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Abstract

Propellant mass gauging is one of the key technologies required to enable
the next step in NASA’s space exploration program. At present, there
is no reliable method to accurately measure the amount of unsettled
liquid propellant of an unknown configuration in a propellant tank in
micro- or zero gravity. We propose a new approach to use sound waves
to probe the resonance frequencies of the two-phase liquid-gas mixture
and take advantage of the mathematical properties of the high frequency
spectral asymptotics to determine the volume fraction of the tank filled
with liquid. We report the current progress in exploring the feasibility
of this approach, both experimental and theoretical. Excitation and de-
tection procedures using solenoids for excitation and both hydrophones
and accelerometers for detection have been developed. A ∼ 3% uncer-
tainty for mass-gauging was demonstrated for a 200-liter tank partially
filled with water for various unsettled configurations, such as tilts and
artificial ullages. A new theoretical formula for the counting function
associated with axially symmetric modes was derived. Scaling analysis
of the approach has been performed to predict an adequate performance
for in-space applications.
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1 Introduction

The ability to quickly and accurately gauge the amount of the avail-
able propellant in a large-scale cryogenic propellant tank is one of the
basic requirements to a successful tank design [1]. Under settled condi-
tions, a wide range of mass gauging techniques are available [2]. These
techniques usually work by determining the location of the liquid/gas
interface in the tank with the help of, e.g., wet/dry sensors, and using
it to infer the liquid propellant volume from the knowledge of the tank
geometry. However, propellant mass gauging becomes a significant chal-
lenge under microgravity conditions, since in this case both the location
and the shape of the ullage are a priori unknown. Boiling of cryogenic
propellants near localized heat leaks and the formation of multiphase
liquid-vapor foam adds further uncertainties to the liquid/vapor volume
ratio [3]. Currently, there is no technological solution that is capable
of determining the volume of unsettled liquid propellant of an unknown
configuration in a large-scale cryogenic tank to within a few per cent un-
certainty. In addition, even under settled conditions, propellant sloshing
may add a significant degree of uncertainty to the volume measurements.

Propellant mass gauging techniques have been the subject of intense
research since the 1960s (for a review, see [2]). At present, several
advanced techniques for propellant mass gauging under reduced grav-
ity conditions have been developed, including the reduced gravity Cryo
Tracker system [4], Fiber Optic Sensing system [5], radio frequency (RF)
mass gauging technology [2, 6, 7], all of which require hardware instal-
lation inside the tank, and Modal Propellant Gauging technique [8, 9],
which is essentially non-intrusive. In particular, the RF mass gauging
technology has been especially promising for operating under reduced
gravity conditions, since its principle of operation does not rely directly
on sensing the propellant level in the tank. Instead, an antenna inside
the tank excites various electromagnetic resonance modes in the par-
tially filled tank. A proprietary pattern matching algorithm is then used
to compare the measured resonance frequencies with a database of the
eigenfrequencies computed under various assumptions about the liquid
configurations. The best match thus obtained is used to predict the
fill level. Related concepts, using the acoustic resonance modes instead,
were also proposed in the past [10] and recently in the Modal Propellant
Gauging approach [8, 9]. The RF mass gauging technique was demon-
strated to perform well (to within 2% uncertainty) under fully settled
conditions and is currently considered among the best to operate under
microgravity conditions in large-scale propellant tanks [6]. At the same
time, the results of low-g testing exhibited strong temporal variability,
indicating a significant amount of sloshing and/or fluid motion driven by
capillary forces. As a consequence, the inferred fill level oscillated wildly,
essentially precluding a possibility of an accurate fill level measurement.

The differences between the settled vs. unsettled RF mass gauging

2



performance should not be surprising, since there exists a fundamental
mathematical difficulty in using spectral information alone to character-
ize the properties of heterogeneous wave-carrying media [11,12]. As the
data matching algorithm determines not only the closest fill level, but
also the associated propellant configuration that fits best the measured
spectral data, the algorithm should in principle be capable of determin-
ing the propellant configuration in the tank. However, it is known that
this inverse problem is severely ill-posed, since identical spectral data
may come from very different spatial domains (for an explicit counterex-
ample, see [13]). In particular, any kind of regularization of the contin-
uum model required to infer the shape of the propellant from the spectral
data would also suffer from strong sensitivity to noise. As a consequence,
for small but fixed amount of noise the pattern-matching performance
would be expected to degrade above a certain noise-dependent level of
spatial resolution. This may impose intrinsic limits on the accuracy of
pattern-matching approaches in general, even when measurements can
be done very accurately. We note that the foregoing arguments do not
preclude successful pattern-matching for special classes of liquid config-
urations that can be parametrized by a small number of parameters.
However, they raise serious concerns about the reliability of pattern-
matching mass-gauging in the general case of a priori unknown propellant
shapes in zero-gravity, when essentially random forces associated with
the forced convection, Marangoni forces and surface tension prevail. In
this situation a shape-blind methodology becomes indispensable.

In this paper we report our results on a mass-gauging approach which
is intrinsically shape-blind as it is based on rigorously shape-invariant
characteristics of acoustic spectra in the cavity of an unknown shape.

2 Spectral asymptotics for an acoustic cavity

In his famous mathematical work from 1911, H. Weyl proved that the
high frequency asymptotics of the spectrum of the Laplacian in a three-
dimensional spatial domain with Dirichlet boundary conditions depends
on the domain only through its volume [16–18]. Ever since, Weyl’s anal-
ysis has been greatly expanded and now provides rigorously justified
asymptotic expansion formulas for the large eigenvalue asymptotics in
the case of various differential operators and boundary conditions (for a
recent review, see [19]). We note that sharp asymptotic expansion for-
mulas for the eigenvalue problems involving heterogeneous media have
been established only fairly recently and constitute a major advance in
the mathematical analysis of partial differential equations [20].

Below we illustrate the Weyl’s asymptotic formula arising from the
studies of a propellant tank with thin walls filled with a heavy liquid
propellant, such as liquid oxygen (LOx) or kerosine. Both the ullage and
the propellant can be treated as acoustic cavities, with somewhat differ-
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ent boundary conditions as explained below. Since boundary conditions
for the ullage are more complex, ullage acoustic cavity will be considered
first to illustrate the Weyl’s formula in greater generality.

For simplicity, we assume that the ullage has the shape of a simply
connected bounded domain Ω ⊂ R

3, partially in contact with the tank
walls. The portion of the wall which is in contact with the ullage will
be denoted by ∂Ω−, and the liquid/gas interface is denoted by ∂Ω+.
The boundary of the ullage is the union of the gas/wall and gas/liquid
surfaces: ∂Ω = ∂Ω− ∪ ∂Ω+.

