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SUMMARY

This report gives the results of an investigation on the transi-
tion from spin about the axis of minimum moment of inertia to spin
about the axis of maximum moment of inertia by dissipation of inter-
nal mechanical energy. A mathematical discussion, together with
charts and diagrams, shows that angular velocities and nutation angle
are dependent on the energy and symmetry factors. The low stability
of rotation about the axis of maximum moment of inertia, when this
inertia is only slightly greater than the mean moment of inertia, is

shown.



Section |. INTRODUCTION

Theory and practical experience from or-
biting satellites have shown that the rotation of
a satellite about its axis of minimum moment of
inertia is unstable. This instability is caused
by the incomplete rigidity of a satellite and
dissipation of mechanical energy by internal
friction of the body. The body begins to nutate
with increasing angle. Finally the satellite ro-
tates about its axis of maximum moment of iner-
tia. This motion is stable. The final spin is
slower than the initial spin. The angular mo-
mentum stays constant'during the transition.

It has been suggested that this natural
behavior of a rod-shaped body spinning about its

Section 1l. MOTION OF SATELLITE

Consider the satellite as an unsymmetrical
top with three different principal moments of
inertia A > B > C. C is the moment of inertia
around the original spin axis or longitudinal
axis of the body.

i o,, wg, w. are the angular velocities
around the corresponding axes of principal mo-
ments of inertia, the Eulerian equations read:

Ao, ~B-CQuogo. =0
Bop, ~(C~Aow, =0 1
Co.-A-Bo,w; =0
A first integral of these equations is
Ao? +Bol +Co? =T (2)

where T is a constant and represents the double
of the kinetic energy of the moving body.

A second integral is obtained by multiply-
ing Equations 1 by Aw,, Bog, Co
tively, adding and integrating

c» respec-

axis of minimum moment of inertia be applied to
spin reduction purposes (Satellite S-15). In this
connection the time within which the transition
takes place and the degree of stability of the
spin about the axis of maximum moment of iner-
tia are important.

This report gives the results of a study of
the motion of the body at any energy level. The
angular velocities of the nutational motion are
presented as dependent on the energy and the
unsymmetry factors of the satellite. The nuta-
tional path of the axis of maximum moment of
inertia of the body as seen by a space fixed
observer is shown.

IN BODY FIXED COORDINATES

Azw; + Bza)i3 + Czwé =G? 3)

This is the square of the total angular momen-
tum. Initially, during true spin about the longi-

tudinal axis with we = Q and w, =0y =0

G? = C202 @

and
T,=CQ? )

During the transition period, G will remain con-
stant while T will be continuously decreasing,
due to the dissipation of mechanical energy.
Finally, the body will have flat spin at the an-
gular velocity

W, =XQ and wg =w, =0 (6)

e e e

The angular momentum will stay constant at
G =CQ = Aw, and the kinetic energy will be

e
decreased to the value

C C
T, = Aw? =~ CO* = —
A

. I T, (7)
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The motion during the transition period is de-
scribed by Kirchhoff’s solution of the unsymmet-
rical top. In terms of elliptic doubly periodic
functions for

BT > G? (8)
@, =C-cn St-1)
wg =b-sn St-r7) 9)
wo=a-dn 5t —r)
where
AT - G? G*-CT G*-CT
I D 2~ T e
CA-0Q) BB - () AA -C)
B - C)(AT - G?
5 =( ) (10)
ABC
A-B G*-CT

2

= —_— <1
B-C AT-G?

2 2
For the energy range of iy >T> Y this means

that the body oscillates about the A and B axes
with maximum angular velocities ¢ and b, The
A and B axes vary approximately as cosine and
sine [AMt—7)], respectively. The motion about
the body fixed C axis is a rotation of angular
velocity always fluctuating in the same direc-
tion. The periods of the oscillations are given
by the complete elliptic integral and are equal

4K (k) '
5 For the fluctuating angular velocity

. 2K (k)
the period is

to

. After more and more energy

is dissipated, the motion reaches the state where
BT = G? (11)

