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NATTONAL AERONAUTICS AND SPACE ADMINISTRATION

TECHNICAL NOTE D-9T7h

COMPARISON OF EXPERIMENTAL AND THEORETICAL
STATIC AEROELASTIC LOADS AND DEFLECTIONS OF
A THIN 45° DELTA WING IN SUPERSONIC FLOW

By Floyd V. Bennett

SUMMARY

Wind-tunnel] dstea chntﬁr\g the effects

]

of static sercelasticity for
a thin 45° delta wing in supersonic flow are presented and compared with
theory in the Mach number range 1.30 to 4.00. Calculated deformations,
normgl-force coefficients, and pitching-moment coefficients based on a
linearized potential theory for subsonic leading edges at a Mach number
of 1.30 and a linearlzed potential theory for supersonic leading edges
at Mach numbers of 1.64, 3.00, and 4.00 are shown to compare favorably
with the wind-tummel results. Calculatlons of these same deformations
and coefficlents based on piston theory are shown to compare satisfac-
torily with experiment at a Mach number of 4.00 but not so well at a
Mach number of 3.00. A factor modification of piston theory is sug-
gested which improves the correlation of these results with experiment
and also with the potential-theory results.

Although bending-moment coefficients were measured, the accuracy
was not good enough to justify drawing any conclusions on this basis.
Also, the effect of dynamic pressure on the static aeroelastic results
is shown to decrease with Mach number.

INTRODUCTION

The elastic deformation of an aircraft under steady airload can
modify-the load dlstribution. For configurations such as supersonic
transports and bombers, deformations mey take place in the chord direc-
tion as well as in the more usual span direction. Although several
theories are avallable for calculating these static aeroelastic effects
(refs. 1 and 2), very little experimental verification and evaluation
are available (ref. 2). Thus, in order to add to these experimental
data and to obtain some results by which calculation procedures can be
evaluated, a wind-tunnel investigatlion was undertaken.



A so0lid thin 45° delta wing of double-wedge cross section was
tested at low, medium, and high dynamic pressures (250 to 2,000 1b/sq ft)
at Mach numbers of 1.30, 1.6k, 3.00, and 4.00. Static deformations,
total normal force, pitching moment, and bending moment were measured.
The purpose of this report is to present these experimental results
and to present a comparison with calculated results for an evaluation
of the theories used.

The calculations are based on the influence-coefficient method of
analysis. The theories used to calculate the aerodynamic pressure
distributions are (1) the linearized potential theory of reference 3
for subsonic leading edges, (2) the linearized potential theory of
reference 4 for supersonic leading edges, and (3) the piston theory of
reference 5. Some of the results of this study have been reported in
reference 6, which presents a survey of the effects of aeroelasticity
on stability and control.

SYMBOLS
A area of wing segment
a deformation coefficient (see eq. (3))
a average of a
b/2 wing semispan
CB“ coefficient of bending moment at tunnel wall <§B = —0.0625>

per unit angle of attack, MB/chra

0.458

Cma coefficient of pitching moment about axis at ip
per unit angle of attack, M?/qSCﬁx

CN@ normal-force coefficient per unit angle of attack, N/qu
Cy root chord

hy displacement at ith station

M Mach number

Mg aerodynamic bending moment at tunnel wall (iB = -0.0625)
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X,y
X,Y,Z
X = x/cp
*p
Xp = Xp/Cr
7= L
b/2
JB
- JB
y = cmmm—
B y/2
Z
a
Bp=V° -1
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aerodynamic pitching moment about axis at ip = 0.458

normal aerodynamic force

derivative of normal aerodynamic force with respect to a

derivative of normal aerodynamic force with respect to

derivative of normal aerodynamic force with respect to
angle of attack

differential pressure
dynamic pressure
total wing area
velocity of airstream

distances in the X- and Y-directions, respectively
(see fig. 5)

coordinate axes (fig. 5)

x-distance to experimental pitch axis

y-distance to experimental bending-moment axis

deflection due to static aerocelasticity in Z-direction,
positive down (see fig. 5)

rigid angle of attack

structural influence coefficient (see eq. (1))