To describe the acoustic eigenmodes in the ullage, we write the
Helmholtz equation in the gas phase:

−c2∆pl = (2πfl)
2pl in Ω. (1)

Here pl and fl are the l-th pressure eigenfunction and eigenfrequency, re-
spectively, ∆ is the three-dimensional Laplacian, and c is the sound speed
in the gas phase. To close this eigenvalue problem, we need to provide the
boundary conditions satisfied by pl at ∂Ω. We point out that in general
this would lead to a coupling between the acoustic modes in the ullage
and those in the liquid and the tank walls (shell modes). However, when
the impedance contrast between the liquid and gas phases is high, such
as, for example, in LOx (sound speed c = 181 m/s and density ρ = 6.9
kg/m3 for oxygen vapor at pressure p0 = 1.6 atm vs. cL = 865 m/s and
ρL = 1120 kg/m3 in the liquid phase at saturation, respectively), it is
a very good approximation to assume a rigid wall boundary condition
for the gas pressure at the liquid/gas interface ∂Ω+. Acoustically, this
corresponds to zero velocity condition and, hence, zero normal derivative
of the pressure boundary condition on ∂Ω+ [21]. At the same time, if the
tank walls are sufficiently thin, it is reasonable to assume the pressure
release boundary condition on ∂Ω−, which amounts to setting the acous-
tic pressure there to zero. The validity of this approximation depends
on the details of the elastic properties of the pressurized tank walls and
their associated shell modes (see, e.g., [22]). We will get back to this
point later, but to get a rough idea of the validity of this approximation,
one can compare the total mass of the gas in the ullage with that of the
tank walls. For a cylindrical tank of radius R = 2.5 m and height H = 4
m, comparable in size to that of the LOx tank in the third stage of the
Saturn V rocket [23], the gas mass exceeds that of the aluminum walls
when the average wall thickness dw falls below ∼ 3 mm. For thinner
walls, the pressure release boundary condition should, therefore, be rea-
sonable. To summarize the above discussion, we impose the following
boundary conditions on different portions of the boundary ∂Ω:

ν · ∇pl|∂Ω+
= 0, pl|∂Ω

−

= 0, (2)

which isolate the acoustic modes of the gas in the ullage from the rest of
the system.
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The spectral asymptotics of the eigenvalue problem in Eqs. (1) and
(2) deals with the eigenfrequency counting function defined as

N(f) =
∞
∑

l=0

θ(f − fl), (3)

where θ(x) is the Heaviside step function. Note that we have fl =
c
√
λl/(2π), where λl are the eigenvalues of the Laplacian defined on the

spatial domain occupied by the ullage with the corresponding boundary
conditions. For this problem, Weyl conjectured [18], and several authors
later proved [24,25] (for significant earlier works, see [26–29]; for reviews,
see [11,19]) that

N(f) =
4π|Ω|f3

3c3
+

π|∂Ω+|f2

4c2
− π|∂Ω−|f2

4c2
+ o(f2), f → ∞, (4)

where |Ω| is the volume of Ω and |∂Ω±| is the area of ∂Ω±. Observe that
the leading order term in the above formula is proportional to the ullage
volume and is independent of the ullage shape. Thus, measuring the
eigenfrequency counting function N(f) and fitting it to the functional
form in Eq. (4) can in principle yield the ullage volume to arbitrary
precision, provided the counting function is known accurately up to suf-
ficiently high frequencies. It is important to note that even though the
surface terms do depend on the unknown ullage shape, the knowledge
of the shape is not required for the volume inference. Only the terms’
(known) scaling with f matters.

We note that the counting function takes into account the multiplicity
of the eigenfrequencies. Therefore, in the presence of degeneracies the
counting function obtained experimentally will be underestimated. Yet,
it is expected that in the absence of symmetries all eigenfrequencies
should be generically non-degenerate. To break the degeneracy in the
case of, e.g., axially symmetric propellant tanks, one would, therefore,
need to introduce heterogeneities, such as baffles, into the tank.

The asymptotic formula in Eq. (4) forms the basis of our mass gaug-
ing approach. Its utility will now be evaluated for a number of typical
propellant tank geometries for which the spectra can be derived in closed
form analytically. We note that for general ullage geometries and mixed
Dirichlet-Neumann boundary conditions as in Eq. (2), solving the acous-
tic eigenvalue problem, also known as the Zaremba eigenvalue problem,
is a significant challenge, both analytically and numerically (for some
recent progress, see [30]). We postpone the studies of more general un-
settled ullage geometries to future work.

In addition to using the formula in Eq. (4), we will also take advan-
tage of its two-dimensional analog for the problem posed in Ω0 ⊂ R

2 [19]:

N0(f) =
π|Ω0|f2

c2
+

|∂Ω+
0 |f
2c

− |∂Ω−

0 |f
2c

+ o(f), f → ∞. (5)
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where ∂Ω±

0 are the portions of the boundary of Ω0 on which Neumann
and Dirichlet boundary conditions are prescribed, respectively, |Ω0| is
the area of Ω0 and |∂Ω±

0 | are the perimeters of ∂Ω±

0 .

3 Analysis of the spectral asymptotics for the

cylindrical geometry

3.1 Acoustic eigenfrequencies

3.1.1 Ullage modes

We begin by considering a cylindrical ullage of radius R and height H,
with the gas in contact with the liquid at the settled bottom horizontal
surface. In cylindrical coordinates, the eigenvalue problem in Eq. (1) can
be written as

−1

r

∂

∂r

(

r
∂pl
∂r

)

− 1

r2
∂2pl
∂ϕ2

− ∂2pl
∂z2

=

(

2πfl
c

)2

pl, (6)

where pl = pl(r, ϕ, z) is specified in the domain

Ω = {(r, ϕ, z) : 0 < r < R, 0 ≤ ϕ ≤ 2π, 0 < z < H}. (7)

with boundary conditions

∂pl
∂z

∣

∣

∣

∣

z=0

= 0, pl|z=H = pl|r=R = 0, (8)

∂pl
∂ϕ

∣

∣

∣

∣

ϕ=0

=
∂pl
∂ϕ

∣

∣

∣

∣

ϕ=2π

, pl|ϕ=0 = pl|ϕ=2π. (9)

This problem admits an explicit solution:

pkmn(r, ϕ, z) = Jm(amnr/R)eimϕ cos

(

π(2k + 1)z

2H

)

, (10)

where Jm(x) is the Bessel function of order m of the first kind, amn is
the n-th zero of Jm(x), now indexed by m = 0,±1,±2, . . ., n = 1, 2, . . . ,
and k = 0, 1, 2, . . .. The corresponding eigenfrequencies are

fkmn =
c

2π

√

π2(2k + 1)2

4H2
+

a2mn

R2
. (11)

Defining the eigenfrequency counting function

N(f) =
∞
∑

n=1

∞
∑

m=−∞

∞
∑

k=0

θ(f − fkmn), (12)

we then write the expression for Weyl’s asymptotic formula from Eq. (4):

N(f) =
4π2R2Hf3

3c3
− π2RHf2

2c2
+ o(f2), f → ∞. (13)
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Figure 1. The eigenfrequency counting function for the spectral prob-
lem in Eq. (6) and Eq. (8) and the corresponding predictions of Weyl’s
asymptotic formula. In both (a) and (b), the broken line shows the ex-
act eigenfrequency counting function, and the solid line shows the result
from Eq. (13). In (a), the first 100 eigenfrequencies are shown. In (b),
the first 400 eigenfrequencies are shown.