Then k = 1 and the elliptic functions be-
come exponential

a

“a” cos h 8(t—r)-

wg =b tan h §(t—7) (12)

c
@c = cos h 8(t-7)

where
C A
- —iG? —~1]G?
B G? B
2 2 P S S A
AA-Q) B? CA-CQC)
<A~BX1~E> 13)
B
R I I o
ABC
Now it is lim =0 and lim tan h 6t =1
tsoo cos h Ot troo
G C
so that for t » a)1~—)0 w3_>0 wz_,gz__

This means that if the energy T would remain
2

G
on the magnitude T iy the body would finally

settle on a rotation about its axis of mean mo-

However, since this motion is
2

ment of inertia.
not gained instantly after arrival at T = B en-

ergy is still dissipated by the irregular motion.
The body enters the phase where

G*> BT _ (14)

The solution of Euler’s equations for this

range is
w, =adn8(t-7)
wy =bsnd(t-7r) (15)
we=ccndt-r)
where .
L G-cr _AT-G* | AT-G
AA-0Q) B(A - B) C(A-0)

(A-B)G*-CT)

& = 16
ABC (16)
B-C AT -~G?
k? = ——- <1
A-B G*-~CT
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The energy is now B >T> 1 The essential

change in the motion compared with the phase
G? G?
E* >T> 13— is that the motion about the B and

C axes is of oscillatory type, while the body

rotates about the A axis with angular velocity
fluctuating in the same direction always.

The part of the investigation which de-
scribes the motion in body fixed coordinates is
especially suited for the design of a nutation
damper.

Section I[l. MOTION OF SATELLITE AS SEEN BY A SPACE FIXED OBSERVER

In using Poinsot’s construction, it is as-
sumed that for a finite time interval kinetic
energy and angular momentum remain constant.
This is certainly not true for the energy, bui
this step—by-step consideration helps explain
the motion considerably.

The satellite is replaced by its momental
ellipsoid which is defined by the equation

Ax* + By? + C22 =T (17)

The x, y, z axes are coinciding with the A, B, C
axes of the satellite, respectively. The ellips-

oid has the semiaxes \/ T/A; \/;I'A/E and / T/C

along x, y, z direction, respectively. The mo-
mental ellipsoid with a fixed center rolls on a
fixed plane at a distance

- (18)

e
from the center of the ellipsoid. The perpendic-
ular from O to the fixed plane points in the di-
rection of the total angular momentum vector
and is constant in length if T is kept constant

(Fig. 1).

Fig. 1

MOMENTAL ELLIPSOID ROLLING ON FIXED PLANE




The radius vector from the center of the
ellipsoid to the contact point with the tangential
plane is the instantaneous angular velocity vec-
tor, @. As the ellipsoid rolls on the fixed plane
the points of contact form a curve on this plane,
the herpolhode, and another curve on the ellips-
oid, the polhode. Connecting all points of pol-
hode and herpolhode by straight lines with the
center O, the motion also can be considered as
the rolling of the polhode cone on the herpol-
hode cone. The polhode cone will be a closed
cone while, in general, the herpolhode cone will
not be re-entering.

BT > G* and BT < G? are to be cons1dered
For the description of the motion in space fixed
coordinates the angular momentum vector is
chosen as reference line. During the first phase
of the transition period with BT > G? we use
the C axis (original spin axis) as body fixed
reference line. During the second phase where
BT < G?, the A axis is used as body reference
line.

BT > G?

Describe a sphere with radius 1 around the
center O of the body. The principal axes inter-
sect with this sphere at A, B, C; the angular
momentum vector intersects at L. The direc-
tional cosines against the space fixed angular
momentum vector OL are a, 8, y. A, g, v are
angles of the planes LOA, LOB, LOC against
some fixed plane LLOX passing through OL (Fig.

2). d— is the angular velocity of nutation and y

t
is the nutation angle. The velocity around the

instantaneous axis OL is o which lets C move

perpendicular to the arc IC with v, = @ sin IC

which yields, resolved perpendicular to LC, a

Lc =w sin IC sin LCI.

dy

—~ sin y, therefore by cosine law of

velocity v But it is also

Vice T

spherical trigonometry

sin y %V = w sin Cl sin LCI

cos LI ~ cos LLC cos IC

=w
sin L.C (19)

w cos LI is the resolved part of the angular ve-

locity about OL which is equal to%— as seen by

the momental ellipsoid. In the same way we find

w cos IC = . S0 that
sin? y%: = %v W cosy (20).

