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SUMMARY 

A method i s  described f o r  determining aerodynamic-influence coef- 
f i c i en t s  from wind-tunnel data fo r  calculating the steady-state load 
dis t r ibut ion on a wing w i t h  arbi t rary angle-of -attack dis t r ibut ion a t  
supersonic speeds. The method combines linearized theory w i t h  empir- 
i c a l  adjustments i n  order t o  give accurate results over a wide range 
of angles of attack. The experimentd data required are  pressure 
dis t r ibut ions measured on a f la t  wing of the desired planform at the 
desired Mach nuniber and over the desired range of angles of attack. 

The method has been tes ted by applying it t o  wind-tunnel data 
measured at Mach numbers of 1.61 and 2.01 on wings of the same plan- 
form but of different  surface shapes. Influence coefficients adjusted 
t o  f i t  the f la t  wing gave good predictions of the spanwise and chord- 
wise dis t r ibut ions of loadings measured on t w i s t e d  and cambered wings. 

IB’IXODUCTION 

The influence-coefficient technique has been advanced as  a means 
of predicting aerodynamic loads at supersonic speeds on wings having 
t w i s t  and camber or  on w i n g s  experiencing aeroelastic deformations. 
This technique i s  usually based on the use of l inearized theory fo r  
determining haw loca l  pressures w i l l  be affected by small changes i n  
inclination of the wing surface at any point on the wing. S t r i c t l y  
theoret ical  methods, however, are  handicapped by the f a i lu re  of the 
theory t o  give reasonable pressure distributions,  even f o r  a f la t  
wing, i n  many cases of pract ical  in te res t .  For example, one such case 
occurs when because of a rounded leading edge, a bow wave i s  formed 
ahead of a theoret ical ly  supersonic leading edge. Therefore, it i s  
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often necessary t o  resor t  t o  semiempirical methods u t i l i z ing  wind- 
tunnel pressure data. 

One such method i s  described in reference 1. Although t h i s  method 
gave good r e su l t s  a t  small angles of attack, i t s  accuracy was l e s s  at 
angles larger  than so because it did not attempt t o  account fo r  the 
nonlinear variation with angle of a t tack i n  the available data. 

The method of t h i s  paper employs a different  concept i n  i t s  approach 
t o  the determination of semiempirical influence coefficients and includes 
an approximate representation of the  nonlinear e f fec ts  exhibited by the 
experimental data. 
re la tes  aerodynamic-load dis t r ibut ion t o  angle-of-attack dis t r ibut ion 
over a wide range of angles of attack with good accuracy. 

The end resu l t  i s  a single matrix equation which 

The experimental data in  reference 2 were used t o  demonstrate the 
method of t h i s  paper. 
Mach numbers of 1.61 and 2.01 of a se r ies  of f ive  wing models of the 
same planform but differ ing in dis t r ibut ion of twist  and camber. A t  
the present t h e ,  reference 2 presents the only available data which 
are suff ic ient ly  detailed fo r  evaluating such methods as t ha t  of re f -  
erence 1 and of t h i s  paper. 

Reference 2 presents the r e su l t s  of t e s t s  a t  

The method of reference 3 was used f o r  calculating the theoret ical  
aerodynamic-influence coefficients,  which a re  required as  the basis  fo r  
the empirical adjustments described i n  t h i s  paper. 

SYMBOLS 

a(x,y),b(x,y) coefficients i n  equation f o r  4 $(x,y) i n  terms of loca l  
U angle of attack 

C local  wing chord, in.  