Z




Subscripts:

i, refers to ith and jth station or matrix element, respectively
a refers to derivative with respect to a

a refers to derivative with respect to a

Matrix notation:

{ } column matrix
[ ] square matrix
[ ] diagonal matrix

EXPERIMENT

Scope of Tests

Static aercelastic normal deflections, normal aerodynamic forces,
pitching moments, and bending moments were measured on a 45° triangular
wing in supersonic flow. Conditions were investigated at four Mach
mumbers, 1.30, 1.64, 3.00, and 4.00. The angle of attack was varied
from 2° to 10° at each Mach number. The dynamic pressure was varied
from low to medium to high (from approximately 250 to 2,000 1lb/sq ft,
except at M = 4.00 where the maximum value of q attainable was
1,000 lb/sq ft) for each Mach number and angle of attack.

Description of Model and Apparatus

The test model is a 459 delta wing, a photograph of which is shown
in figure 1. The root chord and semispan are 6 inches each. The air-
foll is a double wedge with a thickness of 2 percent of the local chord
parallel to the airstream. The wing is solid and is constructed from
Type 416 stainless steel which was heat treated to a yleld strength of
95,000 1b/sq ft.

The model was tested in the langley 9- by 18-inch supersonic aero-
elasticity tunnel. This tunnel is of the blowdown type with 2 to 10 sec-
onds of running time. The test medium was air. The wing was cantilever
mounted in the tunnel as shown in the photograph in figure 2. Notice
the faired semicircular body (the radius 1s 0.375 inch) at the wing root.
This faired body is attached to the tunnel wall and the wing extends




through it. Thus, only the wing is attached to a strain-gage balance.
The faired body is used to cut down on tunnel-wall boundary-layer inter-
ference on the wing.

Measurements of total normal force, pitching moment, and bending
moment were recorded by an oscillograph during the entire tunnel opera-
tion. A camera was used to take double-exposure photographs showing
the wing in the deformed and undeformed positions. (For example, see
fig. 3.) The static aeroelastic deflections were measured from these
photographs as described in appendix A.

Structural Characteristics of Model

The structural characteristics of the wing were measured in the
form of influence coefficients. A structural influence coefficient aij

is defined as the deflection at station 1 due to a unit static load
applied at station Jj. In the present instance the influence coeffi-
cients were measured by means of differentiasl transformers (ref. 7) at
28 stations. The locations of these stations are shown in figure k.
The matrix of influence coefficients is given 1n table I.

Test Procedure

A photographic procedure was used to determine the wing deforma-
tions. The first step of this procedure was to paint a series of dashed
white lines on the wing surface in order to locate properly points at
vwhich measurements were desired, as shown in figure 1. Next, the model
was mounted in the test section, attached to the strain-gage balance,
and rotated to a specified angle of attack. Then, just prior to the
test run, a photograph was taken of the wing in this undeformed position,
as In figure 2. Next, the tunnel was run at a specified Mach number and
q condition. When the desired g - condition was established in the
tunnel, another photograph was taken of the wing in the now-deformed
position. This photograph was taken on the same film as was the one
showing the undeformed position of the wing, thus creating a double-
exposure negative, as in figure 3. The purpose of the double-exposure
negative is to determine the normsl deflection. The procedure for
obtaining these deflections is described in appendix A.

In order to correlate the continuous oscillograph record of wing
force and moments with the deflections measured at only one instant
during the test, a trigger mechanism was set up to mark the oscillo-
graph record when the camera was operated. The tunnel was next run at
a different dynamic pressure keeping the angle of attack and Mach number
constant. After running the tunnel at low, medium, and high values of
q, the wing was rotated to the next angle of atitack and tested anew.



Finally, when the ranges of q and o Wwere completed, the nozzle of
the tunnel was changed in order to test the wing at the next Mach number
condition.