With G cos y = Ca, it fotlows that

sinfydv.T_Geosly (1)
dt G C
or
dv T CT-G*, 2
EANTAE Wl MY (22)
&6 T ce 87

For determination of gﬂ, the directional cosines
t

of the angular momentum line OL can be ex-
pressed as

Aw Ba)B Co

A cos y = c

cos a=

S

Fig. 2 UNIT SPHERE SHOWING GEOMETRY
OF MOVING AXES -- BT > G?




Substituting into Euler’s equation

d
C '&T"C ~A-Boyog=0 . (23)

it follows that

dy / ’
sin yé}: = % -%f‘cos acosf3.-G (24)

Because of the relations

cos® a

2
P B = (25)
A B C G?

cos’a+ cos®’ B+cos’y=1

after elimination of @ and 3, it becomes

dt ' AB| G?

2 G* AT-G* A-C
sin? y<‘i)/\ =~ — { T cos? yﬂ%
BT-G* B-C

x |

N

cos? y\s (26)

In order for the equation to give real values for

dy
~, the expressions in brackets must have oppo-

dt

site signs. This leads to the condition

AT-G C
G A-C

By integrating Equations 22 and 26 and plotting
y versus v, we obtain the figure which the C
axis describes in space. y stays between the
two limits as given by Equation 27.

BT <G

The procedure is analogous to the previous
case for BT > G*. From Figure 3 we find

da
sin @ — = w sin Al cos LAI
de (28)
cos LI -~ cos LA cos IA
ST e LA )

and after short calculation

d» T AT-G

=—+ cot? a (29)
dt G AG

Also, the first of Euler’s equations shows

2 (da\’ G2<G2‘CT A-C 2 )
. i S e cos’ a
sin® a (dt//“ BC G? A
:_B A-B
x <G o T - cos? a\g (30)

with the condition

G*-CT A G*-BT A
¢ ac e am OV

Fig. 3 UNIT SPHERE SHOWING GEOMETRY
OF MOVING AXES -- BT <G




Section |V. NUMERICAL EVALUATION OF THE THEORY OF MOTION

1. Body Fixed Coordinates Considering the differential equations for
the elliptic functions
G? T G? 0 < AT < C
—>T>=— or — <1-—= d 2
C B T, B ( =1 u> = (1 ~ sn® u)(1 — k* sn® u)
. du
The amplitudes of w,, wy, w, are calcu- denu
lated in dimensionless form using equations ( \ =(1 - en® u)(k”® + k? ¢?)

. du
a\? p AT ,
<—)=1-4— ‘ddn ul\
Q p—=1 T, ( / = {1 = dn® u)(dn? u ~ k”?)
\odu
b\? 1 AT
("\zi,_gﬁ u =5t
Q 7plpp 1) To
and from tables of elliptic functions, it follows
/c \2 1 AT that sn u and dn u oscillate between +1 and ~1
‘) - olp -~ 1) TO at the peri?d 4K, whi%e dn u fluctuates betweten
+1 and +k” at the period 2K. w, and wy oscil-
4K
5\2 1\ 1 AT late with period — and w. fluctuates with
YL S
Q ‘ np p T, period - since u =96 - t.
o a a
Figure 4 shows the functions a and — - k’
1-q AT/T, &
= - otted versus ——. ey represen € maxima
k? plotted They rep t th
n~1/p p(1~AT/T,) -1 A T,
and minima between which the angular velocity
@
K = Kk) ratio ,_QC fluctuates. The curve for the upper
where limit of-;—)c— is independent of the unsymmetry
Q is the initial spin velocity about factor . The lower limit depends on . For
the C axis n = 1, for the symmetrical top, upper and lower
limits coincide and the angular velocity around
B the longitudinal axis (axis of symmetry) is con-
= is the unsymmetry ratio of the body stant for a fixed energy level. For the consid-
(“’c\ W
ered 7 range, | —= and <—> are repre-
AT is the amount of energy dissipated VO ax Q Jmin
from the initial energy T, sented by the same curve within the drawing
accuracy.
K is the complete elliptic integral

b
The amplitudes Q and—:i of the angular

A ) . wg ,
p= E is the rod ratio. velocity ratios ) and e are plotted versus




AT

b
— in Figures 5 and 6. aQ depends on the un-
0

symmetry factor 7, while?c2 does not. For the

symmetrical top with 7 = 1, b and Cﬁ are equal.

