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TECHNICAL MEMORANDUM

EXTRACTING DAMPING RATIO FROM DYNAMIC DATA
AND NUMERICAL SOLUTIONS

1. INTRODUCTION

There are many ways to extract damping parameters from data or models. This Technical
Memorandum provides a quick reference for some of the more common approaches used in
dynamics analysis. Described are six methods of extracting damping from data: the half-power
method, logarithmic decrement (decay rate) method, an autocorrelation/power spectral density fit-
ting method, a frequency response fitting method, a random decrement fitting method, and a newly
developed half-quadratic gain method. Additionally, state-space models and finite element method
modeling tools, such as COMSOL Multiphysics (COMSOL), provide a theoretical damping via
complex frequency. Each method has its advantages which are briefly noted. There are also likely
many other advanced techniques in extracting damping within the operational modal analysis dis-
cipline, where an input excitation is unknown; however, these approaches discussed here are objec-
tive, direct, and can be implemented in a consistent manner.

Damping ratio, {, is characterized since it is commonly used in many disciplines. Though,
it should be noted that all linear damping parameters can be related to a single parameter such as
damping ratio. There are many ways to describe damping, e.g., damping ratio, quality factor, spa-
tial absorption coefficient, temporal damping coefficient, complex frequency, and many others. By
characterizing one parameter, the goal is to have a consistent way to compare damping from data
and models.

There are many ways to show or derive the damping ratio relationships described in table 1,
but the common assumption is that the system response behaves as a single-degree-of-freedom
(SDOF) time harmonic oscillator such as described in equation (1):

i+200 X+ x=F(@t)/m, (1)

where x is the dependent variable, @, is the angular undamped natural frequency, F(?) is the time-
dependent force, and m is a representation of system mass. Many systems can be represented in this
form including damped acoustic systems.! (- 8). 2 (pp. 22-26), 3 (p. 20)

Several other damping parameters are also related to damping ratio so that each method
can be consistently compared, whether by extracting damping from test data or from a theoretical
model. Table 1 provides a quick reference.



Table 1. Relationship for damping ratio.

Data Extraction Method

Damping Ratio Relationship

Notes

Half-power method

sz”é%pflfor§<0.05

Convenient estimate from spectrum.
Approximate for low damping ratio

Half-quadratic gain method

-1

2 4
é‘: l_ 4+4 fu_fl _ fu_fl
2 fp fp

Simple estimate from spectrum.
Exact for force-excited SDOF
response

General logarithmic decrement
method

1n(A,1/At2)

&= 2
\/(2;: fye) +n(4, /4, )

For a linear exponential decay
of an amplitude envelope. Exact
for unforced SDOF decay

Power spectral density /
autocorrelation method

Fitting method—see text

Used with PSD and autocorrelation
and allows for function fitting

Frequency response method

Fitting method—see text

Used on complex FFT and allows
for function fitting

Random decrement method

Fitting method—see text

Estimates a signal proportional to
autocorrelation and allows for func-
tion fitting

Other Damping Ratio
Relationships

Relationship

Notes

Complex frequency

Output from state-space models
and finite element method models

Logarithmic decrement

é’:
1
0 wneres=tm{r p |
4 271')2+62 where nn fl/ ;

£
I+ 1

o
( :

Traditional estimate. Evaluated
by selecting successive peaks.
Exact for unforced SDOF decay

Temporal absorption coefficient

(- B

Common estimate of physical
models—appendix C

2rf,
Spatial absorption coefficient § _a-c Classic characterization in acoustics
- 2 f and other branches of physics
n —appendix C
Quality factor 1 Classic figure of merit—appendix A




Separately, it is noted that a comparison of damping ratio between a state-space model, or
COMSOL output, and test data would also serve as a quantitative metric that may be used as a
level of validation of linearly stable systems. In evaluating combustion dynamics of a combustor,
for example, a damping parameter can be obtained from stationary and linearly stable test data,
at the onset of an instability where aclear linear growth is observed, or in the best case, during an
unforced free response decay. A linearized model cannot be compared to a nonlinear instability
using these metrics as the physics must follow the form of equation (1). Real systems do not behave
linearly in and near the ‘unstable’ regime where behavior includes limit cycles, nonlinearly coupled
harmonics and modulations, and complex chaotic behavior. In the combustion dynamics example,
equation (1) does not hold in this ‘unstable’ regime, i.e., damping parameters from data can only be
compared to a linearized model while in a stable regime.

1.1 Half-Power Method
The half-power method assumes an SDOF time harmonic oscillator and is best applied to
stationary data. The half-power method is commonly used in obtaining estimates of modal damp-

ing for structural vibrations.# (Pp- 110-120)

Quality factor, Q, is given exactly as equation (2) and is developed in appendix A:

1
- 2
Q 2 2)
Quality factor can be estimated with equation (3),5 (P-10) also developed in appendix A:
S
Q= for £<0.05. 3)
u_ Ji

The half-power method consists of selecting measured frequencies from a spectrum. The measured
peak center frequency of a response, j;, is selected assuming it is the frequency with maximum
power. This is an approximation because the maximum power for an SDOF occurs at the
undamped natural frequency. Frequencies are also selected above the peak, f,,, and below the peak,
J;, assuming they occur at the half-power level. With the assumption that the square of the SDOF
frequency response function (which is proportional to a power spectral density (PSD)) is propor-
tional to power, a PSD can be used to obtain the frequencies at the half-power level where the
amplitude is one-half the maximum peak and a fast Fourier transform (FFT) can be used to obtain
the frequencies at the half-power level where the amplitude is 1/+/2 the maximum peak. In reality,
this is true only as damping approaches zero. The quality factor approximation is only accurate at
low damping values, i.e., {< 0.05.