K,K ' ,K" correction factors  

L lift, l b  

M Mach nuniber 

mo tangent of leading-edge sweep angle 

P2 pressure on lower surface of wing, lb/sq in .  

pressure on upper surface of wing, lb/sq in .  PU 
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dynamic pressure, lb/sq in .  

matrix of influence coefficients fo r  computing potential  
dis t r ibut ion from angle-of -attack dis t r ibut ion 

row matrix composed of elements taken from one row of 

free-stream velocity of relative wind, in.  /sec 

streamwise and spanwise coordinates, w i t h  or igin of 
system at  apex of wing, in. 

loca l  streamwise coordinate of wing leading edge, in.  

l oca l  streamwise coordinate measured from leading edge, in.  

wing root angle of attack, radians 

local angle of attack of mean camber l i n e  a t  point (x,y), 
radians 

l i f t i n g  pressure coefficient, p2 - R.l 
9 

spanwise coordinate divided by semispan 

wing leading-edge sweep angle, deg 

perturbation-velocity potential  a t  point (x,y) , in. '/see 

ab solute value of enclosed quantity 

square matrix, number of rows equal t o  number of columns 

diagonal matrix, all elements zero except on principal 
diagonal 

row matrix 

column matrix 
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Sub scr ipt  s : 

E experimental 

P on one panel 

T the0 r e t  i ca l  

METHOD 

In an analysis of the t e s t  data of reference 2, several observa- 
t ions were made which l ed  t o  the  method of t h i s  paper. 

The chordwise pressure dis t r ibut ions fo r  small angles of attack 
a t  M = 1.61, where the leading edge was subsonic, could be predicted 
with f a i r  accuracy by l inearized theory. 
sures were too great i n  the v ic in i ty  of the leading edge, as  i s  shown 
i n  f igures l ( a )  and l ( b ) .  A t  higher angles of attack ( f igs .  l ( c )  
and l ( d ) )  the differences between theory and experiment increased 
because of the nonlinear variation of the measured pressures with 
angle of attack. A t  M = 2.01, where the leading edge was supersonic, 
neither the magnitude nor the shape of the chordwise pressure dis t r ibu-  
t ions were very accurately predicted by l inearized theory, as  i s  shown 
i n  f igure 2. The measured pressure dis t r ibut ions at M = 2.01 were 
similar i n  shape t o  those measured zt 

However, the predicted pres- 

M = 1.61. 

The lack of correlation between theory and experiment at M = 2.01 
would be expected from examination of the a i r f o i l  thickness dis t r ibut ion.  
All the  wings tes ted  f o r  reference 2 had the NACA 65AOO5 thickness d i s t r i -  
bution. 
ordinarily be considered within the scope of l inearized theory, the 
rounded leading edge causes a detached shock wave, and shock waves are  
not considered in  the l inear ized equations. 

Although the ?-percent maximu thickness of t h i s  a i r f o i l  would 

Qualitatively,  the wing with detached shock wave has cer ta in  things 
The f l o w  behind the i n  common with the wing with subsonic leading edge. 

shock wave i s  subsonic fo r  some distance, and pressure disturbances on 
some portions of one surface of the wing can be transmitted t o  some 
portions of the other surface. 
the pressure dis t r ibut ions f o r  the two cases might, therefore, be expected. 
Because a rigorous theoret ical  treatment of the wing with blunt supersonic 
leading edge i s  not available, the poss ib i l i ty  of t rea t ing  t h i s  case as 
a wing with subsonic leading edge w a s  considered. 
hypothetical wing with greater sweep angle, but otherwise the same i n  
chord dis t r ibut ion as  the actual  w i n g ,  was substi tuted f o r  the actual 
wing in the theoret ical  calculations. 

The observed degree of s imilar i ty  i n  

For t h i s  purpose, a 

When the proper sweep angle was 



used fo r  t h i s  "equivalent" wing, the correlation between theory and 
experiment w a s  very much improved. Although the agreement was not 
perfect ,  the  remaining discrepancies were of a type which could be 
eas i ly  reduced by simple correction factors applied t o  theoret ical  
influence coefficients calculated. for  the equivalent wing. 

The method of t h i s  report, therefore, requires three steps. F i r s t ,  
the  equivalent wing sweep angle i s  found. which gives theoret ical  pres- 
sure dis t r ibut ions of roughly the shape and magnitude measured on the  
f l a t  wing. Second, t h i s  equivalent wing i s  then used i n  the calculation 
of influence coefficients by l inearized theory. Third, these theoret ical  
influence coefficients are fur ther  modified by empirical correction fac- 
t o r s  determined from the measurements made on the f l a t  wing. These l a t t e r  
corrections include an approximate correction for  nonlinearity i n  the 
variation of  air  load with angle of attack. 

