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Abstract— Recently a new optimal control modification has
been introduced that can achieve robust adaptation with a large
adaptive gain without incurring high-frequency oscillations
as with the standard model-reference adaptive control. This
modification is based on an optimal control formulation to
minimize the % norm of the tracking error. The optimal
control modification adaptive law results in a stable adaptation
in the presence of a large adaptive gain. This study examines
the optimal control modification adaptive law in the context
of a system with a time scale separation resulting from a fast
plant with a slow actuator. A singular perturbation analysis
is performed to derive a modification to the adaptive law by
transforming the original system into a reduced-order system
in slow time. A model matching conditions in the transformed
time coordinate results in an increase in the actuator command
that effectively compensate for the slow actuator dynamics.
Simulations demonstrate effectiveness of the method.

I. INTRODUCTION

In the conventional MRAC framework, the tracking error
is generally inversely proportional to the magnitude of the
adaptive gain. However, a large adaptive gain can lead to
high-frequency oscillations which can excite unmodeled dy-
namics that could adversely affect the stability of an MRAC
law [1]. Various modifications were developed to increase
robustness of MRAC by adding damping to the adaptive
law to reduce high-frequency oscillations. Two well-known
modifications in adaptive control are the o-modification [2]
and &;- modification [3]. These modifications have been used
extensively in adaptive control. Recently, a new modification
has been introduced that is based on an optimal control
formulation to minimize the .%5-norm of the tracking error
[4]. The optimality condition results in a damping term in
the adaptive law proportional to the persistent excitation. The
optimal control modification has been shown to be able to
achieve fast adaptation with a large adaptive gain without
compromising stability robustness while preserving tracking
performance. This study extends the development of the
optimal control modification adaptive law to the case when
there exists a time-scale separation between a fast plant and a
slow actuator which prevents the plant to follow a reference
model even in the presence of adaptive control. A singular
perturbation approach is used to separate the time scales of
the plant and actuators and then modify the optimal control
modification adaptive law to account for the slow actuator
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in the singularly perturbed system. The singular perturbation
approach transforms the original system into a reduced-order
system in slow time. A model matching condition is applied
to the reduced-order system and the reference model in the
transformed slow time coordinate that increases the actuator
command to accommodate the slow actuator dynamics. The
resulting control signal can then track the reference model
better than if the actuator command is not modified.

II. SINGULARLY PERTURBED SYSTEMS WITH SLOW
ACTUATORS

Given a nonlinear plant as
x:Ax+B[u+®*Tq>(x)+w(t)} )

where x (¢) : [0,00) — R" is a state vector, u (¢) : [0,00) — R" is
a control vector, A € R"*" and B € R"*" are known matrices
such that the pair (A,B) is controllable and furthermore A
is Hurwitz and B is invertible, ®* € RP*" is an unknown
constant weight matrix, @ (x) : R" — R? is a known bounded
basis function and is at least piecewise smooth in x, and
w(t) : [0,00) — R" is a small unknown bounded disturbance
with [|w ()| < wp and w € Z, for all ¢.
The controller u(¢) is subject to linear dynamics

i=¢eA(u—u) 2)

where u, (t) : [0,00) — R” is an actuator command vector,
A € R™" is a known Hurwitz matrix, and € is a positive
constant and is assumed to be known by estimation.

The objective is to design the controller u(¢) that enables
the plant to follow a reference model

X = ApXin + Bpr 3)

where A,, € R"™" is Hurwitz and known, B,, € R"*" is also
known, and r () : [0,00) — R™ € %, is a bounded command
vector with i € Z..

Consider the case when € <1 is a small parameter
and €||A|| < ||A||- Then x(¢) is a fast state and u(r) is a
slow control. To decouple the fast and slow variables, the
singular perturbation method is invoked using a slow time
transformation

T=¢t “

where 7 is a slow time variable.



Then, the plant and actuator models are transformed into
a singularly perturbed system as

d
sdi; — Ax+B [u+®*TCI>(x)—|—w(t)} )
du

The Tikhonov’s theorem can be used to approximate the
solution of the singularly perturbed system with the solution
of a “reduced-order” system by setting € = 0 [5]. Then,
x(u,w,€) is on a fast manifold. Thus, the reduced-order
system is given by

Bileo +ug+ QRS (x0)+w (g)

:qurw(g) Ff)=0 ()

du()

a7 = A(up—uc) (8)

where xo and up are the “outer” solution of the singularly
perturbed system.

