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[.INTRODUCTION

The Energy Finite Element Analysis (EFEA) is a finite element based computational method for
high frequency vibration and acoustic anaysis [1-7]. The EFEA solves with finite elements
governing differential equations for energy variables. These equations are developed from wave
equations. Recently, an EFEA method for computing high frequency vibration of structures
either in vacuum or in contact with a dense fluid has been presented [2-4]. The presence of fluid
loading has been considered through added mass and radiation damping. The EFEA
developments were validated by comparing EFEA results to solutions obtained by very dense
conventional finite element models and solutions from classical techniques such as statistical
energy analysis (SEA) [8] and the modal decomposition method for bodies of revolution. EFEA
results have also been compared favorably with test data for the vibration and the radiated noise
generated by a large scale submersible vehicle.

The primary variable in EFEA is defined as the time averaged over a period and space averaged
over a wavelength energy density. A joint matrix computed from the power transmission
coefficients is utilized for coupling the energy density variables across any discontinuities, such
as change of plate thickness, plate/stiffener junctions etc. When considering the high frequency
vibration of a periodically stiffened plate or cylinder, the flexural wavelength is smaller than the
interval length between two periodic stiffeners, therefore the stiffener stiffness can not be
smeared by computing an equivalent rigidity for the plate or cylinder [11]. The periodic
stiffeners must be regarded as coupling components between periodic units. In this paper,
Periodic Structure (PS) theory is utilized for computing the coupling joint matrix and for
accounting for the periodicity characteristics.

A structure is considered as a periodic structure when it is composed by a number of identical
units connected in a regular pattern. The propagation constant, which relates the wave
amplitudes of two points at adjacent units separated by the periodic distance, is used to simulate
the characteristics of periodic structure. SenGupta [9] presented an overview of application of
periodic structure theory in the analysis of dynamic responses of periodic structures. Mead [10]
outlined systemic methods for analyzing and for predicting the free and forced wave motion in
continuous and periodic structures. A formulation for computing the propagation constants of a
cylindrical shell with periodically axial stringers or circumferential stiffeners is presented by
Mead and Bardell in Refs. [12] and [13], respectively.

In this work, the wave transmission of a cylindrical shell stiffened by both the periodically axial
stringers and the periodicaly circumferential stiffeners are considered. The basic periodic unit
consists of a single bay of the cylindrical shell with a ring stiffener at each axial end and a
stringer at each circumferential end. A hybrid method combining PS theory with the EFEA is
used to solveit. Thejoint matrices of the EFEA formulation at stiffeners’ locations are cal cul ated
from the energy ratio between two adjacent periodic units based on the following procedure. A
method same to that in Refs [10] and [13] is employed. The rotational inertia effects of the
stiffeners are ignored when computing the propagation constants for the axially stiffened
cylinder and the circumferentially stiffened cylinder. All the equations and related derivations
corresponding to the axia stringers are presented in this report. Similar procedures and
derivations can be used for the ring stiffeners. The flexural energy ratio between two adjacent
periodic unitsis evaluated from the attenuation constants which are defined as the real part of the



propagation constants. An iterative algorithm [15] is employed for deriving the power transfer
coefficients from the energy ratio between two adjacent periodic units. The calculated power
transfer coefficients account for the periodicity characteristics and are utilized in computing the
joint matrices of the EFEA formulation. The energy density distribution over the entire periodic
structure is computed by the EFEA model which includes the periodicity effects through the
formulation of the joint matrices. In order to validate the new development, the vibration of the
NASA aluminum testbed cylinder subjected to shaker excitations are analyzed and compared
with test results.

[I. OVERVIEW OF EFEA FORMULATION

The EFEA governing differential equations are developed by considering orthogona and
incoherent waves traveling within the medium of interest. Expressions for the energy density and
the power flow are developed from the wave equations. These expressions are employed for
deriving a relationship between the energy density and the power flow which is eventually
utilized along with a power balance over a differential control volume for deriving the governing
differential equation for the EFEA.:
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where <§> indicates the averaged energy density, c, is the group velocity, 77 is the structural

damping factor, o is the radian frequency, <II,, > isthe external input power to the structure.

