i r s t  o f  a l l  i t  c a s  b e  e a s i l y  shown 
t h 2 t  t h e  w i d t h  o f  e a c h  e l e m c n t a r y  t u b e  o f  f l o w  w i l l  b e  
a miairnus a t  t h e  p o i n t  w h e r e  t h 2  l i a i t i n g  p r e s s u r e  o c c u r s ,  
T h i s  i s  b e c a u s e  t h e  c r o s s - s e c t i o n  i s  d e t e r m i n e d  a s  t 5 e  
r e t i o  o f  t h e  q - J a n t i t y  o f  gas c a r r i e r l .  by t h e  taube  d i v i d e d  

b;r p c  v f--- Z n 7 0 ( 1 - T O )  a n d  t h i s  d e n o a i n a t o r  p a s s e s  zhrcugh 
B 
I 

A. 11~axiriuin a t  T = --- T h e r e f o r e  t a k i n g  t h e  t u b e s  o f  f1oi.J  ' 

norAi ia l  t o  t h e  l i n e  7 = ---- a n.inimnm d i s c h a r g e  o f  ;.as 
2 p 1 '  

20+1  
fro;!: t h e  v e s s e l  s h a l l  b e  o b t a i n e d .  f o r  t h s  c a s e  where  t h i s  
l i n e  i s  s s e g m e ~ t  e n c l o s i u g  t h e  o r i f i c e ,  The  d i s c h a r g e  
c o e f f i c i e n t  w i l l  t h e n  e v i c t e n t l y  e q u a l  1 a n d ,  t h e r e f o r e  . 

I 
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i n  -pass ing  t h r o u g h  t h e  l i m i t i n g  p r e s s u r e  i n  t h e  r e c e i v e r  
t h i s  c o e f f i c i e n t  and  t h e  g a s  d i s c h a r g e  s h o u l ?  i m m e d i a t e l y  
i n c r e a s e  by riiore t h a n  3 0  p e r c e n t ,  a c o n d i t i o n  t h a t  i s  i n  
e n t i - e  d i s a g r e e m e n t  w i t h  r e a l i t y ,  

I t  i s  a s samed  03 t h e  o t n e r  fiaizd t h a t  t h e  ph tnonenon  
c o u l d  bo e x p l a i n e d  i n  t h e  f o l l o w i n g  way, T o g e t h e r  w i t h  
t h e  a u t h o r s  r e f e r r e d  t o  i t  i s . s u p ? o s e d  t h a t  t h e  j e t  i s  
d i v i d e d  by a c e r t a i n  b o u n d a r y  s u r f a c e  on p a s s i n g  t h r o u g h  
which  t h e  p r e s s u r e  c h a n g e s  v e r y  s h a r p l y ,  I t  nay  b e  
imaginet!! t h a t  t h e  t r a c e  o f  t h i s  s u r f z c e  o n  a p l a n e  v a r a l l e l  
t o  t h e  f l c w  a s  a c u r v e  s u p p o r t e d  a t  t h e  e d g e  of t h e  o r i f i c e  
f u i - t h e r  o n  t h e  c u r v e  r e s e m b l i n g  t h e  c o n t o u r  o f  a t o n g u e  o f  
f l a m e  moves i n t o  t h e  open medium, Above t h i s  l i m i t  ( i i i s i d e  
t h e  v e s s e l  a n d  t h e  a d j o i n i n g  p a r t  of t h e  j e t )  t h e  f l o v  v i 1 1  
b e  sLable and t h e  p r e s s u r e  d r o p s  from p at t h e  f a r  re- 
moved p a r t s  o f  t h e  v e s s e l  t o  0 ,53po 
boundary  curve ;  A t  t k e  r e n o t e  p a r t ,  however ,  t h e  j e t  
f o r m s  waves ,*  T a s s e  w a v e s  have  an  e n v e l o p i n g  boundary  
c u r v e ,  I n  a v e r y  t h i n  Layer  o f  t h i s  p a r t  o f  t h e  j e t  ad- 
j o i n i n G  t h e  c u r v e  t h e  mean p r e s s u r e  ~ i 1 1  be < 0 . 5 3 ~ ~  aiid 
t h e  ve1oci t : r  o f  p r o p a g a t i o n  o f  sound c 2  -= c1 b e i n g  t h e  
same v e l o c i t y  f o r  t h e  b o u n d a r y  l a y e r  l y i n g  beyond t h e  
b o a n d a r y  c u r v e ,  The l o w e r e d  p r e s s u r e  t e n d s  t o  b e  prop- 
s s a t e h  beyond t h 9  b o u n d a r y  c u r v e ,  f o l l o w i n g  a l o n g  t h e  j e t  
i n  t h e  f o r m  of a p l a n e  wave,  But t h i s  wave i s  c a r r i e d  
backward by e a c h  i n f i n i t e l y  t h i n  j e t  e i e m e n t  and  s i c c e  
t h e  v e i o c i t y  o f  t h e  g a s  p a r t i c l e s  i s  also c1 n o  waves 
are o b s e r v e d  i n  t h e  u p p e r  p a r t s  o f  t h a  gas  flow.. I n  o r d e r  
t h a t  the b o u n d a r y  c u r v e s  may s e r v e  as a n  e n v e l o p e  o f  t h e  
w3ves a p p r o a c h i n g  i t ,  i t  i s  s u f f i c i e n t ,  es i t  a p p e a r s  t o  
assu-me t h a t  t h e  v e l o c i t y  o f  t h e  waves n o r m a l  t o  t h i s  l i n e  
i s  t h o  saine w h e t h e r  t h e  wave moves upward o r  downward, I f  
h d e - t o t e s  t h e  a n g l e  f o r m e d  by a j e t  e l e a e n t  w i t h  thz bound- 
ar.7 c u r l e  p a s s i n g  t h r o u g h  a g i v e n  p o i n t ,  t h e n  h a v i n g  d e t e r -  
n i z c d  b o t h  n o r m a l  v e l o c i t i e s  by R i e m a n n l s  ri.ile e q u n t i n g  thoin  
anCL s p - p l y i n g  v e r y  s i m p l e  hydrodynamic  c o n s i d e r ~ t i o n s  t h e r e  
i s  o b t n i n e d  

on ? h e  f i e s c r i b e d  

I 

I 

.......................................................... 
* T h e s e  waves havz  been  o b s e r v e d  and  s t u d i e d  r e c e n t l y  

b y  Ernclan, The r z s u l t s  o f  h i s  t 2 s t s  :ire d e s c r i b e d  ' i n  r e f e r -  
e n c e  4. ?he  waves a p p e a r  i m m e a i a t e l y  z f t e r  t h e  p r e s s u r e  
i n  t h e  r e s e r v o i r  d r o p s  be low 0 . 5 3 ~ ~ ;  t h e i r  l e n g t h  i n c r e a s e s  
v i t h  t h e  l o w e r i n g  of  t h e  p r , s s u r e  i n  t h e  r e s e r v o i r ,  Xmd-en 
a l s o  g i v e s  a t h e o r y  of t h e  phenonenon w h i c h ,  however ,  i s  
e n b i r e l y  u n f o u n d e d ,  I t  I s  s u f f i c i e n t  t o  s a y  t h R t  n o t w i t h -  
s t a n 3 i n g  t h e  e x i s t e n c e  of  w&ves EEden c o n s i d e r s  t h e  ~ r c s s u r e  
t h r o u g h o u t  t h e  j e t  as c o n s t a n t ,  which  of c o u r s e  i s  i m p o s s i b l e ,  
and. , m k e s  t h i s  a s s u m p t i o n  t h e  b a s i s  o f  h i s  a n a l y s i s ,  
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If t h e  p r e s s u r e  m d  d e n s i t ; r  v a r i e d ,  even  v e r y  s h a r p l y ,  
b u t  c o n t i n u o u s l y ,  p1 : p z  - - 1. Thiis i t  i s  s e e n  t h a t  

t h e  t u h . 3 ~  of  f l o w  i n t e r s e c t  t h e  bc.cindarv c u r v e  5% sc"._con= _-_ -__-- __ -___ -_____-__ __- -,-----L -_--- 
st_aqt ang2,e. 

With t h i s  h y p o t h e s i s  s t c a C y  f l o w  a b g v e  t h e  b o u n ? a r y  
c u r v e  ma;' b e  d e t e r s i n e d  s t r i c t l y  irLQ2thein2.tical r e g s r c i i s s s  
o f  ~ r h e t  o c c u r s  i n  t h e  r e m a i n i n g  p a r t  o f  s h e  j e t ,  I t  i s  
n o t  d i f f i c u l t  t o  show; n;Luelyi  t h a t  o n  t h i s  c u r v e ,  g i v e n  

by e q u a t i c n  T = T~ = ---- I 
2 6 t  1 

t h e  r e l a t i o n  h o l d s  

one  s i g a  c o r r e s p o a d i n g  t o  t h a  l e f t  half c f  t h 2  b o u n d a r y  
c u r v e ,  t h e  o t h e r  t o  t h a  r i g h t  h a l f  2nd $ a n 5  Q d e n o t i n g ,  
a s  b e f o r e ,  th;: s t r e a m  f u n c t i o n  Bni? T r e l o r i t y  v o t e n t i a l ,  In-  
c l u d i n g  t h i s  r e l a t i o n  al*long t h e  bound-srp c o n 3 i t i o n s  i t  mr,y 
be  s h o w 9  c e x t  t h a t ,  t o z e t h e r  w i t h  t h e  o t h e r  c o n d i t i o n s ,  i t  
i s  e n t i r e l y  s u f f i c i e n t  f o r  the d ~ t ~ r r n i n a t i o ?  o f  CD and \cI 
i n  t h e  7 ,  0 r e g i o n ,  H ~ ~ v i 3 . g  fou r ,d  cp e n d  $ i t  i s  e a s y  
t o  d e t e r r r i n e  t h e  g ~ , s  d i s c b a r g e  p e r  s e c o n d ,  I t  ~ p p e e r s  t h a t  
if t h i s  d i s c h c r g e  were  s t r i c t l y  c o n s t z n t  o r  changlag  s l i g k t l y  
witi; c h a n g e  i n  h f rom z e r o  t o  i t s  l i m i t i n e ;  v a l u i t ,  t h e  
e x p l a n a t i o n  J u s t  g i v e n  w c u l d  be  n e a r  t h e  t r u t h .  I n c i d e n t l y  
i t  m a y  b e  s a i d  t h n t  t h e  l i m i t s  w i t h i n  w h i c h  X may v r t r j  Gre 
n o t  w i d e ;  t h i s  m g l e  w i l l  n o t  be  l a r g e ,  T o r  t h i s  r enso r ,  
t h e  r e l a t i o n  p r e v i c u s l y  g i - Jen  be tween  a n d  y i n  a l l  
p r o b z b i i i t y  w i l l  g i v e  a r e s u l t  n o t  d e v i e t i n g  t o o  n u c h  f r o i l l  

th2,t  wi-ich wou ld  be  o b t a i n e d  by  s i n p l y  t a k i n g  @ = *$ 
a l o n g  tb.e b o u n d a r y  c u r v e ,  A small v a r i a t i o n  i n  t h e  d i s -  
c h a r g e  may also be e x p e c t e d  f rom t h e  c o n s i d e r a t i o n  t h a b  
i t 5  v c l L e  w i l l  d epend  on S s i n h c ' s  e x t e n d z d  o v e r  t h e  
b c u n j a r y  c u r v e ,  T h i s  i n t e g r a l  i s  e v i d e c t l p  e q u a l  t o  t h e  
t o t a l  l e n g t h  o f  t h i s  e u r v z  E u l t i 2 l i e d  by s i n h ,  and  i t s  
l e n g t h  w i l l  d e c r e a s e  v i t h  i n c r e a s i n g  A. I t  n a y  b e  n o t e d ,  
f i n a l l y ,  t h a t  ill  a s s u m i n g  t h e  a b o v e  e x p l a n a t i o n  o f  t h e  f l o w  
pf.,eno.,icri~, t h e r e  i s  o b t a i n e d  a n  z n t i r e l y  c o n t i n u o u s  t r a n s i t i o n  
f rom t h e  p r c b l e m  s c l v e d  above  t o  t h o s e  c a s a s  w ~ i e r e  t h e  f i t r e n  
n n e l y s i s  i s  i n n p p l i c n b l e ,  A m a t h e m a t i c a l  t r e a t a e n t  o f  th.3 
proposed h p p o t k e s i s  i s  i n t e n d e d  i n  t h e  n e a r  f u t u r e .  
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I PART IV 

