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NATTONAT, AERONAUTICS AND SPACE ADMINISTRATION

TECHNICAL NOTE D-~691

STUDY OF SYSTEMS USING INERTIA WHEELS FOR PRECISE
ATTITUDE CONTROL OF A SATELLITE

By John 5. White and Q. Marion Hansen

SUMMARY

Systems using inertia wheels are evaluated in this report to determine
their suitability for precise attitude control of a satellite and to select
superior system configurations. Various possible inertia wheel system con-
figurations are first discussed in a general manner. Three of these sys-
tems which appear more promising than the others are analyzed in detail,
using the Orbiting Astronomical Observatory as an example., The three sys-
tems differ from each other only by the method of damping, which is pro-
vided by either a rate gyro, an error-rate network, or a tachometer in
series with a high-pass filter.

An analytical investigation which consists of a generalized linear
analysis, a nonlinear analysis using the switching-time method, and an
analog computer study shows that all three systems are theoretically
capable of producing adequate response and also of maintaining the required
pointing accuracy for the Orbiting Astronomical Observatory of *0,.1 second
of arc. Practical considerations and an experimental investigation show,
however, that the system which uses an error-rate network to provide demp~
ing is superior to the other two systems. The system which uses a rate
gyro is shown to be inferior because the threshold level causes a signifi=-
cant amount of limit-cycle operation, and the system which uses a tachom-
eter with a filter is shown to be inferior because a device with the
required dynamic range of operation does not appear to be available. The
experimental laboratory apparatus used to investigate the dynamic perform-~
ance of the systems is described, and experimental results are included
to show that under laboratory conditions with relatively large extraneous
disturbances, a dynamic tracking error of less than 0.5 second of arc was
obtained.

INTRODUCTION

For many satellites some form of attitude control is required and,
in some cases, the control must be fairly precise. The use of inertia
wheels for precise control of satellite attitude is one of the more prom=-
ising methods within the capabilities of present production and is the
subject of this report. Various possible methods of damping will be



considered, and the destabilizing effect of an integrator, which is used
to keep the error small, will be examined. After a brief general discus-
sion, the three most promising systems will be analyzed in detall by means
of linear and nonlinear analyses, analog computer studies, and laboratory
experiments. The three systems differ only by the method of damping,
which is provided by either a rate gyro, an error-rate network, or a
tachometer in series with a high-pass filter.

The requirements placed on satellite attitude control systems vary
from one satellite to another; however, it can be stated generally that
a reference, or tracking line, in the satellite is required to be main~
tained in alinement with a specified external reference, or line of sight,
to a specified accuracy, in the presence of disturbing torques and of
motion of the external reference. For a stellar or solar pointing satel-
lite, motion of the external reference will be oscillatory at the orbital
period, as a result of parallax or velocity aberration. For an earth-
pointing satellite the external reference will have a constant velocity.
The most significant disturbing torques acting on an earth satellite will
probably come from the earth's gravity gradient, the sun's radiation
pressure, the earth's atmospheric density, and the earth's magnetic field.

An earth satellite which will suffice as an example for evaluating
control systems in this report is the Orbiting Astronomical Observatory.
The most stringent fine control requirements presently contemplated for
the OAO demand that the pointing error be maintained at less than 0.1
second of arc for one orbital period of approximately 100 minutes. Fur-
thermore, roll motion about the line of sight must be maintained at less
than 1 second of arc per second. For stellar sighting the line-of-sight
velocity will have a maximum of 0.005 second of arc per second, predomi-
nantly from velocity aberration effects. It is expected that the disturb-
ance torques will be on the order of 100 dyne centimeters. A brief
description of velocity and torque inputs is included in appendix A, and
a more complete discussion may be found in reference 1.

NOTATTION

Torque constants (dyne cm/(radian/sec)):

Be back emf
Be motor friction
By magnetic field

Tnertias (gram cm2):
Iy satellite body

Iw motor and wheel
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Gains:

Kg motor amplifier, volts/volt
Ke error amplifier, volts/volt
Kg rate gyro, volts/(radian/sec)
Ki error-rate network, volts/(volt/sec)
Kp motor, (radians/sec)/volt
Xs sensor, volts/radian
K¢ tachometer with lead network, volts/(radian/sec2)
Jw , .
Ke' outer loop, KgKeKgKm T (radians/sec) /radian
Jw . .
Kg' gyro 1oop, KKaKy —, radians/radian
Ip
Jw . .
Ki! error-network loop, KeKiKeKp radians/radian
b
Ki' tachometer loop, KiKgKp, radians/(radian/sec)

Time intervals (sec):

T time

te control time

tg settling time to within specified error limit

Taw switching or reversal time of applied motor voltage

tawe incremental error time, or time for error to change from one

point of zero velocity to the next

Torques (dyne cm):

T3 externally applied disturbance to satellite body
Taw externally applied disturbance to motor and wheel
T motor and wheel output

Tms motor output at stall




Voltages (volts):
v applied to motor amplifier
Vi applied to motor

Fictitious block diagram voltages (radians/sec):

J
v KoKy — V
Jb
JW
V' Kﬁ.jg Vm

Generalized parameters:

¢ damping ratio for second-order equation

Ty time constant associated with line-of-sight inputs, sec
To time constant associated with torque inputs, sec

W natural frequency, radians/sec

Time constants (sec):

T3 lag in error-rate network
Ty motor and wheel
Ty lag in the lead network in series with the tachometer

Angular positions (radians):

Py satellite body position

e command or input

Pe instantaneous error

Peo initial value of g

Pey linear range of sensor, or error at which sensor output
limited

Pess steady-state error

Lo incremental error change during Q@@e

becomes

@ &=
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Angular velocities (radians/sec):

W instantaneous satellite body relative to inertial space
Wy roll about line of sight relative to inertial space

Wyr instantaneous motor and wheel relative to inertial space
Wy instantaneous motor and wheel relative to satellite body
Wiro initial value of wy

Wyg line of sight relative to inertial space

SYSTEM CONFIGURATIONS AND ERROR CONSIDERATIONS

System Configurations

A qualitative discussion of system configurations is warranted in
order to select systems for further investigation. A rather generalized
block diagram of a control system using a motor and inertia wheel for
momentum storage is given in sketch (a).

Line of ¢ v T
sight e v m_ | Motorand | ™
—@ Sensor Amp + Amp wheel
¢ Compensation
b device
Ta
Tracking Satellite fa——
line J

General system diagram

Sketeh (a)

The basic system consists of a sensor, appropriate amplifiers, a
compensation device, and a motor-wheel combination. An external disturbing
torque, Tq, is shown acting on the satellite. When a voltage is applied to
the motor, a torque acts directly on the wheel and reacts directly on the
satellite body. For simplicity in the remainder of the discussion, the
motor is assumed to have a linear torgue-~speed relationship; that is, the
voltage required for constant torgque output increases linearly with speed.
Such a torque-speed relationship is characteristic of a servomotor.



If no compensation is used, the transient response of the system
will be oscillatory, with the amount of damping determined by the time
constant of the motor-wheel combination. For the satellite control sys-
tems considered, the time constant will be large (since there will be a
large wheel on a small motor), so that the system damping will be extremely
small. Accordingly, some sort of rate device must be used to damp the
system. Such damping can come from a rate gyro, an error-rate network,
or a tachometer. The steady-state errors that result from a disturbance
torque or a line~of=-sight velocity may be analyzed by considering the type
of compensation used.

First, consider the effect of a constant disturbance torque, Tq, on
an unccompensated system. This torque must be canceled by an equal and
opposite constant torque, Ty, from the servomotor if the satellite is to
be maintained at a fixed orientation. For an uncompensated system the
steady torque from the motor will accelerate the wheel at a constant rate,
and. the motor voltage will rise linearly as the wheel velocity increases.
Thus, in a properly controlled system, a steady-state disturbing torque
will cause a constantly increasing motor drive voltage and, also, a
constantly increasing error.

If, now, damping 1s added by means of a rate gyro, the error will
be essentially the same as for the uncompensated system because the satel-
lite orientation is nearly constant in the steady state and the gyro signal
is approximately zero. The same is true for a damping signal from an
error-rate network. If, however, a tachometer is used for damping, the
tachometer voltage will increase with wheel velocity. The error signal
must overcome this additional voltage to maintain control so that there
is a further, and possibly very large, increase in error.

Next, consider the effect of a step change in the line-of-sight
velocity, wig, on an uncompensated system. For proper tracking, the
steady-state satellite angular velocity, wp, must equal w;g. The torque
to produce the required wp comes from the reaction of the satellite to
a corresponding change in the wheel speed, wy. OSince, in the steady
state, the motor voltage increases with Wy, the result of a step input
of angular velocity of the line of sight will be a change in the steady-
state motor voltage, Vp, and therefore a corresponding change in the
error, QPe.

The addition of an error-rate network has no effect on the error
resulting from a line-of-sight velocity input, since the rate of change
of the error is zero in the steady state. However, with the addition of
either a rate gyro or a tachometer for damping, a step change in wig
causes a change in gyro or tachometer voltage which adds, perhaps
significantly, to the error.

