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ABSTRACT

We report the results of an investigation of particle acceleration and electron—positron plasma
generation at low altitude in the polar magnetic flux tubes of rotation-powered pulsars, when
the stellar surface is free to emit whatever charges and currents are demanded by the force-
free magnetosphere. We apply a new 1D hybrid plasma simulation code to the dynamical
problem, using Particle-in-Cell methods for the dynamics of the charged particles, including a
determination of the collective electrostatic fluctuations in the plasma, combined with a Monte
Carlo treatment of the high-energy gamma-rays that mediate the formation of the electron—
positron pairs. We assume the electric current flowing through the pair creation zone is fixed by
the much higher inductance magnetosphere, and adopt the results of force-free magnetosphere
models to provide the currents which must be carried by the accelerator. The models are
spatially one dimensional, and designed to explore the physics, although of practical relevance
to young, high-voltage pulsars.

We observe novel behaviour (a) When the current density j is less than the Goldreich—Julian
value (0 < j/jar < 1), space charge limited acceleration of the current carrying beam is mild,
with the full Goldreich—Julian charge density comprising the charge densities of the beam and
a cloud of electrically trapped particles with the same sign of charge as the beam. The voltage
drops are of the order of mc?/e, and pair creation is absent. (b) When the current density
exceeds the Goldreich—Julian value (j/jgy > 1), the system develops high voltage drops (TV
or greater), causing emission of curvature gamma-rays and intense bursts of pair creation. The
bursts exhibit limit cycle behaviour, with characteristic time-scales somewhat longer than the
relativistic fly-by time over distances comparable to the polar cap diameter (microseconds). (c)
In return current regions, where j/jg; < 0, the system develops similar bursts of pair creation.
These discharges are similar to those encountered in previous calculations by Timokhin of pair
creation when the surface has a high work function and cannot freely emit charge. In cases
(b) and (c), the intermittently generated pairs allow the system to simultaneously carry the
magnetospherically prescribed currents and adjust the charge density and average electric field
to force-free conditions. We also elucidate the conditions for pair creating beam flow to be
steady (stationary with small fluctuations in the rotating frame), finding that such steady flows
can occupy only a small fraction of the current density parameter space exhibited by the force-
free magnetospheric model. The generic polar flow dynamics and pair creation are strongly
time dependent. The model has an essential difference from almost all previous quantitative
studies, in that we sought the accelerating voltage (with pair creation, when the voltage drops
are sufficiently large; without, when they are small) as a function of the applied current.
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The 1D results described here characterize the dependence of acceleration and pair creation
on the magnitude and sign of current. The dependence on the spatial distribution of the current
is a multi-dimensional problem, possibly exhibiting more chaotic behaviour. We briefly outline
possible relations of the electric field fluctuations observed in the polar flows (both with and
without pair creation discharges) to direct emission of radio waves, as well as revive the
possible relation of the observed limit cycle behaviour to microstructure in the radio emission.
Actually modelling these effects requires the multi-dimensional treatment, to be reported in a

later paper.

Key words: acceleration of particles—plasmas—stars: magnetic field—stars: neutron—

pulsars: general.

1 INTRODUCTION

Young pulsar wind nebulae (PWNe) show that rotation-powered
pulsars (RPPs) have dense magnetospheres, at least with regard
to those regions that feed the plasma outflow (e.g. Bucciantini,
Arons & Amato 2011). Electron—positron pair creation in the open
field line region that connects to the external world is the only
known candidate for the origin of such outflows, with acceleration
and convertible gamma-ray emission occurring either at low alti-
tude (Sturrock 1971) or in the outer magnetosphere (Cheng, Ho &
Ruderman 1986). High-density flows that can feed all the open field
lines can exist only in the low-altitude polar cap region (for a general
discussion, see Arons 2009).

Theoretical studies of charged particle flow from the magnetic
polar regions of RPPs began with the observation by Goldreich
& Julian (1969) that an isolated magnetic rotator in vacuum must
have a charged magnetosphere almost corotating with the star. Since
RPPs are strongly gravitationally bound and cool objects (thermal
scale height in any atmosphere orders of magnitude less than the
stellar radius) and have no external source of plasma supply (so far
as we know), the only plasma source is an extraction of charged
particles from the stellar surface, leading to a conjectured magneto-
sphere whose plasma is fully charge separated, in contrast to all other
known astrophysical systems, whose plasmas are charged but quasi-
neutral. Goldreich & Julian (1969) speculated that on polar field
lines — those that extend beyond the light cylinder located at cylin-
drical radius R ¢ = cP/27t >~ 48 000 P km, P = rotation period in
seconds — a charge-separated outflow would form. They argued that
the energy/particle in the outflow would be no more than the gravi-
tational escape energy GM.,. /R, ~ O.Smcz(M*/lAM@ )(10km/R,);
M, and R, are star’s mass and radius correspondingly — the par-
ticles leave at non-relativistic energies in spite of the fact that
the electric potential drop across the polar field lines is equal
to the full potential of an open rotating magnetosphere with a
dipole magnetic field ®,, = /Wg/c &~ 10(P/10719)1/2p=3/2 TV,
Wr = rotational energy loss rate, with P =dP/dt. ®,, vastly
exceeds the rest energy and gravitational energy of the particles,
either electrons or protons (or He or other ions populating the
star’s crust and atmosphere). The super strong magnetic field sup-
presses free acceleration of the particles in the transverse electric
field, whose primary (‘zeroth order’) consequence is the corota-
tion of the field lines with the magnetic field embedded in the
neutron star (NS), with the field line motion measured by the
E x B drift of charged particles across the magnetic field (which
occurs even when the particles have zero Larmor gyration). The
particle loss rate in the conjectured charge-separated scenario is
N = c®p/e =~ 2 x 10 (P /10715172 p=3/2 s=1 orders of magni-
tude less than that inferred from the injection of plasma into the
young PWNe. The electrodynamics of the magnetosphere differ