The “inner” or “boundary layer” solution for this system
is obtained from

X =Ax;+B [Mi‘f‘@*Tq) (x,-)—|—w(t)} ©)

ui—u. =0 (10)

The solution is then expressed as
x(t) =xo (1) +xi (1) — xmag (1)

where xp4g (¢) is a correction term by a matched asymptotic
expansion method applied to both the inner and outer solu-
tions [6]. The outer solution is in fact the asymptotic solution
of the original system as t — oo,

The algebraic solution of Eq. (7) can be expressed in
general as

xo (ug, w, €) zg(uo—l-w(g)) =—f! (mﬁ—w(%)) 11

assuming f~! exists.

Differentiating Eq. (11) with respect to the slow time
variable and then substituting the actuator model into the
result yield

dxo _ dg [ . o i dg dw
dt —aqu[_B Ax-© q)(xo)_w(e)_uc}+8wdr
(12)
From Eq. (7)
dg o Jg o -1 *T ) -
82 par e e () (13)

Consider asymptotic solution of the singularly perturbed
system. Then, in slow time, the reference model is expressed
as d !

% =z (ApXm + Br)

Note that since dg/duy contains the uncertainty, the
control design is quite complicated. In order to simplified

(14)

the solution, the uncertainty term is assumed to be small.
That is
(15)

HG)*TcD' (x)H <||B7'A||
Then, using the matrix inversion lemma
[B’IA +0 TP (x)} T oaB
~A"'B [(@*qu (x))_l + (B'A)_l} 71A"B
~ {I—A’IBG*TCID/ (x)}A’lB (16)

The following choice for the actuator command is made

U =K x+Kr—uyy (17
where |
Kx:A’lB’lAgAm—B’lA (18)
1
K, = A’]B"AEBm (19)

Using the result of the matrix inversion lemma, the closed-
loop singularly perturbed system now becomes

% — [1_ A'BO*T® (x)] é(Amx—ker)
+ 28 N [0 T )~ (£)] + 222 ap)

Then, the adaptive signal u,; can be designed to keep
the following expression small by a judicious choice of a
new basis function @ (x,r) : R” x R” — R? that spans the
unknown constant parameter space @ € R7*" such that
Td® (x)l

dx &
dg . T
+ SN ua =0T o) —w ()] +

_ ~ dg T
— _ a1 T _ _
= —A"'BA®,| ®| (x,r)+ ¢ (x,r) 8uAW (8) +

—A"'BO" (Amx + Byr)

dg dw

dw dt

dg dw

dw dt
21

where ©; = 0, — @7, and ¢ (x,r) is an approximation error

which is to be kept small by a suitable choice of basis

functions.

Solving for u,,; yields

, S
Uy = —A"! [1+®*Tq> (x)A’lB} 0" (x) - (Apr+Byr)

-1
+0* " d(x)+A! (ag> [—A*’BA@I@ (x,7) + @ (x,7)

u
(22)

From thsa assumption in/ Eq. (15) and neglecting the term
A=0*""® (x)A~'BO*T® (x), then one possible choice for
the new basis function is

Qi (x,r)=] ®(x) D (x)x D (x)r ]T (23)

Alternatively, the universal approximation theorem for
neural networks can be used to approximate the uncertainty



with a suitable choice of basis functions such as radial basis
functions or sigmoidal basis functions [7].
The closed-loop plant model in slow time is expressed as

dx 1 | 1 T
E = E (Amx—l—er) — gBl@Irq)l (X) — 5316 (x, g) (24)
where €A~ 'BA and

B = 5(x T) =

'€

A8 A {g (e (2)) - Siaw(E) + 5 g+ 0 (axan .

£
Since A, is Hurwitz and if ®] is bounded, then the
Tikhonov’s theorem guarantees that the reduced solution
with € > 0 converge to the solution of the original system
with € =0 as € — 0.