Combining equations (2) and (3) gives a convenient way of estimating damping ratio shown
in equation (4):

gz% for £ <0.05 . (4)
p



The approximations and associated error are discussed further in appendix A, which can be helpful
in understanding the acceptability of an estimated damping ratio or quality factor.

1.2 Half-Quadratic Gain Method

The half-quadratic gain method is developed in appendix A. It is an exact formula for
a forced, SDOF system and is given as equation (5):

-1

2 4
1 fu_fl fu_fl
S 7] NEU7Ael iy ) (e .
B [f][f] ®

Instead of approximating the power curve with the square of the frequency response function (or
PSD) as in the half-power method, the half-quadratic gain method uses the square of the frequency
response function directly in estimating damping. This provides an exact method of extracting
damping ratio from an FFT or PSD since for an SDOF system, an FFT spectrum is proportional
to the transfer function gain and a PSD is proportional to the square of the transfer function gain.

Unlike in the half-power method, the measured peak center frequency, f,, is equal to the fre-
quency of peak amplitude response for an SDOF and does not necessarily occur at the frequency
with maximum power. A PSD can be used to obtain the frequencies at the half-quadratic gain
level where the amplitudes are one-half the maximum peak and an FFT can be used to obtain the
frequencies at the half-quadratic gain level where the amplitudes are 1/ V2 the maximum peak. The
frequencies at the half-quadratic gain level are exactly the frequency selected above the peak, f,,,
and below the peak, f;, of the measured spectrum.

1.3 Logarithmic Decrement Method

The logarithmic decrement method assumes an SDOF time harmonic oscillator and is best
applied to underdamped exponentially decaying data. It is commonly used in obtaining modal
damping for structural vibrations.4 (PP- 87-98), 6 (pp. 52,53) However, given an impulse response from
an aperiodic transient, such as a combustion stability bomb in the combustion dynamics example,

a similar approach can be used to estimate the decay rate at a given frequency, assuming there is an
acoustically exponential decay of the amplitude envelope. First, a general approach will be described
followed by the classic logarithmic decrement.

For an underdamped system, 0 < { < 1, the particular solution (no force) of equation (1) is
the underdamped response and given by equation (6):7 (- 245)

ﬂ.X.e_gwnt cos(wdt—tan_l(q))) : (6)

p(t)= W

Pressure, p, is the dependent variable, w,, is the angular damped natural frequency, and p(0) is the
initial pressure amplitude condition. The factor X and the phase angle ¢ are discussed in appendix B.
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The angular damped natural frequency can be written as equation (7) for an SDOF. This is
the frequency that is observed during an SDOF free decay as indicated by the cosine argument in
equation (6):

w,=0, 1-¢2 . (7)

The decaying amplitude envelope of equation (6) is given as equation (8):7 (P- 249)

A(t) = "—(10)7‘;’ o ()

where A(¢) is the amplitude envelope. Analytically, using the Hilbert transform of the pressure,
H{p(1)}, it can also be shown that the amplitude envelope follows the form as expressed
in equation (9):8

A =| p()+iH { p(1)) =%e‘§ ol ©)

It is common to apply the Hilbert transform numerically to a data set to remove the oscillatory
components and reduce a time history to an amplitude envelope.

The decaying exponent can be defined using a parameter called the temporal absorption
coefficient, also referred to as the decay rate, shown in equation (10):

p=lo, . (10)

A ratio of two amplitudes on the decaying exponential curve can be written using equa-
tion (8) and is shown as equation (11) where #; and ¢, are subsequent times at any given amplitude
envelope value:

Alty) _ ~Blo-n)

(1D
A(t)
Equations (12) and (13) result when using A(tl) =4, ,and A(tz) =4, ,where 4, and 4,
are measured amplitude envelope values at #; and ¢5: : 2 : 2
—pT
A= (12)
and
1|4
=—In| —L|.
= [AJ (13)



Also, T=1,—1, where the parameter 7is the measured duration between the time of the measured
amplitude envelope values.

The response curve, equation (6), is tangent to the amplitude envelope curve, equation (8),
and the tangents do not occur at the oscillation peaks, 1.e., the local oscillation maxima are not
values that occur on the amplitude envelope curve.® (PP- 52.53). 7 (b. 249) However, it is important to
note that while values from the exact amplitude envelope are needed to produce an exponential fit
to the entire equation (8), the damping ratio can still be determined exactly using the local oscilla-
tion maxima to produce an exponential fit since the same decay rate is retained. Only the amplitude
of equation (8) would be incorrect with a fit to the local oscillation maxima; however, an amplitude
correction can be applied. This is discussed further in appendix B.

Equations (2) and (10) can be used to express the temporal absorption coefficient in terms
of damping ratio, shown in equation (14):

__B
£ = T (14)

However, the observed oscillations occur at the damped natural frequency for a decaying transient,
so equation (7) can be used to put the damping ratio in terms of measurable quantities:

c-—2F
Jers,) +

Simplifying further in terms of measurable parameters using equation (13) gives equation (16):

(15)

ln(Atl/Atz)

(- .
\/(Zﬂfdr)erln(Atl/Alz)

(16)

This is exact for a free decay and can be applied over any duration given values for the amplitude
envelope. For the linear period at the onset of a growing signal the formulation can only be used as
an approximation of a growth rate since the previous derivations are based on an ‘unforced’ decay
or free damped vibration.

