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SUMMARY 

Two theoretical  procedures are developed for  designing asymmetric 
supersonic nozzles for  which the calculated ex i t  f l o w  is nearly uniform 
over a range of Mach numbers. One procedure is  applicable at Mach nun- 
bers less  than approximately 3. 
tion, a nozzle for which the calculated ex i t  f l o w  i s  uniform a t  two 
Mach nurdbers and, with proper design, is nearly uniform a t  Mach nunibers 
between, s l ight ly  above, and sl ight lybelawthese two. The use of an 
inclined and curved sonic line is a n  essential  feature of this approach, 
The second procedure requires i terat ion and is used far designs a t  Mach 
numbers exceeding 3. 
inclined and c m e d  sonic l ine i s  also used i n  t h i s  procedure. In both 
approaches the f l o w  f i e l d  dawnstream of the sonic l ine is  determined 
using the rnethod of characteristics. 

This approach yields, without itera- 

Although it is not a necessary feature, an 

The as-tric, sliding-block-ty-pe nozzle was first sham by Allen 
(reference 1) t o  be an effective ~ a n s  for producing reasonably uniform 
supersonic flow over a range of Mach numbers. Allen indicated that the 
principal advantage of this type of nozzle was its s t ructural  and 
mechanical simplici*y; however, he noted that the asymmetric nozzles 
which w e r e  investigated had shown undesirable horizontal and vert ical  
static-pressure gradients a t  some operating speeds. This observation 
was l a t e r  confirmed by the resul ts  of Frick and Olson (reference 2) .  
A n  investigation was therefore undertaken t o  develop systematic proce- 
dures fo r  designing asymmetric nozzles which would produce exi t  flows 
of the desired uniformity for  wind-tunnel tes t ing over a given range of 
Mach numbers. 
most suitable design procedures developed t o  date at  the Ames Labora- 
tory .  Many features of these procedures have resulted primarily from 
experience gained i n  the design of 18 nozzles, 8 by the first procedure 
t o  be presented, and 10 by the second procedure. 

The purpose of the present paper is t o  describe the t w o  
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local velocity of sound 

height 
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L 

Mach number, ratio of local velocity to local velocity of 
sound 

static pressure 

dynamic pressure 

radius of curvature of streamline 

dimensionless perturbation velocity component parallel to 

x axis (-$- 1) 
dimensionless perturbation velocity component parallel to 

y axis (z) 
velocity component parallel to x axis 

velocity component parallel to y axis 

( J 5  + "> dimensionless resultant velocity a* 

rectangular coordinates 

Mach angle (arc sin L, M 

ratio of specific heats (1.400 for air) 

PPO stream statiopressure coefficient (7) 
\ "10 / 

angle between direction of flow and some reference axis 

Subs cr i p t s 

L lower w a l l  

. 
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M 

a measured normal t o  a surface 

0 initial or reference conditions 

8 conditions along a streamline 

U upper wall 

conditions a t  a specified Mach number 

* 

Superscripts 

conditions where the Mach number i s  unity 

ANALYSIS 

Two Basic Features of the Variable Mach Number Asymmetric Nozzle 

3 

Before discussing specific procedures fo r  designing two-dimensicnal 
asyxmtric nozzles, it is useful t o  consider f r o m  a qualitative point 
of view the reasons why such nozzles are capable of producing uniform 
exi t  fluws a t  more than one e c h  number. 
that if a supersonic nozzle is t o  produce u n i f o w e x i t  flow at ~ n " e  

than one Mach nlzmber, the shape of the nozzle passage must be different 
for each ex i t  Mach nuniber. For this reason, most variable Mach nuxriber 
wina  tunnels have employed either a series of interchangeable nozzle 
walls (blocks), each of fixed geometry, or f lexible nozzle walls. With 
both of these solutions the contours of the nozzle walls are changed t o  
give the changes in  passage shape required f o r  variation of the ex i t  
Mach number. 

It i s  gemrally accepted 

In contrast t o  these solutions, Allen's proposal i s  that  the cow 
toured nozzle wal ls  be r ig id  and that they be moved relat ive t o  each 
other so as t o  form asymmetric passages of various shapes fo r  producing 
flows a t  different exit Mach numbers. An asymmetric nozzle of t h i s  
t y p e  is  shown in figure 1. The solid l ines show the passage shape for  
a high Mach number ex i t  flow; the dashed l ine shows the lower r igid 
wall moved t o  a new position t o  produce a passage shape fo r  a low Mach 
number ex i t  flow. 
the walls of the t e s t  section and the r a t io  of m i n i m u m  section area t o  
t e s t  section area is thus changed while the t e s t  section area is  

b v w b t l l l t , .  -- - L --A 

nozzle makes it a practical  device for varying the exi t  Mach number. 