Summarizing, it is noted that damping by an error-rate network does
not increase the steady-state errors for either torque disturbances or
line~of=-sight velocity inputs, whereas the rate gyro adds to the steady-
state error for line-of-sight velocity inputs, and tachometer damping

W e



adds to the errors for both torque disturbances and line-of-sight velocity
inputs. In the case of a stellar-pointing satellite, however, line-of=
sight velocity inputs are likely to be small, so that the gyro system's
deficiency in this respect may not be important. For a system using a
tachometer, the increase in steady-state error with wheel velocity can be
compensated for by putting a high-pass network, or lead network, after the
tachometer in order to pass high frequencies to provide stability during
transient conditions and to cut off the lower frequencies to reduce the
error during steady-state conditions.

For all three systems discussed thus far, the steady-state error is
constant for a constant line~of-sight velocity input, and is steadily
increasing for a constant disturbance torgque input. The steadily increas-
ing error locks like a serious handicap, but actually, it is not. As was
previously shown, this error is necessary in order to force the motor to
increase in speed to absorb the momentum from the external torque, and the
error is proportional to the momentum. The motor-wheel unit has a maximum
amount of momentum which it can absorb; therefore, there is a maximum
error that can build up. To maintaln continuous control of the satellite
in the presence of a steady torque, provisions must be made for removing
momentum which has been stored in the wheel. (Jet control would be one
way of doing this.) The system must, then, be designed so that it can
drive the wheel to maximum momentum without the error exceeding tolerable
limits. This can be done in the systems previously discussed either by
having sufficient gain or by adding an integrator between the sensor and
the motor.

If the integration is provided in the form of an integrating gyro,
the maximum torque required from the motor will be much larger than would
be required if no integrator were present, as shown in appendix B. If the
integrator is electronic, it will require either a larger motor or a con-
siderably larger amount of rate feedback, depending upon its location.
One further possibility for integration would be to use a sampling inte-
grator which would sample the error at periods which were long compared
to the natural period of the system, but short compared to the time between
momentum dumps. Such a system would have essentially no effect on the
design, except to reduce the forward loop gain required. A reduction of
the forward loop gain, however, would have the perhaps undesirable effect
of lengthening the response time. In any case, since the error can be kept
sufficiently small without integration in any form, it seems reasonable
to select only the three simpler systems for study. Accordingly, the
present report is devoted to a theoretical and experimental evaluation
of the three systems previously mentioned which provide damping with no
integration of any form. These three systems will be referred to in the
remainder of this report as the rate-gyro, error-network, and tachometer
systems; the tachometer system includes a high-pass filter.



Complete Error Equations

Error equations for the three systems will now be derived.

In the

derivations, the following simplified motor-wheel transfer function will

be used:

Tm._ Kpdyrs

Vm 1+ TmS

(1)

A complete block diagram of the motor~wheel combination is included in
appendix C with a brief discussion of the simplifications which led to

the form used here.

The rate-gyro system is illustrated in sketch (b).

Here, it 1is

assumed that the dynamics associated with the gyro may be neglected.

e
ws | 4’0 Y \Y KmdJdws
™ s | Ks =1 Ke va Ko - I:rws
m
Tm
®y Kg
]
' - Ta
S wy, JbS v/
Rate-gyro system
Sketch (b)
The error equation is derived as follows:
The open~loop equation for the inner loop is
Iy
= - 2
“ T T Ts T Jps
Substituting the equation,
V = KgKePe - KgWp (3)

and solving for wy gives

Ty

) dJ. W
KKKekn F 9e = T8 (Tps + 1)

u)b_

Jw

Tms + 1+ KgKaKm %

()

@ =
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Using the equation,

Wy = SPe t Wyg = SPe (5)

and solving for ¢, gives

W
1 Kggﬁ% Tq 1
(spo + wig) 5+ + o t s st
e (6)
w W
2 £
5%+ \ =+ T s + o

or, expressed with loop gains combined into single symbols as defined in
the Notation section,

(7

The error-network system is illustrated in sketch (c).

*:
Wig ¢ v Vv
| e &N m KmJw$S
5 s . -;,K' VZ o I+ TS
Tm
¢ _Kis_
b |+Td5
N i AW
s Wy Jp$s

Error-network system

Sketeh (c)
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The open-loop equation may be written as

KiS JW
Ks \Ke * T5755) Kb 7y P

= (8)
b 1+ s Jps
Using equation (5) and solving for ¢, as before gives
Tq 1,1 1
@ 2 = i
(g o+ 2 oo (2 v 2) o0 2
Pe Jyr Jyw Jdw
1 1 1 KK KaKpy 55 KoK iKaKn 'j'b‘ K KeKeKpy E
3 2 4 L) a2 .
8%+ <Td + 'rm> SR P T * T S AT
(9)
or, expressed with loop gain symbols,
TaNl 2, (1,1 1
e ¥ s TFS) |5 T\Te T ® Y TaT, (10)
© 4 1,1 » 1, K K Ke'
st T N Tm 5 TdTm Tm * TaTm) ° N TdTm
The tachometer system is illustrated in sketch (d).
%
wls I + <Pe \ Vm Km Jws
- X Kg Ko Ka +Tms
b Kt s Wy i Tm
b 1+T1¢S Jws
| | i _Td
s Wy Jps.

Tachometer system

Sketch (4)

@
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The open=loop equation for the inner loop is

KaKmdwsV
Ty = ———
m 1+ Tps (ll)
Substituting the equation,
Kt
V = KKePo - _dw T (12)
steve 1+ TS

and solving for Ty gives

. KeKeKaKndws(Tts + 1)pe (13)
m TeTys? + (T + T + KKK )s + 1

Using the equation,

Tm = Jps(spe + wig ~ sPe) + Tg (1)

and solving for oo gives

T K+Kak;
<S%+wls+_i>[sz+<i+L+m>s+ l]
Jbs Tt ™m T+ Tm T+ Tm

Pe =
K K Keky 2 K KeKekny 2
oKm — w
3 5 .i + L %Kﬂ 2 + 1 + " Jb + im._(]—?
s T T T TTemm ) S TiTm T S Tt Tm
(15)
or, expressed with loop-gain symbols,
T3 1.1 K¢! 1
2 —_ 4 =
<S(Pc tWgg F $> [S + <Tt oo YT/ f Y Tom
P = (16)
1 ! 5 1 Ke' Ke




Steady-State Error Equations

The steady~state errors resulting from @, W,q, and Ty for the three
systems can be readily calculated 1f the final value theorem is applied
to the error equations just derived (egs. (7), (10), and (16)).

For a step position input of o.(s) = go/s (with wyg = Tg = 0), the
final value or steady~state error is seen to be zero for all three systems,
since

P
=55 = lim sp_(s) = O (17)
P e
50 A
L
However, for a ramp position or step velocity input, wis(s) = wls/s 1
(with . = Ty = 0}, the three systems have the following steady-state 8
¢ d
errors:
Rate-gyro system:
Ke' + 1
Pess _ Bg ' (18)
Wis Ke
Error-network and tachometer systems: -
Pess 1
wis EQT (19)

For a step imput of torque, Tda(s) = Tg/s (with ¢, = wys = 0), all
three systems have a continuously increasing error as a function of time,
since

Pess

= lim sp.(s) =~ = (20)
g0

Although the error due to a step of T3y becomes infinite, equations for

the inecreasing error as a function of time can be obtained by taking the

inverse Laplace transform of the error equations and simplifying them for

large values of time by setting all terms equal to zero which contain time

as a negative exponential. The process is very straightforward, except

that the third~order denominators of equations (10) and (16) must be

factored or else reduced by approximation to second order if tables of -
Laplace transforms are to be used. Reduction of the third-order equations
to second order is accomplished in the next section of this report. For
the present, the approximate second-order equations are taken from the
next section, and the only justification given here is that the steady-
state error for torgque input is dominated by the time increasing term,
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which is not changed by the approximations. Specifically, for
Ta(s) = Ta/s with o = wig = O (and Po = =Pp), equations (42), (48),

and (56) become
T3 1
Jps2 5+ m

cPe:' K ! K1

Rate-gyro system:

Error-network system:

S
D
i
=
o
=
(D-

Tachometer system:

fa (oL
J'bs‘2 X'

cPe = T 1 1
'tKe Ke

2 —_—

5= + Kt' s + Kt'

The resulting steady-state error equations found by taking the inverse
transforms of the above equations and simplifying for large values of
time are:

Rate-gyro system:

Kg'
Tm -~ = + t
Pess 1 © Ke' (21)
Ta Jb Ke'
Error-network system:
Ki!
Ty - > + 1t
m Kot
Pess - 1 e (22)
Td Jb Ke,
Tachometer system:
o) K¢ = T + E
ess _ 1 2% (23)

Ty Jp Ke'

These steady-state error equations will be used in selecting system
parameters as outlined in the next section.
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DESIGN CRITERTA

Primary Considerations

The first step in the system design is to select tentatively the
outer loop gain, the wheel angular momentum, and the motor stall torque.
The outer loop gain and also the rate-gyro loop gain may be established
by examining the steady-state error requirements. The angular momentum
and motor stall torque may be determined if the external torque, control
time, settling time, and maximum steady-state error are considered.