In theory, while an actual envelope needs to be estimated for the general logarithmic decre-
ment approach described in equation (16), as noted previously, the local oscillation maxima values
can also be used to obtain the damping ratio. Using successive oscillation peaks to calculate damp-
ing is an approach known classically as the logarithmic decrement method. It is shown in appen-
dix B that this procedure also provides an exact value for damping ratio and that local oscillation
maxima values follow the same decay rate as the amplitude envelope. The logarithmic decrement,
d, is given as equation (17) where the sinusoidal peak amplitudes, P, and P, , are chosen between
successive peaks:0 (PP- 52.53) ! ?

6



s=n(p, /P, ). (17)
The logarithmic decrement can be generalized to  cycles as equation (18):6 (Pp- 55.56)

5_1

n

ol

where P, represents the sinusoidal peak amplitude value after n cycles. Combining equations (6)
and (17), where P(t) =P, . and P(t,) =P, 5 results in equation (19) and is further discussed
in appendix B:

5—111[%}—;6%(12_0 . (19)

This can then be simplified in terms of damping ratio shown in equation (20):

)

= , 20
TR (20)
where 7, is the period of a damped oscillation since this is the time duration between peaks of
free damped vibrations. The period can simply be calculated from equation (7) and is written as
equation (21):
= 1)
d~— - .
f1=¢7
Combining equations (20) and (21) and solving for damping ratio gives equation (22):
o
(=T—"—. (22)
J2r)? +82
Simplifying further in terms of measurable parameters, using the multiple-cycle form
of logarithmic decrement equation (18), gives equation (23):
n(r, /2, )
(23)

¢= > -
\/(27m)2 +n(p, /P, |



Since the exponential decay rate through the local maxima is the same as the decay rate of the
amplitude envelope, it can be observed that equation (23) is equivalent to the general logarithmic
decrement equation (16) applied over the duration of # cycles.

1.4 Autocorrelation and Power Spectral Density Method

This method assumes an SDOF time harmonic oscillator that has a constant power spectrum
input (white noise) and is applicable for stationary data. For the combustion dynamics example,
constant power spectrum input is approximate for combustion noise across a narrow bandwidth of
interest. In most applications, the excitation is sufficiently broad so as not to introduce significant
errors. The PSD and autocorrelation functions are known functions for an SDOF mechanical sys-
tem with a stationary process.”? (PP- 124-126) These are given as equations (24) and (25), respectively:

G (o) Gk
Rl 2 24
B A) -
and
nG fne_zﬂﬁlaf| )
R, (7)= Ve coqzm@rp":%ézmn@nﬁﬂﬂ), (25)

where ny is the one-sided output PSD, G is the input PSD amplitude (constant in this case with
white noise), k, is the representative stiffness, fis the frequency, f, is the undamped natural fre-
quency, f,1s the damped natural frequency, R, is the autocorrelation function, and 7 is the auto-
correlation time delay. The measured data can be reduced using the PSD and autocorrelation
functions and then fit to these forms to extract a damping ratio. To aid in fitting, equation (26)
gives the variance of the output spectrum:

» 7GY,
- L
Y 4§'ks

R, (0)=0 (26)

This is discussed further in references 9 (pp. 124—126) and 10.
1.5 Frequency Response Function Method

This method is similar to section 1.4 but directly fits data to a second-order system response.
The frequency response function gain, maximum gain, and phase for a second-order system
with harmonic excitation are known functions and given as equations (27) through (29), respec-
tively.? (PP 18-21) Noormally, these would be fit using linear cross spectrum (transfer function) given
an input and output measurement. This model assumes an SDOF time harmonic oscillator and
1s best applied to stationary data; however, in general, a frequency sweep input excitation can be

8



performed at sweep rates slow enough to capture the full response. Assuming the input is harmonic
over the spectrum, or in the case of white noise with superposition of harmonic components at
various frequencies, a damping ratio approximation can be obtained.

|H(f)|= j/f - 27)
\/[l—(f/fn) | +[2es18,]
F/k
Hmax :—[ ’ (28)
|H| YA
and
o(f)=tant | 25/ 1) n_ (29)
=(s/1,)

It is noted that some software tools may plot the fast Fourier transform (FFT) phase using the two-

argument arctangent which covers the entire circular range and equation (29) would be written as
_ 2
¢(f)=tan2 1(25 f / L 1=(111,) ) . Measured data can be reduced using the complex FFT and

fitting the data to the FFT phase and gain functions to extract a damping ratio. Its advantage is
the ability to optimize an estimate by fitting both gain and phase; however, it is also possible to fit
the form using just the gain or just the phase.

1.6 Random Decrement Method

The concept of random decrement is based on averaging enough samples of the same data
set to remove the random part and retain the deterministic part.!! (- 20) The deterministic part for
an SDOF response will be exactly proportional to the autocorrelation function under stationary
and Gaussian white noise conditions.!2 Under these conditions, the autocorrelation function is also
exactly proportional to the free decay response of the SDOF system. So the recovered deterministic
part, referred to as the Randomdec signature, can be used to interrogate the free decay of an SDOF
system.