Determination of Equivalent Sweep 

When the leading edge of the wing i s  subsonic, the equivalent 
wing i s  the same as the actual wing, and the necessary empirical cor- 
rections are applied t o  the theoret ical  influence coefficients for  the 
actual wing. When the leading edge of  the wing i s  supersonic, the 
equivalent wing-sweep angle i s  determined by the following procedures 
before the theoret ical  influence coefficients are calculated. 

In order t o  determine the sweep angle required of the equivalent 
wing, use i s  made of the following equation derived from linearized 
theory : 

Equation (1) ' w a s  derived from equations ( L l )  and (L2) of refer-  
ence 3. For tha t  reason, it i s  only exact when P/% = 1.0. By com- 
parison with equation (7) of reference 4, it w a s  found tha t  the error  
i n  equation (1) i s  l e s s  than 5 percent when 
w a s  used i n  place of the exact equation for the sake of consistency 
with the method of reference 3. 

P/% = 0.4. Equation (1) 

Equation (1) applies t o  f l a t  triangular wings with subsonic leading 
and supersonic t r a i l i n g  edges. For wings other than triangular,  it can 
be applied i n  regions not affected by the t i p .  

The object i n  applying equation (1) i s  t o  substi tute experimental 
values of AP -, U r ,  B, x, and y and to  solve f o r  the value of m, 

9 
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which sa t i s f i e s  the equations. The x coordinate of a given point 
must be expressed i n  terms of f rac t ion  of the  chord and m, i n  
order t o  allow a point at a cer ta in  and y on the actual wing t o  
have the same location of x' and y on the equivalent wing. Thus, 

X' 

X '  

C 

X '  x = %Y + C T  

The solution of equation (l), with 

9 
y, and u,-, taking as the solution the value of m, which gives 

x expressed as i n  equation 2 
may be found graphically by p lo t t ing  @ against m, for  constant 

-F' 
the measured value of 9 at tha t  point on the w i n g .  
may be obtained from points along the chord at  the midsemispan, and an 
average of these values of 
alent wing sweep angle. 
because the theoret ical  value of 

Several solutions 

may be used as the  tangent of the equiv- 

9 

Points on the leading edge must not be used 
4 
9 

at the leading edge i s  in f in i t e .  

The foregoing procedure w a s  applied t o  the determination of a wing 
which would be equivalent t o  tha t  tes ted  i n  reference 2 at  
The resul t ing leading-edge sweep angle w a s  63.40 instead of the actual  
value of  5 4 O .  
using t h i s  value of sweep angle in  the theoret ical  calculations. Fig- 
ure 2(a) shows the  chordwise pressure dis t r ibut ions a t  50 percent semi- 
span on the f l a t  wing and on the wing with l i nea r  t w i s t  at a root angle 
of attack of 6 O .  
a t  70 percent semispan are  shown. Except a t  the leading edge, the shape 
of the theoret ical  pressure dis t r ibut ion on the equivalent wing 
(Ale = 63.4) i s  more nearly l i k e  the shape of the experimental dis t r ibu-  
t i o n  than i s  the shape of the theoret ical  pressure dis t r ibut ion fo r  the  
actual wing. 
alent wing t o  measured pressure i s  about the same at  a given point f o r  
both f la t  and twisted wings. 

M = 2.01. 

Figure 2 shows the improvement which w a s  obtained by 

In figure 2(b),  the chordwise pressure dis t r ibut ions 

Furthermore, the r a t i o  of theoret ical  pressure on the  equiv- 

It i s  apparent, therefore, t ha t  the measured pressure at a given 
point on the twisted wing could have been closely approximated by f i r s t  
calculating the pressure on the  equivalent wing with the same t w i s t  d i s -  
tr ibution and then multiplying that pressure by the r a t i o  of measured 
pressure on the f l a t  wing t o  theoret ical  pressure o r t h e  equivalent 
f l a t  wing. (The f ac t  that the theoret ical  pressure at  the leading 
edge i s  i n f in i t e  i s  of no concern when numerical methods are  used, 
provided tha t  points exactly on or too near the leading edge are  not 
used.) The application of t h i s  observation t o  the adjustment of aero- 
dynamic influence coefficients calculated by l inearized theory fo r  the 
equivalent wing i s  described in  the sections which follow. 
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Theoretical Aerodynamic Influence Coefficients 

