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Abstract—The electrostatic force can be used to create novel relative motion between
charged bodies if it can be isolated from the stronger gravitational and dissipative forces.
Recently, Coulomb orbital motion was demonstrated on the International Space Station
by releasing charged water droplets in the vicinity of a charged knitting needle. In this
investigation, the Multi-Sphere Method, an electrostatic model developed to study active
spacecraft position control by Coulomb charging, is used to simulate the complex orbital
motion of the droplets. When atmospheric drag is introduced, the simulated motion closely
mimics that seen in the video footage of the experiment. The electrostatic force’s inverse
dependency on separation distance near the center of the needle lends itself to analytic
predictions of the radial motion.

I. I NTRODUCTION
Scientists have long been interested in electrostatic phenomena, and many experiments have been
conducted since the first electrostatic effects were noticed in antiquity. [1] To first order, the force
relationship between two charged objects is governed by Coulomb’s law, which exhibits the same
inverse quadratic position relationship as gravitational attraction. [2] While orbital motion due to
gravity is only apparent on a celestial scale, the kiloVolts of electrostatic potential readily generated
by the triboelectric effect produces noticeable relative motion within a laboratory setting. Moreover,
an extra mode of actuation is possible because charges of equal polarity generate repulsive forces.
Today, large electrostatic potentials can be generated with substantial accuracy using high voltage
power supplies (HVPS), allowing for repeatable experimentation.
A recent research effort has identified Coulomb charging as a means to control the relative
positions of spacecraft in close proximity formations. [3–5] In this scenario, charge control devices
such as electron and ion guns are used to raise the absolute potential of the spacecraft to tens of
kiloVolts. In high Earth orbit, where the Debye shielding is minimized, the resultant forces can be
used for stationkeeping maneuvers, electrostatic tugs, or rendezvous operations. [6–9] In order to
simulate the 6DOF relative motion of charged bodies with complex geometries, their electrostatic
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interaction must be accurately modeled in a computationally efficient manner. To this end, the
Multi-Sphere Method (MSM) has been developed, as discussed further in Section III.
Because of the expensive nature of space flight, terrestrial validation of these concepts is
necessary before progressing to on-orbit verification. Various Coulomb testbeds have been created in
the Autonomous Vehicle Systems (AVS) Laboratory at the University of Colorado for this purpose.
Using HVPSs, conducting shapes are charged up in order to control linear relative position as well
as rotation rates and absolute attitudes. [10–12] A common challenge with these experiments
is overcoming the friction in the gravitational environment to generate charged relative motion.
In 2008, researchers demonstrated electrostatic orbits of spherical conductors on a zero gravity
parabolic flight path under NASA’s Reduced Gravity Research Program. [13] The analytical stability
of such orbits, while considering induced charge effects, is discussed in Reference 14.
During Expedition 30 on the International Space Station (ISS), Flight Engineer Don Pettit
demonstrated orbital motion of water droplets about a knitting needle charged by the triboelectric
effect. The water droplets were charged to high voltages of opposite polarity using a Van Der Graff
generator, and emitted from a syringe in proximity of the needle. Video footage shows the semistable orbits of the water droplets about the knitting needle due to their electrostatic interaction. In
this paper, those orbits are simulated using the electrostatic models developed for inter-spacecraft
charge control. The 1/r force relationship that results along the center of the needle lends itself to
analytic predictions of the trajectory. Since the orbits are contained along the length of the needle,
this research may lend itself to liquid droplet radiator design, whereby waste heat is dissipated
from a spacecraft system. [15, 16]