An amplitude value is set at a level where the data fluctuations regularly exceed, filtered for
a specific mode. The filter signal captures the response of just the single mode. For each instant of
time the data set reaches this set amplitude level, a new time history is created by shifting the data
back to the initial time that the data first reached the set amplitude level. All of the time history
data sets are then averaged together. This signal is the Randomdec signature and is simply a trace
formed by a waveform averaging of a number of specially selected segments from an observed time
history.12



Damping ratio can be found by fitting the Randomdec signature using a Gaussian white
noise SDOF relationship such as equation (25) or applying a logarithmic decrement approach
as in equations (16) or (23). A simple approach is to fit the amplitude envelope curve of the Ran-
domdec data to the exponential form of equation (8).

1.7 Numerical Models

Eigenanalysis, or modal analysis, can be used to extract dynamic properties of systems
including damping ratio. This can be done traditionally using state-space modeling or for more
complex systems using the finite element method. First, the traditional state-space representative
approach is described and then an approach using COMSOL Multiphysics is described. COMSOL
Multiphysics is a finite element analysis, solver, and simulation software package for various phys-
ics and engineering applications, especially coupled phenomena, or multiphysics. Care must be
made when examining the solution in COMSOL. In the COMSOL eigen-solver, COMSOL does
not use the traditional definition of an eigenvalue.

1.7.1 Traditional Approach

A damped acoustic system is assumed to behave as the model in equation (1)! (- ).
2 (pp. 22-26), 3 (p20) and a pressure solution is described by equation (30), where P is the complex
pressure amplitude:? (PP- 22-26). 5 (p. 212)

p= P! (30)

The traditional state-space system defines the eigenvalue as A=i® and so, the frequency, in terms
of the eigenvalue, is expressed as f; =—Ai / 2. The complex eigenvalue is defined as equation (31):

A

trad =4+ b1, (31)

where a and b are the real and imaginary parts of the traditional complex eigenvalue, A, 4. For
asecond-order system, the eigenvalues (or system poles) are found such that the real and imaginary
parts are a= —{w, and b =+w,. The angular natural frequency and damping ratio can then be writ-
ten as equations (32) and (33), respectively:

w =a*+b? (32)

n
and

—d

e G3)

Equations (32) and (33) can also be observed clearly by examining an underdamped second-order
system in the complex plane.
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The angular damped natural frequency is given as equation (34):

w;=0,1-* = (34)

and the angular damped resonant frequency, or angular peak center frequency, @,,
is given as® (PP- 18-21) equation (35):

0,=0,\1-2 =\b? ~a® . (35)

Using the traditional definition of the eigenvalue, A= i27rf , and the definition from equa-
tion (31), the complex eigenfrequencies can easily be determined as equation (36):

. b a.
f[rad:fr-'_filzﬂ_gl > (36)

where f, and f; are the real and imaginary part of the complex eigenfrequency. So equation (36)
gives a=-2nf;and b=2rf, . These can be substituted into equations (32)—(35) which gives the
natural frequency, damping ratio, damped natural frequency, and peak frequency in terms of
the complex eigenfrequency shown in equations (37)—(40), respectively;

L=+ (37)
f;
C=ﬁa (38)
fa=\11 (39)
and
fy=1=5 (40)

1.7.2 COMSOL Approach

Opposed to the traditional definition, COMSOL defines the eigenvalues as A=—-id for
apressure solution of the form in equation (30) in the acoustic eigensolver and so, the frequency,
in terms of the eigenvalue, is expressed as f; = Ai/2x. This is a subtle difference from the tradi-
tional definition, but is important in the interpretation of the COMSOL results.

11



The COMSOL complex eigenvalue is described in equation (41):

AcomsoL = A, T 41 (41)
Because the COMSOL defined notation is A~y gor. = —Aaq» €quation (31) gives the COMSOL
eignevalues real and imaginary parts as A.=—a and A,=—b. Using these relationships in equa-

tions (32) and (33) gives the natural frequency and damping ratio in the COMSOL framework
as equations (42) and (43), respectively:

0, =\A;+ 2] (42)

ﬂ’r
g= ek (43)

Substituting these relationships into equations (34) and (35) as well gives the angular
damped natural frequency and angular damped resonant frequency as equations (44) and (45):

0, =0,1-* =[] (44)

and

and

0, =01-20% =22 -22 . (45)

Using the COMSOL defined eigenvalue, A=—-i2x f , and equation (41), the COMSOL
complex eigenfrequenies can easily be determined:

A AL
Jeomsor =/, + ;i :—ngjl . (46)

So equation (46) gives A,=—-2mf, and A.=2nf;. These can be substituted into equations (42)—(45).
This gives the natural frequency, damping ratio, damped natural frequency, and peak center
frequency, in terms of the complex eigenfrequency shown in equations (47)—(50), respectively:

Lo=AL7+ 1 47)
_
4 Y= : (48)

12



fi=|5] (49)

and

fy=A1=1 (50)

While the actual eigenvalues in COMSOL are negative of the traditional eigenvalues, the
key parameters, undamped natural frequency, damping ratio, damped natural frequency, and peak
frequency, are all estimated in the same manner in COMSOL as in the traditional approach. In
other words, equations using the traditional approach, equations (37)—(40), are identical to equa-
tions using the COMSOL approach, equations (47)—(50).