The lower w a l l  is moved in a direction paral le l  t o  

m9 i n+a 4 n #.a Tnis first feature of tne s l idineblock asymmetric 
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It is also clear from figure 1 that certain portions of the walls 
are included in the supersonic flow region at the high Mach number 

,- setting that were included in the less critical subsonic flow region at 
the low Mach number setting. They may, therefore, be shaped to make the 
remaining downstream portions of the walls (designed to produce uniform 
exit flow at the lower Mach number) consistent with uniform exit flow at 
the higher Mach number. This second feature of the asymmetric nozzle 
makes it possible to produce uniform exit flows at more than one exit 
Mach number. As is discussed later, it is this feature which allows the 
development of an explicit procedure for designing asymmetric nozzles 
operating at Mach numbers less than approximately 3. 

L 

Determination of Flow Characteristics in 
Asymmetric Nozzles 

The prpblem of determining the characteristics of the flow between 
the walls of an asymmetric nozzle can be divided into three parts. 
Figure 2, a schematic diagram of the construction of the flow field in 
a typical nozzle, will be used to illustrate the different parts of the 
problem. Part 1 is the determination of the flow conditions in the 
region of the minimum section where supersonic flow first occurs. 
Line AB in figure 2 represents the location of the points where the 
initial flow conditions are calculated. Proceeding downstream, part 2 
is the determination of the flow characteristics from these initial 
points to the region just upstream of the nozzle exit (area ABDC in 
fig. 2). Part 3 is the construction of the flow field which must exist 
in the region just upstream of the nozzle exit in order to have uniform 
exit flow. 
problem is represented by the area CDE. 

The region of the nozzle affected by this part of the 

It will be seen later in the analysis that the procedure developed 
herein for Mach numbers less than 3 requires the'nozzle walls to be 
curved in the region of the minimum section. This curvature.of the 
walls will cause the sonic line to be inclined with respect to the flow 
direction and generally curved. Part 1 of the problem of determining 
the flow characteristics in an asymmetric nozzle is the determination 
of the flow in the region of the inclined and curved sonic line. The 
solri t ion of this prcb1a is Climssed in appendix A. 

"hraughout this study the method of characteristics will be 
employed to construct the region of the supersonic flow field associated 
with part 2 of the problem of determining the flow in asymmetric 
nozzles. The characteristic solution of twdimensional supersonic 
flows was originally developed by Prandtl and Busemann (reference 3). 
This solution may be accomplished by numerical or graphical processes, 
or a combination of these two. O f  the alternative approaches, the 
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graphical method wa8  chosen as momt suitable f o r  the nozzle-design 
problems considered here, 
s ize  can be easily varied during the construction of the flow field;  
and (2) the designer is enabled t o  visualize graphically the velocity 
diagram of the flow f ie ld .  

The reasons f o r  this choice are (1) the net 

Sauer {references 4 and 5 )  has developed a graphical mthod for 
axially syrmnetric fluw f ie lds  in  which the characteristic lines i n  the 
hodograph plane are constructed in a step-by-tep process, An adapta- 
t i on  of this method t o  two-dinensional supersonic flaws is employed in 
this paper. 
diagramnu3d is constructed using the polar coordinates W and 8 and, 
f o r  convenience, the hodograph is  -ked with lines of constant 
6 .  (A Wscale of 0.02 t o  the inch is used.) For an irrotational,  
two-dimensional flow f ie ld ,  the characteristic lines in the hodograph 
plane all have the  s a m  shape. 
chasacteristic tentplate which greatly increases the speed of the calcu- 
la t ions {i.e., the canstruction of the Mach net). 
template can easi ly  be determined since the relationship between Mach 
angle and flow direction along the characteristic l ines is  the same as 
for the expansion about a corner of a uniform, two-dimmsional, super 
sonic stream. This m l a t i m h i p ,  given by the fanr i l ias  Prandtl-Meyer 
equation (see, e.g., reference 6),  

The hodograph on which the nozzle f l o w  fields are 

% and 

This property permits the use of a 

The shape of the 

is plotted on the hodograph and the template is  made f r o m  the curve. 
A l l  the characteristic nets t o  be discussed are constructed using the 
hodograph and template just described. 

The requirement for uniform exit flow i n  a nozzle i s  sat isf ied i f  
the ent i re  f l o w  f ie ld  downstream of the nozzle ex i t  can be represented 
by a single point in the hodograph diagram. 
since it represents the design flow parameters 6 an6 a for the 
t e s t  section. 
of determiniq the flow characteristics i n  a nozzle is  that area CDE 
i n  figure 2 w i l l  be represented i n  the hodograph diagram by a single 
second-family characteristic l ine .l This characteristic l ine  passes 
through the unique point mentioned above. 
be of the Prandtl-Meyer type. 
presented in appendix E. 