PBESSUBE OF A GAS J E T  OiJ A PLATE 

T5e s t u d y  of p r e s s u r e  o f  a gas j e t  on a p l a t e  mill 
b e g i n  v i t h  t h e  c o n s i d e r a t i o n  o f  t h o  i x p a c t  of  a gas j e t  
o n  a p l a t e  p e r p e n d i c u l a r  t o  t h e  i n i t i a l  d i r e c t i o n  o f  t h e  
j e t ,  a s a u m i n g  t h a t  t h e  j e t  i s  s y m n o t r i c a l l y  d i v i d e d  i n t o  
t w o  p a r t s  by t h e  p l a t e .  Again  t h e  c o r r e s p o n d i n g  p r o b l e m  
f o r  t h e  c a s e  of a n  i n c o r r , p r e s s i b l e  l i q u i d  is u s e d .  The 
s o l u t i o n  of t h i s  p r o b l e n ,  i s  g i v e n  i n  t h e  p s p e r  by 
J o u k o v s k y  ( r e f e r e n c e  2 ) .  By u s e  of t h e  same v a r i a b l e s  
a s  i n  p a r t  111, 

m = y1 .t i*41 

lg v o  -- d z  = 4 + i0 z = x +  i y ,  
d iv 

0 N1 = - 

w h e r e  m i s  t h e  a n g l e  o f  i n c l i n e t i o n  w i t h  t h e  X a x i s  a t  
d . i s t a n t  p o i n t s  o f  t h e  t w o  p e r t s  i n t o  w h i c h  t h e  j e t  is 
d i v i d e d  by t h e  p l a t e ,  F o r  t h e  X a x i s  t h e  l i n e  of symme- 
t r y  o f  t h e  j e t  is t q k e n ,  t h e  i n i t i a l  d i r e c t i o n  of t h e  
j e t  b e i n g  i n  t h i s  c a s e  p a r a l l e l  t o  t h e  X ax i s .  

I t  1 7 i l l  be  sho:.~r, t k a t  f o r x u l a  ( 7 1 )  e x p r e s s e s  p r e -  
c i s e l y  t h e  r e q u i r e d  l i q u i d  f l o v .  A t t e n t i o ~ i  n i l 1  be 
d i r e c t e d  f i r s t  t o  t h e  r a n g e  o f  complex  v a r i a b l e s  n a n d  
9 + i o  r rh ich  c o r r e s p o n d  t o  t h e  f1077 s k e t c h e d  i n  f i g c r e  
5 ,  The r e g i o n  m i s  bounded by tvio s t r - . i g h t  l i n e s  p n r -  
a l l e l  t o  t h e  r e a l  a x i s ,  s y x m e t r i c a l l y  p l a c e d  w i t h  r e s p e c t  

c 
2 

t o  i t  a t  a d i s t n n c e  -. Tn t h e  s k e t c h  t h e  o u t e r  'Sound- 

a r i a s  of: t h e  . j e t  E A '  a n d  DC' c o r r e s p o n d  t o  t h e s e  s t r n i g h t  
l i n e s ,  The f l o w  b o u n d a r i e s  C30 and AYO c G r r e s p o n d  t o  t h e  
u p p e r  a n d  l o n e r  s i d e s  of t h e  p o s i t i v e  p a r t  o f  t h e  r e s 1  
a x i s  of t h e  r e g i o n  w;  t h e  p o i n t  0 c o r r e s p o n d s  t o  VJ = 0. 

The r e g i o n  9 3- i0 i s  boundod ,  i n  t h e  f i y s t  p l a c e ,  



I 

by t h e  s e g m e n t s  of t h e  s t r a i g h t  l i n e s  p a r a l l e i  % o  t h e  
I7 7T 

a x i s  a n d  h a v i n g  c o o r d i n a t e s  0 = - and  8 = - - 
2 2 

' t o  t h e  r i g h t  o f  t h e  i m a g i n a r y  a x i s ; ,  i n  t h e  s e c o n d  p l a c e ,  
by t h e  segment  of t h e  i m a g i n a r y '  a x i s  l y i n g  betmenq t h e  
above-ment i o n e d  p a r a l l e l s .  On ths s k e t c h  t h e  s t r a i g h t  

l i n e  6 = - c o r r e s p o n d s ,  t o t h e  r i g 3 t - h a n d  p a r t  o f  t h e  

p l a n e  a n d  t h e  l i n e  8 = - - t o  t h e  l e f t - h a n d  D a r t .  The 

segment  o f  t h e  i m a g i n a r y  a x i s  i n c l u d e d  betoreea t h e  p o i n t s  

0 s -  a n d  8 = m c o r r e s p o n d s  t o  t h e  boundary  YA o f  t h e  

f l o w ,  f o r  h e r e  t h e  v e l o c i t y  i s  v o ,  9 = 0. The segment  
syrpmetr4.caJ t o  t h a t  just, n e n t i o n e d  c o r r e s p o n d s  t o  t h e  
c u r v e  BC, Finally, t h e  boundary  C ' 3  i s  r e p r e s e n t e d  i n  
t h e  9 + '  i6 s c g i o n  by t h e . s e g m e n t  i n c l u d e d  be tween  t h e  
p o i n t s ,  0 = ~ r n  a.id 0 = 0 o f  t h e  i m a g i n a r y  a x i s  and  t h e  
c u r v e  EA'  by t h e  segment  bounded, by t h e  p o i n t s  0 = 0 
a n d  9 = m. 

l y i n g  

Ti 

2 
ll 
2 

TT 

2 

Ifom, p r o c e e d i n g  a l o n g  t h e  b o u n d a r i o s  of t h e  4 -i- if3 
r e g i o n ,  t h e  a u t h o r  m i l l  show t h a t  t h e  g o i n t  B n i l l  t h e n  
d e s c r i b e  t h e  a b o v e y m e n t i o n e d  boundary  of t h e  ? r e g i o n .  

V i t h  t h e  p o i n t  0 = 8 =  a s  t h e  s t a r t i n g  p l a c e ,  i t  c a n  

b a  s e e n  f r o m  e q u a t i o n  ( 7 1 )  t h a t  f o r  t h e s e  v a l u e s  of 9 
a n d  8 ;  w = 2 k l l i ,  w h e r e  k i s  a n  a r b i t r a r y  i n t e g e r  - i t  
v r i l l  be taken equal  t o  z e r o .  I f  now t h e  p o i n t  4 + i a  
moves a l o n g  t h e  l i n e  B , =  z ,  t h e n  FJ moves a l o n g  i t s  
* e a 1  a x i s  a t  t h e  u p p e r  s i d e  of  t h i s  a x i s ,  s i n c e  f o r  0 = 
7T 

2' 

t h e n ,  a t  i n f i n i t d l y  small E ,  $ l  = k E ,  where  k 2 - E ,  

i s  s o a e  p o s i t i v e  q u a n t i t y .  When t h e  p o i n t  6 + iQ a r r i v e s  

a t  t h e  p o s i t i o n  9 = 0 ,  8 = -, m m i l l  h a v e  * p a s s e d  erlong 

Q Ig(1- s i n z m ) .  
2 '  

t h e  s e g n e n t  o f  t h e  r e a l  a x i s  f r o m  0 t o  cpl = - -  
A s  9 i- i 0  moves f a r t h e r  a l o n g  t h e  imf ig inary  a x i s ,  t h e  
p o i n t  w will c o n t i n u e  i t s  i n o t i o a  a l o n g  t h e  v1 a x i s  i n  
t h o  s m e  d i r e c t i o n  up t o  'pl = co c o r r e s p o n d i n g  t o  9 = 0 ,  
8 = m,  I n  p a s s i n g  t h r o u g h  t h e  p o i n t  2" = 0 ,  8 = E, t h e  
l o g a r i t h m  i n  f o r m u l a  (71) r e c e i v e s  a n  i n c r e m e n t  - T i  a n d  
f o r  9 =: C ,  m > 8 =- 0 ,  m n i l l  move f o r n a r d  a l o n g  t h e  

'iT 

TT 
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Q 
2 2 2 s t r a i g h t  l i n e  ~r = i -  f r o m  i,caf.tQ ta--,ml.i&; t h i s  yos i t i on  

;7 c o r r e s p o n d s  t o  6 = 0. f a  p a s s i n g  t h r o u g h  t h e  p o i n t  
29 = 0 ,  6 = 0 ,  
a n  i n c r e m e n t  2rri a n d  n n i l l  p a s s  d i s c o n t i n u o u s l y  f r o m  
t h e  upper boundary  o f  i t s  r e g i o n  t o  t h e  loner Rnd n i l l  

move a l o n g  i t  f r o m  --- i -  t o  t. m- i -  9 s  19 + i0 

moves f r o m  0 t o  - i m .  F u r t h e r ,  a s  C + i 0  moves 
t h r o u g h  - i m ,  t h e  l o g a r i t h m  i n c r c R s e s  by -Ti, v jumps 

, t o  t h e  p o i n t  + co a n d  a l o n g  t h e  lo r r e r  s i d e  o f  t h e  p o s i -  
t i v e  Pa r t  o f  t h e  (pl axis r e t u r n s  t o  i t s  i n i t i a l  p o s i -  
t i o n  as 9 3. i o  moves f r o m  - i n  t o  - i -  nnd f r o m  

t h e  l o g a r i t h m  of  f o r m u l a  ( 7 1 )  n i l l  r e c e i v e  

Q Q 
2 2 

- -- 

7T 

2 -iz t o  ga -iz a l o n g  t h e  b o u n d a r i e s  c f  i t s  r e g i o n .  
2 2 

Thcs t h e  fast i s  shovn t h a t  formu1.a ( 7 1 )  i s  a n  ac- 
t u a l  s o l u t i o n  o f  t h e  F r o b l e m  of t h e  i m p a c t  o f  a l i q u i d  
stre-am on a p l a t e ,  I n  o r d e r  t o  s o l v e  t h i s  p r o b l e m  f o r  
t h e  gas j e t ,  i t  i s  necessary t o  p r o c e o d  a c c o r d i n g  t o  t h e  
r u l e  g i v e n .  The e x p r e s s i o n  w i s  exyanded  i n t o  a s e r i e s  
a n d  i t s  i m a g i n a r y  p a r t  s e p R r a t  ed.  

t 

Thus, 

I I n t r o d u c i n g  e x p o n e n t i a l  f u n c t i o n s  i n  p l a c e  o f  t h e  t r i g o -  
n o m e t r i c a l  t r a n s f o r m s  t h i s  i n t o  
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or, a f t e r  r e d u c i n g ,  

and, f i n a l l y ,  f o r  J I I  

This  is t h e  e x p r e s s i o n  o f  the  stream f u n c t i o n  i n  
t h e  v a r i a b l e s  f ,  e for t h e  l i q u i d  f l o w ,  Hence f o r  t h e  
gas f l o w  t h e  same problem should  bc s o l v e d  by t h e  fornula.  

According t o  formula  ( 2 4 )  o f  p a r t  I t h e  f o l l o w i n g  
e x p r e s s i o n  i s  obta ined  f o r  c p :  

75 
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I f  i t  i s  assumed t h a t  C = 0 ,  t h e n ,  as  i n  t h e  c a s e  
o f  t h e  l i q u i d  f l o w ,  T =  0. = 0 ,  cp = 0, a n d  J, = 0. 