A finite element formulation is employed for solving equation (1) numerically. The element level
systems of equation are:

[K°{e} ={F}+{Q%, (2)

where superscript e indicate element-based quantities, {ee} is the vector of nodal values of the
energy density at the nodes of afinite element, [Ke] is the system matrix for the element, {Fe} is

the vector of external input power at the nodal locations of the element, and {Qe} is the vector of
the internal  power flow across the element boundary which provides the mechanism for
assembling the global system of equations for adjacent elements and for connecting elements
across discontinuities. At the boundaries of the elements between discontinuities, the energy
density is discontinuous and the coupling in the global system of equations is achieved by
accounting for continuity in the power flow. The vector of internal power flow {Qe} IS expressed
as aproduct between the joint matrix and the nodal values of the energy density. The joint matrix
represents the power transmission mechanism across the discontinuity

Q' €
Qin+l n+1
o =T ©
QT]”]IJrl eI"T:Jrl

J J



wherei and j refer to the two elements connected at the discontinuity, n and n+1 indicate the two
nodes of the element i at the joint, m and m+1 indicate the two nodes of the element j at the joint,
[J;] isthejoint matrix which captures the mechanism of power transfer between elementsi and

] across the discontinuity. In this work, the joint matrix is computed based on PS theory.
Introducing (3) into (2) and assembling two element matrices into the global matrix resultsin:
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where [Kie] and [K]e] are the element matrices for elementsi and j, respectively, {e } and {ej} are
vectors containing all the nodal degrees of freedom for elementsi and j, respectively. [JC;] isa
coupling matrix comprised by the coefficients of [J;] positioned in the appropriate locations.

The assembly of the element matrices between elements with no discontinuities is performed in
the conventional finite element manner since in this case the energy density is continuous at the
nodes between elements. The fina system of EFEA equationsis:

[k1+ > [aclkel={F}, (5)

where ¥ indicates the summation of all the coupling matrices that correspond to al the
discontinuities in the model.

[11. DERIVATION OF JOINT MATRIX FOR A PERIODIC AXIAL STRINGER FROM
PERIODIC STRUCTURE THEORY

The cylinder analyzed in this work includes both the axial stringers and the circumferential
stiffeners. The power transfer coefficients at the locations of the periodic (axial or
circumferential) stiffeners are derived based on PS theory [9]. In this section the wave solution in
aperiodically axialy stiffened cylindrical shell is used for computing the propagation constants.
Similar procedure can be used for the circumferentially stiffened cylindrical shell [4, 13]. The
propagation constants are employed for determining appropriate values for the power transfer
coefficients between adjacent periodic units at the locations of the stiffeners. Thus, the joint
matrices of the EFEA formulation corresponding to the periodic stiffeners end up including the
periodic effects.

DERIVATION OF PROPAGATION CONSTANT FROM PERIODIC STRUCTURE THEORY

The edge displacements and force/moment resultants acting on the edges of a periodic section
(Figure 1(b)) are related by the following equation [11]:
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where 1 is defined as a propagation constant. The force and moment resultants along the two
axia stiffened edges can be expressed in terms of the displacements u, » and w using
Hamilton's variational principle, including the contribution from both the shell and the half
stiffeners, resultsin [11]:

[Ko KCom }= € [Ko HCr (7)

where [K,] is a 8x8 structural property matrix of the periodic unit at =0 [11], [K,] is a 8x8
structural property matrix of the periodic unit at = [11], {C,, } is the vector containing the

amplitude coefficients of the flexural displacements. The characteristic equation for computing
the propagation constantsis:

[KHComt=€{Cr} (8)

where [K]=[K,]"'[K,]. The propagation constants x are obtained from the eigenvalues e* of

matrix [K]. Similar procedures can be used for the circumferentially stiffened cylindrical shell,

and the corresponding propagation constants can be obtained from the eigenvalue equation
similar to equation (8).

It should be noted that the wave transmission through two-dimensional elements such as a shell
or plate with periodic stiffeners differs from that through one-dimensiona elements (for example
aperiodically stiffened beam). If this circumferentialy stiffened cylinder is subjected to a diffuse
vibration wave field rather than an axi-symmetric excitation, the higher order circumferential
modes will be activized, which behaves as a two-dimensional problem. In this case, the incident
wave will find some particular circumferential modes that transmit the wave freely and therefore
two-dimensional elements do not normally exhibit a single pass or stop band at a particular
frequency as is the case for one-dimensional periodic structures. As a result, when a
circumferentially or/and axially stiffened cylinder is analyzed, the propagation constants
corresponding to several different circumferential modes or/and several different halfwave
numbers along the length of the cylinder should be calculated and checked to find those undergo
a pass band (or close to a pass band) characteristic. The propagation constants corresponding to
these circumferential modes (for ring stiffeners) or halfwave numbers (for axia stringers) are



used to determine the power transfer coefficients at the stiffeners for EFEA in the following
derivation.

