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A CLASSOF de LAVALNOZZLES*

By S. V. Falkovich

A studyis made hereinof the irrotatlonaladiabaticmotionof
a gas in the transitionfrom aubsontcto supersonicvelocities.A
shapeof the de Lavalnozzleis given,whichtransfoms a homoge-
neousplane-parallelflow at largesubsonicvelocityinto a super-
sonicflowwithoutany shookwavesbeyondthe transitionlinefrom
the subsonicto the supersonicregionsof flow. The methodof
solutionis based on integrationnear the transitionline of the
gas equationsof motionin the form investigatedby
S. A. Christianovich(reference1).

1. Fundamental.equations.- A plane,steady,irrotational,
adiabaticflow of a gas Is considered.In this case,the equations
of motion,as is known,have the form

where

(1.1)

(1.2)

P densityof gas

U,V cmuponentsof velooityalong x- end y-exes

P pressure

w absolutevalueof velocity

If adiabaticexponent

Subscript O denotesconditionof gas at rest.

.xt~~stitutMe~iki AkademiiNauk Siuza,SSR”Prikladnaia
Matematikai Mekhanika,Tom XI, 1947.



...

2
--..—

NACA ~ 1236
“-

lhm equations(1.1)thereexisttwo fumtions,
potentialcp(x,y) end the streamf.unotion$(x,y),
by the equations

‘ d~=udx+~dy d$=~ (-V dx + U
‘o

.-

the velocity
determined .

-.—
.-

dy) (1.3)

If u =W cos O and v = W sin e, where e, is the angle
betweenthe velocityvectorand the x-axis,are substitutedin
equations(1.3)and are solvedfor dx and dy,

%
(1.4)

The oomepts x and y and ~ and ~ me functionsof the
variables W and e; then

“

.

If theseexpressionsare substitutedfor N and d~ in equa-
tions (1.4), ,.

(00s e a? )(poa~ea$dw+ _
dx=— 00s 6 * ))POsi13 e atfde

w 5-77% w tw-T—— w W

(1.5)

h orderfor dx and dy, detemined from equations(1.5),to be
totaldifferentials,it is necessaryand sufficientthat the fol-
Iowingequalitieshold:. .

. .

.

—-
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mom equation (1. Z) and the oonditionof ~iabatic flow,

where

a velocityof sound

If the differentiationin equatlona(1.6)la carriedout,

where

dli (1.8)

(1.7)

where M = W/a ia the Maoh number.

In equationa(1.7),aa the independentvariable,in placeof
the velooity W a new variable s (reference1) is introduced,
which ia oonnectedwith W by the relation

s =

f
a@7

w aW

Equationa(1.7)then assumethe form

0‘02(1-M2)K(a) = ~

inasmuchaa equation(1.8)ia a functionof a.

(1.9)

(1.10)
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The systemof equations(1.9)in the regionswherethe flow
velooityie substmic, W< a, is of the elliptictype. Hence,
any solution ~=cp(6,s) and ~==~(e,s) of equations(1.9)rep-

d

resentstwo
the lineof

If the
plane e,8

fun@ions analytioin the variables s and e up to
transitionto the regionof supersonicvelocities. G

E

Jaooblanof the transformationof the regionin the
on the plane T,$

doesnot beccnnezeroovera ceruainse~ent of the transitionline
and thereforealso in a certainregioncm the supersonicside,the
functions q(e,s) and $(e,s) may be analyticallycont~nuedacross
this se~ent intothe supersonicregionof the flow. Hence,the
flow in the subsonioregiondete~ines the flow in the supersonic
regiohnea the transitionline. Equations(1.9)retaintheir
meaningalsofor supersonicvelocities.For, if W >a, s will
be purelyimaginaryand K negative.,Settings = l= and
K = -~ in equaticms(1.9)gives

.

(1.11)

Thus,if in the solution .WO,s) and We,s) of equations(1.9)
determiningthe flow in the subsonioregion, s is set equalto i=
and the real partsof the expressionsthus obtainedare taken,‘the
solutionof equations(1.11)determiningthe flow of the gas in the
supersonicregionnear the transitionlineis obtained.

2. Investimxbionaf’equations(1.9)near the transonloline
W= %. l’rcmewuation(1.8),it followsW t In the planeof the
-es e$s ‘theupp~ h~-plene s >0 will mr&ponl to
the regionof suhscmiovelooltyad the axisat’the abscissa
s = O to the lineof soundvelooity. It
to cmnsiderthe behaviorof the funotion
the variable s.

Equation(1.2)is representedin the

Is therefore neoessary
K(s) for smallvalues

form

.. .

....-. .-

(2.1) .

-. .

. - --—-—



.

.