The first condition to be examined is the minimum outer loop gain,

Ke', established by steady-state error requirements. Since K.' must A
be large enough to keep the steady-state error less than or equal to its L
allowable maximum, equation (19) for the error-network and tachometer 1
systems may be rewritten in the form of a requirement on Kg' 8
w
Ke' > R (24)
q)eSSmax
and equation (18) for the rate-gyro system may be rewritten as
w,(Kgt' + 1) )
Ke' > —o—F (25)
- cpeSSma_x
An additional requirement is placed on the outer loop gain by the
error equations (21), (22), and (23) for torque input. The time for the
motor amplifier to become saturated in the presence of a disturbance
torque is the control time, to. For the Orbiting Astronomical Observatory
example, t. will be assumed to be equal to the orbital period. For such
large control times, the increasing error component is dominant in equa-
tions (21), (22), and (23), yielding the following approximate eguation
for all three systems:
Pess _ 1 _t (26)
Tq Jp Ke!
This equation becomes a restriction on Kg' when changed to the form
Ta ta -

Ke' > = ——— (27)
=3y Pesspax

For the error-network and tachometer systems, both equations (Eh)
and (27) must be tested to determine the minimum value of Ke'. For the
rate-gyro system, equation (27) is used to determine the minimum value
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of Ke', and equation (25) is used to determine a meximum ratio of
Kg‘/Ke' by rearranging the equation and simplifying for Kg' >> 1 to
give

Kot Pess
£ <= (28)
Ke' = g
The simplifying assumption that
Kg' >>1 (29)

is easily Jjustified if it is noted that in equation (7) the damping term
in the denominator involves 1/Ty + Kg' /Tm, and since Ty is large as
discussed previously, most of the damping must come from the rate gyro,
so that Kg'/Ty >> 1/,

Consideration will now be given to the angular momentum. The maximum
momentum which must be stored in the wheel is equal to the disturbance
torque integrated over the required control time. If the average value
of Tq dis used,

TiWigay = Tdte (30)

When equation (30) is combined with equation (27)
Ke' > =——— (31)

that is, Ke! must be large enough to produce maximum motor speed without
the error exceeding its permissible maximum, if all of the available
momentum is to be used.

A maximm value of Kg' 1s set by consideration of the desired
linear region of transient response for a position step input. If X'
is made much larger than necessary, undesirable limit-cycle operation may
result.

Motor stall torgue will now be considered. The motor torque and
corresponding settling time may be roughly estimated for large signal
response if bang-bang operation is assumed, where full torque is always
applied in one direction or the other. For a servomotor this means that
Tm 1s Infinitely large. The minimum settling time results if full torgue
1s applied in one direction until the output position has reached half
of its final value and then the full torque is reversed in direction as



illustrated in sketch (e) (see ref. 2,

& %I é; p. 15). The minimum settling time,
< e topins resulting from bang-bang opera-
e tion may be derived as follows:
88 Tme
&5 The known relation,
o+ /’tW /’tsmin
58 o -
@ <
£= = e
% o Jps2 (32)
g ~Tms |~ LTm
Time, t is used for a step input, Tym(s) = Tms/s,
to obtain
Response for bang—-bang operation
with minimum settling time 2
T Tt
=1 “ms ms
opt) =L 35 = =3 (33)
Sketeh (e) b b

or

t = 2“55% (3%)

S
But t = tgy = tSmin/2 for @ = @C/Q; therefore,
/@ch
ms

Equation (35) indicates the absolute minimm stall torque required to
produce a specified settling time. In the design of practical systems
there are two other considerations which must be included to estimate
stall torgue. First, the actual motor time constant will be somewhat less
than infinity, resulting in a slightly larger torgue reguirement for the
same settling time. The following useful equation for Ty 1s derived in
appendix C:

dJ-
T = _‘i“T_}‘in_@ (36)
ms
The second, and most significant, practical consideration is that compen-
sation is generally insufficient to prevent several overshcoots, and the
stall torque required could well be an order of magnitude larger than
would be required 1f no overshoots were allowed.

@
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Generalized Linear Parameters

A study can now be made of the dynamics of the linear, or small-
signal, response in order to obtain equations for the remaining system
parameters, and to determine the system linear transient response.

For this linear analysis an equation must be obtained for oy,
resulting from o,, w,g, and Ty. If the relationship

Po = Pg = Py + W, /5 (37)

obtained from sketch (b) is substituted into equations (7), (10), and
(16) , and the resulting equations solved for Py, s the following equations

are obtained:
Wyg
o+ )% -5 ()
Py = (38)
82 <—+ >S+—‘F—
m

Error-network system:

Wig Ki' Ke' 2 1 1
<?c + —ET> [l + <Td + Kei>SJ T3Tn Jbs *\7a T + TqTm
1

Rate-gyro system:

Tachometer system:

cpb=<q)c >< Tt> [ +<'Tl_ lJ’fttT:v)s“tl‘fmJ
(k4 > () s o

(ko)
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An analysis using generalized response parameters can now be made
if the closed~loop eguations can be reduced by reasonable approximations
to second-order equations having the fom

w T N
18 _l‘ 2 . d i_
<9€ + —gi> (? -+ T;) TiWp' EEE <§ + T%)

52 + 2fwps + wp?

b (41)

Equation (38) for the rate-gyro system is already in the desired
form with T1 = 0. If the assumption is made that Kg' >> 1 (eq. (29)),
equation (38) is simplified to

wygY Ke' Tg 1
<QPC+ s>'rm"Jbs St
1

2, Kg' Ke
T

Py, = (42)

5% 4 —= 3 +
m Tm

Equation (39) for the error-network system has a second-order
numerator and a third-order denominator; however, the numerstor and denome
inator may be reduced by one order each by restricting the size of the
lag time constant, T3, to small values. If 1t is first assumed that

Kyt > 1 (43)
T 5> Tg (k)
and
K.!
Tq << I_Ci—‘ (45)

and then the numerator and denominator of equation (39) are multiplied
by Tg, the resulting equation is

Wy g Ki' Ke' Tg > 1
<(PC + - <1 + Ke' s = - J‘bs TdS + 5 + T

Py = TR (46)

In the numerator the term T35® may be neglected with respect to s + 1/Ty
up to frequencies somewhat above wp, provided Tzw,® << w,, or

Ty << win (u7)

QO =
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Similarly, in the denominator, the term Tgs® may also be neglected, and
equation (46) may be reduced to the desired form

w Ke'\ Kqit T
() B S-R ()
1 m bs T
- (48)
1

' Kot
= =
s= + _Tm s + _—Tm

q:).b=

In this equation it is seen that

Ke!
m

and the assumption stated in equation (47) may be written as
T.

Ke'!

The assumptions made in order to simplify the equation for the error-
network system may be shown to be reasonable for most satellite control
system applications. The assumption that K4i' >> 1 may be justified on
the same basis that Xg' >> 1 is justified. The assumption that w1y >> Tg
is obviously valid since the motor time constant Tp 1is large, and the
inherent lag time constant T3 is desired to be small. The validity of
Tg << Ki'/Ke' may not be apparent from previous discussions; however,
Justification is readily provided by the combination of the derivative
and straight-through paths for the error signal in sketch (c) for the
error-rate network into a single lead-lag network with the following

equation:
K;!
Ke'|1l+ | Tg + =) s
Ki's _ e[ <d Ke'> ]

1+ 7138 1+ T§s

Ke' (51)

The lag time constant must be much smaller than the lead time constant
and also much smaller than the reciprocal of the natural frequency
(eq. (50)) if the undesirable lag is to be insignificant during the
transient response.

Equation (kO) for the tachometer system also has a second-order
numerator and a third-order dencminator, which may be reduced by one order
each by the same method used for the error-network system. If it is
assumed that

Ko' >> 1/74 (52)
and

Kt' >> T + T¢ (53)
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and if the numerator and denominator of equation (MO) are multiplied by
TtTm/K%': the resulting equation is

T‘tKe Td. T’tTm 2 1
<° >< Tt> JbS<Kt TS TRy

T+ Tm TtKe' Ke!
o s® + g2 + Xg' S+Kt'

(54)

In the numerator the term (TtTm/Kt })s2 and in the denominator the term
(T Tp/Ke') s® may be neglected provided

T.T.
1
o < (55)

and equation (54) may be reduced to the desired form

fas "tKe s N (R N
Tt Jps Kt!

(56)
i L Kl | Ke'
TKt' Kt
Here, it 1s seen that
Ke'
wn = [ Eor (57)
and the assumption stated in equation (55) may be written as
TtTm Kt!
R << J®o (58)

The assumptions made to obtain the simplified equation for the tachometer
system are not quite as general as the ones made for the error-network
system, and no attempt will be made to justify them. However, for any
case in question, after values for the various parameters have been
selected, the simplifying assumptions may be easily tested to see whether
the simplification was Justified.

Equations (42), (48), and (56) have the form of equation (41) so it
is a simple matter now to solve for the generalized linear parameters,
wn, &, 1/Tiwn, and 1/Town, for the three systems. The results, including
the assumptions used for simplifying the closed-loop equations, are listed
in table I. The quantities 1/Tiwp and 1/Tgwn are used instead of 1/T;
and 1/T2 because the response is affected by the size of l/Tl and l/Tz
relative to wn.