II. ISS C HARGED WATER D ROPLET E XPERIMENT
Knitting needles were flown to the International Space Station (ISS) as crew personal items. The
Teflon knitting needle was 215 mm long, 6.4 mm in diameter, with a 17 mm tapered blunt end.
The polypropylene knitting needle was 240 mm long, 8 mm in diameter, with a 25 mm tapered
blunt end. The knitting needles were mounted by the non-tapered end on an adjustable ball stack
arm with Velcro and Kapton tape and placed about 500 mm in front of a background cloth so
that droplet trajectories were clearly recorded on video. They were triboelectrically charged by
rubbing with crew issued Russian fur boots (fur type unknown). Both knitting needles became
negatively charged from this process. One swipe with the fur boots was made between each series
of experiments.
Water for creating the drops came from the ISS galley water supply. This water, recovered
from urine in the regenerative ISS water system (75% of water in urine recovered) was processed
through a distillation apparatus, a series of charcoal filters, particulate filters, de-ionizing resin beds,
a catalytic oxidizer, with measured total organic carbon less than 285 ppb (detection limit) and
total inorganic carbon of 600 to 650 ppb. Cabin conditions were 19 ±1 ◦ C, cabin pressures 745
to 755 mm of Hg, with a composition of 20% oxygen, 79% nitrogen, 0.5% carbon dioxide, and
relative humidity of 38 ±3%. The level of microgravity was about 1.2 × 10−6 g.
Water was placed in a 25 ml polypropylene syringe fixed with a 12 gauge Teflon cannula. A
stainless steel machine screw was driven through the side of the syringe near the exit and was used
to charge the water before droplets were ejected from the cannula tip. To charge the water, a belt
and rollers Van de Graff generator, made from left over student educational LEGOS and a rubber
band, driven by a battery powered drill was used. It was estimated that the Van de Graff generator is
capable of creating about 150KV static electric volts from the measured 80 mm length sparks, [17]
but the potential imposed on the droplets is estimated to be much lower. Droplets could be made
either positive or negatively charged depending on the Van de Graff terminal placed on the syringe
machine screw. Typical droplet diameters were 1 to 15 mm in diameter. Negatively charged droplets
were forcefully driven away from the charged knitting needle while positively charged droplets with
appropriate velocity went into orbit. The droplets were ejected with velocities of a few centimeters
per second towards the knitting needle from about 30 to 40 centimeters distance. The initial droplet
velocity had both tangent and longitudinal directions to the knitting needle.
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Video was recorded with a Canon G1 video camera as HD 1440 1080i format at 29.97 frames
per second. Footage was captured from both profile and end views, as can be seen in Figure 1,
with the motion of a single droplet transposed on a single image throughout its orbit.

(a) Profile view

(b) End view

Fig. 1. Video capture of ISS experiment

III. M ULTI -S PHERE M ETHOD
Analytic solutions of Poisson’s equation (Eq. 1), which defines electrostatics in 3D space, are
rarely possible for complex geometries.
∇2 φ(x) = −

ρ(x)
0

(1)

Numerous methods exist to approximate electrostatic interactions to various degrees of fidelity. To
predict first order electrostatic interaction, charged geometries can be modeled by point charges [18]
or by conducting spheres [19]. Since these methods lack the ability to resolve the charge distribution
on non-symmetric bodies, they are incapable of predicting electrostatic torques and off-axis forces.
Meanwhile, highly accurate numerical solutions are possible by Finite Element Analysis (FEA), but
this approach lacks the computational speed necessary for faster-than-realtime 6 Degree of Freedom
(6DOF) charged relative motion simulations. The Multi-Sphere Method (MSM), developed for use
in spacecraft Coulomb charging research, uses a collection of spheres with fixed sizes and relative
positions to model a conducting 3D shape. [20, 21]
Figure 2 depicts satellite A, modeled by n optimally placed spheres, in the vicinity of the simple
object B. Both objects are assumed for now to be conducting and reside at voltage levels φA and
φB . The voltage φi on a given sphere is a function of the charge qi on that sphere and the charges
on its neighboring spheres. This relation is governed by Eq. (2), [22] where Ri represents the radius
of the sphere in question and ri,j = rj − ri is the center-to-center distance to each neighbor. The
constant kc = 8.99 × 109 Nm2 /C2 is Coulomb’s constant.
φ i = kc

m
X
qi
qj
+
kc
Ri
ri,j

(2)

j=1,j6=i

This relationship is most valid when ri,j  Ri , resulting in a uniform charge distribution on any
given sphere. As more spheres are introduced and their size decreases relative to the system size,
results become more accurate.