The s e r i e s  f o r  cp a n d  $ are a b s o l u t e l y  and  u n i -  
f o r m l y  c o n v e r g e n t  f o r  any  T < T~ a s  i s  c l e ~ r  f r o m  t h e  
g e n e r a l  c o n s i d e r a t  i o n s  of p a r t  11, a n d  t h e r e f  o r e  t h e  
p r o b l e m  i s  s o l v e d  by t h e  r e l a , t i o n s  ( 7 2 )  a n d  (73), 

The n i d t h  of t h e  p l a t e  2nd  t h e  pressure on i t  T i l l  
no7  be  d e t e r m i n e d .  The n i d t h  o f  t h e  ? l a t e  n i l 1  be  de- 
n o t e d  by 2 2 .  Then f is f o u n d  by s u b s t i t u t i n g  i n  t h e  

Tr 
e x p r e s s i o n  f o r  t h e  c o o r d i n a t e  y t h e  values 6 = - ,  
T = T o .  2 

But 

I n  c o n y u t i n g  t h e  i n t e g r a l s  e n t e r i n g  t h i s  s e r i e s ,  i t  i s  
n o t e a  f i r s t  of a l l  t h a t  



NACA 'PM No. 1063 77 

and on the b a s i s  o f  t h e  e q u a t i o n  f o r  en 

- d T(l -T)-~$n=ri~[ l -  (2p+1)5](1-T)-9- I zn - 
dr 7 

Hence 

0 
On t h e  o ther  hand 

and s i n c e  on the  basis of t h e  d i f f e r e n t i a l  equation f o r  
the  function e, 

t her ef or e 
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With the a i d  of formula ( 7 6 ’ ) .  e q u a t i o n  (74)  can b e  
w r i t t e n  i n  t h e  f o r m  

I cu + q 2 i T ,  49-1 
1 --cos2u1m I =  --- (-l,i&--l 

2Q { 
1 

(77) 

1 
The f i r s t  of t h e  rummatlone e n t e r i n g  t h e  above formula 
10 an a b s o l u t e l y  convergent  s e r l e e .  I t  l e  eomputed as 
f o l l o v e  : 

w cu 

1 1 

1 
N - _  y (-1)- --e - 1(l-s-s+5+j-i- 1 1 1 1 1  

- - + - . + + ‘ ( L l ) .  1 1  

d 4d---1 2 
1 

7 9  2 2  
CF N 

1 

I t  i s  r e a d i l y  meon, however, that 

1 

where = 
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is e x p r e s s e d  as f o l l o w s :  

t?e- 1 "'(Jt 
3 2 's' l+t'e-'lm J" 0 0 

1 
2 A'= tarctgte-""dt = ; arctge-'"'- 

e irn 

- 1 (1+eZifn)arctge-'- - . - 2  2 '  
and s i n c e  

t h e r e f o r e  

+ coswt sin 2ni 1 +sinm 
8 2 8 1-sinm K= -? (l+cos294- - + -- lg 

R e t - L z L i i i g  t o  t h e  i n i t i a l  formula for  B, i t  i s  seen 
t h a t  t h e  f i r s t  row o f  I t s  new e x p r e s s l o n  gives tho  expres- 

cu 
cos(2n - 1 )w - 

h'-- I ' 
s i o n  i n  f i n i t e  f o r m  of the function -(-I)''-' v 

1 

and t h e  c o e f f i c i e n t  of I i n  the second r o w  is equal t o  
c\j 

1 

and,  f i n a l l y ,  
cu 

Making use of t h i o  f o r m u l a ,  e q u a t i o n  ( 7 7 )  i s  finally 
transformed I n t o  t h e  I o l l o r l n g  r e l a t i o n  



80 

rn 

1 
The s e r i e s  in t h e  a b o v e  f o r m u l a  must be c o n v e r g e n t .  
order t o  p r o v e  t h i s  t h e  r e m a i n d e r  t e r m  i s  s e t  u p ,  making 
u s e  of formula (49 )  of  p a r t  If f o r  xn. 

I n  

f h e r e  r e s u l t s  

(-1)--1 (1 -cOs'Znm)X' ,, . 
n:' 

i_ 
Y 

It i s  c h a r  t h a t  t h e  limn- En = 0 ,  s i n c e  hn a n d  A n '  

a r e  p r o p e r  f r a c t i o n s .  

By p a s s i n g  t o  t h e  c o m p u t a t i o n  of E - t h e  r e s u l t a n t  
pressure on the p l a t e  - t h e  p r e s e u r e  behind i t  is d e n o t e d  
b y  p1 a n d  i t  i s  n o t e d  that  

Bu t  

h e n c e  t h e  i n t e g r a l  e n t e r i n g  the e x p r e s s i o n  f o r  B - i t  
is denoted by 
f u n c t i o n  'p, becomes 

B p=k??=k?o*~(l--T)F+', 8 i n c e  :-r "-3 u ( 1 4 )  , 
T - on e u b s t i t u t i n g  t h e  v a l u e  o f  t h e  

cu 

0 

F u r t h e r ,  u s i n g  t h e  e x p r o r e i o n  
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t h e r e  i s  o b t a i n e d  

.I 
9 

.I 
0 

hence  

! 

S l l b s t l t n t f n g  t h i s  e x p r e s s i o n  i n  t h e  sum t o  be eorPputed, 
y i e l d s  

The f i r s t  of these  terms on the baois of (74)  given the 
magnitude 

and t h e r e f o r e  making use o f  ( 7 9 )  and n o t i n g  that 
1;2, ,7(1--~,~C + %=p1z; 

4 q ( 1 + P ) =  5 ,30 '=z,jo, 
k*t . 

I 

there i s  o b t a i n e d  

The above formula f o r  B y i e l d s  
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By making  u s e  o f  e q u a t i o n  ( e o )  a n d  c o n s i d e r i n g  t h e  r e l a t i o n  

J5;Y; = v o  

p o i i l t s ,  p 0 ( l  - T O )  = p l  t h e  d e n s i t y  of g a s  a t  t h e  
s5me p o i n t s ,  t h e  r e q u i r e d  f o r m u l a  fGr  R i s  o b t a i n e d :  

- t h e  v e l o c i t y  o f  t h e  j e t  a t  v e r y  d i s t a n t  
-B 

The a n g l e  m may b e  d e t e r m i , r e d  b y  e q u a t i o n  ( 8 0 )  i n  
w h i c h  all l i ingci tudes e x c e p t  m a r e  g i v e n .  Thus 

where  p o  ar-d p o  a r e  t h e  T r e s s u r e  a n d  d e n s i t y  a t  t h e  
c r i t i c a l  ?)Dint of t h e  b r a n c h i n g  l i n e  o f  flow; whence 

F i n a l l y ,  t h e  d i f f e r e ; i c e  b e t v e e n  t h e  v a l u e s  o f  $ on t h e  
j e t  b o u r , h r i e s  (a m a g n i t u d e  w i l l  b e  d e n o t e d  b y  Q) i s  
deteri . . i i iec? f r o m  t1;e c o n d i t i o n  

where  2% i s  t h e  w i d t h  o f  t h e  j e t  a t  i n f i n i t y .  Tne mag- 
nitv.r!.es b ,  v o ,  p l  a n d  p 1  s h o u l d ,  o f  c o u r s e ,  b e  c o n s i d -  
e r e d  a s  g i v e n .  

The r e s u l . t a n t  p r e s s u r e ,  a f t e r  m h a s  b e e n  f o u n d ,  i s ,  
of c o u x s e ,  m o s t  s i i a p l y  computed  b y  f o r m u l a .  ( 8 1 ) .  I t  may 
b e  re:iar:;ed h e r e ,  i i : c i d e n t a l l y ,  t h a t  t h i s  f o r m u l a  may be  
d e r i v e d  v e r y  s i inp ly  f r o g  t h e  i:ioi;;entua t h e o r e m .  I t  w i l l  
t h e n  be  f c u n d  t h a t  t h e  f o r m u l a  i n  no tray d e p e n d s  e i t h e r  on 
t h e  sl inpe o f  t h e  p l a t e ,  p r o v i d e d  t h a t  t h e  l a t t e r  i s  sym- 
m e t r i c s l  w i t h  r e s p e c t  t o  t h e  c e R t e r  l i n e  o f  f l o w ,  o r  o n  
t h e  r e l a t i o n  b e t w e e n  t h e  p r e s s u r e  s l i d .  t h e  d e n s i t y .  T h u s ,  
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d e n o t e  b y  M t h e  momentum of t h e  g a s  e n c l o s e d  i r ?  t h e  j e t  
bounded. o:i one s i d e  b y  t h e  p e r p e n d i c u l a r  s e c t i o n  o f  t h e  
i n i t i a l  j e t  a t  a v e r y  l a r g e  d i s t a n c e  arid on t h e  o t h e r  s id-e  
by t v o  s i u i l a r  s e c t i o n s  passing t h r o u g h  t h e  d i s t a n t  p o i n t s  
of t h e  b r a i i c h e d  j e t .  The i c c r e m e n t  i n  1.1 i n  t h e  i n f i n i ?  
t e s i m a l  t i ; i e  i n t e r v a l  A t  i s  e v i d e n t l y  e q u a l  t o  
2 b p l  v o A t ( c o s  - l)vo = Q p o v o ( c o s  m - l > A t ,  s i n c e  2% 
i s  t h e  i n i t i a l  w i d t h  o f  t h e  j e t  a n d  Qpo i s  t h e  q u a n t i t y  
of gas passing t h r o u g h  i t s  cross s e c t i o n  p e r  s e c o n d .  The 
i m p u l s e  o f  t h e  e x t e r n a l  forces i s  g i v e n  by -Rht.  B y  t h e  
momei1tuL1 t h e o r e m  t h e r e  i s  o b t a i n e d  

Qp,v , (cos  m - 1 ) A t  = -RAt  

a n d  t h i s  e q u a t i o n ,  a f t e r  s i m p l i f i c a t i o n ,  l e a d s  t o  f o r n u l a  
(81). For t h i s  p i r p o s e  t h e  l e s s  g e n e r a l  f o r m u l a  (82)  i s  
of u o r e  i n p o r t a n c s ,  By u s i n g  Z t  t h e  s e c o n d  f u n d a m e n t a l  
problei l :  of t h e  i n v e s t i g a t i o n  m y  be  s o l v e d  a p p g o x i m a t e l x :  
n a m e l y ,  t h e  p r e s s u r e  of a b o u n d l e s s  g a s e 3 u s  f l u i d  011 a n  
ob s t r uc  t i iig p l a  t e . 

The a y p r o x i r n a t e  sum..;ation o f  t h e  s e r i e s  i s  s t a r t e d  
b y  e i i t c r i i i g  t h e  d e n o n i n a t o r  or" f'oriaula ( 8 2 ) .  For t h i s ,  
t h e  a: , :?roxinate e x p r e s s i o n s  f o r  t h e  f u n c t i o n s  
a l r e a d y  u s e d  may b e  u s e d  a g a i n  i n  t h e  p r o b l e m  o f  t h e  out- 
f l o w  of a, gas f r o m  a vessel ( i n  d g r i v i n g  f o r n u l a  ( 6 1 ) :  

xn 

where  

D e n o t i n g  f o r  b r i e f n e s s  t h e  colnputed C b y  L y i e l d s  
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N 

The s e r i e s  of  t h e  f i r s t ,  s e c o n d ,  a n d  t h i r d  row w i l l  be 
d e n o t e d  by I,, H a ,  103, r e s p e c t i v e l y ,  a n d  i t  w i l l  b e  
n o t e d  that a f t e r  c o m p u t i n g  B, a n d  I,, 19, is o b t a i n e d  
by s u b s t i t u t i n g  p = 1 i.n 19,. Then 19, c a n  be con- 
s i d e r e d  as t h e  l i m i t i n g  v a l u e  of  t h e  m a g n i t u d e  NI8: 

7l=/t’ 

9 i = l  

T h e r e  is obtained: 

2n-1 
? I =  I I / =  1 

The f i ra t  of t hese  sums h a s  t h e  v a l u e  
1+(--1 K+Y I .  : 

the sennnd may be g f r e n  i n  t h e  f o r m  

a n d  t h e  third in t h e  f o r m  

J 2 
By t h e  use of t h e s e  f o r m u l a s  t h e r e  i e  o b t a i n e d  f o r  4x1’ 
t h e  e x p r e s s i o n  

- 

A 

I 

sin(2n-1 )ai - +‘lslunr (- l)”--I --- - 9 c ‘Ln- 1 
1 - COS?k/~t  

.k+ 1 . 4 3-+ ( - - l ) k L I  

1 
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whence 

1 

B u t  

1 
2 cosnt 

1 1 

The last term is z e r o .  #or 

)/& 
0 

and f r o m  the p r o p e r t i e e  of the 3'ourier integrals  

fmsiw sin (2k-1)m - dm=O *) 
m lirnkew cosm 

0 

Hence 

Thus 
cu l ib 

1 

85 

*See reference  7 ,  p e  233.  
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Xow turn  t o  t h e  computation o f  N , .  

x 

- - -  fit" + !A-1 

(l-ccos'ln/tc)rlt. 4n'- 1 
0 1  

The function under t h e  i n t e g r a l  may b e  e x p r e s s e d  i n  
f i n f t e  form through t h e  lower t r a n s c e n d e n t a l s .  3'or t h i s  
purpose ,  c o n s i d e r  i t  a e  t h e  real  part o f  

1 

The integral NOJ may then  b e  expreosed s a  

I 
where R i e  ueed t o  i n d i c a t e  t h e  real p a r t  o f  t h e  com- 
p l e x  q u a n t i t y  f o l l o w i n g  i t .  But 

1-t - 
= 1 - - nrctg \lt ; fi 

Thus 

J 
0 

I a p p l y i n g  i n t e g r a t i o n  by p a r t s ,  there i e  obta ined  
1 3  

J 
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but  

t h u s  

The i n t e g r a l  In t h e  formula f o r  IT3 i s  e q u a l  t o  J, f o r  
m =I 0. F i n a l l y ,  t h e r e  i s  o b t a i n e d  

I 

- - -+- 4u j (l+tCos?m)t~'-' dt;  
49 - 1  1+2tcos2m+tJ 

0 

t."( 1 -t)& 
4g-1 . i (l+tXl+t"+'LtCOS2??L) * 

E?(l+cosui) ---- 

0 

S e t t i a g  i n  t h i s  formula  p = 1 y i e l d s  f i n a l l y  the value 
4Xa (a, is t h e  eecond summatfon e n t e r i n g  t h e  formula  ( 8 5 ) ) .  