Choosing R = 2.5 m, H = 4 m and c = 181 m/s, corresponding to a LOx
tank mentioned above, we obtain the theoretical eigenfrequency counting
function shown in Fig. 1. One can see an excellent agreement between
N(f) from the exact definition in Eq. (3) with fl given by Eq. (11) and
the asymptotic prediction in Eq. (13), for the frequency range yielding
the first 100 eigenfrequencies (Fig. 1a) and the first 400 eigenfrequencies
(Fig. 1b), respectively.

3.1.2 Liquid modes

Modes in the propellant can be calculated similarly to the ullage modes
above, from Eq.(6) using modified boundary conditions, to account for
the pressure release condition all over the boundary. Assuming propel-
lant resides in the domain

Ω = {(r, ϕ, z) : 0 < r < R, 0 ≤ ϕ ≤ 2π, 0 < z < H}. (14)

we impose the following boundary conditions

pl|z=0 = pl|z=H = pl|r=R = 0, (15)

pl|ϕ=0 = pl|ϕ=2π,
∂pl
∂ϕ

∣

∣

∣

∣

ϕ=0

=
∂pl
∂ϕ

∣

∣

∣

∣

ϕ=2π

, (16)

as expected on physical grounds. Indeed, in contrast to ullage, the pres-
sure release boundary condition must be imposed not only on the thin
wall of the tank but on the liquid/gas interface as well.
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Figure 2. Model calculations: (a) Counting function for a cylindrical
tank, IR = 2.5m, H = 4m filled with LOx; (b)Error in inferred volume
as a function of the cutoff frequency; (c) Averaged error (see the main
text for the definition) in the range between a lower and upper cutoff
fmax = 1kHz as a function of the lower cutoff. Error is seen to be < 2%
for N > 300. Averaged error is < 0.3%. .

This problem admits an explicit solution:

pkmn(r, ϕ, z) = Jm(amnr/R)eimϕ sin

(

πkz

H

)

, (17)

where Jm(x) is the Bessel function of order m of the first kind, amn is
the n-th zero of Jm(x), now indexed by m = 0,±1,±2, . . ., n = 1, 2, . . . ,
and k = 1, 2, . . .. The corresponding eigenfrequencies are

fkmn =
c

2π

√

(

πk

H

)2

+
a2mn

R2
. (18)

and the expression for Weyl’s asymptotic formula from Eq. (4) becomes:

N(f) =
4π2R2Hf3

3c3
− π2R2

2c2

(

1 +
H

R

)

f2 + o(f2), f → ∞. (19)

Choosing R = 2.5 m, H = 4 m and c = 181 m/s, as previously, we
obtain the theoretical eigenfrequency counting function shown in Fig. 2
(a). Again, one can see an excellent agreement between N(f) from the
exact definition in Eq. (3) with fl given by Eq. (18) (red dashed line)
and the asymptotic prediction in Eq. (19) (blue line), for the frequency
range yielding the first 400 eigenfrequencies.

3.2 Comparison with Weyl’s asymptotics

Here we discuss the accuracy of the approximation in more details. Com-
ing back to Figure 2, in panel (b) we see the relative error in the volume
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inference as a function of the cut-off frequency fmax oscillates around
zero as fmax increases and tends to zero. The error is calculated as
ε = (Vw − V )/V · 100%, where V is the actual volume of the propellant
V = πR2H and Vw is the value inferred using the best fit to Weyl’s for-
mula. The error is seen to fall below 3% for N(fmax) > 400. Oscillations
of the error with the cut-off frequency seem to be a generic feature of the
convergence and are observed in other geometries (boxes, spheres) and
boundary conditions (Neumann, i.e., a rigid wall). This gives an idea
that averaging of the inferred volume over the oscillations may acceler-
ate its convergence to the actual value. Figure 2 (c) displays the result of
such an averaging. The averaged error is obtained by integration of the
error ε(f) over the interval [fmin, fmax] for fixed fmax and varying fmin

and can be considered a function of fmin. Indeed, the averaged error fall
below 0.3% for N > 200.

We are not aware of rigorous results regarding the convergence prop-
erties of the Weyl’s formula with the cut-off frequency. The convergence
is expected and empirically found to depend on boundary conditions
(Dirichelet boundary conditions are found to lead to faster convergence
of the error with N than Neumann boundary conditions), and for given
boundary conditions it is expected to depend on the shape of the cavity,
propellant or ullage. Some intuition for the latter can be gained con-
sidering cylindrical geometry. On dimensional grounds it is clear that
N = F (ε,H/R), where N is the mode counting number corresponding
to the error ε, H the height and R the radius of the domain. It is impor-
tant to note that N is independent of the fluid properties, e.g., the speed
of sound. Function F will depend on boundary conditions. For given
boundary conditions and error ε it can be expected that N increases
as H/R → 0 or H/R → ∞. Indeed, in these limits the domain be-
comes quasi-2D and quasi-1D, respectively. Therefore, one has to go to
higher count number to account for the vanishing dimension. Numerical
experiments displayed in Figure 3 and Eq.(19) imply that asymptotic
dependence at H/R → 0 becomes N = (R/H)2F1(ε) and asymptotic
dependence at H/R → ∞ becomes N = (H/R)F2(ε), where F1 ∼ F2.

One practical conclusion from these observations is that for a given
relative uncertainty much more liquid modes must be counted as the
filling level of the tank decreases significantly below the level where R .

H. It should be noted, however, that the accuracy of propellant volume
gauging is normally defined with respect to the full volume of the tank,
therefore, lesser relative accuracy is required.