Q
This means that the unsymmetry of a gyro influ-
ences mainly the motion around the axis of mean
moment of inertia. This disturbance causes the
fluctuation in the angular velocity around the
longitudinal axis. 5/4K
In Figure 7 the frequency ratio Q2

the oscillatory angular velocities w, and wp is

(o)

plotted versus —. The frequency depends on
[}
7, however in the range of unsymmetry consid-

ered, it does not appear. The frequency ratio of

the fluctuation of @ .. is twice the values shown

c
in the curve.

G? G? 1 AT*
—>T>— o —=1>
B A 7 Te

>0

The diagrams for this range will show the
motion of the body as it approaches the flat spin
at the energy minimum T_. Therefore, it is ad-
vantageous to make the angular velocities and
frequency ratio dimensionless by division
=w,. AT*
is the rest energy which still must be taken out

before the body enters flat spin at the energy
C

T, = 1 T,. The formulas used for presentation

through the flat spin velocity w,

in the diagrams are

=)

W/ P 1

b\t ATH/T,
w) (-

(_cj\z_ (AT*/T)p?
) - -1

p—1- AT*/Te

e n—1/p AT*/T, ]2
1-n 1-1/p(1+AT*/T,)
K* = K*(k*)
a* a*
The upper and lower limits — and — . k*" of
(L)e Coe

13)

the fluctuating angular velocity ratio —A around
we

the axis of maximum moment of inertia are plot-

AT*

ted versus in Figure 8. The upper limit is
e
independent on the unsymmetry factor n and al-
*

most constant over

(A blown-up diagram
is given in Figure 8a.) The lower limit depends

on 7 and coincides with the upper limit for n = —

p
which means symmetry around the A axis. How-
ever, the diagrams are designed for the other
end of the 7 range describing a body closer to
symmetry around the C axis. (This does not
restrict the generality of the problem.) For n=1
the equations lose their sense because no lat-
eral axis of the body is preferred about which
the final flat spin could take place. This case
is already excluded by the definition of the

F3
AT > 0.

1
energy range — — 1 >

e
Figure 9 gives the ratio of the angular ve-
locity about the axis of mean moment of inertia

AT*

to the final spin rate as function of — . It is

e

strongly influenced by the unsymmetry factor 5.
The angular velocity around the axis of
smallest moment of inertia is not influenced by
c* AT*
n. — is plotted versus —— in Figure 10. Fig-
(‘Je

e
ure 11 shows the frequency of the oscillatory
angular velocities ©* and w* in the dimension-

B c
o* /4K

less form / . This frequency ratio is influ-
we /2w
T*

t db and 7.

enced by 7-— and 7
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2. Space Fixed Coordinates

G? G? AT C
—>T>— o O0<—<l-—
C B B

0

The motion is described by the nutation
angle y of the longitudinal axis of the body (C-
axis) against the space fixed angular momentum
vector, and the angle v between the body fixed
plane containing the C axis and the angular mo-
mentum vector, and some space fixed plane
through the angular momentum vector.

The nutation angle y varies between a
maximum and aminimum value which are given by

., /1 AT
y = sin —
max 1 _ 1/P To
and
- 1 AT
Y .= sin? /——
min \/ 1 -~ 1/77/3 To

Evaluation of these formulas shows, however,

that for the range of unsymmetry factors con-

sidered in this report y and vy . are alike
R . max. min

within the accuracy of the diagrams. Therefore

only one diagram is given for y as a function of

AT

T_ (Fig., 12). This means that a rather small
0

unsymmetry does not show up in the nutation of

the body.