● ✌

✎

NACA TM 1236

Substitutingthis valueof W in equation(1.8)gives

J(
t

B=. ‘2-’)’2at (t=d= ,2=~)
~ (1-t2)(h2-t2)

Computingthe integralgives

If the equation2s expandedin a pcfuerseries

h2-1’t3+h4-1 ~5 + h6-1 t7s =—
3h2 5h4 7h6

Then,

in t,

+:..

(2.2)

(2.3)

where
.

r3 3hal. —
h2-1

Further, from equation (1.2)and the adiabaticconditionafter
simpletransformations,

Substitutingthis valuein expression(1.10)givesfor K(s)

5

(2.4)

(2.5)
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Substitutingin equation(2.5)the seriesfor t (equation2.3)
givbe

It followsfrom equatton(2.6)
sound,that is,for small s,

series(2.6)to the firsttem

fundamentalequations(1.9)

& = - b~s1/3
m

whencefor the

&l+
8e2

(2.6)

t@t for a velocitynear that of
oonslderationmeybe rsqtriotd in —

by setting ~~bls ~13e me

thenassumethe form

-. —
“

—

....=-_. .- —.-
.-
—

(2.7)

funotions ~(e,s) and ~(8,s) thereis obtained

Havingdetermined
~(@,s) and the stream

?!k+&g. j=o !%?+z!?+g=o (2.8)
8s2 ae2 as2

coordinatesx and
seenthat equations

dx=~
[,
cose~-

W

from equations(2.8)the velocitypotential
function W(8,S), by equations(1.5)the
are found in the flow plane. It is easily

(:.5)can be representedIn the form

P() )(av aq PO 1)1a~ de~sine-ds+ aos8—-~sine—
aO 86 a8

Po a$

)(
aq PO )1‘w~oose—ds+ sln L3-+-oos@— de

as &’ t) ae

(2.9)

.

—

.

If, however,we pass framthe exactequations(1.9)to the approxi- .“

mate equations(2.7),the expressions(2.9)ceaseto be exactdif-
—.

ferentials.Henoe,simultaneouslywith the passingfrom equa-
tions (1.9)to equations(2.7)it Is necessaryto introduce :—

.
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Insteadof the relation(1.8)between s and W a new relation
suchthat the expressions(2.9)remainexactdifferentials.M
orderto obtainthis relationin equations(2.9)are substitut&lthe
valuesof the derivativesof the function ~ from equations(2.7)
afterwhich the conditionthat dx from equations(2.9)is a
totaldifferentialassumesthe form

Carryingout the differentiationand makinguse of the first of
equations(2.8)satisfiesthis conditicmif the followingequations
are satisfied(theexpressionfor dy likewisethenbecomesa

- totaldifferential):

Thus,the equationdetermining l/W Is obtained,namely,

od2 1—.- +=0
2W

dq

(2.11)

The functions satisfying this equation are called Airy functions.
Tables of these functionshave been cmmputedby V. A. Fock
(reference5). Thus

(2.12)
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where u(q) and v(~) are two linearlyindependenttabulated
integralsof the equation(2.11). The congtantsof titegrationare
detezmrined&cm the conditions

.

.

wherethe latterrelaticmis obtainedfrom equations(2.10)and
(2.6). After computation, —

[()

—

1cl+ yvo -v’(o)
[C2 S* u’(o) - w(Oj (2.13)

wherefrom reference5,

2m-U(o) + iv(o) = — @ ~
34/3

r(2/3)

-.

.—.-

.

. ...-.

From the firstof equations(2.10)’and (2.12),

P* ~ 1/3

()

c u’(~)+ Cv’(q)
—=
P 3’ bl Cp(ld + C2V(V)

(2.14)

The expressions(2.12)and (2.14)thusfoundfor lh ad Po/P
must be substitutedin equations(2.9).

..-

3. Determinationof flow in feed part of de Lavalnozzle.-
The shapeof the de Lavalnozzlewas determinedsuchthat the
distributionof the velocityoverthe sectiontended,with increasing
distancefrom the criticalsectionupstreamof the flow,to a unif-
orm flowwtth a certainsubsonicvelocity W. near the velocity -

-..
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of sound. It was necessarythat the
x+ - - have a horizontalasymptote
nitude H beingdeterminedfrom the
velocity WO.

walls of the nozzlefor
Y =*H (fig.1), the mag-
amountof gas flow and the

ti the planeof the variables 0,s, there correspondsto the
infinitelydistant%ction inwhioh the velocityis constantand
equalto WO, the point A with coordinates e = 0, s = so. To

the linesof flow therecorrespondti’the 0,s planea bundleof
curvesissuingfram the point A. In orderto obtaina solution
of equations(2.8)havingthe statedproperties,in the upperhalf-
planeof Ll,sbipolarcoordinatesare introduced(fig.2).

