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We compare stochastic models of microscale surface roughness assuming uniform and
Weibull distributions of crystal facet tilt angles to calculate scattering by roughened
hexagonal ice crystals using the geometric optics (GO) approximation. Both distributions
are determined by similar roughness parameters, while the Weibull model depends on
the additional shape parameter. Calculations were performed for two visible wavelengths
(864 nm and 410 nm) for roughness values between 0.2 and 0.7 and Weibull shape
parameters between 0 and 1.0 for crystals with aspect ratios of 0.21, 1 and 4.8. For this
range of parameters we find that, for a given roughness level, varying the Weibull shape
parameter can change the asymmetry parameter by up to about 0.05. The largest effect of
the shape parameter variation on the phase function is found in the backscattering region,
while the degree of linear polarization is most affected at the side-scattering angles. For
high roughness, scattering properties calculated using the uniform and Weibull models
are in relatively close agreement for a given roughness parameter, especially when a
Weibull shape parameter of 0.75 is used. For smaller roughness values, a shape parameter
close to unity provides a better agreement. Notable differences are observed in the phase
function over the scattering angle range from 5° to 20°, where the uniform roughness
model produces a plateau while the Weibull model does not.

& 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Ice cloud feedbacks play an important role in global
climate and are among the more important sources of
uncertainty for modeling climate change [1–5]. Improving
our understanding of the optical properties of ice clouds is
thus an important component in the efforts to reduce this
uncertainty through both climate modeling and remote
sensing of clouds. Studies indicate that microscale surface
roughness significantly affects the optical properties of ice
crystals, smoothing out the scattering features, suppressing
the formation of halos, and reducing the asymmetry para-
meters [6–10]. Remote sensing results indicate that the
degree of surface roughness is generally high in tops of
, van Diedenhoven B. T
nsfer (2016), http://dx
natural ice clouds, but depends on location, temperature
and atmospheric state [11,12]. Furthermore, laboratory
studies [13–15] demonstrate that the microscopic structure
of ice crystals is complex and highly dependent on the
environmental conditions.

To calculate optical properties of crystals with arbitrary
surfaces, numerically exact methods are available such as
the discrete dipole approximation [16,18], the pseudo-
spectral time domain method [17] and the invariant
imbedding T-matrix method [19], but their application to
particles with larger size parameters (defined as πD/λ,
where D is a characteristic length of the particle and λ is the
wavelength of light) is presently limited because of their
computational burden. Approximate methods based on
geometric optics (GO) [20,21] are often used for larger
particles. To account for crystal surface roughness, sto-
chastic approaches are implemented in such GO
he effect of roughness model on scattering properties of
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applications. Liu et al. [22] demonstrated that such sto-
chastic models are an efficient and relatively accurate
means for simulating scattering properties of crystals with
roughened surfaces. However, while such stochastic
approaches have been implemented in available GO codes
in significantly different ways [20,21,23], a thorough
investigation of the impact of the choice of roughness
model on the scattering properties of ice crystals is not
available to date. The goal of this study is to investigate how
the choice of microscale roughness model affects calculated
scattering properties of ice crystals.

In Section 2, we will first summarize different rough-
ness models and discuss their interpretation before
showing results in Section 3. We conclude the paper in
Section 4.
Fig. 1. Relative frequency of occurrence of tilts for the uniform (black
line) and Weibull (colored lines) models of surface roughness for
roughness parameter 0.2 (upper panel) and 0.7 (lower panel) and shape
parameter η varying between 0.5 and 1. Note the difference in vertical
scales. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)
2. Approach

To calculate scattering properties of hexagonal ice crys-
tals we use the Monte Carlo ray-tracing code developed by
Macke et al. [20,24]. In this study we used two models of
surface roughness that are both based on randomly tilting
the normal to the crystal surface by a certain angle at each
ray reflection or refraction event. The two models differ in
the assumed distribution of the random tilt angles. The
model originally used in [20] assumes that the zenith tilt
angle is distributed uniformly between 0° and some max-
imum angle smaller than 90° (i.e. σuni�90°), where the
parameter σuni is commonly referred to as the roughness
parameter. Shcherbakov et al. [23] performed calculations
and an analysis of the scattering properties of ice crystals
using the ray-tracing code from [20,24] with a model of
surface roughness implemented that is based on the two-
parameterWeibull statistics [25]. In this model the cosine of
the zenith tilt angle μ is generated using the following
expression:

μ¼ 1= 1þσ2 � ln tð Þ1=η
h �i1=2

;

where t is a random number uniformly distributed on the
interval [0, 1] and σ and η are two parameters determining
the height and shape of the distribution, respectively.