This point is unique 

M 
The effect of t h i s  requirement on part 3 of the problem 

The f l o w  in region CDE w i l l  
A discussion of th i s  type of flow is 

'A second-family characteristic line is  a Mach l ine negatively inclined 
with respect to  the flow direction. 
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The following procedure fo r  designing variable Mach number as- 
metric nozzles is  the more direct  of the two t o  be presented. This 
procedure consists of three major steps. These steps are as follows: 
F i r s t ,  the contours of the downstream portions of the walls are deter- 
mined t o  produce uniform exi t  flow at the lower design Mach number; 
second, the f l o w  f i e l d  tha t  m u s t  ex is t  between these w a l l  portions fo r  
uniform exi t  flow a t  the higher design Mach number se t t ing  is  deter- 
mined; and third,  the portions of the w a l l s  upstream of those considered 
i n  s tep one are shaped so  as t o  produce the flow f i e ld  determined i n  
step two. 
theoretically uniform exi t  f l o w  at the two design Mach numbers. It i s  
required, however, tha t  the ex i t  flow be nearly uniform over a range of 
Mach nunibers from s l igh t ly  below the lower t o  s l igh t ly  above the higher 
design Mach number. Experience gained i n  t h i s  investigation has indi- 
cated that specifsing continuous pressure gradients i n  the nozzle a t  
the design Mach numbers and continuous variation of the second deriva- 
t ives  of the nozzle w a l l  contours tends t o  minimize the calculated flow 
irregular i t ies  over the Mach number range. 
fore, are embodied i n  both design procedures. The uniformity of the 
flow at  other than the tvo design Mach numbers should, of course, be 
investigated. 

It has also been found f o r  the proposed design procedures that i n  
order t o  minimize the f l o w  i r regular i t ies  at  off-design Mach numbers it 
i s  desirable t o  have the position of the minimum section move continu- 
ously upstream along both walls as the ex i t  Mach rider i s  increased. 
The continuous movement w i l l  be accomplished i f  the w a l l  contours 
sa t i s fy  certain conditions i n  the region where the min imum section 
moves. These conditions are: F i r s t ,  the w a l l  contours should have 
single curvature (no inflection points); second, they should have f i n i t e  
r a d i i  of curvature; and third,  the loca l  radius of curvature of the 
lower wall should always be suff ic ient ly  l e s s  than the local  radius of 
curvature of the upper wall t o  ensure that i n  a given position the 
nozzle has orily one minimum section. 

The upper and lower design Mach numbers and the test-section 

These three steps ensure that the nozzle w i l l  produce 

These specifications, there- 

hei&t are first for any &siw -iii&=l=talKeE. -I-& -+.11-77" P--- I b  L U I L V " "  A l U U  

the discussion of the uniformity of the ex i t  flow at  off-design Mach 
numbers that the two design Mach numbers may be selected sowwhat 
within the extrems of the desired range of operation of the nozzle. 
A typical low Mach number construction, representing the first s tep for  
such a design, i s  sham i n  figure 3. 
s t ruc t ion the  f l o w  parameters 8 and aM a t  a series of i n i t i a l  
points just damstream of the sonic l i ne  are determined from the tran- 
sonic equations given i n  appendix A. 

For the first part  of t h i s  con- 

These i n i t i a l  points are  shown 
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along l ine A*. Use of the equations i n  appendix A requires that the 
radii of curvature of both walls in  the region of the mininnus section 
be known. The radius of curvature of the lmr w a l l  is  made large 
compared t o  the mixcimum section height (of the order of 10 minim 
section heights) t o  permit an accurate application of these equations, 
The upper-wall radius of curvature a t  the nin imum section is selected 
i n  accordance w%th the discussion of appendix B t o  give Prandtl-Meyer 
type flaw in  the region j u s t  upstream of the m z z ~ e  t?xi,t. 
equation (B2),) 
are kept constant a short distance (of the order of o m  the d n i -  

section height) upstream and damstream of the minimum section. 
The upper and lower w a l l s  are extended upstream t o  points J and L, 
respectively, t o  fulfill this requirenent. 

(See 
To sa t i s fy  the conditions of appendix A, both rad i i  

For the second part of this  construction the characteristic net is 
constructed downstream of the i n i t i a l  points putting in one seton+ 
family Mach l ine  a t  a time. 
family Mach l ine.  The radius of curvature of the upper wall is held 
constant un t i l  the f l o w  along that wall becomes of the Prandtl-Meyer 
type. The curvature of the 
lower wall is held constant u n t i l  the designMach number is approached 
on that  surface.5 The curvature is  then gradually decreased, becoming 
zero where the design Mach n W e r  is attained (point G i n  figure 3(a) ) .4 

When the characteristic net is complete, the shape of the downstream 
portions of both walls is determined. The first major step in the 
design procedure is now complete. 