3.3 Peaks resolution

If the number of resolvable peaks were unlimited, one could arrive at
arbitrarily small error in volume with the mode counting technique. In
reality the resolution is limited by the dissipation and other factors such
as temperature inhomogeneity of the fluid. The contribution of the latter

9



0 100 200 300 400 500
−50

−40

−30

−20

−10

0

10

20

30

40

50

rescaled upper cut−off frequency (R/H)⋅f
max

E
rr

or
 in

 v
ol

um
e 

, %

 

 

0 200 400 600 800 1000
−50

−40

−30

−20

−10

0

10

20

30

40

50

upper cut−off frequency f
max

E
rr

or
 in

 v
ol

um
e 

, %

 

 

R/H=1
R/H=2
R/H=4

H/R=2
H/R=4
H/R=8

(a) (b)

Figure 3. Model calculations: (a) Error in inferred volume as a func-
tion of the cutoff frequency fmax for the cylindrical cavity aspect ra-
tios R/H = 1, 2, 4, 8. Based on (19) and the general scaling relation
N = F (ε,H/R) the calculation implies ε = G(N(fmax)(H/R)2), leading
to the N = (R/H)2F1(ε) asymptotic relation for R/H ≫ 1. (b) Error in
inferred volume as a function of the rescaled cutoff frequency (R/H)·fmax

for aspect ratios H/R = 2, 4, 8. Based on (19) and the general scaling
relation N = F (ε,H/R) the calculation implies ε = G(N(fmax)R/H),
leading to the N = (H/R)F2(ε) asymptotic relation for H/R ≫ 1.

factor depends on the specific situation, is negligible close to thermal
equilibrium and is not considered here. The tests reported below were
performed under conditions very close to thermal equilibrium, where
the effect of inhomogeneity was small. The dissipation of the acoustic
waves occurs both in the bulk of the liquid or gas and in the boundary
layer near the wall. The bulk contribution is generally negligible and
the boundary layer dissipation will determine the available resolution in
thermal equilibrium.

Formally, the peaks can be resolved provided their width 2Γ is smaller
than the average peaks separation distance ∆f near the cut-off frequency
f corresponding to the given counting number N(f):

2Γ

2π∆f
≪ 1. (20)

The average peaks separation around f can be estimated from Weyls law
for:

∆f ≈
(

dN

df

)−1

=
f

3N
; f ≈

(

3c3N

4πV

)1/3

. (21)

Assuming the main source of dissipation is thermal boundary layer,
the width of the peaks 2Γ can be estimated [21] for a domain (ullage or
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propellant) of characteristic linear dimension L ∼ V 1/3:

2Γ ≈
√

4πf

L2

[√
ν +

√
χ

(

cp
cv

− 1

)]

, (22)

where µ is the kinematic viscosity, χ = κ/(ρcp) is the thermal diffusivity,
κ is the thermal conductivity, cp is the isobaric heat capacity and cv is
isochoric heat capacity of the gas or liquid. From Eqs.(21-22) we obtain
the following estimate:

2Γ

2π∆f
≈ 3

√

N2

πfL2

[√
ν +

√
χ

(

cp
cv

− 1

)]

(23)

≈ 2N5/6

[
√

ν

cL
+

√

χ

cL

(

cp
cv

− 1

)]

, (24)

which shows that the relative width scales as L−1/2. From Eqs.(23) and
(20) we obtain the following condition for the resolution, expressed in
terms of the maximal number of peaks Nmax resolved for the given tank
and fluid properties:

N ≪ Nmax ≡
[
√

ν

cL
+

√

χ

cL

(

cp
cv

− 1

)]−6/5

. (25)

Similar calculations show that the relative width contribution from bulk
dissipation scales as L−1 and that generally Nmax|bulk ∼ (Nmax|boundary)3/2,
justifying neglecting the bulk dissipation.

In the previous subsection we saw that N determines the error in vol-
ume inference for the given fluid shape and boundary conditions. There-
fore, Eq.(25) implies that the resolved N will increase and the error will
decrease with the characteristic size of the tank L for similar shapes,
fluid properties and boundary conditions. In addition, we expect that
due to significantly lower dimensionless numbers ν/(cL) and χ/(cL) in
liquids compared to gases higher resolution N can generally be achieved
in gauging liquids. For oxygen at saturation temperature at p = 1.6atm,
and for a tank of L = 1m we find:

GOx :

√

ν

cL
= 7.7 · 10−5;

√

χ

cL

(

cp
cv

− 1

)

= 3.9 · 10−5;

Nmax = 5.2 · 104; (26)

LOx :

√

ν

cL
= 1.2 · 10−5;

√

χ

cL

(

cp
cv

− 1

)

= 7.9 · 10−6;

Nmax = 4.3 · 105. (27)

These observations imply that liquid modes counting will generally lead
to a more accurate volume inference than the ullage modes counting.
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3.4 Shell modes

We now go back to evaluating the effect of the shell modes on the spectral
asymptotics of the acoustic eigenfrequencies. For a pressurized cylinder
their spectrum had been worked out in [22] (assuming the top and bot-
tom surfaces are clamped). The acoustic eigenfrequencies in the absence
of coupling between the gas and the shell modes is given by

f shell
km =

1

2π

(

k2π2

H2
+

m2

R2

)

×
√

Ed2w
12ρw(1− σ2)

(

1 +
12pR(1 − σ2)

Ed3w[(m/R)2 + (kπ/H)2]

)

, (28)

where E is the Young modulus of the wall material, σ is its Poisson
ratio, ρw is the wall mass density, dw is the wall thickness, p is pres-
sure inside the tank (assuming vacuum on the outside), k = 1, 2, . . .
and m = 0,±1,±2, . . .. Similarly to the case of the ullage, we define
the eigenfrequency counting function N shell(f) associated with the shell
modes. In Eq. (28), we took into account that at low frequencies the
shell spectrum is dominated by the bending modes. Indeed, for com-
pression modes the frequency fcomp would satisfy fcomp & cw/H, where
cw =

√

E/ρw is the sound speed in the tank wall. Therefore, for alu-
minum, we have cw/H ≃ 1.3 kHz, which greatly exceeds the acoustic
frequencies of the ullage.