In both the uniform and Weibull models the azimuth
tilt angles are distributed uniformly between [0,2π].
Parameter σuni of the uniform distribution and parameter
σ of the Weibull distribution play similar roles and are
referred to as the “roughness parameter” below. Parameter
η of the Weibull model modifies the shape of the dis-
tribution. In particular, setting η¼1 results in a Gaussian
distribution as used by, e.g. [21]. Neshyba et al. [13]
demonstrated how the above parameters relate to a gen-
eral mean surface normal roughness metric. The code does
not handle the shadowing and ray re-entry effects asso-
ciated with highly tilted facets that occur more frequently
for high roughness parameters. For this reason we limit
our calculations to roughness parameters smaller or equal
than 0.7.

Fig. 1 compares the relative frequency of occurrence of
tilt angles as a function of the tilt angle in degrees for the
two models with the roughness parameter of 0.2 (upper
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panel) and 0.7 (lower panel) and Weibull shape parameter
η between 0.5 and 1. One can see that the uniform model
is characterized by a sharp drop-off at the maximum tilt
angle σuni�90° (18° and 63° , respectively) while the
Weibull models result in a smooth distribution that covers
all of the theoretically possible tilt angles. Furthermore,
Weibull distributions with all but the smallest shape
parameters result in a maximum in the tilt angles that is
sharper than the uniform distribution with the same
roughness. For the smaller roughness parameter, Weibull
distributions show a significant proportion of tilts higher
than the uniform threshold, while for the large roughness
this is only true for η smaller than approximately 0.75.

It is of interest how the model roughness parameter
relates to physical microscopically rough structures on the
ice crystals. Within the framework of the GO approxima-
tion, the problem of determining such structures is reduced
to constructing a physical crystal surface that, when illu-
minated by light rays, will result in a distribution of tilts
equivalent to the one represented by the roughness model.
The exact solution to this problem may be complex or may
not exist because the shape of such a surface may poten-
tially depend on the direction of incident and refracted rays.
he effect of roughness model on scattering properties of
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However, a simplified model of a physical surface may serve
as a useful visualization of the differences between the
theoretical models of roughness used in this study and
elsewhere. We consider a surface completely covered by
approximately hemispherical micro bulges. We then require
that light rays vertically incident to the surface plane and
spatially uniform would have angles of incidence on the
bulges equivalent to the distribution of slopes in the theo-
retical model. Fig. 2 shows the equivalent surface shapes in
arbitrary units for the model distributions presented in
Fig. 1. Presented this way, the surfaces representing the
uniform and Weibull distributions are strikingly similar,
which is consistent with the findings of Neshyba et al. [13].
For both models the height of the bulges increases for
higher roughness (note the difference in the vertical scale
for the two panels). One can see, however, that for larger
shape parameters η the Weibull model results in bulges
falling off from the maximum slower than the uniform
model, while the opposite is true for smaller values of η. For
larger roughness, extreme slopes are generally less likely for
the Weibull distribution compared to the uniform one,
resulting in gentler decreases at the sides of the bulges seen
in Fig. 2, while the opposite is true for smaller roughness
parameters.
Fig. 2. Equivalent micro-surface shape for the uniform (black line) and
Weibull (colored lines) models of surface roughness for roughness
parameter 0.2 (upper panel) and 0.7 (lower panel) and shape parameter η
varying between 0.5 and 1. Note the difference in vertical scales. (For
interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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To investigate the influence of the roughness model on
the calculated ice crystal scattering properties, in this
study we use our database of phase matrix, extinction,
scattering and absorption coefficients of ice crystals at
865 nm and 410 nm, initially created for the analysis of
measurements of the Research Scanning Polarimeter (RSP)
[26,27]. The calculations are performed using the geo-
metric optics (GO) code [20] for randomly oriented hex-
agonal plates and columns with crystal sizes correspond-
ing to equivalent-area spheres with radii between 5 and
320 μm. Note that the ray tracing part of calculations is
independent of size for the wavelength considered here at
which ice is essentially non-absorbing, while the diffrac-
tion at the projected cross-section included in the overall
results does depend on the crystal size. Each calculation
used 20,000 orientations and 32,000 rays per orientation.
The aspect ratios of columns and plates (defined as the
ratio of the height of the hexagonal prism to the diameter
of the circle circumscribed around the hexagonal face of
the prism) vary between 0.02 and 50 with 26 geome-
trically increasing steps for a total of 51 aspect ratios. The
calculations are made for the uniform roughness model
with the roughness parameter σuni varying between 0 and
0.7 in steps of 0.05. This results in around 10,000 calcu-
lations per wavelength. Calculations are also made for the
entire parameter set as described above but using the
Weibull model with the roughness parameter σ varying
between 0 and 0.7 in steps of 0.05 and the shape para-
meter η¼0.75. This value of the shape parameter is chosen
because it was reported in [23] to provide the best
agreement with observational data. In addition, to inves-
tigate the influence of the Weibull shape parameter, we
include calculations for η varying between 0.5 and 1 at
roughness values between 0.2 and 0.7 for hexagonal plates
and columns with projected areas equivalent to a sphere
with radius of 40 μm and with aspect ratios of 0.21 and
4.8, respectively, as well as for a prism with unity
aspect ratio.
3. Results