drastically, depending on whether the particle loss rate falls short
of or exceeds Ng. For the young PWNe, the particle injection rate
exceeds Ny (by a lot). In that case, the magnetosphere’s basic state
should be one in which E - B = 0, with no parallel acceleration
sufficient to generate convertible gamma-rays occurring under the
pulsar’s rotational control.

The discovery of gamma-ray pulsars in the 1970s, and their pro-
liferation into a population with more than 100 such stars in the
most recent published Fermi pulsar catalogue (Abdo et al. 2010),
has shown that parallel acceleration to GeV gamma-ray emitting
energies (indeed, multi-hundred GeV, in the Crab pulsar; Aliu et al.
2011) must occur somewhere, with energy efficiency exceeding a
few tenths of a per cent, as measured by L, /Wr, L, = gamma-ray
luminosity. If the acceleration is limited by radiation reaction, as
is true in many models, L, is a good proxy for the energy put into
parallel acceleration. L, /W can approach as much as 50 per cent
at smaller spin down luminosities. Just how some fraction of the to-
tal potential drop gets released in acceleration along B, gamma-ray
emission and pair creation has been mysterious since the beginning
of pulsar research, made relevant to the real world by the gamma-ray
discoveries. Since the polar cap source is the only one capable of
feeding the whole (open) magnetosphere, its understanding remains
of central interest to modelling pulsar magnetospheres, even though
the spectral and beaming characteristics of the pulsed gamma-rays
are better modelled by accelerators in the outer magnetosphere.

Free particle outflow from the NS surface is a common assump-
tion in most of the current pulsar models (see Section 2). The polar
cap accelerator problem has been studied under that assumption be-
fore (e.g. Michel 1974; Fawley, Arons & Scharlemann 1977; Mestel
et al. 1985; Shibata 1997; Beloborodov 2008). Michel (1974) and
Fawley et al. (1977) obtained solutions for the non-neutral space
charge limited charged particle flow for the current density almost
equal to the GJ current density. All these models assume strictly
steady flow in the corotating frame on all time-scales. In these
models, the charge density of the current carrying beam supplies
almost all of the charge density needed to short out the parallel
component of the electric field, while leaving a residuum E; suffi-
cient to accelerate the beam — relativistic energies in a temporally
steady flow are found if the current density j; = —(B/P)cos x +
small corrections = jg5; x = Z(u, ), the pulsar inclination angle.
Mestel et al. (1985) showed that the velocity of the beam is mono-
tonically increasing with altitude to relativistic speeds only if the
current density is larger than jg;. If the current density is smaller than
Jar the temporally steady velocity of the beam (assumed to have no
momentum dispersion) oscillates spatially, i.e. particles accelerate
and decelerate to a complete halt as they move outwards into the
magnetosphere. Beloborodov (2008) rediscovered Mestel et al.’s
solution and suggested that in the region of the polar cap where
Ji < Jjay particles will not be accelerated up to high energies as
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the beam velocity oscillates, but along the magnetic field lines with
Ji/jcy > 0orj/jcy < 0 particle acceleration will be efficient and will
lead to pair formation. The quantitative model which we describe
in this paper lends some support to Beloborodov’s speculations,
although it does not agree with them in detail.

In this paper we describe our study of the physics of the polar cap
accelerator in the space charge limited flow regime starting from
first principles — assuming free particle outflow from the surface of a
NS we compute the electric field, particle acceleration, gamma-ray
emission, propagation and pair creation simultaneously. It extends
the study of current flow and pair cascades in NS magnetospheres
using the theoretical formulation and self-consistent numerical tech-
niques introduced in Timokhin (2010).

