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A survey of low energy xenon ion impact sputter yields was conducted to provide a more 

coherent baseline set of sputter yield data and accompanying fits for electric propulsion 

integration. Data uncertainties are discussed and different available curve fit formulas are 

assessed for their general suitability. A Bayesian parameter fitting approach is used with a 

Markov chain Monte Carlo method to provide estimates for the fitting parameters while 

characterizing the uncertainties for the resulting yield curves. 

Nomenclature

𝐸 = Ion energy [eV] 
𝑀 = Atomic weight [g/mol] 
𝑃 = Pressure [Pa] 
𝑅 = Normalized residual [-] 
𝑅0 = Average lattice constant [Å] 
𝑆𝑛 = Nuclear stopping cross section [eV Å2] 

𝑇 = Temperature [K] 
𝑈𝑠 = Surface binding energy [eV] 
𝑌 = Sputter yield [atom/ion or mm3/C] 

𝑌′ = Normalized angular sputter yield [-] 
𝑍 = Atomic number [-] 
𝑎0 = Bohr radius = 0.529 Å 
𝑎𝐵𝑀  = Sigmund Born-Mayer potential  

   screening length = 0.219 Å 
𝑎𝐿 = Lindhard screening length [Å] 

𝑒 = Elementary charge = 1.602×10-19 C 
𝑗 = Current density [A/m2] 

𝑘 = Boltzmann constant = 1.38×10-23 J/K 

𝑚 = Particle mass [kg] 
𝑛 = Number density [1/m3] 
𝑠𝑛  = Reduced nuclear stopping power [-] 
𝜖 = Reduced energy [-] 

𝜀0 = Vacuum permittivity = 8.854×10-12 F/m 

   = 1.42×10-40 C2/eV/Å 

𝜃 = Ion incident angle [deg] 

 

Subscripts: 

𝑖 = Projectile ion 
𝑠 = Target surface material 

I. Introduction 

S electric propulsion (EP) technology continues to increase its use and expand its operational envelopes through 

growth in throughput and power,1 proper assessment of spacecraft integration becomes key to its success. One 

area of concern for long duration EP operation is plume impingement which can lead to degradation of spacecraft 

surfaces through ion impact sputter erosion. This erosion can lead to possible structural, thermal, electrical, optical, 

or other property degradation of various components. Depending on the nature of the specific EP device, its operating 

conditions, and the local geometry of spacecraft surfaces relative to the thruster(s), the flux of ions can vary widely in 

total fluence and energy. Even in regions of high angles away from the main core of the ion beam plumes, there will 

be a finite amount of deflected and charge exchange ions. In many cases, the ion energies, while relatively low 

(< 100 eV), can still be high enough to erode non-negligible amounts of material for missions with long EP operation 

durations. The goal of this work is to survey the sputter yields and characteristics of a number of relevant materials as 
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reported in the available literature, perform Bayesian analyses to apply fit formulas and calculate the resulting 

uncertainties, and to provide general guidelines for applying these sputter yields to assess spacecraft erosion. Reviews 

of available ion impingement sputtering measurements, modeling, and theory are a continuing process that steadily 

improve as we obtain more data.2,3 This survey certainly builds upon past work and it is expected to continue to evolve 

as new data and methods become available. 

 Sputter yields have a strong dependence on the species of the incident bombarding particles. Here, we focus on 

xenon data only, as xenon is the primary propellant that most state-of-the-art higher power EP devices are designed, 

tested, and flown with. A number of other propellant options have been and are currently being pursued for EP 

utilization, including other noble gases, iodine, ionic liquids, other dual-mode chemical propellants, and even in-situ 

collected gases among several options. The sputter yields and resulting erosion characteristics will need to be 

specifically reevaluated for those propellant choices. 

II. Background and Approach 

A. Available sputter yield measurements and uncertainties 

The estimation of thruster and spacecraft component life in the presence of EP plumes is fraught with relatively 

high uncertainties. The typical approach is to model an in-space plume profile and then assess the resulting erosion 

rate from the material sputter yield based on the plume properties at the plume-surface interface. Even focusing on 

just the sputter yield side of the equation—ignoring the uncertainties in the projected plume properties at high angles 

from the thrust axis for the moment—presents a number of challenges. The available sputter yield data for various 

materials tend to be rather sparse, and extrapolation to the range of interest can introduce high error. Even for regions 

where sputter yield data are available, there can be high uncertainties and conflicting results from different 

laboratories. Finally, even if the measurement data can be assumed to be precise and accurate, there are uncertainties 

in translating the yield results from laboratory conditions to actual in-space conditions. Table 1 has an incomplete list 

of sources of uncertainty in the measurement and application of various sputter yields reported in literature. Note that 

these uncertainties can apply to either or both the laboratory measurement and/or the application of the yield data to 

estimate in-space erosion rates. Many of these are discussed in further detail elsewhere,4 but some will be highlighted 

here below. 

 
Table 1: Sputter yield data uncertainty sources 

Category Uncertainties 

Ion energy 

Ion energy distribution function width and shape 

Multiply-charged ions and charge exchange ions 
Surface potentials especially for insulators or poorly grounded/biased samples 

Ion incident angle 
Beam divergence 

Surface roughness and local incident angle 

Ion flux 

Current density spatial profile 

Secondary electron emission 
High ion flux vs. low flux conditions 

Ion fluence  

Evolution of surface roughness and amorphization of surface layers 

Ion implantation 

Total measured erosion and signal-to-noise ratio 

Material 

Material density in converting atomic, mass, and volume yields 

Crystal orientation, grain size, distribution, defects/voids 

Preferential erosion and species ratios (surface vs bulk) in multi-component materials 
Bulk material vs thin foil vs thin deposited film  

Contamination 

Absorption/adsorption of contaminants (e.g. water vapor, nitrogen, etc.) 