A number of methods might be used f o r  calculating influence coef- 
f i c i e n t s  f o r  the equivalent wing by linearized theory, depending on the 
desired end resu l t .  Ln t h i s  report ,  the  application of the  r e su l t s  t o  
aeroelast ic  calculations i s  considered foremost. 
aerodynamic influence coefficients are required i n  order t o  define the 
aerodynamic forces produced on small panels of the wing by deflection 
of a specific small panel. 
l a t i ng  such coefficients which i s  economical of computing time, i n  tha t  
it does not require a direct  calculation o f  pressure. 
reference 3 w a s ,  therefore, adapted t o  the requirements of t h i s  report 
by cer ta in  modifications which are described i n  the appendix. 
modifications were introduced t o  allow the f i n a l  empirical adjustments 
t o  be made at  the ea r l i e s t  convenient stage i n  the calculation of the 
force coefficients.  

For t h i s  purpose, 

Reference 3 describes a method of calcu- 

The method of 

These 

Some er rors  which were found in the  equations of reference 3 are 
also noted i n  the appendix. 

Empirical Adjustment of Theoretical Influence Coefficients 

Inasmuch as reference 3 makes use of perturbation-velocity potent ia l  
dis t r ibut ions f o r  calculating aerodynamic influence coefficients,  the 
following section w i l l  describe how the theoretical  potential  dis t r ibu-  
t ions,  expressed as a function of angle-of-attack dis t r ibut ion,  may be 
adjusted t o  agree with experimental data. The resu l t  w i l l  be a matrix 
equation re la t ing  the  dis t r ibut ion of perturbation-velocity potential  
t o  the dis t r ibut ion of angle of attack. The method of adjustment w i l l  
be described f i rs t  fo r  small angles o f  attack. 
be extended t o  cover a larger  range by approximating the nonlinear 
var ia t ion of potent ia l  with angle of attack. 

The method w i l l  then 

Small angles of attack. - According t o  l inearized potential-flow 
theory, the perturbation velocity potential at a point 
calculated from a measured dis t r ibut ion of l if t ing-pressure coefficient 

9 

$(x,y) c m  be 

as follows: 

The integration i s  from the leading edge t o  the  point x, w i t h  y being 
held constant. 
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4 
-$(x,y) U 

Equation 3 was used t o  calculate  values of from the 
experimental data of reference 2 f o r  comparison with theore t ica l  values. 
The r e su l t s  showed t h a t  whether the wing w a s  f l a t  or twisted, theo- 
r e t i ca l  values were i n  e r ro r  by roughly the  same percentage a t  small 
angles of attack. I n  other words, the  actual  potent ia l  a t  a point 
could be considered t o  be some constant times the theore t ica l  potent ia l ,  
the constant being mainly dependent on the  location of the  point and 
very l i t t l e  dependent upon the  source d is t r ibu t ion  which caused the  
potential .  Thus, 

where the  correction factor  K can be derived from pressure measure- 
ments on a single wing model. 

For convenience i n  correcting the  potent ia l  dis t r ibut ions,  a matrix 
of influence coeff ic ients  
of reference 3 described i n  the  appendix t o  y ie ld  theore t ica l  values of 
4 -@T(x,Y) U 
element of t h i s  matrix i s  the  value of 

from a uni t  angular deflection of one of the  influence panels. Thus, 

[S$] 
w a s  s e t  up by the  modified procedures 

a t  t he  points required fo r  calculating the panel loads. An 
4 h ( x , y )  U 

a t  a point resul t ing 

c . 