III. OPTIMAL CONTROL MODIFICATION ADAPTIVE LAW
The tracking error equation in slow time is obtained as

d d d 1 1 ~ T
de _ @xm _dX —Ane+ —B [®1T¢’1 (x,1)+ 6 (x, f)]
dt dt dt ¢ € €
(25
We are interested in seeking an update law for © that
minimizes the following cost function in slow time

i -
J = lim —/ (e—A) Q(e—A)dt (26)
0

Tfoo 2€
subject to Eq. (25) where A represents the unknown lower
bound of the tracking error and Q = Q' > 0 € R™".
This optimal control problem can be formulated by the
Pontryagin’s Maximum Principle. Defining a Hamiltonian

. 1
H (e,@lTCI>1> =5 (=8 Q(e—a)
| ~

+op' (Ame—FB]@]Tq)l +Bl($) @7)

where p(7):[0,00) — R" is an adjoint variable, then the
necessary condition is obtained as

dp _

dt (28)

1 1
T T
_VHE = _EQ (e - A) - gAmp
with the transversality condition p () =0 since ¢(0) is
known.

The adaptive law which provides an optimal control solu-
tion can be formulated as a gradient update law as

d®; d®,

1
—— =-TVHg = —Erqnlpﬁael

p— 2
dt drt (29

where I' =TT > 0 € R?%9 is an adaptive gain matrix.

An “approximate” solution of p can be obtained using a
“sweeping” method [8] by letting p = PeJrS@ICI)], where
P=P" >0¢cR™ and § € R™". Substituting into the
necessary condition yields

P 1 . ds

Cetop (Ame +B,0] @, +315) + %00,

drt € drt
d(®]®)) 1

1T T
+S —EQ(e—A)—gAm<Pe+S®ld>1) (30)

dt

This results in the following equations obtained by a
method of separation of variables

ap 1 Sy
=+ (PAm+AmP) +20=0 31)
as 1/ -+
T4 (AmS+PBl> —0 (32)
1 T de/®) 1 _
~-PBy (@1 CI>75)+ST75QAf0 33)

For an infinite time-horizon problem when 7y — oo, then
P(t) — P(0) and S(7) — S(0) for all ¢ € [0,). So, both P
and S tend to their constant solutions where

PA,+AlP=—0 (34)

S=—A, PB (35)

Without loss of generality, a weighting constant v >0 € R
is introduced to allow for adjustments of the modification
term in the adaptive law. Then, v =1 gives an optimal
solution. Thus, the adjoint p becomes

p=Pe—VA, PB O/ d (36)
Substituting Eq. (36) into the gradient-based adaptive law
yields the adaptive law in slow time

do® 1

it = 751—‘ (d)leTPBl — Vq)lq)T@lBTPA;lBl) (37)

Converting to regular time by multiplying € through Eq.
(37) results in the optimal control modification adaptive law

O =T (CIDIeTPBl - v<I>1<I>1T®lBlTPA,;131) (38)
A. Stability Proof
Choose a Lyapunov candidate function
V = ¢ Pe+ trace (@Ir—lél) (39)

Evaluating dV /dt in slow time yields
av 1 ¢
E = —e
2 ~ ~
— Sirace (G)ITCDleTPBl - v@lT@l@I@lBIPA,;IBl) (40)

2 ~
(PAm +A,TnP) e+ ZeTPB, (®T<I>1 + 6)

By the trace property trace (X 'Y) =YX, then

av 1 2 - 2 2 .
— =——¢"Qe+=e"PB O] D +=¢"PB5—=¢" PBO| D,
dt € € € €
2 - - 2 .
+ EvleT@lBlTPA,;lB@lTCI)I + Ev@?@’{BIPA,;lB@)I@l

(41)

PA,;] can be decomposed into a symmetric part
M = %(PAV;l +A4,'P) = —%A,;TQA;,] < 0 and an anti-
symmetric part N = % (PA,;1 —A,;TP). Then, PA,;1 =M+



N. By the property of a symmetric matrix, since M < 0,
therefore PA,,' < 0. Thus

— == Ze'PB S
drt se Qe+ se !
2 1 1 .
+ Ve O1B] (—ZA,JQA,,,1 +N) B1©| @,
2 .
+qu>1T@TBIPA,;‘Bl®Iq>1 (42)

Using the property of an anti-symmetric matrix y' Ny =0,
dV /dt is then bounded by

dv 1

a7 S~ ghmin (Q) llell [lle]| =2 [Py &]