Oxide layer formation or other reactive surface interactions 
Re-deposition of sputtered target material or from other sputtered facility surfaces 

Environment 

Facility backpressure during sputtering process  

Material temperature 

Sample tensile/bending loads while sputtering 
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There are three primary properties of the ion source that need to be properly characterized for impingement erosion 

calculations: the ion energy, incident angle, and flux (current density). Sometimes the assumption is made that these 

properties are relatively uniform and that the ion properties are well characterized by single values across the area of 

interest. However, in reality, each of the three parameters are better characterized as distributions. For example, for 

the ion energy, results are typically interpreted as the yield from a monoenergetic beam though there will nearly always 

be a finite distribution width. At very low energies, the distribution tail at the upper end can significantly drive the 

overall yield. Similarly, double or higher multiple-charged ions can drive the overall yield. Near threshold energies, 

relatively small changes in ion energy can result in yields that are orders of magnitude higher. For an ion source beam 

with a double-to-single charged ion current ratio of 𝑅𝑐 = 𝐼++/𝐼+ and a double-to-single energy yield ratio of 𝑅𝑦 =

𝑌++/𝑌+, then the resulting yield ratio over an assumed single-charged ions only beam will be 

 

 
𝑌 (with doubles)

𝑌 (only singles)
= 1 +

𝑅𝑦

2

𝑅𝑐

1 − 𝑅𝑐

 (1) 

 

This is plotted in Figure 1, and it can be seen for low energies near the threshold where the gradient in the yield with 

energy is steep and 𝑌++/𝑌+ can be very high, the effect can be significant. At higher energies, where the yield ratio is 

lower, the effect is diminished but still present. Conversely, a population of lower energy charge exchange ions—and 

high energy charge exchange neutrals—within the sputter facility can also result in a skewed interpretation of 

laboratory results and estimates of the total erosion rate. In addition to the ion source, the target material properties 

can also affect the ion beam properties at impingement. For example, a non-negligible surface potential can develop 

for insulating or improperly grounded materials, and the ion energies can then be further accelerated or decelerated 

prior to surface impact.5,6 

 

 
Figure 1: Change in total yield due to double-charged ions 

 

Any angular distributions due to beam divergence or oblique electric fields should also be well characterized. 

Material surface roughness can also affect the local incident angle.7,8 Furthermore, the surface roughness can change 

as a surface erodes under ion bombardment. Both effects of roughening7,9 and smoothing10,11 have been documented, 

as well as neither effect, where no significant change in surface roughness is observed7,10,12,13, which makes it difficult 

to know in advance what level of surface roughness will occur during testing of a new material. Some multi-component 

materials including alloys, ceramics, glasses, and composites may have an exaggerated issue of this effect due to their 

non-homogeneity. The formation of microstructures from preferential component sputtering rates and differing grain 

or fiber erosion will affect the local sputter yield.14-18 Even for pure elemental materials, the configuration of the crystal 

lattices or other highly anisotropic structures (such as the hexagonal layers of graphite) relative to the ion beam 

direction and surface normal has been seen to result in different sputter yields for certain conditions.19,20 It is presumed 

that for most multi-component materials, eventually a steady state is reached where the immediate surface becomes 

enriched in the lower sputter yield elements. Depending on the expected total fluence for the duration of the space 

mission, the erosion could be better characterized by either the steady-state or the initial preferential sputtering. 

Proper characterization of the current density profile is required to convert an erosion rate into a sputter yield or 

vice-versa. Uncertainties in the current collected or in the area which it is collected over will impact the reported 

sputter yield. Secondary electron emission (SEE) from the target material will directly affect the measured current and 

should be accounted for, and it can also impact the sheath and resulting surface potential for certain materials. One 
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other aspect that may also need to be considered is the effect of absolute ion flux on the sputter rate. If the ions impact 

the surface at a rate faster than previous ion impact energies can be locally dissipated by the material, the sputter rate 

may be accelerated compared to a surface which has sufficient time to locally relax after each ion impact. Too low a 

flux, however, can be adverse depending on the facility backpressure as discussed further below. In addition to the 

flux, the total ion fluence may also have uncertain effects on the sputter yield. As described above, the surface 

roughness may be affected over a period of ion bombardment. Certain materials may also form an amorphous layer 

after ion bombardment which may have a different yield than a crystalline or other structured surface.21,22 Higher 

fluences will also develop a concentration of implanted ions that may affect the yield.21,23 Generally, it is recommended 

sputter yield measurements employ higher fluences to remove the transient effects as the surface layer evolves with 

respect to roughness, amorphization, and ion implantation. In addition, the higher fluences should also result in 

improved measurements as the total amount of erosion will also be higher and reduces some of the relative uncertainty 

in the erosion measurement. 

Other test and facility variables can also have an impact on the accurate measurement of sputter yields. For one, 

the presence of contaminant species on and near the surface layers can also affect the sputter yield. These can include 

absorbed or adsorbed gas or vapor molecules,24,25 oxide layers,26 or other contaminants. The material samples under 

test need to be handled and treated appropriately such that these factors are either effectively eliminated or properly 

characterized and accounted for. Long duration (high fluence) sputtering can help remove the presence and effect of 

contaminating species and surface layers, but this is also dependent on the facility capability. Poor facility pumping 

will not sufficiently remove contaminants. One criterion put forth on acceptable background pressures is that the yield 

times the ion flux should well exceed the background flux times an effective sticking coefficient, 𝛾.4,27  

 

 𝑌
𝑗

𝑒
≫ 𝛾

𝑛

4
√

8𝑘𝑇

𝜋𝑚
  →   𝑃 ≪

𝑌

𝛾

𝑗

𝑒
√2𝜋𝑚𝑘𝑇 (2) 

 

As an illustration, a background presence of water vapor at room temperature where a fraction of 0.1 is assumed to 

stick or react with the target material surface and is used to calculate the partial pressure flux that is less than 10 times 

a given ion current density multiplied by a sputter yield level. Resulting data at different conditions are shown in 

Figure 2. In addition, several reported sputter yield test facility base pressures and current densities are shown for 

comparison. Though this pressure guideline is approximate, it can still be seen that achieving conditions to measure 

very low sputter yields quickly becomes rather stringent. In addition to the relative particle flux at the target surface, 

high background pressures can also reduce the mean free path for charge exchange and other collisions affecting the 

behavior of the ions and sputtered particles near the target. Also of interest is the rather wide range in reported 

experimental conditions shown in Figure 2 with both current density and the facility base pressure spanning several 

decades each. Other potential impacts of these variations may not yet be fully understood. Ionization and subsequent 

redeposition of sputtered material, even originating from other facility surfaces impacted by the ion beam, can also 

affect the final results and could be affected by both variables. A few other conditions may influence sputter yields 

including material temperature and mechanical loads. 