We note that the high frequency asymptotics of the eigenfrequencies
f shell
km is dominated by pure bending modes, for which

f shell
km ≃ 1

2π

(

k2π2

H2
+

m2

R2

)

√

Ed2w
12ρw(1− σ2)

, f → ∞. (29)

It is easy to see from this expression that N shell(f) ∼ f as f → ∞, so the
presence of these modes does not affect the leading order asymptotics
in Eq. (13) (Eq. (19)), if one counts both the ullage (propellant) and
the shell modes. Nevertheless, one should take into consideration the
late onset of the asymptotic behavior of N shell for the shell modes under
pressurization, which, according to Eq. (28), occurs only when f & f shell

0 ,
where f shell

0 = pR/
√

Eρwd4w ≃ 3 kHz for the considered parameters. In
the frequency range of interest, the shell modes are dominated by the
membrane elasticity of the pressurized walls, yielding with very good
accuracy

f shell
km ≃ 1

2π

√

pR

ρwdw

(

k2π2

H2
+

m2

R2

)

. (30)

From this formula, it is not difficult to obtain that

N shell(f) ≃ 2π2ρwdwHf2

p
, f shell

1 ≪ f ≪ f shell
0 , (31)
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Figure 4. The eigenfrequency counting function for the shell modes ob-
tained from Eq. (28) (broken line) and from Eq. (31) (solid line).

where f shell
1 =

√

pR/(4ρwdwH2) ≃ 28 Hz. This formula agrees well with
the exact expression for N shell(f) from Eq. (28) in the frequency interval
of interest (Fig. 4). We summarize the above observations by noting that
the sum of the counting functions from the ullage (propellant) and from
the shell modes still behaves as N(f) ≃ Af3+Bf2, where the coefficient
A is the same as in Eqs. (13) and Eq. (19). Therefore, the presence of the
shell modes is not expected to alter the high frequency asymptotics of the
ullage (propellant) modes, thus not precluding the ability to determine
the ullage (propellant) volume with the mode counting approach.

4 Comparison with the experimental results in

cylindrical geometries

4.1 Ullage modes counting tests

In this section we report results of the first series of experiments, where
the ullage modes counting was performed. The aim was of measuring on
the order of 100 acoustic eigenfrequencies, mostly in cylindrical tanks of
various dimensions that were partially filled with water (settled at the
bottom) and air at standard conditions (at the top). A PCB Piezotron-
ics, Inc., impulse force hammer with a sensitivity of 2.458 mV/N was used
to tap on the upper surface of the metallic tanks, and a PCB Piezotron-
ics microphone with a sensitivity of 2.07 mV/Pa suspended inside the
tank was used to acquire the acoustic signal. Data Physics Quattro was
used for acoustic signal analysis, including standard FFT analysis, for
frequencies up to 40 kHz at a sampling rate of 204.8 ksamples/sec. The
impulse hammer was used in a transfer function mode where the micro-
phone signal in Fourier space was divided by the signal from the hammer.
The obtained data sets were provided for further data analysis to extract
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Figure 5. The acoustic signal from the tapping experiments (blue line)
and the location of the peaks detected (gold points) for an empty large
Dewar tank with radius R = 15.24 cm and height H = 134.6 cm.

the positions of the resonance peaks. In turn, we have developed an al-
gorithm that allows to extract the peak locations from the measured
data with the resolution of at least 10 Hz, which is comparable to the
physical width of the measured peaks in the frequency domain. We then
compared the observed spectra with their theoretical counterparts and
used Weyl’s asymptotic formula in Eq. (4) to predict the tank volume.
Below we summarize the results of our analysis for several runs of the
experiments.

We focus on a large Dewar tank in the form of a cylinder of radius
R = 15.2 cm and height H = 134.6 cm. The choice of the Dewar is
motivated by the fact that its evacuated double walls possess a higher
degree of rigidity, decreasing the coupling of the cavity to the shell modes
and to the exterior air. We take the sound speed to be that of dry air
at standard conditions, c = 343 m/s. The obtained raw data and the
frequency peaks detected in the frequency interval 0 ≤ f ≤ fmax with
fmax = 1.8 kHz are shown in Fig. 5. The data consist of the upper
envelope of 5 independent spectra obtained by tapping at different points
on the tank lid. This maximizes the number of the modes detected by the
microphone at a fixed location inside the tank close to the side wall. We
then normalized the signal to its gaussian running average with the width
of 1 kHz. The obtained spectrum was then processed by a peak finding
routine, setting the smoothing parameter to 0.5 Hz and the threshold
parameter to 0.0005 in order to reduce the number of parasitic peaks due
to noise in the data. All the computations were done, using Mathematica
10.4 software. As can be seen from Fig. 5, this algorithm is capable of
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detecting about 60 eigenfrequencies in the considered spectral interval.
In order to compare the results in Fig. 5 to the theoretical spectrum

and apply Weyl’s asymptotic formula, a number of modifications to the
procedure described in Sec. 3 need to be introduced. First, for a tank
with rigid walls, as is the case with the considered Dewar tank, the
Dirichlet boundary condition should be replaced with Neumann, leading
to the following expression for the eigenfrequencies:

f ′

kmn =
c

2π

√

π2k2

H2
+

b2mn

R2
, (32)

where bmn is the n-th zero of J ′
m(x), and we have k = 0, 1, 2, . . . , m =

0,±1,±2, . . ., and n = 1, 2, . . ., with the convention that b01 = 0. Second,
for each m 6= 0 the eigenfrequencies with the same value of |m| coincide,
making all non-axial eigenfrequencies doubly degenerate. With these
observations, the asymptotic formula for the eigenfrequency counting
function N ′(f) that does not count those degenerate eigenfrequencies:

N ′(f) =
∞
∑

n=1

∞
∑

m=0

∞
∑

k=0

θ(f − f ′

kmn), (33)

needs to be changed into

N ′(f) =
2π2R2Hf3

3c3
+

π2RHf2

c2
+ o(f2), f → ∞. (34)

A comparison between the theoretical eigenfrequency counting func-
tion (red), the one obtained from the data (blue) and the one from the
Weyl’s asymptotic formula (green) is presented in Fig. 6. One can see an
excellent agreement between the measured spectrum and theory, down
to individual peaks, in the entire interval 0 ≤ f ≤ fmax. The agreement
is quite remarkable and gives confidence in the ability to use the spectral
asymptotics to predict the tank’s volume. We also carried out our fitting
procedure:

N ′(f) ≃ A′f3 +B′f2, (35)

with the obtained experimental data set to arrive at A′ = 4.45341×10−9

s3 and B′ = 0.0000103073 s2. Using the formula

V ≃ 3c3A′

2π
(36)

then yields the value of V that is only 13% below the actual value. We
note that the same procedure based on the theoretical spectrum produces
the volume within 1.2% error. This, however, is somewhat fortuitous,
since for Neumann boundary conditions the error of Weyl’s asymptotics
turns out to depend quite sensitively on the upper frequency cutoff fmax.
For example, increasing the cutoff to fmax = 3 kHz in the theoretical
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Figure 6. The eigenfrequency counting function N ′(f) obtained from
theory (red), experimental data (blue) and Weyl’s asymptotic formula
(green) for the large Dewar tank in Fig. 5, with the cutoff frequency
fmax = 1.8 kHz.

spectrum produces a theoretical prediction for V which is 11% below
the actual value. Therefore, the accuracy of prediction obtained from
the experimental data is close to the expected theoretical maximum at
this value of the cutoff. The term theoretical maximum refers to the
accuracy which would have been achieved if the entire acoustic spectrum
were known exactly, i.e., if there were no measurement errors. The error
in this case would have been due to the asymptotic nature of Weyls law
and the finiteness of the cutoff frequency. We note that this somewhat
lower accuracy of the asymptotic formula appears to be a feature of the
Neumann problem and is absent from the Dirichlet problem considered in
Sec. 3.1, which is good news for the application of the method to large-
scale propellant tanks operating in space, where the latter boundary
conditions are more appropriate.