DERIVATION OF JOINT MATRIX FOR A PERIODIC AXIAL STRINGER

Assuming the amplitudes of velocity over the two adjacent periodic units are |V;(x,6) and

V.,.(x,0) respectively, the time averaged kinetic energies stored in the two periodic units can be
calculated as:

1 e 2
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for axially stiffened cylinder, and
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for circumferentially stiffened cylinder. The velocities a the two adjacent periodic units are
related by the propagation constant |V,,(x,0)|=e="\V,(x,0)| . Therefore, the energy ratio
between two adjacent units based on the periodic structure theory is computed as:

e [ [ =V (x.0) P acds (@] 13

= [ [ M (x.0) acd

for axially stiffened cylinder, and
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for circumferentially stiffened cylinder. The real part of the complex propagation constant
comprises the attenuation constant.




The power transfer coefficients associated with the bending energy transmitted and reflected
from the periodic stiffeners are evaluated from the energy ratio r.; computed by the PS theory

for two adjacent units. An iterative algorithm [15] is employed here in order to compute the
appropriate power transfer coefficients from the energy ratio evaluated by the PS theory. This
algorithm was developed and utilized in the past for computing power transfer characteristics for
spot-welded panels in automotive applications. An EFEA model comprised of two adjacent
periodic cylindrical bays is constructed. One bay is defined as the excited section and the other
comprises the receiving bay. The total energy stored at two bays is computed by the EFEA
formulation while the EFEA system matrix is a function of the unknown power transfer
coefficients. The iterative algorithm provides the values for the EFEA power transfer coefficients
which account for the periodic characteristics of the axial stringers. The power transfer
coefficients are utilized in the computation of the joint matrix [2]

[3,1= M1 =[5, DA +[7,])* [ 49,08, (15)

where ¢, ¢; are Lagrangian basis functions, B is the boundary area between elementsi and j at
the joint, and [z;] is a matrix comprised by the power transfer coefficients. Since the joint

matrices between al the elements at the periodic stiffeners contain the periodicity effects the
overall EFEA globa system of equations which includes all the joint matrices also accounts for
the periodic effects.

IV.VALIDATION

In order to validate the developed hybrid EFEA-Periodic Structure formulation (EFEA-PS), the
NASA Langley Aluminum testbed cylinder (ATC) with periodic axial stringers and ring
stiffeners (Figure 2) subjected to shaker excitations applied at four locations of the cylinder is
anayzed by EFEA-PS and compared to the experimental results. The ATC was designed to
serve as a universal structure for evaluating structural acoustic codes, modeling techniques and
optimization methods used in the prediction of aircraft interior noise [16]. The radius of the
cylindrical shell is 0.6096m and the length of the cylindrical section is 3.66m. The thickness of
the cylindrical shell is 1.016x10° m. Nine aluminum ring stiffeners are evenly spaced over the
length of the cylinder and twenty-four axial stringers are equally distributed around the
circumference. It forms a periodic structure with a basic unit consisting of a single bay of the
cylindrical shell with aring stiffener at each axial end and a stringer at each circumferential end.
A plate with the thickness of 5.933x10 m is attached to each end of the cylindrical section with
additional an aluminum end ring. The ends of the cylinder are further covered by two aluminum
domes with the thickness of 6.147x10° m, respectively. The EFEA model for the cylinder is
presented in Figure 3. The model is comprised by 2001 structural elements, 1728 plate-plate
joints, among which 528 are plate-periodic ring stiffener-plate joints, 480 are plate-periodic axial
stringer-plate joints. In the experiment four shakers (Figure 3) apply the excitations. Velocity
measurements are acquired at 40 bays (indicated in Figure 3) on the cylindrical shell. There are
3x5 measurement points in each bay. The time averaged energy density at each measured point is
calculated from the test results. The frequency averaged energy density over each 1/3 octave
band is computed between 315Hz to 6300Hz. Finally the space averaged energy density in each
bay is obtained and compared to the EFEA results. The power transfer coefficients associated



with the axial and circumferential stiffeners are calculated and used in the EFEA-PS
computations. The propagation constants corresponding to different circumferential modes and
different halfwave numbers along the length of the longitudinal bay are calculated. Those which
undergo a pass band are selected, and they are used to determine the power transfer coefficients.
The energy densities are compared between the EFEA-PS method and experiment. Results for
the axially consecutive bay 1 ~ bay 3 are depicted in Figures 4 ~ 6, respectively. Good
correlation is observed between the EFEA-PS method and experiment. Results computed by the
EFEA method with power transfer coefficients that account for the stiffener base on [2, 14] but
not for the periodicity of the structure are also presented for comparison. Asit can be observed a
considerably lesser amount of power is transferred to the receiving units if the periodic effects
are not taken into account. It can be observed that the EFEA-PS method captures well the
periodic characteristics for both the axia stringers and ring stiffeners. Figure 7 presents the
frequency averaged magnitudes of the difference between test and analysis for all 40 bays. In the
Appendix, the difference between the test data and the numerical results at each 1/3 octave band
from 315Hz up to 6,300Hz is presented for all 40 bays where measurements were collected.