The plan of the paper is as follows. In Section 2, we review the
properties of the current flow imposed by the magnetosphere, in the
force-free model, pointing out that the current density is the main
parameter which regulates the efficiency of particle acceleration. In
Section 3 we review the properties of stationary solutions for the
charge-separated space charge limited flow problem. In Section 4
we briefly describe our numerical model. In Section 5 we describe
the results of numerical modelling for the case of sub-GJ current
density, the regime when particle acceleration is inefficient and no
pair creation is possible. In Section 6 we consider flow regimes with
efficient pair creation. In Section 6.4 we pay special attention to the
stationary flow regime, which up to now was assumed in (most)
works on pulsar polar cap accelerators, and describe why it has lim-
ited relevance to the force-free model of the pulsar magnetosphere.
We discuss the implications of our results for the physics of RPPs
in Section 7 and summarize our conclusions in Section 8.

2 CURRENT DENSITY IN THE POLAR CAP

Nebular observations of plasma supply by RPPs suggest the open
field line regions are ‘magnetohydrodynamic (MHD)-like’, i.e. hav-
ing E; = 0 except in special zones (such as the polar cap), which
are, in effect, boundary layers. There is essentially no observational
information on the properties of the closed magnetosphere, thus the
simplest hypothesis is to follow Goldreich & Julian (1969) and as-
sume the magnetosphere is (almost everywhere) filled with plasma
that shorts out E}. The magnetosphere has open and closed magnetic
field line zones. In the open zone plasma flows away into the pulsar
wind; currents and their associated electromagnetic inertia keep the
magnetic field open, so sustaining the flow. The plasma flows all
the way from the base of the open field line zone in the polar cap of
the pulsar where it is either extracted from the NS surface or gener-
ated by electron—positron cascades (or both). The distribution of the
current density across the open field line zone, and therefore across
the polar cap, is determined by the global magnetospheric structure.
Stability of the pulsar mean profiles and sharpness of the peaks in
the spectra of gamma-ray pulsars strongly suggest that on scales
comparable to the light cylinder, the magnetosphere is stationary
in the frame corotating with the NS with smooth and continuous
plasma outflow. However, the stationary corotating magnetosphere
hypothesis demands stationarity only in a statistical sense; fast lo-
cal fluctuations which average to a stationary state (and even more
broadly, global variations) can be included within this picture, so
long as they do not smear the beaming profiles.

The polar cap acceleration and possible pair cascade zone — the
main place where electron—positron plasma that feeds the wind can
be produced — are much smaller than the characteristic scale R ¢ of
the magnetosphere. Therefore its inductance is negligible compared
with that of the magnetosphere, and the polar current flow within
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the polar cap region must have an average equal to that set by the
magnetosphere’s global structure.

In this paper we solve a local problem of how the polar cap
cascade zone adjusts itself to the current density required by the
magnetosphere. On the dynamical time-scales typical for the cas-
cade zone (microseconds) the magnetospherically required current
density is stationary because it could change only on magneto-
spheric time-scales (tens of milliseconds up to several seconds).
The idea that the acceleration zone has a magnetospherically deter-
mined current appears in the electrodynamics through the magnetic
induction equation

oE . o
5, = 4+ eV x BYy X 47y — ). (1)
with
. c
Jm = E(v X Bmagnemsphere)u (2)

being the current that sustains the twist to the field lines. In this
paper we neglect the induced variations in the magnetic field that
accompany variable E; — because of the very strong background
magnetic field (which in the region of interest has V x B = 0),
these have little dynamical effect on the acceleration and cascade
dynamics [see Appendix A for the derivation of equation (1)].

We study the behaviour of the cascade zone under different cur-
rent loads, sampling the range of possibilities illustrated in Fig. 1.
The model has an essential difference from previous studies, in that
we seek the accelerating voltage (with pair creation when the volt-
age drops are sufficiently large, without when they are small) as a
function of the applied current. Previous work has almost entirely
focused on the opposite direction, seeking the current that emerges
from the accelerator when the voltage is fixed, either by the ge-
ometry or by the poisoning of the accelerator by pair creation. In
addition, we allow the system to be fully time dependent. These
generalizations lead to qualitatively different results from what has
appeared before. Our model is one-dimensional, with spatial axis
along magnetic field lines; from here on we drop subscript || from
all quantities.

The characteristic charge density, the Goldreich-Julian charge
density,

QB

_— 3
NG e (€))

sets the characteristic current density
Jay = naic . )

Following Fawley et al. (1977) and Arons & Scharlemann (1979),
we also assume that if the star lacks an atmosphere, the work func-
tion for charged particles to leave the NS surface is small enough
that any number of charged particles can be extracted from the NS
surface until the extracting electric field is screened. In the classical
pulsar regime, the theory of charged particle binding to the crust
suggests such free emission to be likely (Medin & Lai 2010). More
relevantly, X-ray observations of heated polar caps (Bogdanov,
Rybicki & Grindlay 2007, and references therein) suggest that these
stars have atmospheres overlying the solid and ocean components
of the crust, which guarantees free emission of charges. The op-
posite case, with complete suppression of particle emission from
the surface, was studied in Timokhin (2010), a realization of the
scenario conjectured by Ruderman & Sutherland (1975).