4

Proc. ESA Annual Meeting on Electrostatics 2015

φA

φA

rij

O
ri
d

d

φB

φB

Ri

Fig. 2. Conceptual depiction of the Multi-Sphere Method

The linear relations in Eq. (2) can be combined for each of the m = n + 1 spheres in the
system in Figure 2, resulting in the matrix equation in Eq. (3). Here φ = [φA , φA , ..., φA , φB ]T
and q = [q1 , q2 , ..., qn , qB ]T represent matrix collections of the voltages and charges in the entire
system.
φ = kc [CM ]−1 q
(3)
The inverse of the Position Dependent Capacitance (PDC) matrix [CM ]−1 is expanded as follows,
where ri,B = d − ri :


1/R1 1/r1,2 · · · 1/r1,n 1/r1,B


..
..
..

 1/r2,1 1/R2
.
.
.


−1

.
.
.
[CM ] = 
(4)
.
.


..
..
..
..
..


 1/rn,1
···
···
1/Rn 1/rn,B 
1/rB,1
···
· · · 1/rB,n 1/RB
Next, the array of charges q can be determined by inverting this n + 1 size symmetric matrix, a
fairly straightforward computation. Coulomb’s law can then be implemented to calculate the linear
force between each charged sphere. Since the location of the spheres within the modeled body are
held fixed with respect to each other, their equal and opposite contributions cancel. The total force
F and torque L about the origin O on body A due to the object B is given by the following
summations:
n
X
qi
r
(5)
FA = − kc qB
3 i,B
r
i,B
i=1
LA = − kc qB

n
X
qi
r × ri,B
3 i
r
i,B
i=1

(6)

Because the electrostatic force is conservative and internal to the system, body B will experience
a force equal and opposite to the one on A.
The Multi-Sphere Method is similar in its mathematical formulation to simplified versions of
the Boundary Element Method (BEM), [23–25] especially when the spheres are populated along
the surface of a geometry. [21] However, there is more freedom and efficiency in placement of the
elements with the MSM, as spheres can be located within the volume or directly on sharp edges
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of a geometry. Moreover, the Multi-Sphere Method (MSM) can be modified to include insulating
materials with constant charge.
For spheres within the insulator, a charge is specified rather than a voltage, which are compiled
in the vector qI . Combining the mutual capacitance relationship in Eq. 2 for each of the conducting
spheres yields
φC = kc [CC ]−1 qC + kc [CC,I ]−1 qI
(7)
where [CC,I ]−1 is the mutual capacitance matrix populated with separation distances between the
conducting spheres and insulated spheres, with no self capacitance terms. This relationship can be
solved for qC so that the charge on all spheres in the system is known, at which point Eq. 5 and 6
can be equated to determine the force and torque on all bodies in the system. If knowledge of the
resulting voltage on the insulating components is desired, it can be determined by:
φI = kc [CI ]−1 qI + kc [CI,C ]−1 qC

(8)

−1

where [CI ] is populated with sphere sizes and relative distances between the insulator spheres,
and [CI,C ]−1 is the transpose of [CC,I ]−1 .

IV. S IMULATION PARAMETERS
With the Multi-Sphere Method framework in place, the remaining task is to choose an appropriate
location and size for all the spheres in the model. In order to model the charged knitting needle,
spheres are placed at even distances along the center axis of the needle. This is where the MSM is
advantageous over the BEM, which would require elements along the surface of the needle rather
than within its volume. The remaining parameter then is to determine the sphere size for a given
spacing. This is achieved as in Reference 21, using a nonlinear regression to match the total self
capacitance of the needle in space, determined by modeling the geometry in the FEA software
Ansoft Maxwell 3D. The capacitance of the MSM body can be computed by summation of the
charge qi on each sphere in the model for a given voltage φ:
n
P

CMSM

Q
=
=
φ

qi

i=1

(9)

φ

The needle used in the simulation is selected to be 200 mm long with a diameter of 6.5 mm, with
the spacing of the spheres set to 6.5 mm. The MSM model consists of 31 spheres, with optimized
radius R=4.406 mm. For a conducting geometry, the charge distribution matches the higher order

×10−5
−1
−1.5
−2

σ[C/m2 ]