 

 
Figure 2: Reported sputter test facility base pressures and current densities  

along with the yield guidelines of Eq. (2) and described in the text. 
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The material sample form is another factor that should be considered for impacts to the sputtering yield. As 

mentioned above, even the crystalline structure of various materials can have an effect, and it would be imagined to 

be even more pronounced for multi-component materials where grain (or other feature) size and distribution can 

impact the resulting sputter yield. The material formation methods and processing (e.g. deposited films, sintered, 

rolled, annealed, polished, etc.) can impact the bulk or surface microstructure or the density of the resulting material, 

which again may affect the resulting yields. 

 There have been a fair number of investigations reported in literature on sputter yield assessment of various 

materials. Many of these result from the nuclear energy and materials processing fields where plasma interaction with 

materials needs to be characterized well. Unfortunately, many times, these investigations do not overlap EP 

characterization needs, as the ion source and species, the ion energies, or the target materials are out of scope of typical 

EP implementation. For most state-of-the-art EP devices, namely gridded ion engines and Hall effect thrusters, the 

propellant of interest is xenon gas, and for regions of the plume where impingement is likely to occur, the ion energies 

are relatively low, on the order of hundreds of eV or less. So available data in these ranges, for the materials of interest 

to spacecraft interaction, are limited. All of these considerations point to a need for a measured approach in evaluating 

the available data for application to spacecraft erosion from EP plumes. 

B. Sputter yield energy dependence at normal incidence models 

A number of empirical and semi-empirical equations to describe the sputter yield as a function of the ion energy 

and incidence angle have been proposed and used over the years. Most of these fits assume the energy and angular 

dependence of the sputter yield are independent of each other. Specifically, the energy dependence is typically 

calculated for yields at normal incidence and then the angular dependence is then subsequently applied as a 

multiplicative factor, 

 

 𝑌(𝐸, 𝜃) = 𝑌(𝐸, 0) ⋅ 𝑌′(𝜃) (3) 

 

There are fundamental issues with this approach that will introduce some level of error. For example, the sputter 

threshold energy is not necessarily constant across different incidence angles, particularly for scenarios where the 

projectile ion mass is significantly greater than the surface atom mass.28,29 For the case of xenon, this will be true in 

most cases as xenon has a relatively high atomic mass compared to most other elements under consideration. However, 

there is yet no detailed theoretical development to date that adequately addresses this phenomena. Another item that 

affects the accuracy of these equations is that the angular portion of the sputter yield equations is typically applied as 

a factor to the energy dependence sputter yield at normal incidence. Since the sputter yield at normal incidence is often 

lower than yields at other incidence angles, the absolute errors on experimental measurements of materials at normal 

incidence will translate into larger relative errors which in turn are then further exacerbated at other incidence angles. 

However, most of the existing literature is based on the Eq.(3) assumption, perhaps primarily driven by experimental 

constraints and available data. This work will continue to follow this approach, but it is recommended that further 

advances in establishing yield curves consider a comprehensive approach with both ion energy and incident angle 

inherent in the derivation. 

Most of the existing sputter yield curve formulas have been developed and applied to elemental materials. Certain 

parameters in these equations, such as the screening length, are dependent on the atomic numbers and atomic masses 

of the projectile ion and target atom, which are ill-defined for multi-component target materials. In addition, 

preferential sputtering and/or polyatomic cluster sputtering are not distinctly addressed by these models either. Hence, 

their application to non-elemental materials may not fully capture their sputter characteristics. A large portion of 

available sputter yield data has been collected for high energy ion impacts in the keV and higher range, but limited 

data exist in the low energy range. The difficulties associated with accurate measurement of low energy sputter yields 

have also resulted in poorer validation and matching of these sputter yield equations to low energy sputtering. 

However, keeping these caveats in mind, some of the more notable formulas that exist to describe basic energy 

dependent sputter yield relations are provided below in Table 2. Note that this is certainly not a comprehensive list, 

but just a subset of various semi-empirical sputter yield relations developed over the years. 
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Table 2: Energy dependence at normal incidence sputter yield formulas 

Name Original monatomic formula Generalized form 
Free 

parameters 

Sigmund30 𝑌 = 0.042
𝛼

𝑈𝑠
𝑆𝑛 𝑌 = 𝑄𝑠𝑛 𝑄 

Bohdansky31 𝑌 = 0.042
𝛼

𝑈𝑠

𝑅𝑝

𝑅
𝑆𝑛 [1 − (

𝐸𝑡ℎ

𝐸
)

2
3

] [1 −
𝐸𝑡ℎ

𝐸
]

2

 𝑌 = 𝑄𝑠𝑛 [1 − (
𝐸𝑡ℎ

𝐸
)

2
3

] [1 −
𝐸𝑡ℎ

𝐸
]

2

 𝑄, 𝐸𝑡ℎ  

Yamamura32 𝑌 = 0.042 𝑄
𝛼∗

𝑈𝑠

𝑆𝑛

1 + Γ𝑘𝑒𝜖0.3
[1 − √

𝐸𝑡ℎ

𝐸
]

𝑠

 𝑌 = 𝑄𝑠𝑛 [1 − √
𝐸𝑡ℎ

𝐸
]

𝑠

 𝑄, 𝑠, 𝐸𝑡ℎ 

Eckstein33,34 
𝑌 = 𝑄𝑠𝑛

(
𝐸

𝐸𝑡ℎ
− 1)

𝜇

𝜆
𝑤

+ (
𝐸

𝐸𝑡ℎ
− 1)

𝜇 

𝑤 = 𝜖 + 0.1728√𝜖 + 0.008𝜖0.1504 

𝑌 = 𝑄𝑠𝑛

(
𝐸

𝐸𝑡ℎ
− 1)

𝜇

𝜆
𝑤

+ (
𝐸

𝐸𝑡ℎ
− 1)

