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As longm the tilocitlesof alrplaneawere relativelysmall
aerodymutcswae a scienceof steadymotion in an Imcmpressible
fluid. Zt was foundthatnegleotlngthe oampressibllityof the air
and consideringonly steadymotionled to resultsWhlO?J)for smll
veloot.tiesof the airplanes,oould be appliedIn practice. The -
considerableInorease,partimdarlyiq remnt times, of the speeds
of airplaneshas forcedattentlcmcm unsteadymotionin lnompress-
Ibleand caqresslblefluids.

The most Importanteffeoton the developmentof nonstationary
, aerodynamicswas thatexertedby the phenmenon of flutterwhloh

appearsIn certainoasesat largeflightspeeds. FailureM the
airplanestructuredue to flutterhave occurredin all oountriea.
Survlvoraof flutteroatastrophlesand casual observershave. ..
reportedthat on inoreaslngthe speedof tilealrpla~~a vlbratton.
of the wing or tall surfacesbeganafterwhiohthe wing or tail
broke suddenly,the speedand forceof the rupturebeingdmllar to
thoseof an e.xploslon.The phenmenon of fluttermay be readily
observedaleo in a wind tunnelIn which is pl.aoeda thinwooden
flat strip, H througha WIAOW in the wall of the tunnelthis
stripis moved orosswlseto the tunnelon increasingthe velocity
of the flow,the stripat firstbeginsto flutterand thenat a
oertalnflow velocityits amplitudeof tibrationinoreasesso
rapidlythat the inexperiencedor nonalerte~erlmenterrarely
euoceeds In savingthe stripfromfallureby removingIt frcuutie
flow In time, The phencunenonof flutterIs more energeticthanthat
of resommoe. To obtainflutterthereis not requiredany outside
vlbratmy motionsfor thewing or tail surfame. The oauseof the
flutterof the wing or tall surfacesis evidentlya purelyaero-
dynsmi~one but to unders=” thisphencmenoqqualitativelyq be
possibleevenfrcm a oonsideratlonof the motionalonga straight
line of a nmterialpoint. IA us assumethat the nu9terialpoint
with Mss m movesalongthe ads .Ox underthe.actlonof foroes
we projection X of whiohon @e (& axis is equalto

x=. xa@x= n@* .
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Then the equationof motionof the xMmrlal pointtill be

d2x
+2p*+k2x=o~

The Integralof this equation,if u Is small,IS of the farm

X = ae-~LtSti (~~k2- y2t + c)

where aandc are arbitraryoonstants. Weseethatlf the.
quantity p Is positivethe materialpointwI1l be In hamonto
vibratorymotim with damping. We shallnow assumethat p .itself
dependson a oertaln~ameter w so that v = y(w), wherefor
w = Wm v = O and fcm W>wa v is “negative,that tat equal
to - A (whereA> O). Then for w = Ww the aboveequationassumes
the form

x.asti(lct+e)

that 1s,we shallhave the usualharmonlotibrationat a poiht,but
for w> W= we obtain

x=aeAtsin (J$-A2t+c)

that Is, the amplituded the vibrationbeginsto tnoreaseeqmnen-
tial~. Thus,whereasin the easeof resonanoethe amplitudeof
vibrationhas, as 1 lmown,the form at,

%&
in the ease of flutter

it has the form ae . TableI showsthe Inoreaseof the azqplltude
with time In resonanceaml in flutterfor differentvahiesof the
quantity A .

t

T
1
2

:
5

o a
a 1,lo5a
2a l,221a
3a 1,351a
4a l,492a
5a 1,649a

aeo,5t

l,a@9a
2,718a
4)4828
7,389a
12,183a

aet
2,L
7,289a
20,086a
54,598a
148#413a

We note thatwhateverthe valueof the posltlvenumber A the
ratio e‘t/t approaoheaInflnltywith Inoreaslng t. For the air-
planethe parmneter w is the velooltyof fli@t where the veloclty
w = w=, the valueat which the ooeffioientI.Lbeoaueszero,is
oalledthe orltloalfluttervelocity.
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It Is not diffioultto understandthe physicaloauseof the
phenomenonof flutter. ~t us 8SEWDMthe wing of the airplam fcr

. - ....-
any-reai30nwhether,for”exauple,a @tit d? aii,“acquiresa VS.*T“
smll vibratim. ThB elasticiforcesevidentlyare alwaysdamping
forceswhich tendto extlnquiehthe vibrationsof the wing or tail.
The aerodynamloforceshoweveroan be both demplngforcesfor certain
typesof vibrationsend foroeswhlohassistthe vibrations.As long
as the velocityof the airplaneis smallthe elastiodampingforoes
are predominantover tie aerodynamloforces. With inoreasein the
flightspeedthe elasticforoesremainunohangedin magnitudebut
the aerodynamicforcesinorease,as Is knownproportionallyto the
squareof the velooityof fiitht. Theremust thereforebe an
instantat whiohthe aerodynamicforoes,whichassistthe vlbratione,
bemnuepredominantoverthe elastloforoesand this 1s the instant
at whichflutterbegins.” The problmnof the designerIs to construct
thewi~ suchthat the oriticalvelooityof the flutterIs higher
than the velocitiesat which the airplanewill fly aud whlohis
sufficientlystrongtm withstandthe vibratoryactionof the aero-
dynamicforces. l?mxathis It is clearthnt evenbeforeconstructing
the airplaneit la necessaryto he able to determinetheoretically
the criticalveiooltyof flutto:of the af”-Ems or-yfram Its
desi~ aud by chan&lngthe dc:l.~to :.’c?Rstho orltloalflutter
veloolty.