(a) Maxwell 3D
Fig. 3. Charge distribution along knitting needle

(b) MSM
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solution well, as shown in Figure 3. Since the actual knitting needle is made of insulating material,
the simulation maintains a constant charge distribution on all the spheres in the MSM model,
such that the entire needle is at an electric potential of -10 kV. The total charge on each sphere
is determined from Eq. 7. The orbiting water droplets are of diameter 6.5 mm, and are given a
charge equivalent to +20 kV potential in free space.
Integration of the orbital motion of the charged water droplets is performed using a Range-Kutte
45 integrator in Mathworks MATLAB. At each integration step, the MSM algorithm is executed to
determine the Coulomb force acting on the droplet. It is also possible to model atmospheric drag
within this integration framework, which gradually causes the water droplet orbits to decay and
collide with the knitting needle. For an object with cross sectional area A traveling with velocity
v through a medium with density ρ, the drag force VD is given by:
1
(10)
FD = − ρvCD Av
2
For a spherical object, the coefficient of drag CD is dependent on the object’s shape and the
Reynolds number Re:
ρvD
Re =
(11)
µ
Here D is the characteristic linear dimension, or the diameter of the water droplet, and µ is
the dynamic viscosity of the medium. For a spherical particle, Reference 26 gives the following
empirical coefficient of drag:
CD = (24/Re)(1 + 0.1935Re0.6305 ) for 20 < Re ≤ 260

(12)

The Reynolds number stays within this regime for all the simulations considered here. The International Space Station is pressurized to the same pressure as at sea level on Earth, resulting in a
density ρ = 1.225 kg/m3 , and viscosity µ = 1.81 × 10−5 kg/m/s.

V. A NALYTIC A NALYSIS OF O RBITS
The nature of the MSM algorithm, with its matrix inversion and Coulomb force summation,
is very nonlinear. However, for the water droplet orbiting the charged needle, a fairly symmetric
force field exists. This can be seen in Figure 4, which shows the force vector at various positions
surrounding the needle.
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Fig. 4. Force field of a droplet around the needle
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If the parallel and perpendicular components of the force are separated, as in Figure 5, it becomes
clear that the vertical (radial) force stays relatively constant along the length of the needle. In fact,
the radial force varies inversely with radial distance r from the needle. It can be fit with great
accuracy to the function
a
Fr = −
(13)
r
where a = 1.6879×10−5 and the R-squared value of the fit is 0.9986. The inverse force relationship
is to be expected from an infinite line charge source. This fit slightly overpredicts the forces as
the separation distance increases, which is to be expected because the knitting needle is of finite
length. The R-squared value stays as high as 0.95 out to within 10 mm from the end of the needle.
If the droplet stays within these bounds, then this analytic relation can be used to predict radial
motion in the orbits, which is separable from the horizontal motion. This is likely if the parallel
velocity is sufficiently small so that the horizontal restoring force pushes the droplet back toward
the center of the needle before the radial force drops off due to the edge effects.
(b) Perpendicular force [mN]

(a) Parallel force [mN]
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Fig. 5. Horizontal and vertical forces acting on droplet

If the radial force is separable from the horizontal force, we can treat the radial motion as if
it were restricted to a plane that lies perpendicular to the length of the needle. This reduces the
problem to the central force scenario, with potential
Z
U (r) = − Fr dr = a ln r
(14)
Because the problem is spherically symmetric, the angular momentum l = mr2 θ̇ is known to be
conserved, where m is the mass of the droplet and θ̇ is the angular rate of the motion about the
needle. [27,28] Since the electrostatic force is conservative, total mechanical energy E (kinetic and
potential) is also conserved:
1
E = T + U = mv 2 + U (r)
(15)
2
1
= m(ṙ2 + r2 θ̇2 ) + U (r)
(16)
2
mṙ2
l2
=
+
+ U (r)
(17)
2
2mr2
For the moment, it is assumed that the droplet experiences no dissipative forces. The relation above
can be solved for ṙ:
r
2
l2
ṙ = ±
(E − U ) − 2 2
(18)
m
m r
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Setting this relation equal to zero allows one to solve for rmin and rmax :
l2
=0
(19)
2mr2
Due to the logarithmic potential function, this solution must be obtained numerically. Equation 17
can be manipulated to determine the angular position as a function of the radius:
E − a ln r −

