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Abstract 

A new program for se lect ing sensor locat ions ha 
been written in the DMAP (Direct Matrix Abstraction 
Progra m) lang uage of MSC/NASTRAN. The 
program impl ements the method of Effective 
Independence for se lecting sensor locations, and is 
executed within a single NASTRA analysis as a 
" rigid format alte r" to the norma l modes so lution 
sequence (SOL 103). The user of the program is 
able to choose among various analys is options using 
Ca e Control and Bulk Data entries. Algorithms 
tailored for the placement of both uni-axial and tri­
axial accelerometers are ava il able, as well as several 
options for including the model's mass di stribution 
into the calculations. Target modes fo r the Effective 
Independence ana lysis a re se lec ted from the 
MSC/NASTRAN ASET modes calculated by the 
"SOL 103" solution equence. The initial candidate 
sen or set is also under user control, and is se lected 
from the ASET degrees of freedom. Analysis results 
are printed to the MSCI ASTRAN output fi le 
(*.f06), and may include the current candidate 
sensors set , a nd their assoc iated Effect ive 
Independence distribution, at user specified iteration 
intervals. At the conc lusion of the analysis, the 
model is reduced to the f inal enso r set, and 
frequencies and orthogonality checks are printed. 
Example results are given for a pre-test analysis of 

ASA ' s f ive-segment so lid rocket booster modal 
test. 

Introduction 

For small , si mple structures , accelerometer locations 
can be selected based on geometry, experi ence and 
intuition with good resu lts. However, as structure 
become larger and more comp lex , identi fica ti on of 
good locations for measurements is less intuiti ve. 
There are many methods and too ls ava il able to ass ist 
the engineer in selection of "good" or "optimal" 
measurement loca tions. However, many of the e 
require the engineer to perform multipl e f inite 

element analyses, or to export model data to external 
programs. These processes are often confusi ng and 
conta in many opportuniti es fo r error. For example, 
us ing MSC/NASTRAN a lo ne, a set of sensor 
location may be ca lcul ated usi ng modal kinetic 
energy. These sensor locat ions may then be u ed to 
fo rm a reduced model, and genera te a c ross­
orthogonality matri x to gauge the accuracy of the 
reduction. Perfo rming thi s analys i requires three 
bas ic steps; 1) run an analy i to compute full model 
modes and KE, aving mode shapes into punch file, 
2) form ASET entri es from KE results, and 3) run 
analys is with " premaca" a lter, inc luding ASET 
entrie and punch file with modes. 

A simpler and less error prone process would be fo r 
the fi nite element software to perform a selection 
process within a single analys is. To thi s end , a 
DMAP (Direct Matrix Abstraction Program) program 
has been written fo r MSCI ASTRA which 
implements the Effective Independence technique 
(EfI) developed by D. C. KammerJ

•
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. The DMAP 
program is executed as a single analys is within the 
normal modes so lution sequence (S OL 103) and 
analys is options are controlled with a set of case 
control and bulk data entri es. Results are printed in 
the NASTRAN "f06" file, and may consist of a DOF 
set for the fi nal sensors, orthogonality checks and 
ASET entries for u e in subsequent analyses. 

Effective Independence 

The effecti ve independence techniques for selecting 
ensor location for modal tests were developed from 

the standpoint of the structural dynamj t. From this 
standpoint, the best locations for the ensors are those 
locat ions th at allow the bes t co rre lation and 
val idation of a finite element model. To this end the 
independence of the test mode shapes is of prime 
importance . The effecti ve independence techniques 
are iterative in nature, and within each iteration a 
vector is developed that measures the re lative 
contributi on of each candidate e nso r to th e 
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independence of the target modes . Thi s vector 
(he reafte r ca ll e d th e effec ti ve independence 
di stri buti o n, o r Efl di stribution) is the n used to 
identi fy and e liminate th at candidate ensor hav ing 
th e ma ll es t co ntri b uti o n to ta rget mode 
independe nce. Thus the candidate senso r se t is 
reduced by one en or. T hi s proce s then repeats: a 
new Efl distribution is generated for the new, reduced 
candidate sensor set, and another sensor is selecting 
to remove from the set. In thi manner, an initi al set 
of candidate sen or locati on is reduced to a des ired 
number of f inal sensor locati ons. 