It Is not difficultwith the aid of s~le examplesto show
that the aerodynamicfcn’cesdue to the deformationsof tinewhg or
tail surfacesdependon the magmltudeof thesedeformationsand the
rate of changeof thesedeformationsand thiseqlalns the necessity
for the presenceof tezmoin x and dx/dt in the differential
equationof’the motionof thematerialpoint,whichwao takenabove
as an exaqle to illustratethe phenomenonof flutter. Let un MXUIILS
firstthat the wing of the alrpl.anereoelvedonlyc tulstdefcmma-
tion 60 that the angle0f”L3th2kof the wing inorsasedsomewhat,
Sincethe aerodynamicforoesupportingthe wing inoreaseswith
Increase(upto a certslnllmlt)of the angleof attaok,as also the
torsionalaerodynamicmconent,we conoludethat the add~tionalaero-
dynamlaforceobtainedon twistingthe wing dependson the magnitude
of thiswing deformationand Inoreasestogetherwith thismagnitude.
We awune next thatthe wing of’the airplanereoolvedonlya bending
deformationocourrhgat velocity v (fig.1), As longas therewas
no bendingdeformationthe angleof attackof the wing was a =&lB
where w = AB Zs the fll@t speedof the airplane. With the fllght
Velooity w = Al! and the velooltyof bendingdeformationv = AC
we shallhave a totalvelooltyequalto AD and the angleof attaok
becmuesequalto ZMAIl= a - Aa where tan Aa = v~v or on aocount
of the smallnessof Au approxtitely Au = v/we To the deoreaee

— —- —- .— - — -—
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of the angleof attaok a by the amount &z = v/w correspondsa
decreasein the aerodynamloforoesdependhg as, we have seen,on
the veloolty v of the deformationad not on themagnitudeof
thisdeformation.For downwardbetiingC& the wingwith veloolty v”
the angleof attack a changesintothe angle a + v/w as a result
of whiohthe aerodynamicforcesInoreaee. Fromwhat has been said
it followsthatthe aerodynamloforceJobtatnedin +he de~’cmmation
of ‘dewing dependon the veloolt~ v of tMs deformationand are
dempingforcesso that the~ opposethe developmentof the deforma-
tion.

~ ccmputlngthe oritloalfluttervelooltyIt Is neoessaryto
dealbothwith the elasticpropertiesof the wing or ~il surfaoes
end with the magnltudeetendingto produceflutter. As regardsthe
elaetlcforces,eqmrlenoe showsthatnp to 60 percentof the
break- loadsthe deformationof the wing Is proportionalto the
force,that 1s, the wing behavesllkea beam. For thisreasonthe
matter1s simpleas regardsthe elasticforoesof thewing and the
resultsof the theoryof elasticbeamscan be applied.

As regardsthe aerodynamicsof the flutteringwing thematter
Ie nmt howeverso simple. ThereIs as yet no definiteclearness
in thisfieldof investigation.It is evidentthatthe aerodynamics
of nonsteadyflowby the essentialnatureof the phencmena must In
additionto flutterhavo applioatlonin the theoryof flightaero-
batics,in studfingthe effectsof gustsof air, in the theoryof
flappingwingsand in the flightof birds,In whichLeonardoda Vinci
had alreadybeen Interested,eto. As a resultof this it oan be
understoodwhy the greatinterestwhich”at the presenttimeappears
throughoutthe world In the studyof the aerodpamlcsof nonsteady
flow. Tn Germany,for example,about10 yearsago a speoialdivision
of the PrandtlInstitutewas set apartto devotaitselfentirelyto
nonetatlonEwyaerodxm, the institutebeingheadedby Kksner.
This institutehas alreadyissueda seriesof ImportantInvestigation
results. The AmericanGlen-Martincompanyappliesnonst~tlonary
aerdynamlosto camputethe alrfollflutter. In the olosingrmarks
of one of its publioatlonsthe c~ paintsout how ImportantIt
Is at the presentthe to directall effortstowardthe development
of the aerod-os of noneteadyflow.

The aerodynamicsof steadyflowwas firstapplledto the non-
steadymotionsas for example,to ulng flutter,-t is$ it ms
assumedthatat eaoh instantat everypositiond the wing the flow
aboutthe latter%as such8s thoughthe wing were In thisposition
an Infinitelylongtime. As it turnedout, the applloatlonof the
aerodynamicsof steadyflow to ncmsteadyCcxditlme of Jmtlongives
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in a numberof oasesresultsthat are usefulfor applloation,SM
thishag p~,itted,the&se:ofthe aergdynemlosof steadyflow up to
the presenttime. With furtherih%digatlons, however,it became
olearthat in a nuniberof otheroasesthe applicationof the aero-
dynamicsof steadyflow to ncnateadymotionsgiveswrongresults.

The air foroes aotingon varioustypesof wing profilesunder
steadyflow oonditionewere studiedby Joukovsky,Kutta,R%ndtl,
Chaplyginand othersin ~nveatigatlonsmany of whiohevennow are of
fundamentalimportance.The atudrof the foroescc.”cingon wings
undernonsteodyflow oonditi.omcpresents:ar the 6eueralcaseof the
no.ns%eadymchlonas oxprossc5by Prcndtl,
difrioulty”,

“a problemof tranaoetiental
But it is prooiselyt4eseparticularoasesof noneteady

flowwhioh~esent the greatestInterestfor aeronautlosthathave
all been foundamsnableto investigation.

Thus was explainedthntthe motionof an airplanein a oirole
with constantangnlarvelooity:as approximatelyoooursin acrobatic
flightson enteringa dive,prucoedswith constantc~rculationas
a result“ofwhich theremay not be a vortexwc-.ebe%?m.the TI.2Jq,
The fird one to studythis type of motionwas S, A. Chzqlygiain
1326 and afterhim independentlyGlauertin 1’329,competing his
investig~tionewith the additionof a vortexwake behindthemlng.
On the otherhand 111the caseof the phenomenonof flutterof the
wingsand tail Suitiacesof an airplaneit wos foundsufficientto
investigatethe phenunemcnonlyfor smallvibrationsand this enables
the investigationcf problemswith variablecirculation.