As we will show in the following sections there are three qualita-
tively different plasma flow types in the polar cap of pulsar depend-
ing on the ratio of the current density imposed by the magnetosphere
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X=30"
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Figure 1. Field-aligned current density at the polar cap of the force-free rotator, with j; measured in units of the Goldreich-Julian current density jgy =
—Q - B/27c. The black circle is the rim of the polar cap — the footprints of the field lines that pass outside the light cylinder fall with that circle. The
distributed current is shown. The current sheet component coincides with the polar cap boundary. This plot was made by Xuening Bai using results of force-free

magnetosphere simulations presented in Bai & Spitkovsky (2010).

to the GJ current density: (i) j, has the same sign and its absolute
value is smaller than the GJ current density, 0 < j,, /jgy < 1, hereafter
sub-GJ current density; (ii) j, has the same sign and its absolute
value is larger than the GJ current density, jm/jc; > 1, hereafter
super-GJ current density; (iii) j, has the opposite sign to the GJ
current density, j,/jc; < 0, hereafter anti-GJ current density.

The advent of quantitative solutions for the structure of the force-
free model (e.g. Contopoulos, Kazanas & Fendt 1999; Timokhin
2006; Spitkovsky 2006; Kalapotharakos & Contopoulos 2009; Bai
& Spitkovsky 2010) has provided, for the first time, a theory of
the current flow expected as a function of pulsar parameters (B,
P, x, when the magnetic field is a star-centred dipole). Earlier
modelling of polar cap, slot gap and outer gap accelerators adopted
the expectation that the current density is of the order of jg;, and
expressed the hope that the accelerator and pair creation physics do
not sensitively depend on the precise value and spatial distribution
of j. The results reported here show that the magnitude and sign of
the current flow do lead to drastic differences in the open field line
accelerator’s behaviour in the three regimes (i)—(iii), even though
the order of magnitude of the current is as expected. Fig. 1, showing
j = j/Jjai, reveals that all three flow regimes occur in the force-
free magnetosphere model. While |j | always has numerical values
of the order of unity, it can be negative (return current) as well as
lying in the separate regimes 0 < j < 1 and 7 > 1. We show these
separate regimes have different dynamical behaviour and different
implications for pair creation.

We also show that once the constraints of the steady flow models
for space charge limited flow are relaxed, the small departures of
the GJ charge density from the simple estimate —QB cos x /27c
created by geometric and general relativistic considerations (Arons
& Scharlemann 1979; Muslimov & Tsygan 1992) that play an es-
sential role in the steady flow models' have little significance when
the flow is fully time dependent. Since we consider only the polar
cap region, with altitudes not exceeding the width of the polar flux
tube rpe = Ry/Ry/Ric = 0.145P~'2 km « R, = 10 km, spatial
variation of B is mostly unimportant. If we do not say so explic-
itly otherwise, throughout the paper we assume that the GJ charge
density is constant, independent of the distance along B.

LIf the GJ charge density were uniform and the beam is everywhere rel-
ativistic and time stationary, the unique model is no acceleration at all
(Tademaru 1973; Fawley et al. 1977), a severe contradiction.

3 TIME-STATIONARY SPACE CHARGE
LIMITED FLOW

Copious pair creation occurs when there is a sufficiently large ac-
celerating potential difference along B when pairs are absent. Such
potential drops, typically > 10'2 V (Sturrock 1971), readily exist
in the absence of current flow, that is, in a vacuum. Under pulsar
conditions, if current does flow, pairs appear when the current flow
co-exists with TV potential drops,? that is the current is a relativistic
beam. Therefore, the starting place is the properties of time station-
ary, space charge limited, charge-separated flow. In this section we
give an overview of these properties while detailed derivation of
the equations used in this section is given in Appendix B together
with some useful asymptotics. These review and extend a variety of
results already in the literature.

For definiteness, we consider pulsars with an acute angle x be-
tween 2 and B (‘acute’ pulsars). These objects have gy < 0 at the
polar cap, and require electron emission to supply 7gj.

Let us consider an electron beam starting with zero velocity at
x = 0 and let the current density j,, imposed by the magnetosphere
(equation (2)) be a fraction £ of the GJ charge density

Jm =& jar- ()

In our case the GJ charge density is negative. In stationary flow the
current density is constant in both space and time and is equal to the
imposed current density j = j,, thus dE/dt = 0 in equation (1). The
stationary electric field E; is then given by Gauss’s law which in
the frame corotating with the NS takes the form (e.g. Fawley et al.
1977, and references therein)

dE;
dx
The magnitude of the electric field increases with distance if the

magnitude of the charge density n is larger than the GJ charge
density and decreases otherwise.