Line C-D i n  figure 3 is a typical second- 

2 This occurs a t  point E of figure 3(a). 

%e f l o w  along the upper wall becoms of the Prasdtl--Meyer type when 
the l ine representing that w a l l  i n  the hodograph diagram, l ine  ACE 
in figure 3(b), becoms tangent t o  a second-fmly characteristic 
l ine  such as 1ineX-H. Experience has indicated that t h i s  tangency 
will occur if the upper-wall. radius of curvature is selected by use 
of equation (B3) and if the other suggestions are followed. 

%e curvature of the lower wall is mintained constant Over most of 
the length of t h i s  construction since this results in the shortest 
nozzle without increasing the curvature. 
streamwise d&ction has been found di f f icu l t  t o  handle i n  later 
constructions. 

Increasing curvature i n  the 

4 It is d i f f icu l t  t o  establish a definite rule for the length of the 
portion of the lower w a l l  along which the curvature i s  decreased t o  
zero. 
found satisfactory. 

A length of one-half t o  one test-ection heights has been 
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The flow f i e ld  tha t  must ex is t  between these portions of the w a l l s  
f o r  uniform ex i t  flow at the higher Mach rimer set t ing w i l l  now be 
determined. Maintaining the test-section height constant, the upper- 
and lower-wall portions are rotated t o  make 
Then holding the upper w a l l  stationary, the lower w a l l  i s  translated 
horizontally until it i s  i n  the higher design Mach nunher set t ing.  
s~.tisfaztc;r;- c r i t e r i m  for  this position is that the downstream ends of 
the contoured portions, points G and H i n  figure 4(a),  be alined along 
the same first-family Mach l ine  inclined a t  the Mach angle corresponding 
t o  the higher design Mach number. 
of t h i s  Mach line,  the characterist ic net can be constructed between the 
portions of the w a l l s  i n  the reverse of the flow direction. Such a 
construction is shown i n  figure 4. The construction i s  continued t o  the 
upstream end of the upper-wall portion, point J. I n  general, the 
termination of the construction on the lower w a l l ,  point K of figure &(a),  
w i l l  l i e  downstream of the end of the predetermined portion, point L; i f  
not, the lower wall can be extended at constant curvature. This charac- 
t e r i s t i c  net construction determines the flow conditions tha t  must ex is t  
between the two w a l l  portions if the ex i t  f l o w  i s  t o  be uniform a t  the 
higher design Mach nuniber. 

8 = 0 i n  the t e s t  section. 

A 

Specifying uniform flow downstream 

The next problem i s  t o  determine the shape of the portions of both 
w a l l s  between the new minimum section and the l ine  J-K of figure 4. 
This shape m u s t  be such as t o  produce the same variation of Mach angle 
and stream angle along the Mach l ine  J-K as was  obtained by the 
Characteristic net construction outlined i n  the preceding paragraph. 
The radius of curvature of the lower wall a t  the minimum section i s  
selected i n  the same manner as f o r  the lower design Mach number. 
height of the minimum section may be calculated by use of the one- 
dimensional area-ratio relationship since the curvature of the sonic 
l ine  does not significantly influence the mass flow. 
curvature of the upper w a l l  i s  selected with the aid of equation (B2)  
t o  give approximately the same variation from Frandtl-yer type flow 
as OCCUTS at  the Mach l ine J-K.5 

5The difference from Prandtl-Meyer type flow a t  point K i n  figure 4 i s  
de/da, along l i ne  KG evalu- 

The 

The radius of 

This selection need only be a.n 

defined here as the difference between 
ated a t  point K and de/d% along the second-family character- 
i s t i c  l ine  passing through point K. I f ,  f o r  example, I de/d%I along 
l i ne  KG i s  10 percent less  than along the characterist ic l ine,  the 
curvature of the upper w a l l  should be about 10 percent less than tha t  
calculated f o r  Prandtl-Meyer type flow. The curvature f o r  Prandtl- 
Meyer type flow may be calculated by use of equation (B2). I n  that  
equation RL i s  the radius of curvature of the lower wall a t  point K 
and hN is  the normal distance between the two w a l l s  which may be 
estimated graphically i n  f igure 4(a).  
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I t e s t  section. 
for the new construction. 