The firstinvestigatorwho laidthe foundationfor the present
d= studyof the aerodynamicforcesactingon a vibratingwing was
Birnbaum(1924),a studentof Prandtl, He introducedt~e important
conoeptsof free and boundvorticesand vortexwake. Kussnerdeveloped
the initialideasof Birnbaumand thusadvancedthe problemof the
alrfollin ncmsteadymotion. 13eginn5ngin 1935thereappeareda
nunit)erof Russianpapers the authorsof whichweremainlyKeldish,
Sedov,and.Lavrentyevwho indisatedways in whichwe can applythe
theoryof the functionsof a oomplexvariableto the problemsof
the nonstaticmarydynamicsof sn airfoil. In 1941N. E. Kochingave
a StilctSOILati~of tk probl~.1Of the @3:Qt10n& Of a ~ Of
circularplan form,makingonlythe amu.pticn of linearityof the
equations.The oharacterof the solutionin olosedformas @van
by Kochin.appearsthe onlyone at presentfor a wing of finitespan.
In 1938Kemnanand Searsin the UhitedStatesconoernedthemselves
with problameof nonsteadyflowand gave a newmethcd of approaohto
the problem,therebyfoundingthe Americanschoolof Investigators.
In folluwingthis schoolwe studyas It were the Instantaneousphoto-
graphof the aercd-c phenomenaas they ooour. The methodsof the

—. .-—.- ...— .—
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GermanEJohoolon the oontrq deel as it werewith the klnemato-
~~eo~~~tu~ Of the ph~~ s~ce they dml with the development

encmena-in time. In 1938CicalaIn Italymade the first
attemptto extendthe theoryof the llftlngvortexof Prandtljjothe
caseof a * of flnltes= In a ncmeteadyflaw. Remntly Kussner,
startingfreonthe methodof accelerationpotentialIntrcduoedby
Prandtlreturnedto the probla of Cicala. b the sameyear there
appearedin Italythe work of Posslowho attemptedto solvethe
problemsf the nonsteadyaerodynamicsof a profilefor the caseof
a oompreselblefluid. h his investigationsPossiomakesuse of the
accelerationpotentialof Prandtl. Thus at the presenttime there
are threeIndependentschoolsDccuFyingthemeelveewith the problems
of the aercd-lcs of unsteadyi?luw:the American,Russian,and
Gemlan.

As in theusualaerodynamicsof steadymotlcnthe problemof
the nonstead~motionof the Infinitespanairfoilis most advanced
while therehardlyexistsany o~l.ete theoryof the unsteadymotion
of a wing of firdtespan of arbitraryplan fom evenfor the
incompressiblefluidalthoughfor a wing of ciroularplanfo~ there
existsthe oo.rq>letedsolutionof Kochln.

By the nmeteady motionof a wing thereis understoodIn all
theeetheoriesthe following. It Is asmzmedthatthe wing has a
certainfinitevelocity w constantin magnitudeand direction;in
additionto the velooity w the wing possesses,as an absolutely
rigidbody,azzbitiaryinfinitelysmalldeviationsfra this velocity.
Finally,the wing neednot be absolutelyrigidbut may have infinitely
-11 defomatm.a VEUYiIMtith tm3.

In orderto renderthe problemsunderconsiderationlinear It
Is assumedthatthe tingeare Infinitelythin,the profilein the
absenceof deformationscoincidingwith a llnearsegment. The
anglesof attackof the wing are assu~d infln:teslmal,In the
fundamentalequationsor in the boundaryconditionstherebeingkept
onlythe termsof first ordersmallness. tilywith theserestrio-
tlonsimposeddoes the probl= of the unsteadymotionof a wing
becuuesolvableat the presenttime In generalform. What is
requiredto find In the-solutionof theseproblemsIs the magnitude
of the foroeeand mcmwntswhichact on the wing In lts umsteady
motion. “

It was foundby Joukovskythatthe existenceof a liftforce
on a profileis explalnedby the presencearoundthe profileof
.olroulaticnon the magnitudec& whichthe Mfting foroedepmds. If
thisprofilemoveswith mnetant velocitythe olrculation1s cmnstant
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but as a resultof the nonuniformityof themotionof the profile
the c~raulationaroundthe profilemuBt be variableslnoethe lift ‘
forcefor%oriinif%i’m-iiotlon of the profilevaries.--Sinothethetotal
clroulat%onby the lawsof hydrodynamlosoannotohangetheremust
appearbehindthe profileIn nonuniformmotiona vortexwake
ooneistlmgof the continuouslyshedvcm’tlces.As has been said,
Birnbaumwas the firstto turn”attentionto the exlstenoeof the
vortexwake. The vorticesformingthewake are not displacedbehind
the movingprofilebut remalnmotlonleseIn the fluidat reet, If we
neglecttheirsmalldieplaoementat rightanglesto the direotionof
thi velooityof the airi’oil.

— —

In all thesetheoriesthereare coneldered
motionssinceIt oanbe shownthatan aperlodlo
representedas the eum of an Infinitenumberof
periodicphenrxuenawith differentfrequencies.
angularfrequencyof tibratlonof the airfoil,
chordati w the forwardvelocityof motion of

prlnolpallyperiodio
phenmuenonmay be
lnfinlteQ small
Let u be the
c half the profile
the airfoil. The

nondimensionalnumber k =uc/w 1s calledthe Strouhalnumberwhich
Ie oonetantl.yappliedIn theeetheories.