Equation ( 3 )  i s  adjusted t o  f i t  experimental data by multiplying 
the right side by a diagonal matrix rK_) whose elements a re  defined by 
equation ( 4 ) .  mus, 

Equation (6) i s  now eas i ly  solved t o  obtain the  elements of [Kf 
which w i l l  give an exact f i t  t o  one set of experimental conditions of 
{b (x ,y ,>  and @(x,yD. Although there  i s  no proof t h a t  equation (6) 
can then be applied t o  the  calculation of dis t r ibut ions of potent ia l  
corresponding t o  a rb i t ra ry  angle-of -attack dis t r ibut ions,  it has been 
found t h a t  equation (6) gives good approximations t o  the  experimental. 
data i n  reference 2 on twisted wings a t  small angles of attack, when 
rK] i s  computed from flat-wing data. 

Correcting f o r  nonlinear var ia t ion with angle of attack.-  A t  angles 
of a t tack above about 6 O ,  t h e  e f f ec t s  of nonlinearity began t o  be apparent 
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i n  the experimental data of reference 2. These e f fec ts  varied from 
point t o  point on the wing. An approximate method fo r  ta?dng these 
e f fec ts  into account follows. 

There i s  no pract ical  theoret ical  method of computing nonlinear 
aerodynamic influence coefficients corresponding t o  [S$] in equation (6) . 
It w a s  necessary, therefore, t o  assume some arb i t ra ry  form for  the re la -  
t ionship between potent ia l  and angle of attack, adjust it t o  f i t  the f l a t -  
wing data, and then t e s t  it against the available twisted and cambered 
wing data. 

In order t o  a id  i n  making a reasonable assumption as t o  the form 
of the influence-coefficient equation, flat-wing data of reference 2 
were analyzed t o  determine what relationship existed between angle of 
attack and %(x,y) a t  each point. It was found tha t  the potential  

at any point on the f la t  wing could be adequately expressed by a curve 
of the second degree i n  angle of attack with antisymmetry expressed i n  
the following manner: 

U 

Since the second-degree term re ta ins  the sign of a+, the curve of 
equation (7) i s  antisymmetrical. The coefficients a(x,y) and b(x,y) 
varied from point t o  point on the wing. The matrix formulation which 
expresses equation (7) fo r  a l l  points on the f l a t  wing a t  which -$(x,y) 4 U 
i s  required i s  as  follows: 

Equation (8) expresses an empirical relationship for  the f l a t  wing 
only. The f i n a l  form of the influence-coefficient equation must give 
the same re su l t s  as equation (8) for  the f l a t  wing. Of several forms 
tes ted  which met t h i s  requirement, the equation which worked best  f o r  
twisted and cambered wings was the following: 

The elements of the diagonal matrices rKg and [Kll] a re  cal-  
culated by set t ing equation ( 9 )  identical  t o  equation (8) when 
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Q(x,y,> = (l>a,, i n  which case 
sat isfy the ident i ty ,  coeff ic ients  
Thus, 

U T I .  In order t o  
of % must be equal. 

and 

From equation (lo), 

or  

where (1 LSg]) i s  a column matrix, each element of which i s  the sum 

of the corresponding row of From equation (11) , i n  l i k e  manner, 
[S$'. 

The elements of rK1] and rK 'g  evaluated from equations (13) 
and (14) are  used i n  equation (9) t o  calculate adjusted perturbation- 
velocity potent ia ls  resul t ing from any angle-of-attack dis t r ibut ion.  
A procedure f o r  calculating l i f t  dis t r ibut ions from equation (9) i s  
given i n  the  appendix. 

Evaluation of Method 

Equation (9) expresses an empirical re la t ionship which i s  neces- 
sa r i ly  accurate f o r  the  f la t  wing. In  order t o  demonstrate i t s  useful- 
ness f o r  predicting the  loads on twisted and cambered wings, influence 
coefficient were computed f o r  25 points on the  wing planform tes ted  
i n  re ferenc i  2. The actual planform i s  shown i n  f igure 3(a) and the  
equivalent wing a t  M = 2.01 i s  shown i n  figure 3(b) .  Each influence 
panel occupies 20 percent of t he  semispan and 20 percent of the  chord. 
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A t  M = 1.61, the actual wing geometry ( f ig .  3(a))  w a s  used i n  the 
necessary theoret ical  calculations. 
matrix [Sg] for  M = 1.61 are  l i s t e d  i n  table  I. 
of the numbers i n  a given row times the angles of attack at  the centers 
of the panels indicated by the column headings w i l l  be the value of 
@(x,y) a t  the t r a i l i n g  edge of the panel designated by the row number. 