The damping ratio can be calculated from eigenvalues using equation (33) for traditional
state-space models and from equation (43) for COMSOL. The damping ratio can also be calculated
from complex frequency; equation (38) for a state-space model is identical to equation (48) for
COMSOL.
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APPENDIX A—QUALITY FACTOR, HALF-POWER METHOD,
AND HALF-QUADRATIC GAIN METHOD

A.1 Quality Factor

Quality factor is defined for a harmonic excitation at the undamped natural frequency

as the total energy stored, Eg .4, divided by the total energy lost, E; ., in one cycle:13 (pp-3-13)

szﬂ. Estored ) (51)

As described in reference 13, the total energy stored for the SDOF mechanical system can be
written as equation (52) using the response functions described in section 1.5:

E 1

2 _k 2
stored — Ekxmax = E‘H(f)‘ ) (52)

where x, . is the maximum value of the dependent variable, e.g., position or pressure, and the
energy dissipated over one cycle is equivalent to the work done by the applied force over one cycle:

2nlw
Eog= | Fydx= [ F)i(d. (53)
1 cycle 0

For an applied harmonic force of F sin(w?), the SDOF solution can be found and the terms in
equation (53) can then be written as equation (54):

2rwlw

Eoy= [ Fsin(ar) (H(f|ocos(wr-¢(f))dr . (54)
0
Using equation (29), this is simplified to equation (55):

Epy :2n§k(fi]|H( NP (55)
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Substituting equation (52) and equation (55) into equation (51) gives equation (56):

B 1
AN 9

With maximum power at the undamped natural frequency, the quality factor is given by
equation (57):

O=— . (57)

A.2 Half-Power Method

The time-averaged power over one period, given by equation (58), is similar to the energy
dissipated over one cycle described by equation (53):

2rlw

P=2" [ F()i(r)dr . (58)
2r
0
The average power over one cycle is then given as equation (59):
2
P=2nflk L \H(f)| . (59)
T
Immediately, it is seen that power is not a scalar multiple of gain squared since there is also

a functional dependence on frequency and damping ratio.

Expanding power by incorporating equation (27) gives equation (60):

22f¢(£/1,)F
P= .
272 2 (60)
VAN TIA

It can be shown by differentiating equation (60) that the maxima occurs at equation (61). There-
fore, the maximum power—no matter the damping ratio—occurs at the undamped natural
frequency? (PP- 14.15)

f=rf (61)
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The maximum power is found as equation (62) by substituting equation (61) into equation (60):

rf, F?
Pk = 2’;{ r (62)

Equations (60) and (62) can be used to solve for frequencies at half the maximum power.
With P=P_ . /2, the upper and lower frequencies are found by solving for damping ratio and given
as equations (63) and (64), respectively:

fop=[eHdE 1) g, (63)

and

ﬁ,,:(—@@)fn , (64)

where f,, p and f; p are the upper and lower frequencies at the half-power level on the SDOF power
curve. These are also referred to as the upper and lower half-power point, respectively. Subtracting
equation (64) from equation (63) gives equation (65):

fu,P_j[I,Pzzgfn : (65)
Equation (66) is found by rearranging equation (65):

fu,P - fl,P

27 (66)

L=

Therefore, it is verified that, when using the power curve, the half-power method is exact. Given the
undamped natural frequency and the power response curve, a damping ratio can then be estimated
exactly.

However, the undamped natural frequency and the power response are not usually known,
especially when extracting information from measured data. In the half-power method, an approxi-
mation is made that the square of the frequency response curve is the same functional form as
the power curve. With this approximation, the frequency at the peak amplitude of a spectrum is
assumed to be equivalent to the undamped natural frequency. Additionally, the frequency at the
half-power level on the power response curve is assumed to occur at half the quadratic gain level
on the frequency response function curve. With these approximations, the half power method can
be written approximately as

¢ zfg;fflfor £<0.05, (67)
p

16



where the frequencies can be extracted from the square of the frequency response function as
described in section 1.1.

Quality factor can also be approximated from equations (57) and (67) and written as
equation (68):

0~ f]E’f for ¢ <0.05 . (68)
u /

A.2.1 Half-Power Method Error
The error associated with the half-power method assumptions are eliminated as damping
approaches zero. This error can be visualized and estimated by comparing the power curve directly

to the square of the frequency response curve.

First, normalizing the power curve by the maximum power, using equations (60) and (62)
gives equation (69):

P (e

norm P

mas (1=(711,)) +e s8]

(69)

The frequency response function is previously given by equation (27) and rewritten here as equa-
tion (70). It can be shown by differentiating equation (70) that the maxima occurs at equation (71),
which was also mentioned as equation (35). The maximum value was previously given as equation
(28) and is rewritten here as equation (72):

Flk

RANEEAR

; (70)

H(f)=\/

f=y1=281,=1, (71)

and

Flk

H(f) (72)
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Next, normalizing the frequency response curve by the maximum power gives equation (73):

H _ =2
S oo - Ixfl(f(j;)| w H > (73)
T \(-(r000) +28714,)
Then, squaring equation (73) gives equation (74), the normalized form of the quadratic gain:
(¢ -¢*
H o = | ) (74)

(- +Cerin )

Comparing equation (69) to equation (74) directly shows that there is a notable difference. The
error and fractional error can be given as equations (75) and (76), respectively; and represents the
error associated with applying the half-power method to a PSD:

2 2(#2
20 f/f,) +4&7 (&7 -1
8:Pnorm _|H(f)|2n0rm _ ( / ) ( ) (75)

(-7 ) +ess)

and

Pnorm_H( )znorm n ?
Efrac = 1|D A =1_(1_§)(§j : (76)

norm

Figure 1 shows three comparative plots of the normalized power curve, equation (69),
and the normalized square of the frequency response function (normalized quadratic gain),
equation (74), for undamped natural frequency of f,=1,000 Hz and damping ratio of {=0.05,
£=0.10, and {=0.20. The intersection of the curve with the dashed line at an amplitude level of
0.5 represents the half-power point or the half-quadratic gain level. The separation of these points
represents a margin of error.