There are two genera l method that use the effecti ve 
independ ence concept for de ve lo ping a ranking 
vector. One method ranks each degree of freedom of 
a grid indi viduall y. This method is appropria te fo r 
pl acing single direction , or uni-ax ial acce lero meters, 
and w ill be referred to as the uni-ax ia l Efl method. 
The other method groups the three trans lation al 
degrees of freedom of a g rid togethe r, and forms a 
rankin g vector fo r each grid . This method has been 
shown to produce better res ult s when tri -ax ia l 
accelerometers are to be used2

, and will hereafter be 
referred to as the tri -axial Efl method . For the details 
of the math ematical derivation of these techniques, 
the reader is referred to references I and 2. As this 
paper i primaril y with the application of effective 
indepe nde nce in MSC/NASTRAN, th e de ta il ed 
derivation will not be repeated here. 

U ni-axia l Effective Independence Algorithm 

The basic a lgorithm for the uni- ax ia l Efl technique 
con iders each DOF as a separate senso r location . 
The steps are described as follows 

1. Gi ven mode shapes <1>, partition to the target 

modes and initia l sensor locations (individual 
DOFs) , qJ 

2. Q = qJT qJ 

3. Calculate eigen-solution of Q , resulting in 
'I'(shapes) and A(frequencies) 

4. Form the matrix FE = [qJ 'I'f A-I (Where [Af 
means to square each term of A , and A-I is a 

diagonal matrix of the reciprocal e igenvalues of 
Q) 

5. ED = {2FE' 2FE"" 2FE}T 
row I row 2 f OW Il I 

6. Re-partition qJ to remove DOF with small est ED 
value (i. e. least important to independence) 

7. Repeat steps 2 through 6 until the desired 
number of DOF rem ain in the candidate sensor 

2 

set 

Tri-axia l Effect ive Independence A lgorithm 

T he ba ic a lgorithm for the tri -ax ia l Efl technique 
cons iders the three trans lationa l DOF at each grid to 
be a separate sensor locati on. The ca lcul ations are 
described a fo llow 

I . Given mode shapes <1> , partition to target modes 

and initi a l sensor locations (grid DOFs 123), qJ 
2. Q-I = [qJT qJr l 

3. qJJi = qJ partitioned to the 3 DOFs for grid i 
4. Calcul ate EOi = 1 - Det[IJ - qJJi Q-I (qJJi)T] fo r each 

grid , i = I to n 
5. ED = {EDI' ED2, .. . , EDn} 
6. Re-parti ti on qJ to remove grid with lowest EDi 

value 
7. Repeat steps 2 through 6 until the des ired 

number of DOF remain tin the candidate sensor 
set 

Mass Weighting 

For each of these basic a lgorithms, a weighting 
matrix may be used to form the matrix Q in step 2 (Q 
is also know as the Fi her Information M atrix). It has 
been shown that using the mass matrix as a ba is for 
the weighting matrix can s ignif icantl y improve the 
f inal sen or set when static test-analysis- models, o r 
TAMs, are to be used2. Using the mass matri x to 
weight Q yield 

Q = qJT m qJ (1) 

were m is a we ighting matrix derived from the ma s 
matrix M . Then , since qJ will in general have fewer 
DOF than M , there are two methods for removing the 
undesired DOFs. First, the undesired DOF may be 
s impl y partitioned out. Whil e partitioning is s imple 
a nd computati o nally efficient, some meaningful 
informati o n may be lost. A second optio n fo r 
remov ing th e undes ired DOF is by performing a 
s tatic , or Guyan reduction. R edu c ti o n is more 
computati ona ll y ex pens ive, but has the effect of re­
di stributing the mass to the retained DOF and thus 
better preserves the mas di stribution of the o rig inal 
model. 