O =
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The choice of the best numerical values for the generalized linear
parameters is based mostly upon the following three considerations:
(1) ¢ should be greater than 0.3 and less than 1.0 for good stability
without sluggishness, (2) l/Tl should be nearly equal to or greater than
wp so that the response for an initial displacement is not greatly
affected by the position zero, 1/T1, which tends to make the response
highly oscillatory, and (3) wp should be large enough for fast response.
Tt should be mentioned here that the torgue zero has a value 1/To << wp
for all practical cases. Hence, at the high frequencies of concern for
transient response, where w > wp, the term s + 1/Tz reduces to s, and
the numerator term associated with torque becomes Td/Jb. Torque inputs
are small and change only gradually, and therefore, they have little effect
on the transient response.

Numerical Example of Design Procedure

The design criteria which have been established can now be applied
to the numerical example of the Orbiting Astronomical Observatory (OAO).
From the most stringent fine control requirements presently contemplated
for the 0AO, the following specifications for stellar sighting have been
assumed.:

Meximum steady-state error: @eggpax = O+1 second of arc
Meximum initial error: @ego = 60 seconds of arc

Approximate settling time: +tg = 1 minute

Control time: +tc = 105 minutes = 6300 seconds

Maximum line-of-sight velocity: w;g = 0,01 second of arc/second

Maximm roll (about line of sight) velocity: wy = 1,0 second of
arc/second

Maximum disturbance torque: Tg = 100 dyne cm

10
gram cm?

Body inertia: Jp = 10
These specifications will now be applied to the selection of numerical
values for all three systems. The outer loop gain, wheel angular momentum,
and motor stall torque will be determined first. The outer loop gain must
be large enough to satisfy equation (24) for w,g input and equation (27)
for T3 dinput. For the OAO the gain requirement of equation (27) is much
larger, and the resulting value for te = 6300 seconds is
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Keo' > 130 (radians/sec)/radian (59)

A value of XK' with a slight margin of safety is now chosen as
Ke' = 150 (radians/second)/radian.

The required angular momentum capacity is readily obtained from
equation (30). When values for the OAO are substituted,

Jwvigax = 6.3(10)° gram cm?®/sec (60)

If the servomotor has a maximum speed Of Wypgx = 6,000 rpm then the wheel

inertia is Jy = 10% gram cm®.

To determine motor stall torque (and the corresponding motor time
constant) , equations (35) and (36) are plotted in figure 1. The solid
line, representing eguation (35), shows that for a minimum settling time
of 60 seconds, the motor stall torgue must be at least 3.3(10)3 dyne cm.
For this stall torque the motor time constant from equation (36) is 190
seconds, which is large enough to produce nearly the same response as a
Tm of infinity. It should be emphasized that the motor stall torgue
given by equation (35) is for minimum settling time with no overshoots.
As will be verified later in the section on large-signal analysis, the
actual stall torgue reguired is nearly an order of magnitude larger than
the minimum. For the present, a value of Tps 1s somewhat arbitrarily
chosen as Tmg = 2.1X10% dyne cm £ 0.3 oz in. The corresponding value of
motor time constant is Ty = 30 seconds, This value of motor time con-
stant is still large enough to have a relatively small effect upon the
required motor stall torgque as compared with the large effect of the
overshoots in the response.

Consideration will now be given to the linear design parameters,
¢, l/Tl, and wp. Using the first row of table I, it is seen that for the
rate-gyro case, there is no zero at 1/T;. For the error-network and
tachometer systems, it can be observed from table I that the following
convenient relationship exists:

(= =5+ (61)

That several reasonable solutions exist for the error-network and tachom-
eter systems is demonstrated by selecting values of ¢, such as 0.5 and
0.7, and calculating the corresponding values of l/len; which are 1.0
and 0.7, respectively. From figure 1.21 in reference 3 the resulting per-
centages of overshoot are found to be 30 percent for { = 0,5 and 20 per=-
cent for ¢ = 0,7. In the case of the rate-gyro system, where no position
zero is present, the percentages of overshoot for ¢ = 0.5 and 0.7 are

16 and 5 percent, respectively.

O =
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A damping ratio of € = 0.7 will now be selected for all three
systems, with the corresponding position zeros for the error-network and
tachometer systems located at l/len = 0.7. From formulas for damping
ratio in table I and the values of Ty and Ke' previously selected, the
following are calculated:

Tt

2
Kt' \/Ke'

= 0,114 secl/2 (62)

and

—S- or — . = 2t " = 0.625 radian/(radian/sec) (63)
Ke Ke' Ke'

When the above value of K ‘/Ke is compared with the error requirement
of equation (28), it is found that 0.625 is satisfactory since it is
considerably less than the maximum allowable wvalue of 10,

Since XKg' has already been selected, K ' and Ki' may be determined
from equation (63), which gives Kg ' or Kji! 9h radlans/radlan. For the
tachometer system, however, T and Kt in equatlon (62) are not yet
determined, since their selection is dependent upon the natural frequency,
which will now be examined.

For the rate-gyro and error-network systems, the natural frequency
calculated from table I is wp = 2.2k radians/second which seems reason-
able for a settling time of one minute. If it were necessary, wy could
be altered by changing either Ty or Ke', except that Ke' must remain
larger than the minimum given in equation (59). If a natural frequency
of 2.2h radians/second is used for the tachometer system, the resulting
tachometer loop gain calculated from an expression in table T is
Kt!' = 30 radlans/(radlan/second), and the value of Ty calculated from
equation (62) is T = O, 625 second, These values for Kt' and T must
be held in abeyance until the simplifying assumptions are checked.

Before the simplifying assumptions for the three systems are checked,
a value should be selected for Tg, which is the only remaining parameter
to be chosen, The only demands on T3 are that it be small enough to
satisfy the assumptions and prevent excessive delays, but large enough
to be realizable. It would seem reasonable for a physical network that
the lead time constant be at least ten times the size of the lag time
constant. A value of T3 = 0.0l second will be selected, which is slightly
over 60 times smaller than Kji'/Ke'. It will be shown later that the
value of T3 can change over a wide range without significantly affecting
the response.

When all the values which have been chosen are substituted into the
expressions in table I, the results shown in table II are obtained for the
rate~gyro and error-network systems and Case A of the tachometer system.
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(Case B will be discussed later.) A check of the simplifying assumptions
shows that all of them are satisfied for the rate-gyro and error-network
systems, For the tachometer system, however, equations (53) and (58) are
not satisfied. Hence, equation (56) for the tachometer system is not
valid when using the values chosen thus far. Further examination of the
exact closed-loop equation is required to predict the response, Obtaining
an exact solution is difficult because of the third-order denominator, and
further analysis of this problem will be delayed until the large-signal
response has been considered.

IARGE-SIGNAL RESPONSE

The linear analysis Jjust completed is satisfactory for relatively
small angular errors. However, for many satellites, the desired range of
the attitude control system will be extremely large. In the particular
case of the OAO the control system may have an initial error of up to
60 seconds of arc, and still the system must control the vehicle attitude
to within O.1 second of arc. The criteria which have been used in the
selection of Kg' imply that an error greater than 0.1l second of arc
saturates the motor amplifier. Accordingly, a nonlinear analysis of
system operation must be undertaken.

Nonlinear Analysis

The parameters which have been selected by the linear analysis for
small~signal response, will now be used in a nonlinear analysis to obtain
the settling time in a more exact fashion than the bang-bang study made
earlier (eq. (35)). The large-signal settling time will be obtained, and
methods for reducing this settling time to a minimum will be considered.
A semigraphical approach called the "switching time" method, presented in
reference 2, is well adapted to this problem.

In order to apply the method, the block diagram for the three systems
is first redrawn from sketches (b), (c), and (d) into the form shown in
sketch (f£). The velocity and torque inputs are omitted from the sketch;

¢ b, Vi 1

2(1+Tms)

$p

Kis2
I+r's

I+ 74s

Block diagram using loop
gains and selector switch

Sketeh (f)

fo Y= 5
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the loop gains are treated as single terms; the motor, wheel, and body

are combined into a typel one, second-order plant; and a switch is included
to select the method of damping. The plant is immediately preceded by a
box representing amplifier saturation where the level of saturation is
given by the fictitious voltage, Vhﬁax? which is defined as

J- J
V' = hal A =~
mmax = KmVmmax T Wwmax Ty (64)

For the systems shown in sketch (f), the following equations relating
taw to tA@e and AD, (where ta@e is the time for the error to change from

one point of zero velocity to the next, and AP, is the incremental error
change during tQ@e) are derived in reference 2 (egs. (70) and (72)):

£Pe = Vplay (2tgy - 'tAcpe> (65)

e

Low
tAp. = Tpin (2 ™ - 1> (66)

For these equations and the accompanying analysis to be valid, it is
required that Vmﬁax << Ke'Mp,, so that the error signal saturates the
amplifier most of the time. It is assumed that the duration of linear
operation is negligible and that the reversal of full motor voltage occurs
instantaneously as V' passes through zero. It is also assumed that the
initial velocity (of the wheel or satellite) is zero; in many instances

the initial velocity will be zero, and furthermore, analog computer results
will be presented later to show that large initial velocities do not affect
the general conclusions.