We also evaluated the effect of increasing the cutoff frequency fmax

on the behavior of the eigenfrequency counting function N ′(f) obtained
from data. Figure 7 shows a further comparison for the case of fmax = 3
kHz. One can see that above 1.8 kHz the experimental and theoretical
eigenfrequency counting functions begin to diverge, and the experimental
curve fails to capture the high-frequency asymptotics of the spectrum
due to insufficient peak resolution. As a consequence, the predicted
value of the volume from the above procedure no longer agrees with
the actual value. This indicates that the individual peak resolution is a
crucial factor in determining the accuracy of the proposed mass gauging
method.
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Figure 7. The eigenfrequency counting function N ′(f) obtained from
theory (red), experimental data (blue) and Weyl’s asymptotic formula
(green) for the large Dewar tank in Fig. 5 with the cutoff frequency
fmax = 3 kHz.

Figure 8. The eigenfrequency counting function N ′(f) obtained from
theory (red), experimental data (blue) and Weyl’s asymptotic formula
(green) for the smaller cylindrical tank with R = 7.5 cm and H = 45
cm, using the cutoff frequency fmax = 3 kHz. In (a), the results for an
empty tank (ullage volume 8 liters) are shown. In (b), the results for a
partially filled tank (ullage volume 5 liters) are shown.
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We have also carried out our volume estimation procedure for a cylin-
der partially filled with water to different levels. A smaller cylinder was
used for these tests, with R = 7.5 cm and H = 45 cm. The total vol-
ume of this cylinder is about 8 liters. Measurements were carried out
for an empty (air-filled) cylinder and for the cylinder filled with 3 liters
of water at the bottom. Two data sets corresponding to different tap
locations and the cutoff frequency of fmax = 3.4 kHz were used to re-
liably detect about 30 frequency peaks. Further increase in the value
of fmax did not produce any improvements. The results of the compar-
isons between the theoretical predictions and the observations are shown
in Fig. 8. Once again, there is an excellent agreement for the entire
spectral interval on which the eigenfrequencies were reliably detected.
Fitting the empty tank data to Eq. (35) yields A′ = 4.06287 × 10−10 s3

and B′ = 1.56373× 10−6 s2, resulting in the prediction of the volume by
Eq. (36) to within 2% uncertainty. The theoretical spectrum on this spec-
tral interval yields the volume with the uncertainty of 5%. Similarly, in
the case of the partially filled cylinder we obtained A′ = 2.17452×10−10

s3 and B′ = 1.22988× 10−6 s2, yielding the ullage volume to within 15%
uncertainty. The theoretical spectrum yields the volume prediction for
this geometry that is accurate to within 11%.

4.2 Liquid modes counting tests

As our discussion in Section 3 implies, mode counting in the liquid com-
partment of a partially filled tank is expected to be advantageous for the
volume inference for the following reasons:

• Higher resolution available in terms of Nmax;

• Lower interference (larger spectral separation) of the cavity and
shell modes;

• Boundary conditions are closer to Dirichelet (pressure release) con-
ditions, leading to faster convergence of the error with modes count
number N .

Therefore, in the second series of experiments were focused on modes
counting in liquid compartment. Water was used as the working fluid.
A number of hardware modifications were made, Figure 9 (a). An actu-
ation technique for the acoustic emission was developed using solenoid
actuator, Figure 9 (b). The solenoid actuator was attached to the tank
wall from the outside and applied a short ping to excite acoustic reso-
nances in the liquid compartment. The detection was performed using
accelerometers attached to the wall from the outside as well, Figure 9 (c).
Initially, the detection was also performed with hydrophones immersed
into the water. However, since accelerometers proved to give sufficiently
good signal, they were adopted in latter tests. Using the solenoids and
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Figure 9. Hardware used for liquid modes counting.
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Figure 10. The 200-liter tank used in liquid modes counting tests.

accelerometers mounted on the wall from the outside makes the excita-
tion/detection technique nonintrusive which is a very significant advan-
tage for propellant volume gauging applications.

A 200 liter plastic tank was used, Figure 10, which adequately sim-
ulates the Dirichlet (pressure release) boundary condition expected for
liquid propellants such as LOx in thin Aluminum alloy or steel tanks.
Measurements were performed on both settled and unsettled, by either
tilting the tanks or immersing air-filled balloons in the liquid, Figure 11.
Various filling levels were used. About 10 excitations per configuration
were performed at various locations on the wall, giving 10 time-series
and the corresponding spectra. Each time series were recorded using
3 accelerometers and a hydrophone. Figure 12 shows spectra obtained
from 10 different actuation locations on the tank wall as detected by
one of the accelerometers (blue lines). Green lines show locations of the
resonances calculated for ideally cylindrical configuration of the water in
the tank, for the same volume and Dirichlet boundary conditions. The
correspondence of the spectra is remarkable due to a relatively weak tilt.
A closer look reveals substantial deviations. The most important is, of
course, the splitting of degenerate peaks present in the ideally cylindrical
geometry. This splitting allows counting the total number of resonances
for the fit to Weyl’s law. An additional observation is the presence of
shell modes, which are found to localize at the lower end of the spectra.
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(a) (b)

Figure 11. Representative geometries of unsettled liquid.

The effective localization of the shell modes at the lower end of the spec-
trum is generic and is due to their significant dissipation. Shell modes
are generally much wider than the liquid resonances and don’t interfere
with liquid modes counting.

Peaks were counted using the information in all the spectra as it was
found that particular peaks are not excited or registered for a particular
location of the actuator and detector, respectively, where the mode does
not couple to either actuator or detector. The counting function N(f)
was compiled and fitted to Weyls law.

Figure 13 shows the mode counting results for the fill level of 100 liter
and an 18 degrees tilt of the tank: the counting function N(f), panel (a),
the error in the inferred volume, panel (b) and the averaged error, as de-
fined in Section 3.2, panel (c). It is found that accelerometers give similar
accuracy as the hydrophone. Therefore, totally nonintrusive actuation
and detection can be used. The error is seen to oscillate as observed
in all the model calculations, panel (b). Averaging over the oscillations
produces the average error of < 3% for the volume estimation.