To incorporate th e partitioning method of mass 
weighting into th e uni -ax ia l and the tri-axial 
algorithms is a simple process. In this case, we need 
o nly mod ify the initi al ta rget moda l partition s, qJ, 
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with the square root of the partiti oned di ago nal rn a s 
matrix. Thus, fo rm ml12 by extracting the diagonal of 
the rna matr ix M, taking the square root of each 
te rm on the di agonal, and partiti oning dow n to the 
DOF contained in cpo T hen in step two of each of the 
algorithms above, repl ace cp with !11.1/2cp , and the 
algo rithm then proceeds as norma l. Subsequent 
iterat ions do not need to reform the matri x m1/2cp, 
ince si mply partiti oning !11.112cp , will have the same 

result. 

When rna s we ighting with Guyan reducti on is to be 
used, the situation is di fferent. Here, the matri x m 
Il2cp mu st be re-calculated within each iteration . Thi; 
is because as DOFs are removed from the candidate 
sensor set, and the mass from the removed DOF is 
redistributed to the remaining DOFs according to the 
Guya n transformati on matri x, the di agonal e lements 
of the reduced rn a matri x will change. Thus ml /2 

will be di ffe rent from one iteration to the nex t. 
However, once the reduced mass matri x is formed, 
the procedure of forming m Il2cp is the same as in the 
partitioning case. 

EfI DMAP Program 

The EFI program was written as a MSC/NASTRAN 
DMAP program for everal reasons. First, s ince 
most of the FEM models used by the dynamics group 
at MSFC are NASTRAN models, using a DMAP 
program mean that no model or data need to be 
exported to so me o th er program . Seco nd , a 
NASTRAN DMAP program can be controll ed with a 
set of custom NASTRAN entries (i .e. PARAM, DTI, 
etc ... ), this is a small change to a familiar interface 
for most dynamists, so learning to use the program 
should not be very difficult. Third , a DMAP program 
is abl e to take adva ntage of the highly optimized 
modules in NASTRAN for pe rforming such 
ope ra ti ons as e igenva lue analysis and ma tri x 
products . And fo urth , a properl y written DMAP 
program houJd be able to run on any platform fo r 
which NASTRAN is ava il able ; therefore, compiler 
and porting issues are not a concern . 

The DMAP program that resulted from this effort did 
not quite live up to all of the points mentioned in the 
prev ious paragraph. The most notable exception is 
related to the perfo rmance of the tri-ax ial routines. In 
general, DMAP programs run mos t efficientl y when 
the majority of the computati ons are done within a 
module (s ubroutine). For the tri -ax ia l routine , the 
ca lcul ation in tep four required a loop to perform the 
tripl e produc t and determinant ca lcul ation fo r each 
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grid. Thi loop repeatedl y ca ll ed DMAP modules to 
operate on sma ll piece of matri ces . Repea tedl y 
ca lling these modules added a signi f icant amount of 
"call overhead" to the execution of the program, and 
can seri ously degrade the overall pe rfo rmance when 
the candidate sensor et i large. Thi is in contra t to 
the uni-ax ial algorithm that can be performed without 
any inner loops over the indi vidu a l DOFs. To 
overcome thi s issue, the ISHELL module was used to 
ex port the inner loop ca lcul ati ons of the tri -ax ia l 
a lgorithm to an ex tern a l FORTRA program. The 
FORTRAN progra m i much more efficient at 
performing the repetitive, mall matri x ca lculations 
than the corresponding loop in DMAP. As a result , 
the DMAP program may be executed as a stand­
alone DMAP program, or as a combination of DMAP 
and FORTRA code. T he DMAP portion of the 
program is written to be executed within the normal 
modes solution sequence (SOL 103), and ass umes 
execution control immedi ate ly after ASTRAN 
performs its eigenvalue ana lys is. While thi s DMAP 
(and FORTRAN) should work with any vers ion of 
NASTRAN 2001.0.1 and higher, it is recommended 
to use 2001.0.9 (r4). 

EfI DMAP Input Summary 

To perform an effective independence analysis, there 
are fi ve decisions that the user must make. These are 
a fo llows 

• 

Which specific EFI technique is des ired? 
What are the candidate sensor degrees of 
freedom? 
What are the target modes? 
How many ensors are wanted in the fin al 
set? 
What printout options are de ired? 