= 4n(n — nay) - ©)

2TV potential drops are required if curvature radiation from charges ac-
celerated along a locally dipole magnetic field is the emission mechanism
for the gamma-rays that convert to pairs. The required potential drops are
smaller if the emission mechanism is inverse Compton scattering (either res-
onant or non-resonant) of softer photons from the surface (e.g. Hibschman
& Arons 2001, and references therein).
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The charge density at any given point of the flow is

. Jm VP?+1
n=jjv="—"Y—0, @)
¢ p
where v is the flow velocity and p = yv/c is the four-velocity =
momentum in units of mc. p of a charge-separated stationary beam

is given by the solution of the equation (B10)

dp\*> P 1
<7) =2 s <1+§p—\/p2+1), (®)

ds

where the distance s is measured in units of the Debye length Ap gy
of a cold electron plasma with GJ number density

dringge\ '? 12
AD.GJ:C<7) ~2B;,* P em. 9)
m

B, is the pulsar magnetic field in 102 G, and P is the pulsar period
in seconds.

The numerical solutions of (8) for different imposed current den-
sities are shown in Figs 2 and 3 for different values of &; these
results confirm the work of Shibata (1997). For 0 < j,,/jay < 1 the
steady flow oscillates spatially, with particle momenta oscillating
in the interval [0, ppnax |, with

2
1—&2°
dp/ds =0 at p = pnax and so is the RHS of equation (8). The
value of py.x and the spatial period of oscillations sy increase with
increasing & (see Figs 2 and 3). For £ > 1 acceleration is monotonic
with p increasing to infinity, with asymptotic behaviour

Pmax = (10)

p:x/is—l-é%lsz. an

See Fig. 3 for& =1, 1.1, 1.5.
The reason for such behaviour is as follows. The flow starts
with zero initial velocity at x = 0 where the electric field is zero.

L s s S s S S E S S B B B S S S IS S S S S HE R B N A

0.95

x [Ap]

Figure 2. Phase space trajectories (four-velocity p versus distance normal-
ized to Ap, gy) for stationary space charge limited flow for current densities
Jm/jcr = 0.1,0.25, 0.5, 0.75, 0.9, 0.95.
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Figure 3. Phase space trajectories for stationary space charge limited flow
for current densities jp, /jgy = 0.9, 0.95,0.99, 1, 1.1, 1.5. Note that in contrast
to Fig. 2 the vertical axis on this plot is logarithmic.

When the particle velocity is small the imposed current density is
produced by high particle density moving slowly. In such places
the absolute value of the beam charge density (cf. equation 7) is
larger than that of the GJ charge density, |n| > |ngs| (see Fig. 4
where we plot the ratio 1/ng;y for flows with & = 0.5, 1, 1.5). The
charge density is negative and according to equation (6) the electric
field in this region is decreasing towards more negative values, thus
accelerating electrons. If the imposed current density exceeds the
GJ current density, £ > 1, the absolute value of the beam charge
density — whose maximum value is |j,, /c| = &|ngy| —never becomes
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Figure4. Charge density of stationary space charge limited flow normalized
to the GJ charge density ngy as a function of distance x normalized to Ap
for current densities jm, /jgy = 0.5, 1.0, 1.5.
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smaller than |ng;|, hence, dE;/dx < 0 and acceleration continues up
to infinity — the electric field and potential are monotonic. For § < 1,
on the other hand, particles’ velocities increase to values such that
the imposed current density can be sustained by particle number
density smaller than the GJ number density. Then || < |ngj| (see
the line for j,, = 0.5jg; in Fig. 4), dE;/dx > 0 and the accelerating
electric field weakens, changes sign and decelerates particles — in
cold flow, the particles decelerate to zero velocity, and the cycle
repeats.

The model of space charge limited flow outlined here provides a
physical framework for the expected particle energetics. It is based
on the approximation of one cold fluid and an assumption of com-
plete stationarity of the flow. It can be extended to a two-fluid
model to account for the presence of positrons and pair creation (as
in Arons 1983). However, kinetic effects such as particle trapping
cannot be included in a cold fluid approximation, although certain
aspects can be modelled if momentum dispersion (‘pressure’) is
included, with an assumed equation of state. A kinetic model incor-
porates momentum dispersion in the collisionless medium without
having to make arbitrary assumptions about the equation of state.
As we show in the following sections, particle trapping and pair
creation profoundly affect the plasma dynamics, with momentum
dispersion being essential to the dynamics behind the simultaneous
adjustment of the charge density to the condition of low voltage drop
along B, modelled as E - B = 0 in the force-free global model, and
the adjustment of the field aligned current j to the magnetospheri-
cally imposed jy,.

The study of plasma kinetics in a general regime — without relying
on stationarity or perturbation theory — is possible only by means
of numerical simulations. In following sections we describe our
study of plasma, both fully non-neutral and quasi-neutral when pair
cascades form, with the help of a self-consistent hybrid numerical
model incorporating both charged particles and photons.

4 NUMERICAL SETUP

We use the same one-dimensional hybrid Particle-In-Cell/Monte
Carlo hybrid code described in Timokhin (2010) modified for the
space charge limited flow regime. Below we briefly describe the
main equations, notations and numerical algorithms; a detailed de-
scription can be found in Timokhin (2010, sections 2 and 3).