8(l+cosnr) s' t ( 1 - t )at 
(l+t)(l+t~+2tCOS2m) ' - 

3 
0 

The d e f i n i t e  I n t e g r a l  In t h e  above e q u a t i o n  is e a s i l y  com- 
puted;  i t  i s  e q u a l  t o  
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3 v e r y t h i n g  r e q u i r e d  f o r  t h e  c o m p u t a t i o n  o f  2L by 
f o r n u l a  (83)  h a s  b e e n  d e v e l o p e d  and. t h e  e x p r e s s i o n  f o r  t h e  
f o r c e  o n  a p l a t e  f o r  a n y  gas j e t  c a n  5 e  s e t  up. Now, con- 
s i d e r  t h e  c a s e  where  t h e  j e t  i s  i n f i n i t e l y  wide - t h a t  i s ,  
t h e  p r o b l e i l  o f  t h e  a c t i o n  o f  a bocndless gas s t r e a m  on a 
p l a t e ,  F o r  t h i s  c o n d i t i o n  m = 0 ,  s i n c e  t h e  flow a f t e r  
passi;L(;  r o a n d  t h e  p l a t e  must finally r e sume  i t s  i n i t i a l  
d i r  e c t i o n .  

T h e r  e f  o r  e c omput e 

where  t!-:e e x a c t  v a l u e  o f  7; i s  g i v e n  b y  t h e  s e r i e s  e n t e r -  
i n g  'c;ie d e n o n i n a t o r  of f o r m u l a  ( 8 2 )  acd the a p p r o x i m a t e  
va1v.c by r e l a t i o n  ( 8 3 ) .  Usicg formulas ( 8 4 ) ,  (851 ,  ( 8 6 ) ,  
a n d  ( 8 7 ) ,  t h e r e  is o b t a i n e d  

t h e r e f o r e  

X e x t ,  by ( 8 3 )  

+ ------- 30s2  1 .3163 25s '  4 - 1 0 s  - a L  lim --______ = 
m = 0 1 - c o s m  2 - 5 s  2 + 19s 
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where 

Formu.la ( 8 2 )  t a k e s  , t h e  f o r a  

s o  b e i n g  d e t e r n i n e d  b y  f o r n u l a  (82  ' 1 :  

w h i c h  nay b e  r e w r i t t e n  as 
2 . .  

v O  
s o  = --- 5 c 2  

b y  s u b s t i t u t i n g  t h e  v e l o c i t y  o f  sound  c a t  t h e  d i s t a f i t  
p o i i i t s  o f  t h e  flow and t h e  v a l u e  1.40 f o r  Y .  

7 o r  s = 0 t h e  e x p r e s s i o n  f o u n d  f o r  R g i v e s  t h e  
f o r m u l a  o f  K i r c h h o f f  ( i n  r e f e r e n c e  2 ) :  

a p p l i c a b 9 e  f o r  t h e  p r e s s u r e  o f  t h e  flow o f  a n  i n c o m p r e s s -  
i b l e  l i q u i d .  T h i s  v a l u e  i s  a p p r o a c h e d  by t h e  a c c u r a t e  
for1.1ula.  (82)  f o r  s = 0. The g r e a t e r  t h e  v e l o c i t y ,  how- 
. .  

I .  

TT e v e r ,  t h e  g r e a t e r  t h e  m a g n i t u d e  ----, a n d  t h e r e f o r e  t h e  n + P  
r e a c t i o a  of t h e  gas f l o w  w i t h  i n c r e a s i n g  v e l o c i t y  i n c r e a s e s  
somevhat  n o r e  e n e r g e t i c a l l y  t h a n  i n  t h e  c a s e  o f  l i q u i d  

f l o w .  ~ T O V J ,  compute t h e  c o e f f i c i e n t  ----- n + P  
i n g  v a l u e  o f  s e q u a l  t o  0 .2  a n d  f o r  v a l u e s  n e a r  t h e  
l i m i t ,  t o  a n  a c c u r a c y  of 0,Ol. 

f o r  t h e  l i m i t -  n 
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Setting m o  = O , Z  y i e l d s  I 
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1 

t P--1 
= 3 9 .  1+~&=j(p)==O,l44; 

0 

6 12 
P(O,2)=1+ 5 0,857 + 0 - 0,459=2,28. 

ft -- r+p - 0 , m  

v o  = e ,  
gas jet; if 
1 atmosphere; then i n  the case o f  a i r  

the v e l o c i t y  o f  sound a t  the d is tant  points o f  the 
p l ,  the pressure i n  t -a t  region I s  equal t o  

c = 333 meters per 
second. 

2 /10 
F o r  so==- 11 -0,1818; p=3,5; u,=C\ 11 = about 318"'/,,,.; 

j(p)=O, 1625; k( p)=0,508; 

j(p)=0,23 7 6; k(p)=0,67 6. 

L 

I ,- - 



I t  i s  t h u s  s e e n  t h a t  t h e  c o e f f i c i e n t  of t h e  f o r m l a  
f o r  t I i e  :;?i*essure d r o p s  ----. shar2 l .y  -- , w i t h '  d e c r e a s e  i n  v e l o c i t y  
n e a r  t h e  i i m i t i n g  v e l o c i t t e s ;  a f t e r  which  i t  S r o p s  more 
s l o v l y .  Thus ,  when t h e  v e l o c i t y  C e c r e a s e s  f r o m  333 file- 
t e r s  p e r  s e c o n d  t o  318  n e t e r s  p e r  s e c o n r l ,  t h e  c o e f f i c i e n t  
droj?s from 0.58 t o  0 .55 - d e c r e a s i i l g  b y  0.02 - t h a t  i s ,  
3 , 4  p e r c e n t  o f  i t s  v a l u e .  The sams n u n e r i c a l  v a l u e  f o r  
t h e  C r o p  i s  o b t a i n e d  on c h a n g i r . g  t h e  v e l o c i t y  f r o m  1 9 5  
m e t o r s  p e r  s e c o n d  t o  145 r r e t o r s  por  s e c o n d ;  a l t h o u g h  t h e  
d i f f c r 5 : i c e  o f  t h e s e  v e l o c i t i e s  i s  3 . 4  t i n e s  g r e a t e r .  It 
may be n o t e d ,  i ~ ~ o r o o v c r ,  t h a t  a t  a v e l o c i t y  o f  145 m e t e r s  
p e r  s e c o n d  t h e  p r e s s u r e  c o e f f i c i e . n t  i s  a l r e a d y  n e a r  t h e  
v a l u e  v ~ ~ . i c l i  i s  co;n:quted 3 y  t h e  f o r ; su ls  o f  X i y c h h o f f  

n - l - 4  
0 . 0 2 4 ,  a 5 G ; i t  5 p e r c e n t  of t h e  g r c ? a t e r  o f  the:;:. - T h e  t o t a l  
incre i1e : i t  of t h e  c o e f f i c i e n t  0 . 5 8  - 5.44 = 9.14 i s  a b o u t  
3 2  perceat o f  i t s  l o v e r  v a l u e ,  

----- IT - - 5.44; t h e  d i f f e r e r i c e s  of t h e s e  v a l u e s  i s  e q u a l  t o  

F u r t h e r  i s  n o t e d  a r e l a t i v e l y  s i . n p l e  formula w h i c h  
f o r  t k e  asaumed a c c u r a c y  of c o n p u t a t i 3 n  g i v e s  r e s v - l t s  
e n t i r e i y  a g r e e i n g  w i t h  t h o s e  o b t s i i i e d  b y  formula ( 8 8 ) :  

( 8 s )  
2 

x J ( S o )  = 4 - 1 o S o  4- ? S o  

C o n p u t e  P ( s o )  by ( 8 9 )  aiid b y  ( 8 8 ) ;  a n d  f o r  com:Qarisoi: 
w r i t e  t h e  r e s v i l t s  o n e  below t h e  o t h e r .  The f o l l o w i n g  t a S l e  
i s  o b t z i n e d  

0.2 0.1818 0.1176 0 . 0 6 9  0 . C 3 7 7  

P ( s , )  'uy ( 3 8 )  2.28 2.42 2.93 3 .34  3.63  

? ? ( s o )  by ( 8 9 )  2.28 2 .41  2.92 3.34 3.63 

S O  
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The d i f f e r e n c e  o b t a i n s d  i n  t h e  v a l u e  o f  P by t h e s e  
f o r i 2 p l a . s  i i1  no way a f f e c t s  t h e  v a l a e  o f  t h e  r e s i s t a n c e  
c o e f l i c i o n t  f o r  t h e  assu lnsd  a p p r o x i m a t i 3 n .  

The f i n a l  r e s i s t a n c e  e q u a t i o n  now a s s u m e s  t h e  f o r m  

where  
v o 2  

9 0  = ---- 
5 C 2  

where  c is t h e  v e l s o c i t y  o f  sound p o p g a t i o n  a t  t h e  a i s -  
t a n t  p o 5 : i t s  of t h e  f l o v ,  e q u a l  t o  333 m e t e r s  per s e c o n d  
if t 3 o  : : : t ion of t h e  p l a t e  t a k e s  ::lace i n  t h e  a t m u s p h s r e ,  

C If vo  i s  n o t  v e r y  largo (vo < ===I, t h e  term ? s o 2  
J 10 

i s  n e g l i g i b l e  w i t h i n  t h e  l i m i t s  o f  accuracy; t h e n  

( 9 0 1 )  

The a j g r o x i m a t e  f o r m u l a  ( 9 3 )  may b e  o b t a i n e d  f r o 1 2  t h e  
e x a c t  e x p r e s s i o n  f o r  t h e  p;.essu?e o f  t h e  gas  j e t  on t h e  
p l a t e  ii1 e x a c t l y  t h o  same manner a s  t h e  c o r r e s p o n d i n g  f o r -  
mula ( 6 9 )  i n  t i l e  p r e v i o u s  s e c t i o n .  I t  i s  n o t  d i f f i c u l t  t o  
show t h a t  if i n  t h e  d e n o m i n a t o r  of r e l a t i o n  (87') x ~ , ~  is 
r e p l a c e d  a p 2 r o x i m a t e l . y  by  

I 

I 
t h e  coi:,:)u:atio:; i s  c a r r i e d  out  a n d  m i s  s e t  e q u a l  t o  0 

, f o r n u l a  ( 9 0 )  i s  a r r i v e d  a t .  The d i f f e r e n c e  will b e  oa1y  
t h a t  t h e  d e n o n i n a t o r  w i l l  b e  f our,d o q u a l  t o  vt4- 1Os,+ 7 . 2 ~ ~  , 
b u t  t h i s  i s  o f  $ s m a l l  s i g n i f i c a n c e  f o r  a s sumed  a c c u r a c y  of 
c ompu t a t i 3n 

2 

~ 
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I n v e s t i g a t i o n  t r i l l  n o w  b e  made t o  f i n d  what formula  
( 9 0 )  w i l l  y i e l d  i f  i t  i s  a t te : i lp teC t o  a p p l y  i t  i n  d e t e r -  
minir ig  a i r  r e s i s t a n c e  t o  m o t i o n ,  usixig i t  beyond  t h e  t r i l e  
l i . x i 5  o f  i t s  a 1 ) p l i c a b i l i t ; r .  