The user contro ls the effecti ve independence analys is 
by specify ing the answers to these que tions using a 
set of MSCI ASTRAN Bulk Data (PARAMs and 
DTI) and Case Control (SET and PARTN) entries. A 
summary of these entries is below. 

Case Control Entries, 

PARTN=n (integer) 

Bulk Data Parameters 

TRIAX (YES/ 0 ) 

Selects a set of grids for use 
as the initial "candidate 
ensor set" . 

Selects tri-ax ial EfI 
algorithms 
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MWEIGHT (YES/NO) 

MWPHI (YES/ 0) 

KEEPDOF (integer) 

GUYAN (YES/NO) 

STMODE (integer) 

E DMODE (integer) 

NSENSORS (integer) 

EFIPRT (integer) 

DOFPRT (integer) 

PRTASET (YES/ 0) 

MKDET (YES/NO) 

EIGlD (integer) 

RENORM (YES/ 0) 

DTI Bulk Data Entry 

Selects mass weighted Efl 

Select ma weighted 
mode opti on 

Specifies the DOFs to be 
retai ned in the candidate 
sensor set 

Enables Guyan reduction 
for reducing the 
NASTRAN ASET to the 
set of DOFs spec ified by 
the KEEPDOF parameter 
and the PART case 
control set 

sets fir t target mode of a 
series 

sets las t target mode of a 
seri e 

desired size of fi nal sensor 
set 

print intermediate EFI 
results at spec ified loop 
intervals 

print intermediate 
candidate en or et at 
specified loop interva ls 

Prints final sensor set as 
ASETl entries to the f06 
f ile 

Prints the detemljnant of 
the Fisher lnfomlation 
Matrix to the "f06" fil e for 
each iteration (also a final 
vector) 

lD of altem ate EIGRL or 
EIGR card to be used for 
eigen- olution of the 
reduce model 

Causes partitioned modal 
matrix to be re-nomlalized 
W. r.t. the reduced mas 
matrix 
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T he DTI bulk data entry with the name "TARGETS" 
may be used to se lect target modes that mayor may 
not be in numerical sequence. 

T here are six basic EFI analysis techniques avail able 
in the present version of the DMAP program. These 
techniques come about by the combination of the two 
algorithms di scussed in the prev ious section (uni ­
ax ial or tri -ax ial), and the three diffe rent options for 
including the effect of a models mass di stribution in 
the analysis (no mass weighting, mass wei ghted 
modes, and mass weighting with Guyan reduction). 
A procedure that has been used to good effect when 
reducing a large number of candidate ensor locat ions 
is to perform the analysis in two stages . F irst, the 
mass weighted modes option (MWPHI= YES) is used 
to red uce the candi date sen or se t down to a 
manageable size. Then , starting fro m the result of 
the ma weighted mode run , ma s weighting with 
Guyan reduction is selected (MWEIGHT=YES), and 
the sensor set is reduced to the fi nal desired size. The 
adva ntage of this two-step proced ure is that it 
combines the computational effic iency of the mass 
weighted modes option with the accuracy of mass 
weighting with Guyan reduction. T he two- tep 
approach is illustrated in the fo ll ow ing example. 
Note that the parameters MWEIGHT and MWPHI 
are mutually exclusive, and control the type of ma s 
weighting used in the analys is. 

Example 

The EFI DMAP has been used for several pre-test 
analyses of modal tes ts. These include the "five 
segment boo ter" (ETM3), external tank (ET) cable 
tray, and the mobile launch platform (MLP) rollout. 
The following example is for the ETM3 modal test. 