We solve the evolutionary equation for the electric field £

0E(x,
% = A (X 1) — ) - (12)

where j(x, 7) is the actual current density and j, is the current
density imposed on the cascade zone by the magnetosphere. This
equation is Ampere’s law, equation (1). We are solving an initial
value problem; thus an initial distribution of the electric field E(x,
t = 0) must be supplied. At the start of the simulation we construct
the initial distribution of the electric field by solving the Gauss
equation for the electric potential ¢ assuming some initial charge
density distribution 7

&o = —47(Ngeare — Ny) (13)
dx2 start GJ

__ %

=i (14)

We proceed with the time integration of equation (12) using a charge
conserving scheme (e.g. Birdsall & Langdon 1985; Villasenor &
Buneman 1992), so the Gauss equation is satisfied at each successive

time-step up to machine precision. The GJ charge density enters in
equation (13) for the initial configuration of the electric field; this
information is then ‘carried on’ in time by equation (12).

To model the space charge limited flow at every time-step we
inject electrons and protons just outside the numerical domain used
for the electric field calculation and let the system pull the necessary
amount of particles into that domain. We do not set E(x = 0, 1) to
zero as a boundary condition but rather allow the plasma in the
system to enforce this condition as part of the simulated physics.
A detailed description of our algorithm for reproducing the space
charge limited flow condition at the NS surface is given in Appendix
C. When pair creation cascades occur, we take into account only
curvature radiation as the gamma-ray emission mechanism; pairs
are created by single photon absorption in the strong magnetic field
(e.g. Erber 1966).

We performed many numerical experiments starting from differ-
ent initial conditions: (i) computational domain filled by plasma
with charge density equal, less and higher than the GJ charge den-
sity as well as starting with vacuum; (ii) different initial potential
drop over the domain; (iii) different length of the computation do-
main. In all cases without exception after initial relaxation on the
time-scale of the order of the fly-by time of the domain the system
settled down to a configuration which depends only on the imposed
current density jy,.

5 LOW ENERGY CHARGE SEPARATED,
SUB-GJ FLOW: 0 < jm/jc; < 1

As it turns out, there is no pair formation for 0 < jn,/jgy < 1
and the only characteristic spatial scale of the flow is the Debye
length Ap, ;. In this section we will discuss the properties of such
flow using simulations in domains with the length L up to several
hundreds of Ap_gj, which is much less than the width of the polar
cap. Using such a small domain we well resolve the characteristic
spatial scale; increasing the domain length does not change the
results.

According to the stationary solution from Section 3 there is no
relativistic particle acceleration when 0 < j,,/jgy < 1. The flow is
spatially oscillatory and the maximum momentum of particles pax
is by far too small for emission of pair producing photons. It is
unlikely that such oscillatory cold flow can exist — near the stagna-
tion points it may be a subject to ‘instability’ with characteristics
of the wave breaking to which non-linear waves in cold fluids with
velocity stagnation are subject, which could destroy the spatial os-
cillation and create an effective resistor, across which a substantial
fraction of the perpendicular (to B) voltage drop might appear. The
available voltage drop across B is huge and in principle it might
happen that the system ends up in a state with highly oscillatory
electric field and bursts of pair formation as predicted in the two-
fluid plasma model of Levinson et al. (2005). On the other hand,
finite amplitude electrostatic waves containing similar stagnation
points show wave breaking, with alteration of cold to hot flow with
momentum dispersion no more than comparable to the flow veloci-
ties found in the originally constructed cold oscillation (Akhiezer &
Polovin 1956; Tajima & Dawson 1979). That would create a warm
but non-relativistic or mildly relativistic charge-separated outflow.

We find that in the sub-GJ regime, the non-neutral flow is indeed
low-energetic, with particle energies orders of magnitude below
the energy/particle required for pair production. However, the final
state differs drastically from the oscillatory flow from the stationary
solution shown in Figs 2 and 3. Even if at the beginning of the
simulations particles follow trajectories of the stationary solution,
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Figure 5. Development of ‘trapped particle’ flow when the space charge limited flow which starts into vacuum. Phase space portrait of particles are shown for
16 moments of time indicated in small boxes on the top of each plot. The current density j,, = 0.5jgy. The distance x is measured in units of the Debye length.
Red dashed lines show the analytical solution for stationary flow. Particle momenta p_ are normalized to m,.c. The total length of the computational domain
L = 50Ap, gy, only part of it (x < 50Ap, Gy) is shown here. Time is measured in fly-by time (L/c) of the whole domain. Snapshots in the same row have the
same time interval between them, but these time intervals are different for different rows; they increase towards the bottom row.

the standing non-linear wave structure breaks quickly — particles at
the velocity zeros of the cold flow go both up and down.