Figs. 3 and 4 show typical angular dependencies of the
phase function and degree of linear polarization (DoLP),
respectively, for the Weibull model with different shape
parameters η and roughness values of 0.2 and 0.7 and for
the corresponding uniform roughness model. One can see
that for the smaller roughness value significant differences
exist between the uniform and the Weibull phase func-
tions. At this roughness values of the 22° and 46° halo
features are strongly suppressed for the uniform model [9]
while they are still visible for Weibull model for all but the
highest shape parameters. The two models also differ in
the 120–140° and the backscattering regions, where the
uniform phase function is lower than the Weibull ones for
any η. For the high roughness (lower panel) the halo fea-
tures are absent for both models and the phase function
calculated with the uniform roughness model is within the
range of variation of the phase functions resulting from the
Weibull model shape parameters from 0.5 to 1. For this
roughness value, the largest variations resulting from
he effect of roughness model on scattering properties of
.doi.org/10.1016/j.jqsrt.2016.03.001i

http://dx.doi.org/10.1016/j.jqsrt.2016.03.001
http://dx.doi.org/10.1016/j.jqsrt.2016.03.001
http://dx.doi.org/10.1016/j.jqsrt.2016.03.001


Fig. 3. Angular dependence of the phase function for the Weibull model
with different shape parameters η [0.5, 1] (colored lines) and roughness
0.2 (upper panel) and 0.7 (lower panel) and for the corresponding uni-
form model (black lines). Hexagonal prism with unity aspect ratio cor-
responding to equivalent-area sphere with radius 40 μm. (For inter-
pretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

Fig. 4. Angular dependence of the DoLP for the Weibull model with
different shape parameters η [0.5, 1] (colored lines) and roughness 0.2
(upper panel) and 0.7 (lower panel) and for the corresponding uniform
model (black lines). Hexagonal prism with unity aspect ratio corre-
sponding to equivalent-area sphere with radius 40 μm. (For interpreta-
tion of the references to color in this figure legend, the reader is referred
to the web version of this article.)
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changing the Weibull model shape parameters occur in
the back-scattering region at the scattering angles greater
than 100° as well as in the region between 30° and 40°.
Interestingly, the uniform model produces a plateau
around 10–20°, while this feature is absent for the Weibull
model phase functions. We hypothesize that this plateau is
the result of the abrupt change in the uniform distribution
at the maximum tilt angle σuni�90° (see Fig. 1). Further-
more, the phase function calculated with the uniform
roughness model features a slight bump at scattering
angles around 90° that is not seen in the Weibull model
phase functions.

Similarly to the phase function behavior, Fig. 4 shows
that the angular dependence of DoLP for the uniform
roughness model is largely similar to the DoLP variation
for Weibull roughness models for the same values of the
roughness parameter. In general, DoLP is significantly lar-
ger for the low roughness value of 0.2. For this value, most
variability due to the change in the shape parameter
occurs for scattering angles between approximately 125°
and 145°. Yang and Fu [28] have shown that the DoLP of
compact, pristine hexagonal prisms at these scattering
angles are mostly determined by rays that undergo one,
Please cite this article as: Geogdzhayev I, van Diedenhoven B. T
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two or three internal reflections. In this region the uniform
model DoLP exceeds the Weibull model one for all con-
sidered shape parameters. For high roughness of 0.7, the
largest DoLP variation occurs at a wider range of side-
scattering angles between approximately 80° and 150° and
can be quite significant with differences in DoLP of
between 0.03 and 0.045 at 120°. For high roughness, the
DoLP resulting from the uniform roughness model features
a dip around 90° scattering angle, which is generally not or
only weakly present in the Weibull results and corre-
sponds to the bump seen in the uniform model phase
function at these scattering angles (Fig. 3). The variation of
DoLP with respect to roughness parameter using the uni-
form roughness model is also shown by [26], in addition to
its variation with respect to aspect ratio.