The corresponding matrix E$] f o r  the equivalent wing a t  M = 2.01 

The elements of the  theoret ical  
The matrix products 

i s  i n  tab le  11. 

The data  reduction procedure used t o  obtain the coefficients a(x,y) 
and b(x,y) i n  equation (8) may be outlined as follows: Chordwise 
dis t r ibut ions of 9 on the, f la t  wing for each angle of attack were 
integrated from the wing leadi@ edge t o  the t r a i l i n g  edge of each 
panel by numerical integration procedures. Where necessary, interpola- 
t ion  was performed t o  obtain the integrals at the span s ta t ions corre- 
sponding t o  the  centers of the influence panels. The pressure integrals  
were plot ted against angle of attack and were f i t t e d  w i t h  second degree 
curves by least-squares procedures. (The foregoing procedilres may be 
varied according t o  individual preference.) The .coefficients a(x,y) 
and b(x,y) obtained i n  t h i s  manner, together with the K' and K" 
coefficients derived from them by equations (13) and (14), are  tabluated 
in tab le  111. 

9 

Tables I, 11, and I11 apply, of course, only t o  the wing tes ted i n  
reference 2. 
method of th i s  report and the re la t ive  magnitudes of the quant i t ies  
involved. 

They are included t o  a id  i n  visualizing the resu l t s  of the 

4 
U 

Values of --$(x,y) were calculated by equation (9) f o r  wings 1 
and C of reference 2 fo r  several angles of attack. 
calculations at  constant f ract ions of the chord were plotted against 
span s t a t ion  and are  presented i n  figures 4 t o  7. 
4 -(b(x,y) U 
l oca l  chord.) 

The results of the 

( A t  $ = 1.0, 
i s  equal t o  the product of section lift coefficient times 

4 
U Figures 4(a) t o  4(c) show spanwise distributions of --$(x,y) fo r  

wing 1 a t  a Mach nuniber of 1.61. 
dis t r ibut ion.  

W i n g  1 had a bui l t - in  l i nea r  twist 
The angle of a t tack a t  any s ta t ion  i s  given i n  radians 

by the equation 

u ( x , ~ )  = a, - 0.1047 
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I n  addition t o  the  values calculated by equation (l3), experimental 
values o f  #(x,y) and those predicted by l inear ized theory a re  also 
shown. 

Figures 5(a) t o  5(c) are corresponding p lo t s  fo r  wing C ,  which 
was not twisted but cambered and had an NACA a = 0 mean camber l i n e ,  
4 percent high a t  each spanwise s ta t ion .  

Figures 6 and 7 show the  spanwise dis t r ibut ions fo r  wings 1 and C y  
respectively, at a Mach number of 2.01. 

Since theoret ical  influence coeff ic ients  were not calculated f o r  
4 
u the actual  wing a t  M = 2.01, t he  values of - @ T ( X , Y )  predicted by 

l inearized theory are not shown i n  f igures  6 and 7. 
symbols i n  these figures represent i n d a d  the  values which would be 
calculated by the method of t h i s  report  if  t h e  corrections f o r  non- 
l i nea r i ty  were omitted. These points  were calculated by the  equation: 

The diamond-shaped 

i 

w i t h  t he  use of values of r K g  i n  t ab le  I11 fo r  M = 2.01. 

DISCUSSION 

T h e  method of t h i s  paper i s  not intended as a theory f o r  explaining 
the behavior of wings with blunt leading edges at supersonic speeds. It 
i s  t ru ly a curve-fi t t ing procedure based on the  following observations: 
F i r s t ,  t h a t  the  equations of l inear ized theory can be made t o  give a 
bet ter  approximation t o  measured pressures by adjusting the  leading- 
edge sweep parameter which appears i n  the  equations; and second, t h a t  
the approximation can be fur ther  improved by adjusting the  influence 
coefficients calculated from the  a l te red  equations so t h a t  they conform 
t o  measurements made on a f l a t  wing. 