𝜇 
𝑄, 𝜆, 𝜇, 𝐸𝑡ℎ 

Wilhelm35 𝑌 =
ℎ2/1

24

𝜎(𝐸𝑡ℎ)

𝐸𝑡ℎ
2 𝑁2/3 (

(𝑀𝑠/𝑀𝑖)2

1 + 2𝑀𝑠/𝑀𝑖
)

3/2

(𝐸 − 𝐸𝑡ℎ)2 𝑌 = 𝑄 (
𝐸

𝐸𝑡ℎ
− 1)

2

 𝑄, 𝐸𝑡ℎ  

 

Most of the energy dependent sputter yield relations in Table 2 are based on Sigmund’s original formulation, 

 

 𝑌 =
3

4𝜋2

2

𝜋𝜆0𝑎𝐵𝑀
2

𝛼

𝑈𝑠

𝑆𝑛 ≈ 0.042
𝛼

𝑈𝑠

𝑆𝑛 (4) 

 

where the dimensionless parameter 𝜆0 = 24 and 𝛼 is another dimensionless parameter that accounts for the effect of 

mass ratio between the ion and surface atom and the incident angle.30 That leaves the nuclear stopping cross section, 

 

 𝑆𝑛 = 4𝜋𝑎𝐿

𝑒2

4𝜋𝜀0

𝑍𝑖𝑍𝑠

𝑀𝑖

𝑀𝑖 + 𝑀𝑠

𝑠𝑛  (5) 

 

as the sole term with a dependence on ion energy. In turn, it is proportional to the reduced nuclear stopping power, 𝑠𝑛. 

Several forms of 𝑠𝑛 have been proposed and the Thomas-Fermi (TF) potential form, 

 

 𝑠𝑛
𝑇𝐹 =

3.441√𝜖 ln(𝜖 + 2.718)

1 + 6.35√𝜖 + 𝜖(6.882√𝜖 − 1.708)
 (6) 

 

has been traditionally used. However, it has been acknowledged that the Thomas-Fermi form is generally too high for 

application at low impact energies.36,37 A form based on the Krypton-Carbon (KC) potential,  

 

 𝑠𝑛
𝐾𝐶 =

0.5 ln(1 + 1.2288𝜖)

𝜖 + 0.1728√𝜖 + 0.008𝜖0.1504
 (7) 

 

is now generally preferred. Other formulated potentials, such as ZBL, could also be presumably used to calculate the 

nuclear stopping power at low energies. The reduced nuclear stopping power is typically expressed as a function of a 

reduced energy, 

 

 𝜖 =
𝑎𝐿

𝑍𝑖𝑍𝑠

4𝜋𝜀0

𝑒2

𝑀𝑠

𝑀𝑖 + 𝑀𝑠

𝐸 (8) 
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where the Lindhard screening length is 

 

 𝑎𝐿 = (
9𝜋2

128
)

1/3

𝑎0(𝑍𝑖
2/3

+ 𝑍𝑠
2/3

)
−1/2

 (9) 

 

Since the front terms of Sigmund’s equation (4) are not dependent on the ion energy, they can for simplicity be folded 

into an empirical scaling parameter, 𝑄, that is dependent on the ion and target surface species as well as the incident 

angle, and the yield can then be expressed in a generalized form as 𝑌 = 𝑄𝑠𝑛. 

Sigmund’s formulation, however, did not take into account certain mechanisms present for low energy sputtering 

as it was originally derived assuming linear collision cascades are the dominant mechanism of sputtering events. 

Several of the assumptions in the derivation of the Sigmund form do not hold for very heavy or light ions, nor for low 

energies or grazing incidence angles.30 Both Bohdansky and Yamamura introduce correctional terms to try to adapt 

Sigmund’s derivation to include these other regimes. For example, they both introduce a factor of 1 − (𝐸𝑡ℎ/𝐸)1−𝑚 to 

account for the decrease in the sputter yields near the threshold energy to relax certain assumptions of the primary 

recoil atoms, where 𝑚 here is an exponent used in a generalized power law interatomic potential. Bohdansky 

recommends 𝑚 = 1/3, while Yamamura uses 𝑚 = 1/2 to cover a broader range of energies.31,38 The particular value of 

𝑚 is not well defined and is dependent on energy, but for low energies 𝑚 has been generally approximated to lie 

between zero and 1/3. Bohdansky has a second additional term based on the threshold energy, (1 − 𝐸𝑡ℎ/𝐸)2, to 

account for the momentum distribution of the recoiling target atoms. Both Bohdansky and Yamamura also expand 

their relations to cover light ion sputtering as well. These will not be considered in depth here, but the additional terms 

are either independent of energy (e.g. 𝑅𝑝/𝑅) and can be subsumed into the scaling parameter, 𝑄, or are largely 

negligible for heavy ions at low energy (i.e. Γ𝑘𝑒𝜖0.3 ≪ 1) and can be ignored for our specific regime of interest here. 

There is an exponent, 𝑠, for the Yamamura form that arises from the light ion derivation and is calculated as a value 

of 2.8 with an assumption of 𝑚 = 1.39 Later empirical fitting of 𝑠 is generally limited to 2.5 or 2.8 across a number of 

target species, but the fits are applied across a wide range of ion energies.32 Based solely on the theoretical derivation 

for low energy heavy ions, 𝑠 may best be approximated by unity for this particular regime. 

Eckstein introduces a more empirical based correction factor for the low energy sputter data.33,34 Here the exponent 

𝜇 is not strictly tied to the power law assumed 𝑚, but becomes a free parameter for fitting. Another parameter, 𝜆, is 

used to trigger the onset of the decrease. One of the reasons behind these adaptations is that the Bohdansky and 

Yamamura additions are relatively fixed profiles that ramp down the yield as the threshold energy is approached, but 

have achieved limited accuracy in describing experimentally measured profiles. To highlight this, generalized forms 

of the sputter formulas are shown in Table 2 and the additional low energy terms based on the threshold energy can 

be more clearly seen. These additional terms are plotted below in Figure 3 to further highlight their transition from 

zero near the threshold energy to unity at high energies. Both the Bohdansky and Yamamura forms are relatively 

locked into limited profile shapes independent of the species involved. Unfortunately, matching both the sputter yield 

profile shape and a threshold energy to available data with these equation forms has been found to be wanting. Of 

course the tradeoff with the Eckstein form is that there are more free parameters involved and will thus be very 

dependent on the data available for fitting. 