Test Results

The test variables, Mach number, angle of attack, and dynamic pres-
sure, are glven in table II along with the coefficients of total normal
aerodynamic force, pitching moment, and bending moment. The static
aeroelastic deflections normal to the wing determined from the wind-
tunnel tests are listed in table III. The pitch axis is located at

ip = 0.458 and the bending moment is taken about an axis located at
g -0.0625. (See fig. 5.)

]

ANALYSIS

In this section a brief description of the influence-coefficient
method of analysis for calculating the effects of static aercelasticity
on a thin plate wing in supersonic flow is presented. The method of
solution of the matrix equation of equilibrium is shown to be dependent
on the type of aerodynamic theory used. In this report two types of
solutions are discussed briefly.

Equation of Equilibrium

According to the influence-coefficient method, the deflection 1z
of a point x4,y; on the wing subjected to discrete forces NJ acting
normal to the wing surface in the Z-direction can be determined from

the matrix equation
& - B )

where ® 1is a matrix of structural influence coefficients. The influ-
ence coefficient 8jj 1is defined as the deflection at station i due

to a unit normal force at station j. (See fig. 5.) This method
requires that the wing be segmented as illustrated by the dashed regions
in the figure and that the l1nads be concentrated at the influcncc sta-
tions located within each segment. The manner in which the wing was
segmented for the present investigation and the locations of the influ-
ence stations are shown in figure k.




For the static aeroelastic problem the only normal forces acting
on the wing are (1) the aerodynamic force on the rigid wing at a preset
angle of attack, and (2) the aerodynamic force due to the wing deforming

statically; that is,
()= adng + 0] (=) (2)

For the present problem the derivatives of the normal aerodynamic
force Ny and N, are determined by three different theories: (1) the

linearized potential theory for subsonic leading edges of reference 3,
(2) the linearized potential theory for supersonic leading edges of
reference 4, and (3) the piston theory of reference 5. The solution of
the equation of equilibrium i1s dependent on the type of aerodynamic
theory used; thus, two methods of solution will be discussed briefly:
(1) the solution using the potential theories, and (2) the solution

using piston theory.

Solution using the potential theories.- The linearized potential
theories of references 3 and 4 are limited to triangular planforms with
zero thickness. For the subsonic leading edge of reference 3 the wing
is assumed to be deforming harmonically with amplitude approximated by
a quadratic expression for a surface. The velocity potential is obtained
in the form of a power series of the frequency of oscillation. For the
static aeroelastic problem this frequency of oscillation is zero. 1In
the supersonic leading-edge theory of reference L4 only the steady-state
solution is given with the deformation approximated by a power series
in the surface variables limited to the first power in x and the third
power in y.

In the present problem the wing displacement used in both potential
theories is assumed to be

hy = axy + axiyi2 (3)

where the first term is the displacement due to the rigid angle of attack
and the second term is a first-order approximation for the deflection due
to static aeroelasticity. A potential is then determined for each type
of displacement from which the force derivatives are found. The expres-
sions for these normal-force derivatives are given in appendix B for the
subsonic-leading-edge case and in appendix C for the supersonic-leading-
edge case. On the basis of this assumed description of the static aero-

elastic deflection (axiyiQ), equation (2) becomes

(v} = allg)} +a{l) (4)




Substituting axiY12 for z in equation (1) and combining this egua-
tion with equation (4) gives, finally,

{6 - [))) - o)) >

The equations represented by equation (5) can now each be solved
independently for a at each station. Since a was assumed to be a
constant, then any variation in a as determined from each of the equa-
tions is averaged out before determining the static aeroelastic deflec-

tions and loads; that 1is,
{z} = é'.{xy2> (6)

and

oy =ally)y +alny (7)

Once {ﬁ)’ has been determined the pitching and bending moments
may be obtained from the following expressions:

M, =Z (xi - )LP>N1 (8)
i

My ’Z (v1 - yB)M (9)

i

Since there is an analytical expression for the deflections, then the
forces and moments could be obtained by exact integration of the pres-
sure over the surface. This procedure was followed for the subsonic-
leading-edge case (see appendix B); however, for the supersonic-leading-
edge case the effort required to perform the exact integrations was
considered excessive and numerical integration was used.