A good example of this inherent instability is shown in Fig. 5.
We start from a vacuum configuration — when there are no particles
in the domain — and let the system evolve. In Fig. 5 we show
snapshots of the phase space portraits of the flow with j,, = 0.5jgy;
the distance from the NS, normalized to Ap_gj, is along x-axis, and
particle momenta, normalized to m,c, are along y-axis. The whole
domain has the length L = 50Ap gy and we show only a part of
it here. Time ¢ is measured in fly-by time of the whole domain
L/c. With the dashed red line we show phase space trajectories of
particles from stationary solution. Particles coming from the surface
at first follow the trajectories of the stationary solution. However,
after coming to the first stagnation points some of the particles are
turned back and the flow starts to randomize. After several tens of
plasma periods Ap, gy/c the flow reaches its final configuration.

Examples of final configurations for space charge limited flow
with different current densities are shown in Fig. 6, where we plot
phase space portrait of particles in the whole computation domain.
The flow has two components: a warm beam of particles with high-
est momentum which produce the required current density and a
cloud of charged particles circulating in the domain — these com-
pose an electrically trapped, ‘thermal’ component. In the cloud
component there is roughly equal number of particles moving in
opposite directions; these particles do not contribute to the current

but contribute ngy — jm/c to the charge density keeping 7.1 equal
to the GJ charge density. The distinction between these components
is not absolute as some particles from the beam go into the cloud and
vice versa, although the fraction of mixing particles is small. Some
of the particles in the cloud have very low momenta and so they can
adjust to any given charge density. Hence, in sub-GJ space charge
limited flow, 0 < j,/jgy < 1, the electric field is not sensitive to vari-
ation in the GJ charge density> — in contrast to the large importance
of variation in the GJ charge density for relativistic acceleration of
space charge limited cold beams in the polar cap cascade models of
Arons & Scharlemann (1979) and Muslimov & Tsygan (1992).

Plasma flow in the sub-GJ regime can be described as a beam of
mildly relativistic particles propagating through a cloud of trapped
particles with near-thermal distribution. In Fig. 7 we plot particle
distribution functions. The beam component is visible as a bump
on the distribution function at the high momentum side. The cloud
component has a near-thermal (Maxwell-Juttner) momentum dis-
tribution (at least in its low-energy part) dn/0p o const — such
quasi-thermalization is a common consequence of the phase mix-
ing between the particles and fields built into the wave breaking
process.

3 We performed simulations for j, /jgy < 1 with variable GJ charge density,
and, as expected, saw the electric field to be just as screened as in the uniform
GJ density case.
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Figure 6. Phase space portraits of well-developed space charge limited flows for six different current densities: jn, /jgy = 0.1, 0.25, 0.5, 0.75, 0.9, 0.95. Current
density jn, is indicated in the left upper part on each plot. Distance is measured in units of Ap, and particle momenta p_ are normalized to m,c. Note that the

lengths of the computation domain differ between these plots.
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Figure 7. Particle distribution functions p (dn/dp) for well-developed space charge limited flows from Fig. 6. Distribution functions of particles with positive
momenta (moving towards the magnetosphere) are shown by solid lines, and distribution functions of particles with negative momenta (moving towards the

NS) by dashed lines.

When particles leave the NS they are non-relativistic and their
charge density n = jm/v = &jgy/v is larger than the GJ charge
density and so they form a charge sheet near the surface generating
accelerating electric field, just as in the idealized stationary case (see
Fig. 4). When particles reach the velocity such that |j,|/v < |na;]
the electric field derivative dE/ds changes sign and after some dis-
tance the electric field can start decelerating particles. At the point
where E = 0 particles reach their maximum momentum. Above the
gap particles from the cloud component add additional charge and
so the change density there is equal to gy and the electric field is
screened. The length of this gap is of the order of sp,x = so/2 (half
the spatial period of cold flow oscillations) and so the maximum
momentum particles gain in this gap is comparable to pn.x (both

Smax and pn.x depend on j,). In Fig. 9 we plot momenta of particles
in the beam component as functions of & = j,/jg; superimposed
on the theoretical dependence of pnax given by equation (10); the
agreement is pretty good. The current density in the final configu-
ration is close to j,, throughout the domain, with small fluctuations
around this value 8] < jiy.

In Fig. 8 we plot the electric field in the calculation domain at the
same moments of time as the phase space portraits shown in Fig. 6.
The electric field at any given point fluctuates, but the relative fluc-
tuation at the beginning and at the end of the domain (accelerating
and decelerating regions; see below) are much smaller than those in
the centre of the domain (the region of the charge cloud). The elec-
tric field in the gap near the NS launches the beam component. The
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Figure 8. Snapshots of the electric field E for well-developed space charge limited flows taken at the same moment as the phase space portraits from Fig. 6.