G* G? i AT*
—>T>— o —--1>
B A n

>0

e

The motion is described by the nutation
angle a of the axis A of maximum moment of in-
ertia against the angular momentum vector, and
the angle A between the body fixed plane through
the A axis and the angular momentum vector and

some space fixed plane through the angular mo-
mentum vector.

The nutation angle varies hetween

- /1 AT#
a = Ssin -
max \/ 1/7] -1 Te

and

a_, =sin' ——1 AT

min p - 1 Te

AT*

which are plotted versus

in Figures 13 and

e
13a. The maximum of a is strongly influenced
by 7 and,in contrast to the energy range con-
sidered before, there is an essential difference
between a__ and a_, . This is understandable

if one considers the body in flat spin as a disk-
shaped body with a very large unsymmetry. For
better illustration, the nutation angle a is plot-
ted as radius in a polar coordinate system with
) as pole angle. The formulas are

da " 1 AT*[AT* 1)
—=w, [ |p-1- —_— —sin’q -~
dt sinfa T_ || T, a<1, >J

<
dA AT*  AT*
E_zwe +T—+__c0t2a
t
L e e
or
AT* AT* 1
1+ T + T cot’ g
d)\= ° 2 - b da

1 AT*||AT* 1
-1~ ~ sin® a| — ~
sina T, T, n

The resulting curves are plotted in Figures

14 and 15. In general, the plots are rose-like

figures with an infinite number of leaves. For
2 G2

the range -6 >T > E the corresponding figures

of y versus v would be circles within the accu-
racy of the drawing. The evaluation of the the-
ory for the special range of # and a rod ratio of
p = 50 is due to the configuration of satellite
S-15 for which this investigation has been made,
In order to obtain a somewhat broader view of
the problem, additional calculations have been
carried out for p = 10, 20, 30, and 40 and a
fixed n = 0.995, The results are presented in
Figures 16 through 23. Functions which are
not shown in diagrams are not influenced by p.



Section V. CONCLUSIONS

Experience shows that the spin of any
satellite at injection into orbit is superimposed
by a nutation. This nutation has a body fixed
frequency of the same order as the spin, The
intense motion causes continuous changes in
body strains. Internal friction in turn causes
the dissipation of energy. While energy is dis-
sipated the body frequency decreases and the
nutation angle increases. The motion of the
body is quite intense during the first phase of
the transition. No special energy dissipator
appears to be necessary.

In the second phase of the transition the
body fixed nutation frequency continues to de-
crease due to energy dissipation. However, the
nutation angle and the body fixed angular veloci-
ties decrease also., This means a motion con-
nected with fewer and fewer strains to the body.
Finally, the body will not be deformed at all
and the motion will freeze with a certain rest
nutation.

To prevent this and to shorten the time for
nutation damping, the use of a nutation damper
is necessary. It is suggested that a viscous
damper be applied. The driving forces avail-
able are: (a) the varying centrifugal force in
longitudinal direction of the body and (b) the
angular inertia force due to the rocking motion
about the longitudinal axis.

- For increased efficiency of such a damper
it is advisable to use the natural frequency of
the motion and design the damper as a resonant
system, In this connection the driving force (a)
is less favorable because this force oscillates
with small amplitudes about a relatively large
mean value. The driving force (b) oscillates
about zero. The most efficient nutation damper,
therefore, seems to be one which makes rotatory
oscillations about the longitudinal axis of the
satellite with a natural frequency the same as

AT*

the nutational frequency for =0

e

The diagrams for the nutation angle as
function of the energy surplus show clearly the
low stability of the body motion about the axis
with a major moment of inertia which is only
slightly larger than the mean moment of inertia.
A very small disturbance which adds mechanical
energy to the body already results in appreciable
nutation angles. It is questionable whether the
nutation damper is efficient enough to dissipate
energies as they may be imparted to the system.
However, a final statement cannot be made
before a thorough test program has proved the
capability of the nutation damper. Modification
of the instrumentation for S-15 which permits
evaluation of the measurements also under nuta-
tion seems to be advisable,

REFERENCE
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FIG. 4 RATIO OF AMPLITUDE OF SPIN ABOUT THE C AXIS
TO THE TRUE SPIN VERSUS ENERGY DISSIPATION RATIO