For this reason a different coordinate system is used 

Follcrving the procedure of the lower &ch n&er design, the 
initial points are selected along line A***  of figure 5. 
t e r i s t i c  net will be constructed damstream of the i n i t i a l  points u n t i l  
the Mach nurmber on the laver wall coincides with the Mach number at 
point K i n  figure &(a).  
conditions should also be satisfied.  
of change of Mach angle with f l o w  angle along the lower w a l l  should be 
the same as a t  point K, and 

The charac- 

A t  t h i s  point on the lower w a l l  two other 
These conditions are: (1) the rate 

(2)  the radius of curvature of the lower 

The flaw ixi  the nozzle should be investigated a t  several other Mach 
numbers in the design range t o  determine if aay significant variations 
of Mach number or f l a w  inclination occur i n  the t e s t  section. This has 
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not occurred in any of the eight designs attempted. 
f icant  variations occur, however, appropriate corrective masures of the - 
type discussed i n  the next section c m  be taken. 

Should any signi- 

In theory there i s  no apparent reason why this design procedure 
should be res t r ic ted  t o  two Mach nunibers or why it should be limited t o  
Mach numbers l e s s  than 3. Practical  d i f f i cu l t i e s  do l i m i t  i t s  applica- 
b i l i t y ,  however. For example, i f  the higher design Mach number exceeds 
approximately 3, it becomes very d i f f i cu l t  t o  f ind contours fo r  the 
lower Mach nuniber portions of the w a l l s  t o  which any additional poi’;iors 
may be added t o  give uniform ex i t  flow a t  t h i s  higher Mach number. 
diff icul ty  develops when the characterist ic net i s  constructed in the 
reverse of the flow direction. 
streamwise direction, converge i n  this construction. Above M = 3 the 
r a t e  of convergence is such t h a t ,  i n  approximately 10 constructions 
attempted, several waves were found t o  coalesce. When this coalescense 
occurs, no solution at  the higher design Mach number i s  possible using 
the present mthod. 
develops when the procedure i s  repeated fo r  a third Mach number below 3. 
These d i f f icu l t ies  could possibly be overcome by considerably increas ix  
the length of the nozzle. 
many applications (e.g., large w i n d  tunnels). 

The 

Expansion wavelets, which diverge i n  the 

A similar diff icul ty  (note discussion i n  appendix B )  

This solution i s  impractical, however, f o r  

Design Procedure f o r  Mach Humbers Greater Than Approximately 3 

The procedure fo r  designing variable Mach number asymmetric nozzles 
t o  operate at Mach nmibers greater than 3 employs an averaging process 
and yields nozzles for  which the analysis indicates approximtely uni- 
form exit  flow. 
nuniber by a procedure similar t o  that used f o r  the design of the lower 
Mach number portion of the w a l l s  discussed i n  the preceeding section. 
Figure 7 represents the physical plane of a construction of th i s  type. 
A difference between this design procedure and the one referred Bo above 
i s  t h a t  the flow along the upper w a l l  does not become of the F’randtl- 
Meyer type before point C.  
requirements f o r  uniform ex i t  flow. 
desirable t o  turn  the flow between p-ints A and E through an angle no 
greater than the Prandtl-Meyer expansion angle for  the lowest design 
Mach nunher. The reason f o r  t h i s  l imitation i s  discussed i n  the next 
paragraph. 

The contour i s  designed first for  the highest Mach 

A t  t h i s  point it must, t o  sa t i s fy  the 
In general, it has been found 

The contours for the highest Mach nuniber are translated t o  the 
lowest design Mach number se t t ing  and the characterist ic net i s  recon- 
structed. 
wall between point C and point E of figure 7 t o  provide uniform exi t  
flow at t h i s  lowest Mach number. 

Adjustments are made t o  the shape of the portion of the upper 

The process is  repeated a t  two 
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i n t e m d i a t e  Mach nmibers. 
These results aze plotted i n  the form of slope curves ( i ,e . ,  8 as a 
function of E x p e p  
ience gained in constructing 10 nozzles by this =%hod has sham that 
l i m i t i n g  the angle through which the flow is turned in the manner sug- 
gested in the previous paragraph w i l l  minimize the difference between 
the four contours for the portion of the w a l l  between point C and 
point E. 

For the portion C-E, four contours result .  

x) and L I ~  arithmstic mean of the extremes taken. 

The mean contour is then slibstituted for  the portion C-E i n  each of 
the four constructions. 
region and extended into the test section, 
plots  are made of the stream angle arld Mach number distributions in the 
t e s t  section, 
traced back through that particular construction and appropriate a d j u s t  
ments made t o  the walls. The effect  of these adjustments on the other 
three constructions must then be considered. Through a ser ies  of such 
adjustments, nearly uniform f l o w  (stream+mgle variations of less  than 
*0.25') can generally be obtained a t  a l l  four Mach nmbers. 