~ 2s.e

Thus the lines
with centerson the
a femilyof circles
point A (fig.2).
are, respectively,

“.
fi=arctg

u (3.1)
ez+(s-so)z 02+s%.2

a= constant constitutea familyof circles
s-axissnd the lines 6 = constant constitute

with centerson the
The equationsof the

S02
e2+(s+t30 oth a)z =-& (e-t30

The first of equations(2.8)transformed
has the form

e-’ais psssing throughthe
familiesof these circles

2
Ctg i3)2+ S2 = *

sin2 P

intobipolarcoordinates

(3.2)

t= (cha+cos ~)
1/6

X(a,p ) (3.3)

Equation(3.2)is reducedto the form

(3.4)

in which the variablesare separable.
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In seeking a solution of equation (3,4) of the form
X= X(a) Y(P), the ordinaryequationsfor X(a) and Y(p)
are obtained:

d2Y—+n2Y=0
d@2

d2X
()

+cthadX+&-Q2X .0

da2 ‘~ 363

where n is an arbitrary constant. If n is set equal

d2xLY=O — —~cthadX+l X=o
2 3 da E

d~ da2

to o,

(3,5)

The first of equations (3.5) gives Y = c1 +-c213 and the second,

by the substitutiont = ch2a, reducesto the hypergeometric
equation

()d2X+l 7tdX lxt(l-t)— ---
2 6 z-~

=0
dt2

the generalintegralof whichcan be representedin the form

(3.6)

—

If Cl=C4= O and consideringequation(3.3),the requiredsolu-
tion of’equation(3.2)is in the form

(
1/6

$0 =
ch a + cos

9(

1
F 65 12?

)

1 1, —- P (3.7)
ch a ch2 a

Returningto the initial
equations(3.1),afterstiple

variables @ and s according to
transformations

—

.

—

.

—
—

—
.—.

.-

.

i “-

.

—
.

. .
—



. NACA TM 1236 11

.

4

.

.

(3.8)

This solutioncorrespondsto the flow of gas in a nozzlehavingthe
shapeshownin figure1. Such flow cannot,however,be conttnued
intothe regionof supersonicvelocities. In orderthat a certain
subsonicflow havinga straightstreamlinemay be continuedinto
the supersonicregion,It is necessary and sufficient,as has been
shownby F. I. Frankl (reference2) (seealso S. A. Christianovich,
reference3, ch. V.), that the streamfunction ~(e,s) have on
the transitionlinethe form

$(6,0) =Af?/3 3/3 5/3
+ A3e i-A5EJ +.:. (3.9)

The solution(3.8)does not, however,satisfythis comiitioninsmnmh
as on the transition line (s = 0) “it has the form

In orderto continuethe flow with the stream function of
tion (3.8)tntothe supersonic
equation(3.8)the solutionof

fyingthe condition $l(e,O)=

in reference4, has the form

region, it is necessaryto
equa-
add to

the firstof equations(2.8)satis-

#3
.

A3~13+ 3Aq$1- 30 = O

1/3whence setting A = 3 , we obtain

Such a solution,as is shown
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Hence,in orderto constructthe flow in the de
havingthe shapeshownin figure1, it is sufficient
function V(8,S) to assumethe form

=

,---- -

“-NACATM 1236 .—--

Laval nozzle
for the stream
—

W(e,t3)=Ao@o +A#l +A3ti3 ($3= e) (3.11)

‘1’ W % are arbitrary constants and the functions

are givenby equations(3.8)and (3.10). ..

Equation(3.11)for ~(e,s) is obtainedif in the expansion
(3.9)the firsttwo termsare retained. With the valuesof the
constants ~, Al) and ~, a nozzle~“ be constructedsufficiently

near the givennozzleof the shapeunderconsideration:

The equationsdeterminingthe functions *O and *1 in the

supersonicregionwill be determined.In the expression(3.8)for
.—

s = o, the argument of the hypergeometrlc function attains the
—

value unity and for the supersonic velocities, that 1s, for hag5.-

.

.

+cc
l-lr-l

.-

—

nary s, although remaining real, becomes greater than unity.
—r

The formulagivingthe analyticcontinuationof the hyper-
.

geometricseries(referenoe6) is used s -
. -.

r(c) r(c-a-~r (a,b)a+b-c+.l,l-t) +
F (a,b,c,t)=

I’(c-a)r(c-b)

‘(c)‘(a+b-c)(l-t)c-a-bF (c-b,
r(a) r(b)

which in the case considered has the form

c-a,c-a-b+l,“l-t)

-, ..—..=

—

-laH%=Pt)””~’$’$ ‘-t( )
and the characteristic coordinates A= e - is and v = 6’ + is
are determined. After computations, the followlng tiquatlone are
obtained:

. ..—.
..-.
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(3.12)

These expressionsdeterminethe flow in the regions1 and 2 between
the transitionlineand the characteristicpassingthroughthe center
of the nozzleand directedupstreamof the flow (fig.1). The fur-
ther computationof the supersonicpart of the nozzlecan be carried
out by the methodof characteristics.

Translatedby SamuelReiss
NationalAdvisoryCommittee
for Aeronautics.
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