Solution using piston theory.- The basic assumptions of piston

theory are high Mach numbers (M2 >> l) and thin wings. Unlike the

linearized potential theories thie theory allows for the ineclusion of
airfoil shape and thickness effects. For the present problem expres-
sions for the normal-force derivatives as determined by piston theory

are given in appendix D.




For this theory it is not necessary to assume an analytical expres-
sion for the deflection shape; therefore, substituting equation (2) into
equation (1) gives

(=)= ofo] (v} +[8])(nz]{=7 (10)

This equation may be solved for the static deflection ‘z\\ by itera-
tion. Once Z has been obtained the normal static load is found

from equation (2) and, finally, the moments are obtained from equa-
tions (8) and (9).

RESULTS AND DISCUSSION

This section 1s divided into two parts. In the first part a com-
parison is made between experimental and calculated deformations of the
lifting surface. The second part presents a similar comparison for the
coefficients of total normal force, pitching moment, and bending moment
per unit angle of attack.

Deformations

Since the lifting surface 1s of the plate type, the deformations
will be plotted along both the chordwise and spanwise directions. The
local chord lines and the span lines (which are lines of constant frac-
tions of local chord) on which the deformation plots are based are shown
in figure 6. Typical plots of the experimental and calculated deforma-
tions for the four Mach number conditions are shown in figure 7. In
general, the agreement between experiment and the appropriate potential-
theory results is satisfactory for all Mach numbers considered. The cal-
culations were based on the subsonic-leading-edge theory for M = 1.30
and on the supersonic-leading-edge theory for the higher Mach numbers.
On the basis of this comparison, it is expected that these potential
theories should give results of corresponding accuracy when applied to
similar 1ifting surfaces.

Piston theory, used only for M = 3.00 and M = 4.00 (figs. 7(c)
and (d)), yields satisfactory agreement with experiment at M = 4.00
but is not so good, deviating by 20 percent in some instances, at
M = 3.00. However, the piston-theory results at M = 3.00 are con-
sidered to be accurate enough for use in trend studies where many cal-
culations are involved. In such studies piston theory becomes very
attractive due to its simplicity. (Compare the equations of appendix C
with those of appendix D.) As stated previously, piston theory includes
finite-thickness effects; however, since the wing is only 2 percent thick,
no detailed conclusions regarding this effect are made.
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Normal-Force and Moment Coefficients

By using the calculated deflections the coefficients of normal
force, pitching moment, and bending moment were calculated for each Mach

number condition. The pitch axis is located at ip = 0.458 and the

bending-moment axis is located at yp = -0.0625 (at the tunnel wall).
(See fig. 5.) Comparisons between the experimentally and theoretically
determined force and moment coefficients are given in the following
subsections.

Normal-force coefficient.- The experimental and theoretical values
of the coefficient of normal force per unit angle of attack are shown
in figure 8 as a function of dynamic pressure. The difference between
theory and experiment is generally within 10 percent; however, it should
be pointed out that the difference between experiment and piston theory
at M = 3.00 is of the order of 15 percent. However, by a slight modi-
fication of piston theory the correlation with experiment can be improved.
That is, inserting 1/ for the 1/M factor in the expression for dif-
ferential pressure (see appendix D) results in an increase in the normal-
force coefficient. This modification tends to aline piston theory with
linearized potential theory and even with some second-order theories,
such as that of Van Dyke (ref. 8). In fact, the normal-force coeffi-
cient predicted by this modification for a rigid wing with supersonic
leading edges (R/B) is identical to that predicted by linearized poten-
tial theory. On this basis, then, the calculated rigid results shown
in figure 8 would be identical to the potential-theory results at
M= 3.00 and 4.00 (and even at M = 1.64 if piston theory had been used
here). The flexible results would be increased approximately in the same
proportion as the rigid results (reducing the discrepancies from 15 to
10 percent at M = 3.00); the increase in the flexible results would not
be identical to the increase in the rigid results because the deformations
used in the calculation of the flexible loads would be slightly different
due to the modification. As regards the evaluation of the theories, the
comparisons made in figure 8 support the conclusions made regarding the
comparison of deformations.