The previous two equations can be solved simultaneously, and curves
of tg, and tﬁwe versus AP, can be plotted, using the value of Vmjax

for a particular system. For illustration the previous numerical example
will be used. By substituting values which have already been chosen into
equation (6%), it is found that Vmpax = 6.3(10)~5 radians/second for all

three systems. When this value for Vppay and Ty = 30 seconds are used
in equations (65) and (66), the solid-line curves of figure 2 are cbtained.

In this report "type" is used to refer to the number of integrations
of the plant, or the mumber of poles at the origin (ref. 2, p. 7).
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Position error, ¢,
Motor voltage, Vg,

Position error, ¢,
Motor voltage, Ve

an equation for V'

¢eo ¢°
Vi
Z
Vmmax ™
8]
tsw ts!‘\'!il’\
meox
Time, t
Response for minimum
settling time
Sketeh (g)
NG 3
Yot
Vim max >
A,
AN
0 fsw Q¢
8
=V mox

Half cycle of response

for deo# Adpe

Sketeh (h)

The usual application of these
curves is illustrated in sketch (g),
which is very similar to sketech (e).
For @Qeo = &P, the reversal of V'
in sketch (f) at +tg, causes the sys-
tem to reach a condition of zero velocw
ity and zero position simultaneously
at tﬁ@e = tgpmin+ Since there is no
overshoot, there will be no further
motion of the system output. For the
large~signal analysis, it will be cone
venient to use the curves of +tgy and
tape 1in a slightly different fashionm,
as illustrated in sketch (h). Here,
Peo # LPe, and the error does not reach
a condition of zero velocity and zero
position simultaneocusly. However,
since the motor voltage is reversed at
the same time as in sketch (g), the
two curves still have the same shape.
For known values of +tgy and @eo, the
time for one~half cycle of operation
is determined as hgwe, and the magni-
tude of the overshoot is determined as
Ao minus Pen. The overshoot in
sketch (h) may be treated as the start-
ing point for determining another half-
cycle of operation.

For the large-signal analysis, the
rate-gyro system will be considered
first. The relationship between tgy
and @Qego maYy be cbtained by writing

in sketeh (f). From the time of initial displacement

until the first reversal time, the equation for V' for the rate-gyro
system for a step input @C(s) = Pap/ B (and the corresponding
V' (S) = Vmﬁlax/s) is

V' o= Peo Ke' -

8

vm;nax Ke' + Kg‘ S\\

(67)

g2 1+ s/

o
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Taking the inverse Laplace transform, dividing by Kg', and rearranging,

we obtain
Kl
A - o =\t
A, = ! R - m|_ Y
Ke' Peo = TmVmpax T 1-e Tm (68)

Setting V' = O for t = tgy, and replacing (Ty - Ky'/Ke')/Tym by the
letter C, changes the equation into the approximafte relation

t
Peo = ToVmny | == - C{1-e @ (69)

This equation is used to determine a curve of tgy versus 0oy in
figure 2, using a value for C = 0.979, which corresponds to the previ-
ously selected values of Tp = 30 seconds and Kg'/Ke' = 0.625
radian/(radian/second). If now an initial error angle of g4 = 60 seconds
of arc is assumed, then from the curve of tgy versus Qgo 1t is seen that
tsw = 17.7 seconds. The corresponding value of A®, from the curve of
tsw versus AP, 1is 86.4 seconds of arc, and the value of tap, from the

curve of Qg@e versus AP, 1is 28.8 seconds. As illustrated in figure 3,
the total angular change of 86.4 seconds of arc produces an overshoot of
26.4 seconds of arc, and hence, the input for the next half cycle of the
oscillation is 26.4 seconds of arc. Using @eo = 26.4 seconds of arc in
figure 2 gives tgy = 11.2 seconds, which results in tag, = 19.2 seconds.

The corresponding overshoot is found to be 10.1 seconds of arc. The proc-
ess can be continued to as small an overshoot as desired, and the settling
time is found by adding the times for the successive half-cycles of oscil-
lation. For the example being considered, the settling time from oo = 60
seconds of arc to 0.1 second of arc is about 83 seconds as illustrated in
figure 3. This value becomes one point on a curve of 1tg versus ¢g, 1in
figure 2 (where outer scale is used for ts). Repeating this process for
different initial errors gives values for the entire curve for +tg. In
figure 3 the motor drive voltage has been sketched to show the points at
which switching occurs.

It is interesting to note for comparison with sketch (e) that in
sketch (g), which was obtained from figure 2, tgy 1s somewhat longer than
one-half +tgpyip. This actually indicates that a higher torgue is applied
during the deceleration period than during the acceleration period. The
explanation for this is that the motor speed is increasing until <Tgw; as
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a result, the reversal torque is larger than the stall torque as
illustrated by the broken line in sketch (i), whereas for sketch (e) the
torque is independent of wheel speed.

Tm
\Tms )
+meax )+
o) :
8

Wy

T
- Ww
Wwmax mex

~Vmay

~Tms

|
|
|
|
t=tsmin t = l t=tgw
|
(
|

> \ . -

Motor torque —-speed curve

Sketch (i)

The switching-time method can also be used to determine an optimum
nonlinear relationship between gain and error signal which will reduce
tg to @Npe = Tepin (With no overshoots). The process will be illus-

trated for the rate-gyro system. The first step is to solve for Ke' in
equation (68) with V' =0 for t = tgy.

tsw
K t -
ﬁ%{ 1-e 'm
Ke' = - (70)
Cpeo + 1 - e- T_m - tew -
m@wﬁax Tm

The next step is to identify the error signal by first writing the Laplace
transform equation from sketch (f) for a step input.
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- Peo _ Vm;nax
© s s2(1 + Tys)

(71)
Then taking the inverse transform and replacing t by tsw produces

tSW’

' Peo T tew
(Pe:' = TV, Tor tl-e i (72)
Tow A\ TVt o T

A comparison of the sbove equation with the denominator of equation (70)

shows that Loy

_ e
Ke'Vnjoye (1= ¢ ™

Ke' = (73)

0.,

In the above derivation Xe' was considered to be a constant; however,
since the system is always limited except at the switching point, the
value of XKg' 1s of no significance (as long as it is sufficient to cause
saturation) except at tgy. Hence, equation (73) may equally well be con-
sidered as defining Ke' 1in terms of instantaneous error, ¢, instead of
cpe].bsw, since Ke' will then always have the desired value at tgy. In

L] *‘
v
LI

V-
’

tsw

order to prevent overshoots the desired relationship between tgw and ¢ o
may be obtained from the curve of tgy versus A9, with @Qep = OPg.

For the numerical example being considered, Kg' = 9k radians/ radian
and Tp = 30 seconds, giving a value for Kg'/'rm of
3.13 (radians/second)/radian. To illustrate how one point on the nonlinear
curve of optimum gain versus error is obtained, a tgy of 13.5 seconds is
arbitrarily chosen, and the corresponding input is read from the curve of
tsw versus AP, in figure 2 as @Qgp = &P = 55 seconds of arc. Equa-
tion (70) is then solved for XKe', which is found to be
21.4 (radians/second)/radian, and equation (72) is solved for Pelt gy
which is found to be 20.7 seconds of arc. These values are used to plot
one point on the curve of optimum gain in figure 4%(a) (where cPe]‘bsw has
been replaced by ¢, as previously justified) , which shows the relation~-
ship between outer loop gain and instantaneous position error required to
produce minimum settling time for any initial error.

The actual output-input relaticnship of the error amplifier producing
Ke' is shown in figure 4(b), where the ordinate is found by merely multi-
prlying Ke' by ¢ from figure lL(a) . The constant gain prescribed by the
previous linear analysis is illustrated in figure 4 by straight lines. It
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should be mentioned that an optimum relation between Kg' and g to
produce minimum settling time with constant XK' could be calculated in
the same manner. For the rate-gyro system the nonlinearity in X'
required for optimum switching to produce minimum settling time may con-
veniently be considered to represent a nonlinear sensor gain Kg, since
Kg' does not include Kg and therefore the rate damping is not affected
by sensor gain.