Beginning with a detailed NASTRAN model of the 
five segment solid rocket booster (SRB) in the test 
fixture (see fig 2 and 3), ten structural modes were 
identi fied as the target modes usin g the modal 
effecti ve mass fraction ca lcul ated in ASTRAN . 
These modes are identi fied in table 2 a the shaded 
co lumns (note that in both tab le 2 and table 4, the 
frequencies fo r each column are of the full model, 
whil e the frequencies on each row is fo r the reduced 
mode l). The initial candidate sen or e t was 
approx i mately 19,000 nodes, and are pictured in 
f igure I. This initi al set was reduced from the full 
NASTRA ana ly is et (A-SET) by retai ning onl y 
those nodes whi ch " made sense" to consider as 
poten ti al accelerometer locations ( i.e. no nodes 
internal to solid parts , no node on olid fue l, etc ... ). 
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As previously mentioned , the reduction of the in iti al 
set to the final set was a two-stage process. In the 
first stage, the candida te sensor set was reduced to 
1000 nodes. The main fea ture of the f irst stage 
analys is are li sted below. 

Candidate set of approx. 19,000 nodes 
reduced to 1000 nodes 
10 target modes 
Tri-ax ial EfI a lgorithm 
Mass weighting without Guyan re­
distribution 
DMAP with ex ternal FORTRAN program 
Run time of 7 hours 43 minutes on SGI 
Origin 3400 with "PARALLEL=4" 

ote that the machine used to run the analysis wa a 
shared memory multiprocessor (SMP) computer. 
Al so, a lthou g h th e NA STRAN sys te m ce ll 
"PARALLEL" was et to di stribute the task across 4 
proces ors, the EfI DMAP does not directl y take 
advantage of multi -process ing. However, many of 
the DMAP modules called by the EfI DMAP do. The 
prim ary benefit is seen in the initi al and final 
ca lculations of the EfI program, where large matrices 
are reduced or large e igenva lue solutions are 
calculated. In the authors' experience, using multi ­
process ing can increase performance, especia ll y 
when Gu yan reductio n is used to reduce the 

ASTRAN ASET to the initial candidate sensor set. 

The resulting et of grids from the first stage of the 
EfI analys is was then used as a starting set for the 
second stage. Several second stage analyses were 
performed. All of the second stage analyses used the 
more accurate mass we ighting method in which a 
Guyan reduction is performed during each iteration to 
redi stri bute the mass to the remaining degrees of 
freedom. Each of the second stage analyses was 
identical with the exception of the size of the final 
set. Reductions were made to 100, 50, and 25 grids. 
These analysis sensor sets were turned over to the test 
engineers, who picked the final test sensor set fro m 
the EfI ca lculated sets based on considerations like 
symme try, visuali zation, and access ibility of the 
sensor location. 

The nodes calculated by the EfI analysis for the " 100 
node" set are shown in fi gure 2 as squares . Note that 
not all of the 100 node are visible in thi s picture. 
Table 1 contains a compari son of the target mode 
frequencies between the full model and the model 
reduced to the J 00 grids of the ca lculated sensor set. 
A can be een, the frequencies of table I show very 
good agreement between the full and the reduced 
model, with onl y one mode hav ing a frequency error 
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over 5%. Table 2 is a cross orthogonality matri x 
between the mode hape of the full model (co lumns) 
and the reduced model (rows). Table 2 shows that 
the target modes (whi ch are the yellow, or shaded 
columns) can be ea il y identified from the 100 tri ­
ax ial accels. 

For compari son purposes, a set of 100 grid point 
was se lected us ing another commo n technique, 
average kineti c ene rgy. T he average K E was 
calculated using output fro m the GPKE (Grid Point 
KE) Case Control entry in MSC/ ASTRAN. When 
this entry is spec if ied, ASTRAN will print a table 
of the KE for each degree of freedom and for each 
calculated mode. Reference [4] li sts the equation for 
thi s calculation as 

Were the modes <I> are mass normalized and the g 

o pe rato r ® indi ca te te rm - wi se ma tri x 
multiplication. A small FORTRA program was 
then written to read the KE of the des ired target 
modes, and calculate the average as 

AveKE = ~ 2 {KEJ 
n 

" 