The degree of accuracy i n  predicting twisted and cambered wing 
loadings which may be obtained by basing the  corrections on data  from 
tests of a f la t  wing alone i s  i l l u s t r a t e d  i n  f igures  4 t o  7. In using 
these results t o  evaluate the application of the  method t o  aeroelast ic  
analysis, the accuracy with which aeroelast  i c  deformations are rep- 
resented by the  twisted and cambered wing surface shapes must be taken 
into account. The accuracy with which these surfaces are  approximated 
by the influence panels used must a l so  be considered. 



The greatest  discrepancies a t  positive angles of attack were 
obtained i n  predicting the cambered wing loadings, especially a t  
M = 2.01. A cross plot  against x ' / c  of experimental and calculated 
points a t  posit ive angles of attack i n  figure 7 a t ,  for  example, 50 per- 
cent of the semispan (7 = 0.50) would show a nearly constant error  a t  
each point along the chord. Examination of the influence coefficients 
showed tha t  such an error  could resul t  from using angles of attack f o r  
the leading-edge panels which were not representative of the effect ive 
angles over the  same portions of  the cambered wing. Since there i s  a 
difference i n  angle of attack on the cambered wing of about 13.80 between 
the points x ' / c  = 0.025 and x ' /c  = 0.20, some error  of t h i s  type might 
be expected. 

Errors of the type jus t  discussed could probably be greatly reduced 
by replacing each leading-edge influence panel by a number of smaller 
panels which would more closely approximate the large curvature of the 
cambered wing. Such large curvature would not be expected t o  resu l t  
from camber bending due t o  airload. I n  view of t h i s  fac t ,  and because 
of the great increase i n  the computations which would be required, no 
fur ther  analysis of the e f fec ts  of adding more influence panels was 
attempt ed . 

A number of modifications i n  the procedures described i n  t h i s  
report are  possible. For example, it may be desired t o  calculate 
pressure dis t r ibut ions rather  than potential  or load dis t r ibut ions.  
In  t ha t  case, a theoret ical  matrix of influence coefficients fo r  cal-  
culating pressure may be calculated by replacing the equations of 
reference 3 with corresponding equations fo r  pressure. 
fac tors  would then be calculated in  the manner described, substi tuting 

edges should not be used, as  the theoretical  pressure a t  these points 
i s  in f in i t e .  Although the data reduction would be simplified by using 
pressure coefficients,  the theoret ical  computations would be more com- 
pl icated than those required f o r  potential coefficients.  

Correction 

pressure wherever -$(x,y) 4 appears. Points exactly on the leading 
U 

The method of t h i s  report should give accurate predictions of the 
e f fec ts  of deflecting leading- or trailing-edge control surfaces i f  the 
boundaries of one or more of the influence panels are  made t o  coincide 
with the actual control-surface boundaries. 
cation t o  spanwise symmetrical loads could be shown from the available 
data, it may reasonably be assumed that  the correction factors  obtained 
from symmetrical t e s t s  can also be applied t o  the theoret ical  influence 
coefficients for  antisymmetrical airloads. 

Although only the appli- 

The poss ib i l i ty  of applying some o r  all of the concepts of t h i s  
report t o  the case of dynamic loading has not been investigated. 



It would be desirable f o r  any empirical method such as the one 
described t o  be fur ther  ver i f ied  by t e s t s  on other wings and at other 
Mach numbers. 
time. 

Unfortunately, such tes t s  are not available a t  the present 

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Field, V a . ,  February 6, 1961. 
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THEORETICAL AERODYNAMIC IN?LUENCE COEFFICLENTS 

Reference 3 presents equations by which the elements of the  matrix 
[Sg], defined by equation ( 5 ) ,  may be calculated. 
those equations f o r  computing pd 
w i l l ,  therefore,  be described i n  t h i s  appendix. 
equations of reference 3 w i l l  a lso be noted. 