 

 
Figure 3: Sputter yield fit threshold energy transition functions 
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Finally, the last sputter yield curve presented is one by Wilhelm based on quantum-statistical analysis for very low 

energy sputtering near the threshold energy.35 Here, the special low energy case of a three body sputtering mechanism 

is considered and a generalized relation of 𝑌 = 𝑄(𝐸/𝐸𝑡ℎ − 1)2 is derived. This relation is not applicable at higher 

energies, but shows fair agreement for around tens of volts above the threshold. While this formula is not further 

examined here due to the relatively narrow set of cases the analysis assumptions apply to, it is presented as an 

interesting alternative approach from the other ones above based on Sigmund’s original work. 

With any of these sputter yield formula, the free parameters, whether one or several, typically require some 

available data to fit them for use. For the Yamamura or Eckstein formulas, a number of fit parameters for some 

elemental species have been previously provided based on available data, though these fits are based on a relatively 

wide range of incident energies and may be of limited use for low energy yield accuracy.32,34 Others have tried to 

remove some of the purely empirical or free parameter fitting aspects of the Bohdansky and Yamamura formulas by 

providing semi-empirical relations based on material properties.36,40 In the absence of any measurement data to 

correlate a sputter yield curve, these relations can be used as first-order approximations for elemental materials, but 

should be taken into account with appropriate margins when applied to EP plume erosion cases. 

One parameter in particular, the threshold energy value, is difficult to assess experimentally or analytically, yet 

strongly influences the curve fits. There have been many attempts to define it in a semi-empirical manner.32,33,36,41 For 

the elemental materials, a strong dependence to the surface binding energy (often taken to be the heat of sublimation, 

if known) and the mass ratio has been noted. However, the threshold energy can show a notable amount of scatter 

from these parameters. In addition, extrapolation of these relations outside the ranges where the fits are derived can 

lead to serious error. For example, carbon, which has a relatively high heat of sublimation and a very low molecular 

mass ratio with xenon, drives the calculated threshold energy estimates from these semi-empirical relations to be rather 

high, well above 100 eV. However, sputter experiments with graphite have shown detectable sputter yields for xenon 

ion energies below 50 eV. Since an incorrect threshold energy can introduce significant error for calculated sputter 

yields at low ion energies, special care must be taken in the values used for curve fitting as further described in the 

approach below. 

A special note should be taken regarding multi-component materials including alloys, oxides, ceramics, plastics, 

and composites among others. The formulation of the yield formulas above assumed elemental materials where the 

atomic number and mass are well defined. Even the unit of the resulting sputter yield, atoms per ion, is only cleanly 

defined for a monatomic material (hence sputter yields are sometimes provided in units of volume per ion fluence, 

mm3/C for example). Specifics of multi-component material sputtering is complex involving preferential sputtering 

and potential effects of mesoscale structure (e.g. grains or fibers) and deserves a dedicated treatment of its own. As a 

first-order approximation, however, the yield formula still can be applied in a general sense. The reduced energy in 

Eq.(8) above can be approximated with effective atomic number and mass based on mole fraction weighted averages. 

The reduced nuclear stopping power, 𝑠𝑛
𝐾𝐶 , is plotted in Figure 4 to show the relative differences across a range of 

elements from relatively light (e.g. carbon) to heavy (e.g. gold) from xenon ion bombardment. The differences in 𝑠𝑛
𝐾𝐶  

for the energy range of interest is limited to approximately a factor of two. Since most multi-component materials of 

practical interest are primarily composed of lighter elements, the differences will be even lower and using averaged 

values will be generally adequate. The primary influence on the yield functions near the threshold energy are from the 

different proposed transition functions, which do not require atomic number or mass in the calculation. Since the 

conversion of the atoms/ion sputter yield to a volumetric or linear erosion rate involves the molecular mass and 

material density, the averaged molar mass can be used again as a first-order estimate though this assumes the sputtering 

occurs in a stoichiometric fashion. As an alternative, the curve fitting routine can be applied directly to data in units 

of mm3/C (or equivalent) to avoid the conversions. Again, this is just a simple first-order approximation; accurate 

characterization of multi-component material sputtering should examine the assumptions more thoroughly. 
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Figure 4: Reduced nuclear stopping power for xenon ion impacts with various elements. 

C. Sputter yield angular dependence models 

A selection of proposed angular dependence portions of the sputter yield from Eq.(3) are presented in Table 3. For 

Yamamura’s formula, the free parameters, 𝑓 and 𝜃𝑜𝑝𝑡, are found to be dependent on not only the species, but also the 

ion energy. A few semi-empirical fits of these parameters are also provided to help guide the estimates for these 

parameters, though again these fits have varying degrees of agreement with the available experimental data.29,36 These 

semi-empirical fits are based in turn on the Sigmund 𝑓𝑠 parameter and the average lattice constant 𝑅0, which are 

tabulated by Yamamura for a number of elements.42 Eckstein builds on the general Yamamura form, but includes 

additions to account for problems that arise for low incident energies and self-bombardment.33 The three free 

parameters there for the angular fit are also generally dependent on the ion energy, though no semi-empirical relations 

are provided to guide the parameter value selection for energies with no data available for fitting and comparison. 