The data are compared to theoretical calculations for ideally cylin-
drical shape of water in the absence of the tilt. Since 18 degrees is a
small perturbation of the water shape the counting function is expected
to be slightly perturbed compared to the ideal case. Panel (a)shows that
this is indeed the case, while the fit to Weyl’s law in the tilted case is ex-
cellent and distinguishable from the ideal case. It should be noted that
while the counting function is only slightly perturbed by the tilt, the
spectrum is perturbed substantially, as mentioned above, in the sense
that the perturbation lifts the degeneracy present in the ideally cylin-
drical case, allowing one to count the total number of modes. We also
note that the variation of the error with the upper cut-off, Figure 13 (b),
is also significantly affected by the perturbation. Similar results were
obtained with immersing air-filled balloons, although with a somewhat
lower accuracy due to the technical challenges of immersing the balloons.
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same volume (green lines). Shell modes are seen to have no interference
with the liquid modes.

22



0 5000 10000 15000
0

200

400

Upper cutoff for the fit to Weyl’s law, Hz

C
ou

nt
in

g 
   

 
fu

nc
tio

n 
N

(f
)

 

 

0 5000 10000 15000
−20

0

20

Upper cutoff for the fit to Weyl’s law, Hz
E

rr
or

 in
 v

ol
um

e 
  

, %

 

 

0 5000 10000 15000
−5

0

5

Lower cutoff for averaging the error, Hz

A
ve

ra
ge

d 
er

ro
r,

 %
 

 

 

data1
data 2
theory 

data 1
data 2
theory

theory (perfect cylinder)
fit of theory to Weyl’s law
data 1 
fit of data to Weyl’s law

14600 14800
260

300

340

 

 

(a)

(c)

(b)

Figure 13. 100 liters of water in the tank from Figure 10, tilted by
18 degrees. 10 excitations locations have been used on the wall. Data
1 corresponds to detection by the hydrophone. Data 2 corresponds to
detection by three accelerometers. Theory corresponds to ideally cylin-
drical shape of water in the absence of the tilt.

5 Summary and outlook

To summarize, we have presented the results of our ongoing work on the
spectral mass gauging approach that uses the mathematically rigorous
results about the high-frequency asymptotics of the acoustic eigenfre-
quencies to determine the ullage or propellant volume in a propellant
tank. To this end, we considered two basic tank geometries that are most
commonly used in spacecraft, namely, the cylindrical and the spherical
geometries. On the theoretical side, we have carried out the analysis of
the exact eigenfrequency behavior from the known explicit solutions of
the Helmholtz equation for an acoustic cavity to assess the best possible
performance of the method for perfect data sets. We also developed a
new mass gauging principle that is applicable to settled propellant in
an axially symmetric tank which uses only the axially symmetric eigen-
modes. In addition, we assessed convergence properties of the error in
volume inference with the counting number, the contribution and scal-
ing of the effect of dissipation on the resolution of the peaks and the
role of the tank shell modes for the quality of the volume predictions.
It is predicted that convergence is significantly slower for very large or
small aspect ratios of the acoustic cavity (ullage or propellant body).
Peak resolution increases with the size of the tank for similar propellant
configurations and is generically significantly better for liquids than for
gases. The shell modes are not expected to interfere with the volume
estimation in the limit of high counting number.
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On the experimental side, in the first series of experiments we have
performed measurements of the acoustic spectra in the ullage, using an
impulse force hammer and a microphone located in the ullage for a num-
ber of tank configurations both with and without the liquid present. We
developed eigenfrequency extraction and processing algorithms and ran
comparisons between the predictions of our mass gauging technique and
the actual ullage volumes. Using the new axial method, we were able to
predict the ullage volume to within 1% solely from the acoustic measure-
ment data for an empty sphere. We were also able to predict the ullage
volume for a partially filled sphere and cylinder to within 10%–20%.

In the second series of experiments we performed mode counting of
liquid (water) in partially filled tanks for a variety of unsettled config-
urations and filling levels. An actuation technique has been developed
using solenoids mounted on the exterior of the tank wall. Accelerome-
ters mounted on the exterior wall were used for detection of the acoustic
resonances, compared to hydrophones in terms of the accuracy of the
volume inference and found to perform equally well or better. As a
consequence, a completely nonintrusive technique has been developed
for liquid modes counting, which has significant advantages for the pro-
pellant volume gauging in-space applications. Using this technique for
liquid (water) gauging in large 200 liter plastic tanks an uncertainty of
∼ 3% has been achieved for ”unsettled” configurations created with a
tilt.

These results are encouraging, but more theoretical and experimental
work is needed:

• to understand better the convergence properties of the error with
the counting number;

• to assess limitation on the resolution for propellant due to temper-
ature inhomogeneity away from thermal equilibrium;

• to assess sensitivity of the mass gauging to acoustic noise and to
slosh;

• to optimize the location of actuators and detectors and the actua-
tion protocols;

• to develop software which allows the peak counting in real time for
flight applications;

• to develop and test hardware applicable for cryogenic applications
and for flight-certified tanks.
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Appendix A

Spherical geometry: theory and experiments

We now describe the experimental results that were obtained in the
case of a 4 mm-thick spherical titanium tank of inner radius R = 20.5
cm, either empty or partially filled with water, and compare them with
theoretical predictions. We note that the spherical geometry presents
a rather special situation in terms of the spectral asymptotics, since in
the case of the empty tank most of the eigenmodes are highly degen-
erate. Furthermore, an excitation by a point source at the boundary
in an empty tank necessarily produces an acoustic field that is axially
symmetric with respect to the line connecting the center of the sphere
and the tapping location. Therefore, to compare the test results with
theory, we consider only the axial modes, as was done in Sec. B in the
case of a cylinder.

The theoretical spectrum for an empty spherical tank is obtained
by taking pl = pl(ρ, ϑ, ϕ), where (ρ, ϑ, ϕ) are the spherical coordinates,
and carrying out separation of variables. This leads to the eigenmodes
pkn(ρ, ϑ) = jk(sknρ/R)Pk(cos ϑ), where k = 0, 1, 2, . . ., n = 1, 2, . . .,
jk(x) are the spherical Bessel functions of the first kind, skn is the n-th
zero of j′k(x), and Pk(x) are the Legendre polynomials. The correspond-
ing eigenvalues equal

fkn =
cskn
2πR

. (A1)

The eigenfrequency counting function is given by Eq. (B5).