11

ol

.015

.01

FIG.5 AMPLITUDE TO TRUE SPIN RATIO OF THE ANGULAR
VELOCITY ABOUT THE B AXIS VERSUS ENERGY DISSI-

PATION RATIO WITH THE UNSYMMETRY FACTOR AS
PARAMETER

—1
o




12

p=50
-c_ ’
9}
oz F
alt 7
ois |
o+
005 |
, | L ! | —
0 2 4 6 8 1.0 %l
[~}
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FIG.7 FREQUENCY RATIO OF OSCILLATORY ANGULAR VELOCITIES
TO THE INITIAL SPIN VELOCITY
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FIG.8 AMPLITUDE TO FLAT SPIN RATIOS OF ANGULAR VELOCITY ABOUT
THE A AXIS VERSUS ENERGY DISSIPATION RATIO WITH THE UN-
SYMMETRY FACTOR AS PARAMETER
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FIG.9 AMPLITUDE TO FLAT SPIN RATIO OF ANGULAR VELOCITY
ABOUT THE B AXIS VERSUS ENERGY DISSIPATION RATIO
WITH THE UNSYMMETRY FACTOR AS PARAMETER
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F1G. 10 AMPLITUDE TO FLAT SPIN RATIO OF ANGULAR VELOCITY
ABOUT THE C AXIS VERSUS ENERGY DISSIPATION RATIO
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FIG.1l RATIO OF THE FREQUENCY OF THE OSCILLATING ANGULAR VELOCITY
TO THE FINAL FLAT SPIN RATE.
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FIG.12 ANGLE BETWEEN C AXIS AND ANGULAR MOMENTUM VECTOR AS
FUNCTION OF THE ENERGY DISSIPATION RATIO.
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FIG.13 MAXIMUM AND MINIMUM ANGLE BETWEEN A AXIS AND ANGULAR
MOMENTUM VECTOR VERSUS ENERGY DISSIPATION RATIO WITH THE UN-
SYMMETRY FACTOR AS PARAMETER.
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FIG. 130 MAXIMUM AND MINIMUM ANGLE BETWEEN A AXIS AND ANGULAR
MOMENTUM VECTOR VERSUS ENERGY DISSIPATION RATIO WITH THE UN-
SYMMETRY FACTOR AS PARAMETER.
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FIG 14 NUTATION AT APPROACH TO FLAT SPIN

PATH OF A POINT ON THE AXIS OF MAXIMUM MOMENT OF INERTIA AS SEEN FROM
A SPACE FIXED OBSERVER LOOKING IN DIRECTION OF THE ANGULAR MOMENTUM VECTOR




FIG I5 NUTATION AT APPROACH TO FLAT SPIN

PATH OF A POINT ON THE AXIS OF MAXIMUM MOMENT OF INERTIA AS SEEN FROM
A SPACE FIXED OBSERVER LOOKING IN DIRECTION OF THE ANGULAR MOMENTUM VECTOR
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7 =995

Fi1G.I6 INFLUENCE OF THE ROD RATIO ON THE ANGULAR VELOCITY
ABOUT THE C AXIS




24

+ 7 =.995

b ¢
Q% Q .

1o + p=to -~

Ve
o /
7

06 |

.04

02

FIG.17 INFLUENCE OF THE ROD RATIO ON THE ANGULAR VELOCITY
ABOUT THE B AXIS
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OSCILLATORY ANGULAR VELOCITIES

FIG. 18 INFLUENCE OF THE ROD RATIO ON THE FREQUENCY OF THE
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FIG. 19 - INFLUENCE OF THE ROD RATIO ON THE NUTATION ANGLE
DESCRIBED BY THE C AXIS ’
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FIG. 20 - INFLUENCE OF THE ROD RATIO ON THE ANGULAR VELOCITY
ABOUT THE A AXIS
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FIG.2! INFLUENCE OF THE ROD RATIO ON THE ANGULAR VELOCITY
ABOUTTHE C AXIS
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FIG. 23 INFLUENCE OF THE ROD RATIO ON THE NUTATION ANGLE DESCRIBED
BY THE A AXIS
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