The error-network system will now be analyzed for large-signal
response in the same manner as the rate-gyro system. The Laplace trans-
form equation for V' from sketch (f) for a step input is

v = | Peo Vinpax J <‘ . Ki's >
v [ S s2(1 + Tyys) Ke' + 1 + Tgs (74)

Taking the inverse transform, dividing by X', and rearranging gives

K.!
t 1 t
- = Tm - T4 - 7 - =
v K1 Ta\ _ ' Ke Tm
K T (Peo 1+ TdKel € - vammax Tm _ Td 1 - e
t
TaK1' 1-c 4 t
+< > = - = (75)

TnKe' ™ = T3 Tm

Letting V' = O for t = tgy, assuming Tq << Ty, and replacing

(Tm - X4'/Ke')/™m by C changes the equation into the approximate
relation

Peo = TmVmmax |7, ~ €\l - ¢ (76)

which is identical to equation (69) for the rate gyro. Hence, the same
curves may be applied, as shown in figures 2, 3, and L, except that Kji'
is used instead of Kg ! It should be noted that unlike the rate-gyro
system, the nonllnear galn in figure 4 cannot be applied to the sensor
for the error-network system, since KX;' also includes Kg and the rate
damping 1s affected by sensor gain.

oo EpN— .=
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For the tachometer system, the equation for V' is
K4's?
Ke' + ———
o= Qo s Dme (76 71 ¥ T (77)
8 € g2 1 + TmS ‘
Taking the inverse transform and dividing by X',
i
“T
v € %
— = TyVm! 1l - - — 6}
Ko' Peo mYmax < > Tm - Tt T (78)
Tetting V' = 0 for t = tgy,
t
-G e e
= € - Tmo, 2w
Peo = TmVmpayx <TmKe;> Tm — 1+e o (79)

Switching- and settling-time curves for the tachometer system are
shown in figure 5. For case A, &9, 1is significantly larger than Qgq
for small inputs. The resulting oscillatory response and long settling
time are illustrated in figure 6, which was obtained by the same graphical
procedure described previously for the rate-gyro system. When the
tachometer-loop gain, K+', is increased by a factor of 100 and the damping
ratio is kept nearly the same by increasing Ty to 5 seconds, as shown
in case B of table II, then the large~signal response becomes much more
reasonable as shown in figure 6. It should also be observed that for
case B in table II, the simplifying assumptions are satisfied. For the
graphical computation of sebtling time in figure 5, tg was assumed to
be approximately equal to tﬂ@e for @gp < 13 seconds of arc, because
the method of reference 2 applies only for AP, > @g,. However, the
approximation is reasonably valid in figure 5 because it is used for only
a small portion of the settling time. In passing, 1t should be mentioned
that the increased value of X&' can no longer be completely neglected in
equation (23) for the steady-state error due to Tj.

Obtaining the opbimum gain requirements for reducing the settling
time to a minimum for the tachometer system involves certain restrictions
outlined in reference 2 and will not be attempted here.
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Analog Computer Results

In order to provide a check of the analyses previously presented,
studies of wheel control systems were carried oub on an analog computer.
Using the same numerical example, small-~signal simulation of the exact
systems (third-order equations) verified the response predicted by the
approximate linear analysis. In the presence of 100 dyne cm of external
torque and a smell initial displacement, all three systems tracked to
within 0.1 second of arc for 105 minutes with a dynamic response and error
buildup that agreed very well with that predicted by the second-order
equations using generalized linear parameters. Only large~signal data
will be discussed here because the linear response 1s well defined by
generalized second-order curves. For the large-signal computer analysis
the block diagrams of sketches (b), (¢), and (4) were converted to the
computer circult shown in figure 7.

The sensor output was limited at the values of ¢, shown in
figure 8. It is interesting to note that a limited sensor output results
in a nonlinear sensor gain which 1s similar to the optimum gain shown in
figure 4. Although the largest value of error limiting used was
Pe; = 10 seconds of arc, it was shown that very little change in response
would have resulted from further increases in the size of the limit.

Transient response curves for the three systems, using the parameters
gelected in the previocus linear and nonlinear analyses, are presented in
figures 9 and 10. .These curves represent large-signal response, and they
correspond very well with the predictions made in figures 3 and 6. Graphs
showing the effect of error limit on settling time are shown for the three
systems in figures 11, 12, and 13. From the figures it is apparent that
settling time is essentially independent of the linear sensor range for
all three systems for @q; > 6 seconds of arc. Some comparison can be
made between figures 11, 12, and 13 from the analog computer and fig-
ures 2 and 5 from the large-signal analysis. PFor the rate-gyro and error-
network systems, the computer settling time of 85 seconds agrees quite
well with the 83 seconds calculated settling time from figure 2. For the
tachometer system (case B) the computer settling time of 75 seconds is
somewhat larger than the calewlated value of dbout 60 seconds from fig-
ure 5, due to the approximation of tg by t&¢e for ¢ep < 13 seconds of arc
in the calculations.

The dip in the settling-time curves for the rate-gyro case of

figure 11 apparently results from the curves of figure 8 approaching the
optimun curves of figure 4, thus the overshoot is reduced so that the
settling time approaches tagp.. It should be observed, however, that the
dips in the curves of figure il still remain somewhat sbove the minimm
value for settling time of ‘tgpi, = taAge = 2k seconds shown in figure 2
for Mpe = 60 seconds of arc. For small error limits, the settling-time
curve for the error-network system shown in figure 12 does not have a
dip like that of the rate-gyro system, because the damping of the error-

network system is reduced by limiting the error signal. For the tachometer

W
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system there is a significant increase in settling time for small error

limits as shown in figure 13, which can be explained from figure 5. For
small effective values of @, produced by small @e;, @Pgo 1S greater
than AQ, for a significant portion of the settling time, resulting in

overdamped operation and long settling times.

The effects on settling time of the time constants of the error-rate
and tachometer networks are shown in figures 14 and 15. For the error-
network system, tg is nearly independent of T4 for T3 < 1.0 second.
For the tachometer system, however, there is a broad minimum. When
adjusting Tt to obtain this minimum, it must be remembered that the
damping ratio for the linear region is directly proportional to the
tachometer network time constant, Ty.

The graph in figure 16 of settling time versus motor time constant
obtained from the computer results for the rate-gyro and error-network
systems shows an approximately linear relationship. For the particular
parameters selected, the settling time is about three times the motor time
constant.

The effect of initial wheel velocity on transient response is shown
in figure 17 for the rate-gyro and error-network systems. Comparison of
the curves shows that an initial wheel speed of one-half the maximum
decreases the overshoot and settling time somewhat when applied in one
direction, but increases the overshoot and settling time when applied in
the other direction. Computer results were also obtained to show that
initial body velocities of *(1/2)wyperdw/Jb = £3.15X1075 radians/second

had similar effects on the shape of the response curve and lengthened the
settling time to about 120 seconds.

THREE~DIMENSTONAL. PROBLEMS

General Considerations

Speculation about three~dimensional control points to at least two
causes of unwanted cross-~coupling torques. One of the most obvious causes
is the change in direction of the angular momentum vector of a gyro or
inertia wheel, which is well understood as a means of producing a torque
about an output axis which is perpendicular to the input axis. Another
apparent cause of cross-coupling torques is the misalinement of the wheel
axes with the principal body axes, or the addition of an unbalancing mass
between the axes of an otherwise balanced system, which results in pro-
ducts of inertia being present in the body. Both of these causes were
considered on the analog computer for the numerical example being con-
sidered; however, before the results are described, some mention should
be made of the angular momentum transfers required for satellite fine~
control systems.
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For a stellar-pointing satellite, such as the OAO, any initial
angular momentum of the body is absorbed into the wheels, and only small
changes of wheel angular momentum are then required to overcome external
disturbance effects. For an earth-pointing satellite any initial angular
momentum of the body is absorbed into the wheels in the same manner as
for a stellar-pointing satellite; however, large exchanges of angular
momentun are required between the two wheels whose axes are in the orbital
plane to maintain the total angular momentum constant as the satellite
rotates in orbit. Thus the speed of two of the wheels will have an
undamped oscillation at the orbital frequency. In general the control
system response is relatively rapid, and the oscillation can be considered
to be quasi-steady state. Three~dimensional design and simulation for an
earth-pointing satellite, then, can be handled the same as for a stellar-
%oin§ing satellite by using a larger and slowly changing velocity input

Wyg) e

Analog Computer Results

Some analog computer results were obtained to study the theoretical
three-dimensional behavior of the numerical example, The response was
examined both with and without products of inertia for a system using three
inertia wheels with mutually orthogonal axes. Tight control was maintained
about the two axes which were perpendicular to the line of sight, and an
undamped sinusoidal velocity was allowed about the line-of-sight axis with
a maximm of wy = 50 seconds of arc/second, which is 50 times the value
given in the specifications for the OAC example.

The cross~coupling terms due to the directional changes of wheel and
gyro momentum vectors were found to be relatively insignificant. Further-
more, when inertia unbalance ranging from 1 to 5 percent of the body
inertia was placed between the axes (to produce products of inertia), its
effect on the dynamic short-term response was negligible. When the roll
rate of 50 seconds of arc/second was combined with near meximum wheel
speed. of several thousand rpm, the error exceeded the allowable maximum
after several minutes. At the normal roll rate of 1 second of arc/second,
however, the control time would not seriously be reduced below its
estimated value of 105 minutes.

EXPERTMENTAL TESTING

Description of Apparatus

To verify the calcuwlations for design and to investigate the physical
problems to be encountered, an experimental apparatus was assembled. Con-
trol systems were mounted on a low-friction, three-~degree-of-freedom
platform, and control was maintaln about the pitch and yaw axes, while the
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platform was allowed to drift slowly sbout the roll axis. Data for the
error-network system will be presented here, and some comment will be made
about results obtained for a rate-gyro system which was also tested., The
tachometer system was not tested because of the unavailability of any sort
of tachometer device having the wide dynamic range demanded. A sultable
device would have to be able to sense changes in speed of a fraction of
an rpm while the wheel 1s turning at several thousand rpm.