The f u n d a m e n t a l  f a c t o r  t o  b e  c o c s i d e r e d  i s  t h e  c o e f -  
f i c i e n t  K 

TI K = ------------------- 
2 

TT + 4 - 1 o s o  f ? s o  

A s  l o r i g  a s  t \ e  v e l o c i t y  of t h e  p l a t e  d o e s  n o t  e x c e e d  tine 
v e l o c i t : -  o f  sol;nd t h i s  c o e f f i c i e n t  i n c r e a s e s  a t  f i r s t  v e r y  
s l o w l y ,  t h e n  much more r a p i d l y  w i t u  i n c r e a s e  i n  v e l o c i t l V 7 ,  
a s  h a s  b e e n  shown,  t h e  l i m i t s  o f  i t s  v a r i a t i o n s  b e i n g  
g ive i i  b y  t h e  c x t r e n e  v a l u e s  3.44 aild 0 , 5 8 .  This i n c r e a s e  
c o n t i x - ~ e s  e v e L  a f t e r  s o  g o e s  beyond t h e  v a l u e  0 .2  co r -  
respoi id- ing  t o  t h e  e q u a t i o n  v o  = c ;  t h u s  f o r  
v o  = -c 3 = a b o u t  50b n e t e r s  p e r  s e c o n d ,  

f o r  s o  = - 5 v o  = gp$7c = a b o u t  6 2 9  m e t e r s  p e r  s e c o n d ;  K 

a t t a i l i s  i t s  maximum v a l u e  0 . 8 8 ,  t w i c e  i t s  v a i u e  - t o r  srnall  
velocities. F u r t i i e r  on K 6 e c r e a s e s  a n d  f o r  v o  = 2 . 5 ~  
= a h o u i :  833 n e t e r s  p e r  s e c o n d ,  s o  = 1 . 2 5 ,  t h e r e  i s  ob- 
t a i n e d -  X = 0.56.  

s o  = 0 .45 ,  K = 0 . 7 7 ;  
2 

7 ’  7 

The a b o v e  r e s u l t s  q u a l i t a t i v e l y  a r e  in sufficiently 
good a::reeinent w i t h  t e s t  r e s u l t s .  T h i s  i s  all t h e  rnQre 
i n t e r c s , t i n ~  i n  v i e w  o f  t h e  f a c t  t h a t  t h e  t e s t s  were c o n -  
d u c t e d  v:ider c o n d i t i o n s  v e r y  far removed f r o m  t h o s e  o f  
t h e  t ’ - e o r e % i c a l  p r o 5 l e m  c o n s i d e r e d  s i n c e ,  i n  f a c t ,  il was 
compute?  from o b s e r v a t i o c s  on t h e  f l i g h t  o f  a r t i l l e r y  p r o -  
j e c t i l e s .  The r e s u l t s  were  o b t a i n e d  f r o m  b a l l i s t i c  t e s t s  
b y  ~ :~ .*ouds~zy ( r e f e r e n c e  11, pp.  47-57, t a b l e  4 ,  n n a  fig. 3 3 )  
a n d  rrel‘e r,io,inly u s e d  f o r  t h e  p u r p o s e s  o f  c o m p a r i s o n .  - ;he 
chaLiL;r, i a  t h e  c o e f f i c i e n t  X f o r  v e l o c i t i e s  n 9 t  e x c e e d i n g  
240 n e t e r s  p e r  s e c o n d  i s  i n  f a c t  a l m o s t  i n a p p r o c i a b l e ;  i 5  
t h e a ?  s t a r t s  t o  grow v e r y  r a p i d l l - ,  i n c r e a s i n g  2 , 8  t i a e s  for 
a chnii:=.e f i 1  t h e  v e l o c i t y  of t k e  p r o j e c t i l e  from 240 t o  420  
m e t e r s  :>er s e c o ~ d ;  t h e r e a f t e r  i t  r e . i a i n s  a t  t h e  saine l e v e l  
u n t i l  v e l o c i t y  e x c e e d s  550 m e t e r s  p e r  s e c a n d  a n d  t h e n  
droi2s , g i v i n g  f o r  11CO m e t e r s  2 e r  s e c o n d  t h e  same v s l u e  :‘,s 
f o r  3 4 3  . > e t e r s  p e r  s e c o c d .  Thus t h e  a c t u a l  change  i n  IC 
stcziic!s o;it w i t h  g r e a t  s h c r p c e s s :  t i l e  law jf t h e  p r o s o r t i o n -  
a l i t j r  o f  t h e  r e s i s t a n c e  t o  t h s  s q u a r e  o f  t h e  - r e l o c i t y  
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c l e z r l y  a p p l i e s  f o r  v e l o c i t i e s  n o t  t o o  l a r g e  , w h i l e  f o r  
v e l o c i c i e s  n e a r  t h a t  o f  s o u n d  t h e  c o e f f i c i e n t  i n c r e a s e s  
much l lo re  r a p i d l y ,  T h i s  phencmenon might  t o  a c e r t a i n  
d e g r e e  h a v e  b e e n  f o r e s e e n .  Thus i n  t h e  t h e o r e t i c a l  p r o b - .  
lem t h e  t u b e s  o f  f l o w  s e p a r a t e  f r o m  t h e  moving p l a t e  i n  . 
o n l y  t 7 . 7 0  d i r e c t i s n s ,  w h i l e  i x ,  t h e  f l i g h t  o f  a n  a r t i l l e r y  
s L e l l  t h e y  s e p a r a t e  i n  a l l  m e r i d i o n a l  p l a n e s .  If i n  e a c h  
of t h e s e  p l a n e s  t h e  m o t i o n  t o o k  p l a c e  a s  i n  t h e  ' c a s e  u n d e r  
cons id -c ra . t i on  t h e  r e s i s t a n c e  c o e f f  i c i e n t  s h o u l d  v a r y  a s  X2. 
A c t u a l l y  t h e  d e v i a t i o n s  are r o t  s o  l a r g e .  T h i s  i s  b e c a u s e  
t h e  t u b e s  of f l o t s  s p r i n g i n g  f r o m  t h e  p r o j e c t i l e  s p r e a d  c u t  
a n d  t h e r e f o r e  s h o u l d  p r e s s  l e s s  s t r o n g l y  on t h e  body  o f  
t h e  A i r o j e c t i l e  n e c r  i t s  c o n t o u r s .  S e t t e r  r e s u l t s  co i r ld  
n o t  b e  e x p e c t e d  f o r  t h e  r e a s o n  t h a t  a ; ? p l i e d  f o r n u l a  ( 9 0 )  
i s  ou';si.de t h e  l i u i t s  w i t h i n  wh ich  i t s  applicability has 
b e e n  p r o v e d .  

A s i d e  f r o m  ' h e  a b o v e  r e a s o n s  t h e r e  is y e t  a f u r t h e r  
d e v i a t i p g  f a c t o r :  n a n c 1 y ,  t h e  v i s c o s i t y  of t h e  a i r  a n d  
i t s  l r i c t i o n  a t  t k e  s i C e  of  t h e  u o v i n g  body .  Owing t o  
t h e  v i s c o s i t y  t h e r e  s h u u l d  b e  f o r m e d  b e h i n d  t h e  p l a t e  v o r -  
t i c e s  v h i c h  lower  t h e  p r e s s u r e  i n  t h i s  r e g i o n ;  a n d  h e n c e  
l e a d  t o  a n  i n c r e a s e  i n  t h e  r e s i s t a n c e .  T h i s  c o n d i t i o n  
a1recLC?;- shows up  a t  t h e  s m a l l e r  v e l o c i t i e s  s u c h  t h a t ,  a s  
showii by  t h e  t e s t s  of  T i b o t ,  t h e  c o e f f i c i e n t .  K i s  e q u a l  
a p p r o x i - m t o l y  t o  0 . 6 4  i n s t e a d  of' 0.44 i f  t h e  v e i o c i t j  
f l u c t u a t e s  w i t h i n  t h e  l i m i t s  o f  0 .5  t o  11 m e t e r s  p e r  s e c o n d  
( r e f e r e n c e  11, p .  1 4 ) .  F o r  l a r g e  v e l o c i t i e s  t h e  e f f e c t  o f  
t h e  v i s c o s i t y  would  p r e s u m b l y  "De n o t  s o  l a r g e .  

I n  c ~ n c l u d i n g  t h i s  p a r t ,  a method i s  i n d i c a t e d  f o r  
d e r i v i n g  a t h e o r e t i c a l  f o r d u l a  f c r  t h e  r e s i s t a n c e  i n  t h e  
c a s e  v h e r e  t h e  v e l o c i t y  o f  irrotion of t h e  p l a t s  e x c e e d s  
t h e  ve!.ocity o f  s o u n d .  I n  t h i s  c a s e ,  f o r  t h e  saine r e a s o n s  
a s  f o r  t h e  c a s e  of a g a s  f l c w i n g  o u t  o f  a v e s s e l ,  no con-  
t i n n o v s  s t e a d y  mcltion s h o u l d  b e  e x p e c t e d .  A s  i n  t h e  
I j r e v i o u s  c a s e ,  a c e r t a i n  p a r t i t i o n  s u r f a c e  s h o u l d  b e  f c r m e d  
d i v i d - i z g  t h e  r e g i o n  o f  t h o  flo-tI  i n t o  t w o  p i r t s  i n  e a c h  o f  
wkic;i  t;ie ~ o t i o i i  p o s s e s s e s  a d i f f e r e n t  c h a r a c t e r .  T h i s  
s w f ? , c e ,  c o c s i s t i n g  o f  t h e  t w o  s h e e t s  shown i n  f i g u r e  6 ,  
w i l l  b o  c o n s i d e r e d  A S  e n v e l o p i n g  t h e  sound  waves.  W i t h i a  
t h e  conL>ressed a n d  h e a t e d  a i r  l a y e r  s e p a r a t e d  3;- t 5 e  sur- 
f a c e  f r o . 1  t h e  a t m o s p k e r e  t h e  m o t i o n  w l l l  b e  s t e a d y  a n d  t h e  

1 
v a r i a b l e  7 w i l l  eY7erywhere be  l e s s  t h a n  ------• o n  t h e  

s u r f a c e  i t s e l f  7 = ----- a n d  t h e  r e l a t i v e  v o l G c i t y  of 
28 3. 1' 