Here, {KEJ is the vector of kinetic energy for the 

i'h target mode, and n is the number of target modes. 
This formulation will yield the average kinetic energy 
for each degree of freedom. However, we are 
interested in the average kinetic energy for each grid , 
since we are comparing to a tri-ax ial EfI analysis that 
ranks grid importance, not degree of freedom 
importance. For thi s reason, the kinetic energies for 
each grid were taken to be the vector magnitude of 
the grids translational degrees of freedom . The KE 
magnitude fo r each grid was then averaged over the 
target modes. By sorting the resulting average KE 
vector, the 100 nodes with the highest average kinetic 
energy could be selected, and these nodes were used 
to generate ASTRAN ASET entries. The ASET 
entries were used with the MSC supplied "pre maca" 
alter to ca lcul ate the cross orthogon ality matri x 
shown in table 3. As can be seen from this table, the 
cross-orthogonality of the normal modes calcul ated 
from the reduced model u ing average KE is 
significantl y poorer than that from the Efl program. 
In fac t, the coupling terms in the cros -orthogonality 
matri x are large enough that it i difficult to judge 
from thi s matri x which mode from the full model 
corresponds to which mode of the reduced model. 
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For thi s reason, a frequency compari son tab le is not 
prov ided. A p lot of the nodes se lected by the KE 
method is provided in figure 3. Note that the vast 
majority of the nodes are on the nozzle of the SRB, 
which is the most active part of the model. Thi s 
serve to illustrate a weakness of the KE method, in 
that it tends to identify the most acti ve nodes. While 
hav in g the mo t active parts of a model in an 
accelerometer set is important , it i also important to 
identi fy key inact ive parts of the model. In other 
words, both the anti -nodes and nodes of the mode 
hape are needed to di stingui sh between the target 

modes. This is where the EfI technique seems to 
excel. 

Conclusion 

Using the Effect ive Independence technique has 
provided high quality accelerometer sets for several 
pre-tests ana lyses performed at MSFC. Havi ng thi s 
technique avail able as an MSC/NASTRAN DMAP 
program makes performing an EfI analy i as easy a 
setting a few parameters in the NASTRAN input 
deck. This has improved the ability of the dynamist 
to generate a set of accelerometer locations in a very 
timely manner. 
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Fu ll Model (Hz) I Reduced Model (Hz) I % Difference 
1.172 1.173 0% 
1.219 1.221 0% 
3.287 3.315 -1 % 
4.019 4.025 0% 
4.439 4.517 -2% 
4.648 4.712 - 1% 
5.599 5.744 -3 % 
6.819 7.044 -3% 
8.620 9.189 -7% 
10. 107 10.600 -5 % 
12.970 13.239 -2% 

Table 1. Comparison of freq uencies from full model and 100 grid model calculate using Efl 

..... N co co co ..... ..... <0 .". ..... 0 
N '" ..... '" '" co '" '" 0 ;? N N to '" ..... '" 0 '" <0 ..... ..... ;;; co 0 M .". '" ;;;; N "< co "< N "l ~ ~ ~ ~ 

HZ :: 
N ": to "? ~ a ~ a ~ ~ ~ ~ ~ 

1.173rrOO1 
~ M -.i .". -.i to <0 co ~ ~ 

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.02 0.00 -0.01 0.00 0.00 -0.01 0.00 0.05 0.00 0.00 0.00 
1.221 0.00 1.001 0.00 0.00 0.00 0.00 0.00 0.00 -0.01 0.00 -0.02 0.00 0.01 0.01 0.00 0.00 0.00 0.00 0.05 0.00 
3.315 0.00 0.001 -1 .00 -0.01 0.00 0.01 0.00 0.02 0.00 -0.03 0.00 0.00 0.00 0.00 -0.01 0.00 -0.03 0.00 0.00 0.00 
4.025 0.00 0.00 0.001 -1.001 0.00 -0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.01 -0.01 0.01 0.00 -0.01 -0.01 0.00 
4.517 0.00 0.00 0.00 O.OOL 1.001 0.00 0.00 0.00 0.04 0.00 0.01 -0.01 -0.01 0.00 -0.01 -0.01 -0.01 -0.01 0.00 0.00 
4.712 0 .00 0.00 0.00 0.00 0.001 -1.00 0.00 0.01 0.00 -0 .02 0.00 0.00 0.00 -0.02 -0.02 0.01 -0.03 0.00 0.00 0.00 
5.744 0 .00 0.00 0.00 0.00 0.00 O.OOl -1 .001 0.00 0.00 0.00 0.01 0.00 -0.03 0.01 0.00 0.03 0.00 -0.04 0.02 0.00 
7.044 0 .00 0.00 0.00 0.00 0.00 0.00 0.001 -1 .00 0.00 -0.02 0.01 -0 .02 0.00 -0.02 -0.03 0.00 0.00 0.01 0.01 0.00 
9.189 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.001 1.001 0.01 -0.01 0.00 0.01 -0.01 0.01 -0.02 0.00 0.00 0.10 0.00 