It is firstof all necessaryto eolvethe problemto what
extentthe reotillnearvortexwake oan be consideredstablesince
all theortesassumeIts rectlllnearlty.The lnvestig&tionof thie
problemIs rathera delicateone but in any case It may be carried
out for a singleparticularcasewhere the profileis not absolutely
rlgld. In this case It Is foun?that if the vertl:slvelocityon
the profileis smallthe amplimdes of the vibrationsof the vortex
wake aboutits rectilinearformtill likswleebe small,the valueof
the velocltyof thewake perpendicularto its lengthbeingpropagated
as a wave alongthe wakewith the velocity w = Uo/k and on the
vortexwake therewill be waveswith theeevelooitlesand
frequency (I).

Accordingto the viewsof the Americaneohoolthereexlsteat
each Instanton the profilea quaei-stationaryvortexintensity y.
which is the vortexIntensityon the profileif at a giveninstant
all the vortexwakewere rolledintoa pointat infinity. Sincefor
each Instantof time there till be a valueof this intensityalthough
in all caeeswe Imaginethe vortexwake rolledup Intoa pointat
Infinitythe intensityIs oalleda quasi-stationaryvortexIntensity
In oontraetto the stationaryvortexIntensitywhiohoomrs In the
absenoeof a vortexwake and whosemagnitudeIs constantIn time.
Sincethe vortexwake at all timesexistsdlreotl.ybehhdthe
trall~ edge of themov~ airfoilup to infinity,the totalvortex
intensityon the airfoilis equalto yo + yl where 71 Is due to

L _. ..—-
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the vo&texwak& Karmanshowedthatknowingthe funotions 70 and
yl theremay be foundthe vortexintensityIn the wake. lhxmnthis
it Is possibleto find themcanentwaand angularmomentumof a fluid
due to the ~tire systemof vorticeson the prctllpad in the
vortexwake. Ebulng the momentumand angularmomentumof the fluld
surroundingthe profileit Is possibleto tlnd by the theor$of
Eulerthe pressurefome L and the mament M of the ~essure
foroeson the airfoil. Kamansshowedthat the force L and iibe
maont M .may be representedas the mm of threecmuponents:

The foroe LO Is the quasi-stdionary foroeof Joukovskyto
which correspondsthemoment Mo. The magnitudes ~ ad Mo =y
exifataloneonlyIn the llmltingoaeewhen the airfoilmoveswith-
out acceleration@ thereis no vortexwake behindthe airfoil.
The force L1 and momdt Ml are due to the associatedmass of the
profile. To obtainthem It is neoessaq to assumethatthe profile
movesnonunifomly but withouttho presenceof olrculationaboutIt
so thatthereis no vortexwakebehlmlthe profile. lHnally,the
force @ and the moment ~ are due to the vortexwake,where
knuuingthe expressionsfor theselt is not difficultto provethe
fO11OWIIIStheoremdue to Glauert:The resultantof the pressure
foroeson an Infinitelythin straightprofilethat Is due to the
vortexwake is appliedat the f~ foous of the gmfile, that Is,
at onequarterchordfran the leadlngedge.

In the theoryof Ksrmanand In the othertheoriesthere1s used
the functicm C(k) of the Strouhalnumber k Mz’oduoedb~ the
AmerloanInvestigator!l’!bodorsen.The funotlon C(k) of Theodorsen
is of the form

C(k) = F(k) + iG(k)=
HI(2) (k)

HZ(2)(k) + 1%(2) (k)

wherethe fumtions %(2) (k) and Z(2) [k) - the Hankelfunc-
tionssatisfyingthe equationof Beaceland hm Ing the fomu

.
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A tablo @ funotlme @ Theod~een f&r the real valuesof
Strouhalrumiberk has been set up.where c(o) = 1. Althou@

- 0 “have-beenob~eotione,agaLnstdlvldln&the Zome....L,and.nuxnent

9

the
there
M

in which It was pointedout thatthis splittingup was artlflclal
tiesoobjectionsdo not appearto us as well foundedshoe suoha
splittingup appearsalsopossiblein thework of the‘Germanand ‘
Russiansohooland has moreoveran entirelyoonoretephysloalbasis;

Proceedingto the oonslderation‘X the RRssianmhool on the
theoryof the airfoil.In a nonstedy flow it is firstof all necessary
to dwellon the Introducticmof fumtlons of a oom@.exvariableInto .
this theory. As is known,tha deeoriptionof steadymotion of an
ino~ressible fluid by functions-of’a ccunploxvariableIs entirely
naturaland has buen produotlveof im20rtantresults. Jou’kovskyad
Chaplyginconductodtheirwnrk on airfoiltheoryIn a steadyflow
us@ the theoryof functionsof a canplexvariable. Thus the work
of the RussIansohoolon airfoiltheoryIn noneteadyflowmay be
consideredas tho naturalmntinnatfonand extensionof the work of
Joukovskyand Cha&]~vgin.h thisfieldhoweverwe have considerable
difflmltieselme the i’unctlmsdescribingthe unsteadyphenmena
dependnot only on the complexvariable z = x + iy but also on a
real variable,namly, the the t. It was possibleto overccmo
theseratherImportantdifficultiesand obtainan extensionof the
theoremof JoukovsL~and Chaplyglnon the liftforceand themoment
of the pressureforcosfor an arbitrarilydeformedairfoilin a non-
incumgmemiblofluidfor the qascsof both fixedand moving
coordinateaxes. .Expandlngthe derivativethe cmplex potentialin
powersof the complexvariable z In the most generalform,assuming
thatthe coefficientsof thise~anslon dependon the time t and
Introducinga certainauxiliaryfunction g(z) it was possible
ulth the aid of .thoextendedtheoreusof JcIukovslqand Chaplyglnto
obtaine~ressionsfor the foroesand momentsaotlngon the airfoil
In unsteadymoti~. The obtainede~ssions for ths forco L aril
mmuent M as in tho theoryof tho Amerioanschoolwere obtainedby
followlngthe samoprlnoiple,that is,.splittl~ up intothree
oompanents:

L=-~+Ll+~, M=~+Ml+%

The eqressionsfor the quantities ~ and B& obtahed by
the Russianschoolwore fbundto be identicalwith the expresslms “
obtainedfor theanalogousquantitleeby the AmorloanQchool. As
reeds the quaptitips ~, L1 ~d-Mo, Ml obtain~_by the
Russianand Amorloanschoolsthorois homvar m cssontialdlfferenco.