1 
2B f 1 



t h e  a i r  p a r t i c l e s  p e n e t r a t i n g  t h e  l a y e r  i s  equal t o  t h o  
s o u n d  velocity w l i c h  viould b e  o b s e r v e d  a t  t1:is p l a c c  ti1 a 
gas a t  r c s t  a n d  w h i c h  i s  e q u a l  t o  t h e  v e l o c i t y  o f  t h e  rfiov- 
i n &  p l s t . e .  O n  p a s s i n g  tl?rou.gh t h e  b o u n d a r y  cf t h e  layer 
i n t o  t h e  o u t e r  n t x o s p h e r e ,  a s h a r p  d r o p  i n  p r e s s u r e  i s  
c n c o - x i t c r e d ;  h e r e  t h e  n o t i o n  w i l l  b e  u n s t e a d y .  Under t h e  
saine assur . ip t ion  a s  i n  t h e  c a s e  o f  tine o u t f l c w  f r c m  a v e s s e l  
i t  i s  f o u n d  t h a t  t h o  a n g l e  a t  wh ich  t h e  f:ow t a b e s  i n  t l i o i r  
r c l a t i v o  u o t i o n  ( f o r  s t a t i o n a r y  p l a t e )  i n t e r s e c t  t h e  bcund- 
a r y  o f  t h e  r e g i o n  of t k e  c o n d e n s e d  lai7er will be  cons t a : l t  
a t  all :.:oi;its 02 t h e  p a r t i t i o n  s x i r f a c e .  T h i s  a d d i t i o n a l  
c o a d i t i o i i  i s  siiff i c i e n t  f o r  a i n n t h e m a t i c a l  a n a l y s i s  o f  t h e  
m o t i o n  r i i t h i n  t h e  s e p a r a t i n g  a i r  l a y e r  a n d ,  t h e r e f  o r e ,  
a l s o  f o r  t h e  s o l u t i o n  of t h e  p r o b l e m  of t h e  a i r  p r e s s u r e  
on t h e  plate. I t  may be rerr .arked t h a t  t h e  v e r y  e x i s t e n c e  
o f  t h e  p i r t i t i o n  s u r f a c e  2nd coni iensed a i r  l a y e r  a r e  b y  
n o  nec;zs ti: ' ce  c o n s i d e r e d  a s  h y p c t h e t i c a l ,  s i n c e  t h o  ex- 
i s t e i l c e  o f  t h e s e  phenomena h a s  b e e n  f i r a l g  e s t a b l i s h e d  b y  
Hach and o t h e r  c a r e f u l  i n v e s t i g a t o r s .  
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PART V 

B P P a O X I L A T I C N  hETEiOD OF S O L U T I O Y  CF GAS J 3 T  PROBLEkS 

I f  t h e  v e l o c i t i e s  o f  t h e  gas f l o w  a r e  s u f f i c i e n t l y  
b e l o w  t h e  l i m i t i n g  v e l o c i t y  c d e t ' e r r , i n e d  by t h e  eq -Ls t ion  

7 = ---- t h e  s o l u t i o n  f o r n A u l a s  may be p r e s e n t z d ,  approx-  

i m a t o l y ,  i n  a more s i m p l e  x . d  coo,pact form by i n t r o c l u c i n g  
a c e r t a i n  c o m ~ l ~ ~ x  v a r i a b l o ,  

1 
O 2B+l 

I n  p a r t  I t h e  f o l l o w i z g  f u n d a m e n t a l  e q u a t i o n s  connec t -  
i n g  the derivatives o f  the velocity potential a n d  stream 
function with respect t o  the i n d e p e n d e n t  v a r i a b l e s  T 
a n d  8 were  d ' e r i v e d :  

T h e s e  a r e  formulas (11) o f  p a r t  I .  The f o l l o w -  . .  
i n s  n o t a t i o n  i s  i n t r o d u c e d :  

where  To i s  t h e  maximum v a l u e  o f  7 c o r r e s p o n d i n g  t o  

t h e  :oundary o f  t h e  j e t ,  The p r e c e d i n g  f o r m u l a s  t h e n  c a n  
b e  expressed by 



, 

NBCA TI.! Xo, 1 G E 3  

where  

3 7  

I n  t h e  r e g i o n  o f  f l o i ; .  t h e  c o e f f i c i e n t .  K v a r i e s ;  
but  if &fig v e l o c i t i e s  gf :10&10_q gf thg s&z aye E& n e a r  
the_ l i n i t i n g  v e l o c i t g  
l i m i t s  

- K -- i s  ----__-- c o n f i n e d  ------ w i t h i n  --- very:  ----- n a r r o w  -- -----_-- -_--_-_ 

F i r s t  i t  i s  s h o w n  t h a t  % d e c r e a s e s  w i t h  i n c r e z s i n g  
T, F o r  t h i s  p u r p o s e  t h s  c ? e r i v s t i v e  d K / d T  is o b t a i n e d :  

I t  i s  c l e a r  t h a t  t h e  minus  s i g n  i s  r e t a i n e d ,  wkat- 
e v e r  t h e  p o s i t i v e  - r a l u e  T ,  s o  t h a t  t h e  f o r e g c i n g  s t a t e -  
ment  i s  c o r r e c t .  iJext t h e  v a l u e s  o f  K f o r  t h e  e x t r e m e  
v a l u e s  o f  T a d n i s s i b l e  i n  t h e  p rob lem c o n s i d - e r e d  i s  
cor:,puted, Then oil t h e  b a s i s  o f  p r e v i o u s l y  m e n t i o n e d  d a t a  
K w i l l  b e  i n c l u d e 6  betyreen t h e  b o u n d a r y  v a l u e s  t h u s  
o b t e i n e d ,  

I t  i s  n e c e s s a r y  t o  proceed, f o r  convenience o f  the 
c o r z p u t a t i o n ,  f r o m  t h e  var ia3l .e  7 t o  % h e  v a r i a b l e  
s F T/(:-T) t o  o b t a i n ,  f o r  E ,  t h e  valvLe 

o r  if B i s  s e t ,  a s  b e f o r e ,  e q u a l  t o  2.5 

E = (1-5s) ( 1 - b ~ ) ~  

whence i s  o b t a i c e d .  
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a 

1 > K > 0.090 - 1 1 
s o  - -- = - 9  

IS@ 40 

1 > K > 0,9057 - 1 1 
s o  - -- = -- 

248 6 0  

1 > K 0,?976 1 = -- 1 - 
s o  - --- 

32p 8 0  

1 =. K > 0.99995 1 1 s o  = ;(;;; = -- 
5 001 

The corresponding values of the Eaximum velocity vo 
are determined by the formula = 5C2S0, where c '  is 
the velocity of sound for the physical state of the gas 
at the bounCaries of the j e t ,  For the preceding values 
of s o ,  if it is assumed that near the boundaries o f  the 
jet mean atmospheric conditions prevail, the following 
values are obtained for vo: 

136; 126; 118; 111; 9 € :  83; 6F.6; 33.3 meters pes 

second (the figures are rounded for sirplicity; c is 
assumed equal to 333 m/sec ) .  

The approximation which is now made consists in taking 
K equal to unity, . Then there is obtained: 
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and, t h e r e f o r e  

99 

where  Q i s  d e t e r m i n e d  by f o r m u l a  ( 9 2 ) .  

I t  i s  w e l l  t o  c o n s i d e r  a g a i n  t h e  c o r r e s p o n d i n g  mot ion  
of a n  i n c o m p r e s s i b l e  l i q u i d  f o r  t h e  same boundary  condi-  
t i o n s ,  t o g e t h e r  w i t h  t h e  p rob lem on t h e  gas f l o w ;  p l a n e  
bound ing  w a l l s ,  f l o w  e x t e n d s  i n f i n i t e l y  i n  c e r t a i n  d i -  
r e c t i o n s ,  b e h i n d  t h e  wa l l s  at which  t h e  f l o w i n g  mass 
s e p a r a t e s  t h e  p r e s s u r e  i s  c o q s t a n t  and t h e  l i q u i d  o r  t h e  
g a s  i s  a t  r e s t ,  The prob lem f o r  t h e  c a s e  o f  t h e  incom- 
p r e s s i b l e  l i q u i d  i s  s o l v e d  by t h e  r e l a t i o n s :  

where  6 = l g  --, v o  0 i s  t h e  same a n g l e  of t h e  v e l o c i t y  

w i t h  t h e  X a x i s  as  i n  t h e  gas-f low p rob lem,  Over a l l  
t h e  b o u n d a r i e s  Ql h a s  some c o n s t a n t  v a l u e ;  a t  t h e  
a t  the bound ing  w a l l s  9 = c o n s t a n t ; a n d  a t  t h e  j e t  sur- 
f a c e  t h e  v e l o c i t y  ' v  = c D n s t a n t  = vo;  and t h e r e f o r e  
d = 0, These  a r e  t h e  c o n d i t i o n s  imposed on 'wI,  a 
f u n c t i o n  of t h e  complex v a r i a b l e  8 + $ 0 .  The method o f  
obtaining such f u n c t i o n  i s  g i v e n  by Joukowsky ' i n  r e f e r -  

V 
t 

' e n c e  2. 

I t  i s  c l e a r  tha': 2,Oll'te.: t h e  f u n s b i o n  P i s  f o u n d ,  
wh ich  solves t h e  g ivs i i  p r93 lem o n  t h e  i n c o m p r e s s i b l e  
l i q u i d ,  t h e  r e q u i r e d  s o l u t i o q  o f  t h e  same p r o b l e m  on t h e  
gas m o t i o n  i s  o b t a i n e d  by s e t t i n g  

~p + iQ = P ( O  + i e )  

t h a t  is, s i m p l y  r e p l a c i n g  8 by CY; t h e n  when t h e  v a r i a b l e s  
f3 and cr p a s s  a r o u n d  t h e  b o u n d a r i e s  of t h e i r  r e g i o n ,  9 
w i l l  r e c e i v e  t h e  same c o n s t a n t  v a l u e s  as  9,; where  6 = 0 
of  c o u r s e  u = 0, . a n d ,  t h e r e f o r e ,  7 x To,  

A f t e r  t h e  f u n c t i o n  Q +  i\lr i s  found  a s  a f u n c t i o n  o f  
Q -+ if3 t h e  c o o r d i n a t e s  e a s i l y  c a n  b e  f o u n d  as  f u n c t i o n s  of 
t h e  v a r i a b l e s  a and 0 ,  t h e  c o n t o u r s  of  t h e  j e t  i n v e s t i -  
g a t e d  can  be O b t a i n e d  and  t h e  c o n s t a n t s  c h a r a c t e r i s t i c  of 
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t h e  problem d e t e r m i n e d :  namely ,  t h e  q u a n t i t y  o f  g a s  c a r r i e d  
by t h e  j e t  and t h e  r e s u l t a n t  f o r c e  on t h e  p l a t e s ,  

and  8 7 i s  e x p r e s s e d  in t e r m s  o f  u, F r o &  f o r m u l a  ( 9 1 )  
To d e t e r m i n e a t h e  dependunce  o f  t h e  c o o r d i n a t e s  on CY 

rl 1 1 - r / ,  (k)+ 
(IC 4; "4; l /C  Jr ' 
- -=_--- --- -- 

and '  s i n c e  i t  is as.sumed t h a t  
K=l 1-(2g+l)r] : (l--.r)@+'=l, 

t h e r e  I s  o b t a i n e d  
d' 1 1 . 1 i : , e $ + ~ , e - ' .  (I-:)-+ Cleg-CC,e-7 
c - E - ,  -= - 7------ - -. (93) 
k' 4; JG Ji 2 4; - 2 

(93') 

. S e t t i n g  T = T~ y i e l d s  
q+c, 1 CI--C2 (1-TJ-P - .  - _  --_- 45' 3-= 4-; 6 )  

Turn now t o  f o r m u l a 8  ( 7 0  and ( 8 ) .  p a r t  I ,  t h a t  g i v e s  
t h e  d e r i v a t i v e s  o f  t h e  c o o r d i n a t e s  w i t h  r e s p e c t  t o  cp a n d  $: 

dx cos0 - sin0 . - --= -=- 
07 is;' d+ \'ST% ' 

d.G I -- 
ck+ VG: ff+ 

siaO(l--T)-fi dy - cosO(l--T)-fi -. 
v2Gi 

9 -- _------- 
whence,  by t a k i n g  I n t o  a c c o u n t  (93) and s e t t i n g  x +  ip - 2 ,  

cp + 19 = w, cp - i*  = V I  t h e r e  is o b t a i n e d :  

The i . n t e g r a t l o n  now nay be c a r r i e d  o u t ,  s i n c e  

i ( ' = f { G t  io)! ('7- I!()) ,  

where  f, is t h e  f u n c t i o n  c o n j u g a t e  t o  f ,  
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C o n s i d e r ,  f o r  example ,  t h e  a p p r o x i m a t e  s o l u t i o n  o f  t h e  
p rob lem of t h e  p r e s s u r e  e x e r t e d  on a p l a t e  by a n  i n f i n i t e  
gas f l o w ,  o r  o t h e r i r i s e  e x p r e s s e d ,  o f  t h e  r e s i s t a n c e  of a 
g a s  ,liedium t o  t h e  m o t i o n  of  a p l a t e ,  I t  i s  assumed h e r e  
t h a t  t h e  d i r e c t i o n  o f  t h e  f l o w  fo rms  a c e r t a i n  a n g l e  h 
with t h e  n o r m a l  t o  , t h e  p l a t e ,  By msk ing  USE!  of t n s  J o u k o w -  
sky  method t h e  f o l l o w i n g  s o l u t i o n  of t h i s  p r o b l e m  f o r  t+ke 
i n c o m y r e s s i b l e  l i q u i d  i s  r e a d i l y  o b t a i n e d :  