In order to indicate the loss in normal-load coefficient due to
static aeroelasticity, the rigid results shown in figure 8 are used as
reference values. By comparison with these rigid results, the effects
of flexibility are shown to be large at the lower Mach numbers (20 per-
cent for M =1.30 at q = 1,000 1b/sq ft and increases as q
increases). As Mach number is increased, however, the effect of tlexi-
bility decreases (only 4 percent for M = 4.00 at g = 1,000 1b/sq ft).
The same trend can be established from the experimental results by
extrapolating q to zero and using this result as a reference value.

Pitching-moment coefficient.- The coefficient of pitching moment
per unit angle of attack based on theory and experiment 1s plotted in




i1

Tigure 9 against the dynamic pressure. The agreement and trends of the
results are sbout the same as for Cqu however, at M = 1.30 the agree-

ment between experiment and theory is only fair. Also, at the higher
Mach numbers piston theory is in better agreement with experiment than

is the potential theory. Although the wing is only 2 percent thick it
seems that the finite-thickness effect, present in piston theory and not
in the potential theory, causes a shift in the prediction of the chord-
wise location of center of pressure and thus has more of an effect on
Cm, than on CNa' If piston theory were modified as before, the results

would still be in better agreement with the experimental results than are
the potential-theory results. The modified piston theory predicts, for

a rigid wing (q = 0), Cma = -0.284k per radian at M = 3.00 and

Cmaf=-0'206 per radian at M = 4.00 or roughly halfway between the
piston- and potential-theory results.

A comparison of the flexible and rigid potential-theory results
again indicates a large effect due to flexibility at the low Mach num-
bers (as much as 30 percent for M =1.30 at q = 1,000 1b/sq ft)
and a decrease in this effect as the Mach number is increased (7 percent
for M =L4.00 at g = 1,000 1b/sq ft).

Bending-moment coefficlent.- Im figure 10 the coefficient of bending
moment per unit angle of attack is plotted against the dynamic pressure.
There is so much scatter in the experimental values of CBa (which is

considered to be due to balance insensitivity) that no attempt is made
to assess the theoretical results; however, the overall trends of the
experimental and theoretical results with dynamic pressure are in agree-
ment. These trends are the same as those in figures 8 and 9 for CNa

and Cmcf respectively.

As a matter of Iinterest, the modified piston theory would again
predict results between those predicted by piston theory and potential
theory (for the rigid wing, CB = 0.561 per radian at M = 3.00 and

a

Cg_ = 0.406 per radian at M = 4.00). Also, a comparison of the flexible
o

and rigid results again indicates a larger effect of flexibility at the
lower Mach numbers than at the higher values.

CONCLUDING REMARKS

Static aeroelastic wind-tunnel data for a thin 45° delta wing in
supersonic flow have been presented and compared with theory in the Mach




12

number M range 1.30 to 4.00. Three theoretical procedures were used:
(1) a linearized potential theory for subsonic leading edges at M = 1.30
(2) a linearized potential theory for supersonic leading edges at M = 1.
3.00, and 4.00; and (3) a piston theory at M = 3.00 and M = 4.00.
Results presented are normal deflections, normal-force coefficient,
pltching-moment coefficient, and bending-moment coefficient.

;
6k,

In general, calculations of the deformations, normal-force coeffi-
clents, and pitching-moment coefficients based on the potential theories
have been shown to agree favorably with the wind-tunnel results. Cal-
culations of these same results based on piston theory have been shown
to compare satisfactorily with experiment at M = 4.00 but not so well
at M = 3.00. However, a suggested factor modification in piston theory
can improve the correlation with experiment. This modification tends
to aline piston theory with linearized potential theory and even with
some second-order theories, such as that of Van Dyke.