“ Ih the formulasof the Americanschoolthosequantities”aroexpressed

-.
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in tame of the quasi-atathnaryIn*ity yo whereasIn the
formulaeof the RussIansohoolthesecauponentsare expressedIn
tmns of the ocmponent vy(x,t)
the airfoilperpotiicularto the
f011. The transformationof the
of the otherhas as yot not been

The work of N. E. Koohinon
wing of oiroulsrplan form oould

of *- Velooityd I&! fluidnear
fmward Velooity w of the alr-
formulasof one schoolInto those
effeotod.

the aercnlyn?mlasof a vlbrathg
not of ooureebe carriedout in

tea of funotiofiof a mmplex variableshoe it is not a two-
dimensionalbut a three-dlmenslanalproblem. Thiswork appearedas
a resultof au earlierwork by Koohinon the steadymotionof suoh
a wing. It 1s to be noted In theseworksby Koohlnamongothers
thatKoohinwas able to oonetmot a functionpossessingdeflntts
propertiesand slngu~ities by whiohit was possibleto express
the solutionIn closedftmu *thout makinguse of series, The
fozm of the olrclewas takenfor the reasonthat onlyfcm it,has
it as yet been possibleto findthe abovementionedspeoialfuno-

.. tlon. All restilotlonsand assumptlonewMoh KoohlnIntrduoed In
his Investigationsreduoeto thoseby whioh the problemsare tie
linear. I& thisreasonthe solutionsof Kochlnboth for the steady
and noneteadyflow are the most acourateM the existingsolutions.
A comparisonof the resultsobtainedfor mncrete problemson steady
flowby the theoryof Koohlnand aoccrrdingto generalap~oxlzmte
theoriesshowsthat the dlffemmoe may amountto severaltensper-
oent of the magnitudeto be detemlned. mom t-da it is clearhow
ImportantIt is to have exactsolutionsof the type of the solution
of Koohin. It is desirablethereforethatby the samemethodIt be
possibleto solvethe problemof the ellipticulngwhichresaibles
more nearlyan aotualwing thandoes the circularwing but at the
sametdme it is Impossibleto oloseour eyeqto the faot that such
a solutionpresentsextremelygreatdlffIoultlesand requiresgreat
mathamatloalaptitude.

Althoughbehindthe profileIn unsteadymotionthereshould
as a generalrule exlata vortexwake it my be ~oven that even
for perlodlcmotionof a profiletheremay be particularoasesof
itsmotionwhere theretill existno vortexwake behl~ the profile.
Thiswill be the oaaefor examplewhen the pro~eotlonof the wlocity
at the profileat its rear foous,that is, at one quarterchordfra
its trailinged~e in a dlreathn at rightanglesto fcuwardvelooityw
of the profileis equalto zero,and also in the easewhere the
absolutelyrigidairfoilmovesovera oirolewith constantangular
velocity. Ih the firsteasethe olrculatiaaboutthe profilemust
be equalto zeroand In the seoondease it must In generalbe oomrtant.
ti 1926Chaplyginconsidereda numberat pmcd?ileswith mnstant
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aboutthem in oircularmotionas absolutelyrigidbodies.
tirk of Chaplyginwas continuedby Sedovby the extension

o~,.t,~.TM .*,p~fllee ~ by-d.deta~led-ar&yEI%a-d--theanalflio-. -.-.-,- .
structure-of tie expressionsfor the assoolatedmass and associated
m6mentof inertia. As has already.been saidabove,in 1929G1.auert

I arrived” at the sameresultsIndependentlyof thework of Ch&ply@n
but then Glauert eupplmenterlhis work by oonslderlngelliptio
profiles@th vortexwakesbehindthemmakingusesof the results
alreadyavailableat thatttie to takeaohountof the effectof the
titex wake.

For studyingthe oasesof motionof an airfoilwith constant
otioulatlonabou~It both Chaplyglnand Glauertmake use of a meting
systemof ooordlnateaxesrigidlyfixedto the airfoiland,obtain
the equationsof hydrodynemfoswith the Integralof Lagrange
detezzulnlngthe pressureof the fluldat any point. R&cm this,after
rathercomplicatedoomputatione,it Is found possibleto find the
expressionsfor the projectionson the axes of coordinatesof the
resultantpressureand the resultantmomentof the pressureforces
exertedby the fluidon the airfoil. In particular,Chaplygln
appliedthe resultsobtainedby hlm to the ellipticairfoiland to
the rec@ngular ah-foilmovingovera olrolewith constantangular
velooity. This problemis an exampleof unsteadymotiondiffering
essentiallyfromreotlllnearand not differingonlyby infinitely
smalldeviationsfrom the latter. Thus,assumingthe circulation
mnstant It is foundpossibleto reJectthe conditionof Infinitely
smalldisturbancesfra a uniformrectilinearmotion.