Another way to visualize the error is to examine what is the amplitude of the square of the
frequency response function (quadratic gain) when the frequency is at the half-power level based
on the power curve; i.e., using equations (63) and (64) in equation (74). This frequency always
occurs at half the power no matter what the damping. The error in using the normalized square
of the frequency response function can be visualized by observing the deviation of the value from
one-half. Figure 2 shows a representation of error margin associated with using the upper and
lower frequency half-power point. It is seen that as the damping value approaches zero, it becomes
acceptable to use the frequency response function at the half-quadratic gain level in the half-power
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method. But for values where £ > 0.05, the amplitude level on the quadratic gain curve at the
half-power point occur at values that diverge significantly from one-half. This is clearly observed
in figure 2. Since the gain-squared response curve shifts left from the power curve, as observed in
figure 1, the amplitude level at the upper frequency decreases and the amplitude level at the lower
frequency increases from the one-half-power amplitude level at the half-power point.

15 1.5 15

—— Power ¢=0.05 — Power ¢=0.10 — Power ¢=0.20
® —— Gain-Squared | f.=1,000 Hz © —— Gain-Squared | f.=1,000 Hz . —— Gain-Squared | f,=1,000 Hz
E Ef E
= s =
£ £ £
< < <
° =3 ©
S S S
E E E
o o o
= = =

T T T T T 0 T T T T T 0 T T T T T
700 800 900 1,000 1,100 1,200 1,300 700 800 900 1,000 1,1001,200 1,300 700 800 900 1,000 1,100 1,200 1,300

(a) Frequency (Hz) (b) Frequency (Hz) (c) Frequency (Hz)

Figure 1. Power and quadratic gain function plots using an undamped natural frequency
of f,,=1,000 Hz and three different damping ratios: (a) {=0.05, (b) {=0.10,
and (c) £=0.20.

——— Upper Frequency
Lower Frequency

0.8

0.6

0.4

0.2

Normalized Gain-Squared Amplitude Level

0 0.1 0.2 0.3 0.4 0.5

T (Damping Ratio)

Figure 2. Plot showing the expected amplitude level of the normalized quadratic gain
at the half-power point.



A.3 Half-Quadratic Gain Method

The half-power method is a convenient method to estimate damping for low damping ratio.
However, an exact method can be developed so the spectra can be used directly to estimate damp-
ing. Instead of assuming that the square of the frequency response function is proportional to the
power, the square of the frequency response function can be used directly to derive a formula to
estimate damping. The half-quadratic gain method considers that the system behaves as an SDOF
described by equation (1). Since a PSD is directly proportional to the square of the frequency
response function, it can be used at a specified level to estimate damping exactly. The formulation
1s based on using the frequencies that are associated with half the peak amplitude of the square of
the frequency response function.

Solving equation (77) using equations (70) and (72) gives the frequencies at half the gain
squared value:

2
H( f,)
) ”2| meX () (77)

The upper and lower frequencies, f W E? and f Jer at the half-gain-squared (half-quadratic gain)
level for an SDOF are found to be equations (78) and (79) in terms of the undamped natural fre-

quency:
f e =122 12, a8)
and
fg =120 20 107, 79)

The frequency at the peak amplitude of an SDOF is known in terms of the undamped natural
frequency from equation (71) and can be substituted into equations (78) and (79). This results in
equations (80) and (81):

A i el S

e ey (80)
and
20\1-¢7
o =1 g ®
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Although the expressions are much more complex, a similar approach as that used in the
half-power method to obtain equation (65), is used to obtain a half-quadratic gain formula.
Subtracting equation (81) from equation (80) gives equation (82):

2 2

1-2¢2

Solving this for damping ratio gives equation (83), and since a PSD of an SDOF is a scalar
multiple of the frequency response function squared, the following can be substituted:

f’Hz :fu andfl,Hz =f13

u

2 4\~
= 1 lata M _ M . (83)
2 Iy Iy
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APPENDIX B—FITTING A DECAYING EXPONENTIAL TO OSCILLATION MAXIMA

Appendix B shows that the decay rate of a decaying envelope of an SDOF underdamped
response is identical to the decay rate of a curve through the SDOF underdamped response local
maxima. This allows for determination of damping ratio based on an exponential fit through the
local maxima and also shows that the logarithmic decrement method is exact.

For an underdamped system, 0 < { < 1, the particular solution of equation (1) with pressure
as the dependent variable is given by equation (84):7 (P-245)

p(z):e—é“wnr [ \/167 p(o)+wi p(O)}sin(a)dt)+ p(0)cos(a, 1) |- (84)

d

The initial conditions are given as the initial pressure amplitude, p(0), and initial rate of change
of pressure, p(0). Equation (84) can be simplified using a linear combination of sinusoids,

acos(x) + bsin(x) =+ a? +b* cos(x—tan2-1(b,a)), where tan2-! is the two-argument arctangent and
covers the entire circular range.

By factoring equation (84) in such a way to obtain equation (85), the signum function of the
initial pressure amplitude emerges:

p(t)zp(o)ﬁfing(o)). X e *”" cos| w1~ tan2™! \/57 p(0)+wi p(0),p(0) || (85)

d

However, equation (85) can be further reduced to equation (86) since, in this form, a sign change is
nullified by the difference in phase between the two-argument arctangent and the standard arctan-
gent. Thus, the two-argument arctangent reverts back to the standard arctangent upon factoring
p(0) out of the /42 + p2 term. The initial amplitude, p(0), was originally factured out of X to retain
p(0) as an independent factor in equation (85). The simplified form is given as equations (86)—(88).
Equation (86) was previously written as equation (6):

p(0)

(1)=
n=4=5
:\/1+2CW PO (¢ 2)L(O)2 : (87)

p(0)ay, p(0)* w3

-X-e gw”tcos(wdt—tan_l(q))) , (86)

and
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4 p(0)
- ) 88
" o, ®

The amplitude envelope of equation (86) was given previously in equation (8).