The specific use of 
i s  not described i n  reference 3 and 

Some corrections t o  the 

Calculation of 

A typ ica l  element of the matrix p$] i s  the  theoret ical  change 

i n  $(x,y) produced a t  the  center of the t r a i l i n g  edge of one of the 
influence panels by a uni t  change i n  deflection of another panel. The 
deflection of a panel can be simulated by adding and subtracting i n  a 
cer ta in  manner the deflections of four "control surfaces," as i s  shown 
i n  reference 3; therefore, the  potential  a t  a given point due t o  the  
deflection of the panel can be calculated by adding and subtracting 
i n  l i k e  manner the  potent ia ls  at the point due t o  the deflections of 
the  same control surfaces. 

Each equation i n  the  appendix of reference 3 defines the  quantity 

- -  a' as the evaluation of a cer ta in  function of x and y between 
9 d Y  
two limits i n  
panel on which the  load i s  t o  be calculated. Since 

x, which are t h e  leading and t r a i l i n g  l i m i t s  of the 

it follows t h a t  t he  equations f o r  - 2 may be regarded as equations 

fo r  $~(x ,y )  i f  the  indicated evaluation between limits i n  x i s  
4 q w  

U 

omitted . 
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Corrections t o  Equations 

Equations fo r  perturbation veloci ty  poten t ia l  i n  supersonic flow 
must yield a value of zero along the  leading edge of a surface and along 
certain other boundaries, such as the  Mach l i n e s  extending from the  ver- 
tex of a control surface with subsonic hinge l i n e .  It w i l l  be found tha t  
i n  many cases the equations of reference 3 do not s a t i s fy  these boundary 
conditions. 
t o  improper placement of an absolute value sign i n  the  inverse hyperbolic 
cosine term (or terms). 
have enclosed the  en t i r e  argument. 
reference 3, the term which appears as 

In each equation where t h i s  e r ror  w a s  found, it w a s  t raced 

In each case, t he  absolute value sign should 
For example, i n  equation ( L l )  of 

should have been 

Errors of the same type were found i n  equations (Sl), both terms 
of (S2), (S3),  (Elk), both terms of (R2), and (L2). 

lnfluence Coefficients f o r  Aerodynamic Load 

For the  purposes of aeroelast ic  analyses, influence coeff ic ients  
which r e l a t e  l i f t  force t o  angle of a t tack are  usually required. 
ence coeff ic ients  i n  t h i s  form are  readi ly  derived from equation (9). 

The quantity @(x,y) 

Influ- 

i s  calculated by equation (9) f o r  points at  
the center of the  t r a i l i n g  edge of each panel. 
the values calculated by equation (9) f o r  two adjacent panels a t  the  

4 same span s ta t ion  i s  the  change i n  -$(x,y) 
U 

t w o  panels, which i s  a l so  the  quantity - - dLp at the  center of t h a t  

panel (eq. ( A l ) ) .  A matrix [D] may be formulated which, when pre- 
multiplied in to  equation (9), w i l l  give: 

The difference between 

over the  nearmost of the 

s a y  



For the  arrangement of rows used i n  tables  I and 11, the  matrix, 
[Dl w i l l  be t h a t  given i n  table IV. 

The panel l i f t  per u n i t  dynamic pressure, - Lp 
9 ,  

i s  calculated by a 

numerical integration of - - between the spanwise l i m i t s  of each 

panel. 
by an integrating matrix denoted by [Iint]. Thus , 

9 dY 
This integration i s  accomplished by premdtiplying equation (A2) 

The form of the  integrating m a t r i x  w i l l  depend on whether the 

Therefore no specif ic  form i s  
trapezoidal rule ,  Simpson’s rule ,  or one of several other methods of 
numerical integration i s  preferred. 
given f o r  [~int]. 
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Figure 1. - Continued. 
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Figure 1.- Concluded. 
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Figure 2.- Chordwise dis t r ibut ion of l i f t i n g  pressure on f l a t  and 
twisted wing at  M = 2.01 and % = 6'. 
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Mach l i n e  for f.I = 1.61 &c 

\ 

15.7 5" 

(a) Actual wing planform. 

Figure 3. - Wing planform showing boundaries of influence panels. 



(b) Equivalent wing planform for- M = 2.01. 

Figure 3 . -  Concluded. 
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