We nuu proceedw~th the presentationof the resultsof the
Germansohoolof Investigators.If, arounda sufficientlythin
rectangularairfoil ( -c, +0) thereexistsa constantcircula-
tion,the vortexIntensityq. on the airfoilIs oonstant,that
is, Independentof time,and by the usualformulasof HelmholtzIt
is possibleto computethe velooltyat any pointof the flulddue
to the vortexIntensitydistributionon the airfoil. The casetill
be otherwisehowever zf this intensity q dependson the the t
sinoeIn the firstplaoetherewill existbehindthe airfoila vortex
wal$ewhlohwlllhavean effeoton the valueof the requiredveloolty
and in the seoond”placethe free vorticesformingthe vortexwake
behindthe airfoiltill existon the alrfollitselfso that to the
intensity q bf the vortloeson the alrfollmust be.addedthe
intensitye of the free vortioes at the profile. The formation
of the free vortioesat the airfoilis eqlained by the fact that
the..inomase.Aq duringeach Infinlteslmal””elehentof time_’ofthe
Intensity T ORIthe airfoilmust be aocompanledby the formation
duringthe samet- Intervalof free vor-tloeswith the lnten-
slty - Aq. The free vorticesformingabouteaohpointof the
airfoil,whlohremainfixed in spaoeat ths pointat whlohthey

I
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are fomed, till continuouslymaintaintheir intensityuntil.ti
a~oil passesby them. When the alrfotlIn Its”displacementtill
oolnoiflewith them the latter,ramatilq stattonwily,till oontlnue
the vortexwake behindthe altiotl. Thus alsofur unsteadymotion
the Profleotioneof the velocityat any pointC& the fluidoan be
ocmputedby the formulasof Helmholtzbut theirexpressionsvill
oonelstof threecompomnts dependiq respectivelyon the vortex
intensity q in the wake,”the vortexIntensity E of the free
vorticesat the airfoilad the vortexIntenstty 6’ of the fiwe
vortloesIn the vortexwake. It is n~t difficultto fhd ths
anal@loal expressionsthat connectthe funct.:me c ti d With
the funotion q. Hence the projection Vy of the velooityof a
fluidon a dtieotionperpendloularto the veotor w canbe e~ssed
in termsof the function q, the ~ession cmsietlng of three
ocmponentscontainingthe function q unQerthe In_ sign. Suoh
expressionfor jibepro$eotion Vy .of the velooityof the fluidwas
firstobtainedby Birnbaum. Asmzmlngthat the motionof the aitioil
d of the fluidare periodictithfrequencym, that is, intrcduofng
for the functionsdependingon the ttme the exponentialfactor emt
we can ditiddall the obtained~essions for tie projectionVy by
the quantity ew. It is evidentthat this expxJssicnfor the
pro~eotlon Vy oan be appliedto the fluidpartioleaIn the lnmsdlate
neighborhoodof the airfoil. Shoe the projectlcm v
psxtlolesat the alrfollcan alsobe delmrminedfrom %hefctlo
considerationswhile the vortexIntensity ~ cm the airfoilis an
unknownfunction,the obtainedequationMY be lookeduponas an
integralequationfor the funotion q. The latterIs calledthe
lnte~l equationaf Blrnlwunn.The solutionof this equationis
requiredsincethe liftingfcrce,that 1s, the resultantforce L of
the pressureson the airfoiland the resultantmcunentM M the
pressurefcroesexertedby the fluidon the airfoilare e~essed In
ternsof the function q. The solutionof the Integralequationof
Birnbaumis obtainedIn two forms. b the firstplacethereare
foundthe relationsby whichthe coefficientsof the seriesfcm the
requiredfunction ~ are expressedin temnsof the ooefflcientsaP
the aertesof the givenfunotlon Vy. In the seoondplaoethereIs
obtaineda solutionof tie equationof Birnbaumin closedform,that
is, a formula5.sfounderpresslngthe funotlon q h termsd the
funotion Vy. .

h orderto give an Ideaof the ana~ioal complexitieswhich
me here encounteredwe presentboth the equationof Bimbaum and its
solutionIn closedform. We assumethat the airfoil (-c,+0) Is
placedalongthe Ox axiswith Its oenterat the point 0. We set

i
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!l?heitiegralequationof Blrnbaum 1s of the form

., -r- . . ..-

f

x
21tw(y)=

o

. ---- - .-.

(J?f(e) sin l%le_ ~ ~lk OOs e s~n @de
00s ~ .- Cos e 00B p - 00s e

13

J }“:Xf(q) elk ‘Os ~ Bln cpdcp
o

where k Is the 8trouhalnumber, k = &/w. The eolutionof this
equationin closedform is

where C(k) is the functionof Theodorsen.

IIavingthe e~essions for the force L and themoment Mln
termsof the funcHon q and makinguse of the solutionof the
equationof Birnbanuit was founlpossibleto obtainthe e~resalone
fsr the force L and the moment M in tei~ of the coefficients
of the series of the function vy. The magnitudes Land Moan
be decomposedintothreecomponentsfollowingthe ideasof the
Americanschool. It may be ndtedthat the liftforce L=~+Ll+L2
dependsonlyan the threefirstcoefficientsand the _nt
M . ~ + Ml + I@ dependson the coefficients~, Al, A2, J%> %j

% .s.of the e~anslon of the function Vy In a trigontnuetirio
series. ~ particular,for an absolutelyrigidrectangnlsratrfoil
In an unsteadymotionit was feud that the liftforceof the fluld
is reducedtu threedefiniteforoesappliedat the forwardfood
point,at the centerand tatthe rear focalpointof the aizfolland
to a pair~@ forceswith defInitemoment.
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H the a~oil is a rectangularabsolutelyrigid8e@uentthe
mathematicalanalysisin determiningthe resistanceoan be brought
to coqleti.on.It is foundthat the resistanceforoe Is due in this
easenot onlyto the formationof the Kaman vortexstreetbehind
the airfoilbut to the formationbehindthe airfoil& a vortex
wake. Whereasthe vortexstreetof Karmanalwaysleadsto a
resistance,the forcedue to the formation& a vortexwakemay be
positiveas well as negative,that is, a thrustm a drag. fi the
08s0 of a thrustit is impm-bantof oourseto know the efficiency.
The efficiencyq~ for the translationalmotionaloneand the
effiolencyqr for the rotationalmotionaloneoan in any easebe
determined.h thesecczuputationsIt is necessaryto take into
accountthe suotionforceobtainedas a resultof the pressureof
gZ%8trSdUCtiOnin IJre8sureat the htidi~ edge of tiO ??00kIIgU18r
wing. In figure2 are shownthe valuesof thesecoefficientsV*
(thetop ourm) and qr (thelowercurve)as functionsof the
Strouhalnumber k.