 
Table 3: Angular dependence sputter yield formulas 

Name Formula Free parameters 

Yamamura29,* 

𝑌′ = (cos 𝜃)−𝑓 exp[𝑓 cos 𝜃𝑜𝑝𝑡 (1 − (cos 𝜃)−1)] 

𝑓 = 𝑓𝑠 (1 + 2.5
√𝐸𝑡ℎ/𝐸

1 − √𝐸𝑡ℎ/𝐸
) 

𝜃𝑜𝑝𝑡 =
𝜋

2
−

286

180
𝜋𝜓0.45 

𝜓 = (
𝑎𝐿

𝑅0

)
3/2

√𝑍1𝑍2(𝑍1
2/3

+ 𝑍2
2/3

)
−1/2 1

𝐸
 

𝑓, 𝜃𝑜𝑝𝑡 

Eckstein33,† 𝑌′ = (cos 𝜃𝑐)−𝑓 exp[𝑏(1 − (cos 𝜃𝑐)−1)] 𝑓, 𝑏, 𝑐 

Wei43 

𝑌′ =
𝛼

𝐴
cos 𝜃 exp (

𝑎2

2𝛼2 [1 −
𝛼2

𝐴2 cos2 𝜃]) 

𝐴2 = 𝛼2 cos2 𝜃 + 𝛽2 sin2 𝜃 

𝑎, 𝛼, 𝛽 

*The Yamamura equation and variables shown here were formulated for heavy ions 
†The Eckstein formula shown here assumes noble gas ions 

 

Wei extends Sigmund’s original theoretical formulation to examine angular effects.43 Here, the parameters 

correlate to the projected energy range, 𝑎, and the longitudinal and transverse straggling ranges, 𝛼 and 𝛽, respectively. 

The equation can be reformulated as 

 

 𝑌′ =
1

√1 + (𝛽/𝛼)2 tan2 𝜃
exp (

1

2
(

𝑎

𝛼
)

2

[1 −
1

1 + (𝛽/𝛼)2 tan2 𝜃
]) (10) 
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In this form, the formula is reduced to two effective parameters, a ratio of the transverse to longitudinal straggling 

ranges (𝛽/𝛼) and a ratio of the projected energy range to the longitudinal straggling range (𝑎/𝛼). These ratios can be 

calculated as a function of the mass ratio and a power approximation exponent, 𝑚, while being independent of ion 

energy.44 For low energy conditions, 𝑚 = 1/3 is generally a fair approximation. For xenon ions, which are relatively 

heavy to most target species, the ratio of the projected energy range to the longitudinal straggling range will generally 

be greater than one while the ratio of the transverse to longitudinal straggling range will be less than one.44,8 Some of 

the reported values of the projected energy and straggling ranges used to match to experimentally measured sputter 

yields43 do not appear to strictly hold to the expected theoretical values, however. For the Wei formula, the maximum 

yield multiplier and the angle at which it occurs are found to be 

 

 𝜃𝑚𝑎𝑥 = tan−1 √
(𝑎/𝛼)2 − 1

(𝛽/𝛼)2
;     𝑌𝑚𝑎𝑥

′ =
1

(𝑎/𝛼)
exp (

1

2
((

𝑎

𝛼
)

2

− 1)) (11) 

D. Bayesian parameter fitting approach 

The process used here to fit parameters to the available low energy xenon ion impact sputter yield data follows a 

Bayesian approach as also used by Eckstein.33,45 The high levels of uncertainty in the available published data lends 

itself to be examined using probabilistic Bayesian data analysis. The relative disagreements in some of the published 

sputter yield data are much too disparate to be aleatory in nature, but rather likely indicate epistemic issues. The 

published literature sources of sputter yield data are not always fully descriptive of the process, variables, and potential 

uncertainty sources, and even the ones that are more extensive in detail do not show exhaustive accounting of all 

potential variables. The effects of even one uncontrolled or unconsidered variable (e.g. multiply-charged ions, charge 

exchange ions, secondary electron emission, oxide layers or other contaminants, improper grounding, etc.) could 

potentially be substantial. Due to these unknowns, the realized uncertainty on the published yields may be significantly 

greater than the stated error bars typically ranging from 50% to just a few percent. Even comparing sets of data from 

two different laboratories, the published yields can vary by over an order of magnitude in some cases. For the purposes 

of EP plume spacecraft interaction, where ion current densities can range by orders of magnitude with relatively small 

changes in position, and where mission throughput requirements can also vary significantly, an estimate of the overall 

magnitude of the sputter yields may be sufficient for most general purposes. In addition, since the total erosion is 

calculated by multiplying the yield with the current density and the total duration or throughput, it is really the 

multiplicative, rather than the additive, uncertainties that are of interest. For the latter, a Gaussian distribution of the 

data and its uncertainties is often applied (unless a more relevant distribution can be specified), but for the former case 

that applies here, a lognormal distribution is used to describe and fit the data. Other distributions—or their logarithmic 

forms—may also be considered such as the Jeffreys or the Cauchy distributions as they have a longer tail than the 

normal and may be more accommodating of outlier data points. A generous 3σ uncertainty of a factor of two is 

assigned for the results presented here, in part due to the nature of the available data as described above, but also to 

broaden the resulting phase space for examination of yield fit trends. 

The Bayesian approach is used here to generate posterior probability distributions of the coefficients for a given 

sputter yield model as described in the sections above applied to a given data set for a particular material. To 

accomplish this, the available data set for each material—split into the energy dependence at normal incidence and 

the angular dependence at set energies—is processed through a nested sampling routine based on a Markov chain 

Monte Carlo (MCMC) approach.45 This procedure can be applied to any of the fit models described above. As 

discussed above with reference to Figure 3, and shown via examples later, the Eckstein model is the primary energy 

dependent fit used here as the others are sometimes insufficient to describe the measured low energy trends. For the 

angular yield dependence, the Wei fit formula will generally be applied. 

To generate the posterior probability distribution functions, the prior probability distributions and the likelihood 

functions need to be supplied. Since not much is known about the parameters ahead of time, apart from general bounds, 

uniform priors are assigned. The bounds for each parameter is guided by past results of parameter estimation. As will 

be discussed later, the threshold energy parameter has an outsized influence on the very low energy region. Here a 

lower bound of 5 eV is imposed as spectroscopic measurements have detected sputtering events for as low as 10 eV 

xenon ion impacts.10,46,47 The likelihood function is based on the lognormal distribution as mentioned above and 

calculates the relative multiplicative error for each data point from the assumed sample yield function. The MCMC 

method begins with a randomized set of the fit formula parameters across the prior distributions for each. Then with 

the nested sampling algorithm, the parameter set with the worst likelihood function is randomly re-assigned to a set 

with a higher likelihood. This procedure is iterated to map the posterior pdf in n-dimensional space with increasing 
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likelihood where n is the number of parameters for a given sputter yield fit formula. The process eventually converges 

on the parameter set with maximum likelihood. These best fit values are certainly useful in estimating sputter yields, 

but perhaps of equal importance are the corresponding posterior pdfs which allow for uncertainty estimation that can 

be used to set an appropriate margin philosophy. These MCMC models are typically run with 4500 objects (parameter 

sets) and 100,000 iterations, though these are adjusted as needed for proper phase space coverage and convergence 

depending on the data set being examined. 