To derive the heigh-frequency asymptotics for the eigenfrequencies
of both the empty tank and of the partially filled tank, we follow the
arguments in Sec. B and rewrite the Helmholtz equation for the eigen-
modes in cylindrical coordinates. This yields Eq. (B2), now posed in the
domain

Ω0 =
{

(r, z) : H < z < R, 0 < r <
√

R2 − z2
}

, (A2)

with Neumann boundary conditions for both the rigid wall and the liq-
uid/gas interface. Here H is the liquid fill level relative to the sphere’s
center. The high-frequency asymptotics is then determined by the highest-
order differential operator in the left-hand side on the domain Ω0. Thus,
we are lead to Eq. (5), which takes the form

N0(f) =
πf2

4c2

(

πR2 − 2H
√

R2 −H2 − 2R2 arctan
H√

R2 −H2

)

+
fR

2c
arccos

H

R
+ o(f), f → ∞, (A3)
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Figure A1. The eigenfrequency counting function N0(f) obtained from
theory (red), experimental data (blue) and the asymptotic formula in
Eq. (A5) (green) for an empty sphere of radius R = 20.5 cm, using the
cutoff frequency fmax = 5 kHz.

where we used the explicit expressions for |Ω0| and |∂Ω0| obtained from
the geometry of the problem. We also note the expression for the ullage
volume in the form of a spherical cap bounded by the plane z = H:

V (H) =
πH3

3
− πHR2 +

2πR3

3
. (A4)

The O(f) term in Eq. (A3) comes from the Neumann-type contribution
proportional to the perimeter of the boundary of Ω0. This was con-
firmed by fitting the exact eigenvalues in the case of the empty tank to
the functional form in Eq. (A3). We note that the formula in Eq. (A3)
appears to be a new result in the asymptotics for an eigenvalue prob-
lem involving a degenerate elliptic operator in divergence form. Further
analysis is needed to establish this asymptotic formula rigorously in a
general setting.

We now turn to the comparison with the data. We begin by con-
sidering the case of an empty sphere. In this case the counting function
asymptotics for the axial eigenmodes in Eq. (A3) reads

N empty
0 (f) =

π2R2f2

2c2
+

πRf

2c
+ o(f), f → ∞. (A5)

We compared this formula with the measured and theoretical spectra on
the spectral interval 0 ≤ f ≤ fmax with fmax = 5 kHz, capturing the first
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Table A1. A comparison of the predicted liquid volumes with the actual
ones ones inside the sphere of inner radius R = 20.5 cm. The total
volume of the sphere is 36 liters.

Vactual, liters Vpredicted, liters uncertainty full-scale error

10 10.4 4 % 1%
15 19.5 30 % 13 %
20 22.7 14% 8 %
25 30.8 23 % 16%
30 26.0 13 % 11%

50 eigenfrequencies reliably. Figure A1 shows the eigenfrequency count-
ing function obtained from data (blue), theory (red) and the asymptotics
(green). We also fit the experimental data to the functional form in
Eq. (B7) to obtain A0 = 1.74999×10−6 s2 and B0 = 0.00134361 s. From
these numbers, one could predict the value of the sphere radius R via
the formula

R ≃ c
√
2A0

π
. (A6)

The fit above reproduces the radius of the sphere to within 0.5% from the
measured eigenfrequencies. The prediction from the theoretical spectrum
given by Eq. (A1) is within 1.2% of the exact value. This is currently
the best result that we were able to obtain from the measured data and
indicates the feasibility of the proposed mass gauging approach to yield
a 1% uncertainty.

We then considered the predictions of Eq. (A3) in the case of a par-
tially filled sphere. More precisely, we fitted the eigenfrequency counting
function N0(f) to the functional form in Eq. (B7) on the same frequency
interval as for the empty sphere. Then, we solved for the value of H
by equating the O(f2) terms in Eq. (A3) and Eq. (B7). A comparison
of the mass gauging predictions with the known amounts of water in
each experiment is presented in Table A1. The agreement appears to be
fairly satisfactory. However, the accuracy turns out to be considerably
lower than that for an empty sphere. This may be due to the excitation
and detection of the shell modes and some of the non-axial eigenmodes
because of either off-center tapping or off-center microphone location.
Also, the prediction appears to be rather sensitive to the parameters of
the algorithm used to extract the peaks. Further work is needed to make
the procedure more accurate and reliable. Nevertheless, the results in
Table A1 are encouraging, since they demonstrate the feasibility of our
mass gauging approach at varying fill levels.
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Appendix B

Axially-symmetric modes

In the cylindrical geometry, it should also be possible to excite only
a small subset of the eigenmodes by taking advantage of the symmetry
of the cavity. For example, one can restrict the spectrum only to the
axial modes, which correspond to m = 0 in Eq. (11). This leads to the
following set of eigenfrequencies:

fkn =
c

2π

√

π2(2k + 1)2

4H2
+

a20n
R2

. (B1)

obtained from Eq. (11) by setting m = 0. The corresponding eigenmodes
solve

−∂2pkn
∂r2

− 1

r

∂pkn
∂r

− ∂2pkn
∂z2

=

(

2πfkn
c

)2

pkn, (B2)

for k = 0, 1, 2, . . . , and n = 1, 2, . . ., in a two-dimensional domain

Ω0 = {(r, z) : 0 < r < R, 0 < z < H}, (B3)

with boundary conditions

∂pl
∂z

∣

∣

∣

∣

z=0

= 0, pl|z=H = pl|r=R = 0. (B4)

By analogy with Eq. (5), we expect that the high-frequency asymptotics
of

N0(f) =

∞
∑

k=0

∞
∑

n=1

θ(f − fkn) (B5)

is given by that of the operator with only the highest-order derivatives
kept in Eq. (B2). Therefore, for the above problem we have from Eq. (5)
(see also [20]):

N0(f) =
πRHf2

c2
− Hf

2c
+ o(f), f → ∞. (B6)

The comparison of the exact expression from Eq. (B5) and its asymptotic
approximation from Eq. (B6) is shown in Fig. B1. From this figure,
one can see once again an excellent agreement, even for the first 40
eigenfrequencies. Also, fitting the exact expression in Eq. (B5) to the
form

N0(f) ≃ A0f
2 +B0f, (B7)
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Figure B1. The eigenfrequency counting function for the ullage modes
obtained from Eq. (B5) (broken line) and from Eq. (B6) (solid line).

and setting

H ≃ c2A

πR
, (B8)

we can obtain the height of the ullage from the fitted value of A0. With
this procedure applied on the spectral interval 0 ≤ f ≤ fmax with fmax =
200 Hz, we were able to recover the exact value of H to within 2.5%
uncertainty. This indicates that using the axially-symmetric part of the
spectrummay be also a very efficient way of measuring the level of settled
or partially settled propellant in a cylindrical tank.
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