It is of interest to investigate the joint effect of rough-
ness and shape parameter changes on the optical proper-
ties of ice crystals. Fig. 5 shows the ratio of the asymmetry
parameter for the Weibull model to the asymmetry para-
meter for the uniform model as a function of the shape
parameter η and roughness. Left panels are for the wave-
length of 410 nm, right panels are for 864 nm. Top panels
are for plates with the aspect ratio of 0.21, middle panels
are for crystals with aspect ratio of 1, and bottom panels
are for columns with the aspect ratio of 4.8. Overall, dif-
ferences in asymmetry parameter of about 10% occur
he effect of roughness model on scattering properties of
.doi.org/10.1016/j.jqsrt.2016.03.001i
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Fig. 5. Contour plots of the ratio of the asymmetry parameter for the Weibull model to the asymmetry parameter for the uniform model as a function of
the shape parameter η and roughness. Left panels are the wavelength of 410 nm, right panels are for 864 nm. Top panels are for plates with the aspect ratio
of 4.8, middle panels are for crystals with aspect ratio of 1, bottom panels are for columns with the aspect ratio of 4.8.
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between the two models and the patterns are remarkably
similar for the two wavelengths and different aspect ratios.
As one may expect, the effect of the shape parameter
variation is small for less roughened crystals and increases
for higher roughness parameters. For roughness para-
meters less than approximately 0.55, the Weibull model
results in generally smaller asymmetry parameters com-
pared to the uniform distribution, while they exceed the
corresponding values for the uniform model for larger
roughness parameter and shape parameters larger than
about 0.75. For large roughness parameters, the two
models result in similar asymmetry parameters when the
shape parameter η is around 0.7–0.85. However, the shape
parameter that provides the smallest differences in
asymmetry parameter between the Weibull and uniform
models depends on the roughness parameter. In order to
further compare the two roughness models in the fol-
lowing, we use a shape parameter of 0.75, since for that
value the Weibull model produces asymmetry parameters
Please cite this article as: Geogdzhayev I, van Diedenhoven B. T
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comparable to the uniform model for both low and high
roughness parameters.

Fig. 6 shows a contour plot of the asymmetry para-
meter integrated over size for the uniform model (upper
panel), Weibull model with η¼0.75 (middle panel) for
various values of roughness and aspect ratio, as well as
their difference (lower panel). One can see that the two
models yield very similar ranges of asymmetry parameter
as well as similar dependencies on aspect ratio, with a
mean absolute difference of 0.006 (lower Panel). For this
choice of shape parameter, the Weibull asymmetry para-
meter is slightly below the value for the uniform dis-
tribution for the same roughness, except for very small and
very large roughness parameters, as was already con-
cluded from Fig. 5. Some substantial maximum differences
of up to about 0.015 are obtained around roughness values
of 0.5 and in particular for plates with aspect ratio of
approximately 0.4. Results for both models exhibit a valley
pattern aligned along the roughness parameter axis with
he effect of roughness model on scattering properties of
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Fig. 6. The asymmetry parameter for the uniform (upper panel) and
Weibull with η¼0.75 (middle panel) roughness model for various values
of roughness and aspect ratios. Also shown is the Weibull minus uniform
asymmetry parameter differences (lower panel). Reciprocal aspect ratio is
given for plates.
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smaller asymmetry parameters corresponding to crystals
with aspect ratios closer to unity and with increased
roughness. The increase of asymmetry parameter with
aspect ratio deviating from unity is somewhat stronger for
plates than for columns when plotted on a logarithmic
scale as in Fig. 6, which is in agreement with the results in
[20,,28]. This is true for both roughness models and is due
to the larger parallel surfaces of plates resulting in a
greater probability of light passing through the particle
with a minimal change of direction [28].
Please cite this article as: Geogdzhayev I, van Diedenhoven B. T
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The results of Figs. 5 and 6 indicate that the Weibull
model with shape parameter η of approximately 0.75
provides relatively close agreement with the uniform
roughness model for highly roughened crystals of various
aspect ratios in visible light. For smaller roughness, η
values close to unity provide the best agreement. It is of
interest to put this observation in the context of previous
studies. Baran and Labonnote [29] found that global
satellite-measured polarized reflectances of ice clouds are
best modeled using η¼0.85 and σ¼0.4 using a crystal
ensemble model with inclusions. Neshyba et al. [13] found
that η between 0.75 and 1 with σ¼0.4–0.5 is needed to
match electron microscope observation of ice crystals
roughness. Using nephelometer measurements of scatter-
ing by ice crystal, Shcherbakov et al. [23] retrieved Weibull
shape parameter values of between 0.73 and 0.77 with
σ¼0.05–0.25. Thus, available measurements are generally
consistent with shape parameter values of about 0.7–0.85.