E is normalized to 7tngyAp, GJ-
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Figure 9. Momenta of the current currying particle beam. The widths of
the peaks at Fig. 7 as the function of & = ji,, /jg are shown by the blue bars.
The solid red line is the maximum achieved momentum for the stationary
SCLF solution.

electric field at the other end of the computation domain supports
the cloud components by reversing the momenta of most of the par-
ticles in the cloud moving away from the NS, sending them back.
This electric field is not strong enough to reflect most of the beam
particles. The mixing between the beam and cloud components is
the strongest here. This electric field appears self-consistently when
the flow reaches its steady configuration,* because it is needed to
sustain the cloud component necessary to match both the charge and
the current density in the domain. In our small-scale 1D simulations
we impose the current density on the domain, which finally gives
rise to the electric field at the right end of the domain. In reality, it
is the magnetosphere which sets the current density by twisting the
magnetic field lines and generating electric field reversing some of
the particles. This second region with an unscreened electric field
at the magnetosphere end of the domain in our model may be a

4 The formation of the cloud component is not linked to the appearance of
the electric field at the end of the domain (see e.g. Fig. 5).

‘compressed’ version of some parts of the outer magnetosphere.
For example, on field lines that pass through the null surface where
@ - B = 0, the plasma cloud and beam, composed of only one sign
of charge, cannot freely enter the outer magnetosphere (Scharle-
mann, Arons & Fawley 1978) in the absence of other sources of elec-
tric field in other parts of the magnetosphere (Goldreich & Julian’s
‘hanging charge clouds’), offering the possibility of opening a vac-
uum gap within the otherwise force-free structure. On the other
hand, on polar field lines that never cross the null surface — most of
them, in the aligned rotator — the charge-separated beam and cloud
can extend outwards ‘forever’, in principle. Multi-dimensional par-
ticle simulations, analogous to those of Spitkovsky & Arons (2002),
are required to see if indeed this speculation is true (as well as de-
termine how this essentially 1D model might fit together with the
other, more ‘lively” aspects of the polar flow outlined in Section 6).

In Fig. 10 we show power spectra of the fluctuating electric field
in the central parts of the calculation domain, outside of the accel-
eration zones. I, = |E|>, where Ej is the spatial Fourier amplitude
of the electric field and the wave vector k is normalized to the )\B,IGJ.
These spectra can be fitted with the power law /; o< k™% with o
between 2 and 3 for all current densities.

Thus, along magnetic field lines where the current density is sub-
GJ there is no pair formation, so long as strong electric fields in
neighbouring, more active flow zones do not leak into the cloud. In
an aligned rotator, for example, no pairs are forming above most of
the polar cap area. Plasma flowing along such magnetic field lines is
mildly relativistic, consists of particles of only one sign (electrons)
and its density is low, equal to the GJ number density. However,
observational evidence for ongoing pair formation in pulsars is very
strong and, hence, there must be regions in the pulsar magnetosphere
where electron—positron plasma is created.

6 PLASMA FLOW WITH PAIR FORMATION -
SUPER-GJ AND RETURN CURRENT REGIONS

Let us now consider what happens along magnetic field lines where
the current density has either (i) the opposite sign to the GJ current
density, j/jc; < 0, anti-GJ flow, or (ii) the same sign and absolute
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Figure 10. Power spectra of the electric field I, = |Ex|? for well developed space charge limited flows from Fig. 6. k is normalized to the corresponding
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value larger than the GJ current density, j/jgy > 1, super-GJ flow.
Case (i) includes the regions of return current, including the current
sheet, while case (ii) is relevant for most of the magnetic field lines
in a nearly orthogonal rotator. As we show in this section, in both of
these cases a strong accelerating electric field is generated. When
the resulting potential drop is sufficient to accelerate particles up to
the energies such that they can emit photons that convert to pairs
within the accelerator, the plasma flow will be highly non-stationary
with intermittent pair creation.

In a real pulsar the magnetic field strength falls with the distance
(o< r=3 for a dipole field) and pair creation is possible only at
sufficiently low altitude (if gamma-ray interaction with thermal low
energy photons is neglected). In order to imitate the effect of pair
creation attenuation with the distance we set the magnetic field
strength to zero starting at distance xg from the NS — the magnetic
field is given by

By, if x < xp
B(x) = (15)
0, ifx > xp.

If the charge density were formed from steadily flowing rela-
tivistic beams, it would vary with the height as n(x) o< B(x). The GJ
charge density changes in a slightly different way, n(x) oc B(x) f(x)
due to inertial frame dragging (Muslimov & Tsygan 1992; Beskin
1990) or/and field line curvature (Scharlemann et al. 1978). If one
neglects the latter effects, scaling o< B(x) can be incorporated into
the spatial (for equation 13) or temporal (for equation 12) coordi-
nates. The electrodynamics of the cascade zone can be modelled in
a 1D problem with constant GJ charge density; the only effect of the
GJ charge density variation will be in changing the spatial (and tem-
poral) scales. The same scaled 1D model can also be used to study
the effects on the electrodynamics of the cascade zone of deviation
of the GJ charge density scaling from being o< B(x) by consider-
ing a problem where 7ng; depends on the distance; the variation of
the GJ charge density 