10.600 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.01 1 1.001 0.00 -0.01 0.00 -0.02 -0.03 0.01 -0.10 0.00 -0 .03 0.00 
11 .122 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.01 -0.54 0.04 0.92 0.25 -0 .33 0.05 -0 .17 0.27 -0 .12 0.00 
11 .572 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.01 0.00 -0.101 -0.031 0.11 -0.68 0.28 -0.84 0.26 0.43 -0.02 0.00 
12.772 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.65 -0.26 -0.12 -0.35 0.35 0.33 -0.01 -0.29 0.06 0.00 
13.042 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.25 0.93 -0.121 0.001 0.07 -0.02 -0.18 -0.01 -0.01 -0.01 
13.188 0 .00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.46 0.19 0.32 -0.33 0.33 0.25 -0.03 -0.37 0.04 0.00 
13.239 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.001 0.001 -0.01 0.00 0.00 1.00 
13.500 0 .00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.02 0.03 -0.03 -0.05 -0.44 -0.68 0.10 -0.35 -0.04 -0 .06 -0.03 
13.672 0 .00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.02 -0.01 0.01 0.00 -0.04 -0.02 0.05 0.03 0.101 -0.061 -0 .97 0.01 
13.804 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.08 0.00 -0.03 0.13 -0 .19 -0.26 0.20 -0.67 0.04 0.01 
14.442 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 -0.16 0.01 0.17 0.23 -0.15 -0.69 -0.09 -oo~~ 
15.009 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.02 0.00 -0.04 0.00 0.01 0.02 -0.04 -0 .27 -0.04 0.01 0.03 

Table 2. Cross Orthogonality between full model and 100 grid model calculated using Efl 
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1.31 ~ I'i:fol 0 .00 0 .05 -0 .04 0.06 0 .63 -0.02 0 .61 -0.01 -0 .32 0 .08 0 .86 0 .04 -0 .28 0.43 -0 .04 -0 .6 7 0 .02 0 .03 -0.26 
1.385 0 .00 -1.00 0 .00 0 .00 -0.66 0 .04 0 .06 0 .01 0.81 -0 .01 0 .10 0 .35 -0.71 -0 .27 -0. 22 0 .01 0 .06 0 .52 0 .05 -0.02 
3 .810 0 .00 0 .00 -0.95 -0.40 0 .01 0 .14 -0.01 0.49 0.04 0.79 -0 .02 0 .07 0 .03 -0 .09 0. 11 -0 .01 0 .09 0 .00 0 .02 -0.09 
4 .066 0.00 0 .00 0 .31 -0.92 -0.02 -0 .20 0 .00 -0.26 -0.0 2 -0.40 0 .01 -0.04 -0 .01 0 .05 -0 .06 0 .01 -0 .03 0 .00 -0 .01 0 .05 
6 .247 0 .00 0 .00 0 .00 0 .00 -0.14 -0.02 -0.99 0.00 0.00 0 .00 -0 .18 -0 .01 0 .12 0 .08 -0 .01 -0 .14 -0 .05 0 .16 -0 .16 -0 .02 
7 .139 0 .00 0 .00 -0.01 0 .02 -0.12 -0.72 0 .03 0.19 0.00 0 .21 -0 .03 -0 .19 0 .01 -0 .04 0 .07 0 .02 -0 .50 -0 .01 -0 .07 0 .54 
7 .448 0 .00 0 .00 0 .00 0 .00 -0.72 0 .10 0.09 -0 .04 -0 .18 0.00 -0 .20 0 .02 0 .13 0 .16 0 .19 -0 .08 -0 .14 -0 .20 -0.80 -0.28 
9 .719 0 .00 0 .00 -0 .02 0 .01 0 .0 1 -0 .07 0 .00 -0 .53 0.02 -0 .07 0 .02 0 .19 0 .01 -0 .08 0 .09 0 .00 0 .07 -0.01 0 .01 -0. 29 