1 _ _ .
— —Vauin (45,704 ) 181 |61 11
[®1]|=2lPA,"[|€5]  43)

where & = sup,c . [|6] in some compact domain ¥ C R",
and ©; = [0

Let B, be a compact set where

- 2||PBy|| &
_ n gxn . _
Br—{(e,G)l)ER X RP: el <r= o (Q)
2||PA " ©5

[61]] <x= (44)

onin (A" QA"

Then dV/dt < 0 in Bg — B, where B, C Bgp =
{e€R": le] <R} C 2. Let Bg be the smallest subset that
encloses B,, then there exists f > 0 where

B = Aax (P)r* + Aax (T 1) (45)
such that
B, CBg={(e,01) ER"xR*":V<B}  (46)

Let By, be the largest subset enclosed by Bg, then since
lle]l <R in Bg, there exists @ > 0 where
Bonin (P lel|* <V < Anin (P)R? = & 47)
such that
By={(e,01) ER"XxRT”":V<a} CBg (48)

Then for a solution to be uniformly bounded, the set
containment is as follows:

B, C Bg C By C By (49)
This implies
B < &< Apax (P) 7 + Amax (T7) K% < Ain (P)R* (50)
Therefore
ﬂvmax (P) r2 +2’max (F_l) K-z —
k> \/ lmin (P) —P (51)

where p is the smallest value of R.

Then p is the ultimate bound of e (¢) such that

r<lell<p<R (52)

Since dV /dt < 0 for all (e,0;) € Bg — B,, therefore V
is a decreasing function of time outside of B,. Thus, if
(¢(0),01(0)) € By, then according to Theorem 5.1 of Ref.
[9], the solution will eventually enters Bg after a finite
time # = T (independent of (e(0),®(0),AB(0)) and a) and
remain therein for all # > T. Therefore, e(¢) is uniformly
ultimately bounded with an ultimate bound p.

Since e(t) and @ (r) are bounded, the unknown lower
bound of the tracking error A at t =ty — o is also bounded
such that

1PB1| (B + 6+ v [[4,]])
)Lmin (Q)

d(e] )
@i

Al < (53)

where H@’{TCDlH <B €R and

‘gneRforallt.

B. Example
Consider the following simple scalar system
X=ax+bu+0"x+w(t) (54)
with actuator dynamics
n==¢el(u—u.) (55)

where a <0, A <0, € >0, |eA]| < |a|, and w(t) is a small
disturbance signal.
The reference model is

Xm = AmXm + byt (56)
where a,, < 0.
The actuator command is designed as
a/a ab
uC:B(ﬁ—])x—i—gl'Zr—@T(b(x,r) (57)

where ® (x,r) = [ X r ]T

Note that if actuator dynamics are fast then the actuator
command is

m bm
uc:g(aifl)x+7r*9x
a b

The optimal control modification update law for slow
actuator system is

(58)

) b?
O=-T (cbeb, —vdd' 9, 1)

am

242
= ¢l (@M —evdd' O, M) (59)

a aa,,

where b = £Ab

= =22, and for fast actuator system is

2
6=-T (xeb— vx29b>

am

(60)

If a and A are nominally in the same order of magnitude,
then we note that for the slow actuator system, the effective



adaptive gain is also reduced by € for a similar performance
as that for the fast actuator.

For the numerical example, a = —1, b =1, 6* = 0.1,
A=-1,e=0.1, ay=-5, by =1, r(t) =sint, w(r) =
0.05sin10¢, T" = 2850, and v = 1. The responses due to
the standard MRAC adaptive law with and without the
slow actuator compensation by the singular perturbation are
plotted in Fig. 1. The adaptive gain I" was purposely selected
high enough that the standard MRAC begins to exhibit
instability due to slow actuator dynamics with the singular
perturbation. The uncompensated response does not follow
the reference model as expected.
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Fig. 1 - Response due to MRAC

The responses due to the optimal control modification
adaptive law with and without the slow actuator compen-
sation by the singular perturbation are plotted in Fig. 2
for the same adaptive gain I' and v = 1. Without slow
actuator compensation by the singular perturbation, the re-
sponse cannot track the reference model. However, with
slow actuator compensation by the singular perturbation, the
optimal control modification produces a response that tracks
the reference model very well.
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Fig. 2 - Response due to Optimal Control Modification