Agreement between theoretical and experimental bending-moment coef-
ficients was shown to be poor. However, an assessment of the theories
on thils basis was not made inasmuch as the experimental results were
considered to be inaccurate due to balance lnsensitivity.

Langley Research Center,
National Aeronautics and Space Administration,
Langley Air Force Base, Va., August 30, 1961.



13
APPENDIX A

PROCEDURE FOR MEASURING DEFLECTTIONS

The procedure for measuring deflections was as follows. First,
white lines were painted on the wing surface. These lines were broken
at the stations at which values of deflections were desired. (See fig. 1.)
Second, a camera was set up as indicated in the following sketch:

/

/|Deformed
Z wing

F'_/_ Undefomed -Film
/ wing Lens axis

Camera,

Vertical—
tunnel//
wall /] / s

/]
/
/]
/

|

Note that the lens axis is below the wing and perpendicular to the verti-
cal tunnel wall. This axis is below the wing in order to distinguish
between the white lines at different span stations. (See fig. 2.) It

is perpendicular to the vertical tunnel wall in order to present an
undistorted view of normal deflections (normal to the wing local chords
in the undeflected position). Third, a double-exposure negative was
made showing the wing in the undeflected position before each run with
the deflected wing superimposed during each run; for example, see fig-
ure 3. Finally, this double-exposure negative was magnified and the
distances between the broken white lines in the disturbed and undisturbed
positions were measured and multiplied by a conversion factor in order
to determine the actual deflection. This conversion factor is simply
the ratio of the actual local chord length to the local chord length

as measured from the magnified negative. This factor is based on the
assumption that the camera distorts distances linearly and equally in
both the normal and chordwise directions. That is,

Z_z<_C.>
ccc
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where

actual normal deflection, in.
normal deflection measured on negative
actual length of lines on wing, in.

length of lines on wing measured on negative
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APPENDIX B
LINEARTIZED POTENTIAL THEORY FOR SUBSONIC LEADING EDGES

In this appendix application of the linearized potential theory of
reference 3 for subsonic leading edges is made to the static aeroelas-
tic problem of this report. The equations for the coefficients of normal
load, pitching moment, and bending moment for a MSO triangular wing
deforming statically are presented.

The theory is limited to thin triangular wings (thickness is assumed
to be zero) in supersonic flow with subsonic leading edges undergoing
harmonic motion. The amplitude of the deformations is assumed to be
represented by a quadratic expression for a surface. The velocity poten-~
tial 1s obtained in the form of a power series in terms of the frequency
of oscillation. For the static aerocelastic problem this frequency is
zero.

For the present problem the displacement of the wing i1s assumed to
be of the form (see the axis system, fig. 5)

h, = ax, + ax 2

1 i 171

The velocity potentials are then obtained from reference 3 for two angles
of attack, one equal to a constant a and one equal to ayiQ. On this

basis, then, the normal aerodynamic force can be written in matrix nota-

{N} = OL{N@} + a{Na>

(e) - 2[4 ] =

o) ) oo - i)




16

where Dby and by are constants with respect to the surface coordinates

which depend on M and the wing apex angle (ref. 3). (For the 45° delta
wing at M = 1.3, Dbg = 0.025465 and by = 0.21947.) The symbol E'

represents a complete elliptic integral of the second kind with the

modulus 1l- 52. The ares of the wing segments is tabulated in fig-
ure 4 for the wing under study.

Due to the discrete nature of the influence coefficients it is nec-
essary to define the aerodynamic forces at discrete stations in order to
determine the deflections; however, once the deflection has been deter-
mined (in this case the average value of the deflection coefficlent &),
the aerodynamic pressures may be integrated analytically to determine
the total aerodynamic force as

_éf (otip,, + 84p,)ax ay

=
]

2 AR
A T )

Thus, the coefficient of normal force is

Similarly, the pitching-moment and bending-moment coefficients are,
respectively,
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APPENDIX C
LINEARIZED POTENTTAL THEORY FOR SUPERSONIC LEADING EDGES

In this appendix application of the linearized potential theory of
reference 4 for supersonic leading edges 1s made to the static aero-
elastic problem of this report. The equations for the normal aerodynamic
loads for a 45° triangular wing deforming statically are presented.