The main pilece of test equipment for obitaining experimental data was
a platform supported on an air bearing (fig. 18). The actual air bearing,
which is obscured in this picture by the platform, consists of a finely
machined ball mounted in a cup with air injected from the bottom at about
LO psig. The air bearing provides a low-friction support to simulate
frictionless space conditions, and the 6-foot-diameter platform simulates
the inertial mass of the body and provides an attachment surface for
control-system instruments. An angular error detector was desired which
would produce an oubtput error signel essentially eguivalent to that of a
star tracker; that is, a device whose output was sensitive to angular
errors of fractions of a second of are and linear over a region of many
seconds of arc. The device selected is shown in sketch (j), including the
light source and light sensor. Although this light source was uncollimated
and has spectral characteristics, different from that of a star, it was
adeguate for this study. The output from the light source is obtained by
using a ball bearing in a black box to reflect light which has been Tocused
by & lens and Tiltered through a hole. Direct current lamp excitation is
used to maintain constant light intensity.

Hole

Bali beoring\ ]/Qi;c/oc excited lamp

LIGHT SOURCE
A Lens
Slof/ NN

Photomultipliers
Wedge

Light source and light sensor

Sketeh (J)

The light from the light source is focused onto a wedge for one-
dimensional control, which splits the light between two photomulti-
pliers. An error signal is obtained by connecting the outputs of the
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photomultipliers to a differential amplifer. For two-dimensional control,
the wedge is replaced by a four-sided pyramid and two additional photo-
multipliers are used. The region of linear sensor operation is determined
by the spot size on the pyramid, since the voltage output is constant when
all of the spot is focused onto one pyramid face.

The d-c¢ error output from the sensor (i.e., from the differential
amplifier) was modulated before it was amplified by a-c amplifiers, which
were used to minimize drift. Since a-c lead networks posed operational
problems, the lead signal for the error-network system was obtained by
demodulating, d-c shaping, and remodulating. The motors used to drive the
inertia wheels were a-c servomotors.

Inputs and Parameters

After pendulosity torgues were minimized by shifting vertical weights
and the platform was finely balanced (within 1,000 dyne cm) by shifting
horizontal weights, the disturbance torques were measured. The three most
Important torque inputs were the air-bearing turbine torque, the air-mass-
circulation torque, and the building~vibration torque. Magnetic torques,
which were already very small, were minimized by constructing the platform
from nonmagnetic materials. The turbine torgue, which acted about the yaw
axis, was due to imperfect air flow in the bearing seat, and seemed to be
relatively constant at nearly 10,000 dyne cm in the counterclockwise direc-
tion. Random air mass circulation and building vibration torques produced
peak inputs on the order of 10,000 dyne cm, acting predominantly about the
piteh and roll axes. Position error inputs up to roughly 60 seconds of arc
were obtained by blowing gently on the platform.

It should be mentioned that position measurements which were taken
with the sensor previously described® were accurate only in a dynamic
sense, since the sensor was used to measure accurately position relative
to its null signal position, and no attempt was made to minimize slow
drifts in the sensor in order to measure absolute pointing position
relative to the actual direction of the light source.

The parameters used for the error-network system may now be presented.
The platform inertia had a value of Jp = 3x10% gram cm®, and the wheel
inertia had a value of Jy = 7.8x10® gram cm®. The servomotor and inertia
wheel conbination had the following characteristics: Tmg = 0.6 in. oz,
Vipay = 40 volts, T = 100 seconds, and Wy, = 560 radians/second. The

resulting motor gain was Kp = wypay/Vmpay = 14 (radians/second) /volt.
Since the external torque inputs were high, the motor amplifier was made
to saturate for an error of 10 seconds of arc instead of 0.1 second of arc,
The specific gains used were Kg = 1.2X10° volts/radian, Ke = 6.7
volts/volt, and Kg = 100 volts/volt. Using these values the outer loop

2
These measurements were also verified with a precision autocollimator.
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gain was found to be Kg' = 290 (radians/second)/radian. A damping ratio
of { = 0.7 was selected, which required that the error-network loop gain
have a value of Kji' = 240 radians/radian, or Kj = 550 volts/(volt/second).

The parameters which were selected can be used to predict the small-
signal and large-signal responses. As mentioned previously, a damping
ratio of { = 0.7 results in a position zero at 1/len = 0.7 and a cor-
responding overshoot of 20 percent. From the expressions in table I, the
natural frequency is found to be wp = 1.7 radians/second, and the zero for
torque input is found to be l/Tgwn = 0.0061. A response curve obtained
on the analog computer for a small-signal initial error of @eq = 10 sec-
onds of arc is shown in figure 19(a). The indicated overshoot of 20
percent agrees with the predicted value.

The large-signal response can be roughly predicted by the switching
time method. Values for tesw versus Ape and tap, Versus Ape  obtained
from equations (65) and (66) are plotted in figure 20. The curve of
Tsw versus @gn comes from equation (76), where the value of C is found
to be 0.992. It should be observed in figure 20 that for Peo < 78 sec-
onds of arc, Ape 1s less than @ep. Hence, for a completely nonlinear
system, no overshoot would be obtained and the response would be sluggish.
It can be observed that the minimum possible settling time for @goq = 60
seconds of arc is about 3 seconds. The analog computer results presented
in figure l9(b) show that the actual settling time is slightly over
5 seconds.

Experimental Results

The actual experimental results obtained for the platform response
are presented in figure 21, which compares quite well with the analog com-
puter results of figure 19. As shown In figure 21, transient response
during the settling period was fast with very little overshoot, and tight
control was maintained after the settling period. A long time history
showed that the random error remained less than *0.5 second of arc. This
random error was probably caused by the random torque inputs. The small
ripple in figure 20(a) is due to electrical noise. The larger overshoot
and longer settling time in figure El(b) compared to figure 19(b) is
probably due to initial wheel velocity. The other minor dissimilarities
between figures 19 and 21 were not accounted for; however, some general
comments about practical problems which cause differences between theory
and experiment may be made.

Any unbalance or pendulosity remaining in the platform after balancing
produces a steady torque which may aid, but usually hinders, tracking.
Misalinement of the sensor relative to the center of platform rotation
causes cross coupling, so that the roll motion allowed about the line-of-
sight axis couples through the other two axes and changes the pointing
direction of the line~of-sight axis. Electrical delays add small lag
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terms to the open~loop equations, but they are generally negligible for
the systems considered here. The effects of saturation in the sensor and
in the motor amplifier have already been discussed. Although hysteresis
and dead zone have no obvious effects in the experimental results for the
error-network system, they deserve some consideration. Some computer
results were obtained by modifying the circuit of figure 7 to include
hysteresis and dead zone in the sensor, gyro, and motor amplifier. It
was found that hysteresis in any of these components caused limit-cycle
response. Furthermore, limit cycles resulted from dead zone in the gyro.
A dead zone in the sensor helped to stabilize the system, but it resulted
in a steady-state error as large as the dead zone. A dead zone in the
motor amplifier had very little effect on the transient response, but it
also produced a steady-state error as large as the dead zone.

The results for the rate~gyro system should also be mentioned. The
large-signal response was essentially the same as for the error-network
system, as predicted in the analytical discussion. However, the small-
signal response was dominated by limit-cycle operation, which resulted
from the rate-gyro dead zone. The threshold of the gyros was about
30 seconds of arc/second, and the error amplitude of the resulting limit
cycle was 5 seconds of arc.

@ -

CONCLUSIONS

To design some reasonable systems for precise attitude control of a
satellite, several methods of damping were first considered to provide the
necessary compensation. It has been shown theoretically that either a rate
gyro or an error-rate network is suitable without modification, but that a
tachometer must be connected in series with a high-pass filter in order to
keep the error signal from building up with wheel speed.

The effects of adding an integrator to the controcl loop in order to
minimize the error have been considered, and it has been shown that, for
the requirements of the Orbiting Astronomical Observatory and other similar
applications, the use of an integrating gyro (or electronic integrator)
requires a much larger motor than would otherwise be necessary.

Of the various possible control systems considered, three were
selected for a detailed analysis. The three systems, which differ only by
the method of damping, are referred to as the rate-gyro, error-network,
and tachometer systems; the tachometer system includes a high-pass filter.

An analytical investigation, which consisted of a generalized linear
analysis, a nonlinear analysis using the switching-time method, and an
analog computer study, showed that all three systems were theoretically
capable of producing adequate response and also of maintaining the required -
pointing accuracy for the Orbiting Astronomical Observatory of *0.1 second
of arc. Practical considerations and an experimental investigation using
laboratory apparatus showed, however, that the error-network system was
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superior to the other two. The rate-gyro system was shown to be inferior
because the threshold level causes a significant amount of limit-cycle
operation. The tachometer system was shown to be inferior because a device
with the required dynamic range of operation does not appear to be avail-
able; the response is sluggish for low limits on the sensor output; and
the large amount of tachometer feedback had a significant effect on the
pointing error due to disturbance torque. For the error-network system,
experimental data taken under laboratory conditions with relatively large
extraneous disturbances show that a dynamic tracking error of less than
+0.5 second of arc was obtained.

Ames Research Center
National Aeronautics and Space Administration
Moffett Field, Calif., Nov. 16, 1960
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APPENDIX A
VELOCITY AND TORQUE INPUTS

In this appendix the velocity and torgue inputs that will be
encountered during stellar observations by the Orbiting Astronomical
Observatory are briefly described.