Fig. 7 shows the surface plot of the angular dependence
of the size-integrated phase function for columns and
plates with different aspect ratios and a roughness para-
meter of 0.2. The forward peak is truncated. The upper
panel corresponds to the uniform roughness model, while
the lower panel is for the Weibull model with shape
parameter 0.75. The figure also shows the degree of linear
polarization color-coded according to the color bar on the
right. One important difference between the panels of
Fig. 7 is the presence of a plateau at scattering angles
between 5° and 20° for the uniform tilt model, while no
such feature is visible for the Weibull model. This plateau
is also observed in Fig. 3 for crystals of unity aspect ratio
and appears to be a general artifact of the uniform
roughness model for all aspect ratios. Other differences
include somewhat higher DoLP for the uniform model for
crystals with extreme aspect ratios, especially for columns.
Furthermore, a slight increase in DoLP towards back-
scattering visible for the uniform model is absent for the
Weibull model.
4. Conclusions

We investigated how the choice of roughness model
affects scattering properties of hexagonal ice crystals using
the geometric optics approximation. We compared the
influence on the phase function and DoLP by surface
roughness based on a one-parameter uniform distribution
and a two-parameter Weibull distribution of random sur-
face tilts. Note that the commonly used Gaussian dis-
tribution of crystal facets tilts is a special case of the
Weibull distribution. Calculations were performed at
865 nm and 410 nm for a representative set of ice crystal
sizes and aspect ratios. We found that for strongly
roughened crystals varying the Weibull shape parameter
between 0.5 and 1.0 results in a 7% change in the asym-
metry parameter compared to that calculated using the
uniform model value. For this range the largest variations
in the phase functions are found in the backscattering
region, while the DoLP is most variable at the side-
he effect of roughness model on scattering properties of
.doi.org/10.1016/j.jqsrt.2016.03.001i
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Fig. 7. Phase function (surface) and DoLP (color) for the uniform (upper
panel) and Weibull (lower panel) tilt models vs aspect ratio for roughness
0.2. Reciprocal of aspect ratio is given for plates. (For interpretation of the
references to color in this figure legend, the reader is referred to the web
version of this article.)
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scattering angles. For high roughness parameter of about
0.55–0.7, a value of around 0.75 for the shape parameter of
the Weibull distribution produces the closest overall
agreement in asymmetry parameter, phase function and
DoLP between the two models of roughness. For smaller
roughness shape parameters close to 1 provide a better
match between the two models. However, when rough-
ness is small significant differences in the phase function
and DoLP at side-scattering angles exist between the
uniform and Weibull models for any of the considered
shape parameters. Notable differences are observed in the
angular dependence of the phase function at 5–20° scat-
tering angles for crystals of all aspect ratios, where the
uniform tilt model produces a plateau while the Weibull
model does not.

The results presented here are based on single hex-
agonal prisms with various aspect ratios, while more
complex crystals are generally found in observed ice
clouds. However, it has been shown previously that com-
plex ice crystals that consist of hexagonal components
have scattering phase matrices that closely resemble the
scattering phase matrices of the individual components
[3,30–32]. Thus, the conclusions presented here are likely
qualitatively applicable to more complex structures such
as aggregates of columns, aggregates of plates and bullet
rosettes.

Compared to the influence that the level of roughness
and the crystal aspect ratio have on phase functions and
the DoLP, the effects due to choice of roughness model are
relatively small. This suggests that the choice of roughness
Please cite this article as: Geogdzhayev I, van Diedenhoven B. T
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model would have a relatively minor effect on, e.g., satel-
lite retrievals of ice cloud properties and calculations of ice
cloud radiative effects. However, subtle differences in the
DoLP functions between roughness models may influence
inferences of crystal geometry, roughness parameters and
asymmetry parameters from polarized reflectances mea-
sured by airborne or satellite-based polarimeters
[11,12,26,27]. Furthermore, the presented differences in
phase functions in the forward direction may influence
interpretations of ground-based measurements [33,34].
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