The r e g i o n s  o f  f l o w  c o r r e s p o n d ,  i n  t h i s  c a s e ,  t o  'she 
u p p e r  h a l f  p l a n e  o f  t h e  v a r i a b l e  u ,  The b o u n d a r i e s  8 = 0, 
which  d e t e r m i n e  t h e  s t r e a m l i n e s  CA and  BD, c o r r e s p o n d  
t o  t h e  s e g m e n t s  o f  t h e  r e a l  a x i s  o f  t h e  u r e g i o n  f rom 
u = + 00 t o  u = 1 - s i n h  and  from u = - 1 - s i n h  t o  
u = t h e  p o i n t  u = f w  g i v e s  19 = 0, 0 = - h. The 
p a r t  o f  t h e  p l a t e  where  8 = n/2 c o r r e s p o n d s  t o  t h e  segment  
o f  t h e  r e a l  a x i s  o f  t h e  u p l a n e  bounded by t h e  p o i n t s  
u = 0 and u E 1 -. s i n h ;  f i n a i l y ,  a t  t h e  b o u n d a r y  OB 
8 = - n/z a n d  u v a r i e s  f rom o t o  -1 -  sin^, 

On t h e  o t h e r  h a n d ,  f o r  u r e a l  = 0 and  cpl 
v a r i e s  f rom 0 t o  + 09 as  u v a r i e s  f rom 0 t o  9. The 
imaginary axis of t h e  u region l i k e w i s e  g i v e s  $1 = 0; 
(P1 
v a l u e s  f rom + m i  t o  0 ;  4 and  0 v a r y  c o r r e s p o n d i n g l y  
i s i t l i i n  t h e  l i m i t s  0 and  + m, - A and  0, I t  i s  c l e a r ,  
fror.1 t h i s ,  t h a t  t h e  i m a g i n a r y  a x i s  o f  t h e  u h a l f  p l a n e  
c o r r e s p o n d s  i n  t h e  p l a n e  o f  f l o w  t o  t h e  s t r e a m l i n e ,  EO 
b r a n c h i n g  a t  t h e  p l a t e  i n t o  04C and OBD, 

i n c r e a s e s  f r o m  - t o  0, w h i l e  u runs through the 

On t h e  b a s i s  o f  t h e  f o r e g o i n g  r u l e ,  t h e  s o l u t i o n  of  
t h i s  p rob lem of  t n e  g a s  f l o w  i s  o b t a i n e d  by  s e t t i n g  

2 

( 9 5 )  c o s  A cp .I- i$ = ku2, --- = s i n h  + s i n ( Q - i o )  
U 

The e x p r e s s i o n s  f o r  t h e  c o o r d i n a t e s  i n  t e r m s  o f  cr 
and- 8 now w i l l  b e  s o u g h t ,  T u r n i n g  f o r  t h i s  p u r p o s e  t o  
t h e  l a s t  of f o r a u l a s  ( 9 4 )  
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?firz=C,e'+'"to+ c,,p+;~&-- i;: j t(Jc7+Q5+iq+ 

+ c~J' to'e- + "l d ( G -  io). 

S e t t i n g ,  f o r  b r i e f n e s s ,  u n d e r  t h e  i n t e g r a l  s i g n s  

[,' + I - ! ,  1'- (!-q t 7/- ' 
-f > 

a n d  s u b s t ' i t u t i n g  t h e  expressions f o r  w a n d  w (  from (95) 

I 

Or by r u b s t i t u t i o n  of  t h e  sum a n d  d i f f e r e n c e  of t h e  
a r c t a h g e n t a  in t h e  f o r e g o i n g  e q u a t i o n  and m o l t i p l l c a t i o n  of 
t he  e n t i r e  e q u a t i o n  by i: 

I t  i 8  n o t  d l f f i o u l t  t o  rhow t h a t  b o t h  a r c t a n g e n t s  e n t e r -  
ing t h e  f o r o g o i n g  o q u a t i o n  o r e r y w h e r o  v a r y  c o n t i n u o u r l y ;  t h a t  
88  o a p p r o a o h e r  OD, w h a t e v e r  t h e  v a l u e  o f  8 ,  The f i r s t  ------- - --- - 



TI Tr of them a p p r o a c h e s  - 2 + A and t h e  second  5 - A ,  a.nd 

t h e r e f o r e ,  L ( t h e  a r b i t r a r y  c o n s t a n t  o f  i n t e g r a t i o n )  
na,p  b e  d e t e r i n i n e d  s o  t h a t  f o r  0 = a, z = 0. 

It i s  n o t e d  f u r t h e r  t h a t  t h e  f i r s t  of  t h e s e  q r c t a n -  
g e n t s  ~ i o v h e r e  a t t a i n s  t h e  v a l u e  n / 2 ,  s i n c e  t h e  denon- 
i n s t o r  o f  i t s  a rgumen t  nowhere  becomes z e r o ;  t h e  second 
passes t h r o u g h  n / 2  on t h e  c u r v e  d e f i n e d  by t h e  e q u a t i o n  

? h e  e x p r e s s i o n  f o r  t h e  l e n g t h  o f  t h e  p l a t e  22 i s  
no':! s e t  u?. F o r  t k i s  p u r p o s e ,  by f o r m u l a  ( 9 6 )  t h e r e  i s  
d e t e r x i n e d  21 = -iz,+ i z ,  e q u a l  t o  t h e  d i f f e r e n c e  i n  t h e  
r e s u l t s  of t h e  s u b s t i t u t i o n  i n  t h e  e x ? r e s s i o n  - i z  of t h e  
vulGer,  cr = 0 ,  4 = n / 2  and  a = 0,  9 = - n / 2 .  I t  may be 
n o t e d  t h a t  o n  t h e  basis of what  h a s  been  s a i d  o f  t h e  vari- 
a t i o n  o f  t h e  second  a r c t a n g e r , t  o f  f o r m u l a  ( ? e )  

i - i e  24 i + s i n h ( e a + e m 0 ) e  e i  

TI 

2 

I 
o = o ,  e=-- 

The same s u b s t i t u t i o n  i n  t h e  f i r s t  o f  t h e  a r c t a n g e n t s  
g i v s s  z e r o  a s  a r e s u l t ,  Wi-th t 3 i s  i n  m i n d ,  i t  i s  f o u n d ,  
a f t e r  s i inp le  r e a u c t i o n  t h a t :  

2 1  fi, - - 4. . . _  
k 2 2 

whence ,  f r c m  f o r m u l a s  ( 9 3  1 )  

Turn now t o  t h e  c o m p u t a t i c n  o f  t h z  r e s u l t a n t  f o r c e  R 
on t h e  p l a t e ,  F o r  t h i s  p u r p o s e  u s e  i s  Irade o f  t h s  formula 
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p+1 
P = Po( l -T)  

IJACA TM No, 1063 

where po  is t h e  p r e s s u r e  a t  t h e  c r l t i c a l  p o i n t ;  i t  i s  
deterLflined i n  t e r a s  o f  pl t h e  p ~ e s s u r e  b e h i n d  t h e  p l a t e  
and  p r e v a i l i n g  o v e r  t h e  e n t i r e  g a s  aedium a t  r e s t  by t h e  
f orrcula 

cj+ 3. 
Po( = P I  ' 

For d e t e r s i n i n g  R 

where  I, a n d  1, a e n o t e  t h e  c o r r e s p o n d i n g  l e n g t h s  of I 

t h e  p e r t s  o f  t h e  ? l a . t e  OA and  OB f r o m  t h e  c r i t i c a l  p o i n t  
t o  t h e  ends, 

By c a r r y i c g  out, t h e  i n t e g r a t i o n  by p a r t s  t h e r e  i s  
o b t a i n e d  

S u b s t i t u t e ,  i n  t h i s  e x p r e s s i o n ,  t h e  v a r i a b l e  u ;  f rom 
t h e  r e l a t i o n  be tween  a n d  u ( f o r i a u l a s  ( 9 1 )  and (93)), 

and t h e  l i m i t s  o f  i n t e g r a t i o n  w i t h  r z s p e c t  t o  cr a r e  
and  0 ;  i n o r e o v e r  i t  may b e  n o t e d  t!iat t 'he f i r s t  two t e r m s  
i n  t h e  f r m u l a  f o r  R c a n c e l ,  s i n c e  I , +  1, = 21, 

= p l .  Hence  fit1 P o (  1- 7 0 )  
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or, 

if 

For 
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i n t e g r a t i n g  by p a r t s ,  
R J  

S u b s t i t u t i o n  g i v e s  t h e  r e s u l t  21 / (C ,+C, ) .  

With regard  t o  t h e  remain ing  I n t e g r a l ,  b e q u a t i o a  ( 9 4 ) ,  
8 = n / 2  and I t  i s  remembered h e r e  that  L o  

0 = - n / 2 ,  $ = 0 t h e r e  fs obta ined  

Making u s e  of t h e s e  formulas and i n t e g r a t i n g  a g a i n  
by parts, i n  the e x p r e s s i o n  f o r  R ,  r e d u c e s  i t  t o  t h e  form 

cn 
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From the formula just given f o r  21: 

and, therefore, by substitution, and introduction in the 
-U integral of the variable t = e , there i s  obtained: 

1 

These definite Integrals have, respectively, the values 

and 

and'hence, on adding, g i v e  

- -.+++); 1 
Bcos-/. "COS/\ 

Substitatiqn of this expression in t h e  formula for R yields 

Sfnce 

theref ore 
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Moreover  

S i n c e  f r o m  t h e  d e f i n i t i o n  o f  t h e  c o n s t a n t  a ( S e e  p t ,  I,) 
Y-L 

KYP 0 a =  I-----_ 

Y - 1  

a n d  t h e  c?ensi ' ,y a t  t h e  j e t  s u r f a c e  p l ,  e q n a l  t o  t h e  
d a n s i t y  o f  t h e  d i s t g n t  r e g i o n s  of t h e  f l o w ,  i s  c o n n e c t 3 d  
w i t k  t l i g  d e n s i t y  a t  t h e  c r i t i c a l  p o i n t  p o  5y t h e  for ldula  

----__ 
FirLc?l ly  by t a k i n g  i n t o  n c c o u ? t  t h e  equ? , t fon  
t h e  v e l o c i t y  a t  t h e  j e t  surface a n d  e t  t h e  i n f i n i t e l y  d i s -  

, / ' 2 a ~ ,  = v o ,  

t m t  q o i n t s  of t h s  moving g z s  mass ,  t h e r e  i s  o b t a i n e d  f r o n  
( 9 8 ) :  

T h i s  f o r m u l a  f o r  8 = 0 p a s s e s  o l re r ,  a s  i t  s h o u l d ,  
i n s o  th.6 formula of L o r d  Rayleigh f o r  t h e  f l o w  o f  en in- 
compressible l i q x i d ,  and  f o r  h = 0 g i v e s  t h e  nppro ' : ina te  
soluticn o f  t h e  p rob lem o f  t h e  p r e s s u r e  of  a s y m n e t r i c ? - l  gas 

flow o n  a p l ~ t e .  C o m p ~ t i n g  t h ?  c o e f f i c i e n t  -------------- 

f o r  t h e  v a l u e s  or" s o  assumed  a t  t h t .  b e g i n n i n g  of t h i s  
p a r t  dnd f o r  which  t h i s  approximc?rte m ~ t l z u d  i s  a p p l i c n b l e  
and c o n s i d e r i n g  only t h e  c a s e  o f  s y m m e t r i c a l  f l o w  l e n d s  t o  
t h e  following r e s u l t :  F o r  2 c n m g e  i n  s f rom C t o  --- - ----.-- - - 0 ---- - - 
--- and f l c w  v e l o u i t g  f r o m  C t o  136 m e t e r s  p e r  s e c o n d  12B --- ---- -------- ---- - -_ -- --__-- -_- ____-_ 

n c o s h  
4(  l - T o )  B + 7 f C ' O S h  

1 
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-____- 0,440 -- t o  0,460 9 t h e  i n c r e a s e  ?.t t h e  end b e i n g  g r e a t e r  

and vo = 96  t h a n  a t  t h e  b e g i n n i n g ,  Thus f o r  s o  - --- 
i n c t c r s  p e r  s e c o n d  i t  s t i l l  e q u a l s  o n l y  0,449. Hence :or  
n o t  v e r y  l a r g e  v a l o c i t i e s  t h e  law of t h e  p r o p o r t ; q n z l i t , y  
of t h o  r c s i s t n n c e  t o  t h e  s q u a r e  o f  t h o  v e l o c i t y  i s  f o u n d  
t o  b e  a l m o s t  e x a c t ,  