VELOCITY INPUTS

The line-of-sight velocity inputs consist of parallax and aberration
components which result from the motion of the satellite relative to the
earth and from the motion of the earth relative to the sun.

Velocity aberration occurs because the velocity of the satellite is
a significant fraction of the wvelocity of light, as illustrated in the
sketch. The aberration angle is a maximum when the satellite velocity is
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Sketch (k)

perpendicular to the light velocity. For a 500-mile circular orbit having
a period of 100 minutes, the satellite velocity is 4.72 miles/second. The
maximum gberration angle found by taking the ratio of satellite velocity
to the velocity of light is 2.54X10"5 radian or about 5 seconds of arc.
Since the aberration angle is sinusoidal at orbital frequency, the maximum
line-of-sight velocity is found by multiplying the maximum aberration angle
by the angular frequency, which gives 1.6X10-6 radian/minute = 0.005 second
of arc/second. This component of line-of-sight velocity due to aberration
is very much larger than the component resulting from the motion of the
earth about the sun, which may be completely neglected.

Parallax, which is the difference in direction of a body when viewed
from different places, may also be completely neglected, because of the
large distances which separate the earth from the stars.

o NIy
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TORQUE INPUTS

The disturbance torques acting on an earth satellite result largely
from the earth's gravity gradient, the sun's radiation pressure, the
earth's atmospheric density, and the earth's magnetic field. Only the
order of magnitude of these torques will be discussed here; a more detailed
discussion may be found in reference 1. The torgque due to the earth's
gravity gradient has been frequently discussed. For the astronomical
satellite, a one percent inertia unbalance could result in a torque whose
amplitude varies at twice orbital frequency between zero and 160 dyne cm
with an average value of 80 dyne cm sbout one axis.

Solar radiation causes a significant torque if the body is
geometrically unsymmetrical or if the surface materials have different
reflectivities so that the pressure center is not in line with the mass
center when viewed from different angles. Using a solar pressure of
TX10-5 dyne/cm? for a body of medium reflectivity, a torque of 100 dyne cm
will be produced on an exposed surface area of 100 square feet if the
pressure and mass centers differ by about 15 cm or 1/2 foot.

Atmospheric density torque may be treated in the same manner as solar
radiation, since both effects are calculated using the distance between
the center of pressure and the center of mass. For the 500~mile orbit
being considered, the dynamic pressure 1s roughly 1.5X10-> dyne/cm?,
resulting in a torque which is somewhat smaller than the solar torque.
However, if the altitude were reduced to 400 miles, the atmospheric torgue
would increase by a factor of about seven, so that it might well be the
largest disturbance torque.

When the earth's magnetic field interacts with the net magnetic field
of the satellite, another unwanted torque is produced. Since the field of
the satellite is produced by all of the magnetic materials and circulating
loop currents distributed throughout the satellite, the resulting torque
is very difficult to estimate. Although large torques could result from
this source, they may be significantly reduced by nommagnetic design and
symmetrical distribution of components.
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APPENDIX B
ANATYSTS OF AN INTEGRATING-GYRO SYSTEM

In this appendix an integrating-gyro system will be compared to the
rate-gyro, error-network, and tachometer systems. It will be shown that
although a lower outer loop gain 1s allowable, a much larger motor is
required by stability and error requirements for the Orbiting Astronomical
Observatory and other similar applications. For this analysis the closed-
loop response equation and the closed~loop error equation will be examined.
These equations for the integrating gyro may be obtained directly from
those for a rate gyro by replacing Xg by Ka/s. With this modification,
equation (38) for closed~loop response becomes

wyg Ke' Ty 1
<<PC+T>—T;-:T{) s+t T,
Pp = N S E— (1)
3 4L+ o2 =) €
s° + o 82 + T S + T
Applying Routh's criterion shows that the system is stable if
t
T < B (B2)

Ke!

In order to develop error criteria, the closed-loop error equation
for an integrating gyro is obtained by replacing Xg by‘Ka/s in equa~
tion (%), giving

Qe = (B3)

The steady-state errors for step inputs are found by applying the final
value theorem.

For ¢q(s8) = go/s (with wyg = Tgq = 0),

Pess = 1im sp, = O (BY)
e 50

=
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For wig(s) = wyig/s (with ¢, = Tq =

Pess _ Kg'
== B
Wisg Ke' ( 5)
For Tg(s) = Tg/s (with @, = wig = 0),
Pess 1 1
-l ol B6
Td. J.b Ke' ( )
To establish one error criterion, equation (B5) can be written as
Kyt Qess
&< —% (57)

Ke' = wis

Incidently, this is identical to equation (28) for the rate gyro. For the
Orbiting Astronomical Observatory the maximum ratio resulting from

Pessmax = 0.1 second of arc and wyg = 0.0l second of arc/second is

Kg! /Ke' = 10 radians/(radian/second).

To establish another error criterion, egquation (B6) may be written
as

T
Ker > _d _..l— (B8)
- Jb q)eSSmax

The minimum allowable outer loop gain resulting from Pessmax = 0.1 second
of arc £ 5x1077 radian, Tgq = 100 dyne cm, and Jy = 10*© gram cm® is
Ke' = 0.02 (radian/second)/radian, which is much smaller than the outer

loop gain required for the rate-gyro, error-rate network, or tachometer
systems.

The stability requirement of equation (B2) may be combined with the
error requirement of equation (B?) to determine the maximum allowable
motor time constant. If Kg'/Ke' 1s chosen as its maximum of
10 radians/(radian/second) to allow Ty to be as large as possible, then
by equation (B2), Tp must be less than 10 seconds. When the angular
momentum due to disturbance torque has been determined from equation (30),
the motor stall torgue may be calculated by using equation (36). If Jy
is selected as before as 10% gram cm® for wypy., = 6000 rpm and ™ is

less than 10 seconds, then the stall torgue may be written as the inequal-~
ity, Tms > 6.3X10% dyne ecm, or Tpyg > 0.9 oz in., It should be emphasized
that the minimum value of stall torque indicated here corresponds to a
neutrally stable system having sustained oscillations. Actually, analog
results and a detailed analysis indicate that to have reasonable damping
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ratios, the stall torque must range from 3 to 10 oz in. and is therefore
10 to 30 times larger than the value of 0.3 oz in, determined for the
rate-gyro, error-network, and tachometer systems. If weight and power
must be conserved, the integrating-gyro system is not as promising as the
others and therefore was not considered in detail in this report.

It should be observed that for the numerical example just considered,
the motor size for the rate-gyro, error-network, and tachometer systems
was determined from the settling-time requirement while the motor size for
the integrating-gyro system was determined from the steady-state error and
stability requirements., It must be conceded that the integrating-gyro
system might compare favorably with the other three systems if a much
shorter settling time were required, which is not likely for precise sat-
ellite attitude control, or if a much larger ratio of Qeggp.. O wis in
equation (B?) were allowed, which is entirely possible for some
applications.

OH i
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APPENDIX C
COMPLETE MOTOR AND WHEEL BLOCK DIAGRAM

A complete block diagram of the motor~wheel combination for
controlling satellite attitude is shown in the sketch. Here B 1s the

" " "Motor | Vm K- B Ten
I omplifier ! mCe A A
b - wa

————— w
{—chhometerjl " w
| with lead | 2 >
L _network , Wwb

Complete block diagram
of motor-wheel combination

Sketch (1)

back emf constant, KyBe 1s the forward voltage constant, By 1is a viscous
friction constant, and By 1is a magnetic torgque constant resulting from
the earth's magnetic field. The externally applied wheel torque, Tgw, is
composed of such effects as gravity torques on an unbalanced wheel, and it
is completely negligible.

The wheel velocity, wy, resulting from Ty - Tgy 1is relative to
inertial space, as also is the body velocity, w,, resulting from Ty - Tg.
The wheel velocity relative to the body, wg, is actually equal to wy
minus w,. However, since the body inertia is so much larger than the wheel
inertia, wyp can be approximated by Wy

Neglecting Tgy and approximating wyp by wy, the motor-wheel
transfer function becomes,

KyBe (B + Jys)
Tm _ Be + Bf + Bm
Vi TS
1+
Be + B + Bp

(c1)




L6

After the magnetic torque constant, By, which is very small, and the
viscous friction constant, which is relatively insignificant, are
neglected the transfer function reduces to the following form:

(c2)

This form is used in sketches (b), (c), and (d) with Jy/Be replaced by
the motor time constant, Ty.

A useful equation for the motor time constant may be derived by using

the following approximate equation taken from the sketch:
Ty = KmBeVm - Bewy (c3)
By setting wy = O and Vy = i the stall torque i1s obtained.
Tms = KnBeVinmay (ck)
and by setting Tm = 0, Vp = Vo, 8nd Wy = Wypay, equation (C3) gives
BeWiyy = KmBeVimyay (c5)

By combining equations (C4) and (C5) it is found that

Tms
. Be = (c6)
€ Wwpax

When this relation is used, the equation for Tp becomes

_ Jwowmax
Tms

(c7)

T

This form is used in equation (36) of the report.

O &
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