III. Results and Discussion 

A step through of the data analysis and curve fitting process for molybdenum is shown here first as an example as 

there is a relative wealth of available sputter yield data from low energy xenon bombardment. Sample posterior pdfs 

from applying the MCMC approach to the Eckstein energy dependent sputter yield formula as shown for each pair of 

its four fitting parameters in Figure 5. The sample posterior pdfs are colored to highlight the likelihood contours with 

the maximum likelihood values presented as the dots at the center of the contours. A few observations can be made 

from this representation, including the relative correlation and covariance between pairs of parameters. For example, 

the clearest relation appears to be between 𝜆 and 𝐸𝑡ℎ where a negative correlation is observed. The parameter 𝜇 also 

appears to exhibit trends with respect to each of the three other parameters, while 𝑄 does not show particularly strong 

relations with either 𝜆 or 𝐸𝑡ℎ. The threshold energy parameter is mostly limited at the upper end around 15 eV, 

primarily due to the lowest energy experimental data point at that value. The values of the parameters that provide the 

maximum likelihood and the ranges that bracket the 50% likelihood (a rough equivalent of FWHM, and shown by the 

black contour in Figure 5) are shown in Table 4. It should be noted that these ranges should not be taken independently 

of each other, as shown by the correlated pdfs in Figure 5. A similar process was followed for the Bohdansky and 

Yamamura formulas, as was done with the Eckstein, and the best fits for each of the formulas to the molybdenum data 

are shown in Figure 6. Here it can be seen that the trend of the measured data does not easily fit into the Bohdansky 

or Yamamura curve forms at the low energy range. The Eckstein form, with its additional parameters, is able to fit the 

data more successfully. 

 

 

   

 
Figure 5: Posterior samples at various likelihood levels for each pair of parameters for the Eckstein formula for xenon-

molybdenum sputtering 
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Table 4: MCMC maximum likelihood values of the 

Eckstein formula parameter bracketed by the 50% 

likelihood ranges for xenon-molybdenum sputtering 

 

Parameter Value 

𝑄 18.4 -6.1/+11.7 

𝜇 2.2 -0.5/+0.8 

𝜆 1.7 -0.8/+14.6 

𝐸𝑡ℎ 14.2 -4.9/+0.7 

 

 
Figure 6: Molybdenum sputter yields from low energy 

xenon ions at normal incidence and compared to 

different sputter yield formulas 

 

In contrast with molybdenum, most materials have a relative dearth of available data or data with notable 

disagreement with each other, and the optimal parameter ranges and their relations will not be so clear cut. As an 

example, there are relatively sparse data available regarding sputter yields of aluminum from low energy xenon ion 

impacts. The same MCMC procedure is applied and the maximum likelihood Eckstein curve (blue line) as well as 

yield ranges bracketing the 50% likelihood curves (gray shaded area) are shown on the top-left side of Figure 7. Since 

no experimental measurements are available below 100 eV, the uncertainty in the low energy curve is significant and 

many potential solutions may be applicable. 

Another highlighted case is for gold where differences in measured yield from different references are significant 

below 100 eV as seen on the top-right side of Figure 7. In the absence of an applied discriminator—this may include 

throwing out suspect data points—the data analysis approach outlined above will only effectively split the difference 

of disparate data sets to generate yield curves that lie between the data. However, in many cases, it is difficult to clearly 

mark down one set of results over another as both likely are subject to a number of uncertainties as touched upon 

earlier in this report. In contrast, two more material data sets are also shown in Figure 7, where more measurements 

are available and agreement is better. Consequently, the yield ranges bracketing the 50% likelihood curves are also 

correspondingly tighter together. 

 

 

 
Figure 7: Aluminum (top-left), gold (top-right), copper (bottom-left), and tungsten (bottom-right) sputter yields from low 

energy xenon ions at normal incidence with measured data compared to 50% likelihood bounds on the yield curves. 
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A conservative approach for erosion calculations may be to use the upper 50% likelihood limit in yield as a bracket. 

The data is then generally aligned with measurements where measured values are available, but provides some margin 

and likely very conservative estimates of the sputtering at very low energies. Table 5 lists parameter sets for the 

Eckstein curves for both the best fit results and these conservative 50% likelihood upper bounds. Values which are at 

the imposed bounds are marked with an asterisk. In some instances, the best fit results already require a threshold 

energy near the imposed bound of 1 eV, and no further lower threshold energy is then available. Additional 

conservatism can be imposed over the entire curve by adding margin to the scaling factor 𝑄. This latter adjustment 

could be applied to either the conservative upper estimate or to the maximum likelihood best fit. 

 
Table 5: MCMC results of the maximum likelihood values and a conservative upper range for fitting the Eckstein energy 

dependent sputter yield formula to low energy xenon ion impacts on elemental materials at normal incidence 

 Max. likelihood (best fit) 50% likelihood upper range  

Material 𝑄 𝜆 𝜇 𝐸𝑡ℎ 𝑄 𝜆 𝜇 𝐸𝑡ℎ Data refs. 