For a zero initial rate of change of pressure, commonly examined in most textbooks,
equation (86) simply becomes equation (89),7 (- 245 and then the initial pressure at t=0
is exactly a local maximum for positive p(0):

p(ﬂzz;ﬁ%%%?we_ga%tcos(aht—ianfl(C/Vﬁt?EE)) . (89)

It is noted previously that the envelope of a damped free response is given as an exponential decay.
As shown in figure 3, the amplitude envelope (red curve), described in equation (8), is actually tan-
gent to the equation time history (blue curve) at locations near the oscillation maxima.

It can be shown analytically that the decay rate is identical for the decaying amplitude enve-
lope (red curve) and for an exponential decay through the response maxima (black dashed curve).
There is only an amplitude correction needed if the exponential decay envelope 1s desired. How-
ever, since the decay rates are identical, either the envelope or an exponential decay through the
maxima can be used to give the damping ratio exactly.

The local oscillation maxima of the decaying response function, equation (86), can be found
by calculating the derivative and solving the inequality equation (90). This will explicitly give
a range where the pressure is increasing beginning at a local minima and ending at a local maxima.

ap(t
LIONY (90)
ot
0.545
1 Free Decay Response —— Free Decay Response
Envelope Exponential 0.54 4 > —— Envelope Exponential
— — — Exponential Through Maxima N — — - Exponential Through Maxima
0.5 | N
® o 0535 AN
=] = N
2 2
5 04 5 053 N
E £ B
-0.5 1 fr=15Hz 0.525 \\\
£=0.10
4] pO)=10 0.52 N
N
T T T T 0.515 T T T T T
0 01 0.2 0.3 04 0.5 0.065 0.066 0.067 0.068 0.069 0.07 0.071
(a) Time (s) (b) Time (s)

Figure 3. Comparison of amplitude envelope to exponential through local maxima: (a) Free decay
response, envelope, and exponential through local maxima and (b) zoomed view.
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Simplifying the derivative, knowing that X' > 0 for 0 < { < 1, gives the following range
of tforn=0,1,2,...

Ltan_l(‘l’)+w<Z<Ltan_l(‘l’)+2n—” PO)>0and p(20
o o o o P(0)<0, p(0)>0, and p(0)/ (0)2~¢1-22 o,
2(0)<0 and 5(0)<0
al&))(tt)'>0 when than’l(‘Pszﬂ<t<witan71(‘f’)+‘(2najl)”’ p(0)<0, p(0)>0, and p(0)/ p(0)<~{1-¢2 /“’d
d d d d
p(0)>0, p(0)<0, and p(0)/ p(0)>~¢\1-¢2 oo,
L an ) 20T Ly 22T {p(O) >0, p(0)<0, and p(0)/ p(0)<~L1-¢% oo, .
wd a)d a)d a)d

)

The phase angle, V¥, in equation (91) is obtained when simplifying the derivative using the
arctangent difference trigonometric identity: tan—1(a) — tan~1(b) = tan2-1(a—b, 1 +a-b) and is given
as equation (92):

oI -¢  #0-(1-¢°)
=02 408 HON1-22 + p(0) ey,

The standard arctangent is used in equation (91), as appropriate conditions and periodicity are
incorporated throughout. From the ranges of an increasing response given in equation (91), the

local oscillation maxima can be determined to occur at fmax.n forn=0,1,2,...
1 B I p(0)>0 and p(0)=0
—tan (¥Y)+——, 7
o, @, p(0)<0, p(0)>0, and p(0)/ p(0)>~{\1-¢2 Joo,
2(0)<0 and p(0)<0
fmaxn = witan—l(avﬁ %ﬂ ., 1p(0)<0, p(0)>0, and p(0)/ p(0)<—C+/1-¢2 /a) y
d d
p(0)>0, p(0)<0, and p(0)/ p(0)>-{1-¢2 Joo,
witan‘l(sv)Jr(z”w;z)” , {p(()) >0, 5(0)<0, and p(0)/ p(0)<—~¢{\1-¢2 Jo, . (93)
d d
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Substituting equation (93) into equation (86) and simplifying gives the values at the maxima
forn=0,1,2,...

p(tmax, n )

e N(2) p(0)>0 and j(0)=0
p(0) X-e 1-¢? cos(2~n'ﬂ,’+tan71(’f’)—tanil(¢)), { . . 2
g2 p(0)<0, p(0)>0, and p(0)/ p(0)2—¢\1-¢2 o,

7#((2,%1).”“&{1(,{,)) p(0)<0 and p(0)<0
1’(0)2 SR cos((2:n+1) m+tan”!(¥)—tan"'(9)),  {p(0)<0, p(0)>0, and p(0)/ j(0)< ~01=8% oo,
1-¢

p(0)>0, 5(0)<0, and p(0)/ j(0)>~¢\1-¢7 Joo,
©) - S((2:n+2) m+tan” (9)

D e = cos((2:n+2) m+tan ™ (#) —tan "\ (9)), {p(0)>0, p(0)<0, and p(0)/ p(0)<—¢\1-¢% o,
1-¢

94)

The arctangent functions are not combined into the two-argument arctangent in equation (94);

however, the expression tan 2! (‘}’ -0, 1+ ¢)'1”) = tan_l('l’) - tan_l(qb) can be used to replace the
arctangent terms.