The characteristic nets are c-ed in  th i s  
From these constructions, 

Should any unacceptable variations resul t ,  they are 

Computation of Ordinates and Boundary--Layer Correction 

A f i r s t  determination of the basic w a l l  contours has nuw been made; 
hawever, as was discussed previously, these contours must be examined 
t o  ensure that the second derivative curves are fair. The slope curves 
of the contours ( i .e , ,  6 as a function of x) are converted t o  first 
derivative curves (i.e.,  dy/dx 
entiated graphically t o  obtain the values of the second derivatives. 
Curves are faired through these values and revised first derivatives 
and slopes are obtained from graphical integration of these curves. 
Experience has indicated that the original and revised slopes should 
agree t o  within +O.O30 a t  a l l  stations. The process of fa i r ing and- 
integrating should be repeated, if necessary, u n t i l  t h i s  cr i ter ion is  
sat isf ied.  The reviseu ordinates are obtained i n  the usual ?nann!=r from 
the revised f i r s t  derivative curves. 

The resul ts  of Tucker (reference 7) may be used t o  compute the 
boundary-layer correstion for  both low and high h c h  nmber nozzles. 
To be consistent with the determination of the uncorrected nozzle con- 
tours, care should be taken t o  ensure that the boundary-layer correction 
is  a lso  f a i r  t o  the second derivative. 

as 8 function of x) which are d i F f e F  

DISCUSSION 



12 NACA RM A5lA19 

suggestions given resul t  primarily from experience. In regard t o  the 
fairness of the nozzle walls, something more should be said. 
second derivative of the nozzle contour i s  direct ly  re la ted t o  the pres- 
sure gradient, continuous variation of the second derivative along the 
nozzle wall tends t o  ensure continuous variation of the pressure 
gradient. Theoretically, a discontinuity i n  the second derivative is  
permissible, provided the Mach l ine  (or  i t s  ref lect ion)  passing through 
t h i s  discontinuity also passes through another discontinuity of opposite 
nature and equal magnitude. With asymmetric nozzles of the t , p  under 
consideration, t h i s  requirement would not necessarily be sa t i s f ied  a t  
a l l  settings; hence, continuity of the second derivati7e of both walls 
i s  specified. It follows, of course, tha t  the curvature of both walls 
goes t o  zero continuously a t  the nozzle ex i t .  

A s  the 

The usefulness of the design procedure fo r  Mach numbers less  than 
approximately 3 l i e s  i n  i t s  direct ,  noniterative approach and i n  the 
fact  that  theoretically miform ex i t  f l o w  i n  a nozzle can be obtained a t  
two Mach numbers. I f  the flow is uniform a t  two Mach numbers, it seems 
reasonable t o  expect the flow t o  be nearly uniform at i n t e m d i a t e  Mach 
n m e r s  and Mach nuuibers s l igh t ly  above the higher and s l ight ly  below 
the lower design Mach number. Theoretical analyses of the flow at 
several off-design Mach nunibers have substantiated t h i s  expectation i n  
a l l  eight designs completed. 

.. 
No experimntal resul ts  for  large-scale nozzles are available with 

which the theoretical  predictions of the rnethods presented i n  t h i s  
paper may be compared. Som data are available which were obtained i n  
a 2- by 2-inch nozzle designed by the procedure for  Mach numbers less  
than 3. . 

numbers of 1.5 and 2.6. The coordinates for  the w a l l s  of t h i s  nozzle 
are presented i n  table  I. These coordinates do not include a correction 
fo r  boundary layer; however, the coordinates of the nozzle fabricated 
did have a boundary-layer correction.6 
surveys were made i n  the t e s t  section and the resul ts  of these sumeys, 
converted t o  stream static-pressure coefficient, are shown i n  figure 8. 
These results indicate tha t  variations i n  stream static-pressure coeffi- 
cient are small, never exceeding approximately k0.006 over the Mach 
number range. These variations are of the sane order as the errors 
involved i n  the rneasurements. The resu l t s  of the surveys indicate none 
of the large variations i n  stream static-pressure coefficient tha t  were 
observed by Frick and Olson (reference 2) i n  the t e s t s  which led t o  the 
present investigation. 

This nozzle w a s  designed t o  have uniform ex i t  flow at  Mach 

Static- and pitot-pressure 

- ~~ ~ ~~~ - ~ ~ ~ 

6The coordinates of the w a l l s  of t h i s  nozzle are not given with correc- 
t i on  f o r  boundary layer since these coordinates would apply only for  
the Reynolds number a t  which these t e s t s  were conducted. 
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Two theoretical  procedures are developed for designing a s p m t r i c  
supersonic nozzles for  which the calculated exi'; f l o w  i s  nearly uniform 
Over a range of Mach n m h r s .  One procedure i s  applicable at Mach 
numbers less  than approximately 3 and yields, withouk iteration, a 
nozzle producing theoretically uniform exi t  flow a t  two Mach nunibers and 
~ e ~ t r l y  3mtf~p- ez%% f lm ever a range of Yach ~iz&crs. A n  easentfd 
feature of t h i s  procedure i s  the use of an inclined and curved sonic 
line. The other procedure requires i terat ion and is used for nozzles 
designed t o  operate a t  Mach nunibers greater than approximately 3. 
Although it is not an essential  feature, an inclined and curved sonic 
line i s  also employed i n  this  procedure. 