C(gr) 4 0.8 1.8 21 6 28 2.2 6 8,10,18,20,48-51 

Al 17 1.5 1.5 5 23 0.3 1.3 5 11,48 

Si 11 5.0 1.7 5 18 0.2 1.1 5 22,48 

Ti 6 56 3.0 7 10 80 3.1 6 10,11,48,52 

Cr 57 0.2 1.3 11 82 0.8 1.5 5 47,48,53 

Mn 32 0.08 1.3 33 43 0.7 1.3 6 48 

Fe 22 0.2 1.6 20 35 0.6 1.4 6 26,48,54 

Co 29 12 1.9 5 67 17 1.8 5 47,48 

Ni 26 5.9 1.8 5 40 1.5 1.5 5 48,54,55 

Cu 41 2.4 3.1 12 63 55 3.5 6 46,48,54,56 

Mo 19 1.8 2.2 14 28 12 2.6 8 10,11,22,48,49,54-64 

Ag 65 0.05 1.8 26 78 4.6 2.4 5 11,48,65 

Ta 19 0.2 2.6 38 31 55 3.6 14 10,25,34,48 

W 23 32 4.0 16 41 56 3.7 13 10,11,24,46,48,62 

Au 61 0.06 1.0 5 74 0.02 1.0 5 48,65,66 

 

Apart from the fits to elemental materials in Table 5, the analysis approach was also applied to multi-component 

materials with available data. The reduced energy parameter is estimated by mole-weighted averages where known or 

by the approximate predominant constituent. Again, the total impact to the yield curve can be largely subsumed into 

the scaling factor 𝑄. Results are shown below in Table 6 including the ratios of 𝜖/𝐸 that are used. Since the units of 

sputtered atoms per ion as previously used for the elemental materials is not clearly defined for multi-component 

materials, the scaling factor 𝑄 is fit here to the more directly applicable units of mm3/C. Two exceptions are for the 

two metallic alloys Invar and Kovar, which are left in units of atoms/ion, as that is how the experimental data are 

reported. 

 
Table 6: MCMC results of the maximum likelihood values and a conservative upper range for fitting the Eckstein energy 

dependent sputter yield formula to low energy xenon ion impacts on non-elemental materials at normal incidence 

  Max. likelihood (best fit) 50% likelihood upper range  

Material 𝝐/𝑬 𝑄 𝜆 𝜇 𝐸𝑡ℎ 𝑄 𝜆 𝜇 𝐸𝑡ℎ Data refs. 

Invar 1.4×10-6 75 0.2 1.9 36 79 94 3.5 9 49 

Kovar 1.4×10-6 19 0.3 1.2 5 28 0.05 0.9 5 12 

SiO2 1.8×10-6 1.4 0.01 1.0 59 2.4 0.04 1.0 11 5,6,57,67 

Coverglass 1.8×10-6 0.8 0.1 1.0 5 1.4 0.03 0.8 6 15,64,68 

MgF2 1.9×10-6 0.8 0.08 2.1 80 1.3 260 2.9 8 64,68 

ITO 1.2×10-6 9 0.1 2.0 80 14 0.1 0.8 5 69,70 

Al2O3 1.9×10-6 0.3 2.8 1.6 5 0.5 0.3 1.1 5 6,67 

Kapton 2.0×10-6 0.9 49 2.2 7 1.8 7.3 1.8 5 5,9,57 

C-C composite 2.0×10-6 3.5 0.8 1.3 5 5 0.05 1.0 5 13,18,50,61 

 

It should be noted that while the reduced energy may be approximated by an average of the constituents, the yield 

curve parameters or the yield value itself will typically not be well approximated by an average of the yield of the 

constituents. The sputter yield is a strong function of the surface binding energy, which in turn is dependent on bond 

strengths and other parameters that can differ significantly from the monatomic arrangements. For example, the limited 

metallic alloy sputter data available in Invar (an iron and nickel alloy) and Kovar (an iron, nickel, and cobalt alloy) do 
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not show significant adherence to the yields of their constituents. Likely similar effects will be seen for other alloys, 

though some common aerospace alloys such as 6061 aluminum alloy or grade 5 titanium alloy have near 90% or 

greater composition of the primary metal and perhaps they may be satisfactorily approximated by their main 

constituent. Direct data and comparisons will be required to confirm, however. 

The angular dependent yield curves from Wei, et al. were also analyzed against available data and are presented 

in Table 7. The maximum yield multiplier and angle are also calculated via Eq. (11) and are also tabulated. Again, 

due to the sparse data sets and relatively high uncertainties in the results, some caution should be applied in using 

these provided curves, where only the maximum likelihood values are provided below. Additional margin can applied 

as needed. 

 
Table 7: MCMC results of the maximum likelihood values for fitting the Wei  

angular dependent sputter yield formula to low energy xenon ion impact data 

 Max. likelihood (best fit)  

Material 𝛽/𝛼 𝑎/𝛼 𝜃𝑚𝑎𝑥 𝑌𝑚𝑎𝑥
′  Data refs. 

Al 0.97 2.05 62° 2.4 11,71 

Ti 1.18 2.41 62° 4.6 11,52 

Mo 1.07 1.90 56° 1.9 11,52,56,57,62 

Ag 1.35 1.81 48° 1.7 11,65 

Ta 1.17 1.55 45° 1.3 62 

W 1.02 1.57 50° 1.3 11,62 

Au 1.67 1.92 44° 2.0 66 

C(gr) 0.88 2.20 66° 3.1 8,13,18,50,52 

C-C composite 0.66 2.21 71° 3.2 13,18,50,61 

SiO2 0.97 1.92 59° 2.0 5,57,67,72 

Coverglass 1.15 2.70 65° 8.6 15,64,68 

Al2O3 0.71 2.48 73° 5.3 67 

MgF2 1.08 2.87 68° 13 64,68 

ITO 1.09 2.14 60° 2.8 69 

Kapton 1.02 1.90 58° 1.9 5,9,57 

 

Conclusions 

The determination of accurate sputtering yields to apply in erosion calculations is fraught with uncertainties. A 

survey of existing yield measurement data and sputter yield formulas was undertaken and assessed for the best 

approach in analyzing the available data and distilling it into appropriate curves for EP plume impingement erosion 

calculations. A Bayesian approach, through use of a nested sampling Markov chain Monte Carlo routine, is taken here 

to process the available data and provide best fits as well as conservative extensions, particularly when regarding the 

very low energy region near the threshold energy. Since the results are particularly dependent on the data available, 

these values should continue to evolve as additional sputter yield measurements are made. A deep dive into the 

measurement approaches and stated uncertainties for each available data source may be able to provide a more tailored 

fit as well, but often not all the necessary information is published. Thus, a healthy margin is recommended for 

application to spacecraft integration. 
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