The value of the amplitude envelope at this time is different from the value at the response
function at the maxima and found by substituting equation (93) into equation (8) for n=0,1,2,...

o) gt {pm)>0andpu»zo
X-e
e p(0)<0, p(0)>0, and p(0)/ 5(0)=~L1-¢7 o,
. (241 7+an(9) p(0)<0and p(0)<0
Al )= Ptmar. )= POy, -0 p(0)<0, p(0)>0, and p(0)/ 5(0) <L 1-¢2 o,

1-¢2

:

p(0)>0, p(0)<0, and p(0)/ 5(0)>~L1-¢2 oo,
p(O) Y —%{2((2-n+2)<ﬂ+tan_l(‘l’))
2O

1 4‘2 , {p(0)>0,p(0)<0, and p(O)/p(O)S—é’«/l—é’z/a)d

-

95)
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There are several ways to show that both the decaying response amplitude envelope and the
decaying response through the oscillation maxima follow the same decay. The simplest approach

1s to examine the ratio of the amplitude envelope and the decaying response at all the times the

decaying response has a maximum. This ratio is equal to equation (96) for n=0,1,2,...

sec(2~n-ﬂ+tan_1(‘}’)—tan_l(¢))’ {P(O) >0 and p(0)=0

p(0)<0, p(0)>0, and p(0)/ p(0)2~L\1-22 o,
2(0)<0 and 5(0)<0
sec((2-n+1)- 7 +tan” (P)—tan™(9)). | p(0)<0, 5(0)>0, and p(0)/ p(0)<~{\1-¢% o,

p(0)>0. p(0)<0, and p(0)/ p(0)>—L\1-C2 Jo,

sec((z n +2)~7z'+tan_1('f’)—tan_l(q))) : {p(O) >0, p(0)<0, and p(0)/ p(0)<~L\1-¢2 Jo,

(96)

For all the maxima, i.e., all the integer values of n, with some manipulation, this simplifies to equa-

tion (97):

A([max,n) _ 1
p(tmax,n) \/l_é/2 .

O7)

The ratio is a constant for a given damping ratio and not dependent on frequency. This confirms
that the exponential decay rate for the amplitude envelope is identical to the decay rate of the
response maxima. Equation (97) also provides an amplitude correction factor to obtain the ampli-

tude envelope if a fitting expression is found based on the local maxima. An exponential fitting

exercise comparing the amplitude envelope and the exponential decay through the oscillation
maxima also verifies this solution.
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For completion, the time of tangent intersection is found by equating equations (8) and (86)
and solving for the time for n=0,1,2,...

1 . _1( ) Inm p(0)>0and p(0)=0
_ e
o ’ p(0)<0, p(0)>0, and p(O)/p(O)z—g,h_gz/wd

d 0y
2(0)<0 and p(0)<0

lintersection, n= witan_l(¢)+(2nwi)ﬂ s p(0)<0, p(0)>0, and P(O)/p(o) < —§\¢1—§2 /a)d
d d

p(0)>0, p(0)<0, and p(0)/ p(0)>—¢1-¢> /w y

than‘l(¢)+(2"w;2)” , {p(O) >0, p(0)<0, and p(0)/ p(0) < _g,h_g?/wd
d d

Substituting this into equations (8) or (86) and simplifying gives the values at the intersection

forn=0,1,2,...

A(Zintcrsection, n ) =

) .X'e—ﬁ(z-n-mtan‘l(m) { p(0)>0 and 5(0)20

J-c P(0)<0, p(0)>0, and p(0)/ j(0)2—¢\1-¢2 o,
2(0)<0 and p(0)<0

L {1 p(0)<0, 5(0)>0, and p(0)/ j(0)<~¢1-C7 Jo,
p(0)>0, 5(0)<0, and p(0)/ p(0) >—¢1-¢2 Jo,

_L((z»n+l)-n+tan_l(¢))

PO .,
J1-¢2

_L((2~n+2)-n’+tan_l(¢))

pO)

= , {p(0)>0,p(0)<o, and p(0)/ p(0)<—¢\1-22 o,

(98)

(99)
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APPENDIX C—OTHER RELATIONSHIPS

A damped time harmonic pressure wave can be written as equation (100):2 (®- 17), 5 (p. 212)

p(x,0)= P(eiwle—ikx)e—ax — P(eiwle—ikx)e—acl _ P(eia)le—ikx)e—ﬁl ) (100)
where ¢ is the sound speed, P is the pressure amplitude, p is the pressure, x is the spatial coordinate,
t is the time coordinate, & is the wave number, and @ is the angular frequency.

The temporal absorption coefficient in equation (100), S, is defined in equation (10).5 (Pp- 8-11.17)
This parameter is commonly used in physical models including acoustics and combustion
stability for example. It can also be represented as the spatial absorption coefficient
by equation (101):3 (- 299).5 (p. 217)

B=a-c. (101)

The temporal and spatial absorption coefficient can be written in terms of quality factor using
equations (10), (57), and (101):5 (pp- 8-11.17)

_ Ty _ Ty

. 102
0="p=T (102)
In terms of damping ratio, using equations (57) and (102):
B o-c
= - . 103
¢ 2nf,  2nf, (103)

These are listed in table 1 and can be compared to experimentally extracted values.
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