θ̇
l
dθ dt
dr = dr =
dr
(20)
dt dr
ṙ
mr2 ṙ
which can be integrated to determine the precession of the orbit between the radial extremes:
Z rmax
(l/r2 )dr
r
∆θ = 2
(21)


rmin
l2
2m E − U − 2mr
2
dθ =

A circular orbit will occur at a given separation distance if the radial force is exactly equal to
the required centripetal acceleration.
Fr = mrθ̇2
r
a 1
θ̇ =
m r0

(22)
(23)

Figure 6 shows an end view of three orbits with different initial conditions, one producing a circular
orbit, and the others with less initial energy. These types of orbits are clearly identifiable in the
end view video footage, as seen in Figure 1(b). Wolfram Mathmatica is used to numerically solve
Eq. (19) for the minimum and maximum radii, and integrate Eq. (21) for the expected precession
of each orbit. The predicted results match the orbits in the simulation extremely well, even when
the droplet has an initial velocity component along the length of the needle. If the droplet is given
an initial velocity greater than circular, the orbits exhibit similari behavior, but r0 becomes the
lower bound rmin .
(a) θ̇0 =

q

a 1
m r0

(b) θ̇0 =

2
3

q

a 1
m r0

(c) θ̇0 =

50
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−50

50

0

−50

50
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−50

50

1
3

q

0

a 1
m r0

−50

Fig. 6. Planar orbits with various initial velocities [Scale in mm]

Because the potential U (r) grows unbounded for large separation distances, it is theoretically
impossible for the droplet to reach escape the orbit of the needle. In the simulation and within
the experiment, however, the droplets often exhibit hyperbolic orbits. This is because with a finite
length needle, the forces drop off slightly quicker than 1/r at large separation distances. Due to
the finite needle length, as r increases the needle acts more like a point charge with a 1/r2 force
field.
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TABLE I
P REDICTED ORBITAL PARAMETERS

q

θ̇0
a 1
(circular)
m r0
q
2
a 1
3
q m r0
1
a 1
3
m r0

rmin [mm]

rmax [mm]

∆θ [deg]

50

50

N.A.

24.22

50

251.4

8.80

50

240.5

VI. S IMULATION R ESULTS
The full MSM simulation with drag forces implemented is executed for various initial velocity
conditions. The results are shown in Figure 7. The initial droplet position is at r0 = 50 mm, in
the center of the needle. For most of the simulations, the motion is contained within 10 mm of the
end of the needle, where the radial forces drop off predictably and the radial motion is predictable
as in the planar cases in the previous section. Due to the atmospheric drag acting on the droplet,
however, all orbits gradually decay and in some cases the simulation is terminated by collision
with the needle. The motion closely matches the various orbits visible in the video footage of the
ISS demonstration.
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(a) vk0 =150 mm/s, v⊥0 =400 mm/s
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(b) vk0 =200 mm/s, v⊥0 =200 mm/s

100
50

50

0

0

−50
100
0
−100

100
0
−100

(c) vk0 =200 mm/s, v⊥0 =500 mm/s

−50

100

50
0
−50

0
−100
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Fig. 7. Simulation of orbital motion including drag for various initial conditions [Scale in mm]
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VII. C ONCLUSION
In this investigation, a electrostatic orbits of water droplets about a charged knitting needle in a
microgravity environment are analyzed. An electrostatic model developed for spacecraft charging
applications uses a collection of spheres to determine the charge distribution and relative forces
and torques on various geometries. By modifying this model to capture the behavior of insulating
material, it can be used to simulation the motion of the particles. Mapping out the force field
acting on the droplets around the needle suggests that the force varies with the inverse of the radial
distance along the majority of the needle, and horizontal forces ensure that the particle generally
remains within this regime. Because of this inverse force relationship, several analytic predictions
are made regarding the apogee and perigee, as well as the precession angle of the orbits. When
atmospheric drag is included in the simulation, the 3D motion that results accurately matches the
orbits seen in video recordings of the ISS experiment.
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