A '& by 2--inch nozzle was designed by the procedure for Mach 
numbers less  than 3 t o  operate over the Mach number range from 1.5 t o  
2.6. 
section of th i s  nozzle indicate a maximum variation of +0.006 i n  the 
stream static-pressure coefficient over the design Mach n-r range. 

The results of static- and pitot-pressure surveys i n  the t e s t  

Anres Aeronautical. Laboratory 
N a t  io& Advisory Committee for  Aeronautics 

Moffett Field, C a l i f .  
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APPENDIX A 

DETERMINATION OF THE FLOW FIELD NElAR THE SONIC LINE 

Sauer (reference 8) ,  among others, has developed equations defining 
the sonic line in flow through the minimum section of a symmetrical 
nozzle. Sauer also developed similar equations defining transonic flow 
about profiles. 
may be applied to flow through the minimum.section of an asymmetric 
nozzle. 

7:ie equations for the transonic flow about a profile 

The origin of the coordinate system is placed at the point where 
sonic velocity occurs on the upper contour, and the x axis is made 
tangent to this contour. 
ment but adding a term in the fourth power of 
potential, the following equations result: 

(See fig. 9.) By the use of Sauer's develop 
y in the velocity 

where 
1 p = -  
RU 

Equations ( A l ) ,  (A3) ,  and (Ab) are the same as Sauer's results. 
tion (a) includes one additional term. 

Equa- 

In order to fix the sonic line with respect to the minimum section, 
or XM (Note fig. 9.) It m y  be xMU L' it is necessary to know 

deduced from the geometry of the problem that 
"Mu - x M ~  

YS = (&) x=xMT, 

. 
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and 

Setting 

Y=Ys 

m a k i n g  the necessary substitutions in equations ( A 5 )  and (AG), and 
solving for %J ana "ML yielas 

and 

Equations (Al) through (A8) define the shape of the sonic line, 
provided the local flow velocity is not too different from sonic 
velocity in the region near the sonic line and provided the radii of 
curvature of the lower and upper walls are essentially constaat in this 
region. The stream angle and Mach angle at any point near the mini- 
mum section can be calculated by standard methods from the known values 
of u and v. The correction to mass flow due to the curvature and 
inclination of the sonic line was investigated and found to be negli- 
gible for nozzles having moderately curved and inclined sonic l ines.  

If the nozzle is symmetrical, then the upper wall is the plane of 
symmetry and it follows that 

$ = o  

The previously developed equations for flow in the region of the sonic 
line now reduce to 

u = a x + - u F  Y + l  2 
2 

(y+ij2 
6 a Y  v = (r+l)u2xy t 

1 7  
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and 

These equations are identical to those developed by Sauer for a 
symmetric nozzle. It should be noted that in this analysis ys is ,  of 
course, always negative. 
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APPEXDM B - m w  
* 

In the region Just upstream of the exit 
sonic nozzle, a special type of flow occurs. 

from an asymmetric super 
This region (m in - 

fig. lg) I s  bo*Joded by t he  e~,- i .ed q p e r  t - m e l .  v d 2  aad t he  Xach l h e  
passing through the downstream end of this wall. Since the walls are 
straight downstream of the line A-B, any variations in Mach number and 
flow angle along this line will be present in the test region. For 
uniform exit flow the flow conditions along this line, or any other 
first-family Mach line in this general region, nust be constant. 
relationship between Mach number and flow angle along the upper wall 
from point C to point A must therefore be the same as for Pra.ndtl-Meyer 
expansion of a uniform, tw&imensional, supersonic stream about a 
corner. The solution to this flow problem is well known (see, e.g., 
references 9 and 10) and will not be presented here, but rather the 
application of the solution to the problem of supersonic nozzle design 
will be discussed. 

The 

Consider now a nozzle made up of elements of two Prandtl-Meyer 
streamlines as shown in figure 11. It is clear f r o m  the figure that 

Assume that the ratio between the n o m 1  height from the streamline to 
the effective corner and the radius of curvature of the streamline 
R is a mction of the local Mach number only. This will be proven 
subsequently. Replacing % and hL with the product of this ratio 
and the proper radius of curvature, equation (Bl) becomes 

h~ 

The function P is defined as 

P E  hN - -  %I* 
Ru - RL R 

By combining equations (B2) and (B3) it can be seen that the equation 

P = O  (B4) 

applies oniy when the iiow is of the Praniiii-irieyer tyqe Let-ieen the 
streamlines. 
any two Mach lines of the first family, such as those shown 

With this type of flow the change in flow angle between 

: . 
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in figure 11, is the same along either streamline. 