We see that the ooeffioientq~ which is importantfor small
valuesat the Strouhalnumber k dropsto haH its valueon
Increasingthe number k; the coefficientq~ Is alwayspositive
for all valuesof k, that is, for only translationalfluctuations
the airfoilalwayspossessesa thrustforce. The coefficient~r
howeverIncreaseswith Inoreasein the Strouhalnumber. At k = 0.954 . .
approximately the coeffloient~r becomeszero. ~US> f’~ k C 0.954
the rotatingwing has onlya reslstanoefcrcebut for k >0.954 it
has a thrustforcejthat Ie, tho latteris obtainedonlyfor rapid
rotationalmotionof the airfoil. Althoughtheseooncluslonswere
obtainedfor an aitioilof infinitespan it Is usefulto compare
themwith the flightdata of birdswhosetingspem%ormpredominantly
translationalfluctuationsIn flight(table2).

s L,
$

z,
M M

~-l
N&K k

Stork 0,500 2,03 0,123 12,6 11 0,134
Pigeon 0,075 0,67 0,045 31,4 25 0,056

Rook 0,130 0,95 0,068 19,0 12 0,108

seagull 0,126 0,96 0,066 13,9 12 0,076

In the abovetable S is the area of the wings, L their
span, c the mean half ohordequalto S/2L, u the angular
frequenoy, v the fli@t speed, k the Strouhalnumber. We see

—— -.
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that birdsfly at
haB a conelderable

small Strouhal numbersfor which
effiol.emy.Remntly V. Golubev

M

their mutton
has workedout

a methodof mmputim the tiust foz-ce~f an.airfoilin translational-- .. . .
“’ osolilatorymotZin oi “the basis of the exlsteme aP two vortex
streetswhose orl@n is at the ertremepositionsof the tmmslatlonal
fluotuatloneof the airfoil~ etiendlngbehindthe airfoil. The
direoticmof rotationof the vorticesIn thesevortexstreetsis
oppositeto the rotationof the Kannanvortloes. Thus the vortioes
of Golubevpush the fluid behindthe airfoilazd therebymove the
airfoilforward. h this ease Infinitelysmallosoillatlonsof the
alrfollme not requixed.

The methodsdeveltiedby the Germans&oQl may alsobe applied
to a oompositeairfoilconsistingof an absolutelyrigidairfoil,
aileronand trinuuer.It is thennecessaryto cmnputea large
numberof _itudes. Thesecomputationswere ~led out twiceby
two different”methodsby K{{sanerin Germanyand Theordorsenin
Amerioa. IRxxuthe agreementbetweenthe obtainedresultsit follows
that theseresultsoanbe reliablyused.

The resultsobtainedfor periodicphenomenamay, on applylng
the FourierInte@al, be extendedto phenanenawhicheme not
periodicIn tine. The mathematlualanalysisis here rathercomplicated,
a fundamentalpartbeingplayedby the function kl(u) gi- by

kl(u) in
~ c(z)

9*Z

“ZiTv+ — dz
z

wherethe path of integrationconsistsof the entirereal axiswith
the originbypassedbelow overan Infinitelysmallsemlcirole.h
order to give an exaqle of how rapidlytheseaperiodlophenomena
are developedwe assumethatthe veloolty Vy at the airfoilat
the instant t = O has reoeiveda certaininstantaneousInorease.
Then the force L and the moment M llkewlseohangetheirvalues
disoc)ntlnuously but onlyby half theirfinalvalw. H the ohord
of the airfoilis 4 met~and the velooity w = 100 metersper seoond
thenat the eml of 2 seoondsthe force L is 99 peroentof its final
inorement.The totalInoreaseof the foroe L and the mcment M
will occurafteran infinitelylong time,that 1s, to attainthe
remalnlng1 peroent&n Infinitetime is required.

ti the sameas the phenmena whioh are aperiodicwith respeot m
to timewe oan considerthe phenmnenawhioh are aperiodlowith

,. .~ respeotto spaoe. It ls-possibleftm ‘dx&@l&ito’consid~”We” wise
where the airfoildurl.ngitsmotionentersa risingcument of air.
We oan obtainthe solutionby oonsiderlngthe systemof Infinitely

1 — ..
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many solutionswith differentStro@al numbers. In thistheorythe
funotlon

1 I~3(o) = ~ [Jo(z)
elm

- lJ1(z)]C(z)~ dz
V4

vhere Jo(z) and Jl(z) are Besselfunctionsand C(z) the
Theodorsenfunotion,playsan hqportantpart. lh orderto obtain
an ideaas to how rapidlythe airfoilreaotsto the effeotof the
risingair currentwe may pointout that afterthe airfoilhas
moveda distanceequalto fiftyt-s its oh- In the rising
ourrentthe inoreasein the llftforoeattains99 percentof Its
totalvalue.