The theory is limitéa to thin triangular wings (thickness is assumed
to be zero) in steady supersonic flow with supersonic leading edges. The
deformations are assumed to be represented by a power series in the sur-
face variables limited to the first power in x and the third power
in y.

For the present problem the displacement of the wing is assumed to
be of the form (see the axis system, fig. 5)

hy = axgy + axiyi2

The velocity potentials are then obtained from reference 4 for two angles

of attack, one equal to a constant o and one equal to ay;“. On this
basis, then, the normal aerodynamic force can be written in matrix nota-
tion as

{0} =a(ig) +e(N,)
where

() = TaJ{en,)
{7} = [a){s.)

The areas of the wing segments are tabulated in figure 4 for the wing
under study. The elements of the matrices of the differentisl pressure
derivatives are as follows:



18

(1) For stations ahead of the Mach line,

(2) For stations rearward of the Mach line,

Spg = —t—(01 +0p)
7t B2 -1
_-.2.£b_/_2_-—-{ By_x +B( )]
(82 5/2

. [%(Bgy v x2)+ 225 + §>%}92 - 6iv(gé -1)(%2 - B -2{}

p 2

-1|x - By

c Ty
°s [;(x - yi}

0~ = cos'l{:.}-_c_ifj‘_]
2 B(x +7)

where

"

01
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APPENDIX D
PISTON THEORY

In this appendix application of piston theory (ref. 5) is made to
the static aeroelastic problem of this report. The equations for the
normal aerodynamic forces for a 45° delta wing deforming statically are
presented.

The theory is limited to thin wings in supersonic flow at high Mach

number, where (M2 - 1 =~ M. Unlike the linearized potential theories,
; P

this theory allows for the inclusion of the effects of airfoil shape and
thickness. The differential pressure at the ith station Ap; 1is given

by second-order piston theory for symmetrical airfoils as

LFq M(7 + 1)y (X‘)
Opy = 1+ s( i)
where
Y ratio of specific heats of medium
w(X4) downwash velocity at station i
Ys(xi) defines the contour of the upper wing surface

The prime denotes a derivative with respect to x. In this theory
the axis system is defined by figure 5.

For the static aeroelastic problem
t
w(xi) = V(a + zi)

In order to determine the force N; at station 1, Api is integrated
over the x-distance of the segment of area associated with station i
and multiplied by a constant strip width sj;. (For the present problem
these segments are shown in fig. 4.) Thus, at station 1,
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hq Ao + s<fz'dx> M(7 + 1) fY (x)ax + 2L~ /g M(7 + 1) fYé(x)z'de

or in matrix notation

o - e
0BRSS

where
< )
Sy integrating matrix, [ Yo (x)ax
LD -
— .
Sy, integrating matrix, /z'dx
-

{%Y,z:] integrating matrix, fY'S(x) z'dx

Comparing the preceding equation with equation (2) gives

CRS IR RS RIS
[ =5[] -2 2

For the wing studied the areas of the wing segments are tabulated in
figure 4. The equation of the upper surface is for 0Sx S c/2

and

YS=T'X



and for

where

T

Cc

c/2 Sx<Se

local chord

Y

s

= 1(c - x)

thickness ratio, fraction of local chord (0.02)

Numerical values of the remaining matrices are given as follows, in

inches:

where

N

)

4]

4]

[

[\

-1

&

1.1

=

4]

-1.1

-l.l)‘




22

4] -

3

[}

(5)
)

0.9

0.7

0.5

0.9

0.7

0.5

0.3

-O'BQ



and

where

[e]

—

~2.4

-0.8

0.15

square matrix of zeros

3.2
0]