CONCLUSION

A hybrid method that combines the EFEA and the PS theory for analyzing the high frequency
vibration of a cylindrical shell stiffened by the periodically circumferential stiffeners and axial
stringers is developed. The periodic stiffeners are accounted in the derivation of the power
transfer coefficients and in the derivation of the joint matrices in the EFEA. Since the two-
dimensional periodic structures do not normally exhibit a single pass or stop band at a particular
frequency as is the case for one-dimensional periodic structures, the propagation constants
corresponding to several different circumferential modes or/and several different halfwave
numbers along the length of the cylinder should be calculated to find those undergo a pass band
characteristic when a circumferentially and axialy stiffened cylinder is analyzed. The
propagation constants corresponding to these circumferential modes (for ring stiffeners) or
halfwave numbers (for axia stringers) should be used to determine the power transfer
coefficients at the stiffeners for EFEA computations.

REFERENCES

1. N. Vlahopoulos, L.O. Garza-Rios and C. Mollo 1999 Journal of Ship Research 43, 143-156.
Numerical implementation, validation, and marine applications of an energy finite element
formulation.

2. W. Zhang, A. Wang, N. Vlahopoulos, K. Wu, 2003 Journal of Sound and Vibration 263, 21-
46. High frequency vibration analysis of thin elastic plates under heavy fluid loading by an
energy finite element formulation.

3. W. Zhang, A. Wang, N. Vlahopoulos 2002 Finite Elements in Analysis and Design 38,1095-
1113, An alternative energy finite element formulation based on incoherent orthogonal waves
and its vaidation for marine structures.

4. W. Zhang, N. Vlahopoulos and K. Wu, Journal of Sound and Vibration Vol. 282, April 22
2005, p. 679-700 An energy finite element formulation for high frequency vibration analysis
of externally fluid-loaded cylindrical shells with periodic circumferential stiffeners subjected
to axi-symmetric excitation.

5. R.J. Bernhard, J.E. Huff 1999 Journal of Vibration and Acoustics 121, 295-301, Structure-
acoustic design at high frequency using the energy finite element method.



6
7
8.
9
1

11.
12.
13.
14.
15.

16.

. O.M Bouthier and R.J. Bernhard 1995 Journal of Sound and Vibration 182, 149-164, Simple

models of the energetics of transversely vibrating plates.

. D.H. Park, S.Y. Hong, H.G. Hil, and J.J Jeon 2001 Journal of Sound and Vibration 244, 651-

668, Power flow model and analysis of in-plane waves in finite coupled thin plates.
R. Lyon 1975 Satistical Energy Analysis of Dynamical Systems. Theory and Application.
The M.I.T. Press, Cambridge, MA.

. G. SenGupta 1980 Shock and Vibration Digest 112, 17-31. Vibration of Periodic Structures.
0.

D. J. Mead 1996 Journal of Sound and Vibration 190, 495-524. Wave Propagation in
Continuous Periodic Structures: Research, Contributions From Southampton 1964-1995.

R.S. Langley, JR.D. Smith and F.J. Fahy 1997 Journal of Sound and Vibration 208, 407-
426. Statistical energy analysis of periodically stiffener damped plate structures.

D. J. Mead and N.S. Bardell 1986 Journal of Sound and Vibration 111, 229-250. Free
Vibration on a Thin Cylindrical Shell with Discrete Axial Stiffeners.

D. J. Mead and N.S. Bardell 1987 Journal of Sound and Vibration 115, 499-520. Free
Vibration on a Thin Cylindrical Shell with Periodic Circumferential Stiffeners.

R.S. Langley and K. H. Heron 1990 Journal of Sound and Vibration 143, 214-253. Elastic
Wave Transmission Through Plate/Beam Junctions.

N. Vlahopoulos, Xi Zhao, and T. Allen 1999 Journal of Sound and Vibration 220 135-154.
An Approach for Evaluating Power Transfer Coefficients for Spot-Welded Joints in an
Energy Finite Element Formulation.

F.W. Grosveld, J.I. Pritchard, R.D. Buehrle and R.S. Pappa 2002 8" AIAA/CEAS
Aeroacoustics Conference. Finite element modeling of the NASA Langley Aluminum
Testbed cyinder.



[j N () \\
| 6= ) & / /Lo
— /// ;\:@ Sy}
€ | 5
(@ (b)

Figure 1 (a) A periodic axial stiffened cylindrical shell and the corresponding coordinate
system. (b) One periodic section (including one bay cylindrical shell and a half stiffener
attached axially at each end)
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Figure 2 Aluminum Testbed Cylinder (ATC) with the stringer and ring ribs
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APPENDI X: Difference (dB) between test and EFEA analysisat different frequencies
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