IV. FLIGHT CONTROL EXAMPLE

Consider aircraft pitch attitude dynamics

(61)

mV+CL°‘qSC 0 ] [ a ] _
Cing, qSC : -

- 2V 1y 1
_ Cr,aq5¢

—Cr,gS mV — —4 —C
Laq m C qS[ZZV |: Ot :|+|: L5e :| (63+®*T¢)>
Cma m‘éV 9 Cms"
where ®= [ o ¢ ] and @7 = [0 —0.1657 | is a

parametric uncertainty that represents an 80% reduction in
the pitch damping coefficient G,

A numerical model for a full-scale generic transport model
(GTM) at Mach 0.8 and 30,000 ft is given by

a] [ —0.7018 0.9761 o
g | 7| 26923 —07322 || ¢
A
—0.0573
[ 35350 } (8,—0.1657q)

—_——
B

The elevator output is prescribed by degraded actuator
dynamics
u==¢el(u—u;)
where A = 50 rad/sec and € = 0.01.
A desired reference model of the pitch attitude is given by

][ )12 ]]2)

r (63
O } (63)
AW! Bm

where { = 0.85 and w, = 1.5 rad/sec are chosen to give a
desired handling characteristic.

Let x=1[ 6 q]Tandq—CxwhereC—[ 1].
A desired nominal controller is designed as u* = ko +
Kix+kjr where ky = =21 = —0.7616, K; = M =

2
|: _(07,% _2{60,,—&-022 —

b i [0.6365 0.5142] and kf =
CB’" = ‘5—3 = —0.6365. The closed-loop eigenvalues are
—0 6582 and —1.2750 = 0.7902i.

The actuator command without a compensation for the
slow actuator dynamics is given by

ue =ki,a +Kx+kir—0'®d
© = —I'PePB

(62)

(64)
(65)

where e = x;;, — x.

Applying the singular perturbation method to compensate
for the slow actuator dynamics, the reduced-order system is
obtained as

a| a2 g
u=——o—-—x—0%
by bz

The compensated actuator command is then given by

(66)

ue = ko +Kox+kr— 0" &y (o, x,7) (67)



where @ (at,x,r)=[ o x r }T and

a»nC (A,
K. = by <£l1> (68)
a»CB
"= Theh (69)
O = I, (JP-v@lT@)lBTPA;))Bl (70)
T
where B; = [ 0 bj—“ }
22
Tpa—1 qhzszlz .
If Q=ql >0, then B, PA,' By = — 45— and the adaptive
law can also be written as =
. b3e?A?
O =-T <¢16TP31+V%¢1¢T®1> (71)
az, @,

Figure 3 shows the pitch attitude response to a pitch
doublet reference signal due to the standard MRAC. An
adaptive gain of I'= 100 is used. Without compensation for
the slow actuator dynamics, the pitch angle does not track
the reference model. When the singular perturbation is used
to compensate for the slow actuator dynamics, a high gain
situation is encountered and the response produces a high
frequency signal. This high gain is due to the factor of 1/€A
that appears in the control gains which effectively increases
the actuator command to compensate for the slow actuator
dynamics.
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Fig. 3 - Pitch Attitude Response due to MRAC

Figure 4 shows the simulation results with the optimal
control modification. The adaptive gain is kept the same and
the tuning parameter v =1 is used. Without compensation,
the pitch angle tracks the reference model reasonably well,
although there is a delay in the response of about 1 sec.
When the singular perturbation is used to compensate for the
slow actuator dynamics, the delay is reduced, but in turn, the
signal exhibits a higher frequency content.
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Fig. 4 - Pitch Attitude Responsse due to Optimal Control
Modification

V. CONCLUSIONS

This paper presents a singular perturbation approach in
connection with an optimal control modification adaptive
law for a time-scale separated system with slow actuator
dynamics. The singular perturbation approach transforms the
system into a reduced-order system in a slow time coordinate.
The actuator command is obtained by the model matching
condition in the slow time coordinate.The resulting actuator
signal in effect is increased by the ratio of the norm of the
plant’s transition matrix to the norm of the slow actuator’s
transition matrix. The optimal control modification adaptive
is derived and analyzed for stability using the Lyapunov
method. Under fast adaptation when the adaptive gain is
large, the analysis shows that the tracking error remains
bounded and stable. Simulation results demonstrate the ef-
fectiveness of the method.
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