-0.8
0.8
0
-0.8
0.8

-0.15
N

1.2
o

-3.2

-0.2
0.8
2.4
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2k

and

where

21,32
(Eﬂ _ 1
0.36
(DJ [
£ |
[O] L%
o]
L
P-z.u 3.2
0.8 0
SY}LJ =1;§ 0.2 -1.2
0 0
o 0
71.%2

-0.%

1.68
0

1.68

-0.8
0.8
2.0
0.8

-0.8

1.68
0.64
1.68

-0.
0.64

1.32

-1.2

3.2

‘Oo
-0.32

-1.%2

0.2

-0.8

-2.4
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TABLE II.- EXPERIMENTAL LOAD RESULTS AND RUN VARIABLES

c -C c
&Ly 45 No? Mg’ M, By’
Run | M deg | 1b/sq ft per radian | per radian | per radian
8 |1.30 | 2 255 4.50 0.810 3.22
9 2 975 3.76 627 1.99
10 2 1,555 3.58 .522 2.11
11 L4 258 4.48 .T70 2.76
12 I 549 3.95 640 2.56
13 4 900 3.63% .588 2.05
14 6 249 L. 41 LTh3 2.92
15 6 526 3.85 .648 2.29
16 8 255 4,27 L7135 2.63
17 8 409 3.99 .670 2.37
22 11.64 | 2 295 3.57 .599 2.32
23 2 1,140 2.91 .490 1.70
24 2 1,988 2.%6 .378 1.33
25 4 603% 3.02 543 1.81
26 Iy 352 3.26 .585 1.61
27 b 999 2.98 485 1.66
28 6 320 3.30 .589 1.89
29 6 6h2 3,00 .522 1.72
30 8 311 3.23% .566 1.83
3] 8 521 3,11 .538 1.67
34 | 3.00]| 3 583 1.4% .251 .625
35 3 1,040 1.41 .23%3 .781
36 3 2,063 1.38 .219 .619
37 6 231 1.52 .270 .828
38 6 1,055 1.40 .243 .700
39 6 2,130 1.%6 217 .660
4o 9 233 1.57 .265 .9%8
41 9 870 1.45 251 177
Y2 9 2,020 1.36 .218 .649
48 [(4.00| 3 268 1.1h .218 . 760
hg 3 489 1.06 .189 .584
50 3 987 .99 187 659
51 6 295 1.01 .198 AL62
52 6 495 1.05 .190 .692
53 6 980 1.02 .189 579
5k 10 268 1.11 .215 .620
55 10 475 1.06 .201 557
56 10 . 981 1.06 .191 STh
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L-61-5073

Figure 2.- Model mounted in wind tunnel in undeformed position.
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L-61-507k

Figure 3.- Double-exposure photograph of model in deformed and
undeformed positions.
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Station| X; yi A, sqin||Station| ¥ i A, sqin
I [0.175]0083|1.100 [ 15 [0942]0.417]|0.700
2 .358 16 | 625| 583| .500
3 542 17 | .708
4 725 18 | .792
5 08| | 19 | 875
6 .325| .250{ 9001 20 | 958 |
7 475 21 775| .750| .300
8 625 22 | .825
9 775 23 | 875
10 | 925 | 24 | 925
I 475! 417| 700|| 25 | 975 ‘
12 592 26 | 925 917| .150
13 708 27 | 958 .200
14 825 28 | 992 150
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Figure 4.- Location of deflection stations and associated areas.
Dashed lines represent boundaries of area segments.



Bending-moment axis

!
Pitching-moment axis
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system.

Figure 5.- Axis
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Deformation, in.

O Experiment Fraction of
Potential theory local
ar chord

1.00

21
Fraction of
semispan

917 0

0 2 4 6 8 1.0 0 2 4 6 8 1.0
Fraction of local chord

~!

(a) M =1.%0; a = 4°; g = 900 1b/sq ft.

Figure T.- Sample plots of wing deformations.
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Deformation, in.

O  Experiment Fraction of
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Fraction of }
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Figure T7.- Continued.
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Figure 7.- Continued.
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Figure 8.- Variation of normal-force coefficient per unit angle of
attack with dynamic pressure.
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