Consider now when 

P > o  035) 

If all the quantities in P are treated as fixed with the exception of 
RI, (note equation ( B 3 ) )  the inequality means that RL is greater than 
f o r  the case of Prandtl-Meyer flow. The change in flow angle along the 
lower streamline between two Mach lines will be less. Some additional 
turning of the stream will be required by reflected wavelets from the 
upstream portion of the nozzle. 
expans ions . In this case the wavelets would be 

Consider the inequality 

By use of the same reasoning as in the previous paragraph, it can be 
shown that reflected compression wavelets are required. 

For a given asymmetric nozzle the ratio hN/(+RL) will be f ixed 
by the geometry of the nozzle (as determined, for example, at the first 
design Mach number) while 
region of the nozzle exit. Hence, knowing the variation in %/R it 
will be possible to determine qualitatively the variation in P and 
thus the type and concentration of wavelets that must be reflected in 
the nozzle at various Mach numbers. 

$/R will vary with the Mach number in the 

It now remains to determine the manner in which %/R varies with 
The equation of a Prandtlaeyer streamline in polar COOP- Mach number. 

dinates as given by Sauer (reference 5) is 
Y +1 -- 

r = ho [cos (E o )] ’-’ (B7)  

The coordinate system is shown in figure 12. 
of this streamline can be found as a function of ho and o. The angle 
(u is related to the local Mach number by the following equation, also 
taken from reference 5: 

The radius of curvature 

M2 
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Equation (338) can be combined with the expression f o r  the radius of 
curvature i n  terms of ho and (I) t o  give 

From one-dimensional area-ratio considerations (reference 6) 

Combination of equations (Bg) and (B10) yields 

The r a t i o  %/R is plotted as a function of Mach number i n  figure 13. 

Consider now a typical example of how the parameter P 
Assume a nozzle is  designed 

can be 
employed t o  guide asymmetric nozzle design. 
w i t h  no reflected wavelets a t  a Mach number of 1.2; i n  th i s  case, then, 
P equals 0. 
nuniber of 2.0. It is clear fromfigure 13, the equation fo r  P, and the 
previous discussion that, up t o  a Mach number of 1.8, P 
and hence reflected compression wavelets a re  required near the exit. 
Above a Mach nunber of 1.8, P i s  greater than 0 and hence reflected 
expansion wavelets are required t o  give uniform f low a t  the exit. 
change i n  the tspe of reflected wavelets required i s  d i f f i cu l t  t o  obtain 
with w a l l s  of reasonable shape. 
from an upper wall of relatively large curvature and reflected expansion 
wavelets resul t  from an upper w a l l  of relatively small curvature. 
Therefore, the design of a nozzle operating over a range of Mach num- 
bers spanning the peak i n  the %/R curve is  diff icul t .  One nozzle 
was designed t o  give uniform exi t  flow a t  M = 1.2, 1.6, and 2.0; however, 
the second derivative of one portion of the upper w a l l  varied rapidly 
over a short distance. 

The nozzle is required, however, t o  operate up t o  a Mach 

i s  less  than 0 

T h i s  

Reflected compression wavelets resul t  

This portion produced a shock wave a t  M = 1.8. 

c 
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F@um 3.-Tpica/ constructian of characteristic net at lower design 
:dGch number 



26 NACA RM A5LA19 
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/ K  
L 

Mach angle, Q, , deg 

(b) - Hodogroph plane. 

Figure 4 .  - Typicd construction of characterisfie net in reverse of 
flow direction at higher design Mach number. 
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Mach angle, Q, ,deg 

v 
Figure 5 .  - Typicul construction downstr e m  of minimum section 

oi higher design rsioch number. 
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Figure 6.  - Combined constructions at higher design Mach number 
showing completed characteristic net and streamline uniting 
the two portions of the upper w a l l .  

Figure 7 .  - Construction for high Mach number design procedure. 
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Figure 8. - Continued. 
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Figure 8. - Concluded. 
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Figure 9.- G e o m e t r y  of the minimum section of an 
asymmetric norz/e . 
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Figure 10.- Downstream end of f low field in on 
osymmeffic nozzle wtfh uniform exit f low. 

. 
I 
I 

Figure I / . -  Section of osym.etric nozzle made up of 
elements of two Prondt l  - Meyer streamlines. 

I -  
I 

. 



34 NACA RM A5lAl-9 
- 

Figure f2. - Schematic diagram o f  prondtl - M e y e r  flow 
&out a corner. 
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