It has been patitedout above”thatthe extensionof the problem
of the unsteadymotionof an “airfoilto the ease at an inocnnpressible
fluidwas made by the ItalianPossio. In additionto general
restrictionsby which the problms are renderedlinearPossio
introdumd Intothe problems furtherrestrictionnamelythat the
velocityof sound a h the gas is alwaysa oonstantquantitywhereas
for adiabatioprocessesthe velocityof sounddependson the squareof
the velocityof the gas and a constantvaluefor it Is onlyapproximate.
To solvethe problamPossiomakesuse of the potentialacceleration
of Prandtl,the partialderivativeswith respectto the coordinatesof
whiohare equalto the correspondl.ngpro~ectionsof the acoelarations.
It IUW be shownthat for the assumedrestrictionsthe aoceleratlon
potentialsatlsflesthe same seoondorderpartialdifferential
equattonaa the velocitypotential.At Inflnltythe acceleration
potentialmust be equalto zeroand on the airfnilhave s certain
discontllnuity.lhxnuthis it follcwsthat the accelerationpotential
may be representedas a potentialof dipolesdistributedalongthe
airfoilulth axesperpendicuk to the latter. We ~ observethat
thisdipoledoes not in Its dimensionscorrespotito an actualdipole
sincethe mrd is here used to denotea particulxmsolutionof the
equationfor the aoceleratlonpotential. The analyticalexpression
for the lattertill containunderthe integralsignthe intensity
of these dipoles. FYam thisanalyticalexpressionit Is possibleto
find the aoceleralzhnsby simpledifferentiationand thenthe
velocitiesof the ccnupressiblefluid,the transitionfrom accelera-
tionsto velocities,underthe assumptionsand restrictlmsmade,
beingeffectedthroughthe titegrationof the llnearequations.We
can thenflti the pro~ecthanof the velocityof the gas on the normal
to the vector w tithe hmwdlate neighborhoodof the airfoilad
the e~ession for thispro~ectionwill ccdain urderthe titegral”
signthe unlmownintensityof the dipoles. h the otherhand this
pro~eoticmmaybe determineddirectlyon the basisof Isinematlo

I
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oonsiderathne. Equating..thetwo expesakmw we obtainan integral
equationfor determlnbg the unknowndipoleIntensity.Slnoethe
lifttngforce.L and totalmoment M are eqreaaed In ternsof
this Intensitythe solutionof this lnte~ equationfurnishesthe
solutionof the prolilam.Possloeuooeededin obtalnlngthis
Integralequationbut neitherhe nor anyoneelsehas suooeedsdas
ye”tin sol- this equation. The equationhas the followlngform

where w is the -oh numberequalto v/a, p = u/w, the
funotion Hi(2) iEIa Hmkel funotlonand the eynibolIq~ represents
the absolutevalueof q. I&mu this equationit is requtredto
determinethe intensity q(x’ ) of the dipoleson the airfoilfor
givenvalueof v.(x) of the pro~eotlonsof the velooityon the
aifioll. l!%omth% mere appeemme of
difficultthisproblemmust be.

The theoryof the wing of finite
treatedby two differentmethods,the
accelerationpotentialand the method

the equationIt is clearhow

span in an unsteadyflowwas
meth~ of Ktissner,usingthe
of Cicalaintroducinga speolal

systemof vorticesconsistingof one Infiniterectilinearilftlig
vortexed threesystemsof itiinltely_ rectilinear-
rectangularvortices. After complloatedexplanations,Cioala, for
detemlnlng the oirculathn I’(yl)at any perpetiicularseotlon ~
of thewtng, arrivesat the followingIntegro-differentialequation

Vz(yl).@) r(yl)+: -~
f -s @

S(PIY-YII) *
2tio

Where

‘(o)=-”rw%%du
2s beingthe spanof the wing, 2C its chord, k = we/w, the
Strouhalnumberd vz(yl) ths ocauponentof the velocityof the
fluidnormalto the wing at the seotlon ~, the caqmnent by

—
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asmuuption being constantalongthe enttresection ~. K&ner,
applylngthe accelerationpotentialof Frandtlalsoarrivedat an
lnte~l equationwhiohresaiblesthat of Cloala.“If p equalsO,
that 1s, ~(k) = 1, S(pIy- yl~) = 1 and both the equatinusof
Cloak dnd K&ener bemue the equation of =andtl whichholdsfor
the case of the steadymo~ionof the wing. Ho solutloneof the
equationsof Cloalaand lCus&nerhave as yet been foundalthoughto
obtaintheseformsof the equationsthe authorsIntroducedintothe
analysismany simpl.lfylngassumptionswithoutwhtoh the equatlcns
wmld havebeen stillmore complicated.In Russia a paperon the
theoryof the wing of finitespan in an unsteadyflow has been
publishedby M. Keldfshbut ths latter’spape~ contains the results
of severalstagesof his work ratherthan a detailedpresentation
of his UlySiS .

We see that nolxdthstandhgthe ratherlargenumberof papers
devotedto the theoryof the unsteadymotionof an alrfollIt must
be mnfessed that In thisdmain the phenomenaare stillnot
completelyInvestigated.In additionto continuingpurely
theoreticallnvesti~atlons,strictlyscientifice~erlments are
requiredbcth in orderto enlain the physicalside of the phenomena
and for the oontinuedcomparison of the resulte of theory and
experiment.At the presentt- it :S stillfar from e~identthat
the physloalpicturewhich is assumedas the basisof the theory
of the phencmenadescribesthe lattercompletely.In particular,
for example,it h entirelynot cle= how thisphyeioalpicture
must be ohangedfor oscillationswith finiteamplitudes.Schntlfla
e~erlments shouldaid In dealingwith these~oblems. It iS

desirablealso to _ out a cmuparlsonof as many ao possible
differentapplicationsof stationaryand nonstationaryaerodynamics
to the samephenmmena. The theoryof the unsteadymotionof an
alrfollis a field In whichmany Bclentificconquestsyet remainto
be madq.

Translationby S.
luatlonalAdvisory
fcr Aeronautics.

Reise,
Committee
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. Table I

~=o.lt

1.7060
1.221a
~ .:%

1 :649u

*o.&

1.aa
2.718a
4 .482a

12s

ad

+.!8.!8
2oh6a
54S98U
M8.413a

Table 2

9

1~~I ;g,$i,~i~p4@stork ...,... . . .
pig eon . . . . . . . .

rook, . . . . . . . . .

seagul l...-.... .
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Figs. 1,2
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