1 - 
248 

S UPP LE M E l? T A.RY 3 E r/, biz IC S 

P n r t  11: I t  i s  o f  i n t e r e s t  t o  n o t e  t h a t  t h e  f u n c t i o n  
yn w i l l  a lways have real r o o t s  w i t h i n  t h e  limits o f  t h e  
r n r i n t i o n  of 7 f r o i l l  i t s  c r i t i c a l  vp-lue --- t o  1, pro- 1 

2p.t.1 
TridZd n i s  s u f f i c i e n t l y  l a r g e .  Thus f o r  f u n c t i o n s  w i t h  
i n t e c r e l  n i t  i s  t r u e  f o r  n > 1. The number o f  r o o t s  
i n c r n n s e s  i n f i n i t e l y  w i t h  n ,  These  r e s u l t s  a r e  o b t a i n e d  
frorn P o r t e r ' s  a r t i c l e  ( r e f e r e n c a  12), I t  i s  r e n d i l y  con- 
clu$.dd t h a t  t h e  s o l u t i o n  o f  t h e  p r o b l e m s  on t h e  f l o w  o f  a 
g a s  oT7.t o f  a v e s s e l  2nd t h e  r e s i s t a n c e  o f  :: moving p l n t a  
i n  a i r ,  g i v e n  i n  p n r t s  I11 and  I V ,  a r e  n o t  a p p l i c a b l e  out- 
s i d ~  o f  t h o  l i r n i t s  i n d i c a t e d  i n  t h i s  p c p e r  because o f  t h e  
c i i v o r g e n c c  o f  t h e  s s r i e s  e x p r e s s i n g  t h e  stream f u n c t i o n  
a n d  a c l o c i t y  p o t e n t i a l ,  

I 

2, 
-2p-1 

P a r t  V: The e x p r 5 s s i c n  K =[1 - ( 2 8 + 1 ) 7 ] ( 1 - T )  
w h i c h ,  i n  p r e s e n t i n g  t h e  trzipproxSmate me thod ,  If was a c c c p t c d  
a s  cqurtl t o  u n i t y  ac t~unl l . :~  w i l l  b e  s q u a l  t o  u n i t y  i n  t w o  
c a s o s :  

1. I f  $ = 0: T h i s  i s  t h e  c a s e  o f  t h e  m o t i o n  o f  an 
incor1 ;press ib le  l i q u i d ,  s i n c e  t h e  f o r m u l a  f o r  t h e  d e n s i t y  
p I p o ( l - - r ) @  r e d u c e s  t o  t h e  e q u a t i o n  p = c o n s t a n t ,  

2. I f  ,B = - 1. I n  t h i s  c a s e  p = kp = k / p ,  I f  
2' 

t h e  moving  m a t t e r  i s  a n  i d e a l  gas, t h e n  ir, o r d e r  tn?,t t h i s  
c o n d i t i o n  may b e  s a t i s f i e d ,  i t  i s  n e c e s s a r y ,  i n  sorne manner ,  
t o  r e i iove  t h e  h e a t  frorn t h e  f l o w i n g  n a s s  of  gas .  T o  c r e a t e ,  
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s u c h  a s t a t e  of  m o t i o n  o f  t h e  g a s  i s  n o t  a c t u a l l y  p o s s i b l e ,  

i s  of The p r o b l e m ,  h o v e v e r ,  a r r i v e d  a t  o n  s e t t i n g  B = - - 1 
2 

i n t P r e s t  f r o m  q u i t e  a n o t h e r  v i e w p o i n t ,  

The i n i t i a l  e q . r a t i o n s  ( 7 )  of p a r t  I i s  c c n s i d e r e d ,  3;. 

s u b s t i t u t i o n  i n  the t i  f o r  7 i t s  v a l u e  

20, e q u a l  t o  -1 i s  t a k e n  a n d ,  f o r  b r i e f n e s s ,  t h e  d e r i v a t i v e s  
of cy are d e l i o t e d  w i t h  r e s p e c t  t o  x and  y by p and q, 
r e s p e c t i v e l y ,  The e q u a t i o n s  t h e n  become 

I i ence  i t  i s  c l e a r  t h a t  i f  we p u t  cp = z ,  t h e n  I ,  
y ,  z will b e  t h e  r e c t a n g u l a r  c o o r d i n a t e s  o f  t h e  p o i n t s  
o f  a a i n i m a l  s u r f n c e ,  

F o r m u l a s  (91) t o  (9.5) o f  p a r t  V ,  on s u b s t i t u t i n g  -u 
f o r  T ,  lead t o  t h e  following r e l a t i o n s :  

. .  

0. --a 0- --a - C,e + Z2e , --- = C,e - C,e 
1 - -  

U di 
T--- 

rshe1-e t h e  a r b i t r a r y  c o n s t a n t s  a r e  g i v e r ,  sonewhat  d i f f e r e n t  
v a l a e s  f r o n l  t h o s e  i n  t h e  f o r m u l a s  o f  V ,  

I f  ,P+ i o  = t ,  0- i Q =  t , ,  t h e n  

z + i$ = f ( t )  
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w h e r e 

2 u = p + q2, 
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F o r  t h e  s q u a r e  o f  t h e  l i n e a r  e l e m e n t  o f  t h e  s u r 2 a c e  
t h e r e  i s  f o u n d  t h e  e x p r e s s i o n  

I f  t h e  x y  p l a n e  i s  h o r i z o n t a l  t h e  c u r v e s  z = c o n s t a n t  
will 5 e  t h e  h o r i z o n t a l s  o f  the s u r f a c e ;  = c o n s t a n t  a r e  
t h e i r  o r t h o g o n a l  t r a j e c t o r i e s ,  

From t h e  f o r e g o i n g  e q u a t i o n s  m i n i m a l  s u r f a c e s  of v a r i p u s  
s h a p e s  may be  d e r i v e d ,  

1, S e t t i n g  
1 

y i e l d s  

n + l  . n=i -n- 
x + i y  = -- nC1 (z+i$) n + - nC2 ( z - i q )  

n + l  n- 1 

. For n r a t i o n a l  v a r i o u s  s h a p e s  o f  a l g e b r a i c  s u r f a c e s  
a r e  t h u s  o b t a i n e d ,  An e x c e p t t o n  i s  t h e  c a s e  n = 1, t h e  
s u r f a c e  t h e n  b e i n g  t r a n s c e n d e n t a . 1 ,  

S e t t i n g  f ( t )  = A t , .  g i v e s  f o r  real A t h e  c a t e n o i d  
and. f o r  A t i l e  h e l i c o i d ,  

2. A s e c o n d  g r o u p  of m i n i m a l  s u r f a c e s  o b t a i n e d  from 
t h e  above  f o r n i u l a s  i s  o f  much g r e a t e r  i n t e r e s t ,  Wi th  t h e  
a i d  o f  t h e  l a t t e r  t h e  n i n i m a l  s u r f a c e  d e s c r i b e d  w i t h i n  a 
c e r t a i n  g i v e n  p o l y g o n a l  c o n t o u r  may be  s o u g h t ,  The l a t t e r  
s h o u l d  c o n s i s t  o f  h o r i z o n t ' a l  and  v e r t i ' c a l  s t r a i g h t  segrnents  
( t h e  xy  p l a n e  as  b e f o r e  i s  t a k e n  t o  be  some h o r i z o n t a l  
p l a n e ) ,  On s e t t i n g  f o r  s i m p l i c i t y  u o  = and  h e n c e  
C, = - C, = 1/2 i n  t h e  a b o v e  f o r m u l a s  t h e  f o l l o w i n g  i s  
n o t e d :  On e a c h  h o r i z o c t a l  segmeat  o f  t h e  b ~ o u n d a r y  c o n t o u r  
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t h e r e  w i l l  e v i d e n t l y  be  z = c o n s t a n t  and  9 = c o q t t a n t ;  
i f ,  however;  t h e  segment  u n d e r  c o n s i d e r a t i o n  i s  v e r t i c a l  
t h e n  on i t  $ = c o n s t a n t ,  732 + q i  = co and  0 = 0, Thus 
t h e  r e g i o n s  z + i$ a n d  ,u + i f3  w i l l  b e  j o u n d e d  by 
s t r s i g h t  l i n e s ,  2y f i n d i x g  t h e  c o n f o r m a l  t r a n s f o r i x a t i o n  
o f  t h e s e  r e g i o n s  on t h e  u p y e r  h a l f  p l a n e  o f  t h e  a u x i l i a r y  
complex v a r i a b l e  s ,  by t h e  knowE met,hod, t h e  proble in  
t o  t h e  e f f e c t i n g  of q c a d r a t u r e s  i s  red-uced,  As a v e r y  
s i m p l e  example ,  t h e  s u r f a c e  d e s c r i b e d  i n  a p e n t a g o n a l  
c o n t o u r  of t h e  f o l l o w i n g  shELpe i s  o b t a i n e d :  one of i t s  
s i d e s  i s  t h e  segmen t  of t k e  y a x i s  b i s e c t e d  by t h e  o r i g i n  
o f  c o o r d i n a t e s ;  f r0 .n  t h e  end o f  t h i s  segment  a r e  drawn 
t w o  e q u a l  s i d e s  p a r a l l e l  t o  t h e  z a x i s ;  f r o m  t h e  e n d s  of 
t h e  l a t t e r  t w o  i n f i n i t e  l i n e s  p a r a l l e l  t o  t h e  x a x i s  a r e  
d r a w n  t h u s  c o m p l e t i n g  t h e  c o n t o u r ,  T h i s  s u r f a c e  i s  ex- 
p r e s s e d  by t h e  f o l l o w i n g  e q u a t i o n s :  , 

iZ i z  4J 2 k i s n  -- d n  -- c n  - 
~ X Y  f l-k --;- a a a 

a 
1'- k z s n 2  - \v s n "  -- i z  

a a 

They a r e  r e a d i l y  obtained w i t k  t h e  aid o f  t h e  pre-  
c e d i n g  g e n e r a l  f o r m u l a s  i f  

h/ 1-k2 
S 

I n  c o n c l u s i o n ,  i t  may be n o t e d  t h a t  t h e  g i v e n  con-- '  
d i t i o n s  f o r  t h e  S u r f a c e  map P e  somewhat v a r i e d ,  T h u s ,  
among t h e  c o n d i t i o n s ,  t h e  r e q u i r e a e n t ,  t h a t  one of t h e  
h o r i z o E t a l s  be  a l i n e  o f  c c l r v a t u r e  o f  t h e  s u r f a c e  may be 
i n c l u d e d ,  The g l a n e  of  t h i s  h o r i z c n t a l  will t h e n  i n t e r s e c t  
t h e  r n q v i r e d  . su r f ac ' e  a t  'a c o n s t a l i t  a n g l e  and., t h e r e f o r e ,  i t  
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will be found  t h a t ,  f o r  a certalrl g i v e n  v a l u e  o f  z ,  

t h e  same way,  i f  i t  i s  known t h a t  one  o f  t h e  c u r v e s ,  
@ = c o n s t a n t ,  i s  a p l a n e  c u r v e ,  t h e n ,  e s  i s  e a s i l y  shown, 
along; t h i s  c u r v e  t h e  a n g l e  0 w i l l  be  c o n s t a n t .  

pz + q2 - - c o n s t a n t  and  h e n c e  Q = c o n s t a n t ,  In e x a c t l y  

T r a n s l a t i o n  by S. B e i s s ,  
N z t i o n a l  Advisory Commit t e e  
f o r  A e r o n a u t i c s ,  
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