11.002 0 .00 0.00 0 .00 0 .00 0.00 0 .00 -0.01 -0 .01 -0.34 0 .04 0.80 0 .13 -0 .62 0.57 0 .75 -0 .36 -0.40 -0 .19 0 .03 0 .10 
11.658 0 .00 0 .00 0 .00 0.00 -0.01 0 .00 -0 .01 0 .00 -0. 12 0 .00 0 .36 -0.03 -0 .24 -0 .68 -0 .29 0.91 0 .29 -0.75 -0 .13 -0.13 
13.452 0 .00 0.00 0.00 0 .00 0.05 0 .00 0 .00 0 .00 -0 .41 0 .00 -0 .31 0 .00 0 .16 -0 .07 -0 .17 -0 .07 0 .00 0 .18 -0 .52 -0. 18 
15.602 0 .00 0 .00 0.00 0 .00 0.00 0 .00 0.00 -0 .02 0 .00 0 .17 -0 .011 0 .061 0 .01 -0 .01 0 .01 -0 .01 -0 .05 0 .02 -0 .01 0 .01 
18.296 0 .00 0.00 0.00 0 .00 0 .00 0 .00 0.00 0 .00 0.00 0.00 0 .00 0 .00 0.00 0 .00 0 .00 0 .00 0 .00 0 .00 0.00 0 .00 
20 .544 0 .00 0 .00 0 .00 0 .00 0 .00 -0 .01 0.00 0 .00 -0.02 -0. 18 -0.02 -0 .05 0.001 -0 .02 0.06 -0 .01 0.02 0 .00 0.05 0 .10 
21.929 0 .00 0 .00 0.00 0 .00 0 .00 0 .00 0 .00 0 .00 -0.0 1 -0 .02 -0 .01 0 .01 0.00 -0 .01 0 .02 0 .01 0 .01 -0 .02 0 .04 0 .08 
22.469 0 .00 0 .00 0 .00 0 .00 0 .00 0 .01 0 .00 -0 .01 0.00 0 .00 0.02 0 .09 0.00 -0 .04 0 .08 -0 .02 0 .05 0 .00 -0 .03 0.61 
23.073 0 .00 0 .00 0 .00 0 .00 0 .00 0 .00 0 .00 0 .00 -0.04 0.01 -0.07 0 .03 0.01 -0 .01 0 .00 0 .01 0 .00 0 .01 0.09 0.06 
23 .847 0 .00 0 .00 0.00 0 .00 -0.0 1 0 .00 0 .00 0 .00 -0 .06 0 .02 -0 .13 0 .05 0.01 0 .01 0 .01 0 .02 0 .02 0 .01 0 .17 0 .06 
24 .709 0.00 0.00 0 .00 0 .00 0 .00 0 .00 0 .00 0 .00 0 .00 0 .00 -0 .08 0 .03 -0.02 -0 .06 -0 .13 -0 .08 -0 .02 -0 .18 0 .03 0.00 
24 .805 0 .00 0 .00 0.00 0 .00 0 .00 0.00 0.00 0 .00 0 .00 0 .00 -0 .01 0 .00 0 .00 0 .00 0 .00 0 .00 0.01 0.00 O.Ol l 0 .03 

Table 3. Cross Orthogonality and Frequency Errors fo r IOO-grid reduction using average KE 

Figure 1, Initial Candidate Sensor Set 
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Figure 2, candidate sensor set reduced to 100 nodes (using EfI) shown on full model 

+ 

Figure 3, candidate ensor set reduced to 100 nodes (using average KE) shown on full model 
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